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THE QUANTUM ANALOG OF A SYMMETRIC PAIR:

A CONSTRUCTION IN TYPE (Cn, A1 × Cn−1)

WELLEDA BALDONI AND PIERLUIGI MÖSENEDER FRAJRIA

Abstract. Let I be the ideal in the enveloping algebra of sp(n,C) generated
by the maximal compact subalgebra of sp(n−1, 1). In this paper we construct
an analog of I in the quantized enveloping algebra U corresponding to a type
Cn diagram at generic q. We find generators for I and explicit bases for U/I.

1. Introduction

The representation theory of the quantized enveloping algebras resembles, at
least in the generic case, the corresponding theory of their classical counterparts.
There are however notions that are not readily generalizable though they are impor-
tant in the nondeformed picture. In particular one would like to define a quantum
analogue of a symmetric pair (g, k) where g is the complexification of a semisimple
real Lie algebra g0 and k the complexification of a maximal compact subalgebra of
g0. This notion has an obvious quantization only in the hermitian symmetric case.

In this paper we give a construction of such a quantization in the case where
g ' sp(n,C) and k ' sl(2,C)× sp(n − 1,C). This pair arises from the semisimple
group Sp(n− 1, 1). As a consequence of our construction we prove two results (see
§ 8): in the first one we deal with a behavior that appears only in the deformed
picture, while the second one extends a well known classical situation.

We now describe our results more precisely. Let U be the quantized envelop-
ing algebra corresponding to a diagram of type Cn. The difficulty in finding a
deformation of k is in finding generators for the sl(2,C)-part. This is because the
sp(n−1,C)-part corresponds to a subdiagram of the Dynkin diagram of g, so it has
an obvious analog in U that we denote by M0. It is then natural to require that a
deformation K of k should contain M0.

In the classical setting, the left ideal in the enveloping algebra of g generated
by k is precisely the annihilator of the k-invariant vectors in the finite dimensional
representations of g, so in order to define a deformation of k we need to identify its
spherical vectors in the finite dimensional representations of U.

Any finite dimensional irreducible representation F (λ) of g has a deformation
V (λ) that turns out to be an irreducible finite dimensional representation of U, and
essentially all finite dimensional irreducible representations of U are obtained this
way. In order to describe the quantum analogs of the k-spherical vectors we only
require that the deformations of the irreducible representations that are of class one
for the pair (g, k) should be of class one for (U,K). Since M0 should be contained
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in K, it is easy to deduce from a multiplicity one argument that we must choose
as spherical vectors for K the M0-invariant vectors in the deformations of the class
one representations of the pair (g, k).

In our work we construct explicitly a finite set K of elements of U that annihilate
these vectors (see (4.2)). We observe that these elements are deformations of a set
of generators for k. We define K as the algebra generated by K, and then show
that the annihilator I of the M0-invariant vectors that occur in the deformations
of the class one representations of (g, k) is exactly J = U(K ∩ A) (here A is the
augmentation ideal). An immediate consequence of our work is the fact that the
annihilator of all K-spherical vectors is precisely J .

Most of the paper is dedicated to the proof that the ideals I and J are indeed
the same: the techniques are quite general and have applications that go beyond
the limited scope of this paper.

As an outcome we have the two applications we mentioned before. The first
consequence, loosely stated, says that the maximal ideal in U that annihilates the K-
invariant vectors and that has the coideal property is essentially U(M0∩A). In effect
the result (Theorem 8.1) is stronger and more precise, and shows the obstructions to
finding good analogs for the notion of a symmetric pair. The second application says
that what should be interpreted as the algebra of invariant differential operators
on the symmetric space is abelian (Theorem 8.5).

The paper is organized as follows. In § 2 we set up most of the notation and
describe the construction of a PBW basis for U. In § 3 we reformulate some ele-
mentary linear algebra in the language of filtrations. In § 4 we give full details of
the construction of the left ideals I and J as outlined in this introduction. Various
bases for U and for the U-module U/J are then found in § 5. In § 6 we show that
U/I and U/J both have Gelfand-Kirillov dimension equal to dim g−dim k. Finally,
in § 7, this fact is used to establish the equality between I and J . In § 8 we give
the applications we alluded to above.

Both authors wish to thank Professor N. R. Wallach for having suggested the
problem and for his very helpful hints.

2. Preliminaries

In this section we recall some of the basic constructions for quantized algebras
needed in this paper.

Let g = sp(n,C), let t be the complexification of a Cartan subalgebra t0 of a
compact real form of g. Let ( , ) be the Killing form. The form ( , ) induces an
inner product on the real space (

√−1t0)
∗ by setting (α, β) = (hα, hβ), where hα ∈ t

denotes the element such that α(h) = (h, hα).
It is known ([3]) that one can find an orthonormal basis {ei}i=1,...,n of (

√−1t0)
∗

such that the root system of g is the set

R = {±ei ± ej |i 6= j} ∪ {±2ei|i = 1, . . . , n}.
We choose the set

∆ = {αi = ei − ei+1|i = 1, . . . , n− 1} ∪ {αn = 2en}
as a set of simple roots for R and let R+ be the set of positive roots corresponding
to our choice.

If 1 ≤ i, j ≤ n, we set aij = 2(αi, αj)/(αi, αi). Let A denote the matrix (aij). We
let U = Uq(A) denote the quantized enveloping algebra associated to the matrix
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A. This is the algebra over the field C(q) with generators Ei, Fi, Ki and K−1
i

(i = 1, . . . , n) satisfying the relations described in § 1.1 of [8]. As is now customary
we denote by U−, U+ and U0 the subalgebras generated by the Fi, Ei and Ki, K

−1
i

respectively.
We let Ω be the C-algebra antihomomorphism of U defined by

Ω(Ei) = Fi, Ω(Fi) = Ei, Ω(Ki) = K−1
i , Ω(q) = q−1.(2.1)

Let W denote the Weyl group associated to R and let si = sαi (i = 1, . . . , n) be
the simple reflections. Let w0 be the longest element of W . We choose a reduced
expression for w0 in the following way:

w0 = s(1)s(2) . . . s(n−1)sn,(2.2)

where

s(i) = si . . . sn . . . si.(2.3)

This choice is fixed for the rest of the paper. From it we define a convex ordering
on R+ so that we can write

R+ = {β1, β2, . . . , βN}
where N = |R+| (= n2).

If i = 1, . . . , n we let Ti denote the automorphism of U defined in [8, Theorem 3.1].
Following [8, 2] we define the root vectors in U by means of the automorphisms Ti.
We write the fixed reduced expression (2.2) as a product of simple reflections:

w0 = si1si2 . . . siN

and, for βj ∈ R+, we set

Xβj = Ti1 . . . Tij−1(Eij ) and X−βj = Ω(Xβj ).

By [2], § 9.5, if αi is a simple root, then Xαi = Ei and X−αi = Fi.
We set Q =

∑n
i=1 Zαi to be the root lattice for R and let P denote the lattice of

integral weights. Let P+ denote the set of dominant weights. We recall ([1]) that
in our setting P =

∑n
1 Zei and

P+ = {
n∑
i=1

aiei ∈ P | a1 ≥ a2 ≥ · · · ≥ an ≥ 0}.

If λ ∈ P+ we let V (λ) denote the finite dimensional irreducible U-module of
highest weight λ as defined in [7] or [4].

We will use the root vectors Xα and the Kλ defined above to determine a PBW-
basis for U: if I = (i1, . . . , iN ) ∈ NN we denote XI =

∏
X i1
β1
. . . X iN

βN
and Y I =

Ω(XI). If λ =
∑n

1 niαi ∈ Q then we set Kλ =
∏n

1 K
ni
i , in particular Ki = Kαi .

We call the monomial Y JKλX
I a standard monomial for U.

The PBW-Theorem (see [8]) for quantized enveloping algebras states that the
standard monomials form a basis for U.

If V is a U0-module, the weight space corresponding to a weight λ ∈ P is the
space

Vλ = {m ∈ V | Kα · v = q(α,λ)v ∀α ∈ Q}.
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We say that the module V is U0-admissible (or simply admissible) if

V =
⊕
λ∈P

Vλ.

Let Ad denote the adjoint action of U0 on U that is defined by setting Ad(Ki)u =
KiuK

−1
i . We observe that U itself is an admissible module, so we will denote by

Uλ its weight spaces.
If a module V is admissible then one can define the character of V to be the

formal series

χ(V ) =
∑
λ

(dimC(q) Vλ)e
λ.

It is known that the modules V (λ) are admissible representations of U and are
exactly the irreducible elements in the category of finite dimensional admissible
U-modules. Furthermore, if V is an admissible finite dimensional representation of
U then V is completely reducible.

On the other hand, from the viewpoint of g, if λ ∈ P+ we let F (λ) denote the
irreducible finite dimensional representation of g of highest weight λ. It is well
known that F (λ) decomposes into a sum of weight spaces F (λ)µ with µ ∈ P , so
one can define the character of F (λ) as

χ(F (λ)) =
∑
µ∈P

(dimC F (λ)µ)e
µ.

We will make frequent use of an important theorem of Lusztig ([7, Theorem
4.12]):

Theorem 2.1. If λ ∈ P+, then

dimC(q) V (λ)µ = dimC F (λ)µ ∀µ ∈ P,
so, in particular, χ(V (λ)) = χ(F (λ)).

3. Generalities on filtrations

Many of the arguments and calculations in the paper can be seen most clearly
as general facts on filtered vector spaces and algebras. So for the moment we work
in this generality.

Let I be a well ordered set and let V be a vector space; suppose that we have a
filtration F of V over I. This means that we associate to i ∈ I a subspace Fi(V )
of V in such a way that, if i < j, then Fi(V ) ⊂ Fj(V ) and

⋃
i∈I Fi(V ) = V . If

i ∈ I, we set F<i(V ) =
∑

j<i Fj(V ) (if i is the minimum of I we set F<i(V ) = 0).

We set F i(V ) = Fi(V )/F<i(V ). If there is no chance for confusion we will denote
Fi(V ) by Vi, F<i(V ) by V<i, and F i(V ) by V i.

The graded space associated to the filtration F is

GrF (V ) =
⊕
i∈I

V i =
⊕
i∈I

Vi/V<i.

As usual one can define the degree map dF : V → I by setting

dF (v) = inf{i ∈ I | v ∈ Vi}
and the symbol map sF : V → GrF (V ) by

sF(v) = v + V<dF (v).
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Lemma 3.1. If {vj}j∈J is a subset of V such that {sF(vj)} is a basis of GrF (V ),
then {vj} is a basis of V .

Proof. If
∑
cjvj = 0 set i = sup{dF(vj) | cj 6= 0}.

Since
∑

dF (vj)=i
cjvj = −∑dF (vj)<i

cjvj , we have that

0 =
∑

dF (vj)=i

cjvj + V<i =
∑

dF (vj)=i

cjsF (vj);

thus cj = 0 for all j such that dF (vj) = i. This contradicts the definition of i.
Let us prove that the vj generate V . Suppose not and set

i = inf{d(v) | v is not a linear combination of the vj}
and choose v that is not a linear combination of the {vj} such that d(v) = i. Since
sF(v) ∈ Vi/V<i, we can write sF(v) =

∑
cjsF (vj) with sF (vj) ∈ Vi/V<i. This says

that v −∑ cjvj ∈ V<i; hence, by the minimality of i,

v −
∑

cjvj =
∑

drvr,

but then v is a linear combination of the vj .

If B is a basis of V and δ : B → I is a map in our well ordered set, then we
can define a filtration F(δ,B) of V by setting Vi to be the subspace generated by
{w ∈ B | δ(w) ≤ i}. Notice that, if we set F = F(δ,B), then dF (w) = δ(w) for all
w ∈ B. More precisely, if v ∈ V and we write v as a linear combination of elements
of B, i. e. v =

∑
crwr , then dF(v) = sup{δ(wr) | cr 6= 0}. It is then clear that

sF(v) =
∑

δ(wr)=dF (v)

crwr + V<dF (v) =
∑

δ(wr)=dF (v)

crsF(wr).(3.1)

Conversely, given a filtration F on V and a basis B of V , then setting δ = dF |B
one can construct the filtration F(δ,B). In general F differs from F(δ,B), indeed
we have:

Lemma 3.2. If F is a filtration on V , B is a basis of V , and δ = dF |B, then
F = F(δ,B) if and only if {sF(w) | w ∈ B} is a basis of GrF (V ).

Proof. If F = F(δ,B) then (3.1) says that {sF(w) | w ∈ B} generates GrF (V ).
If
∑
crsF(wr) = 0, then we can assume that dF (wr) = δ(wr) = i for all r. This

implies that
∑
crwr ∈ V<i, but then

∑
crwr =

∑
dsws with δ(ws) < i for all s,

and this implies that cr = 0 for all r.
Suppose now that {sF(w) | w ∈ B} is a basis of GrF (V ) and, for i ∈ I, set V ′

i

to be the space generated by the set {w ∈ B | δ(w) ≤ i}. Clearly V ′
i ⊂ Vi, and we

need to prove equality. Set i0 to be the minimum element of I such that V ′
i0 ( Vi0

and fix v ∈ Vi0 \ V ′
i0

. By the minimality of i0 we have that dF (v) = i0, so sF (v) =∑
crsF(wr) with dF(wr) = δ(wr) = i0. It follows that v′ = v −∑ crwr ∈ V<i0 ;

thus, by the minimality of i0, we have that v′ =
∑
dsws with dF (ws) < i0. This

implies that v =
∑
crwr +

∑
dsws ∈ V ′

i0
, which is absurd.

A consequence of Lemma 3.1 is the following fact:

Lemma 3.3. Fix a filtration F on V and a basis B such that {sF(v) | v ∈ B} is
a basis of GrF (V ). Suppose further that a subset {vj}j∈J of V is given having the
property that for each j ∈ J there is wj ∈ B and a nonzero constant cj such that
sF(vj) = cjsF (wj).

Then if the map j 7→ wj is bijective, the set {vj}j∈J is a basis of V .
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Proof. Indeed {sF(vj)} = {cjsF(wj)}. Since the map j 7→ wj is bijective (and
cj 6= 0 for all j), it follows that {sF(vj)} is a basis of GrF (V ). The result now
follows from Lemma 3.1.

The next result will be used in § 6. Suppose that there is a map φ : I → N; we
can define a new filtration (over N) on V by setting, for k ∈ N,

V(k) =
∑
φ(i)≤k

Vi.

Analogously we can define a new filtration on GrF (V ) by setting

V[k] =
∑
φ(i)≤k

V i.

Lemma 3.4. Suppose that the map φ : I → N is order preserving and that V(k) is
finite dimensional. Then V[k] is finite dimensional and

dimV(k) = dimV[k].

Proof. If V(k) = 0 there is nothing to prove. If V(k) 6= 0 then we define a sequence
i0 < · · · < ih < · · · in I as follows: set i0 to be the minimal element of I; if ih is
given we set ih+1 ∈ I to be the minimal i ∈ I such that i > ih, and V i 6= 0. We
observe that V ih+1 = Vih+1

/Vih and, obviously, V i0 = Vi0 . Indeed suppose that
there is ih < i < ih+1 such that Vih ( Vi and choose the minimal one, so that
V<i ⊂ Vih . By the definition of ih+1 we obtain that V i = 0, so Vi = V<i ⊂ Vih .

Since dimVih/Vih−1
= dimV ih , it is clear that dim Vih ≥ h, so there must be

r ∈ N such that φ(ir) ≤ k and φ(ih) > k for all h > r.
We claim that Vir = V(k). In fact, if φ(i) ≤ k, then i < ir+1; thus V(k) ⊂

V<ir+1 = Vir . Our claim follows.
We now prove that

V[k] =

r⊕
h=0

V ih .

This will conclude the proof. If i ∈ I is such that φ(i) ≤ k and i 6= ih for all
h = 1, . . . , r, then there is 0 ≤ h ≤ r such that ih < i < ih+1. The definition of
ih+1 implies that V i = 0.

We now specialize to U. We will make extensive use of the filtrations on U
defined in [2]. In fact we will define two filtrations on U and then relate them in
Proposition 3.5.

If λ =
∑
aiαi ∈ Q we let |λ| =

∑
i |ai|; so, in particular, if α ∈ R+, then |α| is

the height of the root. Suppose that u = Y JKλX
I is a standard monomial; then

we define the total height of u to be

d0(u) =
N∑
r=1

(ir + jr)|βr|,

and if α ∈ R we let o(α, u) be the exponent of Xα in u. Then the total degree of u
is the (2N + 1)-uple

d(u) = (o(−βN , u), . . . , o(−β1, u), o(β1, u), . . . , o(βN , u), d0(u)).

We order the semigroup N2N+1 by the lexicographic order < defined by

(i1, . . . , i2N+1) < (j1, . . . , j2N+1)
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if and only if there is K ≥ 0 such that i2N+1−k = j2N+1−k for k < K and
i2N+1−K < j2N+1−K .

Using the standard monomials as B and the total degree d as δ, we obtain a
filtration F on U as described after Lemma 3.1. It has been proven (see [2]) that
the filtration F is an algebra filtration, meaning by this that UDUD′ ⊂ UD+D′ for
all D,D′ ∈ N2N+1.

In the rest of the paper we let Gr(U) denote GrF (U), and, if u ∈ U, we set
d(u) = dF(u) and û / sF(u). Since the filtration F is an algebra filtration, then

Gr(U) is an algebra itself; indeed it is the algebra over C(q) with generators X̂α

(α ∈ R) and K̂λ (λ ∈ Q) subject to the relations described in [2], Proposition 10.1.
Thus Gr(U) is a semi-commutative algebra (here we use the terminology of § 3.7 of
[9]). It is finitely generated with generating subspace

Gr(U)1 = 〈X̂α, K̂±αi | α ∈ R, i = 1, . . . , n〉.(3.2)

We can define another filtration F0 (over N) of U, still using the standard mono-
mials as B but choosing the total height d0 as δ. This is also an algebra filtration,
and if u ∈ U, we will use d0(u) for dF0(u) and u for sF0(u). We set also U = GrF0(U).

If B is the basis of standard monomials for U, then, by Lemma 3.2, the set

B =
{
Y RKλXT

}
is a basis of U. We take δ : B → N2N+1 to be defined by

δ
(
Y RKλXT

)
= d(Y RKλX

T ) and let F = F(δ,B). This is a filtration on U, and

we denote by d its degree map. By Lemma 3.2, the set {sF
(
Y RKλXT

)
} is a basis

of GrF (U), so we can define a linear isomorphism Φ : GrF (U) → Gr(U) by setting

Φ(sF
(
Y RKλXT

)
) = (Y RKλX

T )̂ .

We claim that, if u ∈ U, then Φ(sF (u)) = û. Let us check this: set D = d(u)
and m = d0(u) and write u in terms of the standard monomials,

u =
∑

d(Y RKλXT )=D

hRTλY
RKλX

T +
∑

d(Y RKλX
T )<D

d0(Y
RKλX

T )=m

kRTλY
RKλX

T + u′

with d0(u
′) < m. Clearly

u =
∑

d(Y RKλXT )=D

hRTλY RKλXT +
∑

d(Y RKλX
T )<D

d0(Y
RKλX

T )=m

kRTλY RKλXT ;

thus, by the definition of F , we have that d(u) = D. It follows that

sF (u) =
∑

d(Y RKλXT )=D

hRTλsF
(
Y RKλXT

)
;

thus

Φ(sF (u)) =
∑

d(Y RKλXT )=D

hRTλ(Y
RKλX

T )̂ ,

which is precisely û. The above discussion aims at the following result:

Proposition 3.5. Suppose that C is a basis of U such that {v̂ | v ∈ C} is a basis of
Gr(U). Define δ : C → N by setting δ(v) = d0(v) for all v ∈ C. Then F0 = F(δ, C).
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Proof. By Lemma 3.2, it is enough to check that {v | v ∈ C} is a basis of U. Since

Φ({sF(v) | v ∈ C}) = {v̂ | v ∈ C}
and since Φ is an isomorphism, it follows that {sF(v) | v ∈ C} is a basis of GrF (U).

Thus, by Lemma 3.1, {v | v ∈ C} is a basis of U.

The filtration on U can be used to induce a filtration on modules. So for M any
finitely generated left U-module and M0 a finite dimensional generating subspace of
M , then, as usual, we can define a filtration FM on M by setting, for D ∈ N2N+1,
MD = UD ·M0. Since F is an algebra filtration, the space GrFM (M) is a graded
Gr(U)-module that we denote by Gr(M). If there is no chance for confusion we set
d(v) = dFM (v) and v̂ = sFM (v) for all v ∈M . In particular, if L is a left ideal in U,
then we always choose (C(q) + L)/L as a generating subspace of U/L and denote
vL = (1 + L)̂ .

4. The quantization of k

Let k denote the subalgebra of g whose set of simple roots is

∆(k) = {2e1} ∪ {ei − ei+1 | i = 2, . . . , n} ∪ {2en}.
In the classical setting k is the complexification of a maximal compact subalgebra
of sp(n − 1, 1). We now define a quantization of k by giving a set of elements of U
that, when q = 1, reduces to a set of generators for k.

Set

X0 = q−1Xe1−e2Xe1+e2 − qXe1+e2Xe1−e2 Y0 = Ω(X0)(4.1)

and

K = {X0, Y0} ∪ {K±1
i | i = 1, . . . , n} ∪ {Ei, Fi | i = 2, . . . , n}.(4.2)

We let K denote the subalgebra of U generated by K.
We now describe the characterization of a quantization of k by means of invariant

vectors. The left ideal generated by k in U(g) is the annihilator of the vectors that
realize the trivial representation in the class one representations for (g, k). This is
the characterization of k that we want to quantize. Thus we need a characterization
of the analogs of the k-spherical vectors.

Let m denote the Levi component of the parabolic subalgebra corresponding to
the simple roots in ∆(k) that belong to ∆. Thus a set of simple roots for m is

∆(m) = {ei − ei+1 | i = 2, . . . , n} ∪ {2en}.(4.3)

We observe that

m = d⊕m0(4.4)

where d = Ch2e1 and m0 = [m,m].
Let M be the subalgebra of U generated by K±1

i (i = 1, . . . , n) and by Ei, Fi
with i ≥ 2. We let M0 be the subalgebra generated by K±1

i , Ei, Fi with i ≥ 2.
Note that K is the subalgebra generated by X0, Y0, and M.

If k ∈ N we let

λk = k(e1 + e2).(4.5)

Clearly λk ∈ P+. These are exactly the highest weights of the class one represen-
tations of (g, k). By a classical branching theorem ([6]) the k-invariant vectors in
F (λk) are exactly the vectors that are invariant for both m and m0. We now show
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that the trivial representation of M and M0 occurs in V (λk) exactly once, and then
we will show that we must choose the M-spherical vectors in V (λk) as analogs of
the k-invariant vectors.

Set P0 =
∑n

i=2 Zei to be the lattice of integral weights of m0, P
+
0 the set of

dominant weights, and Q0 the root lattice. If λ0 ∈ P+
0 we let F0(λ0) denote the

irreducible finite dimensional m0-module of highest weight λ0. Let V0(λ0) be the
finite dimensional irreducible representation of M0 of highest weight λ0.

Clearly M0 is isomorphic to Uq(sp(n−1)). By Lusztig’s theorem (Theorem 2.1),
the character of V0(λ0) is equal to the character of F0(λ0).

Let ψ : P → P0 denote the restriction of weights to
√−1t0∩m0. We extend ψ to

the characters by setting ψ(eλ) = eψ(λ). It is clear that, if λ ∈ P+, then ψ(χ(F (λ)))
is the character of F (λ) as an m0-module. If M is an admissible U-module, v ∈Mµ,

and Kν ∈ U0 ∩ M0, it is easy to check that Kνv = q(ψ(µ),ν)v. It follows that the
character of M as an M0-module is equal to ψ(χ(M)), hence the character of V (λ)
as an M0-module is equal to the character of F (λ) as an m0-module. In particular
we have that V0(λ0) occurs in V (λ) with the same multiplicity by which F0(λ0)
occurs in F (λ).

To obtain the same result for M, we first introduce PBW-bases for M0 and M.
Let R(m) denote the set of roots of m. We have chosen the set ∆(m) defined in
(4.3) as a set of simple roots for R(m), and we let R+(m) be the corresponding set
of positive roots. In order to distinguish the root vectors that correspond to roots
in R(m) we set Fα = X−α and Eα = Xα whenever α ∈ R+(m), and, if J ∈ NN

′
,

we set EJ =
∏N ′

i=1E
ji
γi , where N ′ is the number of positive roots for M. Let F J

denote Ω(EJ). If λ ∈ Q then we can form the monomials F JKλE
J′ ; note that

these monomials are particular standard monomials of U.

Proposition 4.1. The monomials F JKλ0E
J′ with λ0 ∈ Q0 form a basis for M0.

The standard monomials F JKλE
J′ with λ ∈ Q form a basis of M.

Proof. Since s(1) (see (2.3)) fixes the roots of m and since s(2) . . . s(n−1)sn is the
longest element of the Weyl group of m, the first result follows from the PBW
theorem for M0 and [2, § 9.5].

For M one has to argue as follows. Let M′ denote the span of the standard
monomials FRKλE

T with λ ∈ Q. Clearly M′ ⊂ M and Ei, Fi ∈ M′ if i ≥ 2, while
Ki ∈ M′ for all i. To conclude the proof it is enough to check that M′ is an algebra,
so set u = FRKλE

T and v = F JKµE
J′ . If we write λ =

∑
niαi and µ =

∑
miαi,

then we set λ0 =
∑
i>1 niαi and µ0 =

∑
i>1miαi. By the relations defining U we

know that there is k ∈ Z such that uv = qkKn1+m1
1 FRKλ0E

TF JKµ0E
J′ . Since

the monomials FKKν0E
L form a basis of M0, we can write

uv = qkKn1+m1
1 (

∑
cKLν0F

KKν0E
L).

If we write ν = (n1 +m1)α1 + ν0, then we can find constants c′KLν such that

uv =
∑

c′KLνF
KKνE

L.

This concludes the proof.

If u is in the U0-weight space Uµ, we set λ(u) = µ. Notice that λ(XR) =∑
riβi and λ(Y R) = −∑ riβi. Notice also that, if λ = λ(EL), then FKKνE

L =
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q(λ,ν)FKELKν. It follows easily that, if one defines

NRTλ = FRETKλ,(4.6)

then the set {NRTλ} is a basis of M.
We now turn to considering the U0-admissible finite dimensional representations

of M. We note that we can extend the action of M0 on V0(λ0) to M as follows:

Lemma 4.2. Set µk = ke1. If µ ∈ P0 and v ∈ V0(λ0)µ, define

πk(F
RETKλ)(v) = q(λ,µ+µk)π(FRET )(v),

where π denotes the action of M0 on V0(λ0).
Then (πk, V0(λ0)) is a representation of M.

Proof. Since the monomials FRETKλ form a basis of M, this action is certainly well
defined. If λ ∈ Q0 then (λ, µk) = 0, so, if u ∈ M0 and v ∈ V0(λ0), then πk(u)(v) =
π(u)(v). Moreover, if λ ∈ Q, µ ∈ P0, and v ∈ V0(λ0)µ, then πk(uKλ)(v) =

q(λ,µk+µ)π(u)(v).
It remains to prove that

πk(F
RETKλ)(πk(F

HELKµ)(v)) = πk(F
RETKλF

HELKµ)(v).(4.7)

If v ∈ V0(λ0)ν then π(FHEL)(v) ∈ V0(λ0)ν+γ , where γ = λ(FHEL); thus

πk(F
RETKλ)(πk((F

HELKµ)(v))

= q(λ,ν+γ+µk)q(µ,ν+µk)π(FRET )(π((FHEL)(v)).

On the other hand

πk(F
RETKλF

HELKµ)(v) = q(λ,γ)q(λ+µ,ν+µk)π(FRETFHEL)(v).

Since π(FRETFHEL)(v) = π(FRET )(π(FHEL)(v)), we have (4.7).

We let V (λ0, k) denote the representation of M we just defined.
Now let V be any U0-admissible finite dimensional representation of M and set

Vk = {v ∈ V | K2e1 · v = q2kv}.
By the admissibility of V it is clear that V =

⊕
k Vk and, since [K2e1 ,M] = 0, Vk

is a U0-admissible M-module. If λ ∈ P and (Vk)λ 6= 0, pick v ∈ (Vk)λ such that
v 6= 0. If we write λ =

∑
niei, then K2e1 · v = q2n1v = q2kv; thus n1 = k. If we

consider Vk as an admissible M0-module and set λ0 = λ− µk =
∑

i≥2 niei, then it

is clear that (Vk)λ ⊂ (Vk)λ0 and that, if (Vk)λ′ ∩ (Vk)λ0 6= 0 for some λ′ ∈ P , then
λ′ = λ0+µk = λ. Since (Vk)λ0 =

⊕
λ′(Vk)λ′∩(Vk)λ0 , it follows that (Vk)λ = (Vk)λ0 .

Since Vk is U0 ∩ M0-admissible, then, as a M0-module, it is completely reducible
and its constituents are of the type V0(λ0). If W ' V0(λ0) is such a constituent,
then

W =
⊕
ν0∈P0

Wν0 =
⊕

W ∩ (Vk)ν0 =
⊕

W ∩ (Vk)ν0+µk ;

thus, if w ∈ Wν0 and λ ∈ Q, then FRETKλ · w = q(λ,ν0+µk)FRET · w ∈ W . This
implies that W is M-invariant and, as an M-module, W ' V (λ0, k).

This in turns proves the following: if V is a U0-admissible finite dimensional
M-module, then it is completely reducible and its constituents are of the type
V (λ0, k).
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Since χ(V (λ0, k)) = eµkχ(V0(λ0)), then the character of V (λ0, k) is equal to the
character of the irreducible m-module F (λ0, k) = Ck ⊗ F0(λ0), where Ck denotes
the one dimensional representation of d such that h2e1 · v = 2kv for all v ∈ Ck
(recall the decomposition (4.4)).

Since V (λ) is an admissible M-module, we can write

χ(V (λ)) =
∑
k,λ0

mkλ0 χ(V (λ0, k))

=
∑
k,λ0

mkλ0 χ(F (λ0, k)).

Since χ(V (λ)) = χ(F (λ)) we deduce from the linear independence of irreducible
characters that the multiplicity of V (λ0, k) in V (λ) is equal to the multiplicity of
F (λ0, k) in F (λ). We thus have proved:

Proposition 4.3. The trivial representations of M and of M0 occur in V (λk)
exactly once.

Proof. By the classical branching theorem ([6]) from sp(n) to sp(1)× sp(n− 1), we
obtain that the multiplicities of the trivial representations of m and m0 in F (λk)
are both equal to one.

We are now ready to define a quantization of U(g)k. Let vk ∈ V (λk) be such
that C(q)vk realizes the trivial representation of M in V (λk). Let ε be the homo-
morphism from U to C(q) defined by

ε(Ei) = ε(Fi) = 0, ε(Ki) = ε(K−1
i ) = 1;

we recall that ε is the counit for a Hopf algebra structure of U. Let A = Ker(ε)
denote the augmentation ideal of U.

Let I be the left ideal of U defined by:

I = {u ∈ A | u · vk = 0 ∀ k}(4.8)

We require that the representations V (λk) be spherical for a quantization of k.
We also require that M should be contained in our quantization, so, by Proposi-
tion 4.3, the vectors vk must be invariant for the quantization of k. Therefore we
call I the quantization of U(g)k.

We now relate I with the quantization K of k described after (4.2). We first show
that K ∩ A ⊂ I.

Lemma 4.4.

1. [X0,M0] = [Y0,M0] = 0.
2. X0, Y0 ∈ I.
3. K ∩ A ⊂ I.

Proof. First of all we observe that X0 ∈ U2e1 , therefore [X0, Ki] = 0 if i ≥ 2.
Furthermore, from (A.2), (A.3), (A.5), (A.6), (A.8), (A.9), (A.11), (A.12) we obtain
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that [X0, Ei] = [X0, Fi] = 0 for i > 2, and that, if n > 2,

X0E2 = Xe1−e2E2Xe1+e2 − qXe1+e2Xe1−e2E2

= q−1E2Xe1−e2Xe1+e2 −Xe1−e3Xe1+e2

−Xe1+e2E2Xe1−e2 + qXe1+e2Xe1−e3
= q−1E2Xe1−e2Xe1+e2 −Xe1−e3Xe1+e2

− qE2Xe1+e2Xe1−e2 + qXe1+e2Xe1−e3
= E2X −Xe1−e3Xe1+e2 + qXe1+e2Xe1−e3 .

It follows that [X0, E2] = −Xe1−e3Xe1+e2 + qXe1+e2Xe1−e3 . By [2, Theorem 9.3],
we have that −Xe1−e3Xe1+e2 + qXe1+e2Xe1−e3 = 0.

An analogous computation works for [X0, F2]:

[X0, F2] = q−1Xe1−e2 [Xe1+e2 , F2]− q[Xe1+e2 , F2]Xe1−e2
= −q−2Xe1−e2Xe1+e3Ke2−e3 +Xe1+e3Ke2−e3Xe1−e2
= −q−2(Xe1−e2Xe1+e3 − qXe1+e3Xe1−e2)Ke2−e3 = 0.

If n = 2 one obtains the same result using formulas (A.2), (A.3), (A.8), (A.9)
instead.

Since Ω(M0) = M0, it follows that

[Y0,M0] = [Ω(X0),Ω(M0)] = Ω([M0, X0]) = 0,

and the proof of the first statement is complete.
By Proposition 4.3, we have that X0 · vk = cvk for some c ∈ C(q). Since

K2e1 · vk = vk, then

cvk = K2e1X0 · vk = q4cvk;

thus c = 0. The result for Y0 is obtained in the same way, thus concluding the
proof of the second statement. Finally, the last statement follows from what we
just proved by observing that M ∩A ⊂ I.

Set

J = U(K ∩ A).(4.9)

The main result of the paper (Theorem 7.3) states that I = J . The proof of this
result spans the next three sections. We now give an immediate corollary: if V is a
finite dimensional U-module, a vector v ∈ V is said to be K-spherical if K∩A·v = 0.

Corollary 4.5. Let IK denote the annihilator of all the K-spherical vectors. Then

IK = U(K ∩ A).

Proof. Clearly IK ⊂ I and J ⊂ IK .

5. Bases for U/J
Our aim is to prove that I = J . To this purpose we need to determine several

bases of U/J . More precisely, our argument is divided in three steps:

1. We prove that the Gelfand-Kirillov dimension of U/I is equal to the Gelfand-
Kirillov dimension of U/J (see Theorem 6.4).

2. We show that certain elements of U act injectively on U/J (see Corollary 5.8).
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3. Using step (2) we show that, if there is an element u ∈ I \J , then the Gelfand-
Kirillov dimension of U/J would be strictly bigger than the Gelfand-Kirillov
dimension of U/I, and this contradicts step (1).

In order to carry out steps (1) and (3), we need to find a basis B0 of U/J such
that the set {v̂ | v ∈ B0} is a basis of the graded module Gr(U/J ) (here we are using
the notation we set up at the end of § 3). This is the basis given in Proposition 5.6.

For step (2) we compute the action of some elements of U on U/J by means of
carefully chosen bases of U/J . These are the bases described in Proposition 5.7.

We now start the construction of the basis B0 described above. We begin by
finding a basis of U other than the basis of standard monomials.

Set MRT = Y RXT , with Y RXT that satisfies the following property:

o(α, Y RXT ) = 0 if α is a root of m,(5.1)

where we recall that o(α, u) is the exponent of Xα in u. We let B′ denote the
set {MRTNVWλ}, where NVWλ is defined as in (4.6). An obvious consequence of
Lemma 3.1 is the following:

Lemma 5.1. The set B′ is a basis of U.

Proof. By the relations defining Gr(U) it is clear that there are nonzero constants
cRTVWλ ∈ C(q) such that

(MRTNVWλ)̂ = cRTVWλ(F
V Y RKλX

TEW )̂ .

By Lemmas 3.1 and 3.2, the result follows.

Next we consider the standard monomials M0
RT = Y RXT that satisfy property

(5.1) and the following property:

if o(e1 − e2, Y
RXT ) 6= 0 then o(e1 + e2, Y

RXT ) = 0,

if o(e1 + e2, Y
RXT ) 6= 0 then o(e1 − e2, Y

RXT ) = 0,

if o(−e1 − e2, Y
RXT ) 6= 0 then o(−e1 + e2, Y

RXT ) = 0,

if o(−e1 + e2, Y
RXT ) 6= 0 then o(−e1 − e2, Y

RXT ) = 0,

(5.2)

i.e. the root vectors Xe1−e2 and Xe1+e2 cannot occur together in XT , and the root
vectors X−e1+e2 and X−e1−e2 cannot occur together in Y R. In the rest of this
section the exponent 0 in a new definition of monomials will always indicate that
the corresponding set will also satisfy the above conditions.

We now want to define a basis of U that involves explicitly our special elements
X0 and Y0 defined in (4.2). Set M0

RTijV Wλ = M0
RTY

i
0X

j
0NVWλ, and let C0 denote

the set of all the monomials M0
RTijV Wλ.

We wish to prove that C0 is a basis for U. For this we need to compute an
expression for X0 and Y0 in terms of the standard monomials.
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Lemma 5.2.

X0 = (−q)n−1(q + q−1)X2e1 − (q − q−1)(

n∑
i=2

(−q)i−2Xe1−eiXe1+ei),(5.3)

X0 = (−q)−n+1(q + q−1)X2e1 − (q − q−1)(

n∑
i=2

(−q)−i+2Xe1+eiXe1−ei),(5.3’)

Y0 = (−q)−n+1(q + q−1)X−2e1 + (q − q−1)(

n∑
i=2

(−q)−i+2X−e1−eiX−e1+ei),(5.4)

Y0 = (−q)n−1(q + q−1)X−2e1 + (q − q−1)(

n∑
i=2

(−q)i−2X−e1+eiX−e1−ei).(5.4’)

Proof. We prove by induction on n− j that

q−1Xe1−ejXe1+ej − qXe1+ejXe1−ej

= −(q − q−1)

n∑
i=j

(−q)i−jXe1−eiXe1+ei + (q + q−1)(−q)n−j+1X2e1 .
(5.5)

If j = n then, by (A.23),

q−1Xe1−enXe1+en − qXe1+enXe1−en
= −(q − q−1)Xe1−enXe1+en − q[Xe1+en , Xe1−en ]

= −(q − q−1)Xe1−enXe1+en − q(q + q−1)X2e1 .

If j < n, then, by (A.25),

q−1Xe1−ejXe1+ej − qXe1+ejXe1−ej
= −(q − q−1)Xe1−ejXe1+ej − q[Xe1+ej , Xe1−ej ]

= −(q − q−1)Xe1−ejXe1+ej

− q(q−1Xe1−ej+1Xe1+ej+1 − qXe1+ej+1Xe1−ej+1).

One easily verifies that (5.5) satisfies the recursive equation written above.
The other expression for X0 given in (5.3’) is obtained in the same way. One

obtains (5.4) and (5.4’) by applying Ω to (5.3) and (5.3’).

Lemma 5.3. The set C0 is a basis for U.

Proof. Let A denote the set of all R ∈ NN such that XR and Y R satisfy proper-
ties (5.2) and (5.1). If R = (r1, . . . , rN ) ∈ A and i ∈ N, we set

Ri = (r1 + i, r2, . . . , r2n−1 + i).

If R ∈ NN and i ≤ min(r1, r2n−1), we set

Ri = (r1 − i, r2, . . . , r2n−1 − i, 0, · · · , 0).

We begin by computing M̂0
RTijV Wλ: by Lemma 5.2 we have

M̂0
RTijV Wλ = (q − q−1)i+j Ŷ RX̂T (X̂−e1−e2X̂−e1+e2)

i(X̂e1−e2X̂e1+e2)
jF̂V ÊW K̂λ.

Thus, using the relations defining Gr(U), we find that there is a nonzero constant
cRTijV Wλ such that

M̂0
RTijV Wλ = cRTijV WλŶ

(Ri,V )K̂λX̂
(T j,W ).(5.6)
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In view of Proposition 3.3, it is enough to check that the map

f : A×A× N× N× NN
′ × NN

′ ×Q→ NN ×Q× NN

defined by

f : (R, T, i, j, V,W, λ) 7→ ((Ri, V ), λ, (T i,W ))

is bijective. But this is obvious since the inverse of f is

g : NN ×Q× NN → A×A× N× N× NN
′ × NN

′ ×Q,

g : (R, λ, T ) 7→ (Ri, Ti, i, j, V,W, λ),

where

i = min(o(−e1 − e2, Y
R), o(−e1 + e2, Y

R)),

j = min(o(e1 − e2, X
T ), o(e1 + e2, X

T )),

V = (r2n, . . . , rN ),

W = (t2n, . . . , tN ).

The proof is complete.

We now modify slightly our basis {M0
RTijV Wλ} in order to get a basis of the

ideal A. If λ 6= 0 set ÑVWλ = FV EW (Kλ − 1), and if λ = 0 set ÑVWλ = NVWλ.
We set

M̃0
RTijV Wλ = M0

RTY
i
0X

j
0ÑVWλ.

It is rather easy to check that the set {M̃0
RTijV Wλ} is a basis of U, and that

M̃0
RTijV Wλ ∈ A unless R, T, i, j, V,W, λ are all zero, in which case it is equal to

1. Since U = C(q) ⊕A, it follows that the set {M̃0
RTijV Wλ} \ {1} is a basis of A.

Since, by Proposition 4.1, the monomials NVWλ are a basis for M, one can prove
analogously that the set {ÑVWλ} \ {1} is a basis of A ∩M.

We write M0
RTij = M0

RTij000 = M̃0
RTij000 for short, and denote by P0 the span

of the elements M0
RTij .

Lemma 5.4.

U = P0 ⊕ U(A ∩M).

Proof. We need only to prove that P0 ∩ (U(A ∩M)) = 0.
Suppose that

∑
cRTijM

0
RTij ∈ U(A ∩M); then∑
cRTijM

0
RTij =

∑
uVWλÑVWλ

with uVWλ ∈ U and V,W, λ not all zero. We write uVWλ =
∑
dVWλ
RTijHLµM

0
RTijHLµ

and substituting we obtain that∑
cRTijMRTij =

∑
dVWλ
RTijHLµM

0
RTijHLµÑVWλ

=
∑

dVWλ
RTijHLµM

0
RTijNHLµÑVWλ.

Since A ∩M is an ideal of M, it follows that

NHLµÑVWλ =
∑

hHLµVWλ
ABν ÑABν
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with A,B, ν not all zero, and hence∑
cRTijM

0
RTij =

∑
dVWλ
RTijHLµh

HLµVWλ
ABν M0

RTijÑABν

=
∑

dVWλ
RTijHLµh

HLµVWλ
ABν M̃0

RTijABν

with A,B, ν not all zero.
This contradicts the linear independence of the M̃0

RTijV Wλ.

The following lemma is the crucial technical result of this section: we obtain it
by a lengthy calculation that is described in Appendix B.

Lemma 5.5.

[X0, Y0] ∈ U(A ∩M).

We finally arrive at the specific basis B0 for U/J described at the beginning of
the section. Set B0

RT = M0
RT + J ∈ U/J . Let B0 be the set of the B0

RT .

Proposition 5.6. The set B0 is a basis of U/J .

Proof. We need only to prove that the B0
RT are linearly independent, so suppose

that
∑
cRTB

0
RT = 0 or, equivalently, that∑

cRTM
0
RT00 ∈ J ;

then we can write ∑
cRTM

0
RT00 = u1X0 + u2Y0 + u3

with u1, u2 ∈ U and u3 ∈ U(A ∩M).

Write us =
∑
dsRTijV WλM̃

0
RTijV Wλ (s = 1, 2); we notice that, if λ 6= 0,

M̃0
RTijV WλX0 = M0

RTijÑVWλX0

= q(2e1,λ)M0
RTijX0ÑVWλ + (q(2e1,λ) − 1)M0

RTijX0ÑVW0

so, replacing us by

u′s =
∑

dsRTij000M̃
0
RTij000 +

∑
λ6=0

(q(−1)r−1(2e1,λ) − 1)dsRTij00λM̃
0
RTij000

for s = 1, 2, and u3 by u3 +(u1−u′1)X0 +(u2−u′2)Y0, we can assume that us ∈ P0

if s = 1, 2.
Assuming this, we obtain that∑

cRTM
0
RT00 =

∑
dRTijM

0
RTijX0 +

∑
fRTijM

0
RTijY0 + u3.(5.7)

Recall that M0
RTij = M0

RTY
i
0X

j
0 , so, if j 6= 0 then

M0
RTijY0 = M0

RTY
i
0X

j
0Y0 = M0

RTY
i
0X

j−1
0 Y0X0 +M0

RTY
i
0X

j−1
0 [X0, Y0].

Write M0
RTY

i
0X

j−1
0 Y0 in terms of the M̃0

HLklV Wλ, i.e.

M0
RTY

i
0X

j−1
0 Y0 =

∑
hHLklV WλM̃

0
HLklV Wλ;

then, reasoning as for u1X0 above, we can write

M0
RTY

i
0X

j−1
0 Y0X0 =

∑
h′HLklM

0
HLklX0 + u′
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with u′ ∈ U(A ∩M). By Lemma 5.5, we obtain that

M0
RTijY0 =

∑
h′HLklM

0
HLklX0 + u′′ =

∑
h′HLklM

0
HLk(l+1) + u′′

with u′′ ∈ U(A ∩M). Substituting in (5.7), we find that∑
cRTM

0
RT00 =

∑
dRTijM

0
RTijX0 +

∑
fRTijM

0
RTijY0 + u3

=
∑

dRTijM
0
RTi(j+1) +

∑
fRTi0M

0
RTi0Y0

+
∑
j 6=0

fRTijM
0
RTijY0 + u3

=
∑

dRTijM
0
RTi(j+1) +

∑
fRTi0M

0
RT (i+1)0

+
∑
j 6=0

gRTijM
0
RTij + u′′′

with u′′′ ∈ U(A ∩M). By Lemma 5.4, it follows that∑
cRTM

0
RT00 =

∑
dRTijM

0
RTi(j+1) +

∑
fRTi0M

0
RT (i+1)0 +

∑
j 6=0

kRTijM
0
RTij ,

and this contradicts the linear independence of the M0
RTij .

We now start the construction of four new bases of U/J that we will use in
computing the action of certain elements of U on U/J . The first basis is defined as
follows: we denote by M1

RT the standard monomials Y RXT that satisfy property
(5.1) and the following property:

o(−2e1, Y
RXT ) = o(2e1, Y

RXT ) = 0.(5.8)

This means that the root vector X2e1 does not occur in XT and the root vector
X−2e1 does not occur in Y R.

We will show that the set {M1
RT + J } is a basis of U/J . This is the first of the

four basis that we need. The other three bases are essentially the same except that
we write the root vectors that occur in the monomials in a different order.

More precisely, we denote RX = XrN
βN
· · ·Xr1

β1
and RY = Ω(RX). Set M2

RT =
RY XT , M3

RT = XTY R, and M4
RT = TXY R. We also assume that R, T are such

that Y RXT satisfies properties (5.1) and (5.8). We can (at last) state

Proposition 5.7. If r = 1, 2, 3, 4, set Br = {M r
RT + J }.

Then the sets Br are bases of U/J .

An obvious consequence of Proposition 5.7 is the following result.

Corollary 5.8. Set X1 = X−e1−e2 , X2 = X−e1+e2 , X3 = Xe1−e2 , and X4 =
Xe1+e2 .

Then Xr acts injectively on U/J (r = 1, 2, 3, 4).

Proof. It is enough to compute the action of Xr using the basis Br.
The rest of this section is devoted to the proof of Proposition 5.7. We will give

full technical details only for the proof that B1 is a basis for U/J , the other cases
being fairly similar.

We set M1
RTijV Wλ = M1

RTY
i
0X

j
0NVWλ and let C1 denote the set of the mono-

mials M1
RTijV Wλ. The procedure for showing that B1 is a basis of U/J is the same
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as in the construction of the basis B0 above: we first show that C1 is a basis for U
and then apply Lemma 5.5 as in the proof of Proposition 5.6.

We cannot argue exactly as for the M0
RTijV Wλ because the set {M̂1

RTijV Wλ} is

not a basis for Gr(U); thus we need to introduce a different filtration.
Using the basis B′ introduced in Lemma 5.1, we define a map δ1 : B′ → N2 by

setting

δ1(MRTNVWλ) = (d0(MRTNVWλ), o(2e1, Y
RXT ) + o(−2e1, Y

RXT )).

We order N2 lexicographically; thus, as described in § 3, the map δ1 defines a
filtration on U that we denote by F1. We let d1 denote the corresponding degree
map. We notice that this filtration is not an algebra filtration; it is however true
that

d1(Y
RXTNVWλ) = d1(Y

R) + d1(X
T ) + d1(NVWλ).(5.9)

Indeed, since there is a constant C such that

(Y RXTNVWλ)̂ = C(FV Y RKλX
TEV )̂ ,

it follows from the definition of d0 that

d0(Y
RXTNVWλ) = d0(F

V ) + d0(Y
R) + d0(X

T ) + d0(E
W )

= d0(Y
R) + d0(X

T ) + d0(NVWλ).

By the definition of d1 we find that

d1(Y
RXTNVWλ) = (d0(Y

RXTNVWλ), o(−2e1, Y
RXT ) + o(2e1, Y

RXT ))

= (d0(Y
R) + d0(X

T ) + d0(NVWλ), o(−2e1, Y
R) + o(2e1, X

T ))

= (d0(Y
R), o(−2e1, Y

R)) + (d0(X
T ), o(2e1, X

T )) + (d0(NVWλ), 0)

= d1(Y
R) + d1(X

T ) + d1(NVWλ),

which is exactly (5.9).

Lemma 5.9. Suppose that R ∈ NN is such that XR and Y R satisfy property (5.1),
and set Ri = (r1, . . . , rn + i, . . . , r2n−1, 0, . . . , 0).

Then there are nonzero constants C and D such that

1.

Y RY i0 = (C)iY R
i

+
∑

cTY
T

with d1(Y
T ) < d1(YRi).

2.

XRX i
0 = (D)iXRi +

∑
dTX

T

with d1(XT ) < d1(X
Ri).

Proof. The proof is simply a careful computation: the details are given in Appen-
dix B

Lemma 5.10. There is a nonzero constant Cij such that

sF1(M
1
RTijV Wλ) = CijsF1(Y

RiXT jNVWλ).
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Proof. We write explicitly M1
RT = Y RXT ; then, by [2], Remark 10.1 (c),

M1
RTijV Wλ = Y RXTY i0X

j
0NVWλ

= Y RY i0X
TXj

0NVWλ + u′

with d0(u
′) < d0(M

1
RTijV Wλ). Thus from the definition of F1 we conclude that

d1(u
′) < d1(M

1
RTijV Wλ). It follows that

sF1(M
1
RTijV Wλ) = sF1(Y

RY i0X
TXj

0NVWλ).

By Lemma 5.9, we can write

Y RY i0X
TXj

0NVWλ = (C)i(D)jY R
i

XT jNVWλ +
∑

cAdBY
AXBNVWλ

with d1(Y
A) + d1(X

B) < d1(Y
Ri) + d1(X

T j ).

Using (5.9) we find that d1(Y
AXBNVWλ) < d1(Y

RiXT jNVWλ); thus, setting
Cij = (C)i(D)j , we find that

sF1(M
1
RTijV Wλ) = CijsF1(Y

RiXT jNVWλ),

as we wished to prove.

Lemma 5.11. The set C1 is a basis for U.

Proof. Because of Proposition 3.3 and Lemma 5.10, it is enough to check that the

map (R, T, i, j, V,W, λ) 7→ Y R
i

XT jNVWλ is bijective. This is obvious since its
inverse is the map Y RXTNVWλ 7→ (R0, T0, i, j, V,W, λ), where i = rn, j = tn,
R0 = (r1, . . . , rn−1, 0, rn+1, . . . , rN ), and T0 = (t1, . . . , tn−1, 0, tn+1, . . . , tN ).

From now on we can follow the same steps as in the proof that B0 is a basis:
we write M1

RTij = M1
RTij000 for short and let P1 denote the span of the elements

M1
RTij . Exactly as in Lemma 5.4 we can check that

U = P1 ⊕ U(A ∩M).(5.10)

The proof that B1 is a basis of U/J is identical to the proof of Proposition 5.6 if
we just replace the M0

RTij by the M1
RTij and use (5.10) instead of Lemma 5.4.

6. Gelfand-Kirillov dimension

We refer to [10] and [5] for definitions and generalities on Gelfand-Kirillov di-
mension. If M is a finitely generated module for a finitely generated algebra A,
then we let GK(M) denote its Gelfand-Kirillov dimension. We set

p = dim g− dim k = 4(n− 1).

Lemma 6.1.

GK(U/I) ≥ p.

Proof. Recall from §4 that λk = k(e1 + e2) and vk denotes a nonzero vector in
V (λk) on which M acts trivially. If k ∈ N, we set V (k) =

⊕
r≤k V (λr) and

v(k) =
∑

r≤k vr. Let U1 be the space generated (over C(q)) by Xα (α ∈ R)

and K±
i . Clearly U1 generates U (as an algebra), and we set Uk = (U1)

k. Let

(U/I)k = Uk · (1 + I). By the definition of Gelfand-Kirillov dimension,

GK(U/I) = lim sup(logk(dim(U/I)k).
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We will show that there is a positive constant C ∈ N such that dim(U/I)Ck ≥
dimV (k). Set C ′ = |e1 + e2| and C = 3C′. We define a map φk : (U/I)Ck → V (k)
by setting φk(u + I) = u · v(k). Since I · v(k) = 0, it is clear that the map is well
defined. We claim that φk is surjective. We will show this by induction on k.

If k = 0 there is nothing to prove, so let us assume that k > 0. We observe
that there is u ∈ U+ such that u · vk = vλk , where vλk denotes a highest vector for
V (λk). We can clearly assume that u ∈ Uλk , hence d0(u) = |λk| = C ′k, and this

implies that u ∈ UC
′k. In fact u is a sum of monomials of the type XR =

∏
iX

ri
βi

with
∑
riβi = λk. Hence

|R| =
∑

ri ≤
∑

ri|βi| = |λk|.
Therefore u ∈ UC

′k.
Fix w ∈ V (λk) and suppose that w ∈ V (λk)µ. We know that there is u′ ∈ U−

such that u′ · vλk = w; and, reasoning as above, we can assume that u′ ∈ Uµ−λk .
Hence u′ is a sum of monomials Y R with |R| ≤ |λk − µ|. Let λ̄k = −λk denote the
lowest weight of V (λk). Since µ− λ̄k is a sum of positive roots,

|λk − µ| ≤ |λk − µ+ µ− λ̄k| = |λk − λ̄k| = |2λk|,
and it follows that |R| ≤ |2λk| = 2C′k, i.e. u′ ∈ U2C′k. Since V (λk) is admissible,

the outcome of the above discussion is that for any w ∈ V (λk) there is u′ ∈ U2C′k

such that u′u · vk = w.
If r < k, the weight λr − λk is not a sum of positive roots; hence u · vr = 0 if

r < k.
Fix v ∈ V (k), and write v = w0 +w with w0 ∈ V (k− 1) and w ∈ V (λk). By the

induction hypothesis we know that there is u0 ∈ UC(k−1) such that φk−1(u0 + I) =

u0 · v(k − 1) = w0. We have proven above that there are u1, u2 ∈ U2C′k such that
u1u · vk = u0 · vk and u2u · vk = w. Then

v = w0 + w = u0 · v(k)− u1u · v(k) + u2u · v(k)
and u0 − u1u+ u2u ∈ UCk. We have therefore proven that φk is surjective.

It follows that dim(U/I)Ck ≥ dimV (k). By a result of Wallach ([13]; see also
Proposition 5.2 of [12] and the remark thereafter), it is known that dimV (k) =
kp(A + Ck), where A is a positive constant and Ck tends to zero as k tends to
infinity. Hence

GK(U/I) = lim sup logk(dim(U/I)k) ≥ lim sup logCk(dim(U/I)Ck)

≥ lim sup logCk(k
p(A+ Ck)) = p,

and the proof is complete.

We now prove a result that slightly improves the results of [9] on the Gelfand-
Kirillov dimension of quantized algebras.

Lemma 6.2. If M is a finitely generated U-module, then

GK(M) = GK(Gr(M)).

Proof. We wish to use a suitable generalization of Theorem 1.3 of [11].
Let k ∈ N and set D1 = (0, . . . , 0, 1) ∈ N2N+1. We define a new filtration Fk

over N2N+1 by choosing

{Xα | α ∈ R} ∪ {K±1
i | i = 1, . . . , n}
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as a set of generators for U and defining dFk(Xα) = kd(Xα) and dFk(K
±1
i ) = D1.

We also define a filtration F̂ on Gr(U) by setting dF̂ (X̂α) = d(Xα) and dF̂ (K̂±1
i ) =

D1.
As shown in Theorem 2.17 of [11], in order to prove our result, it is enough to

prove that GK(U/L) = GK(Gr(U/L)) for any left ideal L of U. We observe that
one can generalize both Theorem 2.9 and Lemma 2.14 of [11] to our setting, so we
can conclude that there is k̄ such that

GK(GrF k̄(U/L)) ≤ GK(GrF̂ (Gr(U/L))).

To prove the lemma it is enough to show that

GK(GrF k̄(U/L)) = GK(U/L)(6.1)

and

GK(GrF̂ (Gr(U/L))) = GK(Gr(U/L)).(6.2)

Let φ : N2N+1 → N be the map defined by

φ(d1, . . . , d2N+1) = d2N+1.

Notice that φ is an order preserving homomorphism. We can define a filtration
over N on U by setting U(m) =

∑
φ(D)≤m F k̄D(U). Since φ is a homomorphism, this

filtration is an algebra filtration. We also set (U/L)(m) = (U(m)+L)/L. We observe
that dim(U/L)(m) is finite for all m. It follows from Proposition 8.6.5 of [10] that

GK(U/L) = lim sup(logm(dim(U/L)(m)).

Analogously we can define a filtration over N on GrF k̄(U) and on GrF k̄(U/L) by
setting

GrF k̄(U)[m] =
⊕

φ(D)≤m
F k̄D(U)/F k̄<D(U)

and

GrF k̄(U/L)[m] = (GrF k̄(U)[m] +GrF k̄(L))/GrF k̄(L).

Lemma 3.4 implies that the dimension of GrF k̄(U/L)[m] is finite; thus

GK(GrF k̄(U/L)) = lim sup(logm(dimGrF k̄(U/L)[m]).

Applying Lemma 3.4 again, (6.1) follows immediately. The same argument applied
to Gr(U/L) gives (6.2).

The results in § 5 coupled with Lemma 6.2 have as an easy consequence the fact
that the Gelfand-Kirillov dimension of U/I is exactly equal to p. Indeed, we prove

Lemma 6.3.

GK(U/J ) ≤ p.

Proof. By Lemma 6.2, GK(U/J ) = GK(Gr(U/J )). Since Gr(U) is a semicom-
mutative algebra, the Gelfand-Kirillov dimension can be computed as if Gr(U)
were a commutative algebra: if R ∈ NN we set |R| =∑ ri and define

Gr(U)m = {Ŷ RK̂λX̂
T | |R|+ |λ|+ |T | ≤ m}.

Let vJ = (1 + J )̂ and set Gr(U/J )m = Gr(U)m · vJ . Then

GK(Gr(U/J )) = lim sup logm(dimGr(U/J )m).
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It is clear that the elements M̂0
RTijV Wλ · vJ generate Gr(U/J ) and that

M̂0
RTijV Wλ · vJ = M̂0

RTijV W0 · vJ .
Furthermore, if i, j, V,W are not all zero, then M̂0

RTijV W0 ·vJ = 0. ThusGr(U/J )m

is generated by {Ŷ RX̂T · wJ } with Y RXT that satisfy (5.1), (5.2) and such that
|R|+ |T | ≤ m; it follows that dimGr(U/J )m is bounded above by a polynomial in
m of degree p, and hence GK(U/J ) ≤ p.

An immediate result is the following:

Theorem 6.4.

GK(U/J ) = GK(U/I) = p.

Proof. Since J ⊂ I, then GK(U/J ) ≥ GK(U/I). The result now follows from
Lemmas 6.1 and 6.3.

7. Proof of the main result

We have just proven that GK(U/I) = GK(U/J ). Thus, by Lemma 6.2,

GK(Gr(U/I)) = GK(Gr(U/J )).

This is not enough to conclude right away that I = J as it would be in the classical
case. The problem here is that the annihilator of the generator of Gr(U/J ) inGr(U)
is not completely prime. The subject of this section is the work needed to obtain
the desired equality.

Set vI = (1 + I )̂ ∈ Gr(U/I); since J ⊂ I it is clear that Gr(U/I) is generated,

as a vector space, by B̂0 = {M̂0
RT · vI}.

Let A denote the set of all M0
RT . We divide A into four subsets As (s=1,2,3,4)

as follows

1. A1 = {Y RXT | o(e1 − e2, Y
RXT ) = 0 and o(−e1 − e2, Y

RXT ) = 0},
2. A2 = {Y RXT | o(e1 + e2, Y

RXT ) = 0 and o(−e1 − e2, Y
RXT ) = 0},

3. A3 = {Y RXT | o(e1 − e2, Y
RXT ) = 0 and o(−e1 + e2, Y

RXT ) = 0},
4. A4 = {Y RXT | o(e1 + e2, Y

RXT ) = 0 and o(−e1 + e2, Y
RXT ) = 0}.

Let Âs denote the space generated by M̂0
RT · vI with M0

RT ∈ As and, if i ∈ N, let

(Âs)i be the subspace of Âs generated by the M̂0
RT · vI such that |R| + |T | ≤ i.

Set also ps(i) = dim(As)i. Arguing as in Lemma 6.3, it is clear that Gr(U)i · vI =∑4
s=1(Âs)i.
If there are R̄ = (r̄1, . . . , r̄2n−1, 0, . . . , 0) and T̄ = (t̄1, . . . , t̄2n−1, 0, . . . , 0) such

that Y R̄X T̄ ∈ As and Ŷ R̄X̂ T̄ ·vI = 0, then for all R, T such that ri ≥ r̄i and ti ≥ t̄i
for all i, we have that Ŷ RX̂T · vI = 0. It follows that (Âs)i is generated by all

Ŷ RX̂T · vI such that Y RXT ∈ As, |R| + |T | ≤ i, and there is j such that either
rj < r̄j or tj < t̄j . Counting the number of these generators, we find that ps(i) is
bounded above by a polynomial of degree at most p− 1.

We will show that, if I 6= J , then for each s = 1, 2, 3, 4 there are R̄ and T̄ (that

depend on s) such that Y R̄X T̄ ∈ As and Ŷ R̄X̂ T̄ · vI = 0. Since

dim(Gr(U))i · vI) ≤
4∑
s=1

ps(i),
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it follows that dimGr(U)i is bounded above by a polynomial of degree at most
p− 1; hence GK(Gr(U/I)) < p and this gives a contradiction.

The rest of this section is devoted to carrying out this program. First of all we
set up some notation: if i = 1 we set i′ = 2 and if i = 2 we set i′ = 1; if i = 3
we set i′ = 4 and if i = 4, we set i′ = 3. Set also ε1 = −e1 − e2, ε2 = −e1 + e2,
ε3 = e1 − e2 and ε4 = e1 + e2. We start with a simple lemma:

Lemma 7.1. Let Xi (i = 1, 2, 3, 4) be as defined in Corollary 5.8 and suppose that
Y R and XT satisfy property (5.2).

1. If i = 1, 2 then

XiY
R =

∑
cHY

H + cR0 Y
R0Y0

with Y H that satisfy property (5.2), o(εi′ , Y
H) ≤ o(εi′ , Y

R), and d0(Y
H) =

d0(Y
R) + d0(Xi).

Furthermore, o(εi′ , Y
H) = o(εi′ , Y

R) if and only if o(εi′ , Y
R) = 0.

2. If i = 3, 4 then

XiX
T =

∑
dHX

H + dT0X
T0X0

with XH that satisfy property (5.2), o(εi′ , X
H) ≤ o(εi′ , X

T ), and d0(X
H) =

d0(X
R) + d0(Xi).

Furthermore, o(εi′ , X
H) = o(εi′ , X

T ) if and only if o(εi′ , X
T ) = 0.

Proof. We write explicitly

Y R = X
r2n−1

−e1−e2Y
R′Xr1−e1+e2 ,

where R′ = (0, r2, . . . , r2n−2, 0, . . . , 0). If i = 1 and o(εi′ , Y
R) = r1 = 0 then

X1Y
R = X

r2n−1+1
−e1−e2 Y

R′ and there is nothing to prove (here cR0 = 0). If r1 6= 0,

then, since Y R satisfies property (5.2), r2n−1 = 0, and hence, by [2], setting c(q) =
q−(r2+···+2rn+···+r2n−2),

X1Y
R = X−e1−e2Y

R′Xr1−e1+e2
= c(q)Y R

′
X−e1−e2X

r1−e1+e2

=

r1−1∑
i=1

c(q)Y R
′
X i−1
−e1+e2 [X−e1−e2 , X−e1+e2 ]X

r1−i−e1+e2

+ c(q)Y R
′
Xr1−1
−e1+e2X−e1−e2X−e1+e2 .

(7.1)

By Lemma 5.2

X−e1−e2X−e1+e2 =
1

q − q−1
(Y0 − (−q)−n+1(q + q−1)X−2e1)

−
n∑
i=3

(−q)−i+2X−e1−eiX−e1+ei .

Furthermore, by (A.25),

[X−e1−e2 , X−e1+e2 ] = q−1X−e1+e3X−e1−e3 − qX−e1−e3X−e1+e3 ,
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so, substituting in (7.1), we find that

X1Y
R =

r1−1∑
i=1

c(q)q−1Y R
′
X i−1
−e1+e2X−e1+e3X−e1−e3X

r1−i−e1+e2

−
r1−1∑
i=1

c(q)qY R
′
X i−1
−e1+e2X−e1−e3X−e1+e3X

r1−i−e1+e2

− (−q)−n+1(q + q−1)

q − q−1
c(q)Y R

′
Xr1−1
−e1+e2X−2e1

−
∑
i>2

(−q)−i+2c(q)Y R
′
Xr1−1
−e1+e2X−e1−eiX−e1+ei

+
c(q)

q − q−1
Y R

′
Xr1−1
−e1+e2Y0.

Since X−e1+e2X−e1±ei = qX−e1±eiX−e1+e2 , it follows that

X1Y
R =

r1−1∑
i=1

c(q)q2i−3Y R
′
X−e1+e3X−e1−e3X

r1−1
−e1+e2

−
r1−1∑
i=1

c(q)q2i−1Y R
′
X−e1−e3X−e1+e3X

r1−1
−e1+e2

+
−(−q)−n+1(q + q−1)

q − q−1
c(q)q2r1−2Y R

′
X−2e1X

r1−1
−e1+e2

−
∑
i>2

(−q)−i+2c(q)q2r1−2Y R
′
X−e1−eiX−e1+eiX

r1−1
−e1+e2

+
c(q)

q − q−1
Y R

′
Xr1−1
−e1+e2Y0.

(7.2)

We observe that, if i > 2, then Y R
′
X−e1±ei and Y R

′
X−2e1 are linear combinations

of the type
∑
c′H′Y H

′
with o(−e1 ± e2, Y

H′
) = 0. This depends on our choice of

the convex ordering on R+ and [2, Theorem 9.3]. Using this fact in (7.2), it follows
that

X1Y
R =

∑
c′H′Y H

′
Xr1−1
−e1+e2 +

c(q)

q − q−1
Y R

′
Xr1−1
−e1+e2Y0;

so, setting cH = c′H′ , Y H = Y H
′
Xr1−1
−e1+e2 , c

R
0 = c(q)

q−q−1 , and Y R0 = Y R
′
Xr1−1
−e1+e2 ,

we have our result. It remains only to prove that d0(Y
H) = d0(Y

R) + d0(Xi). By
eventually collecting terms we can assume that the Y H are distinct, thus linearly
independent in U. Set λ = λ(X1Y

R), and note that Y R0Y0 ∈ Uλ, thus
∑
cHY

H ∈
Uλ. By the linear independence of the Y H , it follows that Y H ∈ Uλ for all H ; but
then d0(Y

H) = |λ| = d0(X1Y
R) = d0(X1) + d0(Y

R).
The other cases are similar.

If we write u ∈ U as a linear combination of the M̃0
RTijV Wλ, i.e.,

u =
∑

kRTijV WλM̃
0
RTijV Wλ,

then

d0(u) = max{d0(M̃
0
RTijV Wλ) | kRTijV Wλ 6= 0}.(7.3)
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In fact it is easy to check that

d(M0
RTijV Wλ) = d(M0

RTijV W0);

hence (M̃0
RTijV Wλ)̂ = M̂0

RTijV Wλ − M̂0
RTijV W0 if λ 6= 0, while (M̃0

RTijV W0 )̂ =

M̂0
RTijV W0. Furthermore we know from the proof of Lemma 5.3 that the M̂0

RTijV Wλ

form a basis of Gr(U). It follows easily that the set {(M̃0
RTijV Wλ)̂ } is a basis of

Gr(U). Applying Proposition 3.5, we obtain (7.3).
Now fix v ∈ U/J and write it in terms of the basis B0. Then v =

∑
hRTB

0
RT =∑

hRTY
RXT + J . Set `(v) = d0(

∑
hRTY

RXT ),

v1 =
∑

d0(Y RXT )=`(v)

hRTY
RXT + J ,

and v2 = v − v1.
Note that, if u ∈ U, then `(u + J ) ≤ d0(u). Indeed, if we write u + J =∑
hRTY

RXT + J , then u =
∑
hRTY

RXT + u′ with u′ ∈ J . Write u′ as a linear

combination of the M̃0
RTijV Wλ:

u′ =
∑

kRTijV WλM̃
0
RTijV Wλ

with i, j, V,W or λ not all zero. This implies that

u =
∑

hRT M̃
0
RT00000 +

∑
kRTijV WλM̃

0
RTijV Wλ;

thus our assertion follows from (7.3).
This implies that if u ∈ U, then `(u · v) ≤ d0(u) + `(v). In fact,

`(u · v) ≤ d0(u(
∑

hRTY
RXT )) ≤ d0(u) + d0(

∑
hRTY

RXT ) = d0(u) + `(v).

If i = 1, 2, 3, 4, set

oi(v) = max{o(εi, Y RXT ) | hRT 6= 0 and d0(Y
RXT ) = `(v)}.

Lemma 7.2. If v ∈ U/J , then oi′ (Xi · v) ≤ oi′ (v), and oi′(Xi · v) = oi′(v) if and
only if oi′(v) = 0. Furthermore, if j 6= i, i′, then oj(Xi · v) = oj(v).

Proof. Suppose i = 1, 2. Clearly Xi · v = Xi · v1 +Xi · v2 and

`(Xi · v2) ≤ d0(Xi) + `(v2) < d0(Xi) + `(v1).

Write v1 =
∑
T pT (Y )XT + J , where pT (Y ) =

∑
R hRTY

R. By Lemma 7.1,

XipT (Y ) =
∑
H

cHTY
H +

∑
R

hRT c
R
0 Y

R0Y0

with o(εi′ , Y
H) ≤ oi′(v) and d0(

∑
H cHTY

H) = d0(pT (Y )) + d0(Xi).
Moreover, o(εi′ , Y

H) = oi′(v) if and only if oi′(v) = 0. This implies that

Xi · v1 =
∑
T

XipT (Y )XT + J

=
∑
T

(
∑
H

cHTY
H)XT +

∑
T

(
∑
R

hRT c
R
0 Y

R0)Y0X
T + J

=
∑
T

(
∑
H

cHTY
H)XT +

∑
T

(
∑
R

hRT c
R
0 Y

R0)[Y0, X
T ] + J .

Now, by [2], d0(Y
R0 [Y0, X

T ]) < d0(Y
R0Y0X

T ), and, by Lemma 7.1,

d0(Y
R0Y0X

T ) ≤ `(v) + d0(Xi),
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so

Xi · v1 =
∑
HT

cHT Y
HXT + J + v′

with `(v′) < `(v) + d0(Xi). Since d0(Y
HXT ) = `(v) + d0(Xi), we are done if we

show that
∑

HT cHTY
HXT + J 6= 0. By the linear independence of the B0

RT , we
have that

∑
HT cHTY

HXT + J = 0 if and only if the cHT are all zero; but this
implies that XipT (Y ) =

∑
R hRT c

R
0 Y

R0Y0, and hence Xi · (pT (Y ) + J ) = 0 for all
T . By Corollary 5.8, this says that pT (Y ) +J = 0 for all T , and this is impossible
unless pT (Y ) = 0 for all T . In such a case we would have that v1 = 0, which is
impossible.

It is now clear how to proceed: one can use the various Xi to move from one Âs
to another.

Theorem 7.3. The annihilator of all the vectors vk is equal to U(K ∩ A), i.e.,

I = J .
Proof. If I 6= J and u ∈ I \J , then v = u+ J 6= 0 in U/J , so v =

∑
hRTB

0
RT =∑

hRTY
RXT + J . By picking the term Y R̄X T̄ of top total degree, we have that

Ŷ R̄X̂ T̄ · vI = 0. Set i = 1, 2 and j = 3, 4. Because of Lemma 7.2, by applying Xi

and Xj to v enough times we can assume that oi′(v) = oj′ (v) = 0. Thus for each

s = 1, 2, 3, 4 there is Y RXT ∈ As such that Ŷ RX̂T · vI = 0.

8. Applications

We first prove a result involving the so-called coideal property: we say that a
subspace S of U has the coideal property if

∆(S) ⊂ S ⊗ U + U⊗ S.

In the classical case any subspace of g has the coideal property.
Our result is negative: not only does U(K∩A) not have the coideal property but

we also show that U(M ∩ A) is the maximal left ideal that annihilates our vectors
vk and that has the coideal property. This contrasts sharply with the classical case.
The precise statement is even stronger:

Theorem 8.1. Suppose that S ⊂ A is a space having the coideal property such that
Sv1 = 0.

Then S ⊂ U(M ∩A).

The proof of the theorem is done in several steps: we begin with a computation.

Lemma 8.2.

X0(v1 ⊗ v1) 6= 0.

Proof. Using the formulas in Proposition A.1 and the recursion formula given at
the end of the proof of Lemma 5.2, we find that

X0(v1 ⊗ v1) = (1 − q2)

n∑
i=2

(−q)2n−i−1Xe1−eiv1 ⊗Xe1+eiv1

− (1− q2)
n∑
i=2

(−q)i−3Xe1+eiv1 ⊗Xe1−eiv1.
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If Xe1−e2v1 = 0, since v1 is M-spherical, we would have that U+v1 = 0, which is
impossible. If Xe1+e2v1 = 0, then, using the PBW basis of U+, it would follow that
the weight e1 + e2 cannot occur in U+v1; but this is absurd since v1 ∈ V (e1 + e2).
Hence X0(v1 ⊗ v1) 6= 0.

Using the branching theorem of [6], we find that the trivial representation of M
occurs in V (λ) if and only if λ = he1 + ke2 with h − k even and positive. Also
the multiplicity of the trivial representation of M in V (λ) is at most one. We
fix a M-spherical vector v(h,k) in V (he1 + ke2). Note that we can and do choose
vk = v(k,k).

Lemma 8.3. Suppose that S is a subspace of U that has the coideal property.
If Sv1 = 0 then Sv(2,0) = 0.

Proof. If we decompose the U-moduleM = V (λ1)⊗V (λ1) (recall that λ1 = e1+e2),
we find that the representations occurring in M that contain the trivial represen-
tation of M are only V (0), V (e1 + e2), V (2e1 + 2e2), and V (2e1). Since v1 ⊗ v1 is
obviously M-invariant, we can write

v1 ⊗ v1 = c1v(0,0) + c2v(1,1) + c3v(2,2) + c4v(2,0).

By Lemma 8.2 it follows that c4 6= 0. Since S has the coideal property, we know
that S(v1 ⊗ v1) = 0. Our claim follows.

We now prove that the annihilator of all the vectors v(h,k) is U(M ∩A).

Lemma 8.4. Set L = {u ∈ U | uv(h,k) = 0 for all h, k}. Then

L = U(M ∩ A).

Proof. By the same argument we gave in Lemma 6.1, we have that

GK(U/L) ≥ dim g− dim m.

Set vL = (1 + L)̂ . Arguing as in Lemma 6.3, we can check that Gr(U/L) is

generated by the set {Ŷ RX̂TvL} with the monomials Y RXT that satisfy property
5.1.

If there is u ∈ L\U(M ∩ A), then, as in the proof of Theorem 7.3, there is

a monomial Y R̄X T̄ that satisfies property 5.1 such that Ŷ R̄X̂ T̄ vL = 0; but this
implies that the Gelfand-Kirillov dimension of Gr(U/L) is less than dim g−dim m.
In light of Lemma 6.2 this is absurd; hence L = U(M ∩ A).

We are now ready to give the

Proof of Theorem 8.1. Pick u ∈ S. Because of Lemma 8.4 it is enough to check
that uv(h,k) = 0 for all h, k. Since u ∈ A, it follows that uv(0,0) = 0. By our
hypothesis uv(1,1) = 0; hence, by Lemma 8.3, uv(2,0) = 0.

Now fix h, k ∈ N with h− k = 2a, and a ≥ 0. Since S has the coideal property,
it is clear that

u((⊗av(2,0))⊗ (⊗kv(1,1))) = 0.

We observe that

(⊗av(2,0))⊗ (⊗kv(1,1)) = C(q)v(h,k) + other terms,

so to conclude we need only to check that C(q) 6= 0.
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We do this by specialization at q = 1 (see [8, § 4]). We can choose our vector
v(h,k) in such a way that its specialization v̄(h,k) at q = 1 is a nonzero m-invariant
vector in F (he1 + ke2). Since specialization respects tensor product, it follows that

(⊗av̄(2,0))⊗ (⊗kv̄(1,1)) = C(1)v̄(h,k) + other terms.

If we check that C(1) 6= 0 we are done. For doing this, it is enough to check that

X̄a
2e1X̄

k
e1+e2((⊗av̄(2,0))⊗ (⊗kv̄(1,1))) 6= 0

(here X̄2e1 and X̄e1+e2 denote the root vectors for m). But it is easy to compute,
using weight considerations, that

X̄a
2e1X̄

k
e1+e2((⊗av̄(2,0))⊗ (⊗kv̄(1,1))) = a!k!(⊗aX̄2e1 v̄(2,0))⊗ (⊗kX̄e1+e2 v̄(1,1)).

Our result now follows because, by realizing F (2e1) and F (e1 + e2) inside C2n⊗
C2n with the standard action of sp(n), one can check directly that X̄e1+e2 v̄(1,1) 6= 0

and X̄2e1 v̄(2,0) 6= 0.

The next result involves the analog of the algebra of invariant differential oper-
ators on a symmetric space: let K denote the subalgebra of U generated by X0, Y0

and M. Let CU(K) denote the centralizer of K in U and set

Dq(U,K) = CU(K)/CU(K) ∩ U(K ∩ A).

Theorem 8.5. The set Dq(U,K) is a commutative algebra.

Proof. Since CU(K) ∩ U(K ∩ A) is obviously a bilateral ideal in CU(K), it follows
immediately that Dq(U,K) is an algebra.

If X,Y ∈ CU(K), then, by multiplicity one, [X,Y ]vk = 0 for all k. Hence, by
Theorem 7.3, we have that [X,Y ] ∈ J = U(K ∩A).

Appendix A. Relations between root vectors

In order to clean up our computations, we need one further bit of notation: for
α ∈ Q and u ∈ U we denote by adα(u) the linear map on U defined by

adα(u)(v) = uv −Ad(Kα)(v)u.

Recall (see [2]) that adα(u) is a twisted derivation; that is,

adα(u)(vw) = adα(u)(v)w +Ad(Kα)(v) adα(u)(w).(A.1)

The following notations will also be useful:

T (i) = TiTi+1 . . . TnTn−1 . . . Ti,

T !i = T1 . . . Ti,

T i! = Ti . . . T1.
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Proposition A.1. Relations between positive roots and simple positive roots :

adei−ej (Xei−ej )(X2en) = −δjnXei+en , i < j ≤ n,(A.2)

adei+ej (Xei+ej )(X2en) = 0, i < j ≤ n,(A.3)

ad2ei(X2ei)(X2en) = − 1−q2
q+q−1X

2
ei+en , i < n,(A.4)

adei−eh (Xei−eh)(Xej−ej+1 ) = −δjhXei−ej+1 , i < h, i < j < n,(A.5)

adei+eh (Xei+eh )(Xej−ej+1 ) = −δj+1 hXei+ej , i < h, i < j < n,(A.6)

ad2ei(X2ei)(Xej−ej+1) = 0, i < j < n.(A.7)

Proof. We will only give the details of the proof of (A.4) (which is the most difficult
one). All the others can be derived similarly and are left to the reader.

We want to show that

X2eiX2en −X2enX2ei = − 1−q2
q+q−1X

2
ei+en .

First of all we observe that we can assume that i = 1. In fact, by Proposition 4.1, the
computation for i > 1 is the same as for i = 1 in the quantized algebra corresponding
to sp(n− i+ 1,C). So we are left to verify that

X2e1X2en −X2enX2e1 = − 1−q2
q+q−1X

2
e1+en .

By the definition of the root vectors Xα given in § 2, we have that X2e1 =
T !n−1(En). Hence

X2e1X2en −X2enX2e1 = T !n−1(En)T (1)(En)− T (1)(En)T !n−1(En)

= T !n−2(Tn−1(En)T (n−1)T n−2!(En)

− T (n−1)T n−2!(En)Tn−1(En)).

By [2], § 9.5,

T (n−1)T n−2!(En) = En,

so

X2e1X2en −X2enX2e1 = T !n−2(Tn−1(En)En − EnTn−1(En))

and, by the relations between root vectors given for g of rank 2 in [8], § 5.2,

Tn−1(En)En − EnTn−1(En) = − 1−q2
q+q−1 Tn−1Tn(E

2
n−1).

Therefore

X2e1X2en −X2enX2e1 = T !n−2(− 1−q2
q+q−1 Tn−1Tn(E

2
n−1))

= − 1−q2
q+q−1 (T !n(En−1))

2

= − 1−q2
q+q−1X

2
e1+en ,

since Xe1+en = T !n(En−1).
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Proposition A.2. Relations between positive roots and simple negative roots :

[Xei−ej , X−2en ] = 0, i < j ≤ n,(A.8)

[Xei+ej , X−2en ] = −δjnXei−enK2en

q2
, i < j ≤ n,(A.9)

[X2ei , X−2en ] =
(1 − q−2)X2

ei−enK2en

q2(q + q−1)
, i < n,(A.10)

[Xei−eh , X−ej+ej+1 ] = −δh j+1

Xei−ejKej−ej+1

q
, i < j < n, i < h,(A.11)

[Xei+eh , X−ej+ej+1 ] = −δhj
Xei+ej+1Kej−ej+1

q
, i < j < n, i < h,(A.12)

[X2ei , X−ej+ej+1 ] = 0, i < j < n.(A.13)

Proof. As for Proposition A.1 we will give only an example, namely we will prove
(A.11).

As before we can assume that i = 1. If h = j + 1 then

[Xe1−ej+1 , X−ej+ej+1 ] = [T !j−1(Ej), T
(1)(Fj)]

= T !j−2([Tj−1(Ej), T
(j−1)T j−2!(Fj)])

= T !j−2([−Ej−1Ej + q−1EjEj−1, Fj ])

= T !j−2(−Ej−1[Ej , Fj ] + q−1[Ej , Fj ]Ej−1)

= T !j−2(−Ej−1(
Kej−ej+1 −K−ej+ej+1

q − q−1
)

+ q−1(
Kej−ej+1 −K−ej+ej+1

q − q−1
)Ej−1)

= T !j−2(−Ej−1(
Kej−ej+1 −K−ej+ej+1

q − q−1
)

+ q−1Ej−1(
q−1Kej−ej+1 − qK−ej+ej+1

q − q−1
))

=
T !j−2(−Ej−1(1 − q−2)Kej−ej+1 )

q − q−1

= −Xe1−ejKej−ej+1

q
.

If h > j + 1, then

[Xe1−eh , X−ej+ej+1 ] = [T !h−2(Eh−1), T
(1)(Fj)],

so

[Xe1−eh , X−ej+ej+1 ] = T !h−2([Eh−1, T
(h−1)T h−2!(Fj)])

= T !h−2([Eh−1, T
(h−1)(Fj−1)])

= T !h−2([Eh−1, Fj−1]) = 0.



QUANTUM ANALOG OF A SYMMETRIC PAIR 3265

If h ≤ j,

[Xe1−eh , X−ej+ej+1 ] = [T !h−2(Eh−1), T
(1)(Fj)]

= T !h−2([Eh−1, T
(h−1)T h−2!(Fj)])

= T !h−2([Eh−1, Fj ]) = 0.

The other formulas are obtained similarly.

Proposition A.3. Relations between generic positive roots :

adei−eh(Xei−eh)(Xej−er ) = −δjhXei−er , i < h ≤ j < r,(A.14)

adei−eh(Xei−eh)(Xej+er ) = −δjhXei+er , i < h ≤ j < r,(A.15)

adei−eh(Xei−eh)(Xej+er ) = (q − q−1)Xei+erXej−eh(A.16)

= (q − q−1)Xej−ehXei+er , i < j < h < r.

Proof. The proof of (A.14) is by induction on r − j. If r − j = 1 then (A.14)
becomes (A.5). If r − j > 1 then, by (A.5) again,

adei−eh(Xei−eh)(Xej−er ) = − adei−eh(Xei−eh)(adej−er−1 (Xej−er−1)(Xer−1−er ))

= − adei−eh(Xei−eh)(Xej−er−1Xer−1−er − q−1Xer−1−erXej−er−1)

= − adei−eh(Xei−eh)(Xej−er−1)Xer−1−er
−Ad(Kei−eh )(Xej−er−1 ) adei−eh(Xei−eh)(Xer−1−er )

+ q−1 adei−eh(Xei−eh)(Xer−1−er )Xej−er−1

+ q−1Ad(Kei−eh)(Xer−1−er ) adei−eh(Xei−eh)(Xej−er−1)

= − adei−eh(Xei−eh)(Xej−er−1)Xer−1−er
+ q−1Ad(Kei−eh)(Xer−1−er ) adei−eh(Xei−eh)(Xej−er−1),

so, by applying the induction hypothesis, we find that

adei−eh (Xei−eh)(Xej−er ) = δjhXei−er−1Xer−1−er − δjhq
−1Xer−1−erXei−er−1

= −δjhXei−er .

The proof of (A.15) is very similar to the proof of (A.14) above: we prove it by
induction on n− r. For r = n we use (A.2) to write

Xej+en = −Xej−enX2en + q−2X2enXej−en
and then apply (A.2) and (A.14) to check that

adei−eh(Xei−eh)(−Xej−enX2en + q−2X2enXej−en)

is equal to −δjhXei+en . The inductive step is similar, except that we use (A.6) to
write

Xej+er = −Xej+er+1Xer−er+1 + q−1Xer−er+1Xej+er+1

and then we use (A.5) and the induction hypothesis to compute

adei−eh(Xei−eh)(−Xej+er+1Xer−er+1 + q−1Xer−er+1Xej+er+1).

Finally, the proof of (A.16) is done by induction on h − j. We use (A.15) to
write

Xej+er = −Xej−ej+1Xej+1+er + q−1Xej+1+erXej−ej+1 .
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To compute

adei−eh(Xei−eh)(−Xej−ej+1Xej+1+er + q−1Xej+1+erXej−ej+1)

we use (A.5), (A.6), (A.15) when j = h − 1, and (A.5), (A.6), (A.14), and the
induction hypothesis when h− j > 1.

Proposition A.4. Relations between generic positive and negative roots :

[Xei−eh , X−ei+ej ] = qX−eh+ejKei−eh , i < h < j,(A.17)

[Xei−eh , X−ei−ej ] = qX−eh−ejKei−eh , i < h < j,(A.18)

[Xei+eh , X−ej+er ] = 0, i < j < h, j < r,(A.19)

[Xei+en , X−ej−en ] = −q−1Xei−ejKej+en , i < j < n, j < r,(A.20)

[Xei+eh , X−ej−eh ] = −q−1Xei−ejKej+eh , i < j < h.(A.21)

Proof. The proof of (A.17) is by induction on j−h. Applying Ω to (A.5), one finds
that

X−ei+ej = −X−ej−1+ejX−ei+ej−1 + qX−ei+ej−1X−ej−1+ej .

We observe also that

[Xei−eh , X−ei+eh ] =
Kei−eh −K−ei+eh

q − q−1
;(A.22)

so, by computing

[Xei−eh ,−X−ej−1+ejX−ei+ej−1 + qX−ei+ej−1X−ej−1+ej ],

using (A.11) and (A.22) when j = h + 1, the induction hypothesis, (A.5), and
(A.11) if j > h+ 1, one derives (A.17).

For (A.18) we use induction on n− j. The proof is completely analogous to the
previous one except that we use (A.2) to write

X−ei−en = −X−2enX−ei+en + q2X−ei+enX−2en

and (A.6) to write

X−ei−ej = −X−ej+ej+1X−ei−ej+1 + qX−ei−ejX−ej+ej+1 .

We then use (A.17) and (A.2) to prove (A.18) when j = n, and (A.5) and the
induction hypothesis to prove it when j < n.

The induction for (A.19) is on r− j. If j + 1 = r then (A.19) reduces to (A.12).
If r − j > 1 then we apply Ω to (A.5) to obtain that

X−ej+er = −X−er−1+erX−ej+er−1 + qX−ej+er−1X−er−1+er .

Our formula now follows from (A.12) and the induction hypothesis.
The relation (A.20) is obtained by induction on n − j. For the base of the

induction one uses (A.2) to write

X−en−1−en = −X−2enX−en−1+en + q2X−en−1+enX−2en ,

and then one uses (A.9), (A.12), and (A.11). The inductive step is obtained by
starting with (A.14) to write

X−ej−en = −X−ej+1−enX−ej+ej+1 + qX−ej+ej+1X−ej+1+en ,

then using the induction hypothesis, (A.12), and (A.14).
Finally, (A.21) is obtained in a completely analogous fashion by induction on

n − h. The base of the induction is (A.20), while the inductive step is obtained
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starting with (A.6) to give a different expression for X−ej−eh and then applying
(A.12), (A.19), and the induction hypothesis to compute the bracket.

Proposition A.5. Relations between orthogonal but not strongly orthogonal roots :

[Xei+en , Xei−en ] = (q + q−1)X2ei , i < n,(A.23)

[Xei−en , X−ei−en ] = q2(q + q−1)X−2enKei−en , i < n,(A.24)

[Xei+ej , Xei−ej ] = q−1Xei−ej+1Xei+ej+1

− qXei+ej+1Xei−ej+1 , i < j < n,
(A.25)

[Xei−ej , X−ei−ej ] = −qX−ej+ej+1X−ej−ej+1Kei−ej+,

+ q3X−ej−ej+1X−ej+ej+1Kei−ej , i < j < n.
(A.26)

Proof. Without loss of generality we may assume that i = 1. To prove (A.23) we
observe that, by [2], § 9.3,

[Xe1+en , Xe1−en ] = cX2e1(A.27)

for some c. On the other hand, by Proposition A.1,

Xe1+enXe1−enX2en = Xe1+en(q−2X2enXe1−en −Xe1+en)

= q−2Xe1+enX2enXe1−en −X2
e1+en

= q−2q2X2enXe1+enXe1−en −X2
e1+en

= X2enXe1+enXe1−en −X2
e1+en ,

Xe1−enXe1+enX2en = Xe1−en(q2X2enXe1+en)

= q2(q−2X2enXe1−en −Xe1+en)Xe1+en

= X2enXe1−enXe1+en − q2X2
e1+en ,

and

X2e1X2en = X2enX2e1 −
1− q2

q + q−1
X2
e1+en .

It follows that

[Xe1+en , Xe1−en ]X2en = X2en [Xe1+en , Xe1−en ]−X2
e1+en + q2X2

e1+en .

Using (A.27), we obtain that

cX2e1X2en = cX2enX2e1 −X2
e1+en + q2X2

e1+en .

Hence

cX2enX2e1 − c 1−q2
q+q−1X

2
e1+en = cX2enX2e1 −X2

e1+en + q2X2
e1+en .

It follows that

c 1−q2
q+q−1X

2
e1+en = X2

e1+en − q2X2
e1+en .

This implies that c(1− q2)/(q + q−1) = 1− q2 and therefore c = (q + q−1).
We now turn to (A.25). Indeed, by (A.11),

Xe1−ei = −q[Xe1−ei+1 , X−ei+ei+1 ]K−ei+ei+1 ;
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therefore

Xe1+eiXe1−ei = Xe1+ei(−q[Xe1−ei+1 , X−ei+ei+1 ]K−ei+ei+1)

= −qXe1+eiXe1−ei+1X−ei+ei+1K−ei+ei+1

+ qXe1+eiX−ei+ei+1Xe1−ei+1K−ei+ei+1 ,

so, using (A.12) and [2], § 9.3,

Xe1+eiXe1−ei = −Xe1−ei+1Xe1+eiX−ei+ei+1K−ei+ei+1

+ qX−ei+ei+1Xe1+eiXe1−ei+1K−ei+ei+1

−Xe1+ei+1Kei−ei+1Xe1−ei+1K−ei+ei+1

= −Xe1−ei+1X−ei+ei+1Xe1+eiK−ei+ei+1 + q−1Xe1−ei+1Xe1+ei+1

+X−ei+ei+1Xe1−ei+1Xe1+eiK−ei+ei+1 − qXe1+ei+1Xe1−ei+1

= −qXe1−ei+1X−ei+ei+1K−ei+ei+1Xe1+ei + q−1Xe1−ei+1Xe1+ei+1

+ qX−ei+ei+1Xe1−ei+1K−ei+ei+1Xe1+ei − qXe1+ei+1Xe1−ei+1

= −q[Xe1−ei+1 , X−ei+ei+1 ]K−ei+ei+1Xe1+ei

+ q−1Xe1−ei+1Xe1+ei+1 − qXe1+ei+1Xe1−ei+1 .

By (A.11) again, we have that

Xe1+eiXe1−ei = Xe1−eiXe1+ei + q−1Xe1−ei+1Xe1+ei+1 − qXe1+ei+1Xe1−ei+1 ,

as we wished to prove.
Formulas (A.24) and (A.26) are easier: applying Ω to (A.2), we write

X−ei−en = −X−2enX−ei+en + q2X−ei+enX−2en .

Hence, using (A.8),

[Xei−en , X−ei−en ] = −X−2en [Xei−en , X−ei+en ] + q2[Xei−en , X−ei+en ]X−2en

= −X−2en(
Kei−en −K−ei+en

q − q−1
) + q2(

Kei−en −K−ei+en
q − q−1

)X−2en

= q2(q + q−1)X−2enKei−en .

This proves (A.24).
For (A.26) we write, using (A.6),

X−ei−ej = −X−ej+ej+1X−ei−ej+1 + qX−ei−ej+1X−ej+ej+1 ,

and then we use (A.11) together with (A.18) to compute

[Xei−ej ,−X−ej+ej+1X−ei−ej+1 + qX−ei−ej+1X−ej+ej+1 ]

and obtain the desired result.

In the next proposition we write u ≡ v to mean u ≡ v mod U(A ∩M).

Proposition A.6. Relations mod U(A ∩M):

[Xe1+e2 , X−e2+ej ] ≡ (−q)−j+2Xe1+ej , j > 2,(A.28)
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[Xe2−ej , X−e1−e2 ] ≡ −(−q)−j+3X−e1−ej , j > 2,(A.29)

[Xe1+e2 , X−e2−ej ] ≡ −(−q)j−2nXe1−ej , j > 2,(A.30)

[Xe2+ej , X−e1−e2 ] ≡ (−q)j+1−2nX−e1+ej , j > 2.(A.31)

Proof. The proof of (A.28) is by induction on j. If j = 3 then (A.28) reduces to
(A.12); if j > 3 then we write, using (A.5),

X−e2+ej = −X−ej−1+ejX−e2+ej−1 + qX−e2+ej−1X−ej−1+ej ,

and so, using (A.12) and the fact that X−ej−1+ej ∈ U(A ∩M),

[Xe1+e2 , X−e2+ej ] ≡ [Xe1+e2 ,−X−ej−1+ejX−e2+ej−1 + qX−e2+ej−1X−ej−1+ej ]

≡ −X−ej−1+ej [Xe1+e2 , X−e2+ej−1 ].

Thus we can apply the induction hypothesis and find that

[Xe1+e2 , X−e2+ej ] ≡ −(−q)−j+3X−ej−1+ejXe1+ej−1

≡ −(−q)−j+3[X−ej−1+ej , Xe1+ej−1 ]

≡ (−q)−j+2Xe1+ej ,

where in the last equation we have used (A.12).
The proof of (A.29) is completely analogous.
The induction for (A.30) is on n− j: if j = n then, by (A.2),

X−e2−en = −X−2enX−e2+en + q2X−e2+enX−2en ,

and this implies that

[Xe1+e2 , X−e2+en ] ≡ [Xe1+e2 ,−X−2enX−e2+en + q2X−e2+enX−2en ]

≡ −X−2en [Xe1+e2 , X−e2+en ]

≡ −(−q)−n+2X−2enXe1+en

≡ −(−q)−n+2[X−2en , Xe1+en ]

≡ −(−q)−nXe1−en .

Here we have used (A.9), (A.28), and the fact that X−2en ∈ U(A ∩ M). The
inductive step for (A.30) and formula (A.31) are completely analogous.
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Proposition A.7. Big relations :

ade1−ei(Xe1−ei)(Xej+ei) =
∑
k>i

(−q)k−i−1(q − q−1)Xe1−ekXej+ek

−
i−1∑

k=j+1

(−q)2n−i−k+1(q − q−1)Xe1+ekXej−ek

+ (q − q−1)(q−1 + q2n−2i+1)Xe1+eiXej−ei

−
∑
k≥i+1

(−q)2n−i−k+1(q − q−1)Xe1+ekXej−ek

+ (−q)2n−j−i+1Xe1+ej , 1 < j < i,

(A.32)

adej+ei(X−ej−ei)(X−e1+ei) =
∑
k>i

(−q)k−i(q − q−1)X−e1+ekX−ej−ek

−
i−1∑

k=j+1

(−q)2n−i−k+2(q − q−1)X−e1−ekX−ej+ek

− (q − q−1)(1 + q2n−2i+2)X−e1−eiX−ej+ei

−
∑
k≥i+1

(−q)2n−i−k+2(q − q−1)X−e1−ekX−ej+ek

+ (−q)2n−j−i+1X−e1−ej , 1 < j < i.

(A.33)

Proof. We will prove only (A.32), the proof of (A.33) being identical.
If i = n then (A.32) specializes to

ade1−en(Xe1−en)(Xej+en) = −
n−1∑
k=j+1

(−q)n−k+1(q − q−1)Xe1+ekXej−ek

+ (q − q−1)(q−1 + q)Xe1+enXej−en
+ (−q)n−j+1Xe1+ej .

(A.34)

We start by proving (A.34) by induction on n− j. If j = n− 1 then, by (A.2),

Xen−1+en = −Xen−1−enX2en + q−2X2enXen−1−en ,(A.35)

so, by applying ade1−en(Xe1−en) to (A.35) and using (A.1), (A.2), and (A.5), we
find that

ade1−en(Xe1−en)(Xen−1+en) = qXen−1−enXe1+en − q−2Xe1+enXen−1−en .

Using (A.6), we now find that

ade1−en(Xe1−en)(Xen−1+en) = (q2 − q−2)Xe1+enXen−1−en + q2Xe1+en−1 ,

which is (A.34) for j = n− 1.
If j < n− 1, then we use (A.15) and write

Xej+en = −Xej−ej+1Xej+1+en + q−1Xej+1+enXej−ej+1
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and apply ade1−en(Xe1−en) to this last expression. By (A.1) and (A.5), we find
that

ade1−en(Xe1−en)(Xej+en) = −Xej−ej+1 ade1−en(Xe1−en)(Xej+1+en)

+ q−1 ade1−en(Xe1−en)(Xej+1+en)Xej−ej+1

so, using the induction hypothesis, (A.6), and (A.14), one can easily check (A.34).
Let us prove (A.32) by induction on n − i. Clearly (A.34) is the base of the

induction. For the inductive step we can write, using (A.6),

Xej+ei = −Xej+ei+1Xei−ei+1 + q−1Xei−ei+1Xej+ei+1 ;

applying ade1−ei(Xe1−ei) to this expression, we find using (A.1) that

ade1−ei(Xe1−ei)(Xej+ei) = − ade1−ei(Xe1−ei)(Xej+ei+1)Xei−ei+1

−Xej+ei+1 ade1−ei(Xe1−ei)(Xei−ei+1)

+ q−1 ade1−ei(Xe1−ei)(Xei−ei+1)Xej+ei+1

+ q−2Xei−ei+1 ade1−ei(Xe1−ei)(Xej+ei+1).

Using (A.5), (A.6), and (A.16), we can rewrite the above expression as follows:

ade1−ei(Xe1−ei)(Xej+ei) = −q ade1−ei+1(Xe1−ei+1)(Xej+ei+1)

+ (q − q−1)(Xe1+ei+1Xej−ei+1 + q−1Xe1+eiXej−ei +Xe1−ei+1Xej+ei+1).

One easily verifies that (A.32) satisfies the recursion formula above.

Appendix B. Computational results

Proof of Lemma 5.5. We write u ≡ v to mean u − v ∈ U(A ∩ M). In general, if
ui ∈ U for i = 1, 2, 3, 4, then

[u1u2, u3u4] = u3[u1, u4]u2 + u3u1[u2, u4] + [u1, u3]u2u4 + u1[u2, u3]u4.

We note that Xe1+e2 and X−e1−e2 both commute with [Xe1−e2 , X−e1+e2 ], while
Xe1−e2 and X−e1+e2 commute with [Xe1+e2 , X−e1−e2 ]. By using this fact and the
above relation one immediately obtains that

[X0, Y0] ≡ −q−2X−e1+e2 [Xe1−e2 , X−e1−e2 ]Xe1+e2

− q−2Xe1−e2 [Xe1+e2 , X−e1+e2 ]X−e1−e2 − q2Xe1+e2 [Xe1−e2 , X−e1−e2 ]X−e1+e2

− q2X−e1−e2 [Xe1+e2 , X−e1+e2 ]Xe1−e2 + [Xe1−e2 , X−e1−e2 ]Xe1+e2X−e1+e2

+ [Xe1+e2 , X−e1+e2 ]Xe1−e2X−e1−e2 +X−e1−e2Xe1−e2 [Xe1+e2 , X−e1+e2 ]

+X−e1+e2Xe1+e2 [Xe1−e2 , X−e1−e2 ].

Since by (A.26) [Xe1−e2 , X−e1−e2 ] and [Xe1+e2 , X−e1+e2 ] belong to U(A ∩M), we
get rid of the last two terms in the above expression.

For the remaining terms we will show that

X−e1+e2 [Xe1−e2 , X−e1−e2 ]Xe1+e2 ≡ −Xe1−e2 [Xe1+e2 , X−e1+e2 ]X−e1−e2 ,(B.1)

Xe1+e2 [Xe1−e2 , X−e1−e2 ]X−e1+e2 ≡ −X−e1−e2 [Xe1+e2 , X−e1+e2 ]Xe1−e2 ,(B.2)

[Xe1−e2 , X−e1−e2 ]Xe1+e2X−e1+e2 ≡ −[Xe1+e2 , X−e1+e2 ]Xe1−e2X−e1−e2 ;(B.3)

this will conclude the proof.
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If n = 2 then one can verify the above congruences directly, using (A.2), (A.9),
and (A.24). If n > 3, we begin by calculating the left hand side of (B.1): by (A.26)
we have that

[Xe1−e2 , X−e1−e2 ]Xe1+e2 = −qX−e2+e3X−e2−e3Ke1−e2Xe1+e2

+ q3X−e2−e3X−e2+e3Ke1−e2Xe1+e2

≡ −qX−e2+e3 [X−e2−e3 , Xe1+e2 ]

+ q3X−e2−e3 [X−e2+e3 , Xe1+e2 ],

so, by (A.28) and (A.30),

[Xe1−e2 , X−e1−e2 ]Xe1+e2 ≡ q4−2nX−e2+e3Xe1−e3 + q2X−e2−e3Xe1+e3

≡ q4−2n[X−e2+e3 , Xe1−e3 ] + q2[X−e2−e3 , Xe1+e3 ]

≡ (q3−2n + q)Xe1−e2 ,

where the last congruence follows by (A.11) and (A.21). Therefore

X−e1+e2 [Xe1−e2 , X−e1−e2 ]Xe1+e2 ≡ (q3−2n + q)X−e1+e2Xe1−e2 .

Following the same sort of computation but using (A.29) and (A.31) instead of
(A.28) and (A.30), we obtain that

Xe1−e2 [Xe1+e2 , X−e1+e2 ]X−e1−e2 ≡ −(q3−2n + q)Xe1−e2X−e1+e2 ,

thus proving (B.1).
We now compute the left hand side of (B.2): by (A.5), (A.15), and (A.26), one

obtains that

[Xe1−e2 , X−e1−e2 ]X−e1+e2 ≡ −q−1X−e2+e3X−e2−e3X−e1+e2
+ qX−e2−e3X−e2+e3X−e1+e2

≡ q−1X−e2+e3X−e1−e3 − qX−e2−e3X−e1+e3

≡ −(q−1 + q2n−3)X−e1−e2

(here we used (A.6) and (A.33) in the last step). Therefore

Xe1+e2 [Xe1−e2 , X−e1−e2 ]X−e1+e2 ≡ −(q−1 + q2n−3)Xe1+e2X−e1−e2 .

Doing the same calculation for the right hand side of (B.2) but using (A.32) instead
of (A.33), we find that

X−e1−e2 [Xe1+e2 , X−e1+e2 ]Xe1−e2 ≡ (q−1 + q2n−3)X−e1−e2Xe1+e2 .

Thus (B.2) is verified.
We now turn to (B.3): because of (A.16) we know that [Xe1+e2 , X−e1+e2 ] ∈

A ∩M, so we can write

[Xe1−e2 , X−e1−e2 ]Xe1+e2X−e1+e2 ≡ [Xe1−e2 , X−e1−e2 ]X−e1+e2Xe1+e2 .

Thus, by a straightforward calculation that makes use of (A.5), (A.6), (A.12), and
(A.15) to bring the terms in A ∩M on the right, we obtain

[Xe1−e2 , X−e1−e2 ]Xe1+e2X−e1+e2 ≡ −X−e2+e3X−e1+e2X−e2−e3Xe1+e2

− qX−e2−e3X−e1+e3Xe1+e2 + q2X−e1+e2X−e2−e3Xe1+e3

− (q − q−1)X−e1−e3Xe1+e3 − q−1X−e1−e2Xe1+e2 .
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Using again (A.5), (A.11), together with (A.21), and (A.30), one obtains

[Xe1−e2 , X−e1−e2 ]Xe1+e2X−e1+e2 ≡ −(q − q−1)X−e1−e3Xe1+e3

+ (q + q−2n+3)X−e1+e2Xe1−e2 − q−1X−e1−e2Xe1+e2

− q−2n+3X−e1+e3Xe1−e3 − qX−e2−e3X−e1+e3Xe1+e2 .

We now work on the term X−e2−e3X−e1+e3Xe1+e2 . Using (A.33), we have that

X−e2−e3X−e1+e3 = qX−e1+e3X−e2−e3 +
∑
k>3

(−q)k−3(q − q−1)X−e1+ekX−e2−ek

− (q − q−1)(1 + q2n−4)X−e1−e3X−e2+e3

−
∑
k≥4

(−q)2n−k−1(q − q−1)X−e1−ekX−e2+ek

+ q2n−4X−e1−e2 .

Therefore, by (A.28) and (A.30),

−qX−e2−e3X−e1+e3Xe1+e2 ≡ q5−2nX−e1+e3Xe1−e3 − q2n−3X−e1−e2Xe1+e2

+ (q − q−1)(1 + q2n−4)X−e1−e3Xe1+e3

+
∑
k>3

(−q)−2n+2k−2(q − q−1)X−e1+ekXe1−ek

+
∑
k≥4

(−q)2n−2k+2(q − q−1)X−e1−ekXe1+ek .

Collecting terms, we find that

[Xe1−e2X−e1−e2 ]Xe1+e2X−e1+e2 ≡ (q + q−2n+3)X−e1+e2Xe1−e2
− (q−1 + q2n−3)X−e1−e2Xe1+e2

+ (q5−2n − q−2n+3)X−e1+e3Xe1−e3
+ (q2n−3 − q2n−5)X−e1−e3Xe1+e3

+
∑
k>3

q−2n+2k−2(q − q−1)X−e1+ekXe1−ek

+
∑
k≥4

q2n−2k+2(q − q−1)X−e1−ekXe1+ek .

For the right hand side of (B.3) the same calculations using (A.29), (A.31), and
(A.32) instead of (A.28), (A.30), and (A.33) yield that

[Xe1+e2X−e1+e2 ]Xe1−e2X−e1−e2 ≡ −(q + q−2n+3)Xe1−e2X−e1+e2

+ (q−1 + q2n−3)Xe1+e2X−e1−e2
− (q5−2n − q−2n+3)Xe1−e3X−e1+e3

− (q2n−3 − q2n−5)Xe1+e3X−e1−e3

−
∑
k>3

q−2n+2k−2(q − q−1)Xe1−ekX−e1+ek

−
∑
k≥4

q2n−2k+2(q − q−1)Xe1+ekX−e1−ek .
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thus (B.3) is verified. We conclude that [X0, Y0] ≡ 0, which is what we wanted to
prove.

Proof of Lemma 5.9. For the proof of the lemma we will need to use the following
formulas that can be derived easily from [2], Theorem 9.3: if i < j then

X−e1+eiX−e1+ej = qX−e1+ejX−e1+ei ,

X−e1+eiX−e1−ej = qX−e1−ejX−e1+ei ,

X−e1−eiX−e1+ej = q−1X−e1+ejX−e1−ei ,

X−e1−eiX−e1−ej = q−1X−e1−ejX−e1−ei ,

(B.4)

and, furthermore,

X−2e1X−e1+ei = q−2X−e1+eiX−2e1 ,

X−2e1X−e1−ei = q2X−e1−eiX−2e1 .
(B.5)

Let us now prove (1). It is clear that, if d1(Y
T ) < d1(Y

R), then d1(Y
T i) <

d1(Y
Ri); hence an obvious induction on i reduces the problem to checking that

there is a constant C such that

Y RY0 = CY R
1

+
∑

cTY
T(B.6)

with d1(Y
T ) < d1(Y

R1

).
Suppose first that Y R = X

rn−1

−e1+en . . . X
r1−e1+e2 . We will prove by induction on

n− i that there is a nonzero constant Ci(R) such that

Y RX−e1−eiX−e1+ei = Ci(R)X−2e1Y
R + u

with d1(u) < d1(X−2e1Y
R).

If i = n, we write Y R = X
rn−1

−e1+enY
R′ , where Y R

′
= X

rn−2

−e1+en−1
. . . Xr1−e1+e2 ; we

also write q2|R
′| = q2r1 . . . q2rn−2 . By (A.23), (B.4), and (B.5) we compute that

Y RX−e1−enX−e1+en = q2|R
′|Xrn−1

−e1+enX−e1−enX−e1+enY
R′

= q2|R
′|
rn−1∑
h=1

X
rn−1−h
−e1+en [X−e1+en , X−e1−en ]Xh

−e1+enY
R′

+ q2|R
′|X−e1−enX

rn−1+1
−e1+enY

R′

= (q + q−1)q2|R
′|
rn−1∑
h=1

q2(rn−1−h)X−2e1X
rn−1

−e1+enY
R′

+ q2|R
′|X−e1−enX

rn−1+1
−e1+enY

R′

= (q + q−1)q2|R
′| 1− q2rn−1

1− q2
X−2e1Y

R

+ q2|R
′|X−e1−enX

rn−1+1
−e1+en . . .X

r1−e1+e2 ,

so

Cn(R) = (q + q−1)q2r1 . . . q2rn−2
1− q2rn−1

1− q2
.(B.7)
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Suppose now that i < n, and write Y R = Y R
′
X
ri−1

−e1+eiY
R′′ , where

Y R
′
= X

rn−1

−e1+en . . . X
ri−e1+ei+1

,

Y R
′′

= X
ri−2

−e1+ei−1
. . . Xr1−e1+e2 .

Set q2|R
′′| = q2r1 . . . q2ri−2 and q2|R

′| = q2ri . . . q2rn−1 .
In this case a similar computation gives that

Y RX−e1−eiX−e1+ei = q2|R
′′|
ri−1∑
h=1

Y R
′
X
ri−1−h
−e1+ei [X−e1+ei , X−e1−ei ]X

h
−e1+eiY

R′′

+ q2|R
′′|qri . . . qrn−1X−e1−eiY

R′X
ri−1+1
−e1+eiY

R′′ .

Using (A.23) and (A.25), it is easy to check that

[X−e1+ei , X−e1−ei ] = (q + q−1)(−q)i−nX−2e1

+ (q − q−1)
∑
j>i

(−q)i−j+1X−e1−ejX−e1+ej ;

so, substituting above, we find that

Y RX−e1−eiX−e1+ei = (q + q−1)(−q)i−nq2|R′′|
ri−1∑
h=1

Y R
′
X
ri−1−h
−e1+eiX−2e1X

h
−e1+eiY

R′′

+(q − q−1)q2|R
′′|∑
j>i

(−q)i−j+1

ri−1∑
h=1

Y R
′
X
ri−1−h
−e1+eiX−e1−ejX−e1+ejX

h
−e1+eiY

R′′ + u

with d1(u) < d1(Y
RX−e1−eiX−e1+ei). Using (B.4) and (B.5), one obtains that

Y RX−e1−eiX−e1+ei = (q + q−1)(−q)i−nq2|R′|q2|R′′| 1− q2ri−1

1− q2
X−2e1Y

R

+ (q − q−1)
∑
j>i

(−q)i−j+1 q
−2 − q−2ri−1−2

1− q−2
Y RX−e1−ejX−e1+ej + u.

Thus, applying the induction hypothesis, we find that

Ci(R) = (q + q−1)(−q)i−nq2|R′|q2|R′′| 1− q2ri−1

1− q2
− (1− q−2ri−1)

∑
j>i

(−q)i−jCj(R).

(B.8)

Using (B.7) as initial condition for the recursion equation (B.8), we find that

Ci(R) = (q + q−1)(−q)i−nq2r1 . . . q2ri−2
1− q2ri−1

1− q2
.(B.9)

If we write Y0 as in (5.4), we find that

Y RY0 = (−q)−n+1(q + q−1)Y RX−2e1 + (q − q−1)(

n∑
i=2

(−q)−i+2Y RX−e1−eiX−e1+ei

= (−q)−n+1(q + q−1)q2|R|X−2e1Y
R

+ (q − q−1)
n∑
i=2

(−q)−i+2Ci(R)X−2e1Y
R + u′



3276 W. BALDONI AND P. MÖSENEDER FRAJRIA

with dr(u
′) < dr(X−2e1Y

R); so, by (B.9),

Y RY0 = (q + q−1)(−q)−n+1X−2e1Y
R + u′

with dr(u
′) < dr(X−2e1Y

R).
More generally, if

Y R = X
r2n−1

−e1−e2 . . . X
rn+1

−e1−enX
rn
−2e1

X
rn−1

−e1+en . . . X
r1−e1+e2 ,

then

Y RY0 = (q + q−1)(−q)−n+1Y R
1

+X
r2n−1

−e1−e2 . . . X
rn+1

−e1−enX
rn
−2e1

u′.

Using (B.4) and (B.5), it is easy to check that

dr(X
r2n−1

−e1−e2 . . . X
rn+1

−e1−enX
rn
−2e1

u′) < dr(Y
R1

),

and this proves (B.6), with C = (q + q−1)(−q)−n+1.
The analogous formulas for (2) of Lemma 5.9 can be obtained similarly using

(5.3) instead of (5.4).
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