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L’~HOMOLOGY OVER TRACED *-ALGEBRAS

WILLIAM L. PASCHKE

ABSTRACT. Given a unital complex *-algebra A, a tracial positive linear func-
tional 7 on A that factors through a *-representation of A on Hilbert space,
and an A-module M possessing a resolution by finitely generated projective
A-modules, we construct homology spaces Hy (A, 7, M) for k =0,1,.... Each
is a Hilbert space equipped with a *-representation of A, independent (up to
unitary equivalence) of the given resolution of M. A short exact sequence
of A-modules gives rise to a long weakly exact sequence of homology spaces.
There is a Kiinneth formula for tensor products. The von Neumann dimen-
sion which is defined for A-invariant subspaces of L2(A, 7)" gives well-behaved
Betti numbers and an Euler characteristic for M with respect to A and 7.

1. INTRODUCTION

The ingredients for the theory developed in this paper are a complex unital
*_algebra A, a tracial positive linear functional 7 on A that factors through a *-
representation of A on Hilbert space, and an A-module M possessing a resolution
by finitely generated projective A-modules, that is, an exact sequence

Vo=V Vy—-M—0

of A-modules, where each V} is a direct summand of the direct sum of finitely many
copies of A.

The prototypical example of this situation comes from from group cohomology.
Suppose a group G acts by orientation-preserving cellular maps on a contractible
oriented cell complex X with finite cell stabilizers and finitely many k-cell orbits
for each k. Here, the algebra A is the complex group algebra CG with involution
g* = g~!. Any positive-definite class function on G — the traditional choice is the
indicator function of {1} — furnishes a suitable trace 7. The module M is C, with
trivial G-action. To obtain a finite-rank projective resolution of M, let V} be the
space of finitely-supported complex functions on the set of k-cells, and map Vi to
Vi—1 by the usual boundary map of cellular homology. Contractibility of X makes
the sequence exact. Each V}, is finite-rank projective because it is the direct sum
of finitely many modules of the form CGp, , where p, is the idempotent in CG
obtained by averaging the group elements in the stabilizer of the k-cell o.

In the general setting, we use the trace 7 to manufacture from the given resolution
a chain complex of Hilbert spaces. The homology of this complex, taken in the weak
sense of kernels modulo image closures, turns out to be quite well-behaved in several
respects. More specifically, we choose for each k an embedding of V) as a direct
summand of some A™. We have a map J : A" — L?(A, 7)™, where the Hilbert
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space L%(A,7) comes from the GNS construction. The natural left action of A
restricts to give a *-representation of A on the Hilbert space J(Vj). The maps A
in the original resolution give rise to A-intertwining bounded operators A between

successive J(V)’s such that AJ = JA. In the resulting sequence

2 T) 25 T 28 T — o,

we have Ay Zk-i—l =0.
The gist of section 2 below is that the homology spaces

Hk(A,T, M) = keer o imZkH

depend neither on how the V}’s are realized as direct summands of finite-rank free
modules, nor on which finitely generated projective resolution of M we use; different
choices lead to Hilbert spaces with unitarily equivalent *-representations of A. In
section 3, we show that a short exact sequence of A-modules with finitely generated
projective resolutions gives rise to a long weakly exact sequence of homology spaces.
Section 4 gives a Kiinneth formula for the homology of the tensor product of a pair
of modules over a pair of algebras in terms of the homology of the two tensor factors.
In the same section, we also consider the Betti numbers obtained as von Neumann
dimensions of homology spaces, using the dimension function on left A-invariant
subspaces of L?(A,7)" that comes from taking traces of projections in the von
Neumann algebra generated by the right action of A ® M,,. When there are only
finitely many non-zero Betti numbers, the alternating sum of these gives an Euler
characteristic which is well-behaved on tensor products and short exact sequences.
The final section of the paper is an extended example involving finite-dimensional
modules over the “quantum group” Uy,(slz) recently introduced and studied in [9)].

There is ample precedent for what we do here in the special case A = CG,
equipped with its natural trace 79 (the one that comes from the indicator function
of {1}). The nearest predecessors are [11], for H;(CG, 19, C) in terms of G-actions
on graphs, and [12], which treats H;(CG, 1y, M) for finitely presented M in the
spirit of the present paper. For other recent work in which H; (CG, 19, C) plays a
major role, see [1] and [3]. Looking somewhat further back, the fundamental idea of
forming weak homology or cohomology spaces from a complex of G-Hilbert spaces
and then measuring their sizes by means of von Neumann dimension may be found
for instance in [2], [8], and, considerably elaborated, in [5] and [6].

2. THE BASIC APPARATUS

By a traced *-algebra, we mean a pair (A, 7), where A is a complex unital *-
algebra, and 7 is a linear functional on A satisfying: (i) 7(ab) = 7(ba) V a,b € A;
(ii) T(a*a) > 0 VY a € A; and (iii) sup, 7((a*a)*)V/* < 0o ¥V a € A. We will
call such a 7 a representable trace on A. Notice that 7 is necessarily selfadjoint:
7(a*) = 7(a) follows from 7((1 + a*)(1 +a)) > 0 and 7((1 — ia*)(1 +4a)) > 0. The
GNS construction yields a Hilbert space L?(A,7) on which (thanks to condition
(#i)) A acts boundedly by a *-representation and a commuting *-antirepresentation.
In somewhat more detail, this works as follows. Let K denote the left (= right)
kernel of 7, i.e. the *-ideal {a € A : 7(a*a) = 0}. Then A/K has an inner product
(-,-) defined by (a + K,b+ K) = 7(b*a); the Hilbert space completion is L2(A, 7).
For a,b in A, we calculate
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| ab+ K ||>= 7(b*a*ab) < 7(b*b)/27(b* (a*a)?b)'/?
< 7(0*b) Y2 (b b)Y A (b* (a*a)* D)V < < 7 (0*D) 2 T A (b (afa)? b)F

277171

= 70" )2 " (bb (0¥ a)?" )2 < (07 b) 2 (b)) r((ata)? T2

and in the limit we obtain || ab+ K || < || b+ K ||? sup, 7((a*a)*)'/*. Because
| c+ K ||=| ¢* + K ||, we also have || ba+ K ||?<|| b+ K || sup, 7((aa*)*)'/*. Thus
for each a in A, the maps b+ K — ab+ K and b+ K — ba + K extend to bounded
operators A(a) and p(a) on L?(A, 7). The von Neumann algebras A(A)"" and p(A)”
are commutants of one another, and £, = 1+ K is a cyclic and separating trace
vector for each. With no great risk of ambiguity, we will denote the corresponding
faithful trace on each of these algebras by 7.

We define an (A, 7)-space to be an A-invariant subspace of L2(A, )" = L?(A,T)
® C™ for some n, where A acts on the latter via the representation A ® id,,. Two
(A, 7)-spaces will be called equivalent (=2) if there is a unitary map from the closure
of one onto the closure of the other intertwining the two A-actions. We obtain a well-
behaved dimension function on the (A, 7)-spaces which respects this equivalence as
follows. Let L be an (A, 7)-subspace of some L?(A, 7)". Invariance under \(A)®id,
forces the projection P of L2(A, 7)™ on L to belong to p(A)” ® M,,. We have on the
latter von Neumann algebra the faithful trace 7 ® tr,,, where tr,, sums the diagonal
entries of an n x n matrix. We write dim(L) = dim4 (L) for the nonnegative real
number (7 ® tr,)(P), i.e. if {e1,...,€,} is a basis for C*, then

n
dim(L) = (P& ® €;),& @ ¢;).
j=1
This dimension function, called the von Neumann dimension, is familiar in the case
of a complex group algebra and its natural trace (see [2], [5], [6], [7]). It works
equally well in our more general setting. (For the underlying theory of finite von
Neumann algebras that makes it work, see for instance Chapters 6 and 8 of [10].)
Because it comes from a trace, dim(L) is independent of how L is realized as an
(A, 7)-space, and equivalent (A, 7)-spaces have the same dimension. Because the
(von Neumann algebra) trace in question is faithful, we have dim(Lg) = dim(L) for
an (A, 7)-subspace Lo of L only if Ly = L. If L; and Ly are closed (A, 7)-spaces
and t : Ly — Ly is a bounded operator intertwining the respective A-actions,
then dim(im¢) = dim(im ¢*) by polar decomposition, so we have the “rank-nullity”
formula
dim(kert) 4+ dim(im¢) = dim(Lz).
As a consequence, if ¢ is injective and has dense range, then L; and Ly are equiv-
alent; the requisite intertwining unitary operator comes from the polar decompo-
sition of ¢. Further, the existence of bounded A-linear operators in both direc-
tions, with either both injective or both having dense range, implies L =~ Lo. If
K is a closed A-invariant subspace of the closed (A, 7)-space, then L/K becomes
a closed (A, 7)-space when we identify it with L © K = L N K+, and of course
dim(L/K) = dim(L) — dim(K).

Module maps between finitely generated projective A-modules give rise to opera-
tors between (A, 7)-spaces as follows. For a finite-rank free A-module A”, factoring
out K in each entry gives a map J = J,, : A" — L?(A, 7)". To avoid needlessly bur-
densome subscripting, we will use J in all-purpose fashion to denote the map from
any submodule of a finite-rank free module to the corresponding (A, 7)-space. Let
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A : V — W be a module map between two finitely generated projective A-modules.
By realizing V and W as direct summands of A™ and A" respectively, we obtain a
module map D : A™ — A™ whose restriction to V' is A. The map D is given by the
right action of an m x n matrix with entries in A on rows of length m with entries in
A. Applying the *-antirepresentation p to each entry of this matrix gives a bounded

operator D : J(A™) — J(A"). We obtain A : J(V) — J(W) by restricting D to
J(V); more precisely, A = ﬁ|m, where E : A™ — A" is an idempotent map

with range W. This makes A a bounded A-linear operator between (A, 7)-spaces
satisfying JA = A.J. Although our notation does not reflect this, the operator A
depends on how V and W fit inside the two free modules. It follows easily from our
remarks in the previous paragraph, however, that the domain, codomain, kernel,
and image of A change to equivalent (A, 7)-spaces when the complemented embed-
dings of V' and W are changed. Furthermore, if I' : W — X is a module map to
a third finitely generated projective module, and the same free module embedding
of W is used to define both A and T, then TA =T A (because these two bounded
operators agree on J(V).)

Let M be an A-module with a finitely generated projective resolution, that is,
an exact sequence V

N VA N VA= VAN IR

of A-modules and module maps, where each V} is finitely generated and projective.
Our abbreviated notation for this is
V: VAV

(Of course, not every A-module is resoluble in this way — M as above must be
finitely generated, finitely presented in the sense of [12], and so forth — and we offer
no standard method for resolving modules even under favorable circumstances. See
section 5 below for some examples of “bare hands” construction of resolutions.)
Upon realizing the V;’s as direct summands of finite-rank free modules, we obtain
a chain complex V of (A, 7)-spaces, namely

C— T(V) 22 T 25 T(Vo) — 0.

Let H? (V) denote the homology of this complex, taken in the weak sense of kernels
modulo image closures. Thus

H;U(V) = keI‘Zj (&) iij+1 = keI‘Zj &) J(lm Aj+1) = keI‘Zj n J(ker Aj)l

for j =0,1,..., where Ag = § and Ay is the zero map.

The H}’’s somewhat resemble (left) derived functors in homological algebra. The
analogy would be much closer, and our labors correspondingly lighter, if the ranges
of the operators Zj were always closed. The following simple example shows that
this is too much to hope for. Let A be the algebra of complex polynomials in two
commuting variables x,y, with the involution that makes x and y selfadjoint. We
have the resolution

xr
0 A, W) e 0.
where 6 is evaluation at (0,0). Let 7 be given by integration with respect to,
say, area measure on the square [0,1] x [0,1]. Then Ay : L?(A,7) — L?(A,7)? is
injective but not bounded below, so cannot have closed range. For essentially the
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same reason, the range of Ay : L?(A, 7)2 — L2(A, 1) is dense but not closed. (It is
easy to check that H* = (0) here, incidentally. To get a nonzero result, integrate
instead with respect to a compactly supported measure with an atom at (0,0).)

Adapting standard arguments from homological algebra, we now proceed to show
that the (A, 7)-spaces H}' (V) are the same no matter which resolution V of M is
used. Given a chain map ¢t = (¢,), by bounded operators t¢,, : L, — L, between
two Hilbert space chain complexes

L:Ln L, and L, 1 |,

with each d,, and d], bounded, the relations t;_1d; = d;-tj imply that t,, takes ker d,,
to kerd;,, imd, 1 to imd;,,, , and therefore imd, 1 to imdj,_ . Write ¢, for the
resulting map from HY (L) to H¥(L'). When we identify HY (L) = kerd,, /im d,,+1
with the subspace ker d,, ©imd,, 1 of L,, (and likewise for £’), the induced operator
from HY (L) to HY(L') is the restriction of ¢,, to HY (L), followed by the orthogonal
projection on H¥(L'). As in the familiar algebraic setting, it is plain that if ¢’ :
L' — £" is a chain map to a third complex, then (¢'t), = t.t.. The Hilbert space
chain maps with which we will work come from algebraic chain maps — morphisms,
for short — between resolutions. Given a morphism T = (... ,T1,Tp,60) between
two finitely generated projective resolutions V and V', that is, a ladder of module
maps

=V — Vg — M =0

TTl TTO T@
- Vi — Vy — M -0

in which each square commutes, we define op, (T) : H¥(V) — H¥ (V') by op;(T) =
P/T;| Hw (v Where Pj is the (orthogonal) projection of J(V]) on H}"(V’). That is,
op,(T) =T.. If T" : V' — V" is a morphism to a third projective resolution, we
have op, (T'T) =T'T. = op,(T") op,(T).

The following lemma is the analog of the comparison theorem in homological
algebra; see 2.2.6 of [14].

Lemma 2.1. Let V and V' be resolutions of M and M’ respectively, and let 6 :
M — M’ be a module map. Then:

(a) there is a morphism T = (... ,T1,Ty,0) from V to V' with —1 entry 6;

(b) if S=(...,51,5,0) is another such morphism, then op, (S) = op,(T).

Proof. Part (a), which is entirely algebraic, is proved in [14]. (Use the projectivity
of Vp and the surjectivity of &' to get Tp : Vo — Vj such that 6Ty = 66. Since Ty
maps ker§ = im A; to ker§’ = im A, the projectivity of V; yields Ty : Vi — V¢
such that ToA; = A]Ti, and so on.) For part (b), we first construct a chain
contraction of T'— S as in [14], that is, a sequence of maps r, : V,, — V,/; such
that Ty — So = Alro and T), — Sy, = 114, + A} 7y, for n > 0. The existence
of g follows from im(Tp — Sp) C ker ¢’ = im A} and the projectivity of V4. Using
All(Tl - Sl) = (TQ - SQ)A]_ = A&TQAl — SO 1m(T1 - Sl - TQAl) g ker A/l =im Aé
— we likewise obtain the desired r1. Use

A/Q(TQ — 52) = (Tl - Sl)AQ = (Tl — Sl — TOAl)AQ = A/QTlAQ
to get ro, and continue inductively. To finish the proof, let ij be the projection of

J(V]) on H*(V'), and observe that Pj(Ty — Sp) = 0 because im(Ty — Sp) lies in
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J(ker ¢'), which is orthogonal to HY (V). Hence op,(T') = op,(S). For & in ker Ay,

we have
(Ty — S1)€ = (Th — S1 —10A1)E = Abri€ € im AL C J(ker A)),
so P{(T1 — S1)€ = 0. Thus op; (T') = op; (S), and so on for higher indices. O

That H? (V) depends only on M (and of course on 7) follows easily from what
we have shown so far (¢f. 2.4.1 in [14]).

Theorem 2.2. IfV and V' are resolutions of the same A-module, then HP (V) ~
H;“(V) for all j.

Proof. Apply part (a) of Lemma 2.1 with M = M’ and 6 = idy; to obtain
morphisms 7" and 7" from V to V' and vice versa with —1 entry idy;. Then
op;(T"T) = idyw ) and op;(TT") = idguw sy by part (b) of the same lemma.
Thus, op;(7') and op;(1”) are inverses of one another. The desired A-linear unitary
operator is op, ()] op;(T)|~". O

What we have at this point is a sequence of functors V +— H’(V) — from the
category of finitely generated projective resolutions over A, with morphisms as de-
scribed above, to the category of closed (A, 7)—spaces and bounded A—intertwining
operators — that ignore, up to invertible intertwining operators, all but the lowest
term of the resolution. Blurring the distinction between different but equivalent
closed (A, 7)—spaces, we will henceforth write H,(M) = H,(A,1,M) for H*(V),
where V is any resolution of M by finitely generated projective A-modules. This
assumes, of course, that M has such a resolution to begin with. In case M has only
a partial resolution, terminating on the left with

Vnﬁ’vn—lﬁ"'v
where ker A,, is not (known to be) finitely generated, our arguments above still
show that the (A,7)-spaces H;(M) are defined unambiguously for 0 < j < n by
HJ(M) = keI‘Zj n J(kerAj)L.

We conclude this section with an intrinsic description of Ho(A, 7, M), valid for
any representable trace 7 on A and any finitely generated A-module M. Denote
by M# the vector space dual of M, and let M? be the subspace of M# consisting
of those linear functionals f : M — C such that for each m in M there is a
nonnegative constant c,, satisfying |f(am)| < ¢n7(a*a)*/? for all @ in A. Notice
that M# and M7 are right A-modules via (fa)(m) = f(am). We construct an
anti- A-linear bijection between M# and Ho(A, T, M) as follows. Let § : A" — M
be a surjective A-module map, so Ho(A, 7, M) is realized in L?(A,7)" as J(ker §)*,
where J : A" — L?(A, 7)™ is the usual GNS map. Given ¢ in J(ker §)*, define ¢#
in M# by £#(6(a)) = (J(@), &) for @ in A™. Notice that (A(a)¢)# = #a* for all a
in A.

Proposition 2.3. The map & — &7 is a bijection from Ho(A, 7, M) onto M.

Proof. The map in question is injective because J(A™) is dense in L?(A,7)". For
¢in J(keré§)t,ain A, and @ = (ay,... ,a,) in A", we have

€#@s(@)| < €I T(aa) || < (1€ ] m(a*a)* Y |l play) |l
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so&# € M¥. Let my, ... ,m, in M be the 6-images of (1,0,...,0),...,(0,...,0,1)
in A". Given f in M#, let c1,... ¢, > 0 be such that |f(am;)| < ¢;7(a*a)/? for
a in A. We then have

n n 1/2
F@E@) <Y erlajay)'? < (ZC§> I 7(a@) ||
1 1

for all @ = (ay,...,a,) in A™. Thus, there exists ¢ in J(ker §)* such that &# =
I O

3. WEAKLY EXACT SEQUENCE OF HOMOLOGY SPACES

In this section we show that a short exact sequence of resoluble A-modules gives
rise to a long weakly exact sequence of homology spaces. (Weakly exact here means
that the closure of the range of each map coincides with the kernel of the next map.)
The argument is the familiar diagram chase from homological algebra, modified in
certain respects so as to work in our analytic setting. The properties of of (A, 7)-
spaces and bounded A-linear maps that make this possible are highlighted in the
following lemma.

Lemma 3.1. Let t : K — L be a bounded A-linear operator between two closed
(A, 7)-spaces. Then:

(a) for any A-invariant subspace Lo of imt, we have t~(Lg) = t=1(Lo);

(b) for any closed A-invariant subspace Ly of L, we have imt N Ly = imt N L;.

Proof. For (a), let t; and t be the restrictions of ¢ to t=1(Lg) and t~1(Lg), re-
spectively. Then kert; = kerto, = kert. Further, imt; = imts = Lo because of
our assumption that Ly C im¢. It follows from the rank-nullity formula that the
domains of ¢; and ¢, have the same dimy . Since t=1(Lg) C t=1(Lo), these two
closed subspaces must coincide.

We deduce part (b) from part (a) as follows. Let @ = imt¢/im¢N L; and let
7 :imt — @Q be the quotient map. Define # : K @ (imt N L) — Q by 0(¢,n) =
7(t€ +n). We have 0~ 1(im7t) C K @ imtN Ly because §(&,n) € imnt implies
n—t& € imtN Ly for some ¢ in K; since n € Ly, this puts t£' in im¢ N Ly, and
hence n € imt N Ly. By part (a), then,

K& (mtnL)=60""(mnt)=0-(imnt) C K ®imt N Ly,
soimtNL; =imtN L. O
Suppose now that
0—-L-"L L"—0
is an (algebraically) exact sequence of complexes of (A, 7)-spaces in which all op-
erators that appear are bounded and A-linear. The diagram we will chase is

L d;:-*-l L d L
n+1 n n—1

Tsnﬂ Tsn Tsn—l

dy, d’
/ n / n /
Ln+1 Ln Lnfl
T’I‘n_i_l T’I‘n TTn—l

dn+t1
Ln+1 — Ln
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where dpdn4+1 = 0 (and likewise for d’,d"), each r; is injective, each s; is surjective
with kers; = imr;, and the squares commute. We will use [ - ] to denote the
quotient map from ker d; to the weak homology space HY (L) = kerd;/imdj;; (and
likewise for d’,d"). The boundary map 9, : H* (L") — H¥_,(L) is constructed by
the usual algebraic procedure: starting with £” in kerd!’, we obtain ¢’ in L], such
that s, =¢", s0 sp_1d, &' =dl¢" =0, s0d & =r,_1n for some n in L,,_; which
must lie in kerd,,_; because r,_1n € kerd],_; and r,_s is injective. Any such 7
must belong to imd,, if the £’ whence it comes belongs to im d 1. [To see this,
write
" = sl =limd, spprp), = limsnd,, 1py

for an appropriate sequence {p}.} in L, ;. Because s, is a bounded surjective map
of Banach spaces, we obtain, using ker s,, = imr,, a sequence {&} in L,, such that

5/ = lilgn(d;_,_lp; + 78k),

and hence
rn-1n) = & = limdy gy, = limrp -1 dn.

Because r,_1 is a Banach space isomorphism of L,,_; with imr,_1, it follows that
1 = limy, d,&x.] We thus have a well-defined A-linear map 9,, : H¥ (L") — HY_ (L)
such that 9,[¢""] = [n], where £’ and 7 are related as above. If || £ || is small, then
we can choose £ above with small norm by the open mapping theorem, making
I d2.&" || small, and hence || 7 || small. It follows that 0, is bounded.

The next proposition is Theorem 2.1 of [5], whose proof via spectral projections
extends without change from the setting of a group algebra with its natural trace
to our more general context. We provide a different proof based on Lemma 3.1
above.

Proposition 3.2. With
0—-L-"L L' —0

as above, the sequence

s —— HY(L) —— H2(L') —— HY(L")

Bn T(n—1)*

Hy (L) Hp oy (L) —— -

is weakly exact.

Proof. We have s,,.7,« = 0 because s,r, = 0. It is apparent from the definition of
Oy, that 9,[s,£’] = 0 for &' in kerd),, and that r,_1n € imd,, for [n] in im d,,; that
iS, 8n5n* =0= T(n_l)*an.

To see that ker s, C imry, , take & in kerd;, with s,£" in imd;, ;. We have
imd), ,, = imd)sp41 = ims,d;, ;. Let t be the restriction of s, to kerd,,
so ims,d;, ; = imtd, ;. Part (a) of Lemma 3.1, with Ly = imtd;, ,, yields

t~'(im¢d], ;) =t~ (imtd),, ;). We thus have

¢ et '(imtd, ;) =kert+imd]_ , = (imr, Nkerd,)+imd,, .

Let {&,} and {p}} be sequences in L,, and L;, | respectively such that dj,r,&, =0
for all k£ and

€' = tim(rag + ).
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Then each & lies in ker d,, — because r,—1d,& = 0 and r,_1 is injective — and
factoring out imdj, | gives [¢'] = limg[rp&x].
For the inclusion ker 9,, C im s, , let £”7,&’, and 7 be as in the recipe above for

On, and suppose furthermore that 1 € imd,,. Then

! ! . 0
d, & =rp_1n €imr,_1d, =imd] ry,.

Applying part (a) of Lemma 3.1 with ¢t = d], and Ly = imd,r,,, we obtain

& e (d) t(imd,r,) = kerd, +imry,

and hence £’ = s,&" € sy (kerd,,).

We conclude the proof by showing that ker T(n—1)x © imd,,. Suppose 1 in ker d,,—1
is such that 7, 17 € imd/,. By part (b) of Lemma 3.1, with t = r,,_; and L; =
kers,_1 =imr,_1, we have

Tn—1m € imd, Nimr,_; =imd, Nimr,_;.

This means there are sequences {n} and {} in L,_; and L/, respectively such
that r,—1mp = d,&, for all k and r,_1n = limpr,—17m,. Let & = sp,. Then
» € kerd) because dsp&p, = Sn—1dn&k = Sp—1Tn—1Mk = 0, and referring to the
definition of 0,, we see that 0,[¢}/] = [nx]. We have i — 1 by the open mapping
theorem, so [n] = limy, 9,[&}]. O

We digress briefly to comment on the relation between Lemma 3.1 and Proposi-
tion 3.2 in the larger context of Banach space categories. The gist of our remarks is
that the two results mentioned are essentially equivalent. Suppose C is a category
of Banach spaces and bounded linear maps — say, C-spaces and C-maps between
them — with the closure properties required to make the discussion in this section
intelligible: roughly, C is closed under quotients and direct sums, and if ¢t and v are
C-maps with the same codomain, then imv,¢~!(imv), and t~1(imv) are C-spaces.
An additional property that C might have is (*): t~}(imv) = t~1(imv) for any
two C-maps ¢ and v into the same C-space such that imv C im¢. (For instance, the
category of (4, 7)-spaces and bounded A-linear maps has (*), but (*) fails in the
full Hilbert space category.) If C has (*), then the proof of Lemma 3.1 shows that
C has (**): imt N L1 = imtN L; for every C-map t and every C-subspace L of the
codomain of t. The proof of Proposition 3.2, unchanged except for using (*) and
(**) in place of Lemma 3.1, establishes the weak exactness of the weak homology
sequence arising from a short exact sequence of complexes of C-spaces and C-maps.
Assume, conversely, that C has this exactness property. Let ¢ and v be C-maps into
the same C-space with imv C imt, and consider the three complexes

-—>O—>kert<—>t—1(imv)i»imv—»O—%--

-—>O—>kert;>t_1(imv)—t>imv—>0—>---

t~1(imv)
Reading down gives a short exact sequence of complexes, and H;’ vanishes for the
first two, so it must vanish for the third, forcing ! (imv) = t~1(imv).
Returning now to the (A, 7) setting, we obtain the desired long weakly exact
sequence for H. (A, T,) from Proposition 3.2 by standard arguments.
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Theorem 3.3. Let

0—-M->M M —0
be a short exact sequence of A-modules. If M and M" are resoluble by finitely
generated projective modules, then so is M', and there is a long exact sequence

- — Hy (M) — Hy (M) — Hy,(M") — Hy (M) — -+ -
where the maps from Hy,(M) and H,(M') are induced by v and 7, respectively.

Proof. Let V:V Ay A Mand Vv AL v 2 M be finitely generated

projective resolutions. By 2.2.8 in [14], we obtain a resolution V’

A /
"'V1@V1”—1>V069V0N5—>M/—>0
of M’ making
0=V =V =V'"=0

an exact sequence of resolutions, where the maps V; — V; @ Vj” — Vj” are the
natural ones associated with the direct sum. (Here, 8’ is given by &' (vg,v)) =
tbvg + Sovy, where Sy : V' — M’ lifts 6”. Since im SpA] C kerm = im¢ = im ¢4,
we obtain 57 : V{" — Vj such that 1657 = SpAY. We then define A by

Af(v1,v7) = (Arvr — Siof, AfvY),
and so on.) The theorem now follows by applying Proposition 3.2 to the short exact
sequence

0=V =V =YV -V -0
of (A, 7)-space complexes. O

We remark that the theorem applies when any two of the three modules M, M’,

and M" have finitely generated projective resolutions; in the two cases not treated
— M and M’ resoluble, respectively M’ and M" resoluble — it is more or less

straightforward to construct a resolution of the remaining module by finitely gen-
erated projectives.

4. TENSOR PRODUCTS, BETTI NUMBERS, EULER CHARACTERISTIC

We begin our consideration of tensor products with some operator bookkeeping
in doubly indexed Hilbert space complexes. Suppose we have Hilbert spaces L; j,
with L; ; = (0) if either 4 or j is negative, and bounded operators

rij i Lig— Lij—1 and dij: Lij — Li-1,j

such that r? = 0 along each row and d? = 0 down each column in the diagram

Ti,j
-  Lij = Lijja —
ldi,j ldmfl
Ti—1,5
— Lio; — Lisij —
and each square not only commutes (d; j—17i; = ri—1,;d; ;) but also *-commutes

(df j_1mi—1,j = 7i5d; ;). Write L; 4 for the i*h row and L, ; for the 7 column of
the double complex. Notice that

O *
HJ“’(EZ.) =kerr;; ©imr; ;41 =kerr; j Nkerr;;
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and

K3

Hw(ﬁ.,j) = kerdi,j N kerdf+1,j.
Both of these weak homology spaces are subspaces of L; ; — so it is meaningful to
intersect them. Form the total complex K

...KQ&KlLK()—)O,

K, = @ L; j,

i+i=k

where

and gy : Ky — Kj_1 is given by
9k(€k05 Ek-1.15--- 5 o.k)
= (dr.olko + (D fre_116—11 5oy dig—1& 61 + (=D Froréor).
(This construction is standard in homological algebra. A direct calculation, not
requiring *-commutativity, shows that g2 = 0.) The lemma below relates the weak

homology of K to that of the row and column complexes of the original double
complex.

Lemma 4.1. For a doubly commuting complex L of Hilbert spaces as above with
total complex IC, one has

HY(K) = @ (H(Loy) N H} (Li))

itj=k
fork=0,1,....

Proof. Take k > 1; for notational reasons, the argument for the case k = 0 is special
(and easier). Suppose & = (§k,0, §k—1,1,---, &ox) € HY(K), so gr§ = 0 = g; &
Fori=1,...,k, we have

(i) dip—i&ip—i + (=1 Fri1piv1 E—1p—ip1 =0
because gp€ = 0 and
(i) (=)l i+ iy Gim1h—it1 =0
because gy, 1§ = 0. At the two ends of &, this condition also forces
(444) d2+1,0 Eeo = 0 = Ta,k-ﬁ-l o,k
Apply d; ;,_; to (i), then use *-commutativity and (ii) to see that
di j—iik—i &ik—i + Tik—it17] f—ig1 Sik—i = 0
for i =1,...,k. Thus, each summand in (i) and (%) vanishes, meaning that
(tv) & k—: € kerd; p—; Nker dipq—; Nkerr g Nkerry, ;g
fori=1,...k—1, and also (with (%ii))
(v)  &ko € kerdy o Nkerdy ;o Nkerry
and ok € kerdy ; Nkerrop Nkerrg ;.

(Notice that 70 and do i are both the zero map.) We have shown that each
component of £ is where the lemma asserts it should be. If, conversely, £ belongs to
K}, and its components satisfy (iv) and (v), the calculation above reverses to show
that gr§ =0 = g; 4§ 0



2240 WILLIAM L. PASCHKE

In what follows, we will use ® for the tensor product of complex vector spaces
(and linear maps), and for the Hilbert space tensor product of Hilbert spaces (and
bounded operators). The good behavior of ® in both of these settings plays an
understated but essential role in the proof of the theorem below.

Theorem 4.2. Let (A,7) and (B,o) be traced *-algebras, and let M and N be
modules over A and B respectively having resolutions by finitely generated projective
modules. Then M ® N has such a resolution over A® B, and

Hy(A®B,r®0,M®N)~ P Hi(A 1,M)® H;(B,o,N)
it+j=k
fork=0,1,....
Proof. Let the given resolutions of M and N be
ViV AV M oand Wew S w 2N

Form the double complex ¥V ® W over A ® B, with maps

Aij=Ai@idw, VW, = Vi1 @W;
and

O;;=idy, @ @ V; @ W; =V, @ W,_q,

where Vo1 = M, W_; = N,Ag = 6, and &y = ¢. (Rows and columns here are exact
because we are tensoring complex vector spaces.) The corresponding total complex
gives a resolution of M ® N by finitely generated projective modules. Specifically,
we set

Xy= P view; (k=0,1,...)
i+j=k
i,5 >0

and define T'y : X, — Xg_1 by
I'i(er,00 €k—1,1,---, €0,k)
= (Agoero+ (1) ®p_11e5-11 ...y Argoterp1 + (—1)"®g reo k).
Let v = 6 ® ¢. Exactness of the sequence X
X 2 x, MM xy L MeN -0

is proved by diagram chasing (see 2.7.3 in [14]). In the prologue to Lemma 4.1, let
L; j be the (A® B, T ® o)-space J(V; ® W;), with d; ; = A; ; and r; ; = ®; ;. This
double complex of Hilbert spaces *-commutes; indeed

d;:j—lri—ld = Z: X Ej = Ti,jd;:j-
The Hilbert space total complex is simply X, that is, Ky = J(X}) and gy = L.
Notice that kerd; ; = (ker A;) ® J(W;), and similarly for d ;,r; ;, and 77 ;. Since

i

(Li®L)Nn(L® L)) =L ® L}

for closed subspaces L; and L} of Hilbert spaces L and L', the theorem now follows
from Lemma 4.1. O
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We define the nth Betti number b, of an A-module M having a finitely generated
projective resolution by b, (4,7, M) = dima - (H,(A, 7, M)). We will say that M
has finite homological dimension relative to 7 if H,,(A, 7, M) vanishes for sufficiently
large n. For such M, we define the Euler characteristic x by

X(A, 7, M) =Y " (=1)"bn(A, 7, M).
n=0

Our first result concerning these numerical invariants is that they depend addi-
tively on the trace 7. This is an easy consequence of the following lemma.

Lemma 4.3. Let 7 = 71 + 12 be the sum of representable traces on A and let E be
an A-submodule of A™ for some n. Then

dima ,(J(E)) = dima ., (J*(E)) + dima ., (J*(E)),

where J is the usual map of A™ into L?>(A, 7)™ and J* and J? are its counterparts
for the traces 11 and To.

Proof. Let P, P1, and P be the projections on J(E), J1(E), and J2(E) respectively.
We must show that
(T @try)(P) = (11 @ tr,)(P1) + (12 ® try, ) (Pe).

For i = 1,2, the map J(a) — J'(a) extends to a contraction W; : L%(A,7)" —
L2(A,7;)™. One checks easily that W;W; + W3W, is the identity operator on
L?(A, 7)™ and that

(1 @ try) (W B,W;) = (13 @ trp ) (B).
It will suffice to show that P = W} PiW; + W3 P,Ws. For a in E, we have
(Wi PLWy + Wy PaWa)J(a) = WiJ  (a) + Wy J?(a)
= (WiWr + Wy Wa)J(a) = J(a),
s0
(Wl*PIWI + W;PQWQ)P =P= P(Wl*PIWI + W;PZWQ)
Notice now that W; intertwines the action of p(A) ® M, on L*(A,7)" with the
corresponding action of p;(A) ® M,, on L?(A,;)". It follows that
WiW; € (p(A) @ M,) = \NA)" @id,, .

Because E is an A-submodule, we thus have W W;J(E) C J(FE), and hence
PWrP,W; = W}rP;W;. We conclude that P = W P,W; + W5 P,W5, as promised.
O

Theorem 4.4. For representable traces 71 and 7 on A, and an A-module M hav-
ing a finitely generated projective resolution, we have

bn(A,Tl —|—7'2,M) = bn(A,Tl,M) +bn(A,T2,M).

Proof. Let V : V 2.V Mhbea finitely generated projective resolution of M.
We have
bn (A, 7, M) dimy ,(ker A,,) — dima - (J(im A, 11))

dima (J(V3,)) —dima - (J(im A1) — dimg - (J(im Apt1))

by the rank-nullity formula. Now apply the previous lemma, with £ = V,,, im A,,,
and im A, 4 1. O
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Standard arguments show that the Euler characteristic treats quotients and ten-
sor products in standard fashion.
Theorem 4.5. For a short exact sequence

0—-N—->M-—M/N—-0

of A-modules of finite homological dimension relative to a representable trace T on
A, we have

x(A, 7, M) = x(A,7,N)+ x(A,7, M/N).

Proof. For appropriately large n, we obtain from Theorem 3.2 a weakly exact se-
quence

0— H,(N)— H,(M)— H,(M/N) — H,_1(N) — ...
— H{(M/N) — Hyo(N) — Ho(M) — Hy(M/N) — 0.

It follows easily from the rank-nullity formula that the alternating sum of the
dim 4 ,’s of the terms in the sequence is zero, so x(N) — x(M) + x(M/N)=0. O

Theorem 4.6. Let (A, 7) and (B, o) be traced *-algebras, and let M (resp. N ) be
an A- (resp. B-) module of finite homological dimension relative to T (resp. o).
Then M ® N has finite homological dimension rel. T ® o, and

X(A®B,7®0,M®N) = x(A, 7, M)x(B,o,N).
Proof. It Hi(A,7, M) =0= Hy(B,o,N) for k > n, then
Hy(A®B,T®0,M ® N)=0 for k > 2n

by Theorem 4.2. The calculation for the product of the Euler characteristics is

(D (=1(M)) (D (=1Fb(N) = D (=1)F Y bi(M)b;(N)
i=0 j=0 k=0 i+j=k

_Z )*br(M @ N),

where the last equality comes from Theorem 4.2 and the observation that
dimagp,roe(L ® K) = dimy (L) dimp ,(K)
for any (A, 7)-space L and any (B, c)-space K. |

When M is ‘fully’ resolved by a projective resolution of finite length, the Euler
characteristic is especially easy to calculate.

Proposition 4.7. Let

Ay, . .
O Vn Ay, Vn_l 1 . Ay ‘/0 I M O

be an exact sequence of A-modules, where Vyy, ... ,V, are finitely generated projective

modules. Then
Z )Y dim(J(V;)).
7=0
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Proof. As in the proof of Theorem 4.4, we have
b (M) = dim(J(V;)) —dim(J(im A;)) — dim(J(im Aj41)).

Hence

X(M) = (=1’ [dim(J(V;)) — dim(J (im A;)) — dim(J (im A1),
§=0

where Ay and A, 41 are zero maps. The contribution from the im A’s to this sum
telescopes to 0. O

We remark that in the above situation, the number x(M) can be arrived at in
a purely algebraic fashion. It follows easily from Schanuel’s lemma in homological
algebra (see [4]) that the alternating sum

§=0

in Ko(A) depends only on M. (See section 1.7 of [13] for a discussion of this K-
valued Euler characteristic.) When each Ky-class [Vj] is paired with the trace T,
one obtains dim(J(Vy)). (Recall that for a finite-rank projective module V, the
pairing of [V] with 7 works by writing V' = A™FE for some idempotent matrix E
in A ® M, and then taking 7 of the sum of the diagonal entries of E. Because
T is a trace, this gives the same result as working with the orthogonal projection
of L?>(A, 7)™ on J(V).) Thus, x(A4,7, M) is the number obtained by pairing the
Kop-element xo(M) with the trace 7. For example, let G be a group acting on a
contractible cell complex X as in the introduction, and assume furthermore that
X is finite-dimensional (so that the associated resolution V of C over CG has finite
length). In K¢(CG), we have

DDV = (=1 ],

k o

where o ranges over a complete set of orbit representatives for the action of G on
the cells of X, and p, is the average of the group elements in the stabilizer G, of
0. Since 79(py) = |G,| 7! for the natural trace 7o on CG, this makes

(_1)dima’
X((CG, TOa(C) = Z Wu

o

the rational Euler characteristic of G (see [4]).

5. A QUANTUM GROUP EXAMPLE

For a positive real number ¢ different from 1, we consider the complex unital *-
algebra A = A, generated by a selfadjoint element i and another element  modulo
the relations

(1) ghx — xh = 2z,

1—
(2) zx* —qx*x =h+ thQ.
This is the algebra U,(slz) studied in [9], with a parameter restriction permitting an
involutory structure with an ample supply of representable traces. The coefficient
of h? in (2) is far from whimsical; it is chosen so that U,(sly) can be endowed
in a natural way with a comultiplication that makes it a quantum group (i.e. a



2244 WILLIAM L. PASCHKE

noncommutative and noncocommutative Hopf algebra). As we will see shortly, the
given relations also impose particularly good behavior on the *-representations of
A.

Our purpose here is to calculate H.(A, 7, M) (at least in principle) for all finite-
dimensional A-modules M and all representable traces 7 on A. We begin by de-
scribing certain features of A on which the calculations will hinge. (The reference
for these preliminary facts is [9].) First of all, the set of monomials

{a* W2 i, j k € N}
is a basis for A, and the same is true with the x*’s written on the right and the z’s
on the left. There is a natural Z-grading of A given by the *-automorphic action

of the circle group that fixes & and multiplies x by scalars of modulus 1. This
decomposes A as the direct sum of subspaces A™ (n € Z), where

A = span{z*hiz® i, j k €N, k—i=n},

so that AM A(M) C Alm+n) and AW+ = A1) For n > 0, we furthermore have
A = 27 A0) = AO)gn and A" = 27 A0) = AO)gz*n  The following two
identities, which follow by induction from (1) and (2), are worth noting:

(3) hz*" = ¢q"x*"h — 2[n]x™"

n—1_ n
*n—l(q 7 q h2+q”_1h—[n—1]),
for n =0,1,..., where [n] is the g-integer (¢" —1)/(q¢ — 1).
The finite-dimensional representation theory of A is easily summarized. The
only finite-dimensional irreducible A-modules in which z is invertible are the one-

dimensional modules Mg (5 € C\ {0}) given by the complex homomorphisms

1
Blg—1)*
Additionally, for each positive integer n there are two irreducible n-dimensional
A-modules M (n) and M~ (n), which may be characterized as follows: kerz =
CE 5 a1 #£ 05 2*7¢ = 0. Tt follows from (1) that ¢ must be an eigenvector for
h. What distinguishes M *(n) from M ~(n) is the eigenvalue, namely hé = A\* (n)¢
in M*(n), where

(4) xx*™ — ¢"x""x = [n]x

2
h— aa:'_}ﬁax*'_)_
q—1

N 1+q2"
A (n) =2 1
The Mp’s and the M™*(n)’s exhaust the finite-dimensional irreducible A-modules.
In our setting, the modules M*(n) can be realized by *-representations of A on
C". For n = 1, we have the *-homomorphisms 7, (resp.7q ) : A — C annihilating =
and sending h to 4/(q—1) (resp. 0). For n > 2, let ar = A*(n—2k+2) (1 <k <n)
and b; = [j][n — j]/¢" ™7 (1 <j <n—1). It is easily checked that ay41 = qaj — 2
and that

b1 ifk=1
1-— —2k+1 ’
_qai—Fak:%: b —gbp—1  f2<k<n-—1,
q —qbn_1 if k =n.
If H is the n x n diagonal matrix with diagonal (a1,...,a,) and X is the n x n

matrix with superdiagonal (v/by, ..., /b,_1) and zeroes elsewhere, we thus obtain
*-homomorphisms 7 : A — M,,(C) sending h to H and z to X.
The existence of these representations facilitates the proof of the following lemma.
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Lemma 5.1. The zero eigenspace A in the Z-grading of A is isomorphic to the
algebra of complex polynomials in two commuting variables via P(-,-) — P(x*z, h),
and the same is true if x*x is replaced by xx*.

Proof. Tt is immediate from relation (1) and its adjoint that *z and h commute.
Each monomial z**h*z? can be written as a polynomial in 2*z and h using (1) and
(2), so the indicated map is surjective. If P is a polynomial such that P(z*x,h) = 0,
then the diagonal matrices 7 (v*z) and 7 (h) satisfy P(n(z*z), 7f(h)) = 0, and
in particular P(0,A\*(n)) = 0 for all positive integers n. This makes P(0,-) = 0,
so P(z*xz,h) = x*xzQ(x*x, h) for some polynomial Q(-,-). We have Q(z*x,h) =0
because x is not a divisor of 0 in A. By induction on the degree of P in its first
variable, we conclude that P must be the zero polynomial. Replacing x*x by xz*

is harmless because of (2). (]

For n = 1,2,..., let 7% be the pair of representable traces on A defined by
7 = tr, omf. We write C%. for C" as an (A, 7.5)-space (that is, acted on by the the
*_representation 7). It is an immediate consequence of the following proposition
— plus what we have said about the irreducible representations of A — that every
nonzero representable trace on A is the sum of finitely many positive multiples of

these special traces.

Proposition 5.2. Let m be a *-representation of A on Hilbert space such that the
von Neumann algebra w(A)" is finite. Then w(A) is finite-dimensional.

Proof. We may of course assume that 7 is unital. Let H denote the Hilbert
space in question. The operators 7(z) and m(x*) must both have nonzero ker-
nel. [Otherwise, because these operators lie in a finite von Neumann algebra, we
would have 7(z) = Ul|n(z)| with U unitary and im | (z)| dense. The relation (1)
makes 7(h) commute with |m(x)|, so we would have Un(h)U* = g (h) — 2, forcing
7(h) = 2(q—1)~! and hence, by (2), 7(za* — qz*x) = (¢ — 1)~!. This last equality
is incompatible with the existence of a nonzero positive tracial linear functional

on a finite von Neumann algebra.] Let Ho = kern(z*) and H,, = w(z")H, for
n =1,2,.... From the adjoint of formula (4) above, we obtain quadratic polyno-
mials 71,72,... such that w(z*2™)¢ = m(r,(h)z" 1) for € in Hy. It now follows

readily from (1) that the subspaces Hg, H1,Ha, ... are mutually orthogonal and
m(h)-invariant, and that their (Hilbert space) direct sum is w(A)-invariant. Restrict-
ing 7(A) to the orthogonal complement of this direct sum gives a *-representation
7 of A with 7(A)” finite and ker 7(z*) = (0). We conclude that H = @, , Hn.
Because X'H,, C H,+1, we have
(0) # kerm(x) = @(ker 7(z) N Hy).
n=0

The polynomials r,, satisfy m(x*z)n = 7(rm41(h))n for n in H,,, so m(ry41(h)) must
annihilate ker 7(x) N H,,. It follows that each subspace ker w(x) N H,, is either (0),
an eigenspace for 7(h), or the direct sum of two such, and thus that ker 7(z) is the
direct sum of eigenspaces for 7(h).

Because 0 < g # 1, there is a positive integer k such that

max{|A*(n)|,|AT(2 = n)[}, max{|A"(n)],[A"(2=n)[} > || =(h) |

for all n > k. We claim that m(z**A) must annihilate ker7(z). [Let £ be an
eigenvector for m(h) in kern(x). Calculating as above, it is easily seen that the
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vectors &, m(x*)E, m(z*2)E, ... are othogonal and span m(A)¢. Because the restric-
tion of 7(A)” to the closure of this subspace is a finite von Neumann algebra, we
must have ker w(z*) N w(A)§ # (0), forcing 7(z*™)¢ = 0 for some n (and hence
m(x*™)m(A)€ = (0)). Suppose n is the smallest positive power of 7(z*) annihilating
&. Then 7(A)¢ must be one of the irreducible A-modules M T (n) or M~ (n), forcing
n < k by our choice of k.] But w(A)ker 7(z) spans a dense subspace of H (for the
same reason that m(A) ker 7(z*) does), so w(x*¥) = 0. Further, the spectrum of 7(h)
must be contained in the union of the spectra of W;t(h) forj =1,...,k, so the alge-
bra F' generated by m(h) is finite-dimensional. Thus 7(A), which is the vector space
direct sum of {m(z*")Fr(2?):0 <4i,j <k — 1}, must be finite-dimensional. O

We turn now to the calculation of homology spaces. The essential result is the
following: Hy(A, 7,5, M*(n)) is C? for k = 0 and k = 3 and vanishes for all other
k; H.(A,7,M*(n)) vanishes for all other 7 € {7f : m = 1,2,...}; and likewise
with + replaced by —.

It is feasible, but rather unpleasant, to construct a finite-rank free resolution for
M*(n) over A and then apply the definitions. Instead, we will express M*(n) as
a quotient of modules whose homology is more readily calculated. For v in R, let
L(v) be the A-module A/(Ax + A(h — 7)), and let 6 : A — L(v) be the quotient
map.

Lemma 5.3. The subset {§(1),6(z*),8(x*?),...} is a basis for L(v).

Proof. The indicated vectors span L(y) because §(x**h/z*) is 47 6(x*?) if k = 0 and
0 if k£ > 0. If a nontrivial linear combination of §(z**)’s were zero, the Z-grading of
A would give

e*f e AR 0 (Az + A(h — 7)) = 2 (AO x4+ AQ (h — ~))

for some k > 0, and hence 1 € A@z*z + A (h — 5), contradicting Lemma 5.1
above. |

It is apparent from (3) and (4) that h acts diagonally on this basis, and that x
acts by a weighted backward shift.

Lemma 5.4. The sequence

+2—qhzx hE .
0 (v qh ) 5 ( v) 5 L(v) 0
s exact.

Proof. The map from A to A? is injective because x is not a divisor of 0 in A. For
exactness at A2, suppose that a, b in A satisfy az +b(h —v) = 0. Use the Z-grading

to write
a= Zx*(_j)aj +ao+ ijaj,

3<0 7>0
br* = E e 4 o + E x’¢;,
3<0 §>0

where the a;’s and ¢;’s belong to A(®). Since (h —y)z* = x*(gh — 2 — ), we have
a;xz” +cj(gh—2—7)=0
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for every j. By Lemma 5.1 above, then, we obtain d; in A©) such that

a; = dj(y+2—qh) and ¢; = djza”.

d= Zf*(_j)dj +do + Zﬁtjdj,
j<0 j>0
we have a = d(y+2—gh) and bx* = dza*, and hence (a b) =d(y+2—¢gh z). O

Setting

With this resolution in hand, the homology spaces of L(7y) are easily determined.
Proposition 5.5. For any representable trace T on A and any real v, we have
Hy(A,7,L(v)) = ker p(y — h) Nker p(z*),
Hy (A, 7, L(7)) = ker p(y + 2 — gh) Nker p(z),
Hy(A,7,L(y)) = Ho(A, 7, L(7)) & Ha(A, 7, L(7)),
where p is the *-antirepresentation of A on L?(A,T) defined in section 1 above.

Proof. The identifications of Hy ( = ker A}) and of Hy ( = ker Ay here) are clear.
Writing £a for p(a)é (€ € L2(A,7),a € A), we have

(57 77) S kerZ; n keI’Zl

v +2—gh)+mz” = 0
:>{ §x+n(h—7) = 0}
E(y+2—qh)*+nz*(y+2—-qh) = 0
:>{ Exx* —nz*(y+ 2 — qh) = O}

— f(y+2—qh)? + €z =0
= £ € ker p(y + 2 — gh) Nker p(x),
and furthermore
n € ker p(y — h) Nker p(x™).

This takes care of Hj. O

In case 7 = 7.5, it easily seen that L2(A,7) is C} ® C%, with A(a) and p(a) given
respectively by

ANa)(€@n) = (my (@8 @n, pla)(@n) =E (g, ().

The proposition just proved and the recipe for W,jf yield the following:

n i = )\T n
(5) HO(A,Tf,L(’Y)) ~ { (E:Ojj efls’l, r
n iy = At (n

(In the formula for Ha, we are using gA\*(2 —n) — 2 = A\¥(-n).)
We next exhibit an injective map 6 : L(A*(—n)) — L(A*(n)) whose cokernel is
M*(n). Write the identity (4) in the form

(7) zx* — "z = 2" p,(h).

The zeroes of the quadratic polynomial p,, are easily seen to be AT (n) and A\~ (n),
so there are two linear polynomials P, and P, such that

pu(h) = P (h)(h = AT (n)) = P,/ (h)(h — A" (n)).
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Let S : A2 — A? be the module map with matrix
qnaj*n z*n—lprit(h)
0 g"a*(h—X*(n) )’
acting (as usual) on the right. By (3) and (7), plus ¢"A*(n) = 2[n] + A*(n), we
have the commutative diagram

o b))

*m

S

A2—A
(hafm)
There is thus a map 6 : L(A*(—n)) — L(A*(n)) such that 0(&8'(a)) = §(az*™) for a
in A, where 6 and &' are the quotient maps from A to L(AT(n)) and L(A*(—n)).
It follows from Lemma 5.3 that € is injective, and that {§(z**) : k > n} is a basis
for its image. (Notice that x6(z*™) = x*"~16(pn(h)) = 0 because p, (AT (n)) =0
— otherwise this set would not span a submodule of L(A*(n)).) Let (-) be the
quotient map from L(A*(n)) to its quotient by the image of #. The action of = on
the quotient has kernel C(6(1)), and

e THED) = (8(@Th) #0=a"(6(1)).
Since furthermore h{(6(1)) = A*(n)(5(1)), the quotient must be isomorphic to
M*(n).
Before we can apply Theorem 3.3 to the exact sequence
0 — L(A*(=n)) — L(X*(n)) — M*(n) — 0,
we need to understand the map on H; induced (as in Section 2) by 6. In what

follows, we consider only the traces 7% and abbreviate H.(A, 7+, .) as H,(-).

»In

Lemma 5.6. The map from Hy(L(A*(—n))) to Hi(L(AT(n))) induced by 6 is an
isomorphism.

Proof. Consider the subspaces Ey and Fa of L2(A, 7.5) defined by
Ey = ker p(A*(n) — h) Nker p(z*),
Ey = ker p(Af(2 — n) — h) Nker p(x).
By (the proof of) Proposition 5.5 and its specialization in (5) and (6), the homology
spaces Hi(L(A*(n resp. —n))) are realized inside L?(A,7.5)? as
Hi(L(A\*(n))) =0® Ey and Hi (LAt (—n))) = E; @ 0.
For £ in Ey and S : A2 — A? as above, we have
5(,0) = (q"&a™™, &x* " Py (h)) = (0,&0 7 P (h))
because p(z*") = 0. Recall from the construction of 7> that 7 (x) is super-
diagonal with nonzero superdiagonal entries, so p(z*"~!) maps ker p(z) bijectively
to ker p(x*), which is the A\*(n)-eigenspace for p(h). Since A*(n) # A~ (n), we
have P (At (n)) # 0 # P, (A" (n)). It follows that S maps F2 @& 0 bijectively to
06 Ey. O

The outcome of our calculations is summarized as follows.
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Proposition 5.7. If M is one of the modules M*(n) and 7 is one of the traces
+
Ty, then

(Cq}r ifké{O,?)},MZM"—(n),T:T:,
Hy(A,7,M)~< C* ifkef{0,3},M=M"(n),7=1,,

0 else.

Proof. In the third case, H,(L(A*(—n)), A, 7) and H,(A, 7, L(A\*(n))) both vanish
by (5) and (6), so H.(A, 7, M+(n)) vanishes by Theorem 3.3. In the first two cases,
the weakly (here, in fact, truly) exact sequence in Theorem 3.3 is

.= 0= Hy(M*(n)) — C} — 0 — Hy(M*(n)) — C} = CL — Hy(M*(n))
— 0 — C% — Ho(M*(n)) — 0,
by (5), (6), and Lemma 5.6. O
It remains to deal with the special one-dimensional modules Mg described at the

beginning of this section. The calculations are like those leading to Proposition 5.7,
but easier.

Proposition 5.8. For any representable trace T on A and any monzero complex
number (3, the homology spaces H.(A, 7, Mg) all vanish.

Proof. (sketch) Write k = h — 2(q — 1)~1; the relations (1) and (2) then become

(8) gkr = zk,
1-— 1
(9) zx* —qrixr = TkQ + 1
Let Ng = A/(Ak+ A(x — ()). Arguing as for Lemma 5.4, it is not difficult to show
that the sequence

k
0 A (B—z qk) ‘A2(I_ﬁ)‘A 5 ‘Nﬁ 0

is exact. Since k has no kernel in any of the representations 7, it follows from
Proposition 5.2 that ker p(k) = (0) for any representable trace 7. Calculating as in
Proposition 5.5, we then obtain H. (A4, T, Ng) = (0).

We conclude the proof by exhibiting an exact sequence
0— Nygg — Ng— Mg —0
and appealing to Theorem 3.3. Let v = —(¢— 1) 7237 1. It follows from (8) and (9)

that
qr* —y 0 k _ k .
( Tk qx*—v)(w—ﬁ)_<x—qﬂ)(x V)

so right multiplication on A by z* — v induces a map ¢ : Nyg — Ng. It is straight-
forward to show that ¢ is injective with cokernel isomorphic to Mg. O

Notice that H,(A,7.F,-) “sees” (among the irreducible A-modules) only the mod-
ule M*(n) that gives rise to 7.7. Proposition 2.3 accounts for this in dimension 0,
but in higher dimensions the phenomenon is somewhat special, owing here to the
circumstance that the spectra of h in any two different irreducible *-representations
are disjoint. By way of contrast, we consider an easy example, instructive in its

own right, that does not exhibit this type of orthogonality.
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Let A now be the complex group algebra CG, where G = PSL(2,Z) = Zs * Zs.
Denote by u (resp.v) the generator of the free product factor Zs (resp. Zs), and let
p,q,r in A be the spectral idempotents of v, that is

1
p=31+v+0?),

1
q= 5(1 + M 4+ Ao,
1
r= 5(1 + Av + A%v?),
where A = exp(27i/3). Consider the A-module M with projective resolution

0— Al —p) ® Al — uqu) = A -2 M — 0,

where A adds the two direct summands. [That A is injective follows from the
observation that if ¢ : G — C satisfies

?(g) + ¢(gv) + ¢(gv*) = 0 = ¢(g) + Ad(guvu) + N (guvu)

for all g in G, then either ¢ = 0 or the support of ¢ must be infinite. This is
because ¢(g) # 0 implies that at least one of gv and gv? and at least one of guvu
and guv?u belongs to the support of ¢.] The module M is easily seen to be two-
dimensional, with basis {6(1),6(u)} on which v acts by v6(1) (= vé(p)) = 6(1) and
vé(u) (= vub(uqu)) = Aé(u). Thus, M comes from the irreducible *-representation
w2 : A — M5(C) sending

AU (10
i1 o0) YT Lo o)

For any trace 7 on A, the spaces Hy and H; are simply the kernels of A" and A
respectively, so we have

Ho(A, 7, M) ~ im p(p) N im p(uqu),
Hy(A, 7, M) = ker p(p) Nker p(uqu).

Let 72 be the trace trp oms. As an A-module, L?(A,72) is M ® C2. One checks
that {J(p), J(q), J(pu), J(qu)} is an orthonormal basis, and that Hy(A, 72, M) and
H; (A, 12, M) are respectively spanned by {J(p), J(qu)} and {J(q), J(pu)} — that
is, both are the Hilbert space C? with A acting via my. Here, the two Betti numbers
bp and by are both 1. Consider also the irreducible *-representation w3 : A — M3(C)
sending

0 1/V2 -1/v2 10 0
u— | 1/V2  1/2 1/2 , v—= |0 X 0 ],
-1/vV2  1/2 1/2 0 0 A2
and let 73 be the trace trzoms. Observe that imms(p) N im7s(uqu) = (0) and

ker w3 (p)Nker 75 (uqu) is one-dimensional, whence it follows that Ho(A, 73, M) = (0)
and that Hy(A,73, M) ~ C3 (with A acting via m3). The Betti numbers in this
case are bg = 0 and b; = 1. For an arbitrary representable trace 7 on A, one has
b1(A, 7, M)—bo(A, 7, M) = 7(r) because the K(A)-valued Euler characteristic (see
section 5) xo(M) is —[r]. In particular, H.(A, 7, M) is nonvanishing for any 7 (for
example 73) such that 7(r) > 0. If no positive multiple of 7 majorizes 72 (that is,
there exists no ¢ > 0 such that m(a*a) < er(a*a) for all a in A), it follows from
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Proposition 2.3 or from a direct argument that Ho(A, 7, M) = (0), and thus that
bi(A, 7, M) =7(r).
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