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THE QUANTUM ANALOG OF A SYMMETRIC PAIR:
A CONSTRUCTION IN TYPE (C,, A1 x Cp—1)

WELLEDA BALDONI AND PIERLUIGI MOSENEDER FRAJRIA

ABSTRACT. Let Z be the ideal in the enveloping algebra of sp(n, C) generated
by the maximal compact subalgebra of sp(n—1,1). In this paper we construct
an analog of 7 in the quantized enveloping algebra { corresponding to a type
C), diagram at generic ¢q. We find generators for Z and explicit bases for /7.

1. INTRODUCTION

The representation theory of the quantized enveloping algebras resembles, at
least in the generic case, the corresponding theory of their classical counterparts.
There are however notions that are not readily generalizable though they are impor-
tant in the nondeformed picture. In particular one would like to define a quantum
analogue of a symmetric pair (g, €) where g is the complexification of a semisimple
real Lie algebra gg and ¢ the complexification of a maximal compact subalgebra of
go- This notion has an obvious quantization only in the hermitian symmetric case.

In this paper we give a construction of such a quantization in the case where
g ~ sp(n,C) and ¢ ~ sl(2,C) x sp(n — 1,C). This pair arises from the semisimple
group Sp(n —1,1). As a consequence of our construction we prove two results (see
§ 8): in the first one we deal with a behavior that appears only in the deformed
picture, while the second one extends a well known classical situation.

We now describe our results more precisely. Let i be the quantized envelop-
ing algebra corresponding to a diagram of type C,. The difficulty in finding a
deformation of ¢ is in finding generators for the sl(2, C)-part. This is because the
sp(n—1,C)-part corresponds to a subdiagram of the Dynkin diagram of g, so it has
an obvious analog in 4 that we denote by 9. It is then natural to require that a
deformation K of ¢ should contain 2.

In the classical setting, the left ideal in the enveloping algebra of g generated
by € is precisely the annihilator of the g-invariant vectors in the finite dimensional
representations of g, so in order to define a deformation of £ we need to identify its
spherical vectors in the finite dimensional representations of 4l.

Any finite dimensional irreducible representation F(A\) of g has a deformation
V(A) that turns out to be an irreducible finite dimensional representation of 4, and
essentially all finite dimensional irreducible representations of il are obtained this
way. In order to describe the quantum analogs of the €-spherical vectors we only
require that the deformations of the irreducible representations that are of class one
for the pair (g, £) should be of class one for (U, R). Since My should be contained
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in R, it is easy to deduce from a multiplicity one argument that we must choose
as spherical vectors for £ the 9p-invariant vectors in the deformations of the class
one representations of the pair (g, ).

In our work we construct explicitly a finite set K of elements of 4 that annihilate
these vectors (see (4.2)). We observe that these elements are deformations of a set
of generators for &. We define R as the algebra generated by K, and then show
that the annihilator Z of the 9Mp-invariant vectors that occur in the deformations
of the class one representations of (g, ) is exactly 7 = (&N A) (here A is the
augmentation ideal). An immediate consequence of our work is the fact that the
annihilator of all &-spherical vectors is precisely J.

Most of the paper is dedicated to the proof that the ideals Z and J are indeed
the same: the techniques are quite general and have applications that go beyond
the limited scope of this paper.

As an outcome we have the two applications we mentioned before. The first
consequence, loosely stated, says that the maximal ideal in 4 that annihilates the K-
invariant vectors and that has the coideal property is essentially U(9pN.A). In effect
the result (Theorem 8.1) is stronger and more precise, and shows the obstructions to
finding good analogs for the notion of a symmetric pair. The second application says
that what should be interpreted as the algebra of invariant differential operators
on the symmetric space is abelian (Theorem 8.5).

The paper is organized as follows. In § 2 we set up most of the notation and
describe the construction of a PBW basis for 4. In § 3 we reformulate some ele-
mentary linear algebra in the language of filtrations. In § 4 we give full details of
the construction of the left ideals Z and J as outlined in this introduction. Various
bases for 4l and for the $f-module /7 are then found in § 5. In § 6 we show that
/7 and U/ J both have Gelfand-Kirillov dimension equal to dim g —dim ¢. Finally,
in § 7, this fact is used to establish the equality between Z and J. In § 8 we give
the applications we alluded to above.

Both authors wish to thank Professor N. R. Wallach for having suggested the
problem and for his very helpful hints.

2. PRELIMINARIES

In this section we recall some of the basic constructions for quantized algebras
needed in this paper.

Let g = sp(n,C), let t be the complexification of a Cartan subalgebra ty of a
compact real form of g. Let (, ) be the Killing form. The form ( , ) induces an
inner product on the real space (v/—1tg)* by setting («, 8) = (ha, hg), where h,, € t
denotes the element such that a(h) = (h, hq).

It is known ([3]) that one can find an orthonormal basis {e;}i1, . » of (v/—1to)*
such that the root system of g is the set

R={xe;tejli#jIU{E£2eli=1,...,n}.
We choose the set
A={a;=¢;—eip1li=1,...,n—1}U{a, = 2e,}

as a set of simple roots for R and let R be the set of positive roots corresponding
to our choice.

If1 <4,j <n, weset a;; = 2(, )/ (i, a;). Let A denote the matrix (a;;). We
let 4 = H,(A) denote the quantized enveloping algebra associated to the matrix
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A. This is the algebra over the field C(q) with generators FE;, F;, K; and K, *
(i =1,...,n) satisfying the relations described in § 1.1 of [8]. As is now customary
we denote by 4™, 4T and U° the subalgebras generated by the Fj, E; and K, K. Iy !
respectively.

We let  be the C-algebra antihomomorphism of 4 defined by

(2.1) UE) =F, QF)=E, QEK)=K"' Qa=q¢"

Let W denote the Weyl group associated to R and let s; = so, (i =1,...,n) be
the simple reflections. Let wg be the longest element of WW. We choose a reduced
expression for wy in the following way:

(2.2) wy = sWs? s Vg
where
(2.3) s =g, . . sn...5.

This choice is fixed for the rest of the paper. From it we define a convex ordering
on RT so that we can write

R+ :{517627"'7ﬁ1\7}

where N = |RT| (= n?).

Ifi =1,...,n welet T; denote the automorphism of 4 defined in [8, Theorem 3.1].
Following [8, 2] we define the root vectors in i by means of the automorphisms 7.
We write the fixed reduced expression (2.2) as a product of simple reflections:

Wo = 84,84y + -+ Sin
and, for 8; € RT, we set
ng = Ti1 . 'njfl(Eij) and X_gj = Q(ng).

By [2], § 9.5, if «; is a simple root, then X,, = E; and X_,, = F;.

We set Q = >_" | Za; to be the root lattice for R and let P denote the lattice of
integral weights. Let Pt denote the set of dominant weights. We recall ([1]) that
in our setting P = "} Ze; and

P+:{Zaiei€P|a1zagz---zanZO}.
i=1

If A € PT we let V(\) denote the finite dimensional irreducible {-module of
highest weight A as defined in [7] or [4].

We will use the root vectors X, and the K defined above to determine a PBW-
basis for {: if I = (i1,...,in) € N¥ we denote X! = [1Xg ... X5 and yI =
QXN IF X =Y na; € Q then we set Ky = [[} K[, in particular K; = K,,.
We call the monomial Y7/ K, X! a standard monomial for 1.

The PBW-Theorem (see [8]) for quantized enveloping algebras states that the
standard monomials form a basis for 4.

If V is a 4%module, the weight space corresponding to a weight A € P is the
space

Va={meV |Ky-v=q"YvVaeQ}



3238 W. BALDONI AND P. MOSENEDER FRAJRIA

We say that the module V is {°-admissible (or simply admissible) if

V=W
AepP

Let Ad denote the adjoint action of $° on 4/ that is defined by setting Ad(K;)u =
KuK; . We observe that i itself is an admissible module, so we will denote by
i1y its weight spaces.

If a module V is admissible then one can define the character of V' to be the
formal series

X(V) = (dimg(g) Va)e .
A

It is known that the modules V() are admissible representations of #{ and are
exactly the irreducible elements in the category of finite dimensional admissible
$l-modules. Furthermore, if V' is an admissible finite dimensional representation of
# then V is completely reducible.

On the other hand, from the viewpoint of g, if A € PT we let F(\) denote the
irreducible finite dimensional representation of g of highest weight A. It is well
known that F'()\) decomposes into a sum of weight spaces F'(\), with u € P, so
one can define the character of F/(\) as

X(F(A) =Y (dime F(A),)e.
nerP
We will make frequent use of an important theorem of Lusztig ([7, Theorem
4.12]):
Theorem 2.1. If A € PT, then
dimc(q) V()\)“ = dim¢ F()\)“ YueP,
so, in particular, x(V (X)) = x(F(N)).

3. GENERALITIES ON FILTRATIONS

Many of the arguments and calculations in the paper can be seen most clearly
as general facts on filtered vector spaces and algebras. So for the moment we work
in this generality.

Let I be a well ordered set and let V' be a vector space; suppose that we have a
filtration F of V over I. This means that we associate to i € I a subspace F;(V)
of V' in such a way that, if i < j, then F;(V) C F;(V) and U,c; F:(V) = V. If
i €1, weset Fey(V) =32, F5(V) (if i is the minimum of I we set F;(V') = 0).
We set F(V) = F;(V)/F<;(V). If there is no chance for confusion we will denote
F;(V) by Vi, F<;(V) by Vi, and Fi(V) by V.

The graded space associated to the filtration F is

Grr(V) = @VZ = @Vi/v<i-
iel iel
As usual one can define the degree map dz : V — I by setting
dr(w)=inf{i e I|veV}
and the symbol map sz : V — Grg(V) by

sF(v) = v+ Veaz ()
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Lemma 3.1. If {v;};ecs is a subset of V' such that {sz(v;)} is a basis of Grz(V),
then {v;} is a basis of V.

Proof. If >~ cjv; = 0 set i = sup{d#(v;) | ¢; # 0}.

Since Y 2g, (v,)=i GV = = Dodp(v;)<i CiVi» We have that
0= Z cjvj + Ve = Z c;sF(v5);
dz(vj)=i dr(vj)=i

thus ¢; = 0 for all j such that dr(v;) = 4. This contradicts the definition of .
Let us prove that the v; generate V. Suppose not and set

i = inf{d(v) | v is not a linear combination of the v;}

and choose v that is not a linear combination of the {v;} such that d(v) = 1. Since
sr(v) € Vi /V;, we can write sr(v) = Y ¢;sx(vj) with sz(v;) € V;/Ve;. This says
that v — ) ¢jv; € V;; hence, by the minimality of 1,

v — E cjvj = E d, vy,

but then v is a linear combination of the v;. O

If B is a basis of V and 6 : B — [ is a map in our well ordered set, then we
can define a filtration F (8, B) of V by setting V; to be the subspace generated by
{w € B | 6(w) < i}. Notice that, if we set F = F(6,B), then dr(w) = é(w) for all
w € B. More precisely, if v € V and we write v as a linear combination of elements
of B,i. e. v =) c;w,, then dr(v) = sup{6(w) | ¢, # 0}. It is then clear that

(3.1) sF(v) = Z CrWr + Vede(v) = Z crsF(wy).
6(wr)=dz(v) b(wr)=dF(v)
Conversely, given a filtration F on V and a basis B of V| then setting § = dr|s
one can construct the filtration F (6, B). In general F differs from F (8, B), indeed
we have:

Lemma 3.2. If F is a filtration on V, B is a basis of V, and 6 = dx|g, then
F = F(6,B) if and only if {sx(w) | w € B} is a basis of Grg(V).

Proof. If F = F(6,B) then (3.1) says that {sz(w) | w € B} generates Grz(V).
If S ¢rsr(wy) = 0, then we can assume that dg(w,) = é(w,) = i for all r. This
implies that > c,w, € Vo, but then Y c,w, = > dsws with §(ws) < i for all s,
and this implies that ¢, = 0 for all 7.

Suppose now that {sz(w) | w € B} is a basis of Grz(V) and, for i € I, set V/
to be the space generated by the set {w € B | §(w) < i}. Clearly V/ C V;, and we
need to prove equality. Set ip to be the minimum element of I such that V; C Vj,
and fix v € V;, \ V;!. By the minimality of ig we have that dz(v) = io, so sz(v) =
S epsy(wy) with de(w,) = 6(w,) = dg. It follows that v/ = v — Y c,w, € Veyy;
thus, by the minimality of ip, we have that v' = Y dsws with dz(ws) < ig. This
implies that v = > c,w, + Y dsws € V| which is absurd. O

’io Y
A consequence of Lemma 3.1 is the following fact:

Lemma 3.3. Fiz a filtration F on V and a basis B such that {sz(v) | v € B} is
a basis of Grx(V'). Suppose further that a subset {v;};cs of V is given having the
property that for each j € J there is w; € B and a nonzero constant c; such that
sF(vj) = ¢jsr(w;).

Then if the map j — w; is bijective, the set {v;}jcs is a basis of V.
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Proof. Indeed {srz(v;)} = {¢jsr(w;)}. Since the map j — w; is bijective (and
¢; # 0 for all j), it follows that {sz(v;)} is a basis of Grz(V). The result now
follows from Lemma 3.1. |

The next result will be used in § 6. Suppose that there is a map ¢ : I — N; we
can define a new filtration (over N) on V' by setting, for k € N,

Vi = D Ve

B(i)<k
Analogously we can define a new filtration on Grz(V') by setting

Vim= > V"

(i) <k

Lemma 3.4. Suppose that the map ¢ : I — N is order preserving and that Vi is
finite dimensional. Then Vi) is finite dimensional and

Proof. If Vi) = 0 there is nothing to prove. If V() # 0 then we define a sequence
ig < --- < 1ip < --- in I as follows: set ig to be the minimal element of I; if i is
given we set ip1 € I to be the minimal i € I such that i > iy, and V¢ # 0. We
observe that V+1 = V;,  /V; and, obviously, V® = V; . Indeed suppose that
there is ip, < ¢ < ip41 such that V;, C V; and choose the minimal one, so that
V.; C V;, . By the definition of ij41 we obtain that Vi =0,s0 V; = V; C V;, .

Since dimV;, /V;,_, = dim V'i» it is clear that dimV;, > h, so there must be
r € N such that ¢(i,.) < k and ¢(ip) > k for all h > 7.

We claim that Vi, = Vi). In fact, if ¢(i) < k, then i < i,41; thus Viz) C
Veinyn = Vi,.. Our claim follows.

We now prove that

Vi =PV
h=0

This will conclude the proof. If i € I is such that ¢(i) < k and i # i for all
h =1,...,r, then there is 0 < h < r such that i), < i < ip41. The definition of
ip+1 implies that Vi=0. (|

We now specialize to 4. We will make extensive use of the filtrations on i
defined in [2]. In fact we will define two filtrations on 4 and then relate them in
Proposition 3.5.

If A= aa; € Q welet |\ =", |a;|; so, in particular, if « € RT, then |« is
the height of the root. Suppose that u = Y/ K, X! is a standard monomial; then
we define the total height of u to be

N
do(u) = (ir + jr)|Brl,
r=1
and if « € R we let o(a, u) be the exponent of X, in u. Then the total degree of u
is the (2N + 1)-uple

d(u) = (0(_ﬂNa U), s 70(_613 U), 0(617 U), ceey O(BNa U), dO(u))
We order the semigroup N2V +! by the lexicographic order < defined by

(i1, sdont1) < (Ji,-- -5 JaN+1)
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if and only if there is K > 0 such that ionyi1-x = Jony1-k for & < K and
ioN+1-K < J2N+1-K-

Using the standard monomials as B and the total degree d as ¢, we obtain a
filtration F on i as described after Lemma 3.1. It has been proven (see [2]) that
the filtration F is an algebra filtration, meaning by this that Upilp C Up4p: for
all D, D' € N2N+1,

In the rest of the paper we let Gr({) denote Grz(H), and, if u € Y, we set
d(u) = dr(u) and @ / sz(u). Since the filtration F is an algebra filtration, then
Gr(8l) is an algebra itself; indeed it is the algebra over C(g) with generators X,
(o € R) and Ky (X € Q) subject to the relations described in [2], Proposition 10.1.
Thus Gr(4) is a semi-commutative algebra (here we use the terminology of § 3.7 of
[9]). Tt is finitely generated with generating subspace

(3.2) Gr); = (Xo, Kio, |0 € Rii=1,...,n).

We can define another filtration Fy (over N) of 4, still using the standard mono-
mials as B but choosing the total height dy as 6. This is also an algebra filtration,
and if u € YU, we will use do(u) for dx, (v) and @ for sz, (u). We set also & = Grx, (L1).

If B is the basis of standard monomials for &I, then, by Lemma 3.2, the set

B = {YRKAXT} is a basis of Y. We take § : B — N2N*1 to be defined by
5 (YRK,\XT) =d(YPK,\XT) and let F = F(6,B). This is a filtration on i, and
we denote by d its degree map. By Lemma 3.2, the set {s= (YRK,\XT)} is a basis
of Gr#(4l), so we can define a linear isomorphism ® : Gr#(8) — Gr(il) by setting
O (s (YREAXT)) = (Y FEAXTY

We claim that, if u € 4, then ®(sz(7)) = @. Let us check this: set D = d(u)
and m = dp(u) and write u in terms of the standard monomials,

U= Z hrr YRR XT + Z ke YRR\ XT +

d(YRK,XT)=D dYEK\XT)<D
do(YRK\XT)=m

with do(u') < m. Clearly
u= Z hRTAYRKAXT—F Z kRTAYRKAXT;

d(YRK\XT)=D d(YRK\XT)<D
do(YRKAXT)=m

thus, by the definition of F, we have that d(w) = D. It follows that
Sf(ﬂ) = Z hRT)\Sf (YRK)\XT) ;
d(YEK\XT)=D

thus

B (s(u)) = > hrra(YEKLZXTY
d(YEK\XT)=D

which is precisely 4. The above discussion aims at the following result:

Proposition 3.5. Suppose that C is a basis of ik such that {0 | v € C} is a basis of
Gr(Y). Define 6 : C — N by setting 6(v) = do(v) for all v € C. Then Fy = F(6,C).
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Proof. By Lemma 3.2, it is enough to check that {o | v € C} is a basis of {[. Since
O({s7(0) [vel}) ={o|veC}

and since ® is an isomorphism, it follows that {s(7) | v € C} is a basis of Grx({).
Thus, by Lemma 3.1, {7 | v € C} is a basis of il. O

The filtration on 4 can be used to induce a filtration on modules. So for M any
finitely generated left {l-module and Mj a finite dimensional generating subspace of
M, then, as usual, we can define a filtration Fj; on M by setting, for D € N2N+1,
Mp = Up - My. Since F is an algebra filtration, the space Grg,, (M) is a graded
Gr(4)-module that we denote by Gr(M). If there is no chance for confusion we set
d(v) = dr, (v) and ¥ = sz, (v) for all v € M. In particular, if £ is a left ideal in {L,
then we always choose (C(q) + £)/L as a generating subspace of $/£ and denote
Uy = (1 + E)A.

4. THE QUANTIZATION OF ¢

Let ¢ denote the subalgebra of g whose set of simple roots is
A®)={2e1}U{e; —eip1 |1=2,...,n}U{2e,}.

In the classical setting ¢ is the complexification of a maximal compact subalgebra
of sp(n — 1,1). We now define a quantization of ¢ by giving a set of elements of
that, when ¢ = 1, reduces to a set of generators for ¢.

Set

(41) Xo = q_1X61—62X61+62 - qX61+62X61—62 Yo = Q(XO)
and
(4.2) K={Xo,YoJU{K |i=1,....n}U{E, F|i=2,...,n}.

We let R denote the subalgebra of 4 generated by K.

We now describe the characterization of a quantization of £ by means of invariant
vectors. The left ideal generated by € in U(g) is the annihilator of the vectors that
realize the trivial representation in the class one representations for (g,€). This is
the characterization of £ that we want to quantize. Thus we need a characterization
of the analogs of the ¢-spherical vectors.

Let m denote the Levi component of the parabolic subalgebra corresponding to
the simple roots in A(t) that belong to A. Thus a set of simple roots for m is

(4.3) Am)={e; — €41 |1 =2,...,n}U{2ep}.
We observe that
(44) m=0Pmg

where 0 = Chg,, and mg = [m, m].

Let 91 be the subalgebra of 4l generated by Kl-jEl (i =1,...,n) and by E;, F;
with ¢ > 2. We let 9y be the subalgebra generated by Kiil,Ei,Fi with ¢ > 2.
Note that £ is the subalgebra generated by Xg, Yy, and 9.

If £ € N we let

(4.5) A = k(er + e2).

Clearly A\, € PT. These are exactly the highest weights of the class one represen-
tations of (g,%). By a classical branching theorem ([6]) the £-invariant vectors in
F(\g) are exactly the vectors that are invariant for both m and my. We now show
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that the trivial representation of 9t and 9y occurs in V(A ) exactly once, and then
we will show that we must choose the 9-spherical vectors in V(\;) as analogs of
the €-invariant vectors.

Set Py = >, Ze; to be the lattice of integral weights of my, Py the set of
dominant weights, and Qg the root lattice. If \g € P(j" we let Fi(Ao) denote the
irreducible finite dimensional mg-module of highest weight A\g. Let Vo(Ag) be the
finite dimensional irreducible representation of 9y of highest weight .

Clearly 2ty is isomorphic to Ly (sp(n—1)). By Lusztig’s theorem (Theorem 2.1),
the character of Vh(\g) is equal to the character of Fy(Xo).

Let ¢ : P — Py denote the restriction of weights to v/—1toNmgy. We extend 1) to
the characters by setting 1(e*) = e Tt is clear that, if A € P, then 1(x(F(\)))
is the character of F()) as an mg-module. If M is an admissible {-module, v € M,
and K, € 4° N 9My, it is easy to check that K,v = ¢¥-)y. Tt follows that the
character of M as an My-module is equal to ¥ (x(M)), hence the character of V(X)
as an Mp-module is equal to the character of F'(\) as an mp-module. In particular
we have that Vp(Xg) occurs in V(\) with the same multiplicity by which Fy(Ag)
occurs in F'()).

To obtain the same result for 91, we first introduce PBW-bases for My and 9.
Let R(m) denote the set of roots of m. We have chosen the set A(m) defined in
(4.3) as a set of simple roots for R(m), and we let RT(m) be the corresponding set
of positive roots. In order to distinguish the root vectors that correspond to roots
in R(m) we set F,, = X_,, and E, = X, whenever a € RT(m), and, if J € NN/,
we set B/ = [V, EJi, where N’ is the number of positive roots for M. Let F’
denote Q(E7). If A € Q then we can form the monomials F/ KxE7'; note that
these monomials are particular standard monomials of Ll.

Proposition 4.1. The monomials FJK)\OEJ/ with Ag € Qo form a basis for M.
The standard monomials F? KxE”' with X € Q form a basis of M.

Proof. Since s (see (2.3)) fixes the roots of m and since 52 ... s("~Vs, is the
longest element of the Weyl group of m, the first result follows from the PBW
theorem for My and [2, § 9.5].

For 9 one has to argue as follows. Let 9 denote the span of the standard
monomials FEK,\ET with A € Q. Clearly 9 C M and E;, F; € M if i > 2, while
K; € M for all i. To conclude the proof it is enough to check that 90t is an algebra,
soset u=FREK\ET and v = FJKHEJ/. If we write A = > n;a; and p = > myay,
then we set Ao = >, nioy and po = ;. mic;. By the relations defining 4 we
know that there is k € Z such that wv = ¢*K" "™ FFK, ETF/K, E’. Since
the monomials F¥ K, EX form a basis of M, we can write

Uy = qu{”"’ml(Z cKLVOFKK,,OEL).
If we write v = (n1 + m1)oq + o, then we can find constants ¢, such that
uv = ZC'KLUFKKVEL.
This concludes the proof. O

If u is in the Y%-weight space $l,, we set A(u) = p. Notice that A(XT) =
S"riB; and A(YE) = — > r;8;. Notice also that, if A\ = A(EL), then FXK, EL =
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¢qMIFEELEK,. Tt follows easily that, if one defines
(4.6) Nrra = FRETK,,

then the set {Ngry} is a basis of 9.
We now turn to considering the $°-admissible finite dimensional representations
of M. We note that we can extend the action of My on V(o) to M as follows:

Lemma 4.2. Set uy = kei. If p € Py and v € Vy(Xo)u, define
m(FRETKy) (v) = ¢ ) o (FRET) (v),

where m denotes the action of My on Vo(Ao).
Then (m, Vo(Xo)) is a representation of 9.

Proof. Since the monomials FRET K form a basis of 9, this action is certainly well
defined. If A € Q¢ then (A, ug) =0, so, if u € My and v € Vo (o), then mp(u)(v) =
m(u)(v). Moreover, if X € Q, p € Py, and v € Vy(Ao)u, then mp(uK))(v) =
gt () (v).

It remains to prove that
(47 m(FRETK\)(my(FPE"K,)(v)) = m(FRETK\FTEYK ) (v).
If v € Vo(Ao)y then m(FH EX)(v) € Vo(Ao)ut~y, where v = AN(FHEL); thus

T (FRET K ) (mp (FY BV K, (v))
= O ) (BRET) (r (7 B ().
On the other hand
m(FRETEAFHEFK,)(v) = ¢M qMtmvtmd p(FRET R ER) (v).
Since n(FEETFHEL)(v) = n(FEET)(n(FH EL)(v)), we have (4.7). |

We let V(Ag, k) denote the representation of 9t we just defined.
Now let V be any $%-admissible finite dimensional representation of 9t and set

Vi ={veV| K, v=q¢*uv}.

By the admissibility of V' it is clear that V' = @, Vi and, since [Ka.,,M] =0, V;
is a {%-admissible M-module. If A € P and (Vi)x # 0, pick v € (Vi) such that
v # 0. If we write A = > n;e;, then Ko, - v = @™o = ¢**v; thus ny = k. If we
consider V;, as an admissible Mp-module and set \g = X\ — g, = >~ €4, then it
is clear that (Vi)x C (Vi)a, and that, if (Vi)x N (Vi)a, # O for some X € P, then
N = Xo+pr = A Since (Vi)y, = 69)\’ (Ve)a N (Vi) ag, it follows that (Vi)x = (Vi)ae-
Since Vj, is 4° N My-admissible, then, as a My-module, it is completely reducible
and its constituents are of the type Vo(Ao). If W ~ Vi(XAo) is such a constituent,
then

W=D Wi, =DWnN Vi) =DWN Vi)t
vo€EPy
thus, if w € Wy, and A € Q, then FEETK) -w = ¢ votm) FRET .4y € W. This
implies that W is M-invariant and, as an M-module, W ~ V (A, k).
This in turns proves the following: if V is a $’-admissible finite dimensional
IM-module, then it is completely reducible and its constituents are of the type
V (Ao, k).
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Since x(V (Ao, k)) = e*=x(Vo(Ao)), then the character of V(Ag, k) is equal to the
character of the irreducible m-module F'(A\g, k) = Cx ® Fy(\o), where Cj, denotes
the one dimensional representation of 9 such that hg., - v = 2kv for all v € Cy,
(recall the decomposition (4.4)).

Since V(A) is an admissible 9-module, we can write

X(VN) = mixg x(V (X0, k))
ko

= Z MEXg x(F()\o, k))'

k,\o

Since x(V(A)) = x(F (X)) we deduce from the linear independence of irreducible
characters that the multiplicity of V (Ao, k) in V(\) is equal to the multiplicity of
F(Xo, k) in F(X\). We thus have proved:

Proposition 4.3. The trivial representations of M and of My occur in V(Ag)
ezxactly once.

Proof. By the classical branching theorem ([6]) from sp(n) to sp(1) x sp(n — 1), we
obtain that the multiplicities of the trivial representations of m and mg in F(\g)
are both equal to one. O

We are now ready to define a quantization of U(g)t. Let vy € V(A;) be such
that C(q)vy realizes the trivial representation of 9t in V' (\g). Let ¢ be the homo-
morphism from i to C(q) defined by

e(E)=e(F;) =0, eK;)=¢K; " =1;
we recall that € is the counit for a Hopf algebra structure of 4. Let A = Ker(e)

denote the augmentation ideal of Ll.
Let 7 be the left ideal of 4 defined by:

(4.8) I={uceAlu-v,=0Vk}

We require that the representations V(i) be spherical for a quantization of €.
We also require that 9t should be contained in our quantization, so, by Proposi-
tion 4.3, the vectors vy must be invariant for the quantization of . Therefore we
call Z the quantization of U (g)¢.

We now relate Z with the quantization £ of ¢ described after (4.2). We first show
that RN A CZ.

Lemma 4.4.

L. [X()amﬂ] = D/Oamﬂ] =0.
2. Xo,Yp € .
3. ANACT.

Proof. First of all we observe that Xy € i, therefore [Xo, K;] = 0 if ¢ > 2.
Furthermore, from (A.2), (A.3), (A.5), (A.6), (A.8), (A.9), (A.11), (A.12) we obtain
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that [Xo, F;] = [Xo, F;] =0 for ¢ > 2, and that, if n > 2,
XoFs = Xey—e, EoXeiter — qXeites Xey—en B2
=q " BaXe, ey Xeites — Xer—es Xeyten
— Xertes EoXei—er + qXeyter Xey—es
=q "BaXe, ey Xeites — Xer—es Xeyten
—qE2Xe te, Xey—er +qXeites Xey—ey
=FEoX — Xey ey Xeyqer, T qXeyren Xey—ey-
It follows that [Xo, Ea] = —Xe,—es Xertes + G Xey+es Xey—es- By [2, Theorem 9.3,

we have that — X, _c, X, +e0 + @ Xey+e0Xey—e5 = 0.
An analogous computation works for [Xo, Fs):

[X07 FQ] = q_1X61—62 [Xel-i-ezaF?] - q[X€1+€27F2]X€1—€2
- _q_2X61—62X61+63K62—63 + X61+63K62—63X61—62
= _q_2(X61—62Xe1+63 — qXeites Xey—es ) Key—ey = 0.

If n = 2 one obtains the same result using formulas (A.2), (A.3), (A.8), (A.9)
instead.
Since Q(My) = My, it follows that

[Yo, Mo] = [Q2(Xo), 2(Mo)] = Q([Mo, Xo]) =0,

and the proof of the first statement is complete.
By Proposition 4.3, we have that Xg - vy = cvp for some ¢ € C(g). Since
Ko, - v, = vy, then
cvp = Koe, Xo - vk = q*cog;

thus ¢ = 0. The result for Yj is obtained in the same way, thus concluding the
proof of the second statement. Finally, the last statement follows from what we

just proved by observing that 9tN.A C 7. O
Set
(4.9) J =URNA).

The main result of the paper (Theorem 7.3) states that Z = . The proof of this
result spans the next three sections. We now give an immediate corollary: if V is a
finite dimensional l-module, a vector v € V is said to be R-spherical if RNA-v = 0.

Corollary 4.5. Let Tx denote the annihilator of all the K-spherical vectors. Then
Ik = (RN A).
Proof. Clearly Tyy CZ and J C Ik. O

5. BASES FOR U/J

Our aim is to prove that Z = J. To this purpose we need to determine several
bases of 41/ J. More precisely, our argument is divided in three steps:

1. We prove that the Gelfand-Kirillov dimension of $/7 is equal to the Gelfand-
Kirillov dimension of {/J (see Theorem 6.4).
2. We show that certain elements of 4l act injectively on 4/ 7 (see Corollary 5.8).
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3. Using step (2) we show that, if there is an element v € 7\ J, then the Gelfand-
Kirillov dimension of /7 would be strictly bigger than the Gelfand-Kirillov
dimension of /7, and this contradicts step (1).

In order to carry out steps (1) and (3), we need to find a basis B° of £/ such
that the set {9 | v € B°} is a basis of the graded module Gr(4/7) (here we are using
the notation we set up at the end of § 3). This is the basis given in Proposition 5.6.

For step (2) we compute the action of some elements of 4 on /7 by means of
carefully chosen bases of {1/ 7. These are the bases described in Proposition 5.7.

We now start the construction of the basis BY described above. We begin by
finding a basis of 4l other than the basis of standard monomials.

Set Mrr = YEXT with Y X7 that satisfies the following property:

(5.1) o(a, YEXTY =0 if ais a root of m,

where we recall that o(a,u) is the exponent of X, in u. We let B’ denote the
set {MgrrNywa}, where Ny is defined as in (4.6). An obvious consequence of
Lemma 3.1 is the following:

Lemma 5.1. The set B’ is a basis of L.

Proof. By the relations defining Gr(4) it is clear that there are nonzero constants
crrvwa € C(q) such that

(MrrNvwa)" = crrvwa(FV YR\ XTEWY

By Lemmas 3.1 and 3.2, the result follows. O

Next we consider the standard monomials M]%T = YEXT that satisfy property
(5.1) and the following property:

if o(e1 — ez,YRXT) # 0 then o(e; + eQ,YRXT) =0,
if o(e; + ea, YEXT) £ 0 then o(e; — ez, YEXT) =0,
if o(—e; — ea, YEXT) £ 0 then o(—e; +e2, YEXT) =0,
if o(—e; + €2, YEXT) £ 0 then o(—e; — es, YEXT) =0,

(5.2)

i.e. the root vectors X, ., and X, 1., cannot occur together in X7, and the root
vectors X ., 1o, and X_., ., cannot occur together in Y®. In the rest of this
section the exponent 0 in a new definition of monomials will always indicate that
the corresponding set will also satisfy the above conditions.

We now want to define a basis of 4 that involves explicitly our special elements
Xo and Yy defined in (4.2). Set My ivwa = MprYs XgNywa, and let C° denote
the set of all the monomials MIO{TijVW A

We wish to prove that C° is a basis for 4. For this we need to compute an
expression for Xy and Yy in terms of the standard monomials.
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Lemma 5.2.

M:

(53) XO = (_Q)n_l(q + q_l)X2€1 q - q l 2Xe1 E7X€1+E7)

z:2

(5.3) Xo= (=) """ g+ ¢ )Xo, — (4= O _(—0) " Xey e Xey—e)s

1=2

+2
o X_@l_@iX_el"FCi)?

M:

(54) Yo=(—q) """ Mg+q )X 2e, + (q—q~

1=2

NE

(5'4’) Yo = (_q)n—l(q + q_l)X—2€1 + (q - q_l)( (_q)i_2X—€1+€iX—€1—€i)'

=2
Proof. We prove by induction on n — j that
q_lXel—erel—i-ej - qX61+e]~X61—ej
(5.5) _ —1 = i—j —1 n—j+1
- _(q —4q )Z(_q) X€1—€iX€1+€i + (q +q )(_Q) X2€1'
i=j

If j = n then, by (A.23),
0 Xer—en Xerte, — A Xerten Xei—e,
= —(q—a ) Xe, e, Xerten — A Xerten Xey—c,]
= (0= ) Xe, e, Xerre, —alq+q )Xo,
If j < n, then, by (A.25),
q_lXel—e]-Xel-i-e]- — qXeyte; Xey—e;
(0= a7 Xer—e; Xerve; — A Xerte; Xer—e,]
—(q— a0 ") Xey—e; Xerte,
= (07 Xey—e; 1 Xertespn — 0 Xertes Xer—eppn)-

One easily verifies that (5.5) satisfies the recursive equation written above.
The other expression for Xy given in (5.3’) is obtained in the same way. One
obtains (5.4) and (5.4”) by applying Q to (5.3) and (5.3’). O

Lemma 5.3. The set CY is a basis for 4.

Proof. Let A denote the set of all R € NV such that X and Y# satisfy proper-
ties (5.2) and (5.1). If R= (r1,...,rny) € A and i € N, we set

R'=(ri4+4,72,..., 7001 +1).
If Re NY and i < min(ry,ro,—1), we set
R, =(r1 —i,re,...,ron—1 —4,0,---,0).
We begin by computing M%Tijvw)\: by Lemma 5.2 we have
Mriyws = (@ —q )YV EXT(X 0y es X o1 4e) (Xey—es Xeyren ) FVEV Ky
Thus, using the relations defining Gr(4l), we find that there is a nonzero constant
crTi;vwa such that

(5.6) MIO%TijVWA = CRTijVWAY(RI7V)[A{AX(T]7W).
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In view of Proposition 3.3, it is enough to check that the map
f:AxAxNxNxNN,xNNIxQ—»NNxQXNN
defined by
Fo (RT3, VW, ) = (R V), A (T, W)
is bijective. But this is obvious since the inverse of f is
g:NNXQXNN%AXAXNXNXNN,XNNIXQ,
g: (RAT) — (R, T3, 1,5, V, W, A),

where
i = min(o(—e; — 2, YY), 0(—e; + €2, Y'T)),
j =min(o(e; — ez, X7),0(e1 + ez, X7)),
V= (ran,...,rn),
W = (ton,.--,tN).
The proof is complete. O

We now modify slightly our basis {Mpr;;yyy} in order to get a basis of the

ideal A. TIf X # 0 set Nywar = FVEW(Ky — 1), and if A = 0 set Nywx = Nywa.
We set

M}%Tijvw,\ = M}%TYJXgNVWA-
It is rather easy to check that the set {M%TUVWA} is a basis of Y, and that

M%THVWA € A unless R, T,4,j,V,W, X\ are all zero, in which case it is equal to

1. Since 4 = C(q) @ A, it follows that the set {M}O%TijVWA} \ {1} is a basis of A.
Since, by Proposition 4.1, the monomials Ny, are a basis for 9, one can prove
analogously that the set { Ny} \ {1} is a basis of AN M.

We write M}%Tij = MIO{TijOOO = M}O%TijOOO for short, and denote by P the span
of the elements M, ;.

Lemma 5.4.
U=P' @ UANM).

Proof. We need only to prove that P° N (U(ANM)) = 0.
Suppose that Y- crrij Mpp;; € U(ANM); then

o .
E crrijMppi; = E uyw ANy

with uywa € 4and V, W, A not all zero. We write uvwa = > dppiiyr,Mbrijmo,
and substituting we obtain that

VWA 0 Y
E crTij MRTij = E drrijaruMrrijaLNvwa
VWA 0 Y
= Z drriiauMeri NHLuNvw .
Since A NM is an ideal of M, it follows that

. HLUVWA 1
NuruNvwa = E haph Napy
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with A, B, v not all zero, and hence

o _ VIVA HLuVWAL 70
E crrijMpri; = E drrijHLuVABY MprijNapy

VWA HLuVWA
- Z dRszHLp, AB'LVL MRTZ]ABU
with A, B, v not all zero. R
This contradicts the linear independence of the Mgy - O

The following lemma is the crucial technical result of this section: we obtain it
by a lengthy calculation that is described in Appendix B.

Lemma 5.5.

[XQ, YQ] € ﬂ(.A N f)ﬁ)

We finally arrive at the specific basis B for 4/ J described at the beginning of
the section. Set By = My, +J € 14/ J. Let BY be the set of the B

Proposition 5.6. The set B° is a basis of /7.

Proof. We need only to prove that the B%T are linearly independent, so suppose
that > crrB%r = 0 or, equivalently, that

ZCRTMI%TOO cJ;
then we can write
Z crr Mproo = 1 Xo + u2Yp + us

with uq,us € U and us € LI(A nm).
Write us = - dyriivwaMarigyws (s = 1,2); we notice that, if A # 0,

MIO{TijVW)\XO = MRTijNVW/\XO
= q(Qel))\)M}%TinONVW}\ + (q(Qel’A) - 1)M}%TinONVWO

so, replacing us by

~0 —1)" (21,4 ~r0
U/s = Z d?%TijoooMRTijooo + Z(q( ) @end) 1)d§%Tij00>\MRTijOOO
A#£0

for s = 1,2, and ug by ug + (u1 —u}) Xo + (uz — u)) Yy, we can assume that us € P°
if s=1,2.
Assuming this, we obtain that

(5.7) > errMprog =Y drriyMpr Xo+ > frri M Yo + us.
Recall that My, = MjYi X3, so, if j # 0 then
Myri;Yo = MppYs X3 Yo = M Yo X3~ YoXo + Mpr Yo X3 [Xo, Yol.
Write M Yi X3 ™'Yy in terms of the MY, v, i€
M}%TY(;X({_IYO = Z hHLleWAMI%LleWA?
then, reasoning as for u; Xy above, we can write

MYy X3 Vo X = Z W e M Xo + o'
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with v’ € YU(ANM). By Lemma 5.5, we obtain that

MppiiYo =Y WypuMppuXo+ " =Y WypuMy g +u”
with u” € (A NM). Substituting in (5.7), we find that
Z crr Moo = Z drrij Mpypi; Xo + Z SrTij Mppi; Yo + us
= Z drTis Mppigi 1) + Z frrio MprioYo
+ Z frrij Mg Yo + us
J#0
=Y drrijMprigny + Y fRTioM (i
+ Z 9RTij Mpr; + "'
70
with v’ € U(ANIM). By Lemma 5.4, it follows that
Z CRTMIO{TOO = Z dRrij MIO{Ti(j+1) + Z fRTiOM}(J%T(i+1)O + Z krrij MIO{Tija
70
and this contradicts the linear independence of the M}%Tij. O

We now start the construction of four new bases of {/J that we will use in
computing the action of certain elements of 4l on /7. The first basis is defined as
follows: we denote by M}, the standard monomials Y X7 that satisfy property
(5.1) and the following property:

(5.8) o(=2e1, YEXT) = 0(2¢;, YEXT) = 0.

This means that the root vector Xs., does not occur in X T and the root vector
X 9., does not occur in Y.

We will show that the set {M} + J} is a basis of 4/ J. This is the first of the
four basis that we need. The other three bases are essentially the same except that
we write the root vectors that occur in the monomials in a different order.

More precisely, we denote X = X7V ... X3! and 7Y = Q(#X). Set Mz, =
Ry XT, M%T = XTYE and Mf{T = TXYR. We also assume that R,T are such
that Y2 X7 satisfies properties (5.1) and (5.8). We can (at last) state

Proposition 5.7. Ifr =1,2,3,4, set B" = {Mp, + J}.
Then the sets B" are bases of U/ J.

An obvious consequence of Proposition 5.7 is the following result.

Corollary 5.8. Set X1 = X_¢,—e,, Xo = X 146y, X3 = Xej—ey, and Xy =
X€1 +ez -

Then X, acts injectively on /T (r =1,2,3,4).
Proof. Tt is enough to compute the action of X, using the basis B". O

The rest of this section is devoted to the proof of Proposition 5.7. We will give
full technical details only for the proof that B! is a basis for 4/, the other cases
being fairly similar.

We set M}%TUVW/\ = M}{TY(}XgNVW,\ and let C' denote the set of the mono-
mials Mg, iyyy- The procedure for showing that B' is a basis of {/7 is the same
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as in the construction of the basis B above: we first show that C! is a basis for i
and then apply Lemma 5.5 as in the proof of Proposition 5.6.

We cannot argue exactly as for the My, vy because the set { My, iy} is
not a basis for Gr(4l); thus we need to introduce a different filtration.

Using the basis B’ introduced in Lemma, 5.1, we define a map 6; : B — N2 by
setting

61 (MRTNVW)\) = (dO(MRTNVW)\)a 0(261, YRXT) + O(—261, YRXT))

We order N? lexicographically; thus, as described in § 3, the map §; defines a
filtration on 4l that we denote by F;. We let d; denote the corresponding degree
map. We notice that this filtration is not an algebra filtration; it is however true
that

(5.9) A (YEXTNywa) = di(YE) + dy (XT) + di(Nywy).
Indeed, since there is a constant C' such that
(YEXT Nywa) = CFVYRK\XTEVY,
it follows from the definition of dy that
do(YEXTNywi) = do(FY) 4+ do(YR) + do(XT) + do(E™)
= do(Y™) + do(XT) + do(Nvw).
By the definition of d; we find that
di (YEXT Nywy) = (do(YEXT Nywa), o(=2e1, YEXT) + 0(2e,, YEXT))
= (do(Y") + do(XT) + do(Nvwa), o(—2e1,Y ) + 0(2e1, X))
= (do(Y"),0(—2e1, YT)) + (do(XT),0(2e1, X)) + (do(Nywa), 0)
= di(Y") + di(XT) + di (Nywa),
which is exactly (5.9).

Lemma 5.9. Suppose that R € NV is such that X and Y® satisfy property (5.1),
and set R = (r1,...,rn +14,...,72,-1,0,...,0).
Then there are nonzero constants C' and D such that

1.
YRV = (O)Y R + 3 ery”

with dy (YT) < d (YRz)
2.

XRXE = (D)X® +3 " drx”
with dy (X7) < dy (XB").

Proof. The proof is simply a careful computation: the details are given in Appen-
dix B |

Lemma 5.10. There is a nonzero constant C;; such that

sr(MErijvwa) = Cijsm (Y XT Nywa).
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Proof. We write explicitly M}y = YEXT; then, by [2], Remark 10.1 (c),
Mll{TijVWA = YEXTY{ X Nywa
= YRY{XTX]Nywa + '
with dop(u') < dO(M}%TijVWA). Thus from the definition of F; we conclude that
di(u') < di(Mpp;jyw)- Tt follows that
SF1 (M}?,Tijvw,\) =SF (YRYOiXTXgNVWA)-
By Lemma 5.9, we can write
YRV XTX{Nywa = (C) (DY YR X7 Nywa + 3 cadpY 2 X B Ny
with di (Y4) + dy(XB) < dy(YE') + dy (XT7). o
Using (59) we find that dl(YAXBNVWA) < dl(YR’LXT] NVWA); thus, setting
Cij = (C)Z(D)J, we find that
s7 (Mprijywa) = Cigsr (Y XT Nywa),
as we wished to prove. O

Lemma 5.11. The set C! is a basis for 4.

Proof. Because of Proposition 3.3 and Lemma 5.10, it is enough to check that the
map (R,T,i,5,V,W,\) — YRiXTjNVW,\ is bijective. This is obvious since its
inverse is the map YEXT Nywa — (Ro,To,i,5,V,W,\), where i = r,, j = t,,
RQ = (7‘1,...,Tn_l,O,T'n+1,...,T'N), and TO = (tl,...,tn_l,o,tn+1,...7t]v). O

From now on we can follow the same steps as in the proof that B is a basis:
we write Mpr: = Mprp,jo00 for short and let P! denote the span of the elements
Mpyp;;- Exactly as in Lemma 5.4 we can check that

(5.10) U=Pl o UANM).

The proof that B is a basis of £/7 is identical to the proof of Proposition 5.6 if

we just replace the My, by the Mpy,. and use (5.10) instead of Lemma 5.4. O
6. GELFAND-KIRILLOV DIMENSION

We refer to [10] and [5] for definitions and generalities on Gelfand-Kirillov di-
mension. If M is a finitely generated module for a finitely generated algebra A,
then we let GK (M) denote its Gelfand-Kirillov dimension. We set

p=dimg—dimt¢=4(n—1).
Lemma 6.1.
GK(U/T) > p.

Proof. Recall from §4 that A\ = k(e1 + e2) and vy denotes a nonzero vector in
V(Ak) on which 9 acts trivially. If £ € N, we set V(k) = @, ., V()\,) and
v(k) = 3, v Let 8l be the space generated (over C(g)) by Xo (a € R)
and K. Clearly 4, generates ¢ (as an algebra), and we set ¥ = (4;)*. Let
(U/T)F = ¥ . (1 +Z). By the definition of Gelfand-Kirillov dimension,

GK (4/7) = lim sup(logy (dim(LL/Z)").
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We will show that there is a positive constant C' € N such that dim(4/Z)“* >
dim V (k). Set C" = |e; + ez| and C' = 3C". We define a map ¢y, : (4/Z)°F — V (k)
by setting ¢r(u +Z) = u - v(k). Since Z - v(k) = 0, it is clear that the map is well
defined. We claim that ¢y is surjective. We will show this by induction on k.

If k& = 0 there is nothing to prove, so let us assume that £ > 0. We observe
that there is v € U™ such that u - v, = v, , Where vy, denotes a highest vector for
V(Ag). We can clearly assume that u € 4y, , hence do(u) = |A\x| = C'k, and this
implies that u € UCF . Tn fact u is a sum of monomials of the type X% =TT, Xg:
with > 7;8; = Ai. Hence

BRI =) i<y rmilBil = l.
Therefore u € 4%,

Fix w € V(A) and suppose that w € V(A;),. We know that there is v’ € 4~
such that v’ - vy, = w; and, reasoning as above, we can assume that v’ € $,_»,.
Hence v’ is a sum of monomials Y with |R| < [Ar — p|. Let Ay = —\x denote the
lowest weight of V(\). Since p — A is a sum of positive roots,

e — pl < (A — g+ o= Al = [Ae — M| = [2X4],

and it follows that |R| < |2X\g| = 2C'k, i.e. v € 2% Since V(M) is admissible,
the outcome of the above discussion is that for any w € V(\g) there is v’ € Yok
such that v'u - v, = w.

If r < k, the weight A\, — A\; is not a sum of positive roots; hence u - v, = 0 if
r<k.

Fix v € V(k), and write v = wg +w with wg € V(k—1) and w € V(). By the
induction hypothesis we know that there is ug € YC*=1) guch that op—1(uo+7) =
ug - v(k — 1) = wy. We have proven above that there are uj,us € U2 guch that
UL - Vg = Ug - Vi, and usu - v = w. Then

v=wy+w=ug-vk) —uu-v(k)+ ugu-v(k)

and ug — u1u + ugu € 4% We have therefore proven that ¢y is surjective.

It follows that dim(4/Z)“* > dim V (k). By a result of Wallach ([13]; see also
Proposition 5.2 of [12] and the remark thereafter), it is known that dim V' (k) =
kP(A + C)), where A is a positive constant and Cy tends to zero as k tends to
infinity. Hence

GK (4/T) = lim sup logy, (dim(4l/Z)") > lim sup logc, (dim(&4/Z) ")
> limsup logeoy, (kP (A + Cy)) = p,
and the proof is complete. O

We now prove a result that slightly improves the results of [9] on the Gelfand-
Kirillov dimension of quantized algebras.

Lemma 6.2. If M is a finitely generated $4-module, then
GK(M) = GK(Gr(M)).

Proof. We wish to use a suitable generalization of Theorem 1.3 of [11].
Let k € N and set D; = (0,...,0,1) € N2¥+1 We define a new filtration F*
over N2V*1 by choosing

{Xo|a€ RYU{K |i=1,...,n}
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as a set of generators for ¢ and defining dz (X,) = kd(X,) and dgr (KEY) = Dy.
We also define a filtration F on Gr(4) by setting d]:-(Xa) = d(X,) and d}-(f(lil) =
D;.

As shown in Theorem 2.17 of [11], in order to prove our result, it is enough to
prove that GK(U/L) = GK(Gr(4/L)) for any left ideal L of . We observe that
one can generalize both Theorem 2.9 and Lemma 2.14 of [11] to our setting, so we
can conclude that there is k& such that

GK(Grzi(U/L)) < GK(Grz(Gr(U/L))).

To prove the lemma it is enough to show that

(6.1) GK(Grzx(U/L)) = GK(U/L)
and
(6.2) GK(Grz(Gr(U/L))) = GK(Gr(U4/L)).

Let ¢ : N2V+1 _ N be the map defined by
¢(dr, ... dant1) = dant1.

Notice that ¢ is an order preserving homomorphism. We can define a filtration
over N on 8L by setting im) = 3 4(p)<m FR(4). Since ¢ is a homomorphism, this
filtration is an algebra filtration. We also set (U/L) ) = (Lm)+L)/L. We observe
that dim(U/L) () is finite for all m. It follows from Proposition 8.6.5 of [10] that

GK(4/L) = limsup(log,, (dim (/L) () )-

Analogously we can define a filtration over N on Gr & () and on Gr . (U/L) by
setting

Gr i (W) ) = @ Fpe)/Fp(sh)
#(D)<m

and

Grew(U/L)m) = (Grzx (W) jm) + Grer (L)) /Grex (L).
Lemma 3.4 implies that the dimension of Gr & (U/ L)}, is finite; thus

GK(Grgx (U/L)) = limsup(log,, (dim Gr zx (L/ L) )
Applying Lemma 3.4 again, (6.1) follows immediately. The same argument applied
to Gr(U/L) gives (6.2). |

The results in § 5 coupled with Lemma 6.2 have as an easy consequence the fact
that the Gelfand-Kirillov dimension of $/7 is exactly equal to p. Indeed, we prove

Lemma 6.3.
GK(U/J) <p.

Proof. By Lemma 6.2, GK(U/J) = GK(Gr(U/J)). Since Gr(4l) is a semicom-
mutative algebra, the Gelfand-Kirillov dimension can be computed as if Gr(il)
were a commutative algebra: if R € NV we set |R| = > r; and define

Gr(),, = {YER\XT | |R| + |\ + |T| < m}.
Let vy = (14 J) and set Gr(&4/T)m = Gr()m, - v7. Then
GK(Gr(4/J)) = limsuplog,, (dim Gr($4/ T )m).
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It is clear that the elements M%Tijvw/\ vz generate Gr(U/J) and that
°r0 — 00
MRTijVW)\ Vg = MRTijVWO BCNVE

Furthermore, if 4, j, V, W are not all zero, then M%TUVWO-UJ =0. Thus Gr(4/ T )m

is generated by {YEXT . w,} with YEXT that satisfy (5.1), (5.2) and such that
|R| + |T| < m; it follows that dim Gr(4/J )., is bounded above by a polynomial in
m of degree p, and hence GK (44/J) < p. O

An immediate result is the following:
Theorem 6.4.
GKU/J)=GKMU/TI) =

Proof. Since J C Z, then GK({/J) > GK (/7). The result now follows from
Lemmas 6.1 and 6.3. O

7. PROOF OF THE MAIN RESULT
We have just proven that GK(4/Z) = GK (/7). Thus, by Lemma 6.2,
GK(Gr(l/T)) = GK(Gr(4/J)).

This is not enough to conclude right away that Z = J as it would be in the classical
case. The problem here is that the annihilator of the generator of Gr(Ll/J) in Gr(4l)
is not completely prime. The subject of this section is the work needed to obtain
the desired equality.

Set vz = (14+Z) € Gr(U/Z); since J C T it is clear that Gr(L/Z) is generated,
as a vector space, by B° = {M%. - vz}.

Let A denote the set of all MY,. We divide A4 into four subsets A, (s=1,2,3,4)
as follows

1. Ay = {YEXT | o(e; — €2, YEXT) =0 and o(—e1 — €2, YEXT) =

2. Ay = {YEXT | o(e; + €2, YEXT) =0 and o(—e; — e, YEXT) = 0},

3. Az = {YEXT | o(e; — ez, YEXT) =0 and o(—e; + €2, YEXT) = 0},

4. Ay = {YRXT | o(er +€2,YRXT) =0 and o(—e; + 62,YRXT) = 0}

Let A, denote the space generated by MI%T vz with MR, € Ay and, if i € N, let

(Ay); be the subspace of A, generated by the M% - vz such that |R| + |T| < i.
Set also ps(i) = dim(Ay);. Arguing as in Lemma 6.3, it is clear that Gr(U); - vz =

4 .
Zszl(AS)i~ _ _ _ _

If there are R = (7"1,.. ’I”Qn 1,0,...,0) and T = (tl,...,th_l,O,...,O) such
that YEXT € A, and YRXT =0, then for all R, T such that r; > 7; and t; > ¢;

for all i, we have that YRX T -vz = 0. It follows that (As)l is generated by all
YEXT . vr such that YREXT € Ay, |R| + |T| < 4, and there is j such that either
r; < 7; or t; < t;. Counting the number of these generators, we find that p,(4) is
bounded above by a polynomial of degree at most p — 1.

We will show that, if Z # 7, then for each s = 1,2, 3,4 there are R and T (that
depend on s) such that YEXT € A, and YRXT . vz = 0. Since

dim(Gr(4h)); - vr) < Y pa(i),
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it follows that dim Gr(l); is bounded above by a polynomial of degree at most
p — 1; hence GK(Gr(4/7)) < p and this gives a contradiction.

The rest of this section is devoted to carrying out this program. First of all we
set up some notation: if i =1 weset i/ = 2 and if i = 2 weset ¢/ = 1;if i = 3
we set i/ = 4 and if i = 4, we set i/ = 3. Set also € = —e; — €3, €2 = —e1 + €2,
€3 =e1 — e and €4 = e1 4+ e2. We start with a simple lemma:

Lemma 7.1. Let X; (i =1,2,3,4) be as defined in Corollary 5.8 and suppose that
Y and X7 satisfy property (5.2).
1. Ifi=1,2 then

X YE = Z enY + By oy,

with Y that satisfy property (5.2), o(ey, YH) < o(ey, YT), and do(YH) =
do(YR) + do(X5).
Furthermore, o(ey, YH) = o(e;, Y ) if and only if o(eyr, YR) = 0.
2. Ifi=3,4 then

X xT = Z dp X" +al xT X,

with X that satisfy property (5.2), o(eir, X*) < o(eyr, XT), and do(XH) =
do(X ) + do(X).
Furthermore, o(ey, X®) = o(e;r, XT) if and only if o(ey, XT) = 0.

Proof. We write explicitly

YR = Xt y R xn

—e1—e2 —e1+ez?

where R’ = (0,72,...,72,-2,0,...,0). If i = 1 and o(ey,YF) = r; = 0 then
X,YE = X" PlyR and there is nothing to prove (here ¢t = 0). If 1 # 0,

—e1—e2
then, since Y satisfies property (5.2), r2,,_1 = 0, and hence, by [2], setting c(q) =
q_(T2+"'+2T71+"'+T2n72)7

R - R/ 1
XY= X ., vFXxm

= C(Q)YR/X—Q—@ X

—ei1te2
(7.1) — R yi—1 ri—i
= Z C(q)y X—el+e2 [X_€1_€27X—€1+€2]X—161+62

1
+ C(q)YR Xh_l X—€1—€2X—61+€2'

—e1+ex
By Lemma 5.2

1
q—q!

n
- Z(_q)_i—”X—el—ei X—61+6¢ .
=3

X—€1—€2X—61+€2 = (YO - (_q)—n+l(q + q_l)X—2el)

Furthermore, by (A.25),

—1
[X—61—627X—61+62] =q X—61+63X—61—63 - qX—el—egX—el—i-egv
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so, substituting in (7.1), we find that

7‘1—1
R _ AR il r1—1
XiY" = E C(q)q Y X—e1+er—€1+€3X—€1_ESX—1@1+@2
i=1
T‘1—1

R yri—1 —i
- Z C(q)qY Xz—el—i-egX—el—esX—€1+€3Xilel-zi-eg
=1

()M g+
q—q!
- Z(_Q)_HQC(Q)YR Xile:—li-egx—m—@iX—Gl-i-Gi
i>2

(Y X1 X o

—ei1tez

C(Q) R yri—1
+—— Yo X 1., Yo

Since X_¢, +es X—ei+e; = X —e1+e; X—e;+ey, it follows that

Tl—l
XlYR = Z C(q)qm_BYR X—Gl+63X—G1—63the:iez
i=1

Tl—l

- Z C(Q)QQZ—lyR X—Gl—esX—Gl-l-@sXTe:-li-ez
i=1

(7.2) _(_q)—n-i-l (q+ q—l) - , -

- q— q—l C(q)q2rl 2YR X_261X1161‘1'FG2

— 3 (=) 2@ Y T X ey o X XL,
i>2

c(q) R yri—1
T YT X e Yo

We observe that, if i > 2, then Y& X_, 1. and Y& X_,,, are linear combinations
of the type 3. ¢4, Y  with o(—e; + e, YH') = 0. This depends on our choice of
the convex ordering on R and [2, Theorem 9.3]. Using this fact in (7.2), it follows
that

XYR =S ey xnt oy O Rty
¢—q

—e1+es —e1tea
. _ H _ yvH yri—1 R _ _c(a) Ry _ VR yri—1
so, setting cyg = ¢, Y7 =Y XU 1 oy = =T and Y =Y X"

we have our result. It remains only to prove that do(Y ) = do(Y®) + do(X;). By
eventually collecting terms we can assume that the Y are distinct, thus linearly
independent in 4. Set A = A(X;YF), and note that Y0Y, € 4y, thus Y cxgYH €
iy. By the linear independence of the Y it follows that Y# € i, for all H; but
then do(Y) = [A| = do(X1Y ) = do(X1) + do(YF).

The other cases are similar. |

If we write u € 4 as a linear combination of the My, iy, €.,
u="Y krrijywaMprivwa,
then
(7.3) do(u) = max{do(Mprijvwy) | krrijywa # 0}.
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In fact it is easy to check that
0 0
d(MRTijVW,\) = d(MRTijVWO)§
h?nce (MIO%TijVW)\)A = MIO%TijVW,\ - MI%TijVWO if A # 0, while (MI%Tig'VWO)A =
M r, jvwo- Furthermore we know from the proof of Lemma 5.3 that the MY, VWA

form a basis of Gr(l). It follows easily that the set {(MI(-)ETUVWA)A} is a basis of
Gr(44). Applying Proposition 3.5, we obtain (7.3).

Now fix v € $/J and write it in terms of the basis B°. Then v = Y hrrB%; =
S hrrYEXT + J. Set £(v) = do(> hrrY BXT),

v = Z hrrY*XT 4+ 7,
do(YREXT)=t(v)
and vo = v — v;.

Note that, if w € , then £(u + J) < do(u). Indeed, if we write u + J =
ShrrYEXT + 7, then u = S hrrY EXT + o/ with o/ € J. Write v’ as a linear
combination of the My vy

u' =" krrigvwaMprvwa
with ¢, 7, V, W or X not all zero. This implies that
u = Z hir MRrogono + Z krrigvwaMprivwai
thus our assertion follows from (7.3).
This implies that if u € 4, then £(u - v) < dg(u) + ¢(v). In fact,

- v) < do(u(Y_ hrrYRXT)) <do(u) + do(d hrrY"XT) = do(u) + £(v).
Ifi=1,2,3,4, set
0i(v) = max{o(e;, YEXT) | hgr # 0 and do(YEXT) = ¢(v)}.

Lemma 7.2. If v € U/ T, then 0y (X; - v) < 0y (v), and 0y (X; -v) = oy (v) if and
only if oy (v) = 0. Furthermore, if j # 1,4, then 0;(X; - v) = 0;(v).

Proof. Suppose i = 1,2. Clearly X; -v =X, v + X, - vy and
K(Xz . ’Ug) < do(Xl) + Z(’Ug) < dQ(Xl) + f(’Ul).
Write v1 = Y7 pr(Y)XT + 7, where pr(Y) =3 p hrrY . By Lemma 7.1,

XipT(Y) = Z CHTYH + Z hRTC(}J%YROYO
H R

with o(e;, YY) <oy (v) and do(X 5 curY ™) = do(pr(Y)) + do(X;).
Moreover, o€y, YH) = 0, (v) if and only if oy (v) = 0. This implies that

Xi-v = Xipr(Y)X" + 7
T
=> O eurY"XT 43O hrref Y)YV xT + 7
T H T R
=> O earY"XT+> O hrrcfiy ) [¥o, X1+ 7.
T H T R

Now, by [2], do(Y R0 [Yp, XT]) < do(Y Y5 XT), and, by Lemma 7.1,
do (Y'Y XT) < b(v) + do(X5),
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SO
X; v = ZCHTYHXT +J + v
HT

with £(v') < £(v) + do(X;). Since do(YHXT) = £(v) + do(X;), we are done if we
show that Y carY X7 + 7 # 0. By the linear independence of the B%, we
have that Y p curY#XT + J = 0 if and only if the cyr are all zero; but this
implies that X;pr(Y) = Y.z hrrcfY Yy, and hence X; - (pr(Y) 4+ J) = 0 for all
T. By Corollary 5.8, this says that pr(Y) +J = 0 for all T', and this is impossible
unless pr(Y) = 0 for all 7. In such a case we would have that v; = 0, which is
impossible. O

It is now clear how to proceed: one can use the various X; to move from one A,
to another.

Theorem 7.3. The annihilator of all the vectors vy is equal to U(RN A), i.e.,
I=J.

Proof. YT # J andueZ\J, thenv=u+J #0inU/J, s0v =3 hrrByy =

S hrrYEXT + 7. By picking the term Y X7 of top total degree, we have that

YEXT .y =0. Set i = 1,2 and j = 3,4. Because of Lemma 7.2, by applying X;

and X to v enough times we can assume that oy (v) = 0;/(v) = 0. Thus for each

s=1,2,3,4 there is YEXT € A, such that YEXT . vz = 0. O

8. APPLICATIONS

We first prove a result involving the so-called coideal property: we say that a
subspace S of il has the coideal property if

AS)CS@U+URS.

In the classical case any subspace of g has the coideal property.

Our result is negative: not only does U(RN.A) not have the coideal property but
we also show that (9N A) is the maximal left ideal that annihilates our vectors
v, and that has the coideal property. This contrasts sharply with the classical case.
The precise statement is even stronger:

Theorem 8.1. Suppose that S C A is a space having the coideal property such that
S’Ul =0.
Then S C (M N A).

The proof of the theorem is done in several steps: we begin with a computation.

Lemma 8.2.
XQ(’Ul X ’Ul) 7& 0.

Proof. Using the formulas in Proposition A.1 and the recursion formula given at
the end of the proof of Lemma 5.2, we find that

n

Xo(r®@v1) = (1= ¢*) > (=0)*" "' Xey—e,01 @ Xey e, 01
1=2

- (1 - q2) Z(_q)i_BXﬁ-i‘eivl ® Xel_e'ivl'
=2

K2
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If Xe,—e,v1 =0, since vy is M-spherical, we would have that Uty = 0, which is
impossible. If X, +¢,v1 = 0, then, using the PBW basis of Ut it would follow that
the weight e; + e2 cannot occur in Ll+v1; but this is absurd since v; € V(e; + e3).
Hence Xo(v; ® v1) # 0. O

Using the branching theorem of [6], we find that the trivial representation of 9t
occurs in V() if and only if A = he; + kea with h — k even and positive. Also
the multiplicity of the trivial representation of 9t in V(\) is at most one. We
fix a M-spherical vector v, k) in V(hey + kez). Note that we can and do choose
V = 'U(k,k)~
Lemma 8.3. Suppose that S is a subspace of 3 that has the coideal property.

If Svy =0 then Sv0) = 0.

Proof. If we decompose the Y-module M = V(A1)@V (A1) (recall that A\; = e;+e3),
we find that the representations occurring in M that contain the trivial represen-
tation of M are only V(0), V(e1 + e2), V(2e1 + 2e2), and V(2e1). Since v @ vy is
obviously IM-invariant, we can write
V1 @ V1 = C1(0,0) + C20(1,1) T €3V(2,2) + CaV(2,0)-
By Lemma 8.2 it follows that ¢4 # 0. Since S has the coideal property, we know
that S(v1 ® v1) = 0. Our claim follows. |
We now prove that the annihilator of all the vectors v ) is UM N A).
Lemma 8.4. Set L = {u € U|uvy ) =0 for all h,k}. Then
L=4MmnNA).
Proof. By the same argument we gave in Lemma 6.1, we have that
GK (/L) > dimg — dimm.

Set vz = (1 4+ £)". Arguing as in Lemma 6.3, we can check that Gr(il/L) is
generated by the set {YRX Ty} with the monomials Y X7 that satisfy property
5.1.

If there is u € L\U(M N A), then, as in the proof of Theorem 7.3, there is
a monomial YEXT that satisfies property 5.1 such that YEX TUL = 0; but this
implies that the Gelfand-Kirillov dimension of Gr(4/L) is less than dim g — dim m.
In light of Lemma 6.2 this is absurd; hence £ = 4(M N A). |

We are now ready to give the

Proof of Theorem 8.1. Pick uw € S. Because of Lemma 8.4 it is enough to check
that wvg, xy = 0 for all h,k. Since u € A, it follows that uvg) = 0. By our
hypothesis uv(;, 1) = 0; hence, by Lemma 8.3, uv(s ) = 0.

Now fix h,k € N with h — k = 2a, and a > 0. Since S has the coideal property,
it is clear that

u((®(2,0)) ® (®kv(1,1))) =0.
We observe that
(®"v(2,0)) ® (®kv(1)1)) = C(q)v(n,k) + other terms,
so to conclude we need only to check that C(q) # 0.



3262 W. BALDONI AND P. MOSENEDER FRAJRIA

We do this by specialization at ¢ = 1 (see [8, § 4]). We can choose our vector
V(h,k) i0 such a way that its specialization () at ¢ = 1 is a nonzero m-invariant
vector in F'(hey + keg). Since specialization respects tensor product, it follows that

(®a5(270)) ® (®k1_1(171)) = C(l)@(h7k) + other terms.
If we check that C'(1) # 0 we are done. For doing this, it is enough to check that
X5 KXo e, (8T0) © (@"0(1,1))) # 0

(here Xo., and X, 1., denote the root vectors for m). But it is easy to compute,
using weight considerations, that

X5 X L (@ Da,0) ® (@ 0(1,1))) = alkl(®" Xoe, D(2,0)) ® (R Xey4ea1,1))-

Our result now follows because, by realizing F'(2e1) and F'(e1 + e2) inside Crn g
C?™ with the standard action of sp(n), one can check directly that Xe, 4e,0(1,1) # 0
and XZel 17(2)0) # 0. (|

The next result involves the analog of the algebra of invariant differential oper-
ators on a symmetric space: let K denote the subalgebra of il generated by Xy, Yo
and M. Let Cy(R) denote the centralizer of K in 4 and set

Dy (4, 8) = Cu()/Cu(8) N U/ N A).
Theorem 8.5. The set Dy (U, R) is a commutative algebra.

Proof. Since Cy(R) NU(K N A) is obviously a bilateral ideal in Cy(R), it follows
immediately that D, (4, &) is an algebra.

If X,Y € Cy(R), then, by multiplicity one, [X,Y]vr = 0 for all k. Hence, by
Theorem 7.3, we have that [X,Y] € J = UK N A). |

APPENDIX A. RELATIONS BETWEEN ROOT VECTORS

In order to clean up our computations, we need one further bit of notation: for
a € @ and u € 4 we denote by ad, (u) the linear map on 4 defined by

adq(u)(v) = wv — Ad(K,)(v)u.
Recall (see [2]) that ad,(u) is a twisted derivation; that is,
(A1) adq (u)(vw) = ady (u)(v)w + Ad(Ky)(v) adg (u) (w).
The following notations will also be useful:

T(Z) = TiTi+1 e TnTn—l .. 'Tia
T!i = Tl .. 'Ea
T'=T;...T.
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Proposition A.1. Relations between positive roots and simple positive roots:

(A.2) ade,—e; (Xe,—¢;)(X2e,) = —0jnXe,4en s i<j<m,

(A.3) ade,ye, (Xe,+e,; ) (X2e,) =0, i<j<n,

(Ad)  adye, (Xoo,)(Xae,) = — 2207 X2, i<n,

(A.5) ade, —c, (Xe;—ep ) (Xej—e;11) = =0jnXej—e;p0, 1< h, i<j<n,
(A.6) ade, e, (Xejren ) (Xey—e;q1) = =0j41nXeive;, < h, i<j<n,
(A.7) adae, (Xae, )(Xe; —¢j4,) = 0, i<j<n.

Proof. We will only give the details of the proof of (A.4) (which is the most difficult
one). All the others can be derived similarly and are left to the reader.
We want to show that

1-¢*> 2
XQeiXQen - XQenXQei - _#Xeqy-i-en'

First of all we observe that we can assume that ¢ = 1. In fact, by Proposition 4.1, the
computation for i > 1 is the same as for ¢ = 1 in the quantized algebra corresponding
to sp(n —i+ 1,C). So we are left to verify that

Xoo X Xoo X = —=_x2
2e1 A 2e, T A2ep,M2e1 — T gxg-1

T gtg T eiten:

By the definition of the root vectors X, given in § 2, we have that Xg., =
T'"=Y(E,). Hence

Xoe, Xoe, — Xoe, Xoe, = T H(E)TW(B,) = T(B,) T (E)
=T (T (BT VT2 (E,)
— 17T (BT, 1(E,)).
By [2], § 9.5,
T(n—l)Tn—Q!(En) - B,
SO
Xoe, Xoo, — Xoe, Xoo, = T HTh_1(Ep)Ep — EnTh_1(Ey))

and, by the relations between root vectors given for g of rank 2 in [8], § 5.2,

2
Toe1(Bn) By = By Toe1(En) = — 2 T T (B y).

Therefore

2
Xoe, Xoe,, — Xoe, Xoe, = T!n_Q(_ql_kqlilTn—lTn(Ei—l))

_ 2
= — B (1 (Boe))?
1-¢> 2

q-i-qq*1 Xerten:

since Xe,1e, = T (E,_1). |
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Proposition A.2. Relations between positive roots and simple negative roots:

(A'S) [Xei_€j7X_2€n] =0, 1<j<mn,
Xe —e. Kop . .
(AQ) [X@i"r@j?X_Q@n] = _6jn%2n, 1<) < n,
1-q¢ X2 _, Ko
(A.10) [Xoe,, X_2¢,] = ( ‘12 )X, = 2en i<n,
?(q+q1)
Xei—ej K@j—ej+1 . . .
(A.11) [X@i_eh7X_ej+@j+1] = —6hj+1f, i1<j<mn, t<h,
Xeve, Ke._e. ) ) )
(A.12) [X@z’+6th—@j+Gj+1] = —0nj — , 1<j<n, i<h,
q
(A13) [XQGivX—Gj+ej+1] - 07 Z <_] < n.

Proof. As for Proposition A.1 we will give only an example, namely we will prove
(A.11).
As before we can assume that ¢ = 1. If h = j + 1 then

[X61—€j+17X—€j+ej+1] = [T!j_l(Ej)vT(l)(Fj)]
_ T!j_2([Tj_1(Ej)7 T(j—l)Tj—Q!(Fj)])
= T!j_2([—Ej_1Ej + q_lEjEj_l, FJ])
= TY972(=E; 1 [E), Fj] + ¢ '[Ey, Fj1Ej 1)

= T!j—2(_Ej_1 (K@j_@jJrl — K—@j+ej+1 )
q—q!
Ke'_e' _K—e~ e,
—|—q_1( J 7+q1_q_1 jtei+1 )Ej—l)
= T!j—Q(_E__l(Kej—ejﬂ - K—ej—i-ejﬂ )
’ q—q!
—1
-1 O Kej—ejin =K cjqe; s
T Bl PR )
— T!J_2(_Ej_l(1 — q_2)K@j—@j+1)
q—q!
Xel—ejK i

_ €j—€j+1

q
If h>j+1, then
[XGI_G)L7X_Gj+ej+1] = [T!h_2(Eh—l)vT(1)(Fj)]v
SO

[X€1—€h7X_ej+€j+1] = T!h_z([Eh—laT(h_l)Th_Q!(Fj)])
=T 2([Bpr, T D (o))
= T"*([Ep-1, Fj1]) = 0.
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If h <7,
[X(il—Eh I X—€j+€j+1] = [T!h_2(Eh—1)7 T(l)(Fj )]
— T!h_z([Eh_l, T(h—l)Th—Q!(Fj)])
=T"*([Ep_y,Fj]) = 0.
The other formulas are obtained similarly. (|

Proposition A.3. Relations between generic positive roots:

(A14)  ade;—e, (Xej—e, ) (Xej—e,) = —0jnXe,—e,, i<h<j<r,
(A15) a’d@i—eh (Xei—eh)(XGj-i-Gr) = - thBH-@rv i< h S] <,

(A.16) ade, e, (Xei_eh)(Xele‘er) =(q— q_l)X@iJ"eT‘X@j_eh
= (q - q_l)XGj—theiJ,-er, 7 <] < h <r.

Proof. The proof of (A.14) is by induction on r — j. If  — j = 1 then (A.14)
becomes (A.5). If r — j > 1 then, by (A.5) again,

ade, e, (Xe;—e, ) (Xej—e,) = —ade,—c, (Xe,—e, ) (ade; —e,_ (Xe;—e, 1 ) (Xe, i —e,))
= —ade;—e, (Xes—en)(Xe;—er 1 Xep1mep =0 Xepoy—e, Xe;—ery)
= —ade; e, (Xe;—ep ) (Xej—e, 1) Xy i —e,
— Ad(Ke, -, )(Xe;—e, ) ade, —e, (Xe,—e, ) (Xe, -1 —e,)
+q ade, e, (Xei—e) (Xep =) Xej—er s
+ a7 Ad(Kei—e, ) (Xe,_y—e,) ade, —ep (Xei—e, ) (Xe;—e, )
= —ade; e, (Xei—eh)(Xej—er,1)Xer,l—er
+q T Ad(K e, —e,))(Xe, y—e,) ade,—e, (Xe,—en ) (Xej—e, 1)
so, by applying the induction hypothesis, we find that
ade, e, (Xer—en)(Xe,—er) = 5a Xes—er s X 1er — 6500 Xer s Xer—er,
= —0jnXei—e, -

The proof of (A.15) is very similar to the proof of (A.14) above: we prove it by
induction on n — r. For r = n we use (A.2) to write

Xej+en == _Xej—enX2en + q_2X26nXej—en
and then apply (A.2) and (A.14) to check that
adei—eh (Xei—eh)(_Xej—en XZGn + q_QXQenXej—en)

is equal to —0;,Xe, te,. The inductive step is similar, except that we use (A.6) to
write

X@j+@7‘ = _X6j+6r+1XGr—6r+1 + q_IXBT—6r+1XGj+Gr+1
and then we use (A.5) and the induction hypothesis to compute
a’d@i—@h (Xei_eh)(_Xej+@r+1Xer_@7‘+1 + q_lXer—eT+1 Xej+er+1)-

Finally, the proof of (A.16) is done by induction on h — j. We use (A.15) to
write

— -1
Xejrer = =Xejmejp1 Xejaver, T4 Xejpite, Xej—ejia
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To compute
-1
adeqz—eh (Xe'i_eh)(_Xej_ej+1Xej+1+e7‘ +4q X€j+1+€TX€j_ej+1)

we use (A.5), (A.6), (A.15) when j = h — 1, and (A.5), (A.6), (A.14), and the
induction hypothesis when h — 7 > 1. O

Proposition A.4. Relations between generic positive and negative roots:

(A17) [Xeqy—ehaX—eq;J,-ej] = qX—eh'l‘ejKeqz—eh? i <h< ja
(A.18) [(Xei—ens X—eime;] = qX—ep—c; Kei—e i <h<j,
(Alg) [XBH-@MX—G]‘-"-@T] = 0, { <.j < h, .] <,
(A'2O) [Xeqz-l-ean—eg'—en] = _q_lXei_ejKej"l'en’ i<j<mn, j<r,
(A21) [X6i+6h7X—ej—eh] = _q_lXGi—GjKej-'rGh? Z <j < h‘

Proof. The proof of (A.17) is by induction on j — h. Applying Q to (A.5), one finds
that

X—Er‘rej = _X_ej—l"l‘er_e'i"l‘ej—l + qX—€7:+€j71X—€j71+€j'
We observe also that

Ke oo —K_c.1e
(A'22) [Xei_eh7X_e7i+eh] = — cten

q—q! '

so, by computing

[Xeqj—Ehﬂ _X_€j71+€jX_67j+€j71 + qX—eri+€j71X—€j71+€j]7
using (A.11) and (A.22) when j = h + 1, the induction hypothesis, (A.5), and
(A.11) if j > h 4 1, one derives (A.17).

For (A.18) we use induction on n — j. The proof is completely analogous to the
previous one except that we use (A.2) to write

X_.,
and (A.6) to write

= _X—QenX—ei—i-en + q2X—ei+enX—26n

—en

X—@i—@j = _X—Gj+6j+1X—@i—@j+1 + qX—@i—GjX—Gj-F@Hl'

We then use (A.17) and (A.2) to prove (A.18) when j = n, and (A.5) and the
induction hypothesis to prove it when j < n.

The induction for (A.19) is on r — j. If 4+ 1 = r then (A.19) reduces to (A.12).
If r — 5 > 1 then we apply Q to (A.5) to obtain that

Xocjter = —Xeep1te, X—ejtery T 40X cjte, 1 Xe, 1te,-

Our formula now follows from (A.12) and the induction hypothesis.
The relation (A.20) is obtained by induction on n — j. For the base of the
induction one uses (A.2) to write

X eni—en ==X 20, X ¢, 1te, T qQX_@nfl"l'@nX_Q@n’
and then one uses (A.9), (A.12), and (A.11). The inductive step is obtained by
starting with (A.14) to write
X—ej—en = _X—ej+1—enX—e]~+ej+1 + qX—6j+Gj+1X—6j+1+6n7

then using the induction hypothesis, (A.12), and (A.14).
Finally, (A.21) is obtained in a completely analogous fashion by induction on
n — h. The base of the induction is (A.20), while the inductive step is obtained



QUANTUM ANALOG OF A SYMMETRIC PAIR 3267

starting with (A.6) to give a different expression for X ., ., and then applying
(A.12), (A.19), and the induction hypothesis to compute the bracket. O

Proposition A.5. Relations between orthogonal but not strongly orthogonal roots:

(A.23) [(Xeiten Xei—en] = (@ + q_l)XQCi? i <n,
(A.24) [(Xeimen, Xoeimen] = q2(q + q_l)X_Q@nK@i_en7 t<n,
(A.25) [Xeite; Xei—e,;] = q_lXGi—Gj+1XGi+ej+1
- qXGi+6j+1XGi—6j+1a Z < ] < n,
( ) [Xei—ej7X—Gi—G]‘] = _qX—G]‘+@j+1X—@j—C]‘+1Kei—@j =+,
A.26

+ X e, Xeypey i Keme;y 1< j<n

Proof. Without loss of generality we may assume that ¢ = 1. To prove (A.23) we
observe that, by [2], § 9.3,

(A.27) [Xeite,, Xey—e, | = cXae,
for some c. On the other hand, by Proposition A.1,
Xertren Xer—enX2e, = Xeyten (472 X2e, Xer—e, — Xerte,)
=4 Xerren Xoen Xer—en = X2 te,
=420 Xoe, Xeyten Xey—en — Xien,
= Xoe, Xeyte, Xeyo, — X2

e1+ep?

Xei—enXertenX2e, = Xei—e, (q2X2enX€1+en)
= qz(q_2X2@nXel_en - Xel+en)Xel+en
= Xoe, Xey—e, Xeyten, — q2X2

e1ten?

and
1-— q2 9

X261X26n = X2EnX2€1 - m e1+en”

It follows that

[Xel+enaXe1—en]X2en = XQen [Xe1+eanel—en] - Xe21+en + QQXEQIJ,-E”-
Using (A.27), we obtain that
cXoe, Xae, = Xae, Xoe, — X2 o, + X7 4o

Hence

1—g?
CXgenXgel — Cq—q—

2 _ 2 2y 2
+q—1 X€1 +en T CXzen X2€1 - Xe1+en + q X

e1+en’
It follows that
1-¢* 2
C#XG1+%
This implies that ¢(1 — ¢?)/(¢+ ¢~') =1 — ¢ and therefore ¢ = (¢ + ¢71).
We now turn to (A.25). Indeed, by (A.11),

2 2 v 2
= Xel—',-en —q X

eiten”

XG1—Gi = _q[X@1—5i+1?X—@i+ei+1]K—@i+@i+1;
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therefore

X€1+€i X€1—€i = X€1+€z‘ (_q[Xel_eH»l ) X_ei+ei+1]K_€i+€i+1)
= _qul"rGiXel—@i+1X—Gi+@i+1K—@i+@i+1

+ qXGl+6iX—Gi+Gi+1X61—Gi+1K—6i+Gi+1 )

so, using (A.12) and [2], § 9.3,

X€1+€iX€1—€z‘ = _Xel_E'H»lXel"FeiX_eiJFe'H»lK_e'i+€'i+1
+ qX_ei+€'i+1X€1+€i X€1—€i+1K—€i+€z‘+1
- X@1+Gi+1Kei—@i+1X@1—5i+1K—Gi+@i+1
= _Xel_€'i+1X_e'i+ei+1X€1+eiK_€'i+€'i+1 + q_lXel_e'i+1X€1+ei+1
+ X_ei+€'i+1X€1_ei+1Xel+€'iK_ei+ei+1 - qX€1+€i+1X€1—€i+1
= _qul—GiJrlX—ei"r@'H»lK—Gi+@i+1X@1+@i + q_lX@1—6i+1Xel+@i+1
+ qX_ei+€'i+1X€1_ei+1K_ei+ei+1Xel+€i - qX€1+€i+1X€1—€i+1

- _q[Xel—@i+17X—Gi+@i+1]K—@i+ei+1Xel"l‘ei
-1
+4q X€1—€i+1X€1+€z‘+1 - q’X€1+ei+1X€1_€i+1'

By (A.11) again, we have that
Xel—i-eiXel—ei = Xel—e¢X€1+ei + q_1X€1—6¢+1X€1+€i+1 - q’X€1+ei+1X€1_€i+17

as we wished to prove.
Formulas (A.24) and (A.26) are easier: applying Q to (A.2), we write

X—ei—en = _X—2enX—ei+en + q2X—ei+enX—2en-
Hence, using (A.8),

[Xe'i_eafﬂX_ei_en] = _X—Zen [Xei—ean—eri-en] + qZ[Xe'i_en7X_e'i+€7l]X_2en
Ke'i_en B K_ei+en Kei—en B K_e'i"l‘en

= _X—2€n + q2 X_ZE"
( q—qt ) ( q—qt )
=*(q+q )X 20, Kei—e,.-
This proves (A.24).
For (A.26) we write, using (A.6),
X—ei—ej = _X—€j+€j+1X—€i—€j+1 + qX—ei—€j+1X—ej+€j+17
and then we use (A.11) together with (A.18) to compute
[X(i'i—ejw _X—€j+€j+1X_€i_€j+1 + qX_E'i_€j+1X_€j+€j+1]
and obtain the desired result. O

In the next proposition we write « = v to mean u = v mod (A N M).
Proposition A.6. Relations mod (A NIM):

(A28) [X€1+€27X—€2+€j] = (_q)_j+2X€1+€j7 Jj>2,
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(A29) [X€2—€j7X—€1—62] = _(_q)_j+3X—€1—€j7 ] > 27
(A3O) [X61+625X—62—6j] = _(_q)j_2nX61—6jv ] > 2a
(Agl) [X€2+Ej7X—€1—€2] = (_Q)j+1_2nX—€1+e]-7 ] > 2.

Proof. The proof of (A.28) is by induction on j. If j = 3 then (A.28) reduces to
(A.12); if j > 3 then we write, using (A.5),

X—€2+€j = _X_ej—1+er_e2+€j—1 + qX_€2+ej—1X_ej—1+€j7
and so, using (A.12) and the fact that X_.,_ 4. € U(ANM),

[X61+627X—62+6j] = [X61+627 _X—@j—1+@jX—G2+@j—1 =+ qX—@2+Gj—1X—@j—1+@j]
= _X_ej—l"l‘ej [X€1+627X—62+€j71]'

Thus we can apply the induction hypothesis and find that

[X€1+€27X—62+€j] = _(_q)_j+3X_€j—1+€jXel"l‘ej—l
= _(_Q)_j+3[X—€j—1+€j7X61+6j—1]
= (_q)_j+2X€1+€ju

where in the last equation we have used (A.12).
The proof of (A.29) is completely analogous.
The induction for (A.30) is on n — j: if j = n then, by (A.2),

Xoes—en = —X2e, X crte, T q2X_€2+€nX_2en7
and this implies that

[X61+e27X_G2+@n] = [Xe1+e2a _X—QenX—ez+en =+ qQX_@2+@nX_2en]
= _X_2e'n. [X61+62 ) X—62+6n]
= _(_Q)_n+2X—26nXe1+en
= _(_Q)_n+2[X—26naXel+en]
= _(_q)_nX(il—En'

Here we have used (A.9), (A.28), and the fact that X _o. € U(ANM). The
inductive step for (A.30) and formula (A.31) are completely analogous. |
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Proposition A.7. Big relations:

ade, —e; (X61—6¢)(Xej+eqz) = Z(_Q)k_i_l(q - q_l)Xel—ekXej-i-ek

k>1i
1—1
— Z (_q)Zn—z—k-H (L] _ q_l)Xel+ekXe]~—ek
(A-32) o —1y/,—1 2n—2i+1
+ (q —q )(q + q )Xel-l-equEj—ei
_ Z (_q)2n—i—k+1(q _ q_l)XelJrekXej—ek
k>i+1
+ (_Q)2n_j_i+1Xe1+ejv 1 <j <1,
a‘d@j“l‘@i (X—Gj—ei)(X—@l"FGi) = Z(_q)k_i(q - q_l)X—el+ekX—ej—ek
k>i
1—1
_ Z (_q)2n—z—k+2(q _ q_l)X—Gl—ekX—ej—i-ek
(A.33) =i

- (q - q_l)(l + q2n_2i+2)X—Gl—GiX—6j+Gi

_ Z (_q)2n—i—k+2(q _ q_l)X—e1—ekX—ej+ek
k>i+1

+ (=TT MX ., 1<j<il

Proof. We will prove only (A.32), the proof of (A.33) being identical.
If i = n then (A.32) specializes to

n—1

adm—en (Xel—en)(Xej+en) = - Z (_Q)n_k+1(q - q_l)Xe1+ekXej—ek
k=j+1

+ (g — q_l)(q_l + Q)Xe1+enXej—en
+ (_Q)n_j+1X61+€j'

(A.34)

We start by proving (A.34) by induction on n — j. If j = n — 1 then, by (A.2),
(A.35) Xen14en = —Xey1—enX2e, + q_2X2€n’X€nfl_en7

s0, by applying ade,—e, (Xe;—e, ) to (A.35) and using (A.1), (A.2), and (A.5), we
find that

ade; —e, (Xey—e, ) (Xe, 14en) = 0 Xe, 1—en Xerten — q_2Xel+€nXen71_€n'
Using (A.6), we now find that
ade, —e,, (Xe1—en)(Xen71+en) = (q2 - q_Q)XGI"F@nX@nfl_en + 92X61+en717

which is (A.34) for j =n —1.
If j <n—1, then we use (A.15) and write

— -1
Xej+en - _XGj—Cj+1XCj+1+Cn +q Xej+1+enXe]~—ej+1
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and apply ade, ¢, (Xe,—c,) to this last expression. By (A.1) and (A.5), we find
that

ade, e, (Xe1—en)(Xej+en) = _Xej—ej+1 ade, —e, (Xe1—en)(Xej+1+en)
+ q_l ad€1—€n (Xel_671)(X€j+1+6n)X€j_€j+1

so, using the induction hypothesis, (A.6), and (A.14), one can easily check (A.34).
Let us prove (A.32) by induction on n — 4. Clearly (A.34) is the base of the
induction. For the inductive step we can write, using (A.6),

X@j"l‘ei = _X@j+ei+1XGi—@i+1 + q_lXGi—@i+1X@j+ei+1;
applying ade, —¢, (Xe, —¢;) to this expression, we find using (A.1) that
adel —e; (Xel—eqz)(Xej +€i) = - adel_ei (Xel—eqz)(Xej +eit1 )Xe'i_eH»l

- Xej+€'i+1 a'del_ei (X€1—€7:)(X€i—€i+1)
+ q_l ad61—6i (X61—6i)(XGi—Gi+1)XGj+Gi+1
+ q_2X€i_€i+1 ade, ¢, (Xe1—eqz)(Xej +eit1 )-

Using (A.5), (A.6), and (A.16), we can rewrite the above expression as follows:

a‘del—eqz (Xel _ei)(Xej +€7:) = —q adel —€it1 (Xel _E'H»l)(Xej +eita )

+ (q - q_l)(X@1+Gi+1XGj—@i+1 + q_lXel"l‘GiX@j—@i =+ X@1—5i+1X@j+Gi+1)'

One easily verifies that (A.32) satisfies the recursion formula above. |

APPENDIX B. COMPUTATIONAL RESULTS

Proof of Lemma 5.5. We write v = v to mean u — v € (A NM). In general, if
u; € U for i = 1,2,3,4, then
[urus, ugug] = uslug, ugus + usug [ug, ug) + [u1, uslusug + uq[ug, usjug.
We note that X, te, and X_., _, both commute with [X¢, —c,, X ¢, te,], while
Xei—e, and X_ o, commute with [Xe, 4oy, X—e;—c,]- By using this fact and the
above relation one immediately obtains that
[XO, YO] = _q_QX—G1+62 [X61—62 ’ X—61—62]X61+62

- q_2X€1—€2 [X€1+€2 ) X—€1+62]X—61—62 - q2X€1+62 [X€1—€2 ’ X—el—ez]X—€1+€2

- q2X—61—62 [X61+62 ’ X—61+62]X61—62 + [X61—62 ) X—61—62]X61+62X—61+62

+ [X61+62 ) X—61+62]X61—62 X—61—62 + X—61—62 X61—62 [X61+62 ) X—G1+62]

+ X—€1+€2 X€1+62 [Xel —e2 X—el—ez]'
Since by (A.26) [Xe—eps X—ey—es] and [Xe, qe,, X—e)+e,] belong to $4(A N M), we

get rid of the last two terms in the above expression.
For the remaining terms we will show that

(Bl) X—€1+€2 [X€1—€2 ) X—€1—62]X€1+€2 = _X€1—€2 [X€1+€2 ) X—€1+62]X—61—627
(B2) X61+62 [X61—62 ) X—61—62]X—61+62 = _X—61—62 [X61+62 ) X—61+62]X61—627
(BB) [X61—62vX—61—62]X61+62X—61+62 = _[X61+62aX—61+62]X61—62X—61—62;

this will conclude the proof.
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If n = 2 then one can verify the above congruences directly, using (A.2), (A.9),
and (A.24). If n > 3, we begin by calculating the left hand side of (B.1): by (A.26)
we have that

[(Xer—eas Xoer—ea| Xerter = —qXcptes Xeymes Key—en Xeytes
FPX ey Xyt Koy e Xeytes
= —qX crtes [X—e2—e3,Xel+e2]
+ X yes[Xertess Xeytes)s
so, by (A.28) and (A.30),

[Xer—eas Xmer—eal Xertes = " 72" X _cptes Xey—eq + 0" Xcames Xertes
=" X ey rens Xer—eo] + P 1Xcrmeys Xerpes]
= (""" + ) Xe, —en

where the last congruence follows by (A.11) and (A.21). Therefore
Xoertes[Xer—es: Xoey—es)Xerher = (772" + )X 4ea Xey—cs-

Following the same sort of computation but using (A.29) and (A.31) instead of
(A.28) and (A.30), we obtain that

X€1—€2 [X€1+€27X—€1+€2]X—€1—€2 = _(q3—2n + q)X€1—€2X—€1+627

thus proving (B.1).
We now compute the left hand side of (B.2): by (A.5), (A.15), and (A.26), one
obtains that

[Xey—ers Xoer—ea) X erter = =0 X epres X—er—es X—e1tes
F X ep—es X eptes X—eites
=0 "X cpresXeres — X eres X—crtes
= (¢ ") X e
(here we used (A.6) and (A.33) in the last step). Therefore
Xertea[Xer—eas Xoer—ea] Xoerres = —(07 + 07" ) Xerpea X—e—ea-

Doing the same calculation for the right hand side of (B.2) but using (A.32) instead
of (A.33), we find that

X—€1—€2 [X€1+627X—61+€2]X€1—€2 = (q_l + q2n_3)X—61—62X€1+62'

Thus (B.2) is verified.
We now turn to (B.3): because of (A.16) we know that [Xe, e,y X—eites] €
ANIM, so we can write

[X€1—€27X—€1—62]X€1+€2X—61+62 = [X€1—€27X—€1—62]X—61+€2X€1+62'

Thus, by a straightforward calculation that makes use of (A.5), (A.6), (A.12), and
(A.15) to bring the terms in A N on the right, we obtain

[X61—62vX—61—62]X61+62X—61+62 = _X—62+63X—61+62X—62—63X61+62
2
- qX—€2—63X—61+€3X€1+62 + q X—€1+€2X—62—63X€1+€3
-1 —1
- (q —4q )X—61—63X61+63 —q X e e Xeites-
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Using again (A.5), (A.11), together with (A.21), and (A.30), one obtains
[X€1—€27X—€1—62]X€1+€2X—61+62 = _(q - q_l)X—€1—€3X€1+€3
+ (q + q_2n+3)X—61+62X61—62 - q_lX—61—62X61+62
- q_2n+3X—€1+63X€1—€3 - qX—€2—€3X—€1+63X€1+62'

We now work on the term X_.,_c, X_¢, te; Xe,+e,- Using (A.33), we have that

X—ez—egX—m-‘reg = qX—€1+E3X—€2—63 + Z(_Q)k_g(q - q_l)X—eﬁ-ekX—EQ—ek
k>3

— (= DO+ "X ey —es X eres
D )TN - )X e X et
k>4
+ " X ey e,
Therefore, by (A.28) and (A.30),
X eres XertesXerter =00 "X ey resXey—es — @ "X ey—es Xeyyes
F = DA+ "X ey e Xeytes

+ Z(_Q)_2n+2k_2(q - q_l)X—Gl“l‘@kXGl—ek
k>3

+Z Qn 2k+2 (q— q_l)X—e1—6kXe1+6k'
k>4

Collecting terms, we find that
[Xer—eo Xer—ea) Xertea Xmertes = (007" X ey s Xey—e
— (0 ") X e —es Xer e
F (@ =X ey e Xy e
F (@7 = ) X ey —ea X hes

+ Z q—2n+2k—2(q — q_l)X—e1+€kX€1_ek
k>3

T Z q2n—2k+2 (q — q_l)X_gl—Ek XG1+@k .
k>4

For the right hand side of (B.3) the same calculations using (A.29), (A.31), and
(A.32) instead of (A.28), (A.30), and (A.33) yield that

[(XerterXerrea) Xer—es X—er—es = —(q+ 0 7") Xe, —ey Xy 1o
(@ + ") X e X ey
(q5 2n _2n+3)XG1—GsX—61+Gs
— (" = ") X pes X ey e

=R ) X e X e
k>3

- Z q2n—2k+2 (q - q_l)X€1+€kX—€1—€k'
k>4
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thus (B.3) is verified. We conclude that [Xo, Yy] = 0, which is what we wanted to
prove. O

Proof of Lemma 5.9. For the proof of the lemma we will need to use the following
formulas that can be derived easily from [2], Theorem 9.3: if ¢ < j then

X—61+6iX—61+Gj = qX—el"l‘@jX—@l"rGi?
XoerteiX—er—e; = qX—e1—e; X—eiteis
X—€1—€7:X—61+€j = q_lX—€1+€jX—€1—€w
X—el—eiX—el—ej = q_lX—el—er—el—eiv

(B.4)

and, furthermore,

-2
X—2€1X—€1+eqy = q X—€1+€7',X—2617

(B.5)
X—Qel X—el—ei = q2X—el—eiX—261 .

Let us now prove (1). It is clear that, if di(Y") < di(Y'"), then d; YT <
di(Y"); hence an obvious induction on 4 reduces the problem to checking that
there is a constant C' such that

(B.6) YRYy = OY R + 3 ery T

with dy(YT) < dy (YE).
Suppose first that Y# = X1 .. X" . We will prove by induction on

n — i that there is a nonzero constant C;(R) such that
YERX o 0. X ejie, = Ci(R)X 00, YE +u

with d; (u) <d (X_QelyR).
If i = n, we write Y = X™~1  Y*' where Y = X2 X

—ei1ten—1 —e1+es)

also write 2Bl = ¢ . g2, By (A.23), (B.4), and (B.5) we compute that

we

’

R 2|R’ Tn—1 R
YUX o) —e, Xeite, =4 X Xoei—enX—er4e, Y

—e1ten
Tn_1
’ n h h /
el Z XV X —eivens Xeer—en | X2 e yR
" 1
+ 2 \X_el_%xzq;t Vg
Tn_1
_ (q + q—l)q2|R \ Z q2(rn71—h)X_261X17;;1‘renyR
h=1
! " 1 ’
+PAIx enXielj:g vy
’ 1 — q
:(Q+q ) 2|R‘ —1_ X_261YR
2|R’ n—1+1
+4q | ‘X—el—enXZErl‘ren' X£161+62’
SO
1— 2rp 1
(B.7) Cu(R) = g+ g -

1—q?
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Suppose now that i < n, and write Y? = YR/XZZ:_BI,YR”, where

R _ yTn-1 ri

Y _X—61+en"'X—61+67:+17
R’ _ yTi-2 ot

Y —X_61+ei71...X_61+62.

Set q2|RN‘ =¢®...¢°" 2 and q2|R/| =g, g7
In this case a similar computation gives that
Ti—1

R 2|R” R yri—1—h h
YPX e, Xei4e, = ¢ B E Y X—e1+€¢ [X—61+6ivX—61—6i]X—el+ei
h=1

2|R" T4 Tn— R yri—1+1y-R”
+ P g g X YR XTI Yy R
Using (A.23) and (A.25), it is easy to check that
[X—€1+€7: ’ X—€1—€7:] = (q + q_l)(_Q)i_nX—%l
+ (q - q_l) Z(_Q)i_j+lX—61—6j X—e1+ej;

§>i

"
YR

so, substituting above, we find that
Ti—1

_ i—n " " ric1—h "
YRX—61—67:X—61+6¢ =(qg+q 1)(_(]) q2|R | Z yEX"! X—261Xh Y
h=1

—e1+te; —e1te;

Tio1
_ 1 /L_ . ! Ti_ _h 1
+(a—q 1)q2IR | Z(_Q) A Z vh X—Gll"reiX_el_er_el"l‘erEGl"rGiYR tu
j>i h=1
with dy(u) < di(Y®X ¢, ¢, X ¢, 1¢,). Using (B.4) and (B.5), one obtains that

271

_ i—n / " 1 —q
YRX—Bl—BiX—Gl"FGi = (q + q 1)(_Q> q2|R |q2‘R |1_—q2X_261YR

—QTi71—2

o) Y gy T

— YEX oo, X ciye; +u
J>1 q

Thus, applying the induction hypothesis, we find that

(B.8)
_ i—n / ml— q2m,1 —27; i—J
Ci(R) = (q+q ") (—q) "g*F g7 ‘ﬁ ~—(1-q? “1)2(—(1) 'C;(R).
j>i

Using (B.7) as initial condition for the recursion equation (B.8), we find that
1 i—n 2 R

(B.9) Ci(R)=(¢+q¢ )(=a) "¢ ...q""" N

If we write Y as in (5.4), we find that
YA = (=) " M a+ ¢ Y X oo, + (0= DO ()Y X o X e,
i=2

= (—q) " Mg+ ¢ HPFIX 5, YE

+ (q - q_l) Z(_q)_i+20i(R)X—261 YR + u'
=2
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with d,.(u') < dy(X_2¢, Y B); s0, by (B.9),

YY) = (g+ ¢ ")(—¢) " X ge, Y+ 0/

with dy (u') < dp(X_ge, Y'F).

More generally, if
yR=X"r X X XX

—ej—e2 —e1—en“t—2e1 " —e1ten —ei1tez)

then

YR = (g+¢ (=) Y 4 XX Xy

—e1—eg —ej—en<*—2eq

Using (B.4) and (B.5), it is easy to check that

Ao (X720 XT X ) < dp (YR,

—ej—eg —e1—ep“r—2e1

and this proves (B.6), with C' = (¢ + ¢~1)(—q)~ "1

(5.

The analogous formulas for (2) of Lemma 5.9 can be obtained similarly using
3) instead of (5.4). |
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