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THE CLASS NUMBER ONE PROBLEM FOR SOME
NON-ABELIAN NORMAL CM-FIELDS

STEPHANE LOUBOUTIN, RYOTARO OKAZAKI, AND MICHEL OLIVIER

ABSTRACT. Let N be a non-abelian normal CM-field of degree 4p, p any odd
prime. Note that the Galois group of N is either the dicyclic group of order 4p,
or the dihedral group of order 4p. We prove that the (relative) class number of
a dicyclic CM-field of degree 4p is always greater then one. Then, we determine
all the dihedral CM-fields of degree 12 with class number one: there are exactly
nine such CM-fields.

INTRODUCTION

A .M. Odlyzko proved that there are only finitely many normal CM-fields with
class number one (see [Odl]), J. Hoffstein proved that they have degree less than
or equal to 436 (see [Hof]), and K. Yamamura determined all the abelian CM-fields
with class number one (see [Yam]). We will note that there is no non-abelian normal
CM-field of degree 4, 6 or 10. Then, S. Louboutin and R. Okazaki determined all the
non-abelian normal CM-fields of degree 8 with class number one (see [Lou-Okal).
Here, thanks to good upper bounds on residues of Dedekind zeta-functions at s = 1
and a technique for computing relative class numbers of non-abelian CM-fields, we
will determine all the non-abelian normal CM-fields of degree 12 with class number
one:

Theorem 1. There are exactly 16 non-abelian normal CM-fields N of degree 12
with relative class number one, namely the 16 dihedral CM-fields N = KM of
degree 12 with relative class number equal to 1 which are listed in Table 1, where
K = Q(ak) (with Px(ax) = 0) is a totally real non-normal cubic number field with
discriminant dg and M = Q(v/—Dg,/—D1) (with Dy > 1 and D1 > 1 square-free)
is an imaginary bicyclic biquadratic number field with relative class number equal
to 1 and such that Q(v/dx) C M. Exactly 9 out of these fields N have class number
one: those which appear in Table 1 and are such that the class number hn+ of their
mazimal totally real subfields NT is equal to 1.

Throughout this paper we let p denote any odd prime.

The proof of this theorem will be divided into four steps:

In section 1, we prove some useful results on CM-fields. We will make use of
some of them in a forthcoming paper when we solve the class number one problem
for non-abelian normal CM-fields of degree 20. We also prove that the Galois group
G of a normal CM-field of degree 4p is isomorphic to either the dicyclic group T4,
or the dihedral group Dy,,.
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TABLE 1
(dx, Px (X)) (Do, Dy) | hn+
(148, X7 + X? - 3X — 1) (1,37) 1
(469, X% + X2 — 5X — 4) (7,67) 1
(473, X3 —5X — 1) (11, 43) 1
(756, X® —6X —2) (3,7) 1
(940, X3 —7X — 4) (1,235) 2
(1304, X* — X2 - 11X —1) | (2,163) 1
(1425, X3 — X? —8X —3) (3,19) 1
(1620, X3 — 12X — 14) (3,15 1
(1708, X* — X2 —8X —2) | (1,427) 2
(1944, X3 — 9X — 6) (2,3) 1
(2700, X* — 15X — 20) (1,3) 1
(4104, X® — 18X — 16) (6,19) 2
(4312, X3 4+ X% —16X —8) | (2,11) 3
(4860, X3 — 18X — 12) (3,5) 2
(8505, X* — 27X — 51) (7,35) 2
(14520, X*® — 33X — 22) (3,10) 2

In section 2, we prove that dicyclic CM-fields of degree 4p with p = 3 (mod 4)
have even relative class numbers, and therefore even class numbers (see Theorem
6). Moreover, we wil prove that for any odd prime p the relative class number of a
dicyclic CM-field of degree 4p is always greater than one (see Theorem 7). Hence,
for the remainder of the paper we will focus on dihedral CM-fields of degree 4p.

In section 3, we quote results from the first author which yield very good lower
bounds on relative class numbers hy of CM-fields N of fixed degree provided that
their Dedekind zeta-functions (N satisfy (n(so) < 0, where sp = 1 — (2/logdn).
Such lower bounds on hy yield upper bounds on the absolute values of the dis-
criminants dn of N when hy = 1. We note that by using Stark and Hoffstein’s
results instead of the ones we developed in this section, we would not get as good
an upper bound (on discriminants of dihedral CM-fields of degree 12 with relative
class numbers equal to one) as the one we get in section 4.3. Indeed, our techniques
yield a better lower bound on the residue of the Dedekind zeta-function of N at
s = 1, and a better upper bound on the residue of the Dedekind zeta-function at
s = 1 of its maximal totally real subfield N .

In section 4, we finally solve the relative class number one and class number one
problems for dihedral CM-fields N of degree 4p = 12. This section will be divided
into seven steps. First, in section 4.1 we draw a lattice of subfields of N and notice
that N contains an imaginary bicyclic biquadratic subfield M whose relative class
number hy; divides hyy (we use section 1). Hence hy = 1 yields hy; = 1. Second, in
section 4.2 we thus determine all the imaginary bicyclic biquadratic number fields
with relative class number one: there are 147 such number fields. We notice that
the Dedekind zeta-functions (n of these 147 numbers fields satisfy (um(s) < 0,
s €]0,1[. This will enable us to prove that if hy = 1 then (n(s) < 0, s €0, 1[.
Hence, in the third place, according to section 3, we manage to get in section 4.3
the upper bound dn < 4 - 10** on the discriminants of the dihedral CM-fields N
of degree 12 with relative class number one. Moreover, with the notations of the
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previous Theorem 1, we prove that hy = 1 implies dxg < 5 - 103, Fourthly, in
section 4.4 we remind the reader of the results of the first author which enable us
to compute the relative class number of any CM-field. Here, we note that it would
require too much computation to complete the determination of all the dihedral
CM-fields N with relative class numbers equal to 1, but working with CM-fields
of smaller degree would drastically alleviate the computations. Hence, in the fifth
place, we give in section 4.5 a factorization of hy which shows that hy = 1 if
and only if hyy = hy, = 1, where Ny is some non-normal sextic CM-subfield of
N. Moreover, in order to drastically reduce the amount of relative class number
computation, in the sixth place, we provide in section 4.6 necessary conditions for
the relative class number of N to be odd. These necessary conditions enable us to
get rid of many of the occurrences of N and Ny. Finally, in the seventh place, by
using computers, we determine in section 4.7 all the dihedral CM-fields of degree 12
such that dx < 5-10% with L = Q(v/dk) a real quadratic subfield of any one of the
147 imaginary bicyclic biquadratic number fields M with hy; = 1, and such that
the previous necessary conditions for Ay to be odd are fulfilled. In this way, we
get a table of 11761 pairs (K, M). The computation of the relative class numbers
of the corresponding 11761 sextic CM-fields Ny yields the first part of Theorem 1.
Its second part is an easy consequence.

1. SOME USEFUL RESULTS ON CM-FIELDS

We assume that all the number fields we will be looking at lie in the field of
complex numbers. We let ¢ denote the complex conjugation. If N is normal, we
may think of ¢ as being in its Galois group. When E is a number field, we let Ug
be the unit group of the ring of algebraic integers of E, Wg be the group of roots of
unity in E, wg be the order of Wg and dg be the absolute value of the discriminant
of E. When E/F is an extension of number fields we let jg g be the canonical map
from the group of fractional ideals of F to that of E and Ng,r be the norm map
from the group of fractional ideals of E to that of F. When K is a CM-field, we let
K™ be its maximal totally real subfield (hence K is a quadratic extension of K¥),
Qk = [Uk : Wk UK+] be Hasse’s unit index of K and xkk be the order of the kernel
of jk/k+. Note that Qk = [Uk : WUy, ] = [Ug ' : WE] = 2/[Wk : Ug ']. Since
WZ =W CUg ! and since Wi is a cyclic group, we get kx € {1,2}. We have
an injective homomorphism

¢k : ker(jx x+) — Wk /Ug '

which maps an ideal class C in this kernel to the image of &/« in the factor group
Wik /Ui ', where (o) = jix i+ (C). Moreover, we have W = Wiz ' C Uz . Hence,
we get ki € {1,2} (note a slight mistake in the proof of [Wa, Th. 10.3]). Note also
that Qx = 2 implies [Wik : Uz '] = 1 and sk = 1. Finally, if K/k is an extension
of CM-fields, note that Nk /i o jx/k+ = Jk/k+ © Nk+/k+ on fractional ideals and
on ideal classes (use the finitness of the class groups to reduce the proof to the case
of principal ideals).

Lemma 2. (i). Let K be a totally imaginary number field and let N be any normal
closure of K. Then, K is a CM-field if and only if for all g € Gal(N/Q) the
commutators [c,g] = ¢ g7 cg lie in Gal(N/K).

(ii). Hence, a totally imaginary normal number field is a CM-field if and only if
the complex conjugation lies in the center of its Galois group.
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(iii). Any subfield of a CM-field is either a CM-field or a totally real number
field.

(iv). There is no non-abelian normal CM-field of degree 2p or 2p*, p any odd
prime.

Proof. We notice that point (i) readily implies points (ii) and (iii), and we now
prove point (i). Set G = Gal(N/Q), H = Gal(N/K), and for any subfield KT
of N set Hy = Gal(N/KT). Since for any ¢ € G we have Gal(N/g(K™)) =
gGal(N/KT)g~! = gH,g7!, then KT is totally real if and only if for all g € G we
have ¢ € gH, g~!. Moreover, as K is totally imaginary then for any ¢ € G we have
c ¢ Gal(N/g(K)) = gGal(N/K)g~! = gHg~! and g~ 'cg € H. Therefore, as K is
a CM-field if and only if we can find a totally real subfield K+ of N with KT C K
and [K : KT] = 2, then K is a CM-field if and only if there exists a subgroup H
of G such that

1)HC H,,

2) [H, : H] = 2,

3) g € G implies g~tcg € HT \ H.
Now, 1), 2) and 3) imply [c, g] € H for all ¢ € G. Conversely, if [c,g] € H for all
g € G then Hy = (H, ¢), the subgroup of G generated by H and ¢, satisfies 1), 2)
and 3).

Finally, point (iv) follows from the fact that G = S2S,,, where So = {Id, ¢} is a
subgroup of the center of G and S, is any p-Sylow subgroup of G, and from the
fact that any group of order p or p? is abelian. O

Hence, the smallest possible degrees for non-abelian normal CM-fields are 8,
12, 16 and 20. Recently S. Louboutin and R. Okazaki solved the class number one
problem for the non-abelian normal octic CM-fields (see [Lou-Okal). Now, we prove
that the Galois group of a non-abelian normal CM-field of degree 4p (which will
cope with normal CM-fields of degree 12 and 20) is isomorphic either to the dihedral
group Dy, or the dicyclic group Ty,:

Lemma 3. Let G be a non-abelian group of order 4p. If the center Z(G) of G has
even order, then G is isomorphic either to the dihedral group Dy, or to the dicyclic
group Ty,. Here, we set

Dyp = (a,b: a* =b* =1,b"ab = a™ ') (dihedral group of order 4p),
Ty = (a,b: a® =1,aP = b*, b ab = a™') (dicyclic group of order 4p).

Note that in both cases Z(G) = {1,aP} and G/Z(Q) is the dihedral group of order
2p.

Proof. Since the product of an element of order p and of an element of order 2
which lies in Z(G) has order 2p, there exists an element a of order 2p in G. Then,
the subgroup (a) of order 2p which has index two in G is a normal subgroup of G.
We let S5 be a 2-Sylow subgroup of G which contains a”, which has order 2. Then
S5 has order 4.

First, assume that Sy = (b) is cyclic, where b* = 1. Then, there exists an integer k
such that b='ab = a*. We get a = a Paa? = b= 2ab® = b~ taFb = ak’ . Hence, k? =1
(mod 2p), which implies & = +1 (mod 2p) and b~ tab = a or b=tab = a~!. In the
first case, we would have ab = ba and G would be abelian, a contradiction. Hence,
b~'ab = a=! and G is somorphic to Ty,. Second, assume that Sz = (1, aP, b, aPb)
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is bicyclic, where b> = 1. As in the previous case we get b~ lab = ¢! and G is
isomorphic to Dy,. |

Lemma 4. (i). (See [Lou-Oka] and [Lou 7]) Let N be a CM-field and let t be
the number of distinct prime ideals of N which are ramified in N/NT. Then 2t~!
divides hy.

(i). (See [Mar]) Let NT be a dihedral number field of degree 2p (p any odd
prime), let L be the only quadratic subfield of NT, and let q be any prime positive
rational integer which is ramified in L/Q, i.e. (q) = Q% in L. Then, either O,
splits completely in NT /L, or Qy, is totally ramified in NT /L. In the latter case,
we also have ¢ = p. Moreover, the conductor of the extension NV /L is a positive
integer f such that for any prime q which divides f we have ¢ = x1(q) (mod p),
where x1, denotes the quadratic Dirichlet character associated with L. In particular,
if L = Q(y/p) with p=1 (mod 4) prime, then q # p and q divides f imply ¢ = 1
(mod p).

(iii). Let K be any subfield of degree p of a dihedral number field NT of degree
2p. Then, NT = KL, dn+ = drd%k, and there exists a rational integer f > 1 such
that dg+ = d 2P~V and dg = dP ™2 =1, Hence, L = Q(v/dr) = Q( " V/dx)
is well determined by dk.

The last assertion of Lemma 4(ii) will be proved at the begining of the proof of
Proposition 8. We note that by using point (ii) of the following Theorem 5 and
[Hor, Corollary on page 519] we could prove point (iii) of Theorem 5. However, we
will give a different proof of this point (iii).

Theorem 5. Let k C K be two CM-fields. Assume that [K : kK] = m is odd. Then,

(i). Qx = Q.

(ii). Jr+/k+ @ ker(jx/u+) — ker(jx k+) s an isomorphism. Hence, kx = KK.

(iii). hy divides hyg.
Proof. To start with, we notice that both the factor groups Wy /W& and Wi /W2
have order 2. Moreover, since Wy = Nk /x(Wx) € Nk /x(Wk) and since m is odd,
then Nk /i induces an isomorphism from the factor group Wi/ W onto the factor
group Wi /W{. In particular, if ¢ € Wk, then Nk /x(C) € W if and only if ¢ € W.

We prove point (). Since Qk and Qx are equal to 1 or 2, it is sufficient to prove
that Qx = 2 if and only if Qx = 2. Assume that [Ug ' : W2] = Qk = 2. Then,
there exists € € Uk such that ( = é/e € Wk \Wg. Set = Nk i (€). As the complex
conjugation commutes with all the embeddings of K (Lemma 1(i)), then 7 is a unit
in k such that 7/ = Nk k(€/€) = Nk /x(() € Wi. Hence, Qx = Ut w2 = 2.
Assume conversely that Qx = [Uli_1 : W] = 2. Then, there exists ) € Uy such that
1/n & Wi. Now, Wi N\Wg = W for w = ¢* € Wi N Wg implies w™ = Nk jx(w) =
(Nk/x(¢))? € W and w € W2. Thus, 7 is a unit of K such that 7/n ¢ Wg. Hence,
Qx = [Ug " W] =2.

We prove point (ii). Since Nx+ /x+ 0 jx+/k+(C) = C™ on ideal classes C of k™,
since ker jy i+ has order rx < 2 and since m is odd, then jg+ )+ induces a well
defined injective homomorphism

(1) J o ker jy i+ — ker jg K+ -

Hence, if kx = 2 then kx = 2 and j of (1) is an isomorphism. Conversely, assume
that kg = 2 and let I be an ideal of K* such that jk,k+(I) = (a) with ¢ =
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aja € Wi \ Ug *. Since kk = 2, then [Wk : U '] = 2 and Qk = 1. According to

point (i) we get Qx = [Ug™ ' : W2] = 1. Therefore, Ug ' = W2 and U™ = W2

Then, ji/k+ o N+ /x+ (I) = Nk 0 jk/x+ (I) = (8) with 8 = Nk k(a). Hence, the

ideal class of J = N+ i+ (I) is in the kernel of ji i+ Since 3/8 = Nk x(a/a) =

Nk /x(C) € Wi \ W2 = WA \ U™, then ky = 2 and j of (1) is an isomorphism.
We prove point (i7). We have

| ker NK/k| |c0kerNK+/k+|

2 hi = .
) K | ker Ngc+ i+ | |coker Nk /| hy

Let Hy, and Hy+ be the Hilbert class fields of k and k™, and let Ay /k and A, , /k*
be the maximal unramified abelian sub-extensions of K/k and KT /k*. According
to class field theory we have

|COk€I‘NK+/k+| . [K+ NHy+ :k+] . [Ak+ Zk+]

3 = =
( ) |cokerNK/k| [K NHy : k] [Ak : k]

Since A+ /k* is an unramified abelian sub-extension of K*/k*, then Ay+k/k is
an unramified abelian sub-extension of K/k, which yields A, ; € Ay, which in turn
yields A, , C Afg . Conversely, since Aj/k is an unramified abelian sub-extension
of K/k and since Ay is a CM-field (Lemma 2(iii)), then A} /k™ is an abelian sub-
extension of K*/k™ which is clearly unramified if m = [K : k| is odd. Hence, we
get AL C A, . Therefore, we have A} = A, and [A,, : k'] =[Ay : k]. Hence,
(2) and (3) yield

(4) hy /i = |ker Nk x|/ ker N+ i+ |-

Since Nk /k 0 jx/k+ = Jk/k+ © N+ /k+, then jk, k+ induces a well defined homo-
morphism

(5) J i ker Ng+/+ — ker N x.

According to point (i4), if C is in ker.J then C = jg+ i+ (C") with C" € ker jy i+
Hence, we have 1 = Nk+ i+ (C) = C". Since m is odd and C’ has order < 2
(since ki € {1,2}), we get C’ = 1, which implies C = 1. Thus, J of (5) is injective,
| ker N+ i+ | divides | ker Nk /x|, and (4) provides us with the desired result. O

2. CLASS NUMBER PROBLEMS FOR DICYCLIC CM-FIELDS OF DEGREE 4p

Let N be a normal CM-field with Galois group T}y, p any odd prime. With the
notations of Lemma 3, we let NT be the fixed field of the group Z(Ty,) = {1,a?},
and M be the fixed field of the cyclic subgroup (a?) = {1,a?,---,a?®=D}. Ac-
cording to Lemma 2(ii) and Lemma 3, we have that a? is the complex conjugation.
Hence, N is the maximal totally real subfield of N and M is an imaginary cyclic
quartic field. We let L be the real quadratic subfield of M. Then NT/Q is dihe-
dral of degree 2p, and N/L is cyclic of degree 2p. We have the following lattice of
subfields:
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N
2
N\ p
p

M
L

2
2
Q

Now, assume that hy is odd. Thus, there exists at most one prime ideal of N+
which is ramified in the quadratic extension N/N* (Lemma 4(i)), thus at most one
prime ideal of M which is ramified in M[/L. Since M/Q is cyclic quartic, then there
exists exactly one rational prime ¢ which is ramified in M/Q, and that prime ¢ is
totally ramified in this extension M /Q. Now, according to Lemma 4(ii), if ¢ # p or
q = p but p is not ramified in N /L, then the prime ideal Qy, of L lying above ¢
splits completely in N+ /L. Since M /Q is totally ramified at p, these p prime ideals
of N lying above Q, are ramified in N/N*, and 2°~! divides hy. A contradiction.
Thus, ¢ = p and p is totally ramified in N /Q. Finally, as L is ramified only at p,
we must have p =1 (mod 4), and L = Q(,/p). Thus, we have proved point (ii) of
the following Theorem

Theorem 6. Let N be a dicyclic CM-field of degree 4p, p any odd prime.

(i). If p=3 (mod 4) then 2P~ divides hy.

(ii). If hy s odd thenp =1 (mod 4), M has conductor p and p is totally ramified
in NT/Q.

(iii). If hyy = 1 then p € {5, 13, 29, 37, 53}.

Proof. (i). In that case (2) = P§ is ramified in L/Q, and the previous discussion
shows that Pr, splits completely in N /Q and is ramified in M /L. Thus, at least p
prime ideals of N are ramified in N/N7T and Lemma 4(i) yields the desired result.

(iii). If hyy = 1, then hy; = 1 (Theorem 5(iii)), and M has conductor p. But
it is well known that there are only finitely many imaginary cyclic quartic number
fields M with relative class number equal to one, and B. Setzer determined all these
fields. According to [Set], we get the desired result. |

The remainder of this section is devoted to proving the following result:

Theorem 7. There does not exist any dicyclic CM-field of degree 4p, p any odd
prime, with relative class number equal to one.

To get this result we will first prove in Proposition 8 that if M has conductor
pand p =1 (mod 4) and hy is not divisible by p, then N must be a so-called
pure real dihedral number field of degree 2p, which means that p is totally ramified
in N*/Q and no other rational prime is ramified in N*/Q. We will then provide
in Proposition 9 a powerful necessary condition for the existence of a pure real
dihedral number field of degree 2p. Hence, we will easily get that there is no pure
real dihedral number field of degree 2p with p € {5, 13, 29, 37, 53}. According to
Theorem 6, we will have proved Theorem 7.
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Proposition 8. Let p be any odd prime. Let N/M be a cyclic extension of degree
p of CM-fields Assume that NT /M also is a cyclic extension of degree p. Let T
be the number of prime ideals of MT which split in M/M™T and are ramified in
NT/M*. Then, p"~'hy, divides hy, and pThyy divides hy if p does not divide
wn, the order of the finite group of roots of unity in M. In particular, if N is a
dicyclic CM-field of degree 4p, p =1 (mod 4) an odd prime, if M has conductor p,
and if NT is not a pure real dihedral number field of degree 2p, then p divides hy.

Proof. The last assertion follows from the previous ones when we notice that any
rational prime ¢ # p which divides the conductor f of the extension N /L must sat-
isfty ¢ = x1(¢) = £1 (mod p), where x1, denotes the quadratic Dirichlet character
associated with L (see Lemma 4(ii)). Here we have x1,(¢) = (¢/p) (Legendre’s sym-
bol). If we had ¢ = —1 (mod p) then we would get x(q) = (¢/p) = (—=1/p) =1#¢q
(mod p). Hence ¢ =1 (mod p). Since M has conductor p, then ¢ splits completely
in M/Q. Hence, if N™ is not pure then we get 7' > 2, and p divides hy.

Now, let us prove the first part of Proposition 8. Let ay /M be the ambiguous
class number of the cyclic of extension N /M of degree p, let ty; /M be the number of
prime ideals of M which are ramified in the cyclic extension N/M of degree p, and
let Upnt be the unit group of the ring of algebraic integers of N. Let A+ M+ tN+/M+
and Uy, be defined accordingly. We thus have t ™M= (tn+ Mt T T)+ 2T =
It vt T T. The ambiguous class number formula yields

an Unae Uy O Nt e (NF)] hyy
AN+ M+ [Um : Um0 NN/M (N)] hai+
[Upn+ : Upgs N NN+/M+ (N*)]

= hypt.
[Um : Um0 NN/M(N)] M

tN/M_tN+/M+

To get the desired results, we prove the two following assertions :

1. [Um: UM N NN/M(N)] divides €,[Up;4 1 Upge N N+ e (N*1)] with e, =1
if p does not divide wwm, and €, = p if p divides wn.

2). aN/M/aN+/M+ divides hy.

Proof of assertion 1). We set 01\/[ = WmUy,+ . Since M is a CM-field, then the
Hasse index Qn = [Unmt : Unm) is equal to 1 or 2 (see [Has|, [Wa]). We first note
that
[Um N NN/M(N) :Um N NN/M(N)]
= [Um : Una N Ny (N

[Um: Um0 NN/M(N)] =

Indeed, if Qun = 1, then Unt = Uy and
[Una : Unm] = [Un N Ny pa(N) = Um0 Nyg i (N)].

If @m = 2, then we have a one-to-one canonical morphism from the quotient group
Um N Ny (N) / Um N Ny p(N) into the quotient group Um / U of order 2,

and this morphism is onto, for € € Uy \ Un implies

e e UmN NN/M(N) \ UM N NN/M(N)'
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Now,
Unt N W N+ s (Unes) = WaaUpgs 0 WNxs g+ (Unet)
€ WmUpi+ N Ny (WN) Ny v+ (Une+)
=Um N NN/M(UN) CUmN NN/M(N)'

Thus, [Unr : Unt N Ngjpg(N)] divides [Unr 0 One N WE N ape (U], and

[Om : Ut "W Nt s (Unes )] = [WnUngs - WaaUpgs 0 Wi Nugs aa (Unes )]
= WmUn+ - WipUnee O W N v (U]
= W : W[Un+ : Upgs 0 Ny g (NT))]
= &p[Unt+ + Unps N Mg e (NT)].

Proof of assertion 2). Let Ay /M denote the group of ambiguous classes of the
cyclic extension N /M of degree p, and define Ay, ve accordingly. Let jy /N be
the canonical map from the group Cy. of fractional ideals of Nt to Cy, which is
the same for N. Let o be of order p in the Galois group of the cyclic extension N/M
of degree p. Then o, the restriction of o to N*, has order p in the Galois group
of the cyclic extension Nt /M of degree p. Now, it is easily seen that we have
jN/N+ (AN+/M+) - AN/M. Hence, we have a morphism between quotient groups

j: CN+/AN+/M+ - CN/AN/M'

If we prove that j is injective then we have the desired result. Now, let Cy € Cn+
be in the kernel of j. Then we have IN/N+ (C+) € Ax > Which yields JnyNc (Cy) =

U(jN/N+ (Cy)) = INYINES (0(Cy)) = UNYINGS (04(C4)). Hence, we get Co = Ci—«u <

ker jn g+ Which obviously implies o (Co) € ker jiy /n+- Since this kernel has order
<2, we get 04 (Co) = Co. Hence, we have

Cy=Ch = cytmet et et
which amounts to saying that C; = 04 (C4), i.e., that C4 is in An+ - O

Proposition 9. Let p =1 (mod 4) be a prime and let €, = (up + vp\/p)/2 > 1 be
the fundamental unit of L, = Q(/p). If p does not divides vy, then there does not
exist any real dihedral number field NT of degree 2p such that p is totally ramified
in NT/Q and p is the only rational prime which is ramified in N*/Q.

Proof. Assume that such a number field N exists. Then the extension Nt /L, has
conductor (p) (see [Mar, Prop. II1.4 and Lemma III.1]). According to class field
theory N is a subfield of L), where L} denotes the unit ray class field of conductor
(p) of Ly,. Hence, p divides the degree [L} : L,]. Since p is ramified in L, /Q, then

[Lgl; L] = p(p — 1)hy/ (U : U;)a

where h,, is the class number of L,, where U, is the unit group of the ring of
algebraic integers R, of L, and where

U; ={o; aeU,anda=1 (mod (p))}.
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Since hy, < p, then p does not divide the index (U, : U}). Since (U, : U,) divides
plp —1) = |Rp/(p)|", then (U, : U)) divides p — 1, hence et~ = 1 (mod (p)).
Finally, since

p—1 — 9p—1 _p—1
€ =2 €

P
= (up +vpy/p)"
= ug_l +(p- 1)u£_2vp\/ﬁ
=1- ug_va\/ﬁ (mod (p))

and since u, is prime to p, we get that p divides v,,. O

Remark. Proposition 9 is stronger than the following result in [JY, Theorem I1.2.2]:
If p =1 (mod 4) is regular then the discriminant of a real dihedral field of degree
2p is not a power of p. Indeed, p is regular if and only if p does not divides B; for
j€{2,4,---,p— 3}, while p divides Bp%l if and only if p divides v, (see [Wa, Th.
5.37)).

3. EXPLICIT LOWER BOUNDS FOR RELATIVE CLASS NUMBERS
OF CM-NUMBER FIELDS

We set up some of the notation we will use and remind the reader of a number of
results of the first author we will use. We let N be a totally imaginary number field
of degree 2n that is a quadratic extension of a totally real subfield Nt of degree n,
i.e.,, N is a CM-field with maximal totally real subfield NT. In that situation, it is
well known that the class number hxn+ of NT divides the class number hAn of N.
We set hyy = hn/hn+, which is a positive integer called the relative class number
of N. We have

__ Qnwn | dn Res—1((n)
©) "N = \d !
) N+ Reso—1 ()
where Qn € {1,2} is the Hasse unit index of N, wn > 2 is the number of roots of
unity in N, dn, (N, dn+ and (n+ are the absolute value of the discriminant and
the Dedekind zeta-function of N and N, respectively (see [Wa, Chapter 4]). We
now provide lower bounds on relative class numbers.

Theorem 10. (See [Lou 5, Th. 2]) Let N be a totally imaginary number field of
degree 2n > 2, and set en = Zﬂnel/”/dll\{zn. Assume that (n (1 — (2/logdn)) < 0.
Then,

% he > l—en 2QnNwn VdN/dN+
N = Ress—1((py) €2m)  logdn

Theorem 11. (See [Lou 6]) Let L be a real quadratic number field, K be a totally
real number field, and assume that K/L is an abelian extension. Then, there exists
an explicit constant py, such that for any Artin character x # 1 (of conductor F)
of such an extension we have

© LK/ < Ress(@) (- Poes + (1 P
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(with f = \/Nv/q(F)). In particular, let N+ be a totally real sextic number field
whzch is a cyclic cubzc ea:tension of a real quadratic number field L. Then, we have

(9) Ress—1((n+) < (1og dy, 4+ 0.05)% log?(dn+ /dv),

128

and if dn+ > di, then we have the better upper bound

(10) Resy—1 ((n+ ) < == (log dr, + 0.05)% log®(dn+ /d3.).

128

Proof. We only have to prove (10). Set f* = dn+/d;,. We have (see [Lou 6]) :
1
Res,—1(¢L) < (logdr +0.05)/2 and pipRes,—1(¢L) < 1 log? d..
Hence, according to (8) we get (10) from

Ress=1 CNJr

2
Rese—1 (CL) Ress 1(Cu) log f + (1 + ch)MLReSs—l(CL))

5 log  + (14 )%

<1_l logdL+OO5 1. log? dL)

log dr, + 0.05 logd, 1 log d 2
gL (logf—i— g4L_?( of — gL)))

4. THE CLASS NUMBER ONE PROBLEM
FOR DIHEDRAL CM-FIELDS OF DEGREE 4p

4.1. Notations and a lattice of subfields. For the remainder of this paper we
let N be a dihedral CM-field of degree 4p, p an odd prime. With the notations of
Lemma 3, we let N* be the fixed field of the group Z(Dy,) = {1,a”}, M be the
fixed field of the group (a?) = {1,a?,a*, - ,a*® D}, and K be the fixed field of
the group {1,b, a?, a?b}. Note that according to Lemma 2(ii) and Lemma 3, we have
that a? is the complex conjugation. Hence, N is the maximal totally real subfield
of N and M is an imaginary bicyclic biquadratic number field. Note that K/Q is
not normal. We let Ly and L; denote the two imaginary quadratic subfields of M,
and L its real quadratic subfield. Finally, we set Ny = KLy and N; = KL;. Then
N*/Q, N/Lg and N/L; are dihedral of degree 2p, and N/L is cyclic of degree
2p. Note that Ny and N; are both CM-fields, with N = N]L = K. We have the
following lattice of subfields:
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K
p p
M
//7\
Lo L L,
Y%
Q

Conversely, let NT be a totally real dihedral field of degree 2p, let L be its real
quadratic subfield, and let M be an imaginary bicyclic biquadratic field whose real
quadratic subfield is L. Then, N = NTM is a dihedral CM-field of degree 4p.

Proposition 12. Let N be a dihedral CM-field of degree 4p. Then,
(1). @n =Qm and Qn, = @n, = 1.

(ii). WN = WM, VVN0 = WLO and VVN1 = WLl-

(iil). hyy divides hy, hy,, divides by and hy = divides hy, .

Proof. Since Hasse unit indices of imaginary quadratic number fields are clearly
equal to 1, point (i) follows from Theorem 5(i). Point (ii) follows from the fact that
M is the maximal abelian subfield of N, that Ly is the maximal abelian subfield
of Ny and that L; is the maximal abelian subfield of N;. Point (iii) follows from
Theorem 5(iii). O

4.2. Determination of all imaginary bicyclic biquadratic number fields
with relative class number one. According to Proposition 12(iii), if N is a
dihedral CM-field of degree 4p such that hy = 1, then hy; = 1. Hence, it is worth
determining all imaginary bicyclic biquadratic number fields M with relative class
number one. Let M = LoL; be an imaginary bicyclic biquadratic number field,
where Lo and L; are the two distinct imaginary quadratic subfields of M. Then

he — by hy, =1 it M =Q(v-1,vV-2) = Q({s),
M@/ by, M # Q(VETVE2) = Q)

(see [BP]), and @m can easily be determined according to the following Lemma 13.

Now, all the imaginary quadratic number fields with class number < 2 are known

(see [MW], [Sta 1] and [Sta 2]). Hence, we easily get there are 147 imaginary
bicyclic biquadratic number fields M with relative class number one.

Lemma 13. (See [Lou 1], [Lou 2] and [BWW]) Let M = LoL; # Q({s) be an
imaginary bicyclic biquadratic number field which is a compositum of two distinct
imaginary quadratic fields Lo = Q(v/—Dg) and Ly = Q(v/—D1). Let Mt = L =

(11)
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Q(\/D_+) be the real quadratic subfield of M. Here, Dy, D1 and D4 are positive
square-fee integers. Let dg, di and d4 be the discriminants of Lo, Ly and L, respec-
tively. Then,

(1) wM = wLole/Z.

(i1). If Lo = Q(i) then Qm = 2 if and only if the principal ideal (2) of L is the
square of a principal ideal of L, i.e. if and only if 2 divides dy and the only ideal
of L of norm 2 is principal in L, which amounts to saying that 2 is one of the Q;’s
which appear in the periodic continued fractional expansion x; = (P; + @)/(2@1)
of xg = (dy + \/dy)/2.

(iii). If Lo # Q(i) then Qm = 2 if and only if the principal ideal (D1) of L
is the square of a principal ideal of L, i.e. if and only if D1 divides d4 and the
only ideal of L of norm Dy is principal in L, which amounts to saying that D1 or
Dy is one of the Q;’s which appear in the periodic continued fractional erpansion
z; = (P +/d+)/(2Qi) of mo = (dy + \/dy)/2. Here, Dy is the norm of the dual
ideal of the ramified ideal of norm D1, i.e.

Dy /Dy if Dy is even,
Dy ={D,/Dy if Dy and D; are odd,
2Dy /Dy if Dy is odd and Dy is even.

4.3. Upper bounds on discriminants of subfields of dihedral CM-fields
of degree 12 with relative class number one. Let K be a totally real cubic
number field of positive discriminant dg and assume that dk is not a square,
which amounts to saying that K is not normal. Set L = Q(v/dk). Let M be an
imaginary bicyclic biquadratic number field with real quadratic subfield L. Then,
the compositum N = KM is a dihedral CM-field of degree 12, and any dihedral
CM-field of degree 12 is such a compositum.

First, if hyy = 1 then hy; = 1 (Proposition 12(iii)), and we note that the Dedekind
zeta-functions of the 147 imaginary bicyclic biquadratic fields M with relative class
number satisfy {m(s) < 0, s €]0,1[ (see [Yam]).

Second, since N/L is cyclic of degree 6, then (n(s) = (m(s)[], L(s, x), where
the product is taken over the four non-quadratic characters of degree 1 of Gal(N/L).
Since these four characters come in conjugate pairs, and since (p is negative on
10, 1[ when M has relative class number one, we get that hy; = 1 implies (n(s) < 0,
s €]0,1].

Third, according to (9) of Theorem 11, we have Res,—1 ((y+ ) < 111log®(dn+/dL)
when L is the real quadratic subfield of one of the 147 bicyclic biquadratic imag-
inary number fields M with relative class number one. Indeed, if hy; = 1, then
dr, < 65689 (when M = Q(y/—403,1/—163)). Hence, according to the previous
paragraph and Theorem 10, if hy; = 1, then we have:

2(1 - 6N+) V dN*
116(27‘1’)6 10g3 dn+ ’

so that Ay = 1 implies dy+ < 2- 1022, Here, we set

hy >

en & 12meV/ 1" < ene 12760 1al < e 127 /a3

(since dy > diy; and dn+ = dpdg > 5dy).
Fourth, we would like to have a good upper bound on dx when hy = 1. Hence,
we give a lower bound on hy which depends on di, and dk. According to the
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next-to-previous paragraph, to Theorem 10 and to (10) of Theorem 11 we get that

hyr = 1 implies

ho > 4\/dL (1 - EK)dK > vV dL (1 - EK)dK
N~ enS(log dy, + 0.05)3 log(drd% ) log?(d% /dr,) — (logdr + 0.05)3 276 log® di

provided that dx > di/*. Note that if hy; = 1 and L € M, then di/* < 2-107.
Assuming dg > 5 - 108, we get

_ VdL, 5-108
hy > (1— 127 (5-10%)71/3 > 1.028
N = ( ) )(log dy, 4 0.05)3 2e76 log®(5 - 108) —
(the right hand term of this inequality is minimal for dy, a positive integer when
dr, = 384). We have thus proved

Theorem 14. Let N be a dihedral CM-field of degree 12 and mazximal totally real
subfield NT. Let K be any of the three totally real cubic subfields of N*. If hyy =1,
then dx < 5-108, dn+ < 2-10%2 and dn < 4-10%.

4.4. Computation of relative class numbers of CM-fields. It was well known
that it is easy to compute relative class numbers of abelian CM-fields by using
generalized Bernoulli numbers (see [Wa, Th. 4.17]). Now, the first author developed
the following technique for computing the relative class number of any CM-field:

Theorem 15. (See [Lou 3] and [Lou 4]). Let N be a totally imaginary number
field of degree 2n which is a quadratic extension of a totally real number field Nt
of degree n, i.e. N is a CM-field. Let ¢y, be the coefficients of the Dirichlet series

(Cn/Cnt)(8) = Dopsy ik ™. Set Anyn+ = /dn /7" dn+. We have
(12) hy = QN“)N,/d Z Ok p Ko (k/An/n+)
N* 1

A2 a+1i00 ‘ . o 1 1
K,(A) = % o 2fu(s)ds  with fn(s) =T"(s)A P + 553"

Moreover, 0 < K,,(A) < n2™exp(—A2/™).
Hence (see [Lou 4]), if A > 1 and N are given, then the limit of |y — 00 N
as dn approaches infinity is equal to 0, where h;ppTOLN is the approximation of the

relative class number obtained by truncating the series occurring in (12) after
k< BN) “ An/n+ (Mog Annes )™
Finally, the following Lemma 16 explains how we compute the numerical values of
the function A — K, (A) according to its series expansion:
Lemma 16. (See [Lou 3]). Take A > 0. Then
Kn(A)=1+7"2A424% Y Rese—_m(fn)

m>0

2

and !
-1
> 27 hi(m)((2m + 1)F + (2m + 2)"),

i=—n

A2m
(mhn

Ress——m(fn) = —(=1)""

!Note the misprint in the formula given in [Lou 3].
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where the h;(m)’s are computed recursively from the h;(0)’s by using

i(m+1) Zh m—i—l)

j=—n

where by, = ((k+n — 1)!/k!(n —1)!) and
> hjn(0)s +O(s") =T (s + 1) A7,

Since the computation of the relative class numbers of all the dihedral CM-fields
N of degree 12 with dn < 4 - 10** would take too much time on a computer, we
now develop a techniques that will enable us to solve efficiently the relative class
number one problem for dihedral CM-fields N of degree 12. The idea is to deal with
CM-fields Ny of degree smaller than 12, hence such that B(INg) is much smaller
than B(IN), because the computation of the relative class numbers of the Ny’s is
then likely to be much more efficient than that for the IN’s.

4.5. Relative class number factorizations. Let N be a dihedral CM-field of
degree 4p. As N/Lg, N/L; and NT/Q are dihedral, we get

(13)  (Cno/Cuo)” = Cv/Cm = (G, /Cu,)” and Cns /G = (Cr/CQ)’
which yields

(14) (¢No/Sk) / (CLo/Ca) = (G /Ck) / (S /CQ)
and
(15) (Cn/Cn+)/ (Gm/CL) = ((CNO/CK)/(CLO/CQ)>2~

We recall that the functional equation of a Dedekind zeta-function (g contains a

factor di:/ 2, Applying the functional equation to each of the Dedekind zeta-functions
of (13), (14) and (15), one can derive the relations

(16) (dn,/dp,)” = dni/dai = (dng, /dy,)” and dygy /dr, = di,
(17) (dnig /s ) / (dry/dys) = (dn, Jdgs) / (du, /dy ),
s) (e /des) / (/) = (o ) / (o ).
and
(19) (AN/N+) / (AM/M+) :( ANO/Ng /ALO/L§)2'
As in [Lou 7], by using (6) and (17) we get
R B - B
QNowNo QLowLo QleN1 QLlel ’

and by using (6) and (18) we get

hN hye hx, hy,
Onun /[ @mumMm ONowN, /| QLo,wi,
According to Proposition 12 we thus get
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Proposition 17. Let N be a dihedral CM-field of degree 4p. Then,
- N2, BN
(20) hy = (hx,/he,) hax = (b, /i) g
Now, according to (11), Proposition 12(iii) and Proposition 17 we get

Corollary 18. (i). Let M = LoL; be an imaginary bicyclic biquadratic number
field which is a compositum of two distinct imaginary quadratic fields Lo and L;.
If hyy is odd then hy, or hy s odd, and if hyy =1 then hy —or hy s equal to one
(and for the rest of this paper we choose notations so that these conclusions hold
with Lo)

(ii). Let N be a dihedral CM-field of degree 4p. Then hyy is odd if and only if
hyp and hyg are odd, and hyg =1 if and only if hyy = hyg, = 1.

Remark. Proposition 17 is very useful when doing explicit computations, because
it reduces computation of relative class numbers of dihedral CM-fields of degree
4p to that of CM-fields of degree 4 and 2p. Indeed, let us make more precise our
conclusion of section 4.4. According to (19) and by using dm = drdy, dy, , we get

_ % A
No/Ng — dLIV N/N+*

Hence, if we content ourselves with imaginary bicyclic biquadratic number fields
M with relative class numbers equal to one (see Corollary 18(i)), then dy, and dy,
take on only finitely many values, and we get

B(No) = O(vB(N)).
Therefore, the computation of hy, is indeed much faster than that of hy.
4.6. Restrictions on dihedral CM-fields N of degree 4p with odd relative

class numbers. If hy is odd then the number ¢ of prime ideals of N which ramify
in the quadratic extension N/N¥ is < 1 (Lemma 4(i)). Hence, we get

Theorem 19. Let N be a dihedral CM-field of degree 4p (p any odd prime). If the
relative class number hy of N is odd then Lo/Q is ramified at only one positive

prime rational integer pg which divides dgk, and if pg = 2 then 2 is not totally
ramified in M/Q.

A

Proof. First, if hyy is odd then hy, = hy is odd. According to genus theory, we
get that Lo/Q is ramified at exactly one finite prime, to be denoted by pg.
Second, if 2 is totally ramified in M/Q, then 2 is ramified in L/Q, i.e., (2) = P2.
According to Lemma 3, this prime ideal P splits completely in N* /L, the p prime
ideals of NT which lie above P are ramified in N/NT, and 2P~! divides hyy, which
is thus even.
Third, if pg does not divide dk, then py divides neither dy, nor dn+ (since

p—1
dg = di® fP7' and dn+ = dundk). Hence, po is unramified in N*/Q. First,
assume that pg is inert in L/Q. Since N*/Q is dihedral, hence is not cyclic, then
po is not inert in N*/Q. Thus, pg splits completely in N /L. Now, the p prime
ideals of Nt which lie above pg are ramified in N/NT, and here again 2P~ divides
hy, which is thus even. Second, if py splits completely in Lo/Q, i.e. (pg) = P1Pe,
then each P; is ramified in M /L. Hence, the prime ideals of Nt which lie above P;
and P are ramified in N/N. Since there are at least 2 such prime ideals, then 2
divides hy which is thus even. O
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Remark. Exactly 6 out of the 147 imaginary bicyclic biquadratic number fields M
with hy; = 1 are such that 2 is totally ramified in M/Q, namely

Q(vV—1,vV-2), Q(v—1,v/—10), Q(v—1,v/—58),
Q(V=2,v=5), Q(W=2,v/-13), Q(V=2,V/=37).

4.7. The required computations. Let K be a non-normal cubic number field
with discriminant dx = dy, f2, where dy, is the discriminant of the quadratic subfield
L of the normal closure of K. Let ¢ be a positive prime integer. Then ¢ satisfies
one of the following conditions :

1k). If ¢ does not divide dx and (dk/q) = —1 (Kronecker’s symbol), then (q) =
9195 in K, where Q; has inertia degree equal to 1 and Qs has inertia degree equal
to 2.

2k). If ¢ does not divide dk and (dkx/p) = +1, then (¢) = Q or (¢) = Q19293
in K, in which cases we respectively set 77 = —1 or +1. If ¢ does not divides the
index ig of Z[ak] in the ring of the algebraic integers of K where K = Q(axk)
for some algebraic integer ak, then the two cases are distinguished by the splitting
modulo ¢ of the minimal polynomial Pk (X) of ax. We note that that in all the
cases considered in Table 2, on page 3676, if ¢ divides ik then ¢ is ramified in K/Q.
3k). If ¢ divides f, then (¢) = Q3 in K.

4k). If ¢ divides dy, and ¢ does not divide f, then (¢) = Q193 in K.

Then, let Ly be a quadratic number field, set Ng = KLy and M = LgL, and let
L1 be the third quadratic subfield of M. Thus, N = KM is a dihedral number field
of degree 12. We want to compute ¢(k) = > 1 X,k (I); where this sum is over
the integral ideals I of K with norms equal to & > 1. Here, XNo/K is the quadratic
character associated to the quadratic extension Ny/K, which is well determined
once we know that it is a completely multiplicative function defined on the non-
zero integral ideals of K which satisfies XNO/K(Q) = —1, 0 or +1 according as
the prime ideal Q of K is inert, is ramified or splits in No/K. Since k — ¢(k) is
multiplicative, we only have to explain how we compute ¢(¢™) when ¢ is prime and
m > 1. Let e be the ramification index of a prime ideal Q of K lying above some
prime g. We have:

11). If ¢ is inert in Lo/Q, we set ¢¢ = —1. Then Q is inert or splits in Ny/K
according as the inertia degree of Q is odd or even.

21). If ¢ is ramified in Ly/Q, we set ¢ = 0. Then, if e = 1 or e = 3 then Q is
ramified in No/K, while if e = 2 then Q is inert, is ramified or splits in Ny/K
according as the prime ideals of L lying above ¢ are inert, are ramified or split in
M/L (which amounts to saying that ¢ is inert, is ramified or splits in L;/Q), in
which cases we respectively set ¢4 = —1, 0 or +1.

31). If ¢ splits in Ly/Q, we set g = +1. Then Q splits in Ny/K.

Note that ey = (—dy, /q) and €1 = (—dy, /q) (Kronecker’s symbols). From these
two points we get the following rules, which enable us to compute ¢(¢™):

In). We assume that 1k) holds. Then Xy i (Q1) = €0 and xy, x(Q2) = 1 if
€0 # 0, and xp, /x(Q2) =0 if eg = 0. Hence, xy, x(Q2) = €2 and
o= X @)= ¥ @ ="

a+2b=m a+2b=m

where [z] stands for the greatest relative integer less than or equal to .
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2n). We assume that 2k) holds. If ng = —1, then xy, x(Q) = € and

m 0 if 3 does not divide m,
€'~ =€y if 3 divides m.

If ny = +1, then XNO/K(Qi) =¢€9, 1 <7< 3, and

s = Y (@)= Y g = O

a+b+c=m a+b+c=m

3n). We assume that 3k) holds. Then xy /x(Q) = €o. Hence,

?(q™) = X~y x(Q™) = €5

4n). We assume that 4k) holds. Then XNO/K(Ql) = €. Now, xn, /k(Q2) = €o if
€g # 0, in which case we get

P(¢™) = Z XNO/K(Q%QS) = XNO/K(QSR) = 68+b = (m+ e,
at+b=m

while XNO/K(QQ) = ¢ if ¢g = 0, in which case we get

™) = D gk (Q1Qh) = Y 0% =,

a+b=m a+b=m

Since €y # 0 implies e; = 0 (for ¢ is ramified in L/Q, hence ramified in at least two
of the quadratic subfields of M), we may collect these two subcases of case 4n) in
the following convenient formula:

P(q") = (m+1)eg' + €.

The following Lemma 20 then makes it easy to apply Theorem 15 and Lemma
16 in order to compute the relative class numbers of such Ny’s:

Lemma 20. Let K be a non-normal cubic number field and Lo be a quadratic
number field. Assume that Lq is not equal to the quadratic subfield L of the normal
closure N of K, let Ly be the third quadratic subfield of the bicyclic biquadratic
number field M = LLo, and set Nog = KLg. Then, dy, = fodLod%(, with fo =
dy,,dy, /ged(dk, dy, dy, )-

Proof. We note that N = KM is dihedral of degree 12. Hence, N/L is cyclic
sextic. We set NT = KL. We let x be a character of order 6 associated to this
extension, and F; be the conductor of x*. Hence, we have F; = lem(Fa, F3). Set
fi = Nujq(Fi), 1 < i < 3. We claim that f; = lem(f2, f3). Indeed, when K/k is
an extension of number fields, let Dk /i be its different and dk/x = Nk k(Dk k)
be its relative discriminant. Then, dy. p, = F3 and dyyr, = Fa. Since N1/Q,
N*/L, M/Q, and M/L are normal, then DN+/L and dN+/L are invariant under
the action of Gal(NT/Q), and Dy, /L and dyp g, are invariant under the action
of Gal(M/Q). Hence, F, and F3 are invariant under the action of Gal(L/Q).
Thus, F; = lem(F2, F3) implies fi = lem(f2, f3). Now, we have dn = d 2 f2fs,
dn+ = di f7 and dy = d3 f3. According to (16) we have dy+ = drdi and dn/dv =
(dn,/dy,)?- Moreover, as M/Q is bicyclic biquadratic we also have dy = dydy, dy,, -
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ThUS7 f2 = dK/dL, f3 = dM/d% = dLgdLl/dL and fl = 1cm(dK/dL7dL0dL1/dL)~
Hence,

dn,/dL, = Vdn/dy = di f1 f2 = dxdplem(dk /dy, dy, dy,, /dv)
= dglem(dx, dy, dy,, ) = fodi.
O

Thanks to [Coh] and [Ol] we get Table 2, which provides all the non-normal
totally real cubic number fields K with dx < 15000 such that (see Theorem 19)
(i): there exists at least one of the 141 imaginary bicyclic biquadratic number field
M with hy; = 1 in which 2 is not totally ramified which satisfies L = Q(v/dk) C M;
(ii): and po | dk.

Then, for each K that occurs it provides all the possible choices for M = LLy.
We set Lo = Q(v/—Dg) and L = Q(v/Dy,) with 1 < Dg and 1 < Dy, square-free.
Finally, if K = Q(ak) where ak is an algebraic integer which is a root of some
unitary cubic polynomial with integral coefficients Pk (X), we let ix denote the
index of the ring Z[ak] in the ring of algebraic integers of K. Finally, we wrote a
UBASIC program? which, with Dy, Dy, and Pk (X) as inputs, outputs the relative
number of No. Moreover, when hy =1 we give the value hy; of the class number
of NT. Note that there are 16 sextic CM-fields N with relative class number one
in Table 2.

Finally, according to the more extensive similar calculations up to dx <5 - 108
done by M. Olivier® and according to Theorem 14, there is no other dihedral CM-
field N of degree 12 with relative class number one. Therefore, and according to
Lemma 2 and Theorem 6, we have solved the relative class number one and class
number one problems for non-abelian normal CM-fields of degree 12, and Theorem
1 is proved.

Final remark. When we wrote the first version of this paper, we had not come
up with Proposition 8, which explains why most of the relative class numbers of
dihedral CM-fields of degree 12 we had computed are divisible by 3. Hence, using
Proposition 8 would now drastically reduce the amount of relative class number
computation required to solve the class number one problem for non-abelian normal
CM-fields of degree 12. Indeed, we get:

Corollary 21. Let N be a dihedral CM-field of degree 4p, p any odd prime. Let
M be the imaginary biquadratic bicyclic subfield of N and let L = M™T be the real
quadratic subfield of N. Assume p > 3, or p = 3 but Q(v/—3) ¢ M. If there exists
some rational prime which is unramified in M/Q, inert in L/Q and ramified in
N /L, then p divides hyy. Assume p =3 and Q(v/—3) C M. If there exist at least

2This program is available from the first author.

3First, he found that there are 10283 non-normal totally real cubic number fields K with
dk < 5-10% such that L = Q(v/dk) is the real quadratic subfield of one of the 141 imaginary
biquadratic number fields M with hy; = 1, with 2 not totally ramified in M/Q and with po
dividing dk (see Theorem 19). Second, he found that there are 11761 possible non-normal sextic
CM-fields Ng. Third, he computed the relative class numbers of these 11761 CM-fields. Roughly
speaking, it took only 2 days to get these 11761 CM-fields but 40 days to complete the calculation
of their relative class numbers. Finally, by using unconditional Minkowski upper bounds, he
computed the class numbers of the maximal real subfields N1 of the 16 dihedral CM-fields of
degree 12 with relative class number one.
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TABLE 2
(dx, D, Do) (i, Px (X)) (hngs Pt )
(148,37,1) (LX°+X?-3X-1) (1,1)
(469, 469, 7) (1, X3+ X% -5X —4) (1,1)
(473,473, 11) (1, X% —5X —1) (1,1)
(756,21, 3) (1,X% - 6X —2) (1,1)
(940, 235, 1) (1, X3 —7X —4) (1,2)
(1300, 13, 1) (1, X* — 10X — 10)
(1304, 326, 2) (2, X% - X% 11X - 1) (1,1)
(1425, 57, 3) (1, X3 - X% -8X —3) (1,1)
(1620, 5,1) (1, X% — 12X — 14) 3
(1620, 5, 2) (1, X% — 12X — 14) 3
(1620, 5, 3) (1, X% — 12X — 14) (1,1)
(1708, 427, 1) (1, X% - X2 -8X —2) (1,2)
(1944, 6, 2) (1,X% - 9X —6) (1,1)
(2057,17,11) (1, X% - 11X — 11) 2
(2673, 33, 3) (1,X* —9X —3) 2
(2700, 3,1) (1, X% - 15X — 20) (1,1)
(3325,133,7) (1, X3 - 10X — 5) 3
(4104,114, 19) (2, X* — 18X — 16) (1,2)
(4212,13,1) (1, X% — 12X — 10) 4
(4312, 22,2) (2, X%+ X% - 16X —8) (1,3)
(4860, 15, 1) (2, X% — 18X —12) 5
(4860, 15, 3) (2, X3 —18X — 12) (1,2)
(5073,5073,19) | (1, X3 + X? — 18X — 33) 2
(5684, 29, 2) (1, X3 — 14X — 14) 11
(5780, 5,1) (1, X* 4+ X% - 11X —5) 6
(5780, 5, 2) (1, X3+ X% -~ 11X - 5) 6
(6237,77,7) (1,X* — 12X —5) 3
(7220, 5,1) (2, X* + X2 — 25X — 45) 7
(7220, 5, 2) (2, X® + X2 — 25X — 45) 9
(7425, 33, 3) (1,X% - 15X — 15) 3
(7700, 77,7) (1, X% — 20X — 30) 3
(8092, 7, 1) (1, X% — X% — 28X — 46) 6
(8505, 105, 3) (1,X% — 27X — 51) 3
(8505, 105, 7) (1, X3 - 27X — 51) (1,2)
(9045, 1005, 67) (1, X% — 18X — 23) 4
(10164, 21, 3) (2, X% + X2 — 29X — 57) 3
(10580, 5,1) (1, X%+ X2 - 15X — 17) 9
(10580, 5, 2) (1, X34+ X2 - 15X — 17) 9
(11109, 21, 3) (1,X% - X% - 15X —6) 4
(12177,1353, 11) (1, X3 —15X —7) 3
(12852, 357, 7) (2, X3 — 24X —12) 3
(13932, 43, 1) (2, X3 — 39X — 82) 2
(14036, 29, 2) (2,X% - X% - 29X — 31) 12
(14520, 30, 2) (3, X* — 33X —22) 9
(14520, 30, 3) (3, X3 — 33X —22) (1,2)
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two rational primes which are unramified in M/Q, inert in L/Q and ramified in
N* /L, then p divides hy.

Examples. Let us explain why some of the relative class numbers of the table are
divisible by 3. First, take dx = 1300 and M = Q(v/—1,v/—13). The table yields

~ =3

Since [ = 5 is unramified in M/Q, inert in L/Q and ramified in Nt /L, we

understand why 3 divides hy. Second, take dg = 1620 and M = Q(v/—3, v/—15).
The table yields hy = 1. Here [ = 2 is unramified in M/Q, inert in L/Q and
ramified in N /L. But since wpy = 6, then Proposition 8 does not yield that 3
divides hy and we do not meet with any contradiction.

[BP]
[BWW]
[Coh
[Has|
[Hof]
[Hor]
[JY]
[Lou 1]

[Lou 2]

[Lou 3]
[Lou 4]
[Lou 5]
[Lou 6]
[Lou 7]

[Lou-Oka]

[Mar]
MW]
[Od]]

(O]
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