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A COMBINATORIAL CORRESPONDENCE RELATED TO
GOLLNITZ’ (BIG) PARTITION THEOREM AND APPLICATIONS

KRISHNASWAMI ALLADI

ABSTRACT. In recent work, Alladi, Andrews and Gordon discovered a key
identity which captures several fundamental theorems in partition theory. In
this paper we construct a combinatorial bijection which explains this key iden-
tity. This immediately leads to a better understanding of a deep theorem of
Gollnitz, as well as Jacobi’s triple product identity and Schur’s partition the-
orem.

1. INTRODUCTION

One of the deepest results in the theory of partitions is a theorem of Gollnitz [9]
proved in 1967:

Theorem G. Let B(n) denote the number of partitions of n into distinct parts
=2,4 or 5(mod 6).

Let C(n) denote the number of partitions of n in the form my+mo+---+m,, no
part equal to 1 or 3, and such that m; — m;y1 > 6 with strict inequality if m; =0,
1 or 3(mod 6).

Then B(n) = C(n).

The purpose of this paper is to provide a combinatorial correspondence (bijec-
tion) which will explain the key identity (1.2) below from which Theorem G and
extensions of it obtained by Gollnitz ([9], Satze 4.8 and 4.10) fall out as special
cases. It had remained an open problem for nearly thirty years to give a combina-
torial approach to Gollnitz’ theorem. In this paper we first obtain a reformulation
of Theorem G (see Theorem 2 of §3) and then construct a bijection to explain this
reformulation. The bijection is set up in §5 as a consequence of a combinatorial
study of an identity of Sylvester [11] in §4. This approach has several applications,
including a new interpretation for the Jacobi Triple Product Identity (see §6).

Gollnitz’ proof [9] of the equality B(n) = C(n) was extremely complicated and
the details are forbidding; but he succeeded in obtaining the refinement

(1.1) B(n;v) = C(n;v).

In (1.1), B(n;v) and C(n;v) denote the number of partitions counted by B(n) and
C(n) respectively with the additional restriction that there are precisely v parts
and the convention that parts = 0, 1 and 3(mod 6) are counted twice.
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Andrews gave two proofs of Theorem G (and (1.1)), both of them simpler than
Gollnitz’ original proof. Andrews’ first proof [5] was by the method of generating
functions; his second proof (see [7], §10) made use of computer algebra to simplify
certain calculations. In [7] Andrews asked for a proof which would lend more insight
into the equality (1.1).

In a recent paper [3], Andrews, Gordon and I obtained a substantial general-
ization and refinement of Theorem G involving three free parameters a, b and c,
by means of a new technique called the method of weighted words. This method
and the principal results of [3] are described in §2. In [3] we viewed Theorem G as
emerging out of the key identity

(1.2)
it gTATATA T (1 — (1 — ¢%)) g (— e
;ca : i:;—ke (@)a(9)(2)+(@)s(0)e(q)e ~ e ) et
j=B+8+¢
k=vy+e+¢

under the transformations
(dilation) q + ¢°,
(1.3)

(translations) a — aq™*, b bg~ 2, c— cq '

In (1.2) and elsewhere, s =a+ 8+v+ 6+ e+ ¢ and T,,, = m(m + 1)/2. Also in
(1.2) we have made use of standard notation

n—1

(@)n = (@) = [J(1 - ),

Jj=0

for a complex number a and a positive integer n, and

(@)oo = lim (a), = H(l - aqj)v for lq] < 1.
3=0

The depth of (1.2) becomes clear when one sees that its proof requires not only
Watson’s g-analog of Whipple’s theorem but also the g summation of Bailey (see
[3]). We believe that this approach does provide insight into Theorem G and (1.1),
and we will exploit it here to provide a combinatorial bijection for (1.2).

Usually partition identities which permit refinements can be proved combinato-
rially because the refinements naturally yield the required bijection. For example,
there are combinatorial proofs available for Schur’s famous 1926 partition theorem
(see Bressoud [8] or Alladi-Gordon [4]). Although refinements and extensions of
Gollnitz” Theorem G were known [9], no bijection was ever found. The princi-
pal idea here is that instead of viewing the transformations (1.3) as yielding the
most interesting special case of the key identity (1.2), we show that (1.2) is best
understood combinatorially by applying the transformations

Ly (dilation) ¢ +— ¢,
(1.4) (translations) a — aq~2,b— bg~ !, c — c.
This leads to the reformulation of Theorem G as Theorem 2 in §3. It is then possible
to construct a bijection (see §5) converting the partitions counted by the series in
(1.2) to those counted by the product, which in this case is

(1.5) (—aq; ¢*)oo (—b0%; ¢*) o (—¢q*; ¢*) -
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There are several advantages in this approach. For instance, Schur’s theorem falls
out from Theorem 2 by setting ¢ = 0, and Jacobi’s Triple Product Identity can be
obtained by choosing ¢ = —1 and ab =1 (see §6).

We conclude this section by mentioning some notation and conventions. For a
partition 7 : by + by + -+ + b, with by > by > --- > b, we let o(7) denote the
sum of the parts of 7 and v(7) = v, the number of parts of 7. By using subscripts
we indicate counting the number of parts of a certain type; for example, v, (7) will
denote the number of a-parts of w. Also, when we say 7 is a partition with minimal
difference k, we mean that the parts of 7 differ by at least k.

2. THE METHOD OF WEIGHTED WORDS

Here we summarize the principal ideas and results in [3].

We consider integers n > 2 as occurring in six colors, three of which, a,b and
¢, are primary colors, and three colors ab, ac and bc are secondary. The integer 1
occurs only in the primary colors a,b and c¢. The letters a,b,c,d,e and f play a
dual role. On the one hand they represent the colors of the integers; on the other,
they are free parameters.

An integer occuring in a particular color is denoted by a symbol whose subscript
is the integer and whose letter represents the color. For example, the integer 7 in
color a is represented by a7 and dg = abg is the integer 6 in color d = ab. The
subscript of a symbol is its weight. The gap between symbols is the absolute value
of the difference between their weights. Thus the gap between ag and dg is 3.

A word is a finite ordered collection of symbols. In order to discuss partitions, we
need to put an ordering on the symbols, because a partition is a word in which the
symbols are in decreasing order according to this ordering. The symbols occurring
in a partition are called parts; thus if a; and by occur in a partition 7, we call a;
an a-part, by a b-part, and so on.

The ordering we first choose is

(2.1) Schemel:a1<b1<61<d2<62<a2<f2<b2<02<d3<63<....

The reason for this is that under the transformations (1.3), the symbols become
aj =6j—4, bj=6j -2, ¢; =6j—1,

and so the ordering in (2.1) becomes
(2.3) 2<4<5<6<T<8<9I<IO<II<I2< ...,

the standard ordering among the integers. Note that the integers 1 and 3 are
absent from the list (2.3); this will explain the absence of 1 and 3 as parts among
the partitions counted by C(n) in Theorem G.

Other orderings are possible, and indeed there are 6! = 720 of them, correspond-
ing to the various permutations of the six colors a,b,¢,d, e and f! In [3] there is a
discussion of these other orderings and the companion results to Theorem G that
are generated by these orderings. For our purpose, one other ordering, namely,
Scheme 2 given below in (2.8), will be relevant.

We may represent a partition m as a collection of symbols in decreasing order or
as a sum. Thus m = cgbsdsasasesbiay is a partition which could also be written as
T =c3+bs+ds+as—+as+es+ by +ar. For a partition 7, o() is the sum of the
weights of 7w, and we think of n = o(7) as being partitioned in terms of the colored



2724 KRISHNASWAMI ALLADI

integers. So, in this example, n = o(7) = 17. By v,(7) we mean the number of
a-parts of m, by vp(m) the number of b-parts of m, and so on. In this example,
v (m) =3, vp(m) =2, ve(m) =1, vg(m) =1, ve(n) =1, v¢(m) = 0 and v(7) = 8.

For symbols with the same weight, observe that the colors in (2.1) occur in the
following order:

(2.4) Scheme 1: d<e<a< f<b<ec.

Given two colors, we use (2.4) to determine which is of lower order. This notion is
of importance for the partitions defined below.

Now consider partitions m = my + mg + ... using symbols from (2.1) such that
the gap between the parts my is > 1 with the added restriction that the gap between
consecutive parts my and myqq is > 2 if

(2.5) my is lower order and my41 is of higher order,

or if my and myy1 are of the same secondary color.

We call such partitions m Type 1 partitions. Under the transformations (1.3), Type
1 partitions become the partitions of the type counted by C'(n) in Theorem G. The
principal result proved in [3] is

Theorem 1. Let B(n;i, j, k) be the number of vector partitions ' = (mw1;m2;73) of
n such that w1, me and 73 have distinct a-parts, b-parts and c-parts respectively and
also v(m) =14, v(ma) = j and v(ws) = k.

Let C(n;a, B,7,6,€,6) be the number of Type 1 partitions ® of n such that
V() =, vp(m) = B,...,vp(w) = ¢. Then

B(nii,j,k)= Y C(n;e,8,7,6,€9).
i=a+6+¢€
j=P+540
k=vy+e+¢

Theorem 1 is proved in [3] by showing that the generating functions of B and C'
are equal. The generating function of B(n;i, j, k) is clear. It is

(2.6) Z B(n;i,7,k)a' b’ q" = (—aq) oo (—bq) 00 (—€) 0.
n=0

The generating function of C(n;«, 3,7, 6, €, ¢) is much more difficult to determine.
We show in [3] that for a given «, 8,7, 6, € and ¢,

3 Y . o qu-i-Ts-i-Te-i-Td)fl (1 _ qa(l _ q¢))
=0 ;C(m b O = T e @ @@ (@)

From (2.6) and (2.7) we see that Theorem 1 is equivalent to (1.2). Under the
transformations (1.3), Theorem 1 yields a multiparameter refinement of Theorem
G.

The combinatorial interpretation for the left hand side of (1.2) that has been
given above is that it is the generating function for Type 1 partitions given by
(2.5) with the ordering provided by (2.1). Other combinatorial interpretations are
possible by considering different orderings. For example, consider the ordering given
by

(2.8) Scheme 2: a1<b1<d2<01<€2<a2<f2<b2<d3<02<....



GOLLNITZ’ (BIG) PARTITION THEOREM 2725
Under the transformations (2.2), the ordering (2.8) becomes
(2.9) 2<4<b<dCTI8CIKIOCI2<CIT <.

which is not the natural ordering among the integers. In order to define Type 2
partitions using Scheme 2, it will be more convenient to reformulate the definition
of Type 1 partitions. For this purpose consider the full list of symbols in Scheme 1
given by

(2.10) Schemel:g1<a1<il<b1<cl<d2<€2<a2<f2<b2<02<...

Note that in (2.10) the symbol dy is omitted because its value is 0 under the
transformations (2.2). Also the symbols e; and f; are underlined in (2.10) to
indicate that they are absent in (2.1) and therefore will never appear as parts. We
refer to the transformations (2.2) as standard transformations.

Now let x,, = 2 denote the symbol occupying position m in (2.10). That is,
r1 =€y, T2 = ag, v3 = f , and so on. With this notation, Type 1 partitions are

J
those of the form z,,, + Zm, + ... such that

(2.11) my — my41 > 6 with strict inequality if ,,, is of secondary color.

We refer to the inequalities in (2.11) as standard gap conditions.
Now consider the full list of symbols in Scheme 2 given by

(2.12)
Scheme 2: ¢) < a1 < f, <bi <dpy<c1<ex<ap<fo<by<dz<cy<...

Let a,, = 22 denote the symbol occupying position m in (2.12). Then Type 2
partitions are those of the form z,,, + z,,, + ... such that z,,, = :z:% satisfy the
standard gap conditions in (2.11).

Next let Ca(n; a, 5,7, 6, €, ¢) denote the number of Type 2 partitions 7 of n such

that v, (7) = o, vp(w) = B,..., vi(m) = ¢. In [3] it was shown combinatorially that
(213) O(?’L;Oé,ﬂ, 677767¢) = CQ('II;OZ,B,’)/,(S,E,QS).

Thus the series in (1.2) may also be interpreted as the generating function of
Ca(n; «, 8,7, 6,¢,¢). Under the transformations (2.2), Scheme 2 and (2.13) yield
the following companion result to Theorem G, as was noticed in [3]:

Theorem Go. Let Co(n) denote the number of partitions of n of the form mq +
me + ... such that no my = 1 or 3 and my — my41 > 7,6,7,6,5 or 8 if my =
1,2,3,4,5 or 0(mod 6). Let C(n) be as in Theorem G. Then

C(n) = Ca(n).

Note that the two partition functions in (2.13) correspond to the left side of (1.2)
and so they are combinatorially equivalent in an elementary way (see [3]). What
is difficult is to produce a combinatorial correspondence which would explain the
equality between the series and the product in (1.2). This is achieved in the next
three sections by considering the effect of the transformations (1.4) on (1.2).
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3. A SPECIAL DILATION

In terms of the symbols introduced in §2 in connection with the method of
weighted words, the effect of the transformations (1.4) is to convert them to

anp — 3N —2, by —3n—1, ¢, — 3n,

(3.1) dy = abp — 3n—3, e, = acy — 3n—2, f, =bcy, — 3n — 1.

Thus, under (3.1), Scheme 1 ordering in (2.1) becomes
(3.2) la <2 <3¢ <3ap <4dae <4ag <bBpe <5Hp <6 <bgp <...,

where in (3.2) we have reversed the convention by making the subscript represent
the color of the integer. The important thing to note is that in (3.2) each integer
n > 3 occurs in two colors, one primary and one secondary, the primary color given
by the residue class (mod 3) as in (1.5). The convenient feature of the ordering
(3.2) is that if m and n are (uncolored) positive integers with m < n, then m < n in
(3.2) regardless of the color of m and n. It is to be noted that in (3.2), for integers
n Z 0(mod 3) with n > 3, n having secondary color is less than n having primary
color. On the other hand, if n = 0(mod 3), then n with primary color is less than
n with secondary color. This twist creates a slight complication in the definition of
weights in (3.7)—(3.9) below.

Actually, under the transformations (1.4), Scheme 2 behaves better. Indeed
under (3.1), the ordering in (2.8) becomes

(3.3) la <25 < 3ap <3¢ < dae <4y < Bpe <Hp <6gp <6.<....

The added convenience of (3.3) over (3.2) is that in (3.3), for all integers n > 3, n
with secondary color is less than n with primary color. Therefore we first discuss
the partition theorem that comes out of Theorem 1 and (2.14) under the effect of
(1.4) and the Scheme 2 ordering in (3.3).

Let 7 be a partition with (uncolored) parts mj + mg + - - - + m, such that the
difference between parts is > 3. Each part m; of & will be counted with a weight
wa(m;; ) = wa(m;) which will be determined by the residue class (mod 3) of m;
and the difference m; —m;11 as given by the table below. We adopt the convention

that m,+1 = —1 to determine the weight wa(m,).
congruence gap weight wo(my;)
m; = 1(mod 3) m; —m,41 <3 a
m; = Z(mod 3) mg; — My41 S 3 b
m; =0(mod 3) m; —m41 <3 c
m; = 1(mod 3) m; —m;41 >3 a+ ac
m; = 2(mod 3) m; —m41 >3 b+ be
m; = 0(mod 3) m; —m;41 >3 c+ab

The weight wo(7) of the partition 7 is defined multiplicatively as the product of
the weights of its parts. Thus for the partition

(3.4) T:18+15+11+8+3
the weights of its parts are

(3.5)
wo(18) = ¢, wa(15) = ¢+ ab, wa(11) = b, wa(8) = b+ bc and wa(3) = ¢ + ab.
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Thus, in the above example,
(3.6) wa () = c(c+ ab)b(b + be)(c + ab).
So the equality B(n) = Cy(n) provided by Theorem 1 and (2.13) becomes

Theorem 2. Let D(n) denote the set of partitions of n into distinct parts. For
' € D(n), let vi(n') denote the number of parts @' that are = i(mod 3), for i =
1,2,3.

Let D3(n) denote the set of partitions of n with difference > 3 between parts.

Then
Z aul(fr/)bllz(ﬂ/)c'/?’(ﬂ'/) = Z ’wg(ﬁ')

7’ €D(n) 7T€D3(n)

The table below illustrates the equality in Theorem 3 for the integer n = 9. It
is easily checked that the sum of weights in the second and fourth columns of the
table are the same.

TABLE 1

' eDO) a2 (e 7 eDy(9)  wy(R)

9 c 9 c+ab
8+1 ab 8+1 (b+be)a
742 ab 742 (a + ac)b
6+3 ? 6+3 c(c+ ab)
6+2+1 abc

544 ab
5+3+1 abc
4+3+2 abc

The equality B(n) = C(n) in Theorem 1 is given by Scheme 1 ordering (2.1).
For the corresponding equality given by (3.1) and the Scheme 1 ordering in (3.2),
the definition of weights wq (%) for partitions # = my + mg + ... m, with minimal
difference 3 is a bit more complicated as given below:

m; = 1(mod 3), then wy(m;) =
(3.7) If mj —m;11 =3 and ¢ m; = 2(mod 3), then wq(m;)

m; = 0(mod 3), then wq(m;11) = c.

If m; —m;t1 = 3,m; = myy1 = 3(mod 3) and m;_1 —m; > 3,

3.8
(3.8) then wq(m;) = ¢+ ab.

m; = 1(mod 3), then wy(m;) = a + ac;
(3.9) If mj —m;11 >3 and ¢ m; = 2(mod 3), then wq(m;) = b+ be;
m; = 0(mod 3), then wy(m;) = ¢+ ab.

The weight w1 (7) of the partition 7 is defined multiplicatively to be the product
of the weights of its parts. Here also we adopt the convention m,1; = —1 to
determine wi(m,). In addition we set mo = oo to determine wy (my).

The main difference between wi(7) and we(7) is that in (3.7), when m; =
3(mod 3), it is w1 (m;41) = ¢. This is the reason why (3.8) is necessary. This slight
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complication in the definition of weights wi (m;) is caused by the quirk that in (3.2),
only for integers n = 0(mod 3), n with primary color is less than n with secondary
color. For a partition 7 with minimal difference 3, although the weights of its parts
wq(m;) and wa(m;) could be different, it is not difficult to see that wy (77) = wa (7).
For example, with 7 as in (3.4) we have

(3.10)
w1(18) = ¢+ ab, wi(15) = ¢, w1(11) = b, w1(8) = b+ be, and w1(3) = ¢+ ab,

which is different from (3.5). But then
(3.11) wi(7) = (c+ab)c-b- (b+bc) - (c+ ab) = wa(7),
with we(7) given by (3.6). So we have
Theorem 3. Let 7 be a partition with minimal difference 3. Then
w1 () = wa (7).
Consequently, in Theorem 2, wa(7) could be replaced by w1 (7).
In the next two sections we will produce a combinatorial bijection involving
partitions into distinct parts which will explain Theorem 2.
4. SYLVESTER’S IDENTITY

By analyzing partitions into distinct parts in terms of Durfee squares, Sylvester
[11] showed in his classic paper of 1882 that

& an(Snz—n)/Q(l_|_Zq2n)(_zq)n_1

(4.1) (—2q)00 =1+ Z @O

n=1
In [1] we obtained a new combinatorial interpretation for (4.1) (see Theorems 4 and
5 below), and this has paved the way for the bijection in §5 explaining Theorem 2.
Consider a partition 7 into v parts m; > mg > ...m, with minimal difference

3. Put m, 1 = —1. Suppose the partition 7 has exactly k gaps m; — m;1 > 4 for
1 < i < v. Then define the weight w(7) of 7 to be
(4.2) w(m) = 2"(1 4 2).

In [1] it was shown that the right hand side of (4.1) is the generating function for
partitions 7 with minimal difference 3 between parts such that each 7 is counted
with weight w(7) as in (4.2). Thus (4.1) has the following partition interpretation.

Theorem 4. Let Q(n; k) denote the number of partitions m of n into distinct parts
with v(r) = k.

Let g3(n;v, k) denote the number of partitions T of n into parts with minimal
difference 3 such that v(7) = v and T has exactly k gaps > 4 as described above.

Then
S0 kQnk) = 303 2 (1 + 2) gy ),
k v k

In Theorem 4, take z = 1 and set

(4.3) gs(n; k) = 293(71; v, k)
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and

(4.4) Qn) =Y Q(n;k).
k

This gives
Theorem 5. Q(n) = > g3(n; k)2k.
k

The proof of Theorem 5 in [1] utilized the concept of imbeddings to convert
vector partitions into ordinary partitions. These imbeddings are usually not one—
to—one mappings. Although every vector bi—partition under an imbedding gives rise
to a unique partition, several vector partitions could give rise to the same partition.
Identity (4.1) first provides a natural correspondence between partitions 7 into dis-
tinct parts and certain bi—partitions (m1; 7). It turns out that, under imbeddings,
there are 2F bi-partitions which yield a partition 7 with minimal difference 3 be-
tween parts and having k gaps > 4. Thus Theorem 5 is really a consequence of the
following result proved in [1].

Theorem 6. Let 7@ be a partition counted by gz(n; k). Then there are 28 partitions
7w counted by Q(n) which naturally correspond to 7.

Theorem 2 is a three-parameter refinement of Theorems 4 and 5. Setting a =
b = ¢ = z in the weight formula for ws(7) given by the table in §3 yields the
weight formula (4.2). The bijection for Theorem 2 established in the next section
is different from the construction involving imbeddings for Theorem 4 given in [1],
but it makes use of an idea called the sliding operation which was introduced in [1].

5. THE BIJECTION

We begin by defining the sliding operation.

Each partition m can be represented by a Ferrers graph where the number of
nodes in each row of the graph correspond to the parts of the partition. We make
no distinction between a partition m and its Ferrers graph.

Every Ferrers graph 7 contains a largest square of nodes starting from the upper
left hand corner, called the Durfee square of the partition and denoted by D(w).
The Ferrers graph and the Durfee square of the partition 7 : 84+8+7+4+4+42+1
of the integer 34 are illustrated below.

D(m)

(5.1)

Given a Ferrers graph of a partition 7, we could count nodes along hooks (rect-
angular bends) starting from the outermost and moving inwards to get a new par-
tition 7 = p(7) of the same integer. In (5.1) above, the hooks yield the partition
7:144 11+ 7+ 2 of 34. It is to be noted that the number of parts of 7 equals



2730 KRISHNASWAMI ALLADI

the dimension of the Durfee square, which is the number of nodes on a side of the
Durfee square. That is, v(7) = dim(D(7)).

By a sliding operation 1 on a partition 7, we mean the removal of certain columns
to the right of the Durfee square and the placement of these columns as rows below
the Durfee square to form a new Ferrers graph 7’ = ¢ (). Several sliding operations
could be performed on a given 7 to yield many n’. The following are invariants
under the sliding operation.

(i) The number of nodes in 7 and 7’ = () are the same.

(ii) The partitions m and 7" = (7)) have the same Durfee square.

(iii) Most importantly, the partition p(7) obtained by counting nodes in hooks
of 7 is the same as the partition p(7’) obtained from hooks of 7’. That is,

p(m) = p((m)).

Now consider the Ferrers graph of a partition 7 into distinct parts. This graph
7 contains a Durfee square of D(r) of dimension, say, v. Among the nodes to the

viv—1)

right of D(m) we can locate an isosceles triangle of T,,_y = ———= nodes with

one of two equal sides of this isosceles triangle being a column of nodes next to the
Durfee square. The Durfee square and the triangle of nodes are illustrated below
for the partition 7 : 10+ 94+ 7+ 5+ 4+ 2+ 1 of 38 into distinct parts. In this
example dim(D(rw)) = v = 4.

Owing to the presence of the Durfee square and the triangle of nodes in ,
the partition ©# = p(m) will be a partition with minimal difference 3. In (5.2),
7 : 16+ 1247+ 3 is the resulting partition of 38 with difference > 3 between parts.

Given a partition 7 into parts with minimal difference 3, we now determine all
Ferrers graphs 7’ of partitions into distinct parts for which p(7') = 7.

Consider the Ferrers graph 7 of a partition ni +no + - - - +n, into distinct parts
such that n, > v, as shown below, having no nodes below the Durfee square. We
call such a Ferrers graph (partition) a primary Ferrers graph (partition).

i—.—. * * @ —
53 [ N
o I N
IR
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Counting nodes along hooks in such a graph yields a partition p(7) = 7 with
minimal difference 3 between parts. In (5.3) the partition 7 is 134114104847
and 7is 17+ 13+ 10+ 6 + 3.

Conversely, given a partition 7 : my + mg + - - - + m, with minimal difference 3
between parts, there is a unique primary Ferrers graph 7 of a partition into distinct
parts which yields 7. To construct this primary Ferrers graph, first put down a
v X v square of nodes. Next count nodes along the hooks of this square and attach
nodes as necessary to the right of the square to get the parts of 7. Thus we have:

Theorem 7. The number of partitions of n with difference > 3 between parts is
equal to the number of primary partitions of n into distinct parts.

Given 7 : mj+mo+---+m, with m; —m;41 >3 for 1 <i<w,set m,11 =—1.
Construct the primary Ferrers graph 7 as in (5.3) above, which yields @ = p(7).
Notice that for any ¢ with 1 <1 < v, if m; —m;41 > 4, then it is possible to remove
a column of length ¢ from the portion of the Ferrers graph to the right of the Durfee
square and place it below the Durfee square as a row such that the resulting Ferrers
graph 7’ will represent a partition into distinct parts. Note that if such a column
is actually removed and slid down, then 7’ will not be a primary Ferrers graph. By
circling the appropriate nodes in (5.4) below, we show which columns in (5.3) could
actually be moved under the sliding operation.

(5.4)

Thus if m;—m;4+1 > 4, we may or may not move a column of length ¢ to a position
below the Durfee square. This gives us two choices. So, if 7 :my +mo+--- +my
has exactly k gaps m; — m;41 > 4 for 1 < i < v, then we have ok choices; that is,
2% sliding operations can be performed on the primary Ferrers graph 7 for which
7 = p(n), to yield 2% partitions 7 = v (7) into distinct parts. Because of the
invariance (iii), every such partition #’ will yield the same 7 = p(n’) by counting
nodes along hooks. Thus by considering sliding operations on primary Ferrers
graphs we have given another proof of Theorem 6, which in turn implies Theorem
5. We will now improve this to explain Theorem 2.

Given the Ferrers graph of a partition 7’ into distinct parts nq +mns + ..., assign
to each part n; a weight as follows:

If n; = 1(mod 3), then n; has weight a.
(5.5) If n; = 2(mod 3), then n; has weight b.
If n; = 0(mod 3), then n; has weight c.

So, if v;(n’) denotes the number of parts of #’ which are = j(mod 3), for j = 1,2, 3,
then the weight of such a partition defined multiplicatively is

a¥! (w')bug (w')CU3 (7") ,

as on the left side sum in Theorem 2.
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Now we know that all partitions 7’ of m into distinct parts are obtained by
considering all partitions 7 of n into parts differing by > 3, constructing the primary
Ferrers graphs 7 for which 7 = p(x), and performing sliding operations on the
graphs w. The parts mj + mgy + - - -+ m, of 7 arise by counting nodes along hooks
of w. Initially, assign to each part m; of T a weight a,b,c as in (5.5), depending
on whether m; = 1,2 or 3(mod 3). Suppose for a certain i, m; — m;41 > 4 with
the convention m, 11 = —1. Then it is possible to move a column of length ¢ from
the right of D(7), the Durfee square of m, and place it below D(x) horizontally to
form a graph 7’. We know that p(n’) = ©. Moreover, we note now that the part
obtained by counting nodes along the i*" hook of 7’ will be m;, the it" part of 7.
Since this hook begins from an end point of a row below the Durfee square, we will
assign m; the weight

(5.6) ac, be or ab depending on m; = 1,2 or 3(mod 3),

in addition to the weight previously assigned to m; as in (5.5). Since for parts m;
of 7 satisfying m; — m;y+1 > 4 we have a choice of moving the column of length ¢,
the total weight assigned to m,; must be the sum of weights prescribed by (5.5) and
(5.6). Thus we have:

If m; — m;11 > 4 and m; = 1(mod 3), then weight of m; is a + ac.
(5.7) If m; — m;11 > 4 and m; = 2(mod 3), then weight of m; is b+ be.
If m; — m;11 > 4 and m; = 0(mod 3), then weight of m; is ¢ + ab.

If m; — miq1 < 4, then the weight of m; is as in (5.5). Finally, the weight wy(7) of
7 is defined multiplicatively to be the product of the weights of its parts, and this
is exactly what we see on the right hand side of the equality in Theorem 2.

This rule of weights can be easily transformed from partitions 7 to partitions
7’ into distinct parts as follows. Given a partition 7’ into distinct parts, let 7 =
p(n’) = m1 + mg + ... be the partition with minimal difference 3 obtained from
hooks of 7/. Suppose the i*" hook of 7/, which yields m;, begins from an end point
below the Durfee square of 7’ (equivalently, if ¢ is a part of 7’), then assign m; a
weight 1w(m;) as prescribed by (5.6). If the i** hook of 7' does not begin from an
end point below the Durfee square of 7’ (equivalently, if ¢ is not a part of ©’), then
assign m; a weight w(m;) as prescribed by (5.5). Now define the weight w(n’) of
7' to be the product of weights assigned to the parts of 7 (not of 7). The sum of
these weights over all partitions 7’ of n into distinct parts is equal to the sum on
the right hand side of Theorem 2. Thus Theorem 2 could be reformulated as

Theorem 8. 5 a”(M)p2()evs(™) = S p(n).
n’e€D(n) n’'€D(n)

The table below gives the set of partitions 7’ of 9 into distinct parts, their Ferrers
graphs, the partitions 7 they generate, and the weights w(n’) and (') given by
the rules above. The weight (color) of each part is indicated as a subscript.

Notice that the sum of the weights in the second and fifth columns of Table 2
are the same, verifying Theorem 8 for n = 9.

Next, compare Table 2 with Table 1 in §3. Observe that the partition 7 = 9
occurs twice in the fourth column of Table 2. The sum of the weights w(x’) in
column 5 of Table 2 corresponding to # =9 is ¢ + ab = w2 (7), as given by Table
1. Similarly # = 8 + 1 occurs twice in the fourth column of Table 2. Again,
the sum of weights w(n’) in column 5 of Table 2 corresponding to 7 = 8 + 1 is
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TABLE 2
sl w(n’) Graph T w(m')
9. C 9. c
8+ 1, ab 9t ab
To + 2 ab .l 8 + 1, ab
6c + 3e L Ta+ 2 ab
6.+ 2y + 1, abc ...l 8pe + 1g abc
5p +4q ab ... 6. + 3. c?
9y + 3¢ + 14 abc ... Tac+ 2 acb
4o + 3.+ 2 abc 6. + 3ap cab

ab + abc = (b + bc)a = wa(7), as in Table 1. The same observations apply to the
other partitions 7 in column 4, and so this verifies Theorem 2 for n = 9.

It is to be noted that the weights w(n’) and w(n’) are not equal in general.
But w(n’) and w(n’) have the same degree as monomials in variables a, b and c.
Thus, it is not at all obvious, and quite difficult to show, that the sum of w(7’)
is equal to the sum of @w(n’) as asserted by Theorem 8. We have not given a
combinatorial proof that the two sums are the same. Instead, we have assumed
the truth of Theorem 2 (which is a partition interpretation of the key identity (1.2)
proved in [3] and equivalent to (1.2)) and given a combinatorial bijection explaining
Theorems 2 and 8, both of which are equivalent to a refined form of Theorem G.
Since w(7’) and w(n’) are not the same as functions of the variables a, b and c,
this bijection is very delicate and works only for the transformations (1.4). Under
the transformations (1.3), this bijection yields a correspondence between the set of
all partitions into distinct parts = 2,4 or 5(mod 6) and the set of all partitions of
the form my +mo + ... +m,, satisfying m, # 1 or 3, and m; — m;y1 > 6 with strict
inequality if m; = 0,1 or 3(mod 6). However, it does not yield a bijection between
the sets of partitions of n counted by B(n) and C(n) in Theorem G.
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6. APPLICATIONS

A simpler approach to Theorem 2 without appeal to (1.2) can be given along the
following lines. I noticed recently by a further combinatorial study that Theorem
2 is equivalent to the new key identity

(6.1)
aibjcqui+f+k(—c)i(—C)j(—abC_1Q)k(_CQ)i+j —(—a _ e
20 (@):(0); (@~ - e e

under the transformations (1.4). Subsequently, Andrews gave a g-series proof of
(6.1) utilizing Jackson’s g-analog of Dougall’s summation. This shows that (6.1) is
still quite deep, although simpler than (1.2). In a separate paper [2], the combina-
torial equivalence of Theorem 2 and (6.1) as well as the g-series proof of (6.1) will
be given.

We conclude by considering some interesting special cases of Theorem 2.

First let ¢ = 0, in which case the product in (1.5) becomes

(6.2) (—a4; ¢*)oo (—b%; ¢°) oo
With ¢ = 0, the weights wo(7) are easy to compute. For partitions # = my +
mg + -+ + m, with minimal difference 3, ws(m;) = a if m; = 1(mod 3) and

wa(my;) = b if m; = 2(mod 3) regardless of the difference m; —m;y1. On the other
hand, if m; = 0(mod 3), then ws(m;) = 0 = ¢ whenever m; — m;+1 = 3. Since
wa(7) is defined to be the product of the weights of its parts, this means that in
7 consecutive multiples of 3 cannot occur. Thus with ¢ = 0, Theorem 2 yields the
following refined form of Schur’s celebrated 1926 partition theorem [10]:

Theorem 11. Let S(n;i,j) denote the number of partitions m of n into distinct
parts such that v1(mw) = i,va(m) = j and v3(m) = 0.

Let S1(n;i,7) denote the number of partitions @ of n with minimal difference 3
and no consecutive multiples of 3 as parts such that v1 () + v3(7) =i and va(7) +
v3(7) = .

Then S(n;i,j) = S1(n;1,7).

Next consider ¢ = —1, in which case the product in (1.5) is
(6.3) (=04 ¢*) oo (=06”; ¢*) 0 (4% 4% ) oo -
With ¢ = —1, we have a + ac = b+ bc = 0. This means that in partitions

T =mi+mo+---+m, with minimal difference 3, there are no gaps m; —m;41 > 4
with m; =1 or 2(mod 3). If we now take ab = 1, the product in (6.3) becomes

(—a4;¢*)oo (=07 1¢% ¢%) o0 (4% 67 ) oo
With our choices we also have ¢ + ab = 0. This means 7 cannot have any gaps

m; —my;y1 > 4 with the convention that b,,1; = —1. Since the minimal difference
between the parts of 7 is > 3, this leaves us with only two choices for 7.

Case 1. m, =1, m; —m;y1 =3, for 1 <i <.
Case 2. my, =2, m; —m;p1 =3, for 1 <i<w.

In Case 1, 7 is the partition

32 —v

L4+ 7+ 43y —2="—"
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The partition 7 has weight wo(7) = a”. In Case 2, 7 is the partition

32+ v

24548+ 3y -1 ="

Here ws(7) = b” = a=”. Thus we get Jacobi’s triple product identity:

s 2
(0% ¢*)oo(—03:67) oo (0% ¢%)oo = > a’q® T2,

V=—00
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