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THE ITERATION FORMULA
OF THE MASLOV-TYPE INDEX THEORY
WITH APPLICATIONS
TO NONLINEAR HAMILTONIAN SYSTEMS

DI DONG AND YIMING LONG

ABSTRACT. In this paper, the iteration formula of the Maslov-type index the-
ory for linear Hamiltonian systems with continuous, periodic, and symmetric
coefficients is established. This formula yields a new method to determine the
minimality of the period for solutions of nonlinear autonomous Hamiltonian
systems via their Maslov-type indices. Applications of this formula give new
results on the existence of periodic solutions with prescribed minimal period
for such systems, and unify known results under various convexity conditions.

1. INTRODUCTION AND MAIN RESULTS

In this paper, we consider the existence of nonconstant periodic solutions with
prescribed minimal period for the following autonomous nonlinear Hamiltonian
systems:

(1.1) &= JH'(x), Vo € R*".

Here n is a positive integer, H: R?” — R is a smooth function, H’ denotes its
gradient, and J = ((1) _OI ), where I is the identity matrix on R".

In his pioneer work [Ral] of 1978, Rabinowitz proved the existence of nonconstant
prescribed periodic solutions of (1.1). Because a %—periodic function is also a T*-
periodic function for every k € N, Rabinowitz conjectured that (1.1) possesses a
nonconstant solution with any prescribed minimal period under suitable conditions.
Since then, many contributions on this minimal period problem have been made by
many mathematicians. Among all these results, two kinds of methods are used to
determine the minimality of the period of a solution. The first method depends on
a priori estimates for the solutions, and is used by many authors (cf. [AM], [CE1,
CE2], [De], [Ek3], [GM1, GM2], [Lo8]). The second method depends on the dual
action principle of convex Hamiltonian systems, the iteration inequality of Morse-
Ekeland index theory, Bott’s formula, and Hofer’s topological characterization of
mountain-pass points. This method was first introduced by Ekeland and Hofer in
their celebrated paper [EH], and has been used by many other authors to various
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convex Hamiltonian systems (cf. [AC], [Ek3], [GM3, GM4, GM5], [Zh]). Note
that recently this method has been partially extended to second order Hamiltonian
systems without convexity conditions by [Lo4, Lo5, Lo6].

The present paper uses neither of these two methods. Our approach to this
prescribed minimal period solution problem depends on a new tool: the iteration
formula of the Maslov-type index theory for linear Hamiltonian systems with peri-
odic continuous and symmetric coefficients. The main part of this paper is devoted
to the establishment of this formula. Then we apply it to nonlinear problems, and
show that the minimality of the period of a solution can be determined from only
the information carried by its Maslov-type indices.

Consider the linear Hamiltonian systems

(1.2) y = JB(t)y, r € R™,

where for T' > 0 we have B € C(St, Ls(R?*")) and St = R/(TZ), while L;(R*")
is the set of all symmetric real 2n x 2n matrices. Denote by «(t) for 0 <t < T the
fundamental solution of (1.2). The Maslov-type index theory for such linear systems
was first established by Conley and Zehnder (cf. [CZ]) in 1983 when n > 2 and (1.2)
is nondegenerate, i.e. det(y(T) — I) # 0. This index theory was extended by Long
and Zehnder (cf. [LZ]) in 1988 to nondegenerate linear systems with n = 1, and by
Long (cf. [Lol, Lo2]) in 1990 to degenerate linear systems. For each system (1.2), its
Maslov-type index is a pair of integers, (ir, vr) = (ir(B),vr(B)) € Zx{0,...,2n},
where i7 is the index part and vy = dimker(y(T') — I) is the nullity. If z is a T-
periodic solution of a Hamiltonian system

(1.3) @(t) = JH'(t,z(t)), r € R™,

then (i7(B),vr(B)) with B(t) = H”(t,z(t)) is defined to be the Maslov-type index
of the solution z, and is denoted by (ir(z),vr(z)). Note that every nonconstant
T-periodic solution x of the autonomous system (1.1) is always degenerate, i.e.
we always have vp(z) > 1. Note also that the Morse indices of the functional
corresponding to the system (1.3) are always infinite. The Maslov-type index theory
gives a finite representation for the corresponding Morse index theory.

Our iteration formula of the Maslov-type index theory is established in Theo-
rems 4.1 and 8.3. This formula gives a relationship between (igr, vixr) and (i, vr).
In Theorem 4.1, it is proved that if vx7 = 0, then vy = 0 and

I
(1.4) iy = k(iv —p) + Y _ 2t — p,
j=1

and in case p = n, the integers u, ip, and i possess the same parity. This formula
depends on normal forms of the matrix v(7T"). In Theorem 8.3, the formula (1.4)
is extended to the case of vy > 0, and i is estimated by indices of nearby non-
degenerate paths. The proof of this formula depends on a complete understanding
of symplectic matrices under iteration, and careful perturbation arguments on the
eigenvalues of symplectic matrices which are kth roots of unity. The perturbation
of the eigenvalue 1 of (T has been studied in [Lol, Lo2]. In this paper the per-
turbation of —1 and other kth roots of unity as eigenvalues of v(T") are studied
in detail. Then these results are applied to the study of paths in the symplectic
group to get the expected iteration formula. Some of the ideas in these proofs are
contained in [CZ], [LZ], and [Lol, Lo2].
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A direct consequence of this iteration formula is that for the linear system (1.2),
ifn+1—vpr <igr <n+1,vp >1 and n =1, then k =1 (cf. Theorem 11.1).
Thus if H € C?(R? R), and z is a nonconstant T-periodic solution of the nonlinear
autonomous system (1.1) satisfying 2 — vp(z) < ip(z) < 2, then = must possess
minimal period T (cf. Theorem 11.2). Consequently the existence of periodic solu-
tions of (1.1) obtained via the saddle point theorem implies the minimality of the
period (cf. Theorem 11.5) with no requirements on the second order derivatives of
the Hamiltonian functions.

Unfortunately, this argument for systems on R? fails for higher-dimensional cases
(cf. Example 11.6). To further our study for the general-dimensional case, a natural
additional condition is 47 > n, which includes the convex Hamiltonians on R?" as
a special case. A typical consequence of the iteration formula is that for the linear
system (1.2), if igr <n+ 1, ip > n, and vy > 1, then k = 1 (cf. Theorem 9.1 and
Corollary 9.2). In a certain sense, this result actually unifies all the results known
so far on this minimal period problem for periodic solutions of Hamiltonian systems
under various convexity conditions. Such a theorem can be viewed as a generaliza-
tion of the following observation on the simplest convex linear Hamiltonian system
(1.2) with n =1, T = 27, and B(t) = I. In this case,

cost —sint
v(t) = (sint cost ) ’
and igr = 2k — 1 and vy = 2 for any integer k. Thus if the increment of the
Maslov-type index is less than 2, there is actually no iteration.

For nonlinear Hamiltonian systems, suppose that H € C?*(R*",R) and z is
a nonconstant T-periodic solution of (1.1), and denote the minimal period of x
by L for some integer k > 1. If the Maslov-type indices of z satisfy ir(z) <
n+ 1 and iT/k(x) > n, then our above results imply k£ = 1, i.e. x has minimal
period T (cf. Theorem 9.3). Here for example, the requirement ir(xz) < n + 1 is
satisfied by solutions found via the saddle point theorem of Rabinowitz, and the
requirement iy, (z) > n follows from a convexity condition on H along the orbit of
x. Thus, especially, we can further apply our results to convex Hamiltonian systems,
and obtain some strict generalizations (cf. Theorem 10.1 and Corollary 10.5) of a
theorem of Ekeland and Hofer (Theorem IV.4 of [EH]).

Note that, in contrast to the second method mentioned above, our study of
the structure of symplectic matrices, perturbations of their eigenvalues, and the
iteration formula of the Maslov-type index theory already yields enough information
in terms of Maslov-type indices for the determination of the minimal period of a
given periodic solution, and it is not necessary to invoke Bott’s formula, or Hofer’s
characterization of mountain-pass points. Note also that our iteration formula of
the Maslov-type index theory together with its proof is very different from those
iteration formulae and their proofs of various index theories in [Bo], [CD], [Ek1,
Ek2, Ek3], [K1], and [Lo4, Lo5, Lo6]. On the other hand, our method and results
in this paper are more related to the pioneer works of Gel'fand and Lidskii [GL]
and Moser [Mo] on linear Hamiltonian systems.

In this paper, we denote by N,Z,R, and C the natural, integral, real, and
complex numbers respectively, and by U the unit circle in C. Denote by |a| and
a - b the usual norm and inner product in R?”. This paper is organized as follows:

1. Introduction and main results.
2. The Maslov-type index theory and its homotopy invariance.
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Normal forms of nonsingular symplectic matrices.

The iteration formula for nondegenerate linear Hamiltonian systems.
Perturbations of eigenvalues away from 1.

Perturbations of eigenvalues away from —1.

Perturbations of eigenvalues away from roots of unity eovV-1 ZR.
The iteration formula for degenerate linear Hamiltonian systems.
Controlling the minimal period via Maslov-type indices.
Applications to autonomous nonlinear Hamiltonian systems.
Applications to Hamiltonian systems on R2.

s N S I

—_ =

2. THE MASLOV-TYPE INDEX THEORY
AND ITS HOMOTOPY INVARIANCE

In this section, first, we briefly recall the definition of Maslov-type index theory
for periodic solutions of Hamiltonian systems given by [CZ], [LZ], and [Lol, Lo2].
For a complete description we refer to [Lo7]. Then we prove the homotopy invari-
ance of this index theory.

Let Sp(2n) ={M € L(R*™)|MTJM = J}, Sp(2n)* ={M € Sp(2n)|det(M — I)
# 0}, and Sp(2n)° = Sp(2n)\ Sp(2n)*. Note that Sp(2n)* consists of two path-
connected components Sp(2n)* = {M € Sp(2n)| £ det(M — I) < 0}.

Fix T > 0, and let P = {v € C([0,7],Sp(2n))|7(0) = I} and P* = {y €
P|y(T) € Sp(2n)*}. Define P to be the set of all paths v € C1([0,T],Sp(2n)) such
that v(0) = [ and B(-) = —J4(-)y~1(:) € C(St, Ls(R?")). Here B(t) is symmetric,
since 7 is a symplectic path. Note that v € P is the fundamental solution of the
following linear Hamiltonian system with B defined above:

(2.1) g = JB(t)y.
Definition 2.1 (cf. [Lol]). For every v € P, we define vp(y) = dimker(y(T) — I).

Definition 2.2 (cf. [Lol]). Two paths v and v, € P are homotopic to each other,
and we write g ~ 71, if there is a map 6§ € C([0,1] x [0,T],Sp(2n)) such that
6(0,t) = ~o(t), 6(1,¢) =y(t), 6(s,0) = I, and vy (6(s,T')) is constant for 0 < s < 1.

As is well known, every M € Sp(2n) has its unique polar decomposition M =
AU, where A = (MMT)'/? is symmetric, positive definite and symplectic, while U
is orthogonal and symplectic. Therefore U has form

Uy —u2
U= ,
(V%) U1

where u = u; + v/—1uz € £(C") is a unitary matrix. So to every path v: [0,T] —
Sp(2n) we can associate a path w(t) in the unitary group on C™. If A(t) is any
continuous real function satisfying det u(t) = exp(v/—1A(t)), the difference A(T) —
A(0) depends only on « but not on the choice of the function A(t). Therefore we
may define

(2.2) Ar(7) = A(T) - A©0).
Lemma 2.3 (cf. [CZ], [LZ]). If v1 and v2 € P* and possess common end points,

then v1 ~ v2 if and only if Ar(y1) = Ar(y2), and this homotopy can be chosen to
keep their end points fized.
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For any v € P*, we can connect y(T") to —I or diag(%, —1,2,—1) by a path § in
Sp(2n)* to get a product path (3 %y, where

_ )@, 0<t<T/2,
ﬂ*y(t)_{ﬂ(zt—T), T/2<t<T.

Then k = Ap (8 * ) /7 € Z and is independent of the choice of the path 3. In this
case we write v € Py. These Py’s give a homotopy classification of P*.

Definition 2.4 (cf. [CZ], [LZ]). If v € Py, we define ip(vy) = k.

For every integer m, 1 <m < n, and 6 € R, a 2n x 2n rotation matrix R,,(0) =
(ri;) is defined in [Lol, Lo2] by

Tm,m = Tn+m,n+m = COS 0,
(2 3) Tnd+mm = —Tm,n+m = sin 0,
ri; =1, ifi#m, n+m,

r;+ =0, otherwise.
J )

Let P = {y € Ply(T) € Sp(2n)°}. Fix v € P°. For ty € (0,T), let p €
C?([0,77,[0,1]) be such that p(t) = 0 for 0 < t < tg, p(t) > 0for 0 <t < T,
p(T) =1, and p(T) = 0. In [Lol, Lo2, Lo9] it is proved that there exist @ €
Sp(2n), an integer ¢, 1 < ¢ < n, a strictly increasing subsequence {m,...,mq}
of {1,...,n}, to € (0,T) close to T, and 0y € (0, 7/8n) small enough that for any
(s,t) € [-1,1] x [0,T] the paths

(2.4) Vs(t) = Y(O)Q™ Rn, (sp(t)bo) - - Run, (sp(1)00)Q

satisfy vo = 7, 7s(t) = y(t) for 0 < t < tg, 5 converges to v in C* as s — 0, and
(2.5) vr(vs) =0, ifs#0,

(26) ZT(’YS) = iT(rYS/)v Z(’}/—S) = i(’Y—S')a V575/ € (05 1])

(2.7) ir(vs) —ir(y-s) = vr(y), Vse€ (0,1].

Definition 2.5 (cf. [Lol]). Define ir(v) = ir(v—s) for s € (0,1].

Definition 2.6 (cf. [Lol]). Definitions 2.1, 2.4 and 2.5 assign a pair of integers
(ir(y),vr(y)) € ZxA{0,...,2n} to every path v € P. This pair of integers is called
the Maslov-type index of ~, and of the corresponding B(t) in (2.1).

Let E = L?(0,T;R?"). Define Az = —Ji, with dom A = {x € W12(0,T; R*")|
z(0) = (T)}. Then A = A* and o(A) = 2£Z. Given H € C?(5r x R*, R)
satisfying ||H"||c < ¢ for some ¢ > 0, the functional corresponding to the system
(2.8) &= JH'(t,x)
is

T T
(2.9) flx) = %/ Az - xdt — / H(t,x)dt, Yz & dom A.
0 0

Denote by FE) the spectral resolution of A and write the orthogonal projection
P= ffb dEy. Then Z = PFE is a subspace of E with dim Z = 2d for some d € N.
Via the saddle point reduction method of [AZ] (cf. also [Chl, Ch2], as well as
[Lo7]), if b is chosen large enough, then there exist an injective map u € C'(Z, E),
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u(z) = z + v(z), where Pv(z) = 0, and a functional a € C?(Z,R) defined by
a(z) = f(u(z)), such that z is a critical point of a if and only if u(z) is a critical
point of f, i.e. a solution of (2.8).

Suppose that z* is a critical point of a. Let * = u(z*). We denote the Maslov-
type index of H”(t,x*(t)) by (ir,vr) = (ir(z*),vr(z*)) and call it the Maslov-
type index of 2*. Denote the Morse indices of a at z* by m*™ = m*(z*), m® =
mP(z*), and m~ = m~(z*), i.e. the multiplicities of the positive, zero, and negative
eigenvalues of the matrix a”(z*). Let 2d = dim Z.

Theorem 2.7 (Theorem 6 of [Lol]). Under the above assumptions,

(2.10) m*t =d—ir —vr, m® = vy, m~ =d+ir.

Next we consider the homotopy invariance of the Maslov-type index theory.
Theorem 2.8. Given two paths vy and 1 in P, suppose o ~ 1 in P. Then
(2.11) vr(v0) =vr(n) and ir(yo) =ir(n).

Proof. Without loss of generality, we suppose T' = 1.

Because vp ~ 71 in P, by Definition 2.2 there exists a map ¢ € C([0, 1], P) such
that 8o(-) = 70(-), 61(:) = 11(), 65(0) = I, and 14 (5) is constant for 0 < s < 1. If
v1(6s) = vi(v) = 0, then (2.10) was proved by Conley and Zehnder for the case
n > 2 in [CZ] and by Long and Zehnder for the case n =1 in [LZ]. Therefore here
we only need to prove (2.10) when

(2.12) v1(6s) =vi(v) >0, Y0O<s<l1.

Define

B,(t) = —Jb,(t)671(t), V(s,t) € [0,1)>.

Then Bs € C(S1, Ls(R?™)) and é5: [0,1] — Sp(2n) is the fundamental solution of
the linear Hamiltonian system
(2.13) g = JB,(t)y.
Define (Bsx,z)p: = fol Bs(t)z - zdt for z € L?*(S;,R*"). By the saddle point
reduction method of [AZ] and the compactness of the interval [0, 1], we obtain
a finite-dimensional subspace Z of L?(S1, R*") with dim Z = 2d for some large

integer d > 0 and injective maps us: Z — dom(A) such that the Morse indices
mi,m?%, and m; of the functionals

(2.14) as(z) = $((A — Bo)us(2),us(2)) 12, Vze€ Z,

at the origin satisfy the following equations:

(2.15) mE =d—i1(6s) —v1(85), m=v1(8s), my; =d+i1(5s).
From (2.12) we obtain

(2.16) m® = 11(685) = vi(y), VO<s<1.

Claim. m; and mj are locally constant for 0 < s < 1.

In fact, fix r € [0,1]. When s € [0, 1] is sufficiently close to 7, by the perturbation
theory on finite-dimensional spaces we have

(2.17) m,; <m;, m; <mf.

r =
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Combining (2.17) with (2.16) yields

2d =m, +m® +m}S <m; +m?+mF =2d.
Thus for s sufficiently close to » we must have
(2.18) m, + N

= Mg, m, =mg.

This proves the claim.

Thus, by (2.15), (2.16) and the claim, we obtain that i1(6s) is locally constant
for 0 < s < 1. This implies that i1(65) is globally constant for 0 < s < 1, and
completes the proof. O

A direct consequence of Theorem 2.8 is that the Maslov-type index is invariant
under conjugation in Sp(2n).

Corollary 2.9. Given a path v in P and a matric M € Sp(2n), define 5(t) =
M=Yy(#t)M for 0 <t <T. Then

(2.19) vr(B) =vr(y) and ir(B) =ir(y).

Proof. Without loss of generality, we suppose T = 1. Since Sp(2n) is path con-
nected, for 0 < s < 1 let A; be a path in Sp(2n) satisfying Ag = I and A; = M.
For (s,t) € [0,1]? define

(2.20) 6s(t) = A7 y(t) Ay and  By(t) = —Jo(t)6; (t).

Then by the fact that As € Sp(2n) we obtain

(2.21) By(t) = —JAT () () As = AT (=I)3(6)y~ (1) As.

Thus §5 is a path in P for 0 < s < 1 satisfying 69 = vy, 61 = 3, and

(2.22) v1(6s) = dimker(A; *y(1)As — I) = dim ker(y(1) — I).

Therefore 65 for 0 < s < 1 gives a homotopy of v and 3 in P, and (2.19) follows
from Theorem 2.8. O

3. NORMAL FORMS OF NONSINGULAR SYMPLECTIC MATRICES

For k£ € N, we define the kth order nonsingular matrix set of the symplectic
group by
Sp(2n); = {M € Sp(2n)|det(M* — I) # 0}.
Let Sp(2n)? = Sp(2n)\ Sp(2n);. Note that Sp(2n); is an open subset of Sp(2n) in
the topology induced from R2"*2",

Definition 3.1. Two matrices M and M; in Sp(2n) are symplectically similar (and
we write M ~ M) if there exists a matrix A € Sp(2n) such that A='MA = M;.

Lemma 3.2. Suppose M € Sp(2n); for some k € N, My € Sp(2n) and M ~ M.
Then both M and M belong to the same path-connected component of Sp(2n);.

Proof. Since M ~ M, by definition there exists a matrix A € Sp(2n) such that
ATIMA = M;. By the fact that Sp(2n) is path-connected, there exists a path
P:[0,1] — Sp(2n) such that P(0) = I and P(1) = A. From this we obtain that
for every s € [0,1]

det{(P(s)"*MP(s))* — I'} = det(M* — I) # 0.
Therefore v(s) = P(s) "' M P(s) is a path in Sp(2n)} connecting M to M;. O
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Given any two symplectic matrices

A1 By Ay Bs
M; = ; My = )
! (Cl D1>2i><2i ? <CQ Do 2jx2j

we define an operation o-product of M; and M to be the 2(i + j) x 2(i + j) matrix
M o My given by

A, 0 By 0

0 A 0 By

cCi 0 Dy O

0 Co 0 Dy

Denote by I; the ¢ x ¢ identity matrix. When the dimension is clear, we will omit
the subscript i. For a # 0 and 6 € R define 2 x 2 matrices

a O cosf —sinf
(3.2) Dfa) = (O a_l) ’ R(0) = <sin9 cos 6 ) ’
Proposition 3.3. For k € 2N — 1, each path-connected component of Sp(2n)j
contains one of the following 2n x 2n matrices:

53) {R(Gl)o---oR(GM),

(3.1) My oMy =

R(#1)o---oR(0,) o D(2),

where 6; = (2t; + xi)7/k, with integer t; satisfying 0 <t; <k —1, and 0 < x; < 2
for 1 <@ < u and some integer p satisfying 0 < p < n.

For example, when n = 1, there are k 4+ 1 such path-connected components in
total.

Proof. We carry out the proof in two steps.
Step 1. Reduction to simple eigenvalues.

Let M € Sp(2n);, and let A € o(M) be an eigenvalue with algebraic multiplicity
m > 1. Let E) = ker(M — X\I)™ C C?" be the root vector space of M belonging to
A. We choose a base {£1,...,&mn} of Ey such that (M —AI)§; € span{&,...,&—1}
for 2 < j < m. Suppose A ¢ RUU. Choose a base {n,...,nm} of Fy-1 such
that (J&;,n;)cen = &;,;. Here (+,-)g2n denotes the inner product in C*". For ¢ > 0
define B(e) € Sp(2n) such that B(e)¢ = (1 +€)&1, B(e)é; = (1 +¢)&y, B(e)m =
(1 + 5)_1771’ B(E)ﬁl = (1 + 5)_1ﬁ17 and B(E) =1 on E,u & Span{fivmvgivﬁA
2 < i< m}forp# )\7)\_1,X,X_1. Since det(M* — I) # 0 and B(0) = I, by
continuity, there exists an g9 > 0 such that det((B(e)M)* — I) # 0 for |¢| < o,
ie. B(e)M € Sp(2n);. Similarly, when A € R or A € U is a multiple eigenvalue
of M, we can also use small perturbations in Sp(2n)} to decrease the multiplicity
of A. Via such a method, we can continuously transform any matrix in Sp(2n); to
a matrix in Sp(2n); with only simple eigenvalues. Therefore in the following, we
only need to consider matrices in Sp(2n); with only simple eigenvalues.

Step 2. Suppose M € Sp(2n); possessing only simple eigenvalues, and A € o(M).

Case 1. A € C\(R U U). Without loss of generality, we assume |\ < 1. Let
w(t) = [-t + A1 = t)]/A. Then w(0) = 1, w(l) = —1/A, and B(w(t) — 1)M
changes the eigenvalue A to —1 when ¢ goes from 0 to 1. We also notice that the
eigenvalue \y = —t + A\(1 —t) of B(w(t) — 1)M satisfies AF # 1. This is because
[Ae] < |t + A (1 —1t) <1 when0<t<1.
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Case 2. X < 0. Without loss of generality, we assume A < —1. Then B(w(t) —1)M
changes the negative eigenvalue A to —1 in Sp(2n); when ¢ goes from 0 to 1.

Case 3. M possesses two pairs of simple real positive eigenvalues, say A\, A\~ u, =1

with A > 1 and g > 1. Define w(t) = [tA+ (1 —t)u]/p. Then B(w(t) —1)M changes
pand g~ to A and A7! with (uw(t))® # 1 when t goes from 0 to 1. Then this
double eigenvalue pair A, \~! can be changed to A4ic and (A+ic)~!, and then can
be changed to —1 continuously in Sp(2n);. Repeat this procedure for all positive
eigenvalue pairs. If there still remains one more pair of positive eigenvalues, they
can be changed to 2 and 1/2 continuously in Sp(2n);.

Case 4. A € U\R and A\* # 1. Let € = X and M¢ = /¢, Then M¢ = e "¢,
Now we adjust # and & so that —(iJE, &) gzn = 1/2. This yields M(£4&,i(6—¢&)) =
(E+&,i(€ = &))R(). We can repeat this procedure for all such eigenvalues of M.

Through the above continuous transformations, we obtain that the given matrix
M is symplectically similar to some matrix of the form listed in (3.3). The proof is
complete. O

Proposition 3.4. For k € 2N, each path-connected component of Sp(2n)} con-
tains one of the following 2n x 2n matrices:

{R(Gl) o--0R(0,)0D(2) o0 D(2),

34 R(01)o---oR(0,)0D(2)¢ -0 D(2) o D(-2),

where 0; = (2t; + x;)w/k # 7, with integer t; satisfying 0 < t; < k —1, and
0 < xi <2 for1 <i<pu and some integer u satisfying 0 < p < n.

For example, when n = 1, there are k + 2 such path-connected components in
total.

Proof. By Step 1 of the proof of Proposition 3.3, we may assume that M & Sp(2n);
possesses only simple eigenvalues.

Case 1. Let A € o(M) and A € C\(RUU). Suppose A = |A|e?? with [A] > 1.
Choose ¢ and 7 such that M& = A, Mn = (1/\)n, and £7Jn = 1. Then

_ _ _ . — 4 —1
M(&&n,7) = (& & n,7) diag(\, A, A7HA ).

Define B(t) for 0 <t <1 by

and set B(t) = I on other root spaces of M. Then B(t)M changes the eigenvalue

group {\, A\, )\_1,}_1} to {|Al,|Al, [A|71, A 71} with [A] > 1in Sp(2n); continuously.

As before, we then can change the eigenvalues to {2,2,1/2,1/2}.

Case 2. Suppose A € o(M). If X > 1, then X\ and A~! can be changed to 2 and
1/2. If A < —1, then X and A~! can be changed to —2 and —1/2. If there are two
pairs of —2 and —1/2, then using the matrices diag(2R((t — 1)7),2 7 R((t — 1)))
for 0 <t <1, they can be changed to 2,2,1/2,1/2. Finally there remains at most
one pair —2,—1/2.

Other cases can be treated as in the proof of Proposition 3.3, and this completes
the proof. O



2628 DI DONG AND YIMING LONG

Definition 3.5. If matrices M and M; belong to the same path-connected com-
ponent of Sp(2n); for some k € N, and M; is of the form (3.3) or (3.4), then M,
is called a normal form of M. Denote by u(M, M7) the number u of M; in (3.3)
or (3.4). When there is no confusion, we simply write u(M). Note that we do not
need the uniqueness of the normal form of M later.

4. THE ITERATION FORMULA FOR NONDEGENERATE
LINEAR HAMILTONIAN SYSTEMS

In this section, we consider the linear Hamiltonian system
(4.1) y=JB(t)y,

where B € C(St, Ls(R?")). Denote the fundamental solution of (4.1) by v: [0, 7] —

Sp(2n) with (0) = I. Then € P as in §2. Denote the Maslov-type index of (4.1)

by (ir,vr) = (iv(y),vr(y)). For k € N, B can also be viewed as defined on Skr.

Correspondingly we denote the Maslov-type index of (4.1) on [0, kT by (ixT, VkT)-
Define a path 4: [0, kT] — Sp(2n) by

(4.2)  A() =~ —jT)(T) for jT <t <(j+1)T, 0<j<k—1.

Then 4 is the fundamental solution of (4.1) on [0,k], and (igr,vir) = (igr (),

vir (7))-
The main result in this section is the following theorem:

Theorem 4.1. Suppose vir = 0 for k € N. Then there exist an integer p, 0 <
w < n, and integers t;, 0 < t; < k—1 for 1 < j < u, which are determined by a
normal form of v(T) in (3.3) or (3.4), such that

o
(4.3) ikr = k(ir — p)+ Y 2t + pu.
j=1

Moreover, if u = n, then the integers p, ip, and ipr possess the same parity.

Remark 4.2. Note that there may be other normal forms in the same path-
connected component of Sp(2n);; thus the integers {u,1,...,tx—1} need not be
unique. What we are claiming is that for any choice of such integers determined by
one of the normal forms of v(T'), the iteration formula (4.3) always holds.

This section is devoted to the proof of Theorem 4.1. Without loss of generality,
we assume T = 1. We distinguish several cases according to the normal form of

v(1).

Case 1. (1) and M belong to the same path-connected component of Sp(2n)j,
where we denote by M the 2n X 2n matrix

(4.4) M =R(61)0---0R(8,)0oD(2)o---0D(2),

where 0; = (2t; + x;)m/k, 0<t; <k—1,0<x; <2 for1 <j<p, 0<p<n,
and we suppose n — (i is even.

In this case, M and —I, thus (1) and —I, are in the same path-connected
component of Sp(2n)*. Therefore i; — n is even, and then i; — u is also even. Let

(4.5) 2h =iy — pu.
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Lemma 4.3. Under the above conditions there exists a homotopy vs(t) for 0 < s <
1 and 0 <t <1, such that vo = 7,

(4.6)  71(t) = R(t(2hr + 01)) o R(ths) o - - 0 R(t6,) o D(2") o - - 0 D(2"),

and

(4.7) i1(n) =i1(7),

(4.8) ir(11) = i (%),

(4.9) Uh(3s) =0, Y0<s<lL.

Proof. Define the path 71 (¢) for 0 < ¢ <1 in Sp(2n); by (4.6). Then (1) =
Let a(t) for 0 < ¢ < 1 be a path in Sp(2n); connecting (1) to M. For (s,t) € [0, ]2
define

1= a(s+2t—2), s>2—2t.

This gives a homotopy of vy to « x v in Sp(2n) with end points in Sp(2n)*.

Since 7j5(k) = ns(1)* = a(s)*, we obtain
(4.10) ve(is) =0, Y0 <s<I.
This implies (4.9).

By the definition of h, we have i; () = 2h+p. For the path v;, since 0 < §; < 27
for 1 < j < p, the term R(t(2h7 + 61)) contributes 2h + 1 to i1(y1), and the term
R(t0;) contributes 1 to i1(y1) for 2 < j < p. The term D(2*) contributes nothing

to i1(71). So we obtain i1(y1) = 2h + 1+ (¢ — 1) = 2h + p. Thus (4.7) holds.
To prove (4.8), for a € R we define the 2 x 2 matrices

(4.11) D4@:G $, D4@:@ @.

By direct computation we obtain
Bi(t) = —Jn(t)y (1)
=Di(2hr+61)oDi(02)0---0Di(0,)oD_(—log2)o---oD_(—log2).
Let
(4.12) Py = {8 € C([0,1],5p(2n))|B(0) = I, v (B) = 0},
(413) P ={8 € C'([0,1],Sp(2n))[B(0) = I, v(5) =0, 5(1) = 5(0)5(1)}.

As proved in [LZ] and [Lo7], since v, v1 € P, and v ~ 71 in Py, then the homotopy
can be chosen in Pj,. We denote this homotopy by 7.

We consider the linear system (4.1) in the space L = L%(Sy, R?"). The path
4:[0,k] — Sp(2n) gives the fundamental solution of (4.1) on [0, k]. The homotopy
s connects 7y to 1. Define

(4.14) By(t) = —JHs(t)y;H(t)  for (s,t) € [0,1]%

Note that Bs(t) must be symmetric for 0 < s < 1. Then 75(¢) for 0 < ¢ < k is the
fundamental solution of the linear system

(4.15) y = JBs(t)y,
and v (ys) = 0.
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By the saddle point reduction method of [AZ] and the compactness of the unit
interval, we obtain the same finite-dimensional space Z for all s € [0, 1] with suffi-
ciently large my € N:

(4.16) Z=R"g (EB Em> ,
m=1

2mmt 2mmt
(4.17) E., = {cos( n':r >§+Sin (%) 17|§,176R2"},
and we also obtain functions as: Z — R, and maps us: Z — L such that
(4.18) as(z) = ((A — Bs)us(2),us(z)) Vze Z.

Here By is the operator on L defined by
k
(4.19) (Bsz,z) = / Bs(t)x(t) - x(t)dt Vo € L,
0

and By = B. Since v;(s) = 0, the inverse operator (A — B,)~! exists on the space
Z, and z = 0 is an isolated critical point of all as. We denote the Morse indices
of as at z =0 by m;, m? = 0, and m}. Denote 2d = dim Z. Using Conley index
theory, in [LZ] and [Lo7] it is proved that

my; =my, md=0, mf=mg, Vs € [0,1].
By Theorem 2.7,
(4.20) my =d+ix(¥s), mi=0, m}=d—ir(7), Vs € [0,1].
This implies (4.8).
The proof is complete. O

Proof of the iteration formula (4.2) in Case 1.
By Lemma 4.3, it suffices to compute ix(71). Note that 41 (t) = y1(¢) for 0 < ¢ <
k. From the definition (4.6) of v; and 0; = (2¢t; + x;)m/k for 1 < j < u, we obtain

(4.21) (k) = R(k(2h7 + 61)) o R(kb2) o - - - o R(k0,) © D(2F) o - - o D(2F),
where h is defined by (4.5). Thus the rotation number of v; on [0, k] is
Ap(n) =kQ2hr +61)+ k(@2 +---+0,)

I
2hk+ > (2t + ;) | 7
(4.22) j=1

I3 I3
2hk+ 25+ ) x5 |
j=1 j=1

At this stage, since 0 < x; < 2, in the computation of indices, without loss of
generality, we may choose x; = 1. Thus we obtain

2 2
ik(n) =2hk+Y 2t + > 1
j=1 j=1

(4.23) §
= k(Zl —,LL) +22tj + u.
j=1
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Here we have used (4.5). Combining this equality with Lemma 4.3 yields (4.3).
Here we especially notice that in this case the integers u,41, and i have the

same parity.

Case 2. Suppose all the conditions in Case 1 hold except that n — p is odd. Then

n<n.

Since n — p is odd, the matrix M defined in (4.4) possesses an eigenvalue pair
{2,1/2} of odd multiplies. Thus in Sp(2n)* one can connect M to (—I) o D(2).
This implies 43 — (n — 1) is even. Therefore p and i1 have the same parity. By the
proof of Case 1, we obtain the required formula (4 3):

(4.24) ix = ig(y1) = k(iy — p) + Zzt + p.

This formula shows that i; and p also have the same parity.

Case 3. (1) and M belong to the same connected component of Sp(2n)}, where
we denote by M the 2n x 2n matrix

(4.25) M =R(61)¢o---0oR(8,)0oD(2)o---0D(2)0D(-2),
where 0 = (2t; + x;)7/k, 0<t; <k—-1,0<x; <2 for 1 <j<pu, 0<pu<n.
Note that in this case we must have y <n. Let h =43 — p — 1.
When k is odd, —1 is not a root of unity. So D(—2) can be transformed through
D(—1) to R(9) for some 6 near w. Thus this case can be reduced to the above two

cases. Therefore we only consider the case when k is even. Similarly to Lemma 4.3,
we obtain

Lemma 4.4. Suppose k is even, and 6; # w in (4.25). Under the above conditions
there exists a homotopy vs(t) for 0 < s <1 and 0 <t <1, such that vo =,

(1) = R(t(hr + 61)) 0 R(t03) o - - R(16),)

(4.26) o D(2Y) o -0 D(2%) o D(2Y)R(tr),
and

(4.27) i1(m) = u(y),

(4.28) ik(1) =i (9),

(4.29) (%) =0 V0O<s<L

Since D(2)R(w) = R(w)D(2), viewing v, as a path defined on [0, k], we have

F1(7) = 1(1)7 = n(j) for 1 < j < k. Thus ix(51) = ir(71)-
From (4.26) we see that the rotation number of v; on [0, 1] is

(4.30) Ay(y1) = (hw+601) + By + - +0,) + 7

At this stage, since 0 < 6; < 27, in the computation of indices, without loss of
generality, we may choose 6; = m. Thus we obtain

(431) Z.l(’)/l) =h+,u+1.
Similarly, by (4.26) the rotation number of 77 on [0, k] is
Ap(y1) = k(hm +01) + k(02 +--- 4+ 0,) +kn

(4.32) - ((h+1)k+zﬂ:2tj +§:Xj)77
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At this stage, since 0 < x; < 2, in the computation of indices, without loss of
generality, we may choose x; = 1. Thus we obtain

Iz Iz
i) = (h+ Dk +> 26+ 1
(4.33) o
=k(i; — p) +22t]‘ + .

j=1

Here we have used h = i; — p — 1. Combining this equality with Lemma 4.4 yields
(4.3) in Case 3.

We have studied all the cases in (3.3) and (3.4) and thus completed the proof of
Theorem 4.1.

5. PERTURBATIONS OF EIGENVALUES AWAY FROM 1

For k € N, in order to establish the kth iteration formula for degenerate linear
Hamiltonian systems, we need to perturb the end point of the path v in Sp(2n) cor-
responding to the fundamental solution of this system defined on the time interval
[0, T]. Therefore we need to study perturbations of a singular symplectic matrix on
its root spaces belonging to eigenvalues which are kth roots of unity.

For k € N, suppose M € Sp(2n) satisfies det(M* — I) = 0. Then M possesses
eigenvalues 1, —1, or e*V=107/k) with 1 < j < k — 1. Since the root vector spaces
of these different eigenvalues are symplectically orthogonal to each other, it suffices
to study perturbations of M on each root vector space separately. In this section
we study the case of eigenvalue 1, and the other cases will be studied in the next
two sections respectively.

Definition 5.1. E, F C R?" are symplectically orthogonal to each other (denoted
by E L F)if ¢'Jnp =0 forall € € E and n € F. Two vectors £ and 7 form a
normal pair if €7.Jn =1, and each called the partner of the other.

Suppose M € Sp(2n) possesses the eigenvalue 1. Since perturbations of eigen-
values away from 1 have been carefully studied in [Lol, Lo2] and [Lo9], we are very
sketchy in this section.

Denote by E; the root vector space belonging to the eigenvalue 1 of M. Then

(5.1) R>" = F, @ Ef-.

Choose a symplectic base Ay = {&]1 < ¢ < 2m} of Fy with 2m = dim E;, then
extend it to a symplectic base A = {&]1 < i < 2n} of R?". Then there exists a
matrix My € Sp(2m) such that

(5.2) M(&, .- &om) = (€1s - Eom) M.

Thus there exists a matrix P € Sp(2n) such that P~1MP = M; on P~'E;. Note
In [Lol, Lo2] and [Lo9], using the rotation matrices defined in §2, it is proved

that there exist an integer ¢ with 1 < ¢ < m, a strictly increasing subsequence

{m1,...,mq} of {1,...,m}, and 6y > 0 sufficiently small such that for any 7 €
[—1,1]\{0}, if we define 2m x 2m matrices

G(1) = R, (160) - - - Ry, (100),
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then the following relations hold:

(5.3) P IMP(G(t) o I) € Sp(2n)*,

(5.4) P 'MP(G(1)Rp, (—700) o I) € Sp(2n)® for 1 < j <gq.
Thus when |7]| > 0 is small, there exists a matrix P € Sp(2n) such that
P'MP(G(r)oI) =P 'MP

on P~1E{, and P~*M P(G(1) o I) perturbs the eigenvalue 1 of M to eigenvalues
of PTAMP(G(7) o I) away from 1.

As we mentioned in §2, such perturbations are used in [Lol] and [Lo9] to define
the Maslov-type index for paths in P with end point P~*M P.

6. PERTURBATIONS OF EIGENVALUES AWAY FROM —1

Suppose M € Sp(2n) possesses the eigenvalue —1. In this section we study
perturbations on M to change —1 to nearby eigenvalues on U\R or R\{-1}.

In [LD] the following normal forms M; € Sp(2k) for symplectic matrices pos-
sessing the eigenvalue —1 were introduced:

Normal form 1. My € Sp(2) defined by

-1 1 -1 -1 -1 0
o () (G e (30
Normal form 2. My € Sp(2k) with k > 2 defined by

(6.2) M = (‘3 g) ,

where A, B, and C are k x k matrices, A is a k x k Jordan block form matrix of
eigenvalue —1:

-1 1 0 0 0

0O -1 1 0 0

0 0 -1 0 0
(6.3) A= ,

0 0 0 -1 1

0 0 0 0 -1

B and C are lower triangular matrices of the following forms with b; e R, 1 < i < k:

by 0 0 o 0 0
bo bo 0 ... 0 0
b3 b3 b3 . 0 0
(6.4) B— : : ) ) e
br—1 br—1 bp—1 ... by—1 O

bk bk bk cee bk bk
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-1 0 0o ... O 0

-1 -1 0 ... 0 0

-1 -1 -1 ... O 0
(6.5) C=

-1 -1 -1 ... =1 0

-1 -1 -1 ... -1 -1

In [LD] the following result on the normal forms of symplectic matrices with
eigenvalue —1 is proved.

Theorem 6.1. Suppose M € Sp(2n) possesses the eigenvalue —1. Denote by E_4
the invariant root vector space of M belonging to the eigenvalue —1. Then there
exist P € Sp(2n) and p € N such that

(6.6) P'MP = Moo M, M,.

Here M; € Sp(2k;) for 0 < i < p. Moreover, 2% %_ ki = 2ko + dimE_; = 2n,
ko >0, and —1 & 0(My). For 1 <i<p, k; > 1, each M; is a normal form matriz
of eigenvalue —1 defined by (6.1)—(6.5).

Based upon this theorem, we study first the perturbations of the normal form
matrix My € Sp(2k) of eigenvalue —1 defined by (6.1)—(6.5). We distinguish three
cases.

Case 1. k € N is even.

1°. We multiply M; by the 2k x 2k matrix G(7) = diag(R(7),..., R(7)) with
7 # 0, and obtain

(6.7) det(MG(1) — M) = (A2 + (2cosT — sin7) A + 1),

Thus we obtain the complex conjugate eigenvalues

1
(6.8) AL = 5 {(sinT —2cosT) + \/—2 sin(27) — 3sin’ T} .

When 0 < 7 < 7/2, they satisfy AT! € U\R, and are k-multiple eigenvalues of the
2k x 2k matrix M1G(7).

2°. From the formula (6.7), if we choose —7 € (0,7/2) sufficiently small, the
eigenvalue —1 is perturbed to k-multiple negative eigenvalues A*! given by (6.8).

Therefore we have proved that M;G(7) perturbs the eigenvalue —1 of M to the
nearby eigenvalue A*! on the unit circle for small 7 > 0, or to the nearby eigenvalues
ATl on R\{—1} for small —7 > 0. Note that in this subcase, the perturbation has
nothing to do with by in (6.4)

Case 2. k > 3 is odd and by # 0.

1°. We multiply M; by the 2k x 2k matrix G(r,0) = diag(R(7), ..., R(T)) o R(0)
with 7 and 6 # 0. Then we obtain

det(M1G(7,0) — AI)
= (A2 4 (2cosT —sin )\ + 1)¥(A2 4 (2cos 0 — by sin )\ + 1),
where by, is defined in (6.4) for B. Thus for 0 < 7 < 7/2 and small § # 0 such that
Q(br, 0) = 20y, sin(26) + (4 — b3 ) sin? 0 > 0,

(6.9)
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we obtain the complex conjugate eigenvalues A*! given by (6.8) and
1
(6.10) =3 {(bk sind — 2cos ) = /—Q(br, 9)} :

They satisfy A*! and p*' € U\R. Note that A*! are k-multiple eigenvalues and
p*! are simple eigenvalues of the 2k x 2k matrix M,G(r,6).

2°. By (6.8) and (6.10), if we choose —7 > 0 sufficiently small and |§] > 0
small such that Q(bg,0) < 0, the eigenvalue —1 is perturbed to nearby negative
eigenvalues A*! and p*! on R\{-1}.

Therefore we have proved that M,G(r,0) perturbs the eigenvalue —1 of M; to
nearby eigenvalues on the unit circle for small 7 > 0 and small § # 0 satisfying
Q(bg,0) > 0, or to nearby eigenvalues on R\{—1} for small —7 > 0 and small 6 = 0
satisfying Q(by,6) < 0. Note that in this subcase, the perturbation needs to be

chosen carefully according to whether b, > 0 or by < 0.
Case 3. k> 3 is odd and by, = 0.

1°. Note that when by = 0 the perturbation in 1° of Case 2 always satisfies
Q(by, ) > 0 and also perturbs the eigenvalue —1 of M; to nearby eigenvalues A\**
and p*! on U\R for small 7 > 0 and small § # 0.

2°. In order to perturb the eigenvalue —1 of M; to nearby eigenvalues on
R\{—1}, we multiply My by the 2k x 2k matrix G(r,0) = diag(R(7),...,R(7)) ¢

D(2%) with 7 and 6 # 0. Then we obtain
det(MyG(,8) — AI)

6.11

(6.11) = (A2 4 (2cosT —sinT)A + 1)F (27 + N) (277 + \).

Thus for small —7 € (0,7/2) and small 6 # 0, we obtain the negative eigenvalues
A1 given by (6.8) and

(6.12) ptt = 2%

They satisfy A*! and p*!' € R\{—1} near —1. Note that A*!' are k-multiple
eigenvalues and p™! are simple eigenvalues of the 2k x 2k matrix M;G(r,6).

Therefore we have proved that M,G(7,0) perturbs the eigenvalue —1 of M; to
nearby eigenvalues on the unit circle for small 7 > 0 and small € # 0, or to nearby
eigenvalues on R\{—1} for small —7 > 0 and small 6 # 0.

Case 4. k=1.
In this case, M; is given by (6.1). Write

-1 b
(30

Subcase 1. b = 0. We have M; = —I. Then the geometric multiplicity of the

eigenvalue —1 € o(Mj) is 2. When 7 perturbs away from 7 = 0, the corresponding

eigenvalues of MyR(r) = R(m 4 7) are changed to e*V~1"t7) ¢ U\R near —1.

For any m € N, when 0 < 7 < 7/m, we obtain

2t +x
m

2
(6.13) T = 7, witht=m>1and0<y=— <2.
™

On the other hand, when 7 perturbs away from 7 = 0, the corresponding eigenvalues
of M1D(27) = D(—27) are changed to —2%7 € R\{—1} near —1.
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Subcase 2. b= 1. Then the geometric multiplicity of the eigenvalue —1 € o (M) is
1. We write the 2 x 2 matrix M; in polar form with 7/2 < o < 37/2:

-1 b roz cosa  —sina
(6.14) My = ( 0 —1) n (z #) (sina cos a )
Then this yields 2tana = b > 0. Thus 7 < a < 37/2. On the other hand, when
7 > 0 is sufficiently small that 7 < a4+ 7 < 37/2, the corresponding eigenvalues of

(6.15) MR(T) = (: #) <coS(a +7) —sin(a+ T))

sin(a+7) cos(a+7)

are

(6.16) A= (2bsinT — cosT) £ \/_g sin(27) — (1 — b2/2)sin’ 7,

satisfying A*' € U\R. Thus for any m € N, if 7 € (0,7/m) is so small that

T < a4+ T < 371/2, then we obtain

2t + x
2m

Note also that when 7 < 0 is small, the eigenvalue —1 of M; are perturbed to

eigenvalues A*! € R\{—1} near —1.

2
(6.17) a+T1= m, Withtzm21and0<xzﬂ<2_
T

Subcase 3. b= —1. Then the geometric multiplicity of the eigenvalue —1 € o (M)
is 1.

1°. We write the 2 x 2 matrix M; in its polar form (6.14). This yields sin? o 4
tana(l +sin®a) = b < 0. Thus 7/2 < a < 7. On the other hand, when 7 < 0
is sufficiently small that 7/2 < a4+ 7 < m, the corresponding eigenvalues AEL of
(6.15) are still given by (6.16), and A\*' € U\R. Fix m € N. If [ma/n] = ma/T,
we must have m > 2. Thus, whenever —7 > 0 is small enough,

2t 2
(6.18) atr= X, witht:[@}—12170<x:2+ﬂ.
2m s m
If [ma/7] < ma/7, then, whenever —7 > 0 is small enough,
(6.19)
2t 2
atr=TX0 itht = [—ma} >0, o<x=2(—ma - [—mO‘D LYY
2m s s m m

Especially in this case, when m > 2 we obtain ¢t = [ma/7| > [2a/7] > 1.
Thus for any integer m > 2, if —7 > 0 is small enough, then

2t
(6.20) a+T= ;Xw, with ¢ > 1, 0 < y < 2.
m
When m = 1, by (6.19) we obtain that if —7 > 0 is small enough, then
2t 2
(6.21) a+7= ;Xw, witht =0, 0 < y = —(a+7) < 2.
T

2°. By (6.16), we can choose T > 0 so small that

b . b2\ L,
§sm(27)+ 1—5 sin“T <0

to perturb the eigenvalue —1 of M; to nearby negative eigenvalues A\*! € R\{—1}.
Therefore in the case of k = 1, we have proved that M; R(7) perturbs the eigen-
value —1 of M; to nearby eigenvalues on the unit circle by choosing small 7 # 0
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suitably, and that M R(7) or M1D(27) perturbs the eigenvalue —1 of M; to nearby
eigenvalues on R\{—1} by choosing small T # 0 suitably.

Combining Theorem 6.1 and the above discussions on perturbations, by induc-
tion we have proved the following main result of this section.

Theorem 6.2. Suppose M € Sp(2n) possesses the eigenvalue —1. Then there exist
a matriz P € Sp(2n) and a perturbation matriz G(17) = G1(11)0- - -0Gp(p) 01 such
that P=YM P is a o-product given by (6.6), each G;(7;) with 7; # 0 is determined in
the above discussion according to M; in (6.6) for 1 < i <p, and the eigenvalue —1
of M is perturbed away from itself to nearby eigenvalues of P~*M PG(1) on U\R,
or on R\{—1}, while all the other eigenvalues of M remain fized.

Based upon Theorem 6.1, we can give the following definition concerning sym-
plectic matrices possessing eigenvalue —1.

Definition 6.3. Suppose M € Sp(2n) and —1 € o(M). Denote the set of all
normal forms of eigenvalue —1 appearing in the o-decomposition (6.6) of M by
J-1(M). We define

(6.22) wo(M) = dimspan{eigenvectors of M;|M; € J_1(M) N Sp(2k;), k; > 2},

(6.23) wi (M) =#{M; € T(M)|M; = (' 1)},
(6.24) wo(M) = #{M; € T.(M)|M; = (3 %)},
(6.25) w_(M) = #{M; € J_,(M)|M; = (3 1)},
and

(6.26) w(M) = wa(M) +w_(M).

Then we always have

(6.27) w(M) < min{n, ;dimE_1}, VM € Sp(2n).

7. PERTURBATIONS OF EIGENVALUES
AWAY FROM ROOTS OF UNITY e*?V-1 ¢ R

In [LD] the following two basic normal forms of symplectic matrices with eigen-
values A € U\R are introduced.
Normal form 1. M; € Sp(4k) with some integer k& > 1 defined by

(7.1) My = (‘3 ]g) ,

where A is a 2k x 2k Jordan block form matrix of eigenvalue A\ = V=1,

RO L, 0 ... 0 0
0 RO) L ... 0 0
0 0 RO ... 0 0
(7.2) A=| - : L .
0o 0 0 R(O) I
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C is a 2k x 2k matrix of 2 x 2 blockwise lower triangular matrix of the form

R(0) 0 e 0 0
—R(20) R(0) e 0 0
(7.3) C= : : o : e
(-D*R((k—1)0) (-1 'R((k—2)0) ... R(9) 0
(=D)L R(KO) (-D*R((k—1)0) ... —R(20) R(9)
and B is a 2k x 2k matrix formed by 2 x 2 matrices B; ;:
(7.4) B = (B j)1<ij<k, B, ;=0 ifj>i+1

Normal form 2. My € Sp(4k + 2) with some integer k > 0 defined by

A D B E

0 cosf FT —sinf

0 0 C 0

0 sinf GT cosd

where A, B, and C are 2k x 2k matrices, D, E, F, and G are 2k x 1 matrices, A is
given by (7.2), C is given by (7.3), and

(7.5) My =

(7.6) =0, D=(0,...,0,1,007, E=(0,...,0,0,1)7,
or
(7.7) 0=-60, D=(0,...,0,0,1)T, E=1(0,...,0,1,0)7.

In these two normal forms, M; possesses either two or four linearly independent
eigenvectors of A\*1.

In [LD] the following result on the normal forms of symplectic matrices with the
eigenvalue A € U\R is proved.

Theorem 7.1. Suppose M € Sp(2n) possesses the eigenvalue o' € U\R. Then
there exist P € Sp(2n) and p € N such that

(7.8) P'MP = Moo M,o M,

where My € Sp(2ko) with kg > 0 and A\ & o(My), k; > 1, and M; € Sp(2k;)
is of the normal form 1 or 2 defined above for 1 < ¢ < p. Let E\ denote the
invariant root vector space of M belonging to the eigenvalue \*'. Then 2 Yoo ki =
2ko + dim E = 2n.

Now we suppose M € Sp(2n) and A*! = V=1 ¢ (U\R)No (M) are mth roots
of unity for some integer m > 2. Based upon the normal form Theorem 7.1, we
study the perturbations of M so that the eigenvalues A*! are perturbed to nearby
eigenvalues on the unit circle.

Since the eigenvalues A1 = e=¢v~1 ¢ U\R are mth roots of unity, we suppose
0 = 2tw/m for some integer ¢ € [1,m — 1]\{m/2}. We start from the two normal
form cases.

Case 1. Perturbations on the normal form 1.

We multiply the matrix M; by the 4k x 4k matrix

(7.9) Gi(r) = diag (R (%) R <2%> ,...,R(1),R (%) R <2k—7> .. ..,R(T)> 7
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with 7 > 0 mall. When 7 > 0 is small enough and suitably chosen, we find that
the 2k-multiple eigenvalue e=?V=1 of M is perturbed to k double eigenvalues

(7.10) aft = FOTEIVET fori =1,k

K2

of the matrix M;G;(7), and these ai'’s are not mth roots of unity.
For uw = (u1,...,u2;) and v = (vy,...,v9;) with 0 < u; < -+ < wug and |v]
sufficiently small, we define

(7.11) G(r,u,v) = G1(N)[(D(2°*)R(u1)) ¢ - - - © (D(2"*) R(uak))]-

Then by suitably choosing small enough u and small v, we obtain that the eigen-
values in (7.10) are perturbed to 4k different simple eigenvalues of M7 G(T, u,v) on
the unit circle, and these eigenvalues can be listed as

(7.12) exp <:t (9 + %T + 821'_1> \/—1) and exp (:I: (9 + %T + 821') \/—1) ,

for 1 <14 < k, with some sufficiently small pairwise different constants €1, ..., ea.
Since § = 2tw/m for some integer t € [1,m — 1]\{m/2}, for 1 < i < k and
7 =2i— 1 or 2¢ we obtain

(7.13) 9+%T+€j:%ﬂ', with¢; >¢>1and 0 < x; < 2.

Note that in this case the matrix M; has at most 4 eigenvectors, the matrix
M, G(1,u,v) has 4k eigenvectors, and

2%k
(7.14) 2 Z t; > 4k > 4 > dim span{eigenvectors of M; belonging to A\**}.
j=1

Thus we have proved that there exists a 4k x 4k rotation matrix G (7, u,v), with
both 7 > 0 and |u| small enough, such that by this rotational perturbation the
eigenvalues e0V=T of M are changed to k simple eigenvalues given by (7.12) of
M;,G(7,u,v). These new simple eigenvalues belong to U\R, are not mth roots of

unity, and the corresponding normal forms in the sense of Definition 3.5 satisfy
(7.13) and (7.14).

Case 2. Perturbations on the normal form 2.

Similarly to the discussion of Case 1, there is a (4k+2) x (4k+2) rotation matrix
(7.15)

Gy (7) = diag (R (%) R (%) ....,R(7),R (%) R (%T) .,R(T)> o R(r),

G(r,u,v) = G1(T)[(D(2°*)R(u1)) o - - - o (D(2"?* ) R(uzg)) © I2],

with u = (ug,...,u2), 0 < up < -+ < ug, and 0 < 7 small enough, such that by
this rotational perturbation the eigenvalues A*! = e=vV=1 of M, are changed to
4k + 2 nearby simple eigenvalues of M1G(7,u) given by (7.12) and

(7.16) exp(£(6 + 7)V—1).
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These new simple eigenvalues belong to U\R, are not mth roots of unity, and the
corresponding normal forms in the sense of Definition 3.5 satisfy relations (7.13)
and

- 2t + X .
(7.17) 0+1= +X7T, witht>t>1, 0< x <2,
m
2k
(7.18) 2 Z t; + 2t > 4k + 2 > dim span{eigenvectors of M, belonging to A\*1}.
=1

The discussions of the two basic normal forms are complete.
Combining the discussions of these two cases, by induction, we have proved the
following main result of this section.

Theorem 7.2. Suppose M € Sp(2n) and \*' = V=T ¢ (U\R) N o(M) are
roots of unity. Then there exist a matrix P € Sp(2n) and a perturbation matriz
G(7,u,v) which is a o-product of matrices defined by (7.11) and (7.15) depending
on small parameters T > 0, u, and v such that P~1M P is a o-product given by (7.8)
in Theorem 7.1, and by the perturbation the eigenvalues \*' of M are changed to
nearby simple eigenvalues of P~*M P(G(r,u,v) o I) given by (7.12) or (7.12) and
(7.16). These new simple eigenvalues belong to U\R, are not mth roots of unity,

and corresponding normal forms in the sense of Definition 3.5 satisfy relations
(7.13) and (7.14) or (7.13), (7.17) and (7.18). All the other eigenvalues of M are
fixed in the perturbation.

For later convenience, based upon Theorem 7.1, we give the following definition.

Definition 7.3. For £ € N, suppose M € Sp(2n) possesses eigenvalues )\jt =

et0ivV=T ¢ U\R, 1 < i < r, which are kth roots of unity. Denote the set of all
normal forms in the ¢-decomposition (7.8) of M by J\(M). We define

(7.19)
o2 (M) = #{M;|M; € J(M) for some \E! € o(M) N (U\R), WEH* =1,

M; possesses 2 independent eigenvectors of )\il},

(7.20)
ora(M) = #{M;|M; € J\(M) for some \E! € o(M) N (U\R), ANk =1,

M; possesses 4 independent eigenvectors of )\il}.
Define
(7.21) ou(M) = @r2(M) + 2¢5 4(M).
Then we always have
(7.22) or(M)<n VM € Sp(2n).

Note that 2p,(M) is the total number of all real eigenvectors belonging to any
eigenvalue of M which is a nonreal kth root of unity.
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8. THE ITERATION FORMULA FOR DEGENERATE
LINEAR HAMILTONIAN SYSTEMS

In this section, we consider the linear Hamiltonian system
(8.1) y=JB(t)y,
where B € C(St, Ls(R?™)). As in §4, we denote the fundamental solution of (8.1)
defined on [0,1] by 7: [0,1] — Sp(2n) with v(0) = I. Denote the Maslov-type
index of (8.1) by (ir,vr) = (ir(v),vr(y)). For k € N, when B is viewed as
defined on Sir, the path 4 defined by (4.2) is the fundamental solution of (8.1) on
[0, k]. We denote the corresponding Maslov-type index of (8.1) defined on [0, k] by
(tkr, vir) = (ikr (), var (7))
Lemma 8.1. For ke N

1+ (=1)k
(8.2) v = 20, + v + <#
where w = w(y(T)), wt = wi(Y(T)), wo = wo(y(T)), and pr = pr(v(T)) are given
by Definitions 6.3 and 7.5.

) (W~+ wt + 2wp),

Proof. For any m x m real matrix M and any k € N, by using the Jordan normal
form of M on the field C one can prove that

dim ker(M* — 1)
= dimspan{¢ € C™|3\ € C such that \* = 1, M€ = \¢}.

This implies (8.2). O
Lemma 8.2. Under the above assumptions, for any P € Sp(2n) and k € N

(8.3) ir(B) =ir(y),  vr(B)=vr(v),

(8.4) ikr(B) = ikr(3), v (B) = vkr(3),

where B(t) = P~Iy(t)P for 0 <t <T.

Proof. By Corollary 2.9, we obtain (8.3). Since

(8.5) BKT) = B(T)" = (P™'A(T)P)* = P7l4(T)"P,

we obtain

(86)  ver(f) = dimker(P~'(T)"P — I) = dimker(y(T)" = I) = vir(3).

So the second equality in (8.4) holds. Viewing B as defined on Sir, by the second
equality in (8.4), the same argument in the proof of Corollary 2.9 yields the first
equality in (8.4), and completes the proof. |

The main result in this section is the following theorem:

Theorem 8.3. Suppose vir > 0 for k € N, i.e. v(T') € Sp(2n)Y. Then there exist
smooth perturbation paths vyx1: [0,T] — Sp(2n) with v£1(0) = I and v11(T) €
Sp(2n); such that

(8.7) ir(y-1) = ir(y) = ir(n1) — vr(y).

We can further choose the perturbation paths 41 so that there exist integers p*
with 0 < g < ,ui < n, and integers tj[, 0< tj[ <k—-1for1<j;< ,ui, which are
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determined by the normal form in the same path-connected component of Sp(2n);
with y41(T) such that
1°. the following inequality holds:

o
k(ir —p™) + Z2tj_ +u” =ik (Y=1) > k7 > ter (1) — Vkr

=1
(8.8) .
= k(iT —+ v — /L+) + Z2t;_ + /L+ — VLTS
j=1

2°. if pt =, then the integers u™ it +vr, and iy (Y1) possess the same parity;
3°. if u= =n, then the integers u~,ir, and ipr(Y—1) possess the same parity;
4°. the inequality

+

=

1 —1)k
(89) th Z Ve — Vp — %w

<.
Il
-

holds, where w = w(~(T)) is given by Definition 6.3.

Proof. Without loss of generality, we may assume 7" = 1. We carry out the proof
in several steps.

Step 1. If 1 € o(y(1)), denote the root vector space belonging to the eigenvalue 1
of v(1) by E;. By §5 there exist a matrix P; € Sp(2n) and a one-parameter family
of perturbations

G1(0) = R, (0) o+ o Ry, (6)

such that P, 'y(1)P1G1(0) = Py y(1)Py on P Ef, and 1 ¢ o(Pyty(1)PiG4(6))
with 0 < |8] < 67 for some 6; > 0 sufficiently small.

As in §2 (cf. [Lol, Lo7]), we define an increasing function p € C*°(R, [0, 1]) such
that p(t) = 0 for t < 0 and p(¢t) = 1 for ¢ > 1. Then we define the perturbation
paths ay: [0,1] — Sp(2n) for —1 < s <1 by

(8.10) as(t) = P ly(t)PyGy(sp(t)01) for 0 <t < 1.
Note that ap = v and as(1) € Sp(2n)* for s # 0. By equations in (8.3) and (8.4) of

Lemma 8.2, the paths P, 1y P, and + possess the same Maslov-type indices. Thus
by the definition of Maslov-type index given in §2 (cf. [Lol, Lo7]) we obtain

(8.11) vi(a—s) =1 (as) =0,

(8.12) ir(a—s) = i1(y) = i1(as) —ni(y),

for 0 < s <1 and small #; > 0. We further require 6; > 0 to be small enough so
that the eigenvalue 1 of (1) is perturbed to some new eigenvalue of a;(1), which
is not a kth root of unity, for s € [-1,1]\{0}.

Step 2. If —1 € o(y(1)) and k € 2N, then —1 € o(as(1)) for s € [-1,1]. Denote
the root vector space belonging to the eigenvalue —1 of a1 (1) by E_;. By §6, there
exist a matrix P» € Sp(2n) and a one-parameter family of perturbations G2(6)
which is a o-product of matrices of the forms

diag(R(9), ..., R(0)) or diag(R(0), ..., R(9)) o R(6F),
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with 6% = 6 or 6 = —0, such that Py *a;(1)PaGo(0) = Py ‘a1 (1)Py on Py 'EL,,
and —1 ¢ o(Py *ay(1)PoGo(6)) with 0 < |0] < 65 for some 0, > 0 sufficiently small.

As in Step 1, we define the perturbation paths fs: [0,1] — Sp(2n) for 0 < s <1
by

(8.13) Bs(t) = Py tay(t)PeGa(sp(t)f2) for 0 <t < 1.

Note that Gy = P2_1a1P2. Since 1 is a nondegenerate path in Sp(2n), if 6 > 0 is
small, for 0 < s < 1 we have

(8.14) vi(Bs) = vi(a1) =0,

(8.15) i1(Bs) = i1(on).

By §6, we can choose the perturbations and further require #2 > 0 to be small
enough so that when s # 0, the eigenvalue —1 of a1 (1) is perturbed to eigenvalues
of B4(1) which are completely on the unit circle but not kth roots of unity, or which
are completely on R\{—1}.

Step 3. If A*! = V=T € 5(v(1)) N (U\R) are kth roots of unity, then A\*! €
o(Bs(1)) for s € [—1,1]. Denote the root vector space belonging to the eigenvalue
AEL of 31(1) by Ey. By §7 there exist a matrix P3 € Sp(2n) and a one-parameter
family of perturbation matrices G5(6) which is a ¢-product of matrices of the forms
(7.11) or (7.15), such that P; '3, (1)P3G3(0) = P; *31(1)Ps on Py ' E3-, and A\*! ¢
o(P; ' B1(1)PsG3(0)) with 0 < 6 < 63 for some 03 > 0 sufficiently small.

As in Step 2, we define the perturbation paths ~v4: [0,1] — Sp(2n) for 0 <s <1
by

(8.16) Ys(t) = Py 1 B1(t) PsGa(sp(t)f3) for 0 <t < 1.

Note that 7o = P; '31Ps. Since 3; is a nondegenerate path in Sp(2n), if 63 > 0 is
small enough, for 0 < s < 1 we have

(8.17) v1(vs) = vi(f1) =0,

(8.18) i1(vs) = i1(Bn).

By §7, we can further require 63 > 0 to be small enough so that when s # 0 the
eigenvalue A*! of 3;(1) is perturbed to eigenvalues of v,(1) which are on the unit
circle but are not kth roots of unity.

Repeating this procedure, we can perturb all the eigenvalues of 1 (1) which are
nonreal kth roots of unity away from themselves to nearby suitable values on the
unit circle as in §7. We still use 7; to denote the final perturbation path.

Note that starting from Step 2, the same procedure also works for the paths a_1
and [$_1, and we use y_1 to denote the final perturbation path. These paths satisfy

(8.19) vi(y£1) =0,
(8.20) i1(y-1) = i1(y) = i1(n) — 1 (),

(821) Vk(:}/:l:l) =0.



2644 DI DONG AND YIMING LONG

Step 4. Let Bi(t) = —J4+1(t)yLi(t) for t € [0,1]. The smooth perturbation
paths v+; we obtained above possess the following properties:

(1) They can be chosen to be as close to the given path v as we want by requiring
max{6;|: = 1,2,3} > 0 to be small enough.

(2) Bx € C(S1, Ls(R?™)).

(3) They satisfy (8.19)—(8.21).

Step 5. By Theorem 4.1 and (3) of Step 4, from the normal forms in the same
path-connected component of Sp(2n); with y41(1), there exist integers u* with
0 < p* < n and integers £ with 0 < ¢7 <k —1for 1 < j < u*, such that

+

o
(8.22) in(Fa1) = k(i1 (vr) = p®) + D245 + p*.
Jj=1

As in the proof of Lemma 8.2, by the saddle point reduction method of [AZ]
we obtain a finite-dimensional subspace Z of E = L?(Si, R*") with dim Z = 2d
for some large integer d > 0 and three injective maps v and uy: Z — dom(A)
with A = —J < such that the Morse indices m*, m®,m~, and mZ, m%, mJ of the
functionals

a(z) = %<(A - B)’LL(Z),’LL(Z)>L2, Vz € 27
1

ax(z) = 5((A — Bx)ux(2),ux(2))r2, VzeZ,

at the origin satisfy the following equations:

(8.23) mt =d—ix(¥) —w(3), m’=w(3), m =d+ir(v),
(8.24) mi=d—ir(§z1), mL =0, mi=d+ir(F+1),

where we have used (8.21).

By (1) of Step 4, we obtain

m:Zm_zmI_—mo.

Combining this with (8.23), (8.24) and (3) of Step 4 yields
ik(¥-1) 2 () = (1) — ve(7).
Combining this with (8.19)—(8.22) yields (8.8), and proves 1° of Theorem 8.3.
Note that 2° and 3° are direct consequences of Theorem 4.1.

Step 6. The proof of 4° of Theorem 8.3.

Note that v, = vg(¥) is the total geometric multiplicity of eigenvalues of (1)
which are kth roots of unity. Set ¢ = ¢r(7(1)) (given by Definition 7.3).

Now we further require that the path +; be obtained specifically in the following
way:

1°. If \E! = 20V=T € g(y(1)) is a nonreal kth root of unity, then § = 2tn/k
with 1 <¢ <k —1 and t # k/2. Thus, by §7, the perturbation we made for small
7> 0 in Step 2 yields that the eigenvalues V=T of ~(1) are perturbed to simple
eigenvalues of 71 (1), which are of the forms (7.12) or (7.12) and (7.16). As in §7,
we next use the discussion of (7.13), (7.14), and (7.17), (7.18). If M, is a 2 x 2
normal Jordan block belonging to A*! of v(1), then the perturbation on M; defined
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in Step 2 produces a 2 x 2 rotational matrix R(6;) in the normal form of the kth
nondegenerate matrix ;1 (1) as defined in (3.3) or (3.4) such that
2t + Xi

= —k ﬂ'7
If M; is a 2r x 2r normal Jordan block belonging to A*! of v(1) with » > 2, then
the perturbation on M; defined in Step 2 produces r times 2 X 2 rotational matrices
R(6;) in the normal form of the kth nondegenerate matrix (1) as in (3.3) or (3.4)
such that

2t; i
(8.26) @:%ﬁ, 1<t;<k-1,0<y; <2 1<j<r
From (8.25), where r = 1, and (8.26), in both cases for the block M; we obtain
(8.27) Z 2t; > dim span{eigenvectors belonging to A*! of M;}.
j=1

Repeating this procedure for all eigenvalues of (1) which are nonreal kth roots
of unity, we obtain that for the part «; obtained in the first three steps, the part of
T obtained from perturbations of these eigenvalues is not smaller than ¢;. Note
that here o(y(1)) may contain other values on the unit circle which are not roots
of unity.

2°. If k is even and wy > 0, then, as we discussed in (6.13), the eigenvectors
&, 1 < j < r for some r > 1, belonging to the eigenvalue —1 corresponding to
the index wp can be perturbed to eigenvectors belonging to eigenvalues )\;-tl =

e*% V=1 ¢ U\R near —1 satisfying

2tj + X3
= A m

3°. If k is even and w4 > 0, similarly by (6.17), the eigenvectors §;, 1 < j <r
for some r > 1, belonging to the eigenvalue —1 corresponding to the index w4 can
be perturbed to eigenvectors belonging to eigenvalues /\‘?El = ¢*%V-1 ¢ U\R near
—1 satisfying

(8.29) 0; = %m with t; > 1 and 0 < x; < 2.
Thus by 1°-3°, we obtain that the path ~; obtained in such a way satisfies
ut .
1 -1
(8.30) Z 2t;r 2 25 + 2wo + Wi =V — V1 — S (2 )—)w.
j=1

Here we have used Lemma 8.1. This proves 4° for the perturbation path ;.

The proof of Theorem 8.3 is complete. O

Corollary 8.4. Under the assumptions of Theorem 8.3, for any path B sufficiently
close to v and satisfying B(T) € Sp(2n);,

(8.31) irr(B) > ikr > ik (B) — Vi,
R wu(B)
(8.32) iz (B) = k(ir(8) — n(B)) + Y 2t;(8) + u(B).
J=1

Proof. This follows from the proof for 1° of Theorem 8.3. O
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9. CONTROLLING THE MINIMAL PERIOD
VIA MASLOV-TYPE INDICES

For given T' > 0, in order to study the minimal period of a nonconstant T-
periodic solution of a nonlinear autonomous Hamiltonian system (1.1) via its
Maslov-type indices, we first consider the corresponding linearized system, and
study the number of iterations of the definition interval of the system via its Maslov-
type indices.

Let B € C(Sr, Ls(R?")). Denote by «: [0,7] — Sp(2n) the fundamental solu-
tion on the time interval [0, T] of the linear system

(9.1) y = JB(t)y.
As we know, for given k € N, the path 4: [0, k7] — Sp(2n) defined by (4.2) is the
fundamental solution of (9.1) on the time interval [0,kT]. Denote by (ir,vr) =
(ir(),vr(y)) and (ikr,ver) = (ikr(7), ve(¥)) the corresponding Maslov-type in-
dices of (9.1).

The first result of this section is the following theorem.

Theorem 9.1. Let B € C(St, Ls(R?™)). Suppose for some positive integer k the
following condition holds:

(M1) n+12>igr, T >N, vy > 1.
Then k = 1.

Proof. Without loss of generality, we assume T"= 1. We apply Theorem 8.3 to the
system (9.1). Thus the path 4 can be perturbed to a nearby nondegenerate path 3
such that the integers p(8) and t;(5) with 1 < j < u(f5), which are determined by
a normal form of 3(1) in Sp(2n); as we defined in §3, satisfy

w(B)
(9.3) > 2t5(8) = v — v — #w,
j=1
u(B)
(9:4) ik 2 k(i 01— u(9) + 3 24(8) + u(B) = vi

where w = w(7(1)) is given by Definition 6.3.

Note that (9.2) means that the perturbation path 3 is obtained from ~ by per-
turbing all the normal Jordan blocks belonging to the eigenvalue —1 of (1) cor-
responding to w to nearby negative real eigenvalues of 3(1) away from —1. (9.3)
means that the perturbation path 3 is obtained from ~ by perturbing all the nor-
mal Jordan blocks belonging to the eigenvalues of (1) which are kth roots of unity
to eigenvalues of (1) suitably located on the unit circle away from the original
values, and all the normal Jordan blocks belonging to the eigenvalue —1 of (1)
not corresponding to w to nearby eigenvalues of (1) suitably located on the unit
circle away from —1. The existence of such a path ( is proved in Theorem 8.3.

We distinguish two cases.

Case 1. k is odd.
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By (9.3) and the oddness of k, we obtain
w(B)
2t;(8) > vg — 1.
j=1
Combining this with (9.2), (9.4), and (M1) yields
n+12>1dg > k(i +vi — p(B)) + pu(B) —
>n+(k=1)(n+w —p@))
>n+(k— 1y
>n+(k—1).
Thus k£ = 1.
Case 2. k is even.
We carry out the proof of this case in two steps.
Step 1.
Claim. k < 2.

In fact, if k& > 4, then by (9.3) and the evenness of k, we obtain

1(8)
Z 2t;(8) > vy —v1 — w.
j=1

Combining this with (9.2), (9.4), and (M1) yields
n+12>ig > k(in+v1—p(B) +p(B) - —w
>4+ —p(B) +puB) - —w
= (n+3v1) + (n — p(B)) + (2n — 2u(B) — w)

>n+ 3.
This contradiction yields the claim.
Step 2.
Claim. k # 2.
We argue indirectly, and assume k = 2. By (9.2)—(9.4) and (M1), we obtain
w(B)
n+1 >0y > 20+ v — p(B) + Y 2t5(8) + u(B) — v
j=1
(9-5) > 2(i1 + 1 = u(B)) + p(B) — 1 —w
>0t (n () — w)
>n+1.
Thus, by (9.2), we must have
(9.6) i1 =mn, v =1,
(97) ip=i(f) —r =i =n+1,  wn(P=0,

(9.8) w(f) +w=mn.
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Note that w = ws + w_. By the definition of the path 3, the eigenvalue —1
corresponding to wsy is perturbed to nearby real negative eigenvalues on R\{—1}.
Thus (9.8) and the definition of wy imply that every normal form M; € Sp(2k;) in
(6.22) corresponding to wy must satisfy k; = 2 and dimker(M; +I) = 2.

Now we consider a second nondegenerate perturbation path ¢ of v on [0, 1] that
¢ is obtained in the same way as (3 except that this time we perturb all the normal
form blocks belonging to the eigenvalue —1 of (1) corresponding to w to nearby
eigenvalues on U\R of ((1) away from —1 so that ((1) has only normal forms of
o-product of R(6)’s. This can be realized for any normal form M; corresponding to
ws via perturbations in (6.7) and (7.11), and for any normal form M corresponding
to w_ via perturbations in the subcase 4.3 of §6. We keep such perturbations for
the path (.

Thus by (9.8) for this path ¢ we have

(9.9) 1(C) = p(B) +w = n.
By (9.7),
(9.10) i1(¢) =i1(B) =n+1, r(¢) = 0.

Since 1(¢) = n and i1(¢) = n+ 1 have different parities, this violates Theorem 4.1.
Therefore the claim holds.

These two steps of Case 2 show that k cannot be even under the condition (M1).
Thus we must have k = 1, and the proof is complete. O

Corollary 9.2. Let B € C(St, Ls(R?*™)). Suppose for some positive integer k the
following condition holds:

(M2) it + 12> g, T > n, vy > 1.
Then k = 1.
Proof. Set T =1. As in (9.4) we obtain

(i1—n)+n+1>i
wu(B)
> k(in —n) +k(n+v1 — p(B)) + Z 2t5(8) + pu(B) — vi.
j=1

Then, similarly to the proof of Theorem 9.1, we get k = 1. O

A direct consequence of Theorem 9.1 is the following theorem on controlling
the minimal period of a given T-periodic solution x( of the nonlinear autonomous
Hamiltonian system (1.1) via the estimates of Maslov-type indices of .

Theorem 9.3. Suppose the following condition holds:

(H1) H € C*(R*",R).

For T > 0, let g € C?*(S7,R?") be a T-periodic solution of the system (1.1)
with minimal period T/k for some k € N. Let the Maslov-type indices of xo satisfy
the following conditions:

(X1) ip(zo) <n+1.

(X2) iT/k(ZEQ) >n.

Then k =1, i.e. the solution xg possesses minimal period T .
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Proof. Let 7 = T/k. Then (X1) and (X2) imply ix,(z0) < n+ 1 and i, (x0) >
n. Since xp is a nonconstant 7-periodic solution of (1.1), the function g is a
nonconstant 7-periodic solution of the linear system

(9.11) y=JH"(z0(t))y.
Thus v;(zo) > 1. Now we can apply Theorem 9.1 to conclude that k& = 1. O

Corollary 9.4. Suppose the condition (H1) holds. For T > 0, let zo € C?(St, R*™)
be a nonconstant T-periodic solution of (1.1) which satisfies (X1) and the following
conditions:

(HX1) H"(zo(t)) > 0 for every t € R.

(HX2) fOT H"(zo(t)) dt is positive definite.
Then k =1, i.e. the solution xg possesses minimal period T .

Proof. Suppose that 2y has minimal period T'/k for some k € N. Let 7 = T'/k.

In the saddle point reduction described in §§2 and 8 for the Hamiltonian function
K(t,y) = $H"(xo(t))y - y, the space L = L?(S;,R*") possesses an orthogonal
decomposition

(9.12) L=L"el’a L, LY = R*,

such that (Az, x) is positive, null, or negative definite on L, L°, or L~ respectively,
where A = —J%. Let P+: L — L* be the projectors. Correspondingly, the finite-
dimensional space Z has an orthogonal decomposition

(9.13) Z=ztez’¢0z-, Z°=R™

Denote the functional corresponding to K by a: Z — R. In [AZ], the following
inequality is proved (cf. (7.3) of [AZ]):

a(z) <L{A(P_v(2) + 2), P_v(2) + 2)
9.14 T
(6-14) - %/0 H"(zo(t))(P-v(z) + 2) - (P-v(2) + 2)dt Vz € Z.
By (9.14), we obtain that for any z = z_ + 20 € Z~ @& Z°\{0}

a(2) < — 3IP_v(z) + 2|

_ %/T H" (zo(t))(P_v(z) + 2— + 20) - (P_v(z) + 2_ + z0) dt
(9.15) LY
== SUP-v (I + [l-]*)

_ %/OT H" (20(1))(P_v(2) + 2_ 4+ 20) - (P_v(2) + 2_ + 20) dL.

Thus if | P-v(2)]|* + ||2—||* > 0, by (HX1) we have a(z) < 0. On the other hand, if
| P-v(2)||? + [|2—]|* = 0, (9.15) becomes

a@)g—g(ATH%mu»ﬁ)%-m

T
= —% (/0 H"(zo(t)) dt) 2 - 20 < 0.
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Here in the last step we have used (HX2). Thus the negative Morse index m~ of
the functional a satisfies
(9.16) m~- >dimZ_+dimZy=(d—n)+2n=d+n.
Combining this with Theorem 2.7, we obtain the condition (X2):
(9.17) ir(T0) > n.
Now we can apply Theorem 9.3 to conclude that k& = 1, and complete the
proof. O
10. APPLICATIONS TO AUTONOMOUS NONLINEAR HAMILTONIAN SYSTEMS

In this section we apply our results to autonomous asymptotically linear Hamil-
tonian systems defined on R2",

(10.1) i=JH'(z).

For T > 0, define

(10.2) Sr(H) = {x € C*(Sy,R*")|x # constant, z is a solution of (10.1)}.
The main result in this section is the following theorem.

Theorem 10.1. Suppose the Hamiltonian function H satisfies the following con-
ditions:

(H1) H € C?*(R*™,R).

(H2) There exists a positive definite matriz B € Ls(R?™) such that

H'(z) = Bz + o(|z|) as |z| — oc.

(H3) H(x) = o(|z|?) near x = 0.

(H4) H(x) >0 for all x € R*".

Suppose T > 0 and the following conditions hold:
(HT1) H”( (t)) > 0 for every x € Sp(H) and t € R.

(HT?2) fo H"(x )) dt is positive definite for every x € Sp(H).
(HT3) vr(B) =
(HT4) ir(B) >

Then the system (10.1) possesses a solution x with minimal period T.

In order to prove Theorem 10.1, we need the following well-known Palais-Smale
condition and the saddle point theorem.

Definition 10.2. A C! real functional f defined on a real Hilbert space E is said
to satisfy the Palais-Smale condition (PS) on E, if for every sequence {xx} C E the
conditions {|f(x)|} bounded and f’(zx) — 0 as k — oo imply that {x)} possesses
a convergent subsequence.

Theorem 10.3. Let E be a real Hilbert space with orthogonal decomposition E =
X @Y, where dim X < oo. Suppose f € C?*(E,R), satisfies (PS) and the following
conditions.

(F1) There exist p and oo > 0 such that f(w) > a Yw € 0B,(0)NY.

(F2) There exist e € 0B1(0)NY and R > p such that f(w) < 0 Vw € 0Q, where
Q= (Br(0)NX) @ {rel0 <r < R}.

Then:
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1°. f possesses a critical value ¢ > o, which is given by

=i f
c égrglggf(h(w)),

where T = {h € C(Q, E)|h = id on 0Q}.
2°. There exists an element wy € K. = {w € E|f'(w) =0, f(w) = ¢} such that
the negative Morse index m™ (wo) of f at wo satisfies

(10.3) m” (wo) < dim X + 1.
Remark 10.4. The proof of this theorem can be found in [Ra2], [Gh], [LS], and [So].
Proof of Theorem 10.1. We carry out the proof in several steps.

Step 1. In order to use the saddle point reduction method, we need to truncate
the function H suitably to get the boundedness of |H"||¢.
We note that conditions (H2) and (HT4) imply that
(10.4) H(z) = iBx -2+ o(|z]?) as |z| — oo,
and the existence of constants Ag > Ag > 0 such that
(10.5) Aol > B > Mol

Thus there exists a constant kg > 5 such that
A
(10.6) 20o|z|? > H(z) > flle Vx| > k.

Claim. For any integer k > ko, there exist a constant b(k) > 1 and a function
Xk € C%([0,4+0), [0,1]) such that

(10.7) xk(r)=1 for0<r<k,
(10.8) Xxe(r) =0 fork+b(k)<r,
(10.9) 0< —xi(r)<2/r fork<r<k+bk).

In fact, we first define x; = 1 for r € [0,k]. Then, by induction on integers
m > 0, we can assume that y; has been extended smoothly to [0,k + m] so that

1
OSXk(k+m)§maX{O,1—Zk+i}:M(k,m),
i=1

(10.10) 0< v/ (k 2
< +m)<k+m+1’

1 2
< - fork+m-1<r<k+m.
k4+m ~ r

Since Y ;4 ﬁz = +00, there exists an integer b(k) > 3 such that M (k,b(k)—1) =0
and M (k,b(k) —2) > 0. Then we slightly modify xj near k+b(k) — 1 and extend it
to (k+b(k) —1,k+b(k)] so that (10.10) holds for m = k+b(k) and xr(k+b(k)) =
X (k+b(k)) = x}(k+b(k)) = 0. Finally we extend x4 to (k+b(k), +o00) by (10.8),
and obtain the claim.

For k > kg define

(10.11) Hy(z) = xx(lz))H(z) + (1 — xx(|z|)) Bz - = Vz € R*™
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Then by (10.5), (10.6), and (10.9), for any k > ko

A
(10.12) 20o|z|? > Hy(z) > I()"’”'Q V|| > ko,

A
(10.13) 20o|z|*> + K > Hy(z) > ZO|13|2 —- K VzeR™,
and

o1 VEHE) = Bl < bt (@) - Bl + [xilel)(H (@) - 482 -2)
< |H'(z) — Ba| + |H(z) = §Bx- x| V|z| >0,

where K = max|, <k, H(x). Thus by (H2) for H and (10.4) the function Hj
satisfies (H2) for the same B € L,(R*"), and by (10.14), Hj(z) converges to Bz

as |z| — oo uniformly for all k& > kg. Note that for each k > ko, the function Hy
satisfies (H1)—(H4), (HT3), and (HT4), and

(10.15) IHE (@) llomen) < +oo.

In Steps 2—6, we shall fix k > kg, and prove the existence of a special T-periodic
solution of the Hamiltonian system

(10.16) i = JH ().
For notational simplicity, in these steps we shall omit the subscript k.

Step 2. By (H1) and (10.15), using the saddle point reduction method described
in §2 (cf. [AZ]), for the Hilbert space L = L?(Sr, R?"), we obtain the functional

T
(10.17) f(z) = %(Ax,xﬁz —/O H(x)dt
defined on E = dom A = WH2(Sr, R?") C L, and the C? functional
T
(10.18) a(z) = f(u(z)) = = (Au(z),u(z)) 12 —/0 H(u(z))dt

(10.19) =

N~ N

T
I1Peu(:) = FIP-u() P = [ H ()

defined on the finite-dimensional space Z with 2d = dim Z. Here A = —Jd/dt,
and || - || is the W1/22(Sp, R?") norm, and u € C(Z, E) is the injective map given
by the reduction method. Depending on whether the quadratic form (Az, )= is
positive, null, or negative definite, we obtain orthogonal decompositions

L=L"eLl’® L, Z=7te72e Z".

Denote by Py: L — L*, Py: L — L° and P: L — Z the projectors. Then
u(z) = v(2) + z with Pv(z) = 0. In order to apply Theorem 10.3 to the functional
aonZ,let X=29Z and Y = ZT.

Step 3. By conditions (H2) and (HT3), it is well known that the functionals f and
a satisfy the Palais-Smale condition on F and Z respectively. For details we refer
to [CZ], [LZ], and [Lo7].
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Step 4. By the condition (H3), we can apply (7.2) of [AZ] to obtain
(10.20)  a(z) > (A(Pyv(2) + 2), Pyv(2) + 2) 12 + o(||z[|72) as z— 0in Z.
Thus there exists p > 0 small enough so that
a(z) = 5l1Pyo(2) + 2)1* + o(||2]|22)
(10.21) = 5(IPro()I* + [12]1*) + o(ll2]1Z2)
> a2 = 10 >0 Vsl = p, 2 € 2+,
Thus condition (F1) holds.

Step 5. By condition (HT4), there exist an element y € Z1 with ||y|| = 1 and
A1 > 0 such that

(10.22) (A-B)y=—-M\y inE,
where (Bzx, z)r2 = fOT Bzx(t) - z(t)dt for x € E. For R > 0 large (to be determined
later) we define

Qz{z:ry+zo+z_€Z|z0—|—z_EZO@Z_,

10.23
( ! 20 + 2| < R,0 <r < R}.

Then by (7.3) of [AZ] we obtain
a(z) < 2{A(P_v(2) + 2), P-v(2) + 2) 2

(10.24) T
—/ H(P_v(z)+2)dt VzeZ.
0
Thus
T
(10.25) C‘(z)S—%||P—U(Z)+Z—IIZ—/O H(P_v(z) + z)dt

<0 Vz=z20+2_€2°® 2.
For z = ry + z0 + z— € 0Q we have

T
a(z) < %(A(P_v(z) +2),P_v(z) + 2) 2 — / H(P_v(z) + 2z)dt
0

= L(AP(2) + 7y + 7). Pov(z) £ 7y + 20

T
-3 / B(P_v(2) +2) - (P-v(z) + 2) dt + o{|P-v(2) + [ 32).
0

Here we have used (H2). Thus
1 5 72
a(z) <~ IP-v() + 2P + (A~ By -y

T
(10.26) _T/O By - (P-v(z) + 20 + 2-) dt
1

T
~3 /0 B(P-v(z)4+z0+2-) - (P-v(2) + 20+ 2z—) dt

+o([[P-v(z) + 2] Z2).
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Note that @ = P_v(2) + 29 + z_ is orthogonal to y and Ay in L?. We obtain
/ By -xdt = / (A—B)y-xdt—i—/ Ay - xdt
0

T
=/\1/ y-xdt =0.
0

By (10.5), (10.22), (10.26) and (10.27) we have

(10.27)

1 r?
a(2) < = SIP-v(z) + 2| = M [yl
A
(10.28) - 70||P_v(z) + 20+ 2_||I> + o(| P_v(z) + 222)

< gmin{1, 20, AHIP-v(z) + 2032 + oI P-v(2) + 2[3a).
Thus by taking R > 0 to be large enough we obtain
(10.29) a(z) <0 Vz=ry+ 20+ 2- € 0Q with ||z0+ 2_|| = Ror r = R.
Combining (10.25) and (10.29) yields the condition (F2).

Step 6. Now we can apply Theorem 10.3 to obtain a critical point z € Z of a with
a(z) > 1p* > 0, and the Morse index m™(z) of a with @ = u(z) satisfying
(10.30) m”(r) <dm(Z°®Z )+ 1=(d-n)+2n+1=d+n+1.

Note that a(z) > 0 implies z # constant, and then x # constant. By (H1), (10.14)
and Theorem 2.7 we obtain

(10.31) ir(z) <n+41.

Thus condition (X1) holds.
So for each k > kg, the above proof yields a nonconstant T-periodic solution xy,
of (10.16) which satisfies (10.31).

Step 7.

Claim. There exists a constant k1 > kg such that for any k > ki, if xx is a
T-periodic solution of the system (10.16), then it is also a T-periodic solution of
(10.1).

In fact, by (HT3) there exists a constant « > 0 such that
(10.32) 1A= Blyllie > 2allylle vy e E.

Fix k > ko. Let g(y) = [, Hy(y(t))dt for y € L. Then gi is C' on L. By (H2)
and (10.13), as proved in §85 and 12 of [AZ], we obtain

(10.33) 9% (y) = Byllz/llyllz> — 0

for ||y||rz — oo, and y € L uniformly in k& > k. Thus there exists a constant
ko > ko, independent of the choice of k, such that

(10.34) l9r(y) — Byl < allyllee Vylle2 > k2, y € L.

Denote by fi the functional defined by (10.17) with respect to Hy. Combining
(10.32) and (10.34), we obtain
1fe@lze = (A= B)yllre — llgx(y) — Byllz2

(10.35)
> ollyllrz Viyllpz = ke, y € E.
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Thus for any k > k¢ and any critical point z; € FE of fi we must have
(10.36) ||kaL2 < ks.

That is, for any k > ko, every T-periodic solution xy of (10.16) must satisfy (10.36).
Then by (10.13), (10.16), and (10.36), for every t € R

T
THk(xk(t))Z‘/O Hk(;vk(s))ds

10.37 r

(10.37) gTK+2AO/ (2 (5)[2 ds
0

< TK + 2Aok3.

Combining (10.37) with (10.13) again yields

Ao

(10.38) T rp(t)? < K+ TK +2M0k3 Vt€R.

This yields a uniform estimate of the C-norm for all T-periodic solutions of (10.16)
with k > kq:

5
(10.39) JoxOllcise) < 1+ o6 + T + 28083)
0

Setting k1 equal to the right-hand side of (10.39) proves the claim.

Step 8. The above proof yields a nonconstant T-periodic solution x of (10.1),
which satisfies (10.31), i.e. (X1). Note that (HT1) and (HT2) imply (HX1) and
(HX2). Thus by Corollary 9.4 the solution x possesses minimal period 7.

The proof is complete. O

The following corollary gives more accessible sufficient conditions for the exis-
tence of solutions with prescribed minimal period.

Corollary 10.5. For T > 0, suppose the Hamiltonian function H satisfies (H1)—
(H3), (HT3), (HT4), and the following conditions:

(H5) H"(z) >0 for all x € R*™.

(H6) The set D = {x € R*™|H'(z) # 0, 0 € o(H"(x))} is hereditarily discon-
nected., i.e. every connected component of D contains only one point.

Then the system (10.1) possesses a T -periodic solution x with T as its minimal
period.

Proof. Note that (H4) follows from (H1), (H3), and (H5). (HT1) follows from
(H5). Let x € Sr(H). Since x # constant, H'(x(t)) # 0 for all ¢ € R. Thus
{z(t)|0 € o(H"(2(t))), t € R} is a subset of D, hence is hereditarily disconnected.
This implies (HT2). Now we can apply Theorem 10.1 to complete the proof. O

Remark 10.6. In Theorem IV.4 of [EH], the same conclusion of Corollary 10.5 is
proved under (H1)-(H3), (HT3), (HT4), and the condition

(H7) H"(z) > g(x)I for all x # 0, where g is some continuous function on R>"
with g(x) > 0 for x # 0.

Clearly our conditions (H5) and (H6) are weaker than (H7). For example, (H5)
and (H6) allow the Hamiltonian function H to be identically zero near the origin,
and allow H” (z) = 0 on some points in R?". Thus our Corollary 10.5 gives a strict
generalization of Theorem IV.4 of [EH].
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11. APPLICATIONS TO HAMILTONIAN SYSTEMS ON R?

In this section we apply the iteration formula for the Maslov-type index theory to
Hamiltonian systems defined on R? with no convexity type conditions, and exhibit
some counterexamples in higher-dimensional cases. We consider first the linear
Hamiltonian system

(11.1) i = JB(t)z, r € R

For T > 0, denote by «: [0, 7] — Sp(2) the fundamental solution, and by (ir, vr) =
(ir(y),vr(y)) the Maslov-type index of (11.1). One of the main results in this
section is the following theorem.

Theorem 11.1. For T > 0 and k € N, suppose B € C(St, Ls(R?)), and
(M3) 2—vpr <ipr <2 and vr > 1.
Then k = 1.
Proof. Without loss of generality, we suppose T' = 1. Since v; > 1, as in §2, we
define two nondegenerate perturbation paths 4= = 41 of v by (2.4). Using the

notation defined in the earlier sections, we set u* = u(y*), and if this number is
positive, the matrix 4% (1) has a normal form R(6%), where

2tF + x*
= —T,
k
Set i+ =41 (y*), and denote by 3& the extension of 4* to the interval [0, k].

By the discussion in [Lo2], Sp(2)°\{I} consists of two path-connected compo-
nents each of which is homeomorphic to R?\{0}. Denote them by

Sp(2), = {M € Sp(2)"\{I}|o(MR(6)) C U\R for 0 < +6 < 5}.

To continue the proof we distinguish three cases:

o+ 0<tT<k-—1,0<y" <2

Case 1. y(1) = I. In this case, we have 11 = v, = 2. By direct computations (cf.
[Lol, Lo2]), we obtain

(11.2) pt =1, tt=0, if =i1+vi=1i1+2,
(11.3) =1, tT=k—1, i] =i;.

Note that the values of t* can also be obtained directly from the discussion in [Lo2].
Thus by 1° of Theorem 8.3 we have

(11.4) k(iy —p~)+2t7 +p~ > > k(i —pt) + 2t +p — v
Together with (11.2) and (11.3) we obtain
(11.5) i =k(i; +1) — 1.

By the conditions (M3) and v, = 2 we obtain
0<ip=kh(ih+1)—1<2.

This implies that

(11.6) 1< k(i; +1) < 3.

Thus we must have 41 > 0 and k < 3. If iy = 0, then (11.1) yields u+ = 1 and
i7 = 2. This contradicts Theorem 4.1. Therefore i; > 1. By (11.6) we obtain
k=1.
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Case 2. (1) € Sp(2)Y. In this case we have 1, = 1, = 1. By computations (cf.
[Lol, Lo2]), we obtain

(11.7) pt =1, tt=0, if =i1+vi=1i1+1,
(11.8) pm =0, iy =iy

Thus by 1° of Theorem 8.3,

(11.9) k(iy —p )+ p~ > > k(] —pt) 42t 4+ pt — v
Together with (11.7) and (11.8) we obtain

(11.10) i, = kiy.

By the conditions (M3) and v; = 1 we obtain

(11.11) 1< ij, = kiy < 2.

Thus we must have i; > 1 and k¥ < 2. If 43 = 1, then (11.7) yields u* = 1 and
i = 2. This contradicts Theorem 4.1. Therefore i; > 2. By (11.11) we obtain
k=1.

Case 3. v(1) € Sp(2)Y. In this case, we have v; = v = 1. By computations (cf.
[Lol, Lo2]) we obtain

(11.12) pt =0, if =i +v=i1+1,

(11.13) pT=1, tT=k—1, i =i.

Thus, by 1° of Theorem 8.3,

(11.14) k(iy —p7)+2t" +p~ > > k(i —pt) + pt — v
Together with (11.12) and (11.13) we obtain

(11.15) i = k(ip + 1) — 1.

By the conditions (M3) and v = 1 we obtain
1<ip=k(i;+1)—1<2.

Then

(11.16) 2 < k(iy +1) < 3.

Thus we must have 41 > 0 and k < 3. If 47 = 0, then (11.13) yields p~ = 1 and
i; = 0. This contradicts Theorem 4.1. Therefore i; > 1. By (11.16) we obtain
k=1

The proof is complete. O

Next we apply Theorem 11.1 to the autonomous asymptotically linear Hamil-
tonian systems defined on R?,

(11.17) = JH' (z), r € R?.

Theorem 11.2. Suppose the Hamiltonian function H satisfies condition (H1). For
T > 0, let x € C?(St,R?) be a nonconstant T-periodic solution of the system
(11.17). Let the Maslov-type index of = satisfy the following condition:

(X3) 2 —vp(z) <ip(x) <2.

Then the solution x possesses minimal period T .
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Proof. Let 7 = T/k be the minimal period of z for some k& € N. Then (X3) implies
that 2 — vg- () < ig-(x) < 2. Since z is a nonconstant 7-periodic solution of

the autonomous system (11.16), we obtain v;(z) > 1. Thus Theorem 11.1 yields
k=1. O

To continue the discussion, we need the following definition and the saddle point
theorem.

Definition 11.3 (Definition 3.4 of [Gh]). Let E be a C*-Riemannian manifold, B
a closed subset of E. A family F(«) is said to be a homological family of dimension
q with boundary B if for some nontrivial class o € Hy(E, B) the family F(«) is
defined by

(11.18) F(a) = {A C E|a is in the image of i.: Hy(A, B) — Hy(E, B)},
where i, is the homomorphism induced by the immersion i: A — E.

Theorem 11.4 (Corollary 3.13 of [Gh]). Asin Definition 11.3, for given E, B and
a, let F(a) be a homological family of dimension q with boundary B. Suppose that
f € C*(E,R) satisfies condition (PS). Define

(11.19) c=c(f, Fla) = Aeigf(a) jtelgf(x)

Suppose that sup,cp f(x) < ¢ and f" is Fredholm on
(11.20) K.={z € E|f'(z) =0, f(z)=c}.

Then there exists x € K. such that the Morse indices m~(x) and m®(x) of the
functional f at x satisfy

(11.21) q—mP(z) <m (z) <q.
Now we apply Theorems 11.2 and 11.4 to the nonlinear system (11.17).

Theorem 11.5. Suppose that for T > 0 the Hamiltonian function H satisfies the
conditions (H1)—(H4), (HT3), and (HT4). Then the system (11.17) possesses a
periodic solution x with minimal period T .

Proof. Since the proof is very similar to that of Theorem 10.1, we are very sketchy
here. As in the proof of Theorem 10.1, we define a truncation function Hy of H so
that || H}/||c < 400, and apply the saddle point reduction method to the problem.
Let E = Z with 2d = dim Z, as in the proof of Theorem 10.1. Let B = 9@ and
a = [Q] € Hyio(Z, B), where @ is the closed cube defined by (10.23). Then «
is nontrivial, and F(«) defined by (11.18) is a homological family of dimension
d + 2 with boundary B. As we proved in Theorem 10.1, the functional a defined
by (10.18) satisfies the (PS) condition. It is well known that o’ is Fredholm on K.
defined by (11.20) and (11.19). By Steps 4 and 5 of the proof of Theorem 10.1, we
obtain

sup a(z) < 0 < c(a, F(a)).

zeB
Thus by Theorem 11.4, we obtain a critical point z € Z of the functional a, and
x = u(z) is a nonconstant T-periodic solution of (10.17) which satisfies

d+2—m’z) <m™ (z) <d+2,
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where m~ () and m°(z) are the Morse index and the nullity of a at its critical
point z. So by Theorem 2.7 we obtain
(11.22) 2 —vp(x) <ip(z) <2.

Now by (11.22) we can apply Theorem 11.2 to conclude that x possesses minimal
period T'. As in the proof of Theorem 10.1, whenever k is large enough, near the
orbit of  we have Hy = H. Thus z is a nonconstant periodic solution of (11.17)
with minimal period T. The proof is complete. O

It is natural to ask whether Theorem 11.1 can be generalized to higher-
dimensional cases. Unfortunately, the answer is negative in general, because of
the following example.

Example 11.6. For any integers n > 2 and k > 2 we choose 6 € (0,27) such that
k6 = 27 + xm for some y € (0,2). Let m = [n/2]. Using notation defined in the
earlier sections, we define a path ~: [0,1] — Sp(2n) by

(11.23) () =F1(t) o0 Fpt)oQi(t)o---0Qum(t)o D2 o -0 D(27h),
where F;(t) = R(2wt) and Q;(t) = R((6 — 2m)t) for 1 < i < m, and D(27%) is
defined by (3.2). Let B(t) = —J#(t)y~(t) for 0 <t < 1. Then

(11.24) B=B{t)=A10---0A0B1o---0B,, oD _(log2)o---oD_(log?2),

where A; = 27l and B; = (0 — 2m)I for 1 < i < m, and D_(log2) is defined by
(4.11). Note that (t) is the fundamental solution of the linear system

&= JBz, xR
By direct computations (cf. [Lol, Lo2]) we obtain

(11.25) a() =m2-1)+m1-2)=0, @) =2m>2
(11.26) k(7)) =m2k —1) + m(2+ 1 —2k) = 2m, v (y) = 2m.
Thus

(11.27) n+1—vp(§) <ir() <n+1 and v(y) > 1.

Therefore when n > 2, the condition (11.27) does not yield any bound on k in
terms of n in general.
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