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LIOUVILLE TYPE THEOREMS FOR FOURTH ORDER
ELLIPTIC EQUATIONS IN A HALF PLANE

AVNER FRIEDMAN AND JUAN J. L. VELAZQUEZ

ABSTRACT. Consider an elliptic equation wAgp — A2p = 0 in the half plane
{(z, y), —00 < & < o0,y > 0} with boundary conditions ¢ = ¢, = 0 if
y=0,z>0and Bjo=0if y =0, z <0 where B; (j = 2,3) are second and
third order differential operators. It is proved that if Rew > 0, w # 0 and,
for some € > 0, |p| < Creif r = /22 4+9y2 — o0, |o| < CrPifr — 0
where a = n+ 1 — e, B=n+ L | ¢ for some nonnegative integer n, then
¢ = 0. Results of this type are also established in case w = 0 under different
conditions on a and f; furthermore, in one case B3y has a lower order term
which depends nonlocally on ¢. Such Liouville type theorems arise in the
study of coating flow; in fact, they play a crucial role in the analysis of the
linearized version of this problem. The methods developed in this paper are
entirely different for the two cases (i) Rew > 0, w # 0 and (ii) w = 0; both
methods can be extended to other linear elliptic boundary value problems in
a half plane.

0. INTRODUCTION

A Liouville type theorem for an elliptic operator P(D) of order 2m with constant
coefficients asserts that if

(0.1) P(D)p =0 in R"
and
(0.2) p(z) =0 (r") asr — oo

where 7 = |z|, then ¢(z) is a polynomial.
There are two simple and entirely different methods for proving such a result:

Method 1. Suppose P(D) is a positive operator in the sense that

0.3) P(D)y - Tde > co / l2dz (co > 0)

R’Vl n
for every ¢ which decays at oo, say like O (r‘M ) If P(D) is homogenous then
from (0.2) we can deduce, by applying elliptic estimates to a scaled solution, that

D% =0 (r"M)ifla|>M+N, asr— .
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Using (0.3) with ¥ = D%p we deduce that ¥ = 0, so that ¢ is a polynomial. If
P(D) is not homogenous but (0.2) holds with N = —M, then (0.3) immediately
yields ¢ = 0.

Method 2. The Fourier transform () of ¢(z), taken in the distribution sense,
satisfies

P(ig)p(§) = 0.
Hence, @ is a distribution with support in the null set
Np={{eR"; P(i) =0} .

If, for instance, Np consists of just the origin, then

PE) =Y a,D8(¢)

[vI<K

for some K, where 6(£) is the Dirac measure and, consequently, ¢(x) is a polyno-
mial.

Both methods can be extended to a solution of (0.1) in the half-space R’} =
{(x1,... ,2p); x, > 0}, satisfying boundary conditions

(0-4) Qj(D)p=0onw, =0 (1<j<m).
To apply Method 1, we note that the tangential derivatives
Da(p = D?l, PP Dan71

» ' n—1

satisfy (0.4). Hence, if P(D) is homogeneous and the positivity condition (0.3)
holds in R% for solutions of (0.1), (0.4) which decay like O(r=*) at oo, then we
can deduce as before that D*p = 0 and, consequently, ¢(z) is a polynomial in
Z1,...,Zn—1. Using (0.1), (0.4) we can then easily deduce that p(z) is also a
polynomial in z,,.

To apply Method 2, we take the Fourier transform @(&1,...,&,—1, ©5) in the
variables z1,...,7,_1 and solve the resulting ODE problem for ¢ as a function
of z,, (using the boundary conditions resulting from (0.4)). Then we go back to
the inverse transform of @ and try to deduce, from the structure of @, that ¢ is a
polynomial.

In Part I of this paper we establish a Liouville type theorem for solutions ¢ of
the elliptic equation

(0.5) Lo=wAp—A’p=0inR: ={(z,y); z€R, 0<y< oo}
where Re w > 0, w # 0, satisfying the boundary conditions
(0.6) o(z, 0) = py(x, 0) =0if z >0,
0?0 0% )
o3 o3 0
(0.8) Ld ? W= ify=0,2<0.

020y " 0y oy
We prove (Theorem 1.1) that if for some £ > 0,
Cr® asr— oo,

Cr® asr—0,

(0.9) lo(z, y)| < {
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where a = n + % —e, B=n+ % + &, n nonnegative integer and r = /22 + 12,
then ¢ = 0.
In Part II of this paper we consider the elliptic problem

(0.10) A’p=0 inR%
under the boundary conditions (0.6), (0.7) and either
Do Do
0.11 3 ¥ _0 ify=0,2<0,
(0.11) 0x2dy + oy? ny *
or
af 0
#f+go_f__¢:0 ify=0, x <0,
0.12) dr Ox
: 3 3 3
9°¢ +6_¢+0ﬂ:0 ify=0, x <0,

0x20y  Oy? dz3
where pu, 8o, 0 are constants, By > 0, ¢ > 0, and
W
Rep >0, —_— —00, 0) .
ep > o Tog £ (0
For the case of (0.11) we prove (Theorem 10.1) that if, for some £ > 0, (0.9) holds
where
1 1 .
a:n—|—§—€, B=n-— 5—0—5, n a nonnegative integer ,
then ¢ = 0. For the case of (0.12) we prove (Theorem 10.2) that if, for some & > 0,
(0.9) holds and

[f@) <CA+z))*  (-oo<z<0)

where
a=n+ 3~ e, B=mn—po+e, nanonnegative integer,
then ¢ =0, f =0; here

1 o+ 2081 1
—Tmogm, O<p0<§.

Elliptic boundary value problems of the above type arise in the study of non-
stationary coating flows in the plane, which are a small perturbation of the uniform
flow. When the free boundary problem is linearized and the Laplace transform is
taken with respect to the t variable, one obtains an elliptic equation of the form

Po

Lo=pinD={(z,y); €R, 0<y<1}
with boundary conditions (0.6) and
(0.13) Bi(p, f)=a, Bap =0, Bs(p, f)=cify=0, <0,

and with Dirichlet data on y = 1. Here Bsp coincides with the left-hand side of
(0.7), and B; (¢, f)is a differential operator of order j in ¢ and in the free boundary
f(z); the free boundary is such that 0 < f(z) < 1if —oo <z <0 and f(0) =0.
The existence of a solution for the linearized problem with some “natural” a
priori estimates depends upon deriving sharp estimates for the elliptic problem in
D, with very precise dependence on the parameter w. This, in turn, involves a
blow-up analysis, i.e., working with a sequence of scaled solutions for which one
must establish that the limit is uniquely determined. There are several possible
limit problems, three of which were described above. Thus the Liouville theorems
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stated above are a critical ingredient in the analysis for the linearized coating flow
problem; for more details we refer to [5].

In Part I we try to follow the basic idea of Method 1: the main effort is in
proving that the function ¢ itself already decays sufficiently fast at oo. The proof
depends on the derivation of very sharp a priori estimates for the solutions of the
inhomogenous system corresponding to (0.5) when the boundary condition (0.6)
holds on all of R! (Sections 4-6), as well as for solutions of the inhomogenous
system corresponding to (0.5) when the boundary conditions (0.7), (0.8) hold on
all of R (Section 3); we shall refer to the latter boundary condition as “strange.”

In Part IT we try to follow the basic idea of Method 2; here the main effort is in
the analysis of the Fourier transform @ near the origin. This will be based on the
Wiener-Hopf techniques. In the case of Theorem 10.2, we need to establish very
sharp estimates on solutions of A%¢ = p in Ri satisfying “strange” inhomogenous
boundary conditions (corresponding to (0.7), (0.12)) on all of R!.

Both methods (of Parts I and II) can be extended to other elliptic boundary
value problems in the half-plane. One simple example is briefly described in the
last section of this paper.

PART I. THE CASE Rew >0, w # 0

1. THE MAIN RESULT

For any R > 0 we define Bg = {(z, y); 22 + y* < R?}. In this Part I we prove
the following theorem:

Theorem 1.1. Let Rew > 0, w # 0, and let ¢ be a solution in H*(R2 N Bg), for
any R > 0, of the elliptic system:

(1.1) wAp = A%p in Rﬁ_,
(1.2) o(z, 0) = Oyp(x, 0) =0 if x>0,
02 02 .
(1.3) 8—5—8—;520@fy20,x<0,
3 3
(1.4) 00 9% 9% _iy—0,z<0.

0x20y = Oy Oy
If, for some € > 0,

(1.5) lp(z, y)| < Cr* asr— oo,
(1.6) lp(z, y)| < Cr¥ asr— 0,
where
1 1 L
(1.7) a=n+ 3 e, B=n+ B +€&, n a nonnegative integer

and r = \/x% + y?, then ¢ = 0.

A proof of Theorem 1.1 which is based on taking the Fourier transform and
using the Wiener-Hopf method appears too complicated for the case w # 0. We
shall instead use a simpler and entirely different approach motivated by Method 1
above. To explain our approach let us introduce two auxiliary problems PT and
P~
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Problem Pt consists of (1.1) and of (1.2) for all € R, and problem P~ consists
of (1.1) and of (1.3), (1.4) for all x € R. We need to study these problems carefully
and establish some a priori estimates. This is done in Section 3 for problem P~
and in Sections 4-6 for problem PT.

Assume now that ¢ Z 0 and define the function

(1.8)
1/2

p(R) = (V20> + [V%?) |+ sup R [Vl + [V*el]
R

R? /

(B2r\Bry2) "\ Tx
where G means G N {y > 0} and
(1.9)

R
YR = {(a:, Y); 3 <Vz?+y? < 2R, x>0and0<y<AlogR}

for A > 1. It will be shown in Section 11 that under the growth condition (1.5),
p(R) < CR® for R large. If for some positive constants C' and ~,

C
(1.10) p(R) < Vol foral R>1,

then one can show (Section 8) that ¢ decays at infinity in such a way the if we
integrate

/ Lo =0
RiﬁBR

by parts and let R — oo, then the boundary integrals on (9Bgr)t go to zero.
Consequently, we get an “energy equality” from which it follows that ¢ = 0.

On the other hand, it is shown in Section 2 that if (1.10) is not true then there
are sequences IR; — oo, B; — oo such that

1 1
(1.11) p(Rj) 2 - sup q—  sup p(E)
nell Bil | T M cecnr,

[This result is actually true for general positive functions p(R) which are bounded
by CR* for R large.] We then work, in Sections 7, 8, with the scaled functions

e(Rjz, Rjy)
(1.12) Vi, y) = —— =",
p(R;)
noting that
(1.13)
1/2
1 1
[ PP IR s |1Vl g V| =1
(32\31/2) \Xg; J Er, J
where

J

=~ 1 log R;
ERJ_:{(Ji,y), §<\/$2—|—y2§2,0<y<A Oi J}.

Assuming that n =0 in (1.7), we show in Section 7 that

(1.14) ¥; — 0 away from the positive x-axis.



2542 AVNER FRIEDMAN AND JUAN J. L. VELAZQUEZ

Let ¢ be a cutoff function whose support does not intersect either the positive
x-axis or the negative z-axis. In Section 8 we consider the elliptic problem for

¥; = QY
and apply the estimates for problems P~ and P* separately to deduce (from (1.14))
a stronger convergence to zero of the ;. In fact, we show that the convergence is
such that the left-hand side of (1.13) goes to zero as j — oo, which is a contradiction.

This completes the proof of Theorem 1.1 in case n = 0. The proof for any positive
integer n is obtained by induction, at the end of Section 9.

2. A LEMMA FOR POLYNOMIALLY INCREASING FUNCTIONS
Lemma 2.1. Fiz A > 1 and let p(R) be a continuous positive function such that
(2.1) p(R) < CR® for all R>1,

where C, a are positive constants. Then, either

(i) there exist sequences R; — oo, Bj — oo such that (1.11) holds, or
(ii) there exist positive constants C, y such that (1.10) holds.

Proof. Suppose (i) is not true. Then there exist constants L > 1 and B > 1 such
that

1 1
(2.2) p(R) < — sup l—a sup p({)] VR>L.
Ar<n<n [P L <e<nRr
Choose 77 = Tj(R) such that 1 <7 < B and
11
p(R) < = — sup  p(§),
B Fw s ole)
and O(R) € [% , TR] such that
1 1
(2.3) p(R) < — ——=p(0(R)) VR> L.
A (M(R))

If (R) > L then we can iterate the argument. After N — 1 iterations we get a
function 6 (R) such that

9N—1(R) v B

o™ (R) € ma 7ROV TH(R)

and
oN (R 1 ! =0 (0N (R

p (0VH( ))SA(—N(R)) p 0V (R))

It follows that
1
) —p (6

(2.4) P(R) <~ R )] p (6Y(R))
and

o¥(R) <7V HR)IVTH(R) < - < [(R) -7 T H(R)]R.
Using (2.1) we conclude that

1 CRO[f(R)--- 7" Y(R)]" CR®
A0S T Ty T AT
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Thus if the 6V (R) remain in the interval {R > L} for all N then p(R) = 0, a
contradiction to the assumption that p is positive.
There must therefore exist a smallest positive number N such that

ON(R) < L.
Then
ON-1(R) _ ON(R) O(R) R
L>oN > > > ... >
2 67(R) 2 "R~ B —  BN-1 = BN

so that BN > R/L, or

N > oeE/D)

(25) ~ logB

We also have, by (2.4) and the inequalities 7/(R) > 1if 1 < j < N — 1 and
ON(R) < L,

C
(2.6) P(R) < 37
where Cp = sup p(R).
1<R<L
Using (2.5) in (2.6), we get
" _ —
iw=c(f) sonr @©=cu)

where

__log A

1= log B~

We have thus proved that if (i) is not true then (ii) holds, and this completes the
proof of the lemma. O

3. A PRIORI ESTIMATE FOR “STRANGE” BOUNDARY CONDITIONS

In this section we consider solutions of the elliptic system

(3.1) RPwAp—AN%p = pinR%,
2 2
(3.2) %—27? = a(z)ify=0, —co<zr <00,
P | Py 2 0
3.3 3 —_r _ £ = fy=0 —
(3.3) 8x28y+8y3 wR 9y (x)ify=0, —oc0o < < 00,
where
(3.4) R>0, Rew>0, w#0;

for the sake of easy reference we call these boundary conditions “strange.”

Lemma 3.1. Let ¢ be a solution in H*(R%) of (3.1)~(3.4) and suppose that p(z,y)
=0, u(z,y) = 0 if 22 +y> > R3 for some Ry > 0. Then there exists a positive
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constant C' depending only on Ry such that
(3.5)
[ 194 + RAT2P7]
R2

+

< c/ dx [|D§;/2a|2 +|R*?a)? + | DY % + |Rl/2b|2] +0/ |ul? .
—o0 ]Rﬁ_
Here / dz|DIT1/2¢|? is defined in terms of the Fourier transform.

Proof. 1t suffices to prove that

(3.6)
o2 02 22 0% 2
/ [|W| +1571] +R4<|ﬁ| +155] )]
R2 T Y X Yy
< C/ dx [|D§’;/2a|2+ |R3/2a|2+|Di/2b|2+|R1/2b|2} +C/ ul? .
—o00 ]Rﬁ_

Indeed the additional terms that appear on the left-hand side of (3.5) can be esti-
mated in the same way as the terms on the left-hand side of (3.6); alternatively, we
can deduce (3.5) from (3.6) directly by interpolation.
Consider first the case p = 0. We introduce the Fourier transform
1 <

ok, y) = — e~ oz, y)de .

&(k, y) Nor /_ N o(z, y)
It satisfies

(k> + D) (—k* — R*w+ D) (k, y) =0 .

Since @(k, y) remains bounded as y — oo, it must have the form
(3.7) B(k, y) = A(k)e™ ¥ 1 B(k)eVIFTey

Taking the Fourier transform in the boundary conditions (3.2), (3.3) and using
(3.7), we get

2k2A(k) + (2k2 + R?w)B(k) = —a(k) ,

k| (2K2 + R2w) A(k) + 2k*VEK2 + R?w B(k) = b(k) .
Solving for A(k), B(k) we find that
(2k% + R2w) b (k) + 2k*VE2 + R%w a (k)

A k - )
*) |k|(2k2 + R2w)? — 4k2Vk? + R2w
B(k) = k| (2k2 + R%w) @ (k) + 2k b (k)

|K|(2K2 + R2w) — 4k2VE? + RPw
Substituting this into (3.7) and setting
2

R
(3.8) 0=1/1+ k—z‘" , so that 2k2 + R%w = k(1 + 6%)
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we obtain, after some simplifications,

Bk, y) = ﬁ ﬁ [+ 02)e 1w — 20714199 G )

(3.9)
] [207Y — (1 -+ 02)e 0] (k) }
where
(3.10) Q0) = (14+6*)* — 40 .
Observe that
(3.11) Q)= (0—1)h(O), hO)=0°+6*+30—1.

To determine the location of the zeros of h(f) we shall use the argument principle.
One can check that h maps the boundary of any half circle {x2 +y?2 < p? x> O}
(with p large) in the complex @-plane into a curve which surrounds the origin just
once; see Figure 3.1.

A
h(A) h(C,)
c, h(Cy)
Cq
5 h(B)

FIGURE 3.1
Hence % has only one zero 6 in the half-plane Re 6 > 0. Since h(0) = —1, h(1) =
4, we have 0 < 6 < 1. Recalling (3.8) and (3.11), we deduce that
(312) |Q(9)| > CQ|9 — 1| , ¢c>0,

where ¢ is a constant independent of R2w.
Returning to (3.9), we first bound

(3.13)
>~ 4~ 2 C > 2 e—g_ 6—052 7
[t tem P < e {10020 2 ae) el o)

# ([ et - (o et ) I |

0
where on the right-hand side we substitute & for |k|y. The integrand of

/ (14 0%)e ¢ — 26062
0

vanishes quadrically at § = 1, whereas, as |§] — oo, it remains bounded by
C|6*e~2¢. Recalling (3.12) and noting that

1
Q) < 5101 if 6] — o0 ,
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we obtain from (3.13) the estimate
(3.14) / (kI [B(k, y)2dy < C {Ik] [B(R)[2 + K[ [a(k) 2} -

Next we apply D} to (3.9) and then deduce, analogously to (3.13), that
(3.15)

[T iiem rar s S { ([ 100 0 - 2ot ) o
+ |k|? </O |20e=¢ — (1 +92)9Qe—9f|2d5> |a(k)|2} .

By the same analysis as before we can deduce that

(3.16) / T (R ID23(k. ))) dy < © { Ik BRI + kP k)2

Similarly, using (3.8) we get
4 [T 24 2 apn [T p2a 2
R [ D320 Py < Clol " [ 1Dk ) Py

< C{IkI BRI + K 167 [a(k) 2} 5

note that if we actually compute the second integral on the right-hand side of (3.15),
we get an expression which is O(|0|7) as |§] — oo, and this explains the factor ||
n (3.17).

Finally, we apply D to (3.9) and obtain

(3.18)

/|D (k, )[2dy < Igik;; Illcl {(/m|(1+92)e—f—2946—9€|2d5) b(k) 2

+ |k|? </O |20e=¢ — (1 + 92)046_95|2d§> |a(k)|2}

< C{IRIBE) + 107 K2 @)} -

Observe that in the right-hand sides of both (3.17) and (3.18) we may replace
6|2 |k]® by CR3. Hence in conjunction with (3.14), (3.16), we obtain (after applying
the Parseval equality) the assertion (3.6).

So far we have assumed that = 0. Consider now the case p # 0 and extend p
by w(z, —y) = p(z, y) to y < 0. We shall denote by f(k1, k2) the Fourier transform
of a function f(z, y) in R?, and introduce a special solution 9 (z, y) of (3.1) by

//Z(klﬂ k2)
(R?w + kf + k3) (kT + k3)
Since clearly ¥ (z, y) = ¥(z, —y) and 1 € WH2(R?),
0p(x, 0) _ 9*Y(=, 0)

2 - )
(3.20) B 27 0

(3.17)

(3.19) Wk, ko) =

in the trace sense.
Set ¢ =1+ ®. Then

(3.21) RPwA® — A*® =0 in RY |
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2(1) 2
(3.22) ng (22 a1 ify=0, —x<zr<oo,
23 23 50D ,
(3.23) 3m+38y3 Ray—blfyzo, —00 <z <00,

where (3.23) is a consequence of (3.20).
We easily compute that a; = a + A, where
|k — K3|? |1 [ dko
(R?w + k% + k3)%(k3 + k3)?

a P [AR)P < c/ ks, ko)|?

<0/ ik, ko) 2k -

the boundedness of the second integral on the right-hand side of the first inequality
is obtained by substituting ko = k1.
Similarly,

RUBUP<C [ [l o)k

Hence, if we apply the lemma in the special case p = 0 to the function ®, we find
that (3.5) holds with ¢ replaced by ®. From (3.19) and Parseval’s equality we
also readily deduce that (3.5) holds with ¢ replaced by ¢, and a = b = ¢ = 0.
Combining this with the estimates for ®, the proof of (3.5) is complete. |

Given a function ¢ (x, y) defined in R?, we define

ay_ll/)(ZII, y) = / 1/)(213, y)dy , ay—nw _ ay—l (ay—(n—l)d)) ,

1/2
an 10, " (k, y)|?
”aw ay 2/’HL%RQ = {/ / 1_|_ |/€|2 dk

for any nonnegative integers n, [. Similarly we define

. 1/2
—1 _ ja(k)?
oz el = { | ey ot
for any function a(zx).

We shall need the following extension of Lemma 3.1.

and

Lemma 3.2.
(3.24)

0RO Gl gy + BE Y 00T T2 parr
J1t+j2=4 Ji+j=2

< C[10; ™ DY/ a2y + I1RY20;™al p2gey
+ 105D 2] Loy + I|RY20;™bl| (s |
+ ClO;™ 0, ™ pll 2w )

for any integers my > 0, mg > 0, m = my + mgo < 3, where C' is a constant
depending only on Ry.
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Proof. We proceed similarly to the proof of Lemma 3.1. Consider first the case
p = 0. Then in (3.9) we just multiply by a factor (1 4 |k|?)~™1/2 and the square
of this factor then appears in (3.13), (3.17), (3.18). To control d; ™2 applied to the
various derivatives of ¢, we observe that in (3.9) each y-integration (from oo to y)
yields a factor 1/|k|. Therefore, as long as |k| stays away from 0, say |k| > 6 > 0,
all the desired estimates can be obtained as before. Similarly we can handle the
case p Z 0, using (3.19) as before. We conclude that

/lm 5 Yo kPOTaRT Gk, y) 2
>

J1t+je=4
+R? Y (KPP 02 TGk, y) | dk
J1+j2=2
is bounded by the right-hand side of (3.24).

Finally, the same estimates for the integral with respect to k, over |k| < 6, follow
from the following version of the “uncertainty principle.” O

Lemma 3.3. Let f € L*(R) with support in some integral (—Ro, Ro). Then

6 o~ o~
(3.25) / FwRar < /Ik|25|f<k>|2dk i 5< o

Note that the lemma gives a quantitative expression to the assertion that if f
has compact support then f contains a large component of high frequencies.

Proof. Clearly
1 .
——/ dx/ dy f(z) f(y) e*v=)
mJ_
Hence

s i8(y—x) _ ,—ib(y—z)
~ 1 e e
k)2dk = — d d
/_§|f( )l 271'/_ :v/ y f(x) f(y) o

26 | [T 2Rp6 [T
<ﬂ/ ROdwf(xﬂ < 2o / @)
2Ro6 [~ IR RN .
-= If(k)l"’dkégl/_ FwPar+ /k>5|f<k>|2dk]
and (3.25) follows. O

4. SPECIAL SOLUTION FOR A DIRICHLET PROBLEM
Consider the Dirichlet problem:
(4.1) wAYp — A% =0in RE (Rew >0, w#0),
(4.2) ¥(z, 0) = Po(x), Yy(z, 0)=0if z € R,

where v is, say, with compact support. If ¢ is polynomially bounded then by
taking the Fourier transform in x, viewed as a tempered distribution, we find that

~ 1 oo
Dk, 9) = <= /_ (e, y)da
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is given by
(43) Bk, gy = YZF @ VMY p g

’ VEZ + w2 — [k ’
so that

1 * VE2 fwe By — |klem VRt ik

(44) Yz, y)= / i Yo (k)e* @ dk .
V2 J s VE2 +w— |k

In this section we consider the special case of (4.1), (4.2) where

Yo(x) = 6(x) (the Dirac function)

and denote the solution by K(z, y). We shall prove:

Lemma 4.1. There exist small positive constants €y, v and a positive constant C
such that

C
(4.5) |K(z, y)] < I |y2 + Ce M if 0 <y < eglal, |2| > 1,
X

(@6) VK@)l < o 0<y<edd, bl 21 (1<j<4).

Proof. Clearly K (k, y) is given by (4.3) with (k) = 1, so that, by (4.4),
(4.7)

oo /1:2 —ky _ —VE2Fwy
Vor K(x,y) = / etk twe ke dk
0 VEk24+w —k
O ke VE2 fwekV 4 ke VE
+ e \/m+k dk=1 + I>.

The function vk2 4+ w is analytic in the complex plane except for two branch
points k = + /—w. We distinguish two cases:

(i) Imw > 0, so that \/—w lies in the second quadrant, Im /—w > 0, and then
—+/—w lies in the fourth quadrant;

(i) Imw < 0, so that v/—w lies in the first quadrant Im+/—w > 0, and then
—+/—w lies in the third quadrant.

Here the fact that w # 0 was used to assert that I'm /—w > 0 in case (i).

For definiteness we consider only case (i); case (ii) can be treated similarly. Tt
will also be enough to establish (4.5), (4.6) in case z > 0; the case © < 0 can be
treated similarly.

We cut the complex plane by the rays

A:{k:\/—w—l—)\i, /\>O}, Alz{k:—\/—w—l—)\i, /\<O}.

Then Vk? + w is analytic in the cut plane. We deform the line integral of I; from
(0, +00) to i(0, 0o) (the part of the integral at co is negligible). Substituting k = iu
we get

2

—1 . _Vw—u=y
[T Vw —uZeT Y —jye
I =1 e
0

du .
Vw —u? —iu
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Similarly we deform the line integral of I3 to obtain

I2=/+/EJA+I3,
A Je

where the integral on A is traced on the vertical half lines
(\/ —w + 100, v/ —w) and (\/ —w, V—w+ ioo) ,

and £ is the vertical half line i(oco, 0) (from ico to 0). In I3 we substitute k = iu to
get

; . — —2
[y Vw —uZ e e VOTuY
I3 =—i e du .
0

Vw—u? +iu
We also have
e VEZFweky 4 ke VR Hwy
(4.8) JA = / e
A VE2+w+k
with A traced twice as explained above.
Combining the expressions for I; and I3 we easily compute that

(4.9)
i +oo . .
h+1I; = — / e_"m{(w —u®) (e7™Y —e™Y)
w Jo

FiuVw —u? (€Y —eTY) — 2z’ume—my}du,

dk

Writing
—ur __ _l i —ux
€ oz du (e )

in (4.9) and integrating by parts, we get

i1 [ d
4.10 L 4+13=—— —ur 2 ) g
( ) ! 3 wa:/o ‘ du pdu

and
d

@{---}‘§Cyif0§u§1.

If w > 1 then
d
’e—(u/Z)w - {...}' < Cyif |z| > 1.

It follows that
Cy
2]
To estimate Jy (defined in (4.8)) we split the integrand:
I :/ e \k? +weky dk+/ fethreVRTFwy
A VEP+w+k A VE2tw+k

(4.11) I + I3] < if |z) > 1.

dk=J1+ Jo
Writing
k=Rev—w+ilmv—w+iX A€ (0, c0)
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for k € A, we estimate
[J1] SC/ eTImV=wTe—3 AT ) < O " (v>0)
0

if y < eplz|, z > 0; recall that Im+/—w > 0. Similarly
|J2| < C/ e—]m\/—_wwe—)\me—\/k2+wy d\
0

o
< C/ e—%[m\/—wwe—%)\wd)\gce—'yw
0

if y < egplz|, x > 0. Combining the estimates of Ji, Jo with (4.11), the inequality
(4.5) follows.

To estimate 0, K we proceed as before to deform the contours of integration.
The only difference is in the factor ¢k which now appears in the integrals I;, Is.
Consequently

0
— ({1 + 1.
2 (I + 1)
is equal to the integral in (4.9) with a factor w inserted in the integrand. Proceeding

as before, we get

0 c [ C
el < = { —(u/2)z —<u/2>z] du < =
ax(1+ 3)| < |x| ; yue +e u < |x|2
dJy/dx can be estimated as Jy, that is,
OJa 01 0Ja _
Pl IR 2l < Qe
Oz Oz or | =7
and thus |0K/dz| is bounded by C/|z|?. In the same way we can estimate |0 K /dy],
as well as any higher order derivatives of K. O

5. ANOTHER SPECIAL SOLUTION FOR A DIRICHLET PROBLEM

We shall need the following formula:

oo

(5.1) log(1 4 ¢2) = —/ du %M (e™€—1).

oo |yl
The proof follows by noting that the right-hand side vanishes at £ = 0 and that its
derivative is equal to

Y e ; 2¢ d
— lu[+ive — 25 2 2
z/ du(sgnu)e 1+ e ¢ log(1+&7).

Using (5.1) we can write, for any 6 > 0,

2 o) —|ul )
log (2 + 62) = log 62 + log (1 n Z—2> — log 6 — / ¢ (em/" - 1) du

—o |ul

or

(5.2) log(z? + 6?) = log 62 — /

— 00

o -lHo
e|k| (eh* — 1) dk.

Consider the function
o ~kle [ /2™ —lkly _ |kle~VFrwy
(53) q)(x7 y):_/ dke +twe | |€ ezkw_l
I ] VEZ+w — |k
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One can easily check that

(5.4) wA® — AP =0 in R?
and that, by (5.2),

2
(5.5) O(z, 0) = log <1 + 9—2> ;
also
(5.6) O, (x,0)=0.

Thus @ is a solution of a special Dirichlet problem.
In this section we shall estimate the first derivatives of ®.

Lemma 5.1. For any positive constant Cy there exists a positive constant C such
that

9 2 & C O _(Revw)om
(5:7) ‘5:10 (06, 0m) — 5 & A ’
0 2 1+n ¢ C —(Re v@)0
. _ _———_— < — _ evw)un
(58) ’83/ PO -G E e S # TG

for all |§] < Cy, 0<n < Cp and § > 1.

Lemma 5.2. For any positive constant Cy there exists a positive constant C such
that

0 2 ¢ log 6
0 2 1 log 6
il _Z2 (1 _eVwon 080
(5.10) ‘ay (06, ) - 7 (1 e ) Dl < O

forall§ € R, 0 <n < Cy(logh)/0 and 6 > 2.

We shall need these lemmas only for 6 large. Note that the estimates of Lemma
5.2 are sharper than the estimates in Lemma 5.1 when n — 0; (5.10) indicates a
boundary layer at n = 0.

Proof of Lemma 5.1. We can write
(5.11)

a /OO . e_|k|077
—D0E, ) = VK2 fwe Ok06  — g
Ay (8¢, 6m) oo VEZ +w — K|
oo —VE2Fw
_/ 1/—k2+we—\k\96ik95ﬂdk5J1+J2'
o VE? +w — |k

As can easily be seen,
|J2| < %e—(Re\/E)9n .
To estimate J; we write

o0
I = / k10 ik = |KIon gy,
— 00

/oo " o— kIO oikOE ,—k|On e p
- =Ju +
N o k| 11+ J12
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and note that

e _ C
|J12|SC/_ |l€|6 |k|9§0_2
J11 can be computed explicitly:

Jo—2 __1tn
T 2y

Combining this with the previous estimates of J;2 and Ja, the assertion (5.8) follows
The proof of (5.7) is similar. We write

(5.12)

0

i /Oo (sgnk)eIHlo _YETY VE? +w

As can easily be seen,

—|klon jikog gy,
e e
—o0 VE2 +w — |k
oo ]{,‘| . ‘
+ i sqn k) e~ IkIo |76—\/k T 0 ik6E g,
/oo(g ) V2 4+ w — |k
Kl +K2.

K| < 0/ k| e~ 110 < %e—(Reﬁ)Gn_
Next we write

o0

K, = —i/ (sgn k) e~ |KIO o—1klOn ,ikOS 11
—1 sgn k) eIkl |— e~ 1KIOn k08 gl = K1) + K
/_Oo(g ) ﬁkz_i_w_'k' 11 12
and note that

|Ki2| < C/ k| e~ IFI0 < <

Finally, K11 can be computed explicitly:

_2 g
T g2t
Combining this and the preceding estimates, the inequality (5.7) follows.

Proof of Lemma 5.2. We break the integral of 0®/0x differently than in (5.12)
(5.13)

0

_ —i/ 0k (sgn B o Ikl0 /k2 + welkly — || e~V Twy ikoe
|k|<1/(log 0)

VK +w — |k|
/ —|k V24w
+z’/ dks (sgn ) e~ IHe YE £ we Y KT ke
|k|>1/(log 6) VE2 +w — |k
= Ml —|— MQ .
where y = 6. Clearly
(5.14) M| < C

oM g < € p0/0050)
[k|>1/(log 6) 0
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In the integrand of M;
e Hv =14 O([kly), [k|le V¥ +Y = |k| 4+ O(|k|y)

since |kly < C. Hence the quotient in the integrand is equal to 1 + O(|kly). Tt
follows that

M, = —i/ dk (sgn k) e~ 1¥1 eik9§+i/ dk (sgn k) e~ IF10 ¢ik0¢
oo [k|>1/(log 0)

+/ dk O(1)y|k| e~ 119,
Ik|<1/ log 0)

The last two integrals are bounded respectively by

(5.15) %e_e/(log ?) and 9% ,
whereas the first integral is equal to
2 ¢
01+

Combining these facts with (5.14) and (5.13), the estimate (5.9) follows.
To prove (5.10) we break the integral of 0® /0y differently than in (5.11):

(5.16)

0 e lkly _ o—VEZHwy
— P00, y) = / dike /K2 + w e KO ko
dy |k|<1/(log 0) VE2 +w — |k|
—lkly _ o—VE Wy
o € e
+/ dk k2 + w e~ k10 ¢ik0
|k|>1/(log 6) VE?2 +w — |k
= N1+NQ.
As before,
|Ny| < ge—G/(log )
-0
The quotient in the integrand of N; is equal to
1 1— e Vou
1+ O(Jkly) — ™7 (14 0(k*y)) | | = + Olkl | = O (|k| + [kly) -
[1+ OUHly) = ™57 (14 02y) | | 7 + Ol | = == =—+ O ([k] + [Hly)
Hence
N, = /00 dk e~ kIO gik0g (l—e_ﬁy)

—/ dk e~ K10 gik0¢ (1 — e_\/;y)
|k|>1/(log 6)

+/ e M [O(k]) + O(Jky)] -
|k|<1/(log 0)

The last two integrals are bounded, respectively, by the expressions in (5.15),

whereas the first integral is equal to

2 1

(1o V¥ y) )

9 ( € 11 e2

Combining this with the estimate on Ny and with (5.16), the proof of (5.10) follows.
|




LIOUVILLE TYPE THEOREMS FOR ELLIPTIC EQUATIONS 2555

The proof of Lemma 5.1 can be extended to higher order derivatives. For our
purposes we just need the following crude version:

Lemma 5.3. For any positive constant Cy and nonnegative integer j there exists
a positive constant C such that

(5.17) VL, Vay (06, 0n)] <

=|Q

for all |€] < Cy, 0<n<Cpandf>1.

6. GREEN’S FUNCTION IN A HALF PLANE

In this section we analyze the Green function for the Dirichlet problem in Rﬁ_
for the operator wA — A2. Since the problem is invariant under translation in
the z-direction, it suffices to consider the Green function V(z, y, 8) with pole at
(0, ), 6 > 0. The function V should satisfy:

(6.1) WAV — AV = §(z)é(y —0) in RY,
(6.2) V(z,0) = Vy(z, 0)=0for xz € R.
We begin by considering the equation
— Aty +wip = 8§(z) §(y) in R?.

It has a radially symmetric solution

where K is the zero-th order modified Bessel function. Since Re+/w > 0, 9(r)
decays exponentially as r — oo.
Consider next the equation

—wAp + A%p = §(x) §(y) in R?.
We again seek a radially symmetric solution ¢(r). We find it by solving

1
Ap =5 Ko (Vo) |

% (TSDT)T = % Ky (\/‘;T) )
ie.,
(6:3) o) =5 [ 5 [ema(vae e
Set
(6.4) r- o /0 €K (VI E) de

and introduce the function ¢(z, y) = p(r) where r = y/z2 + y2, that is,

(65) =g [0 2

We want to construct V' in the form

(6.6) Vi, y,0) = oz, y = 0) + ¢z, y +0) = Gz, y; 0).

/OufKo (V&) de

u
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Then

(6.7) wAG — A’G =0in R?%

(6.8) G(z, 0; 0) = 2p(zx, 0), Gy(x,0;0)=0for z € R.

To simplify notation we shall usually drop the parameter 6, writing G = G(z, y).
Introducing the Fourier transform

Gk, y) e G, y)da

v L

we can write (see (4.4))

(6.9)

Gk, y) =2

VEZ +we kv — |k e VR Hwy
Vit k|

ok, 9).

We have the crude estimate (see (6.5), (6.4))

o(x, y) ~Tlog /a2 +y? as 2% +y* — o0,

but we shall need the sharper estimate
B

=Tlog Va2 + 6% + o + W(z, 0), where
T

|VIW (z, y)| < Ce™°" (5 >0, 7 =+/22 +y2) for 0 < j <6;

W (z, ) is of course a function W (v/z? + 62).
To prove (6.10) we write

o(z, 0)
(6.10)

2mp(r)

/01 d—u/uéKo(\/Ué)dfﬂL/lr%u/oufKo(\/Jé)df
A+/1 W grr - /1%” [%F—/OugKo(\/Eg)dg} .

The last integral is equal to

[ [ em e e,

and it converges exponentially fast (as r — oo) with all its derivatives. Conse-
quently, (6.10) holds with

ood o) ld u
B:A—/1 Tu/u €Ko (Vi €) de | whereA:/O Z“/OgKO(\/Gg)dg

If we substitute ¢ from (6.10) into (6.9) we get

or
(6.11)
where

(6.12)

Gk, ) = Cr (k. v) + 2 (k) + Gk, v)

B
Gz, y) = Gi(z, y) + —+ Ga(z, y) ,

Gateo) =2 [ T Ko - €y W 0)de,

K(z, y) is as in Lemma 13.1, and

(6.13)

Gl(xu y) = 2F10g9+1—‘q)($, y) )
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where ®(x, y) is the function defined in (5.3). From (6.12) we also have

~ V2 —lkly _ —Vk*tw?y
(6.14) Gk, y) = 2 YT we [kle Wik, 0).
N/

We are interested in estimating G and its derivatives in the region

(6.15) 2c0R < V22 +02, y<nR, where R>1and 1y < ¢

where ¢g is some positive constant.

Observe that |k|jD§CA¥2(l€, y) is bounded by C|k[I+¢|W (k, 6)| for 0 < j + £ < 6.
If 6 > ¢oR then, using the bounds on the derivatives of W (in (6.10)) and Parseval’s
equation, we get

/ |D§DiG2(x, y)|Pde < Ce™ R (0<j+0<6)

and, by Sobolev’s inequality,
(6.16) |DiDIGo(z, y)| < Ce™ ™ (0<j+0<4).
To analyze the case 6 < coR we introduce a C'*° function A1 (§) such that
1
0 if —oo<§<ZCOR,

A(§) = .
1 if§COR<€<OO,

and 0 < A\; < 1 elsewhere, and Ay = 1 — A;. We break up G5 into a sum of two
functions,

Gojloy) =2 [ Ko & W (e O(€)dE)
By the same proof as for (6.16) we get

(6.17) |D§D;-G21(a:, y)| < CeE

and it only remains to estimate the derivatives of Gaa(z, y). Since 8 < ¢oR, we
have z > 6gR, so that [z — £| > 2R at the points { where Ay(€) # 0. Also,
y < nR < eolz — & if n < §cogo (g0 as in Lemma 13.1) provided n < ¢ (as in
(6.15)). We can therefore apply (4.5) of Lemma 13.1:

( Yy +e—vz—6) e~0lelge
so<g<ter \|T —E&[?

WMaMSCK

and therefore

Cy
R?
with another v > 0. Finally, by (4.6) of Lemma 13.1,

Gas(z, y)| < =5 + Ce 7,

V9 Gz, )| < (0<j<4).

Ri+1

Combining these estimates with (6.16), (6.17) we conclude:
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Lemma 6.1. The inequalities

C .
(6.18) (Gale,y) < g+ O,

. C )
(6.19) VG (z, y)| < Rt (1<j<4)

hold for all (x, y, ) in the region (6.15).

7. PROOF OF THEOREM 1.1 FOR n =0

Define p(R) and ¥p as in (1.8), (1.9).
We shall need the following lemma.

Lemma 7.1. Let ¢ be a solution of (1.1)~(1.4) in RZ, satisfying (1.5) for some
a > 0. Then

(7.1) p(R) < CR™ ifR>1.

The lemma does not follow from standard elliptic estimates [1], [2] since, upon
scaling to

wR(xu y) = ¢(R$a Ry) )
we get an elliptic equation
R2wAYR — A*hr =0

with a large coefficient R?w. The arguments which will be used to establish (7.1)
have common features with arguments to be given in §8. In order to minimize
duplication we shall postpone the proof the the lemma until Section 9.

If p # 0 then by analyticity of ¢ we deduce that p(R) > 0 for all R > 0 and, by
Lemma 2.1, there are only two possibilities: either (1.10) holds for some v > 0, or
else there exist sequences R; — 0o, B; — oo such that (1.11) holds. We wish to
exclude the second case. Suppose (1.11) holds and introduce the sequence t; by
(1.12). Set

(7.2)

S 1 log R
ZR,n:{(xvy)v %<\/x2+y2§277, x>0and0<y<AO% }

Then
(7.3)

1

R_? /(an\3#>+\§1?j, n

. \ 21/2
| V25| + |V,

+ sup < Cn®

ERJ', n

1
V| + Vo |V,
J
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for any n € (1, B;). Also,

(74) wR?ij = A2’¢Jj in Rﬁ_ y
0
(7.5) ¥;(z, O)za—ywj(x, 0)=0ifx >0,
321/,4 321/,4 ]
(7.6) 8:1:; — ay; =0ify=0, <0,
D3y 93P, oY; .
(7.7) 81:28]y+ 8y33_wRJ2-8—yJ:01fy:O,x<0.
From (7.3) and (7.5) we have
1/2
(7.8) ) Ll <o
(Bgn\B%> \iRjn
and
alog Rj [N
. \T, Y)| > 77—7 i\ Y)| > n m R;,n -
(7.9) %5z, y)l < O —¢ Vi (z, y)l < C 2

J

Using the Poincaré and Sobolev inequalities we deduce that, for any M > 1,
(7.10) Vil ((Ban\Bujanyt) SC - (C=Cwm).

Furthermore, there is a function 1* to which a subsequence 1); is weakly convergent
in HZ .(R}). Since R} w — oo, we deduce from (7.4) that

(7.11) AY* =0in R .
We claim that
(7.12) %;C’O)zomwo.

To prove it we multiply (7.4) by a test function h that vanishes in a neighborhood
of the positive z-axis {y = 0, > 0} and then integrate over Ri. By integration
by parts,

(7.13)
0
Rj(.d[Ri hAl/)J = [Ri Ah - Al/}j - /_OO h(IE, 0) 8y Al/)j(ZE, O)dIE
0
+/_ (Oyh(z, 0)) Apj(x, 0)dz .
By (7.6)
0 0 2,/ . T
/_ (9, h(z, 0)) At (, 0)dar 2/_ (9,h(z, 0)) % du

O 93h(x, 0)
= 2/ Way 1/)j(217, O)dl‘ 5

— 00

and by (7.7),
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—/0 B, 0)9, At (, O)da::/_(; h(, 0) [(25& RQa(;/}J) (2, 0)} do

— 0o

[ 0%h(z, )81/)(:1:0 ) 31/)3:0)
—2/ 92 JB wR/ h(x J dx

— 0o

Substituting these expressions into (7.13), we get

(7.14)
O .
ng/ hAY; :/ Ah - Ay, —ng/ h(z, 0) %‘T’O)dx
R2 R2 —00 )
O 93h(z, 0) O 92n(x, 0) oY;(x, 0)
Note that by (7.8) and the trace theorem,

o, (, 0) 9y*(z, 0) . 1

(715) 8y - ay Lloc Nv _N )

1
(7.16) ¥j(x, 0) — ¥*(z, 0) uniformly in [—N, _N]

for any N > 1. Dividing both sides of (7.14) by Rf and letting j — oo, we arrive

at
0 *
/ h(x,O)%Z’O)dsz,

and (7.12) follows.
We shall next prove that

(7.17) GH(z, 0)=0ifz > 0.
Indeed, from (7.8), (7.9) it follows that

1/p
< /(B%\B%y |wj|”> <o) .

for any 1 < n < B;, p > 1, so that the 1, are uniformly Hoélder continuous in
compact sets in {y > 0}, away from the origin. Since ¥(x, 0) = 0 if x > 0, the
assertion (7.17) follows.

From (7.8) we get

(7.18) [/(B2W\Bﬁ)+ |V21/)*

and, in particular,

1/2 o
(7.19) / V2|t | < = ifs<1.
(B2s\Ba)* 6e

Notice that the function 1} satisfies the same boundary conditions (7.12), (7.17) as
*. Using (7.18), we can apply elliptic estimates to % (nz, ny) and conclude that

(7.20) [a(z, y)| < Cr* ifr—oo.

1/2
2] <Cn*
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Similarly, by using (7.19) we derive the estimate

(7.21) [r(z, )| < Cr~ ifr—0.

1

Since n = 0, a = 5 — . We can expand ¢} about (0, 0) in the form

ko
Z akrk/Q sin 5
From (7.21) it then follows that k > 1 if ax # 0, so that
0
v =aprt/? sin§ +0 (r3/2> near (0, 0) .
Consider the function

w(z, y) = r*sin(ub + 3) <g>0,u:%—ﬂ>7

™

where 3 > 0 is so small that y > a. Then
w(z,0)>0 ifx>0, wy(z,0)=0 ifz<0,

and, for any small A > 0,

Xw(z, y) >[5 (, y)| if 2® +y* > Ry,
where Ry — oo if A — 0. By comparison we then deduce that

+k(z, y) < Mw(z, y) if 22 +y* < Ry,
so that ¥} = 0. Hence ¢* is a function of y only, and since it is a harmonic function
satisfying (7.12), (7.17), ¢* = 0. Consequently:
Lemma 7.2. For any compact set B in @ such that BN {(x, 0), x >0} = ¢,
(7.22) Yj — 0 weakly in H*(B) ,
and therefore also

(7.23) 1; — 0 uniformly in B.

8. PROOF OF THEOREM 1.1 FOR n = 0 (CONTINUED)

Let ((z, y) be any cutoff function as illustrated in Figure 8.1, with 8¢ (z, 0)/0y’
=0 for j = 1, 2, 3; the support of {0 < ¢ < 1} lies in the shaded region. Notice

that the support of ¢ has positive distance to the positive z-axis. Set {Ej = (v;.
Then

waAsz — A%Zj = pj(z, y) nR2 |

(8.1)
i = O (R3tpj, R30;, ¢j, 05, 9%y, 03¢;)
52{5, 52{5,
(8.2) 02 o~ @ ony=0,
aj = O, OY;) ,
5 Py 0% 2% _y _
(8.3) ooy o W, i@ ony=0,

bj = O (9%¢;) ,
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FIGURE 8.1

and O means a linear function in the indicated variables, with bounded smooth
coefficients. _

We wish to apply Lemma 3.1 to ;. This requires us to estimate the various
terms on the right-hand side of (3.7). Consider first estimating [ |u;]?. Take the
term with 931; which appears in ;. The coefficient g; of this term is supported
in the set where 0 < ¢ < 1; this set is assumed to lie in, say, B = (B4\B1,4)"\B*,
where B* is the sector {(z, y), x > 0, 0 <y < cox} for some cp; see Figure 8.1.
We take j so large that

Alog R; <G
Rj -2
By interpolation, for any 1 > 0,
2 2
(8.4) / |910%¢5| SEl/ V45" + Ce, sup [uy]*
B B B

Similarly the term R?-(%)j comes with a coefficient go supported in B, and
2 2
(8.5) / |9:R200;]° < &1 B! / V20 [* + oy RY sup [45]2
R3 B B
The other terms in p; can be estimated similarly. Hence
2 2
(8.6) /R2 i) < e [/B (V4| + Ry [V } +C., R} Slép|¢j|2-
+

Next we estimate b;; it has the form g30%¢; with g3 supported in By = BN
{y =0} = (-4, —1). We have

0 —1/4 ) —1/4
/ R;|b;|* < /4 R; 0% (g3¢;)] +C/4 R;|0w;|?

— 00

N

IN

—1/4 ) —1/4 2
c[ " Rjouacr, [ [0 g
—4 —4
We shall use the interpolation formula [7, p. 49]

|l oo o0 < C (Jullm)' =" (ID*2ul|gre2)°
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FIGURE 8.2

where 0 < 6 < 1, (1 — 6)s1 + 0s2 = 1, and w has compact support. Taking
u=0°2(gs1h;), s1 =0, s =1/2, we find that
0 4

—1/4 —1/
2
/ R;lb;* < 0/4 Rj|3¢j|2+51R§/4 |D? (g31);)]
—1/4 )
von [ Dt

The last two terms can be estimated analogously to (8.4), (8.5), whereas the term

—1/4 —1/4
/ R;|0v;)? <0r even / R;¥|a¢j|2>
—4 —4

can be estimated by means of the trace theorem by
2
a0 4 R suplis .
B

The other terms in D1/2bj, D3/2aj, R?/Qaj can be estimated similarly. If we now
apply Lemma 3.1 we obtain

(8.7)

~ 12 ~

[ o]+ [ [
R2 RZ

Using (7.3) and Lemma 7.2, we then deduce that
2 ~

(8.8) R / \v%pj + / ‘v‘*w,»
RZ ' R2 '

Next we work with a cutoff function Z as illustrated in Figure 8.2. Set JJ— = ij.
We want to estimate i; in the domain 7" bounded by the broken curve and the
z-axis. We can write

(8.9) wRE AY; — A% = fi; in RY.

2 4 2. 12 4. 12
< g Rj/ V24| +/ i
B B

+C., R} sup|y;|>  for any e1 > 0.
B

2
zo(R?‘) if j — o00.
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where 71; has the same structure as p; in (8.1). We also have
(8.10) Pi(z, 0) = 0, tb;(x, 0) =0 if z € R.

We shall use the Green function V(z, y, ) constructed in Section 6 (see (6.6),
(6.11)) and the estimates obtained for G; (or ®) and Gz in Sections 5 and 6,
respectively. Introducing

~ 1
VR(&? m, 9) = ﬁ V(Rfv Rna RG) )

we have
(8.11) wR? AVR — A% Vg = 6(€)6(n —0) ,
so that

2
The support of fi; is continued in the set {0 < Z < 1} which is a subset of, say,
(B4\Bi/s)". We can choose C and T such that

~

(8.13) if (&, ) €T and 0 < &(\, 0) <1, then
' 200 < €= A2 462, n<mnoand n < co,

where c¢g, 79 are as in (6.15).
By (7.3), Lemma 7.2 and interpolation one can show (as in the proof of (8.6)
with RJ replaced by R \Yx no = 4) that
1 ~ e
—4/ B |,uj|2—>0 if j — o0.
Rj Ri\ERj,no

Since 7i;(A, 8) = 0 if 0 < £(), A) < 1, in estimating V*1);(£, ) we only need to
estimate V*Vg; (€ — A, 1, 6) at points of the set
(8.15)

Z={(E-X\n0); 2c<[E=AP+6% n<mn} whereny < co.

35107

(8.14)

Setting E: & — A, R= R; we have

(8.16)
V@ 0) = & {Veur (BE Ry~ 0)) + Voo (RE B +0)) }
+ % VayGi (RE, Ry, Ro) n %vmyag (RE, Ry, Re)
and
(8.17)

L [t (5 -0« ot (56 mr+0)]] < &

for 1 < j < 4. By (8.15), the points (R, Ry, RA) satisfy the condition in (6.15).
Hence, by Lemma 6.1 we have

(8.18) % ‘vaGQ (RE, Ry, RH)‘ < % in Z .
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Next, by (6.13) and Lemma 5.1,

1 ~ C . log R
. — <
(8.19) ‘Rvmyel (Rf, Ry, RH)‘ < o ifn> A=
To estimate derivatives of G1 for < A(log R)/R we use Lemma 5.2. Accordingly,
B) ~ or &2 1
=G (RE Ry, RO) - = o <ﬁ) ,
0 =~ 2r 1 1
= _ 2 (1o e Vwhn — —
5 01 (Rg, Ry, Ra) - (1 e ) e 0 (R?) .

Since G is a solution in some domain containing Z of w Au— A%y = 0, we can use
elliptic regularity [1], [2] to deduce that

(8.20)
_ ~ C log R
k-1 < = < k<4, i )
‘v{n Vay Gi (Rg, Ry, RG)‘_ SinZ forl<k <4, ify < A

The proofs of (8.18), (8.19) can be extended to derive the same estimates for
higher derivatives (by using Lemma 6.1 for j > 2 and Lemma 5.3). Combining
these estimates with (8.20) and (8.17), we deduce from (8.16) that

~ ~ C .
(8.21) ‘kaR (5, 0, n)} <o mZ (1<k<4)
for R = R;.
From (8.12),
(8.22)
DRy = [ DM (= A n 0) A 0)aAds
Ri\szwo

+ / D*Vn, (6= A, m, 0) - 75\, 0)dNd0 = Jiy + o
>

Rj,no

for 1 < k < 4. By (8.14) and (8.21) we have

C - )
(3.23) < gg [ Il =oasj— oo,
J Ri\EijWO
Next, from (7.3) we have
1 L=
Vil + 7 [Vis| < On® in By
J

and we can use this inequality to estimate all the terms in jz;. We obtain
= 2
so that
~ log R;
[ ml<omEt,
ER;, no ’ Rj
It follows that

C log R
(8.24) | Jor| < >3 / ﬁj| <C Og3 —0if j — 00.
RS Jsy. R:

50 M0 J
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Combining this with the estimate of Jix, we get from (8.22)
(8.25) ‘D% (&, n)‘ S 0inT, as j — co.

We can choose ¢ and Z so that the union of the sets where ( = 1 and Z =1 contains
(B2\B1/2)". Then (8.8) and (8.25) imply that the left-hand side of (1.13) converges
to zero as j — oo, which is a contradiction. Therefore (1.10) must hold for some
v > 0.

From (1.10) it follows that

(8.26)
C C
Vil < —t, Vel + V| < o in Sk
Lo oo, 726 < s V'l < 7
Since ¢(x,0) = 0 if z > 0, from the second inequality in (8.26) it follows that
ClogR .
(8.27) lp(z,y)l < - I Er.

Setting

¥(z,y) = ¢(Rx, Ry) ,
the first inequality in (8.26) gives

1/2
c =~ 1
</(32\Bl/2)+\§ | | R+ r

and, therefore, by (8.27) and the Poincaré and Sobolev inequalities,

ClogR C

: -
o] < ity TR (B2\Bij2) "

or
ClogR . +
eyl < s i (Ber\Brpa) ™

Using elliptic estimates [1], [2], we obtain the same bound for the derivatives of ¢ ;
in particular,
ClogR

s o (Bar\Brpa)” (0<j<3).

(8.28) |D7p(,y)| <

Since ¢ = O(r2*+) as r — 0, we can deduce similarly to the local regularity
results established in [4] and [5] that ¢ is actually O(r%|logr|) as r — 0 (In fact,
the proof can be established by slight changes in the proof of Theorem 5.2 of [5].)
Consequently,

(8.29) D7 =0(r>"117%) asr —0
for 0 < |o| < 3 and arbitrarily small 6 > 0.

We now multiply (1.1) by ¢ and integrate over BE\B;‘/R. By integration by
parts we obtain (cf. [4], [5])

(8.30)

/ ‘32_@_32_%0 ’
B{\B}, 0xz?  0y?

4| P
0x0dy

+2(Rew) / Vol = In

+\ g+
Br\B{/r
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where I is a sum of boundary integrals on Br N {y > 0} and 9B,z N {y > 0}
which, by (8.28) and (8.29), converge to zero as R — oo. It follows that

Prz = Pyy> Py = 0 in Ri ,
so that ¢ = 0.

9. COMPLETION OF THE PROOF OF THEOREM 1.1
We begin with:
Proof of Lemma 7.1. Take any sequence R; /" co and define

(91) wj(;zj’ y) = (,O(Rjil?—,a}%jy) .
Rj
Then for any positive constants ¢, Cy,
(9.2) [Vi(x, y)| <C ifcg<a?+y*><Cp .
j

Consider @Zj = ij, where fA is a cutoff function as in Figure 8.2. We want

to estimate ¢; in T, using the representation (8.12). Recall that fi; is a linear
combination of

Rip;, R300;, by, Op;, 0%;, 0%p;.

We can move the derivatives from 8;?1/1 to ‘N/Rj (in the integral in (8.12)). Noting
that all the boundary integrals vanish and recalling that

% C
[0k Vi (€ = Ay 0)| < 55
we obtain, upon using (9.2),

D', y)| <C T, || <4;

hence, in particular,

<C.

l
(9.3) sup [V, + R—?lv?’%‘l

We now turn to Jj = &y, where ¢ is a cutoff function as in Figure 8.1. By
Lemma 3.1 and (9.2), we can estimate the L?-norm of [V*9;| + R?|V?1;| by

€1

(V44| + R3IV4h]

+C., R}
Lz[(B4\B1/4)+\B*]
for any small e; > 0. This together with (9.3) give a bound on p(R;) in terms of
e1[p(2R;) + p(3 R;)]. This bound however does not enable us to control p(R;). We
shall therefore proceed differently, making use of Lemma 3.2.
Note that 73[i; is a linear combination of

R3O, R3O0, 07°0;,...,07°0%);
where a—lz/;j is any expression a;llay—le, l1 + 1l = I. Consider, for simplicity,

first the case where a; = b; = 0. Using Lemma 3.2 with appropriate mq, ma such
that m; + mo = 3, we obtain

IV 2 + R?||V_1%Zj||L2 < C RV *¥illrze) + 1¥illze)]
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where G is the region (B4\By,4)T\B*. Since 1;(z, 0) = 0 if x > 0 and |¢;| < C,
IV 2]l 2y < C

and so

(9.4) IVe5lle2 + | RFV4yle < CRS .

The same estimates can be easily obtained also if a; # 0, b; #Z 0.
We next take a cutoff function &; supported on the set where £ = 1 and define

1/2—: &1;. Using Lemma 3.2 with appropriate m;, msg such that m; +mg =2, we
get

(95) V2 5 llp2 + B3| ¥ |Ir2 < C [REIV "5 || + IVl p2(cy)] < CRT

by (9.4). Procceding similarly to apply Lemma 3.2 with m; +my = 1 to {29, with
another cutoff function & and using (9.5), we arrive at the estimate

IVl L2(Go) + BRIVl 12(co) < CR

where G can be taken to be, say, (Bs\Bj/3)"\B* with a slightly different B*. This
estimate enables us to apply Lemma 3.2 and obtain

IV451 22 + BIV24522 < CR]
where {[;j = &/@, with another cutoff function supported on (B3\By/3)"\B*. Com-
bining this with (9.3), we find that
p(R;) < CRY ,
and the proof of Lemma 7.1 is complete. O

This also completes the proof of Theorem 1.1 in case n = 0.
To prove the theoren in case n = 1 we establish:

Lemma 9.1. If ¢ satisfies the assumptions of Theorem 1.1 for n = 1, then o,
satisfies the assumptions of Theorem 1.1 for n = 0.

Proof. We need to prove that

(9.6) (pale, )| < Cri= i 7 o0,

(9.7) al@, y)| < Crte ifr —0.

We get (9.7) by applying elliptic estimates [1], [2] to R~ (279 o(Rz, Ry) for R small.

To prove (9.6) we consider the function

1
Y(x, y) = —— p(Rz, Ry) for R large .
R2—¢
It satisfies
wR?AYp =A%, 9| <C inR%,

but since R is large we cannot apply standard elliptic estimates. Instead, as before,
we shall work with

v=¢p, =€,
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where &, SA are cutoff functions indicated in Figures 8.1 and 8.2, respectively. Using

the representation of 1 by Green’s function (as in (8.12)), we obtain (cf. the proof
of Lemma 7.1)

(9.8) Dyl <C inT (jI[<4).

Next we estimate derivatives of {j)v by using Lemma 3.2 (cf. the proof of Lemma
7.1) and obtain

IV?ullp2 < C .
Since |1| < C, we can use Sobolev’s inequality to conclude that
[a| < C .
Combining this with (9.8), we deduce that |¢,] < C in some neighborhood of
{22 +y? =1, y > 0}, and this yields the assertion (9.6). O

From Lemma 9.1 and Theorem 1.1 for n = 0 it follows that ¢, = 0, from which
we easily deduce that also ¢ = 0. Thus Theorem 1.1 holds for n = 1. By repeating
the above process we can establish Theorem 1.1 for all positive integers n.

PART II. THE CASE w =0
10. THE MAIN RESULTS

In this part we prove two theorems.

Theorem 10.1. Let ¢ be a function in H*(R: N Bg) for any R > 0, which is a
solution of

(10.1) A’o=0 inR%,
satisfying the boundary conditions (1.2), (1.3) and

D3 D3
10.2 3 — =0ify=0 0.

Suppose that, for some € > 0,

Cr* ifr — oo,
(10.3) lo(z, y)| < { Orf ifr—0.
where r = \/22 + y? and
(10.4)

1
a=n+§—€, an—§—|—€, n a nonnegative integer .

Then ¢ = 0.

Theorem 10.2. Let ¢ be a function in H2(Ri N Bg) for any R > 0, which is a
solution of (10.1) satisfying the boundary conditions (1.2), (1.8) and

df 0y ..
3 3 3
(10.6) N N

0x20y 0Oy e



2570 AVNER FRIEDMAN AND JUAN J. L. VELAZQUEZ

where p, By, o are constants, By >0, o > 0, and

L
10. > - — .
(10.7) Rep >0, U:I:2ﬁoi¢( 00, 0)

Suppose that, for some € > 0,

Cr* ifr —oo,

(10.8) oz, y)l S{ Crf ifr—0.
and
(10.9) [f@)) <CA+|z|*) if —co<z<0,
where
(10.10)

a:n—&—%—s , B=mn—po+e, n anonnegative integer
and
(10.11) pozﬁlogzt—zgzz, O<po<%.

Then ¢ =0, f=0.

Note that if (10.8) or (10.9) holds for some £ > 0 then it holds also for any
smaller ¢ > 0. Hence without loss of generality we shall assume that 0 < € < po;
this will simplify several technical arguments in subsequent proofs.

Remark 10.1. For the linearized stationary coating problem in R%r the homogeneous
system is given by (10.1), the boundary conditions (1.2), (1.3) and
03 oAt 3y

P4 kETE =0 aty=0,2<0,
0x2dy + oy? + e ey o
where k > 0 (see [3]). If k = 0 then the last condition reduces to (10.2). For k > 0
Theorem 10.1 was proved by Kondrat’ev [6], Maz'ya and Plamenevskii [8], [9] for
« = [ and any « which avoids the sequence of eigenvalues

2 1 2 1
{n—!— n —p; n=1,2,...},

(10.12) 3

10.1
(10.13) =

where p is given by

1 1 1+ 2ik 0<p< 1
=—lo =
P=omi 81— 2ir P=3
In case k = 0 this sequence reduces to
3 5 2n +1
10.14 - =, ... ceep
(10,19 5.5 20

Our method of proof is entirely different from the method in [6], [8], [9]; it is based
on the Wiener-Hopf approach.

Remark 10.2. We need to explain the meaning of the boundary conditions (10.5),
(10.6). From (10.5) we can solve f in terms of ¢. This allows us to formally rewrite
(10.6) in the form

(10.15)
Py Po o By 0%

Iy
5 09 0 09 % 4 esf=0
9220y + 23 + 3y 025 +c1 + co +csf ,

or? ox
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where ¢1, c2, c3, are constants. By elliptic regularity [1], [2] (for the boundary
condition (1.3), (10.15)) it follows that ¢ is smooth (say C**®) for z < 0, y > 0,
and we can then bootstrap the regularity of f, and then also that of ¢, etc. Thus
the solution ¢ is C* for x < 0, y > 0, and (10.5), (10.6) hold in the classical sense.

Remark 10.3. In Section 12 we give the proof of Theorem 10.1 in the special case
n = 0; some auxiliary results are established in Section 11. One of the auxiliary
results is the esimate

(10.16) |D;jo(x, y)| < Cr™d ifr — oo

for any j > 0. In the case of Theorem 10.2, the derivation of this estimate is quite
difficult and requires arguments of the type used in proving Lemma 9.1. This in
turn relies on a priori estimates for solutions of A%2p = p in Ri satisfying “strange”
boundary conditions, more complicated than those in Section 3. The derivation of
these a priori estimates is given in Section 13. In Section 14 we establish auxiliary
results needed for the proof of Theorem 10.2 (including the inequality (10.16)), and
in Section 15 we give the proof of Theorem 10.2 for n = 0. The proofs of Theorems
10.1, 10.2 for n > 1 follow from the special case n = 0 by applying the results for
n = 0 to z-derivatives of (, as in the case of Theorem 1.1. Note that if n = 0 then

(10.17) 0<a<l, —-1<pB<0.

These inequalities will be implicitly used throughout the proofs of Theorems 10.1,
10.2 for the case n = 0.

Outline of the proofs of Theorems 10.1, 10.2. We define the Fourier transform
o(k,y) of p(z,y) in such a way that it is a well-defined complex-valued function
for all k£ # 0, and it coincides (for k # 0) with the Fourier transform of ¢ in the
distribution sense. We use the boundary conditions to deduce that the function

(k4)23y(k,0) for Imk>0,
(10.18) O(k) = k|

(k-)?
is analytic and can be extended analytically to I'm k = 0, k # 0. Finally we analyze
its behavior at k£ = 0 and k = co and deduce that it is regular at these points and
vanishes at 0. Hence ®(k) = 0, and so $,(k,0) = 0 if k£ # 0. Formula (10.18)
is an example of the Wiener-Hopf decomposition. A similar decomposition can
also be obtained for @(k, 0). However, in the proof of Theorem 10.2 the Wiener-
Hopf decomposition for ¢ takes a very complicated form. In any case, this second
decomposition enables us to show that @(k,0) = 0if k # 0. It follows that @(k,y) =
0if y > 0,k # 0, and thus the Fourier transform of ¢, in the sense of distributions,

must be a linear combination of derivatives of Dirac’s measure §(k). From this we
easily deduce that ¢ = 0.

Py(k,0) for Im k<0

11. AUXILIARY RESULTS NEEDED FOR PROVING THEOREM 10.1

Lemma 11.1. Let ¢ be as in Theorem 10.1, but assume that (10.3) holds for some
unrestricted real numbers o, 3. Then for any positive integer jo there is a constant

C such that, for all (z,y) € Ri,
(11.1) gy { < T
11.1 olx,y)| < 4

Crf=i ifr<1,

for 0 <7 < jo.
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Proof. Consider the function

1
vr(®,Y) = 7o ¢(Re, Ry)
in (B2\Bi2) N R3, for any R > 1. By elliptic estimates [1],
|DIgR(x,y)| <C  in (Bsjy\Bsjs) NRY

for 0 < j < jo, and taking (x,y) with 22 + y? = 1 we get (11.1) for r near
oo. The proof of (11.1) for r near 0 is obtained by working with ¢gr(z,y) =
R=P¢(Rx,Ry), R< 1. O

In the rest of this section we assume that ¢ is as in Theorem 10.1, except that
(10.3) holds with some «, 3 satisfying (10.17).

Let {(z) € C (—o0, 00), &(z) =1if|z| <3, &(x) =0if|z| > 1. We define
the Fourier transform @(k,y) of ¢(x,y) for k # 0 by the following formula:

(11.2)
B(k,y) = %27 / e £(2)p(z, y)dz
1

1 >~ —ikx 83
[ e S - @l ) da
= @l(k‘.ay)_'—@Q(kay) .
If o(x,y) decays at x = +oo, then @(k,y) coincides with the usual Fourier trans-
form.

Using (11.1) we find that the integral defining @2 (k, y) is absolutely convergent
and

~ c
< — .
|502(k7y)| = |k|3

Since |p1(k, y)| < C, we conclude that

(11.3) |p(k, v)| SC’—I—% forally > 0.

Similarly we can derive the same bound for D,@(k, y). Furthermore,

(11.4)  @(k,y) and @, (k,y) are continuous in (k,y) for all k #0, y >0 .

Lemma 11.2. The following estimates hold:

(11.5) |p(k,0)] < T[T
(11.6) |5y (k,0)| < e for k near 0, k #£0 .
Proof. Set
82
hz) = 5= [(1 - &(x)) ¢(z,0)]



LIOUVILLE TYPE THEOREMS FOR ELLIPTIC EQUATIONS 2573
Then, for any 0 < 6 < «,

V2 (ik)* @2 (k,0)| = |/ h(z)(e™™* —1)da|
< c/ Ih(z)| |/m|1—5dx+/ 2(h(x)|dz
%<|m|<ﬁ |m|>ﬁ

< c/ 61 [2] 12 ]2 do + C ]2 de
%<|w|<ﬁ

> 1y
a—1
1
<C|-=
<o(y)

\
by using Lemma 11.1 and taking § = 0 in the last inequality. Hence

C
p2(k,0)| < ———
|‘P2( ) )| = |]€|O‘+l
and, since |@1(k,0)| < C, (11.5) follows. The proof of (11.6) is similar. |

Lemma 11.3. The following estimates hold:

(11.7) |P(k,0)] < TPt

N C
(11.8) |Py (k,0)| < G for |k| near oo .
Proof. Set

h(z) = {(z)e(z, 0) .
By integration by parts,

V2m 1 (k. 0) = /_O:O h(z)e™ ™" = %/_O:O h(x) {e_“” - e‘i’f(w—ﬂ/k)}
By e

Using Lemma 11.1 we get,

0 C
B1(k.0)] < C / |x|ﬁdx+/ aftdn b < -5
o< ke F<lal<2 |k |k|A+1
Since |@a(k, 0)] < C/|k|3, (11.7) follows. The proof of (11.8) is similar. |

Lemma 11.4. The function ¢ satisfies
(11.9) (D2 + (ik)?] @(k,y) =0 if k#0.

Formally we expect the Fourier transform to satisfy (11.9). Since however ¢ is
not the standard Fourier transform, (11.9) requires a proof.

Proof. We have

1 o P
\/%DQ‘JSO?:WDﬁ/_OOe o (1= 8p)de

_ /Oo e~ DY((1 - €)g)da

— 00
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by integration by parts (using (11.1)). Hence

V2r D@ = / e DI (1= &)p + &gl da = / e * Doz, y)da .
Again, by integration by parts,
227 (ik)* D23s :/ 2¢F Dgﬁ (1 =&p)dx
so that
Vor (ik)2D2 = w0
2V 2w (ik)*Dip = 274 1— d
REPDIE = [ 2 (1= e+ e e
* ik 010(2,Y)
= [ 2 L dx
/_Oo © ooy ™
Finally, by integration by parts,
AV Fo > . —ikx 83 > —ikx 84
V2 (ik) P2 = (ik)e 928 (1= &p)dr = S, (1 =&)p)dx ,
oo x oo x
so that
* ik 0'0(2,y)
A —ikx )
v27r(zk)tp—/_ooe de
Combining these results and recalling that A2p = 0, we get (11.9). O

We may counsider ¢(x,y) for each y > 0, as a tempered distribution. Its Fourier
transform F(¢) is then defined, as a distribution, by the formula

for any test function (k). The connection between Fy(y) and @, as defined in
(11.2), is given by the following lemma:

Lemma 11.5. For any k # 0
(11.10) Fy(e) = o(k,y) -

Proof. For simplicity we drop the parameter y. The assertion (11.10) means that
for any test function (k) with compact support in R\{0},

(11.11) (@,9) = (F(e),¥) ,
where, by definition,

@ = "k Blkyb(k) -

Now, by (11.2)

Var (g = [ dnp@eto) [ wimean
o [e%e] 3
[ drpn—s@) [ ot g e da

The inner integral in the last term is equal to

/i : k)e e
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and therefore
> 1 ~ > —ikx __
@)= o= [ doele) [ o = (Pl

and (11.10) follows. |

12. ProOOF OF THEOREM 10.1 FOR n =0
By Lemma 11.2, $(k,y) is a linear combination of

eIFy e lkly yelkly o= IKly

But since, by (11.3), @(k,y) is bounded in y, as y — oo, we conclude that
P(k,y) = A(k)e™ Ml 4 B(k)e vy |

so that, for all k #£ 0,

(12.1) (D7 +2|k|Dy + k*) §(k,y) =0  fory>0.

From the boundary conditions ¢(x,0) = ¢, (z,0) = 0 for £ > 0 and (11.1) it follows
that

@(k,0) and 3, (k,0) (defined by means of (11.2) are analytic

(12.2) functions in I'm k > 0, continuous in Im k > 0, k # 0.

We also observe that the proofs of Lemma 11.2 and (11.3) extend to Im k > 0;
thus,

the inequalities (11.5)—(11.8) hold for all complex

(12.3) k with Im k > 0, k # 0.

We next wish to obtain results similar to (12.2), (12.3) for Im k < 0, by using
the boundary conditions (1.3), (10.2). Formally

((ik)* — D)@ (k,0) and 3(ik)*@, (k, 0) + D}@(k, 0)

are analytic for I'm k < 0. However this proof is not straightforward because of
singularities of derivatives of ¢ at the origin.

To overcome this difficulty we shall work with integrals of @. We begin by
introducing

(12.4) Gla,y) = / "oy |

and its Fourier transform defined by

(12.5)

~

Gk, y) = % / e ()G, y)da

0o ) 3

By Lemma 11.1, the second integral is absolutely convergent.
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By integration by parts in the first integral on the right-hand side of (12.5) we
find that

VIR )Gy = [ e (gfc 5_>

Lo 9 [0 oG
+W/_OO€ k% {% (1—5)'G+(1—€)% ,

and since G, = ¢ we get

(12.6) (ik)G(k,y) = G(k,y) -
Similarly
(12.7) (ik)Gy(k,y) = @y (k,y) -

Applying (ik)? — Df/ to CAT'(I{, y) at y = 0 and using integration by parts, we get

(12.8)
V2r ((ik)? — D2)G(k,0) = /_ e~k (% - 53—3/2) (@) (z,0)dx
00 3
+ i e_i’” 88303 (1 = &§G)(x,0)dx
+ i h e_“m% [8%/2((1 —f)G)] (z,0)dx

00 ) o2 2
:/ etk (@ — 8—y2> (€G)(z,0)dz

p—ika 0 0? 9?2
v ) (g ap) 000 @
Observe that

o [ 9 0? 0? 0?
12.9 — |z - |G — - =
(12.9) Oz (8332 8y2) =0 (8332 0y? )cp
if x < 0. Hence, we can rewrite the first integral on the right-hand side of (12.8) in
the form
0 ) o? o2
—ikx
- G)(z,0
[ (- ) (€00)

k/ oD (- ) o) @+ 2

=0
y=0

where

0 0
co = const. = (ﬁ — 8_y2> G(IE,O) .
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Adding this to the second integral on the right-hand side of (12.8) and using also
(12.9), we see that

(12.10)
VIR (@ - D60 = 2 [Tt [ (2 2 o)
sr 2 (5 2)-o0) ot

It follows that

((ik)? — DZ)CAT'(/{, 0) is analytic in {Im k <0} .
Recalling (12.6), (12.7), we conclude that

(ik)*@(k, 0) — Dy&(k, 0)

is analytic in {Im k < 0}. Comparing with (12.1) at y = 0, it follows that
(12.11) |k|@y (K, 0) is analytic in {Im k <0} .
The proof also shows that
(12.12) |k|py (K, 0) is continuous in {Im k <0,k # 0}

and, since the right-hand side of (12.10) is bounded, as k — oo, by comparing once
again with (12.1) we deduce that

(12.13) [Py (k,0)| < Cif Imk<O0, |kl —o0.
Next we introduce the double integral
T A Yy
(12.14) H(z,y) = / dx/ o\ y)dA = / G(z,y)dz
0 0 0
and its Fourier transform
(12.15)

Ak, y) = \/% /_ et () H () da

© 5
+\/% #/ e—zkm% (1 —&(2)H (z,y)]dz .

— 00

By the method of proof of (12.6) and (12.7) we get
(ik)H (k,y) = §(k.y) |
(ik)*Hy (k,y) = By (k. y) -
By the boundary condition (10.2),
82

(12.16)

(12.17) 977 (BHzzy + Hyyy) = 30aay + @yyy =0 ify=0, 2<0,
so that
(12.18) (3Hyzy + Hyyy) =const. =¢; ify=0, 2<0.

da?
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Using integration by parts we proceed to compute at y =0, x < 0:
(12.19)

~ ~ 0 . 83 83
. —ikx
V2 [3(”{)2131/ + Hyyy| = / e [38x28y + 8y3] (EH)

— 0o

e <] ) 86
e g (-0

L LT e O o
1k © 0x20y? ‘

— 00

0 ) o3 o3
_ —ikx —
- /_oo ¢ [aany * ays] (EH)
1o 92 R
= K?’—axzay " a—y3> (@- f“”] |

As before, we perform two integrations by parts in the part fi)oo of the first integral
on the right-hand side of (12.19) and combine it with the part fi)oo of the second
integral. Using (12.17), (12.18), the sum of these integrals becomes
a1
(ik)*
The remaining portions fooo of the first two integrals on the right-hand side of
(12.19) are bounded analytic functions in {Im k < 0}. Thus we conclude that

3(ik)?Hy, + H,y, is analytic in {Im k < 0} .
Using (12.16) we see that
3(ik)*Dy@ + D% is analytic in {Im k} <0 .

If we divide this operator (applied to @) by D; + 2|k|D, + k* and use (12.1), the
remainder satisfies the same analyticity property. Thus

|k|p(k,0) is analytic in {Im k < 0};

it is clearly also continuous if Im k <0, k#0 .

(12.20)
The above proof also shows that

(12.21) 15(k,0)] < — if Im k<0, |kl — oo .

We finally note that, by the proof of Lemma 11.2,
(12.22) inequalities (11.5), (11.6) hold for I'm k < 0, and |k| small.

We are now in position to apply the Wiener-Hopf technique, using (12.2), (12.3),
(12.22), (12.11), (12.12), (12.13), and (12.21).
We cut the complex plane by the negative real axis and define two branches of
Vk in the complex plane:
(k)i/Q _ |k|1/26i9/2
and
(k)l_/Q _ |k|1/26—i0/2 7

where k = |kle?, -1 <0 <.



LIOUVILLE TYPE THEOREMS FOR ELLIPTIC EQUATIONS 2579

Consider the function
(K)Y? 3, (k,0) i Im k>0,
(12.23) d(k) = |

By what we have proved above, ®(k) is holomorphic in {Im k # 0}, continuous for
all k #0, and (sincea =1 —¢, B=-1+¢)

Clk 1/2
o) < = <o for knearo,
Clk|'/? —
|(I)(k)|SW:C|k| if Im k>0, |k| near oo .

By standard results for holomorphic functions, it follows that ®(k) is holomorphic
at k = 0 and at k = oo, and ®(0) = 0. Hence, by Liouville’s theorem, ®(k) = 0,
and thus

(12.24) Py(k,0)=0.
Similarly, by working with

(K)k@p(k,0) it Im k>0,
(12.25) Qk) =
B)Y2k@(k,0)  ifImk<0,

we deduce that Q(k) =0 and therefore
(12.26) 3(k,0)=0.

In view of (12.24), (12.25), the only solution to (12.1) is @(k,y) = 0.

By Lemma 11.5, the distribution Fy(y) coincides with @(k,y) for all k # 0. It
follows that Fy () = 0 if k # 0, and so F,(¢) must be a finite linear combination
of derivatives of Dirac’s function. Hence

oz, y) =) a;(y)r’ .

M-

j=0

Since ¢ = O(r%_s) if » — 0o, N = 0. Using the equation A%p = 0, we deduce
that ag is a linear function in y, and the boundary conditions in (1.2) then show
that ¢ = 0.

13. A PRIORI ESTIMATES FOR ANOTHER ELLIPTIC SYSTEM
WITH “STRANGE” BOUNDARY CONDITIONS
In this section we consider the elliptic equation
(13.1) AW — A*W = p(z,y) in R,
where €, z are parameters satisfying

(13.2) 0<e<1l, Re z>0,
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subject to the boundary conditions at y = 0:

oF oW

(13.3) 2F + fog — - = ala),
>PwW PwW 0*F ow

(134) 8$28y + 8y3 + g 8;133 — EZa—y = b((E),
o*w  9*W

We introduce the “norms”
(13.6)

(@b )0 = { | e [Tt or
—00 0

0
+/ de[|DY/%al* + |DY/?6 + e[ [b]” + | DYl + lez?]e*] }2,

(13.7)

(W, F)lllo :{/ dﬂ?/O dy[[VW? + Jez* VW]
0
—|—/ de[|ez| V2| V3W (,0) |2 + |ez2| V32 W (x,0))?

+[ez[72[V2W (2, 0)? + [e[*+1/2[0, W (2, 0) ]

— 00

o o W
[Wllo = {/_Oodx/o dy UW

5 | OPW
+lez| 57

0 1/2
+ [ adllD2re 4 pDYEPL

(13.8)
oW |2

2
‘ oyt

2

O*wW
+ |ez|?

Oy>

I

Our aim is to establish a priori estimates for W, F' in terms of the data a,b,c, p.
For our future applications it suffices to consider the case where

(13.9) a,b,c and F wvanishif |z| > Ry

for some fixed number Ry, and
(13.10) w(z,y) =0, W(x,y)=0 if z?+y>>R2.
Our main result is:

Lemma 13.1. There ezists a constant Cy depending only on Ry such that, for any
solution (W, F) of (13.1)-(13.5) satisfying (13.9), (13.10),

(13.11) (W, F)lllo < Coll(a, b, ¢, )]0 -
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It is assumed here that the norm ||(a, b, ¢, 1)||o is finite.

Lemma 13.1 is of the same type as Lemma 3.1. The two lemmas are different
from one another since, although the assumptions of Lemma 3.1 may be viewed as
contained in the more general assuptions of Lemma 13.1, the assertion in Lemma
3.1 is somewhat stronger than the assertion we obtain by applying Lemma 13.1.
The proof of Lemma 13.1 follows by the same method used to prove Lemma 3.1,
but the technical details are more complicated. We also note that Lemma 13.1
can be extended to include estimates of ™18, ™>V/W ; this extension can be
established by observations similar to those made in the proof of Lemma 3.2. Setting
wx,y) = f(z,y), 2 = pR (Re p > 0, R > 0) and taking ¢ — 0, we obtain the
following result:

Lemma 13.2. Let (®(x, y), G(x)) be a solution to

(13.12) A*®=f inRL
with the boundary conditions at y =0 :
dG 09
13.13 — - — =
(13.13) WRG + o 52— S2 = ale) |

2P 23 >3G

(13.14) M + 8—y3 + 0@ =b(z) ,
9?d  9°®

and assume that ®(z, y) =0, G(z) =0 if 2* + y*> > R3. Then
(13.16)
Y 0870 B| Loz ) + RY2(0; ™ DY 2G| 2wy + 110, " DY Gl 2y
Jitja=4
< Cllfllzez) + C 10D all 2y + 1057 DY *bll sy + 107 ™ DY el 2w |
for any integers my1 > 0, mo > 0, m = my1 + mao < 3, where C' is a constant

depending only on Ry.

In this paper we shall only need to use Lemma 13.2; Lemma 13.1 will be used in
our forthcoming paper [5], which deals with the linearized coating flow problem.

For the sake of clarity, before giving the complete proof of Lemma 13.1 we
establish a part of its estimate:

Lemma 13.3. Under the assumptions of Lemma 13.1,
(13.17) Wllo < Cll(a; b, ¢, wllo
where C' is a constant depending only on Ry.

Remark 13.1. For fixed ¢, z the estimate (13.17) follows from general estimates for
elliptic equations with complex coefficients [1], [2]. The novelty of the estimate
(13.17) (and of (13.11)) is that it provides a very precise dependence on the param-
eters €, z.

Proof of Lemma 13.3. We begin by extending x into all of R? by
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and constructing a special solution W of
(13.19) AW — AW =pu in RZ

In this section, the Fourier transform f(ki, ko) of a function f(z,y) is defined by

Flka, ko) = / / F,y)em ey gy,

Taking the Fourier transform in (13.19), we find that
fi(ky, k2)
ez + (K + EDI(KT + £3)°

Later on we shall estimate W, but for now we just observe that, by (13.18),
W(z,—y) = W(z,y) and, consequently,

(13.20) W (ky, ko) = —

(13.21) %y}:f (2,0)0=0 for m=1,3.
Set
W=W+¢

Then ¢ satisfies

(13.22) ezAp — A*¢p=0 in RS

and, on y = 0,

OF  0¢ oW

13.23 F — - = — =a

( ) 2F 4 fo or oz + z 0

(13.24)

Py Py  OPF ¢ PW  PW ow -
M‘Fa_yB—FU@—EZa—y—b—M_a—yB—FﬁZ—y:b,
92 929 2w W
13.25 —— —=c- =c.
( ) ox?  0y? T o2 + oy? ¢
Taking formally the Fourier transform in the z-variables, we get

(13.26) ez(—k* + D2 = (—k* + D2)%p, 0<y<oo,
and, at y =0,

(13.27) 2F +ifokF —ik¢ = a,

9 Bd . .. AP s

13.28 =3k — + — — ik F —ez— =

( ) 3 oy + 3 io €z 9y

. 0% .
2 _ &

here

i) == [ g

Note that a, I;, ¢ and their Fourier transforms fz, li),é depend on the parameter z.
From the assumptions of the lemma and (13.20) it follows that the passage from
(13.22)—(13.25) to (13.26)—(13.29) can be justified rigorously; furthermore, ¢ and

F, a, b,é have all the boundedness properties that will be required in the sequel.
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Rewriting (13.26) in the form
2 2 2 2\5 _
(k" + D) (—k* —ez+ Dy)p =0

we see, by virtue of the boundedness properties of gi; as y — 00, that (;AS must have
the form

(13.30) ¢ = A(k)e™ ™V 4 B(k)e VF*Fev 50,
where the square root is chosen to have real part > 0. Therefore
(13.31) (Dy + |E))(Dy + VK2 + €2)p = 0.

This equation allows us to simplify the boundary conditions by reducing Dgé and

qu@ to first order differential operators:
If we divide DS by

(Dy + |k[)(Dy + VE? + €2) = D2 + (|k| + VK2 + €2) Dy + |k|V k> + ez

and use (13.31), we find that

Dggi; = (2K% + |k|VE2 + ez + ez)Dygi; + [(|k| + VE2 + ez)|k|\/k2 + €2]¢.
Similarly
D2p = —(|k| — V2 + €2) Dy — k| k2 + ez

Substituting this into (13.28), (13.29) we find (after some minor simplifications)
that the system (13.27)—(13.29) becomes

(13.32)
—ik 0 2 4 ifok é
k| (k] + VE2 + e2)VE2 + ez |k|VE2 + ez — k2 —iok? by
|k|VE2 + ez — k2 |k| + VK2 + ez 0 F
a
=1 b
¢

Solving for F, gZA), ng we find, after some simple calculations, that

(13.33)
[(4K% + e2)|k|VE? + ez + k2€z]

. 1
F=x{
+B[ik(k] + VEZ T €2)] — & [ikvVRT T ez — k?]} :

z
b

(13.34)
3= % (i liok* (k] + /i + ez
+b [(2 + iBok) (Jk] + VEZ T €2)] — & [(2 + iBok) (|k|VEZ + ez — k2)]} ,
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(13.35)
1 Z 2
Py = — {~ [—iak3(|k|\/ k2 4+ ez — kQ)] — b[(2 + iBok) (K| /K2 + ez — k2)]

A
+& ok + (= + iBok) KI(K| + VIZ + ) VRZ + ezl |

where A = A(k; z) is the determinant of the coefficients, given by
(13.36)
A(k; 2) = |k|(z + iBok)[(4k>* + e2) VK2 + ez + |klez] + ok (|k| + VK2 + €2).

We need to analyze the zeros of A(k;z). To do that we introduce

€z o ||
13.37 w=2 A=Z >0, Q=210
(13.57) 2 B " @ e
Then
(13.38)

A(k; z) = Bolkl® {(Qu +i sgn(k)[(4+ w/VIF+w+w] + X1+ VI+w)}
= Bol|k|®g(w,sen(k)) ,
where, as above, the square root 1/C is taken to have real part > 0; this implies

that
VAR

where “*” means the complex conjugate. It follows that
glw; +1)" = g(w™;=1) ,

so that it suffices to analyze the zeros of A(k;z) in case sgn(k) = 1, i.e., for the
function

13.39

. gw;+1) = (Qw+ )[4 + w)VI+w+w] + A1+ V1 +w).
Setting

(13.40) f=vV1itw (w=6%-1),

we have

(13.41)

g(w;+1) = Po(0) = [Q(67 — 1) +4][0° + 6% + 30 — 1] + A(1 +0).

Thus we need to analyze the zeros of Pg(6) for fixed A > 0 (X is of order 1) and all
0 < @ < co. Although 6 here varies only in the region

{0=z+iy, 2*—y*>1},
for technical reasons we shall need to consider the zeros of Py (6) for all # € C.
Lemma 13.4. Pg(0) does not vanish on the imaginary axis, for any @ > 0.

Proof. Suppose Pg(ni) = 0 for some n € R. Taking the real and imaginary parts
of this equation, we get

Q>+ 1) +n(n*—3)+ A =0,
Qm* + 1)n(n* —3) — (N* +1) + An = 0.
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Dividing by @, we obtain a linear system of equations for A/Q and 1/Q, and we
can solve for A/Q:

’ (0> +1)* 77(7722—3) ’
A (Pt —3 +1 2 4 1)2 4 2(n2 — 3)2
A= )(77 ) (" +1) :_(n2+1)(n+)2+n(;7 ) <o,
Q 1 (n* —1)

n 77 +1
a contradiction, since A/Q > 0. O

Lemma 13.5. Pg(0) does not vanish if § = /1+1i, T € R, for any Q > 0.
Proof. Write § = x +4y. Then 22 — y? = 1, so that

0 =coshA+isinh A for some A€R.
If P5(0) =0 then

—(4sinh A +TcoshA+T)B+ AcoshA+1) =0,
(4coshA —T'sinh A)B 4+ AsinhA =0,
where B = QI' + 1 € R. Since this linear homogeneous system has a nontrivial

solution (B, \), the determinant must vanish, and this yields, after simple compu-
tation,

0 = 4(cosh® A + sinh? A) 4+ 4cosh A
which is a contradiction (since the right-hand side is positive). (]

Lemma 13.6. There are precisely two zeros of Pg(8) in {Re 8 > 0}, 61 and 6;
both lie outside the set {x? —y? > 1}; further, as Q — oo,

01 — 6 € (0,1)
and
1 A
13.42 ~1— —
(13.42) ol = 5o(it 3.

Proof. As Q — oo the zeros of Pg(6) approach solutions of
(6% —1)(6° + 6% +30 — 1) = 0.
Thus 6 converges either to +1 or to one of the three zeros of
h(6) = 6° + 6% + 30 — 1.
This polynomial is the same as the polynomial h(6) in (3.11). As proved in Section
3, h has only one zero 0 in the half- plane Re 6 > 0, and 0 < 6 <1.

So far we have proved that for ) — oo there are precisely two zeros of Pg(6) in
{Re 6 >0}, 0; and 65, and

91—>§ and 6y — 1.
Observe that, for 8, =~ 1, the equation Pg(f2) = 0 can be approximated by
(2Q(02 — 1)+ )4+ 21 =0,

which gives (13.42). The zero y lies outside the region {z? — y? > 1}. Since by
Lemmas 13.4 and 13.5 the zeros of Pg(6) do not cross the imaginary axis as well
as the hyperbola {22 — y? = 1}, the proof of Lemma 13.6 is complete. O
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Lemma 13.7. As Q — 0, 0, — 0, where 0 lies outside the set {z2 — 2 > 1},
|62| — oo, and, furthermore,
(13.43) Re{03 — 1} = —4AQ + O(Q*?).
Proof. As Q@ — 0, three zeros of Pg(6) will converge to the zeros of

g(0) =i(0> + 6> +30 — 1) + A\(1 +60)
and two zeros will escape to infinity. These latter zeros satisfy

Q6% —1)+1)0> + X0 = 0,

from which we deduce that

1 .
(13.44) 0~ W(—z)l/’é’ for 6 =0,.
To derive (13.43) we use the relation Pg(6) = 0:
. A1+ 6) A 3 1
0% -1 =- =— 1—- 2 4+0(=
QU -D+i=—Gmis-1 earo’ e %Gk
or
' A 3A 1
13.4 R AN I Ao | (i
(13.45) 0 0 Q92+Q94+0(Q95)
Substituting 6 from (13.40) into the right-hand side of (13.45), we get
;A
2-1=-~+240
5+5+0Q).

and, multiplying by @, we find that

Q0* = (=)L + (A +9)Q + 0(Q*).
Substituting this expression for Q02 into the right-hand side of (13.45), we arrive
at the relation

92— 1= _% — X+ AZiQ — 4XQ + O(Q3/?),

from which (13.43) follows.

It remains to show that 6 does not lie on the hyperbola z? — y? = 1. In fact, if
this were the case then g(ni) = 0, and one can proceed to derive a contradiction
precisely as in the proof of Lemma 13.5. O

Expressing A(k; z) in terms of Pg(6) (by (13.38), (13.41)) and expressing the pa-
rameters €, z in terms of @, 6 (by (13.37), (13.40)), we can rewrite the representation
(13.33)—(13.35) in the following form:

(13.46)
- 1 1 ) . i(sgnk) .
F= m {m(ei +9]€)+ 30 —1)a+ W(l L)
1(sgn N
e U —9)0} :
(13.47)
. 1 i(sgnk) . Bo . )
¢= Po(6; 1) [ %] o(l+0)a+ W(Q(e2 — 1)+ i(sgnk))(0 + 1)b

+|£_|02(Q(92 — 1) +i(sgnk))(1 — 0)?3] ;
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(13.48)
A 1 Bo
%= P =) TR

ﬂ%p+%@( 1) + i(sgnk)) (1 +0)0] &| ;

here Py(0;+1) = Pg(0) if sgnk = 1 and Pg(0; — ) Py (6%)* if sgnk = —

We wish to use (13.46)—(13.48) to estimate F', ¢, qSy By Lemma 13.6, PQ(H +1)
does not vanish for all values of 8 = v/1 + w when the parameter z satisfies Re z > 0.
However, Pg(0) — 0if Q — coand § — 1, orif Q — 0 and 6 ~ 05 (62 as in Lemma
13.7).

In the case Q@ — 0, Pg(f) goes to zero “too fast” with 6 ~ 02, and we cannot
directly control 1/Pg(f) in (13.46)—(13.48). We shall therefore assume for the time
being that |k| > 8, so that

oi(sgnk) (1 — 0) + —2(Q(02 — 1) + i(sgnk))(1 — O)b

§
(13.49) Q> @ 2 =

Later on we shall deal with the case 0 < Q < d.
Consider now the case Q — oo and § = 1+ re’¥, r — 0, Re € > 0. Then

Po(0) ~ (2rQe™ +i)4 + 2.

If Qr > 1 then |Pg(0)| ~ Qr, whereas if Qr < 1 or Qr ~ 1 then [Pgy(0)| ~ 1. It
follows that

Ci(10 —11Q+1) < |Pp(0) < Ca(|0 —1|Q+1) if Q> 6o,
where C; > 0, Cy > 0. If |§ — 1| > 0¢ > 0, then we have
C1QI0° < |Po(0)] < C2QI0°,  if Q> > 0.

Combining these estimates we can state:

= by (60 > 0)

Lemma 13.8. For any 69 > 0 there exist positive constants Cy,Cs such that if
Q > b9 then

(13.50) Cil0*(10 = 1|Q + 1) < [Po(0)] < Col6]* (10 — 11Q + 1).
Introduce a cutoff function
[0 k<6,
(13.51) Ao (k) = { 1 if k] > 26.
Lemma 13.9. There is a constant C depending on 6 such that
. C ~ 2 N
(13.52) As(R)[RPF[* < 25 s (R)[[K?al” + [bI” + [kel],
: i L L
13. kE3ol? < k | —
KR b ke
A k*a b ke
13.54 s (B) K29, 1> < CAs(k — :

Proof. To prove (13.52) we simply use (13.46) and Lemma 13.8. The proofs of
(13.53) and (13.54) are similar, except that we have to be a bit more careful with

the growth of the coefficients of a, b, ¢ and of Py with respect to 6, for || large. O
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The functions ¢E7 éy in Lemma 13.8 are actually the boundary values at y = 0 of
(lg(kay)u éy(k, y). We can write

(13.55) d(k,y) = A(k)e W + B(k)e~VFTeay,

so that
by (k,y) = —[k|A(R)e ™Y — /B2 + e2B(k)e™ VR,
It then follows that A(k) and B(k) are determined by

o(k,0) = A(k) + B(k),
by (k,0) = —|k|A(k) — VEZ + ezB(k),
or
bk, OWVEE T ez + by (k,0)
B VE? + ez — |k 7
_|k[o(k, 0) + ¢y (K, 0)
ViEZfez— k|

Substituting this into (13.55), we get:

A(k)

B(k) =

Lemma 13.10.
VEZ ¥ ezem|Klv — |k|e~ VR ey
VEZ + ez — k|
e~ lkly _ oVEZtezy
VEZ + ez — |k
where ¢(k,0), ¢, (k,0) satisfy the inequalities (13.53), (13.54).

o(k,y) = (k,0)
(13.56)

+y (K, 0)

It will be convenient to introduce the kernels
e—|k:|y _ e—\/k:2+ezy

Ki(ky) = ;
(k) VE? + ez — |k
Ko(k:y) VE2 +eze™Fly — |k|e= VR Hezy
2(R3Y) = /7]62 Fez— |]€| )
K(hsy) = Y2 e OT — ke
sy V% + ez — |k| 7
e—\/k2+ezy
Ky(kjy) = ez2—.
shiy) = e
Note that
K K
(13.57) . Y Y oK
ORs ek, _ gk, Ol —|k|0Ky,
Jy Jy
since ez = k?w and 6 = /1 + w. By direct computation,

oo 1 o0
K . 2 - - -£ _ _—0g12

_ 1 [ SR S
kPO —12 2 1460 1+6 2Re(®)]’
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One can verify that the expression in brackets vanishes quadratically at 6§ = 1.
Consequently

o c
(13.58) | 1Py < .

0 101 |k[?
Similarly
(13.59) | Ko (y; k)["dy < 7.

0 |k

(13.60) | 1Kstws Py < o

0 ~16l|k|
and
(13.61) [ 1EatwimPay < cloli

0

From (13.56) we have
(13.62) Sk, y) = b(k, 0)Ka(k; y) + by (k, 0) K1 (ks )
and therefore, upon using (13.58), (13.59),
< C - c -
o(k,y)|* < =16k, 0)]> + —5—=|dy (k,0)|*.
| 160 < 100 + by (1, 0)
Using (13.53), (13.54), we then find that
(13.63)
Mo(h) [ 46k ) Py
0
< Os (k) [IIRIE12812 4+ 171252 + k2712

Similarly
(13.64)

N (B)|ez? / K2k, y)Pdy

< Cxs(k) [IRP 2602 + K22 4 RP247]
where we have used (13.53), (13.54) and the relation

€z 2

Next we consider 82q3/8y2. Differentiating (13.62) twice in y and using the
relations (13.57), we deduce that

12
[es} 82(25 R 0
| |50 dv < 2KHOPIOF [ Il bRy
0 Y 0
s2lo, 00 [ [T R 0Py + [ 1K)
0 0
Using (13.58), (13.60) and (13.61) to estimate the last integrals, we get

(13.65) /OOO 2

oo

iR

37| 1 < CPIIREIG(k, 0 + [kl|6y (k, O],
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and using the estimates (13.53), (13.54), we get

00 82A
Ag(k)|ez|2/0 8—(5
k| - 1 1 = 1 12
< oxs®)lez2o [P+ L Lpey L Lise]
< OM(R) P61 | Gl + i B + i 1
Since
€z
=l =102 -1 < clor,
we obtain
00 aZA
)\5(/€)|€Z|2/ 8—f
0

< Cxs(k) [||/€|3_1/2f3|2 + 1011 IK[* 120 + 10 [P 126

Observing that
N || + lez[*/2
we then find that
(13.66)
o) 82(;5
As(k ez2/ — |?dy
ol | st : A
SCM@WMV”%F+WWHWWWW+GW+kﬁ”ﬁ?-

Finally, we use the differential equation (13.26) to estimate 8*¢/y* by the other
terms, which have already been estimated in (13.63)—(13.66). The final result is
then:

Lemma 13.11. For any 6 > 0 there is a constant C' such that

(13.67)

2 2

»
0% ¢ dy

oyt

929

o

N (k) / K1 (k) 2 + e 2Ik| Bk, )2 + lezf?

< OX ()| IR 3/2G[2 4+ 1112024 2]/ 4b[2 4+ 61212202 + ez 11/ 452).

From (13.20), (13.18),
(13.68)

j 1, R2 k €z k = H(ZT1, T2 riazrs ,
. W (ky, ko) P[IR[* + Jez][R]*] < C© R2| ( )[dard
+

where k = (ki1, k1) Observe that the function
U=W-W—¢

is in H*(R?), since the same is true of ¢, by (13.67), and of W, by assumption.

Since U satisfies the homogeneous boundary conditions (13.3)-(13.5), we can
proceed similarly to (8.30) to derive an energy equality, from which it follows that
U = 0. Hence

(13.69) W =W +¢,
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and from Lemma 13.11 and (13.68) we then get:

Lemma 13.12. For any é > 0 there is a constant C' such that
(13.70)
ot W

/\5(/€)/0 [1K[*[W (k)[4 lez k| W (k, )| + ez | oy |2 gy *Jdy
< CXs(R)IRI2G1 + K[ Y202 + ez B2 + [[K[*/2E2 + [|ex| =1/ &),

Recall that a, b, & were defined in (13.23)(13.25). We want to use these relations

to prove that in the right-hand side of (13.70) we can replace a, b,¢ by a, b, ¢ provided
the term

C’/ fi(ky, ko)|? dkso

is added to the expression in brackets.
Introduce

2 1 2 .
W(ky,y) = ﬁ/ W (k1, ko)e™*2Ydk,.

— 00

Then, by (13.20),
(13.71)

O W(ki,y=0
|8ym ( 1,Y )l

> e k2mdk
< y 2 2 2
=¢ [/oo ik, ko)l ‘”“2} Uoo T R BRI T )

form=0,1,2,3.
From (13.71), with m = 0, we get

[N

(13.72) 1315 1/2W(k1 y=0)?< C/ fikr, ka)|* dko
since o dk

k4_1/2/ 2 <C

! oo ez + (K + K3)12(KT + K3)* —

as can easily be seen by substituting ke = |k1|\, dka = |k1|dA. Tt follows that

(13.73) |[k|3~1/2a|? < C||k[P~ 124 |2+O/ ik, ko) dkey.

Next we use (13.71) with m = 2 and substitute ks = |k;|A. We obtain
2 >
Gty =OF <C [ jali ko)dty -1
where
1 o A\ c
(13.74) I=— / ;<
k1l J oo ) ) |1
(1+A2)2 ﬁ +(1+A%)

since Re z > 0. If we set 7 = ez/k? and substitute A = |7|'/2¢, we also get the
bound
C

13.75 I< .
( ) = lezpP/?
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The same bound can be established for
|K2W (k1,y = 0)]2.

Hence, recalling the definition of ¢ in (13.25), we conclude (using both bounds
(13.74) and (13.75)) that

(13.76)
[[KIY2E2 + [[ez] 1/ 4E?

< CRP262 4 ez~ V4e) + C / ik, ko) 2.

Note that by (13.24) and (13.21)
b=b.
Using this and (13.76), (13.73) in (13.70), we arrive at the following result:

Lemma 13.13. For any 6 > 0 there is a constant C' such that

(13.77)

2 .
ow

oyt

02w
Oy?

Mo (k) / KB (k)2 + e 2[4 (K, ) + [ex]? dy
0

< O (k) { [IK5/2a]2 + |[KI/2dP ez /452 + | [K[/2]2 + [lez*/4ef?]
+/ |ﬂ(k,k2)|2dk2}.

Using the uncertainty principle (Lemma 3.3), we can replace As(k) on the left-
hand side of (13.77) by 1, provided § < w/(4Rg). Taking the inverse Fourier
transform in k, the proof of Lemma 13.3 follows.

Having completed the proof of Lemma 13.3, we now proceed to prove Lemma
13.1.

Proof of Lemma 13.1. Set
(13.78) M = |(a,b,c, o -

Since W has compact support (see (13.10)) we can estimate lower derivatives of W
in terms of higher derivatives, by integrating along the z-direction. Using Lemma
13.3 we get

(13.79) ( /R

By interpolation and Lemma 13.3 we then deduce that

WY < CoM,  Jez( / W22 < oM.
R2

2
+ +

(13.80) (/ IDEWP)V2 < CoM for 0<k<3.
B

Let ¢ = ((y) be a C*° function, ((y) =1ify > —1, {(y) =0 if y < —2. Extend
W(z,y) toy <0 by

Wa,y) =D \W(z, —§><<y>

<.
I Mw
o
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so that
k _ ok
Oy W(z,0+) = 0,W(x,0—) for 0<k<3,
by choosing the \; to satisfy

3
1
S N(=)F=1 if 0<k<3.
=
By (13.80) and Lemma 13.3
([ (DEWE + |DIWP2 < Co.
R2
The Fourier transform W (k;, ks) of W then satisfies
IRl 3 k)] + a3 )Y < o,
R2

Since
kiks + kP ka| + [kik3| < C(k7 + k3),
it follows that

(13.81) (/ VAW |%)Y2 < CoM.
R2
2
Similarly we can use the estimate

esI{ [ ID2WE + DSR2 < o,
:

to deduce that

(13.82) |ez|(/ IV2W[2)Y2 < CoM
R
and, by the trace embedding, also
0
(13.83) |ez|(/ V321 (2, 0)[2) /2 < Co M.

We shall now apply the interpolation formulas [7, p. 49]

1/2 1/2
1D 2@y < Cllull bt lullis e,

1D 2 Laay < Cllulfhte lull e -
where G = R% N {z? + h? < R}} and u = D*W. Using (13.81), (13.82) we get
lez|Y 4| DV2D3W || 126y < CoM,
lez> 4| DV2D2W || 12y < CoM
and then, by the trace embedding,

0

(13.84) |ez|1/4[/ \DSW (z,0)[2]/2 < CoM,
_0

(13.85) |ez|3/4[/ \D2W (2, 0)2]/2 < CoM.
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We now turn to F'. From (13.81), (13.82) and the trace embedding we have

0
[/ \D7/2W (2, 0) ]2 < Co M,

|62|[/0 [DW (,0)*]'/? < GoM.

—0o0

Using (13.4) we conclude that

0
(13.56) [ 1DrRRe < cont

— 00

and then, by (13.3),
0
(13.87) A DR < Cont.

Using the inequality
|22 1K < O(2IKI2 + [KI77?)
we conclude from (13.86), (13.87) that

0
21D < Cod,

o0

To complete the proof of Lemma 13.1 it remains to establish the bound

0
(13.88) |62|1+1/4[/ 10, (, 0)[2]"/% < Co M.

To prove it we use (13.52). Recalling the definition of 6 in (13.40), (13.37), we
obtain

|62//€2|1/2
|1+ ez/k?|
where B(k) is equal to |k| times the expression in brackets in (13.52). Its L?-norm

is bounded by CM? (by (13.6), (13.78)). Using the uncertainty principle (Lemma
13.3) we then get, from (13.89),

(13.89) ()| E (k)| |ez|V/? < C As(k)B(k) ,

0
|@MJ ID3FPM2 < Col.

— 0o

Using this and (13.84) in (13.4), the assertion (13.88) follows. O

14. AUXILIARY RESULTS NEEDED FOR PROVING THEOREM 10.2

Lemma 14.1. Let ¢, f be as in Theorem 10.2, but assume that (10.8), (10.9) hold
for some unrestricted real numbers a, 8. Then for any positive integer j there is a

positive constant C' such that for all (z, y) € R2,
( ) Do) Cro—d ifr>1,
14.1 Dip(x,y)| < .

CrP=i ifr<1,

and

(14.2) DI f(z)| <CO+|z)*7 if —co<a<—1.
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Proof. The proof of (14.1) for r < 1 is similar to the corresponding proof in Lemma
11.1; we use scaling and elliptic estimates (which can be justified by Remark 10.2).
To consider the case r > 1 we introduce

Y(z, y) = ¢(Rx, Ry), g(z)= f(Rx)
for R > 1. Then
A% =0 inR%,

(14.3) MR9+50%_2_Z:0 ify=0, x<0,

and v, g satisfy also the boundary conditions (1.2), (1.3), (10.6). Thus the only
difficulty that arises in estimating the derivation of ¢, g is due to the large coefficient
uR of g in (14.3). We shall overcome this difficulty by the same idea that was used
in the proofs of Lemmas 7.1 and 9.1. We introduce a cutoff function £ such that

§=11in (B2\By)" and set
b=¢&), G=¢g.

Then @, G satisfy a system as in Lemma 13.2, where f is a linear combination of the
first three derivatives of 1. Applying Lemma 13.2 step-by-step with m = 3,2, 1,0,
and using the assumptions (10.8) (for » > 1) and (10.9), we establish the bound

|Di®d| < CR*, |D’G|<CR*
for any j, from which assertions (14.1) (for » > 1) and (14.2) follow. O

In the rest of this section we assume that o, @ satisfy (10.17).
Define functions

(14.4) bay) = [ doy [ dos [ dmaplan).
0 0 0
(14.5) F(x) = / da:1/ darg/ dxsf(xs) .
0 0 0
Then
(14.6) |DI®(z,y)| < CroT377 ifr — 00,
(14.7) |IDIF(z)| < C(1+|2))*T377 forall —co<z<—1.
By (10.6),
o3 2 3 .
(14.8) 53 [(3D2Dy + D)) @ + 0Fpes| =0 ify =0, 2<0.
Hence

(3DIDy + D) ® + 0F 0o = Az® + Ba++ ify=0, 2<0.

Since, by (14.6) and (14.7), the left-hand side is O(]z|*) as © — —o0, A and B
must be equal to zero, and so

(14.9) (3D3Dy + D}) ®(%,0) + 0 Fpue(z) =7 ifz <0,
and F,., = f. We shall extend f(x) to x > 0 as a distribution, by

(14.10) of(x)=~— (3D}Dy + D}) ®(x,0), z>0.
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Then, defining F'(z) by (14.5) also for z > 0, (14.9) holds for all € R, and then
so do (14.7) for |z| > 1 and (14.8).
Next we introduce a convenient definition of the Fourier transforms for ® and

e ME(2) @ (x, y)do

(14.11) V2”/
. 1 e8] ik 86 ) o d
+\/_7r (ik)5 /_ooe gos (1= E(@) ®(@,y)]dz

~

F(k) = e~ ke (x) f(z)da
(14.12) ‘/ﬁ /

1 © _ik 86
KT _— 1 _ d
o= e | (= )@
for k # 0, where £(z) is the same cutoff function as in (11.2). By (14.6), (14.7), the
integrals in (14.11), (14.12) are absolutely convergent.
We also define the Fourier transforms

(k. y) = m / e~ *ee () p(x, y)da
(14.13) I
W_7 T / e (= @)l s

k) = = / e g(2) f(2)da

0 3
W—W @;) / ’“88— (1~ £(@)f(x)] da |

for k # 0; by (14.1), (14.2), these integrals are absolutely convergent.
As in the proof of (12.6),

(14.14)

(14.15) (ik)*®(k,y) = Bk, y) , (ik)*®y(k,y) = oy (k,y) ;
similarly
(14.16) (ik)*F(k,y) = f(k) .

By integration by parts,
[3(zk)3D + D3] (k. 0) + o(ik)> F(k)

—ikx 83 63 83
— —27r /_Oo e [(3—813287; + —8y3) (&P) + 081:3 (fF)] dxz
11 >, 08 & RE &
t o | (B o) (-0 o e

Integrating by parts three times in the first integral and using (14.8) (which holds

for all z € R, by (14.10)), we find that the sum of the right-hand side vanishes.
The same is true of the left-hand side, and so, by (14.15), (14.16),

[3(ik)?Dy, + D3] Gk, 0)(ik)® + o (ik)® F (k) (ik)* = 0

Using (12.1) to reduce the order of the differential operator on the left-hand side,
we get

(14.17) 2|k|k*G(k,0) = iok®f(k) ifk#£0.
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Lemma 14.2. If f is extended by (14.10), then (14.17) holds,

(14.18) o(k,0) s analytic in {Im k >0} |
(14.19) oy (k,0) is analytic in {Im k >0} ,
(14.20) |k|py(k,0) s analytic in {Im k <0} ,
and

(14.21)

wf (k) + Bo(ik) f(k) — (ik)@(k,0) is analytic in {Im k <0}
and all these functions are continuous up to Im k=0, k #0.

Proof. The proofs of (14.18)—(14.20) proceed exactly as in the case of Theorem
10.1 (see §12). Thus it remains to establish (14.21); here we shall use the boundary
condition (10.5).

From the definitions of f, @,

f k)T R - —zk:w v "
AT T8 - (9560 = =/ ) e+ 2 N5 2 (€e(@0)]

- e—zk:w o _ 9 B . '
b T e 0= 7+ (= 0) = (= el 0)

We break up each of the two integrals into ffoo + fooo. In the second integral f_ooo
the integrand vanishes if || > 1 (by (10.5)) and therefore we can integrate by
parts three times. We then find that the sum of the two integrals f?oo is equal to
zero (again by (10.5)). Finally, each of the integrals fooo has analytic extension to

{Im k < 0}. O
15. PROOF OF THEOREM 10.2 FOR n =0
Consider first the case p # 0. From (14.17), (14.21) we have
2k2 || (1 + Bo(ik)@(k,0) = ok%i(uf + Poik f)
= —ok*P(k,0) + analytic function in {Im k < 0} .
Therefore
(15.1)
[0k + 2(sgnk) ™" (u+ Boik)] §(k,0) is analytic in {Im k < 0} .
Introduce the function
ok + 2(sgnk)(u + Boik)

15.2 k)=
(15.2) p(k) (0 + 200i)k
for k real, k # 0 ((sgnk)~! = sgn k for such k’s) and note that
) o — 281
1 k 1 1 k)= ——F—.
k_l,rfoop( )=1, k—l>I—noop( ) o+ 20oi

Define the number py by (10.11) or, equivalently, by

_ i g — 26()i 1
15.3 2mpoi _ Z_ ZFOT Z
( ) € o+ 26071 ) <po < 9
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and set
(ky=70, k>0,
(15.4) re(k) = (k)™ = ‘
e~ POt (—f)ro k<O,
(k)y=70, k>0,
(15.5) r_(k) = (k)Z° = _
emPot(—k)TPo o k<0
Then
T+(k) —2mpot g — 2607’ :
= f
(k) o250 LE<0
r4 (k) :
=1 if .
(k) iftk>0
The function
r_(k)
15.6 k) = p(k
(15.6) (k) = = )
satisfies
21 1
1+ — - k>0
otk "D
(15.7) Ak) = ) .
I
1l—-— = k<0
o280 k' S0

and, in particular, A(k) — 1 if & — +oo. By (10.7), A(k) # 0 for all £ # 0. It
is easily seen that in each interval {0 < k < oo}, {—00 < k < 0} the phase of A(k)
varies less than m. We can define a branch of log A(k) in each of these intervals
by taking log A(k) — 0 if & — £oo. Then arg A(k) € (—m, ) and log w(k) is well
defined for k € R\ {0} ; it may have a jump at k = 0.

For any z € C, I'm 2z # 0, define

(15.8) g(z) = Zim/oo % dk .

— 00

In view of (15.6), the integral (taken in the sense of the principal value) is convergent
and it defines a holomorphic function. Since log A(k) is Holder continuous for k # 0,
we have the well-known jump relation

(15.9) g(k+0,0) — g(k —0,0) = log A(k) if k € R\ {0} .

Set

(15.10) Lok _ { gi(k) ifImk>0,
q-(k) if Imk<0.

Extending r (k) and r_ (k) as analytic functions into Im k > 0 and Im k < 0 by
the second parts of (15.4) and (15.5), respectively, we form the new functions

My(k) =ry(k)gye(k) for Im k>0,

(15.11)
M_(k)=r_(k)g_(k) forImk <0;
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they are analytic, and can be extended continuously to Im k& =0, k £ 0. We also
have, by (15.6), (15.9),

M, (1)
15.12 k)= keR\O.
(15.12) o) = T hem
From (15.7), (15.8) we deduce that g(z) — 0if |2| — oo; consequently, by (15.10)
(15.13) lgx(2)| =1 if [z2] = 0 .

We proceed to study the behavior of ¢4 (z) as z — 0. Writing

21 1 21 1
log (1- —H - log 1+ —£ =
/0 Og( o — 2foi k) /°° Og<+a—2ﬁoiu>
=— du
0

)

o k—z u+z
we have
(15.14)
[ 2u 1 2u 1
~ | log <1 +— —) log (1 +— —>
1 2 k -2
log () = o + 2001 _ o—20pt k i

2mi J, k—z k+z

[ 2u 2u
] — =) g (ke —2E
1 [ Og<k+a+2ﬁoi> Og<+a—2ﬁoi> "

2mi Jo k—z k+z

1 ° 1 2z
— log— | ——————dk =1L L
+2m'/0 <ng) k= 2)(k+2) 1

for Im z # 0, where ¢ = ¢+ in Im z 2 0.

In Lo we substitute k = —|z|£, 2 = |z|w to obtain
w [ 1 d¢ w /OO( 1) d¢
Lo=— log— ———— + — log= | ——————
TmiJy Ul E—w)(Ew) T wi )y ¢) (€—w)(E+w)
= Loy + Loo .

Loo is obviously bounded. To evaluate Lo; we compute

1 o 1 1
/= / = w£+w):%/o <£—w_£+w>d5

— % [Log(§ — w) — Log(§ — w)]

oo

0
where

Logé =log|é| +iArg(§) , Arg() € (—m,7) ;

note that the upper limit vanishes.
Suppose first that Im w > 0, i.e., Arg(w) € (0,7). Then, as £ — 0,

Log(§ — w) — log|w| + i Arg(—w) = log |w| + i[-7 + Arg(w)] ,
and

Log(¢ 4+ w) — log |w| + i Arg(w) ,
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and therefore

o
=5
Hence
1 1
(15.15) ngilogm—i—O(l) as|z| =0, Imz>0.

On the other hand, if Im w < 0, then J = —7i/(2w), so that

1 1
(15.16) LQ:—§logm+O(1) as |z] =0, Imz<0.

Next we evaluate L; as z — 0. Observe that the integrand vanishes, at z = 0,
for all k& # 0, and the part of the integral from any k = 6 (6 > 0) to k = oo is
uniformly convergent. Hence

2u 2u
1 _— 1 k+ ——
: /5 Og(ﬂﬂ%i) - Og( +0—260i> dk + O(1)
27t Jo k—z k+z

1 24 o dk 2 o dk
— L - L
omi l Og(a+2ﬁoi)/0 k-2 °g<a—2ﬁoi>/0 k+ 2
1
+o(log—> .
2|

The last expression in brackets is equal to

2
log | 2] {— Log B4 Log

] +0(1),

1
20 + Boi o — 201

and therefore

1 2 2 1
L = —log|z| iArg—'u,—iArg—u +ollog— ) .
2mi o— |z

20801 o+ 20yt
Set
21 21
71270_2501.7 722704_2501.7
so that

= 726—27rp0i )

Clearly 71 and 72 belong respectively to the fourth and first quadrants, so that
Arg(y1) = Arg(y2) — 2mpo -
Consequently

Ly = 5 (log |=]) 2mpof1 + o(1)]

Combining this with (15.15), (15.16) and (15.14), we get

¢4(2) = Cyle|* ™ 2(1+0(1)) asz—0,
(15.17)
q_(2) = C_|z|Pot/2(1 +0(1)) asz—0,
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where Cy are constants. Recalling (15.11) and the definitions of r4 (k) and My (k),
we see that

(15.18)
M, (k) ~ Cy|k|7Y2 | M_(k)~C_|k|"? as|k|—0

with other constants C'y. From (15.13) we also get

(15.19)
My (k) ~ Cylk|=7 , M_(k)~C_|k|=" as |k| — oo,

where éi are constants.
We now introduce the Wiener-Hopf decomposition

{ My (k)p(k,0) for Im k>0,

M_(k)p(k)p(k,0) for Imk <0 .

By (14.18) and (15.1), (15.2), Q(k) is analytic in the set {Im k # 0}; furthermore,
it has continuous extension to Im k =0, k #£ 0.

By Lemmas 11.2, 11.3 (which hold for the present case, with the same proof)
and by (15.18),

(15.20)
—1/2
%<C|k|€‘l ifk—0, Imk>0
[kQ(k)| <
Clk|=Po e :
WSCW if |k| 500, Imk>0;

We conclude that kQ(k) is holomorphic at kK = 0 and at k = oo, and it vanishes as
|k| — oo. By Liouville’s theorem it follows that kQ(k) = 0, and therefore ¢(k,0) = 0
ifkeR, k#£0.

The proof that @,(k,0) = 0 if k£ € R, k # 0 is the same as in §12, and we can
now proceed as in §12 to complete the proof of Theorem 10.2.

So far we have assumed that p # 0. If u = 0 then A(k) = 1 (see (15.7)) and
q+(z) = 1. Tt follows that (15.19) holds for both |k| — oo and |k| — 0, but the rest
of the proof remains unchanged.

Completion of the proofs of Theorems 10.1, 10.2. To prove Theorem 10.1
for n = 1 we note that, by Lemma 11.1, we can apply Theorem 10.1 for n = 0 to
@z. We then conclude that ¢, = 0, from which it easily follows that ¢ = 0. The
proof of Theorem 10.1 for n = 2,3,... follows by the same argument. Theorem
10.2 for n > 1 can be proved in the same way, using the estimates of Lemma 14.2.

16. ANOTHER LIOUVILLE TYPE THEOREM

The techniques developed in this paper can be used to establish other Liouville
type theorems. We illustrate this in one simple example:

Theorem 16.1. If

(16.1) wAp— A’ =0 inRY (Rew>0, w#0),
(16.2) o(x, 0) = 0yp(z, 0) ifzeR
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and

(16.3) lo(z, y)| < Cr* ifr>1

for some oo < 1, then ¢ = 0.

Proof. We claim that

(16.4) |D? 0z, y)| < Cro—d ifr>1.

Indeed, we shall prove this by the method used to prove Lemmas 7.1 and 9.1.

~

Suppose § is a cutoff function, { = 1 in Ba\ B2, and let §; = {p;, where
ej(z, y) = o(Rjz, Ryy) (R; / 00) .

Then we can prove, by the argument given in the proof of Lemma 7.1, that

(16.5) D'9.3; < CR;

provided the following estimates hold:

~ C
(16.6) |D'0,Vg,| < 2] for 0 <y <wyo (yo >0 and independent of j) ,
J
where C'is a constant depending on [. The proof of (16.6) follows directly from the
estimates in §5. (Note that in Section 9 we proved that
~ C
|DlVRj| < ﬁ
J
holds in a rather restrictive domain (cf. Figure 8.2); the difference between this
inequality and (16.6) is that 9., which occurs in (16.6), eliminates the boundary
layer effect at y = 0 manifested in (5.10).)
From (16.5) we immediately deduce the assertion (16.4). We can now define the
Fourier transform by

~ 1 1 o [ 92 ik
Sp(kay):\/ﬁ (Zk)Q/ [@ @(x,y)]e kdx, k#0,

and derive the equation
[w(D; + (ik)?) — (D2 + (ik)*)*] @(k, y) =0 .
From this and the bound (16.4) we obtain:
Bk, y) = A(k)e ™Y 4 B(k)e VE+oy k20

and, since
0%¢(z, 0) _ 9 2p(x, 0) —0
Ox2 oy  Ox? ’
we have (ik)2A(k) = (ik)?B(k) = 0, so that p(k, y) = 0if k # 0, and the assertation
» = 0 easily follows using the growth condition (16.3) with o < 1. O

We can also prove the theorem by using the method of Part I. But more simply,
we can use (16.4) to derive from (8.30) an energy equality for ¢,, which implies
that ¢, = 0, so that ¢ is a function of y. The only such function possible is

Co [(e‘ﬁy - 1) + \/z;y} (Cy constant) ,
but in view of (16.3) (with a < 1) Cy = 0.
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