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A mis padres

ABSTRACT. In this paper we complete Rubin’s partial verification of the con-
jecture for a large class of elliptic curves with complex multiplication by

QV=17).

1. INTRODUCTION

In this paper we prove the full Birch and Swinnerton-Dyer conjecture for a class
of elliptic curves with complex multiplication by Q(v/—7).

This paper is an expanded version of the author’s doctoral thesis [11], which was
completed at The Ohio State University under the supervision of Karl Rubin. It is
to be the first in a series of papers aimed at completing Rubin’s partial verification
of one important case of the conjecture (see Theorem 11.1(i) of [21]).

The setting is as follows.

Let E be an elliptic curve defined over the field K = Q(v/—7) (which is one of
the 9 imaginary quadratic fields of class number 1), with complex multiplication
by the ring of integers O of K, and with minimal period lattice generated by
Q € C*. Suppose that the L-function of E over K does not vanish at s = 1, i.e.
L(E/x,1) #0. Then E(K) is finite [5] and the Tate-Shafarevich group ITI(E/x) is
finite [20]. Now for each prime q of K let ¢q = [E(Ky) : Eo(Ky)|, where Ey(Ky)
is the subgroup of E(K,) of points with non-singular reduction modulo q. In this
work we prove the following theorem.

Theorem A. Suppose L(E;c,1) # 0. Then

L(Ep,1) = Q0 - (#E(K)) 7 - #10(Ex) - [T o
In other words, the full Birch and Swinnerton-Dyer conjecture is true for E.

In addition, we will deduce from Theorem A the following result concerning
curves defined over Q. For any d € Z— {0}, let E? be the elliptic curve y? =
23 + 21dz? + 112d %z, which has complex multiplication by O = Z[(1 + /~7)/2].
Theorem B. If L(E/dQ, 1) # 0, then the full Birch and Swinnerton-Dyer conjecture
is true for E}iQ.
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The following is a summary of the paper.
Write ¢ for the Hecke character of K attached to E. Then L(¢,1)/Q € K and
the L-function of E over K factors as

(1) L(E/Kas) = L(waS)L(u;aS)

Now write ITIT = ITII(E/x) and let B be the set of primes of K where E has bad
reduction. We will see below (Proposition 2.6) that ¢q = 4 for all ¢ € B, so
[Tcq = 4° where b = #B. Further, the theorem of Rubin alluded to above ([21],
Theorem 11.1(i)) together with the fact that #(IT1qe) = # (11l ) for every prime
q of K ([14], p. 228) shows that if qf #O*, then

(2) L(4,1)/Q ~q 2" (H#E(K)) ™" - V#I1L,
where ~; means “equal up to a unit of K;”.

In this paper we prove (2) for the primes g that divide #0* = 2. Since 2 splits
in K (and we note that K = Q(v/—7) is the only imaginary quadratic field of class
number 1 with this property), it will be sufficient to show that

3) L($,1)/Q ~p 2" (FE(K)2)"" - #1Tpe

for p| 2. It will then follow that Gross’ refinement [14] of the Birch and Swinnerton-
Dyer conjecture for E is true, i.e.

(4) L(,1)/Q=+2" (#E(K))™" - \/#IIL

Using (1), this formula immediately implies Theorem A.

For convenience, we will exclude from the remainder of this discussion a small
number of “exceptional” curves (these are defined at the beginning of §2 and will
be studied in §8).

To establish (3) for the remaining, non-exceptional, curves, we will first show
that

(5) #Hom(X o, By )9 = 2" - #E(Kp )poe - (#E(K )20) " #1ITpe,

where b* = #(B—{p}), X is the Galois group of the maximal abelian 2-extension
of Koo = K(Ey) which is unramified outside of the primes above p, and G =
Gal(K«/K). The essential ingredient in the derivation of this result is a theorem
of Bashmakov [1], which describes the image of a certain localization map. See
Theorem 3.2 below. The rest of the argument leading to (5) is likely to seem
familiar to those readers acquainted with Coates’ paper [4] (but also a little more
complicated, because here we deal with the troublesome prime 2 and we do not
assume good reduction at 2).

Now Rubin [21] has shown how to relate the integer on the left-hand side of for-
mula (5) to ordy(L(1), 1)/£2) when p} 2, as an application of the “main conjecture”
of Iwasawa theory for K. In this work we prove a main conjecture for the extension
Ko /K (see Theorem 4.1 below) which has similar applications. Since 2 splits in
K, we are in the setting of a one-variable main conjecture, which makes the case
K = Q(v/—T7) the simplest of all. We will then use the main conjecture to show
that

#Hom(Xoo, By )? ~p 2770 #E(Kp ) - L(1,1)/9.

This formula together with (5) yields (3), thereby completing the verification of the
Birch and Swinnerton-Dyer conjecture in the present case.
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2. PRELIMINARIES

Let K = Q(v/—7), and write O for the ring of integers of K. Fix a prime p of
K lying above 2, and let p denote the complex conjugate of p. Then p # p. Now
fix an elliptic curve E defined over K with complex multiplication by O.

As explained in the Introduction, to prove Theorem A it suffices to check formula
(3) at both primes p and p. In fact, we need only check (3) at the prime p, for after
this is done we can certainly repeat the entire argument replacing p by p throughout
to obtain a proof of (3) for the prime p.

Now let B denote the set of primes of K where E has bad reduction. The theory
of complex multiplication shows that B is never empty. We shall say that FE is
exceptional if E has bad reduction at p and good reduction at all other primes, i.e.
it B ={p}. (Weremark here that there are very few exceptional curves.) As it turns
out, it is convenient to prove formula (3) for exceptional and non-exceptional curves
separately, so throughout this and the next several sections we will work under the
assumption that F is non-exceptional, deferring the study of the exceptional curves
to §8.

We now introduce some additional notations. If F' is any field, we will write G
for Gal(F/F), where F denotes the algebraic closure of F. Further, if M is an
O-module and a is an ideal of O, we will write M, for the a-torsion in M and M~
for (J,,~1 Man. There will be two exceptions to this rule: if q is a prime of K, O,
(resp. K,) will denote the completion of O (resp. K) at q. Also, for convenience,
we will write E, for F(K),.

Now, for each n with 1 < n < oo, let K, = K(Ey»). Further, for any ideal
a C O set N(a) = #(0O/a) and write K (a) for the ray class field of K modulo a.
The theory of complex multiplication shows that K(p™) C K, for all n < co, where
K(p®) is defined as J,,~, K (p"™).

Lemma 2.1. (i) If n > 2, then E/k, has good reduction at every prime of K, not
lying above p.
(i) E(K)pe = Ey.

Proof. For (i), see for example [5] Theorem 2. The proof is a variant of the criterion
of Néron-Ogg-Shafarevich, using the facts that F has potential good reduction
everywhere and Gal(Ko/K,) C 1+ p"0O, is torsion-free if n > 2. To prove (ii)
we note first that #E, = N(p) = 2, so Gk acts trivially on E,.Thus E, C E(K).
Now if we had E,2 C E(K), then (i) would show that E is an exceptional curve,
contravening our hypothesis. O

Remark. For each result in this section which depends on the choice of p, there is
a corresponding result with the prime p replaced by p, provided B # {p}. We will
make use of this fact at various places below.

Lemma 2.2. (i) Every prime in B — {p} is ramified in Ko/K.
(i) If 2 <n < oo, then [K, : K(p™)] = #O* = 2.
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Proof. For (i) see [22], Corollary 2 of Theorem 2 (note that the set B — {p} is
non-empty, because F is non-exceptional). As regards assertion (ii), it is shown in
[19] (Lemma 21(iv)) that [K, : K(p™)] < #0* = 2 for all n < co. On the other
hand (i) shows that K, ¢ K(p>°) for all n > 2, and (ii) follows. O

Let G = Gal(K./K) and define an injective map x, : G — Oy by P7 =
Xz (0)P for all P € Ey and all 0 € G.

Proposition 2.3. The map x, s an isomorphism.

Proof. The theory of complex multiplication shows that O* x, (G) = O, (see [23],
Theorem 5.4). On the other hand Lemma 2.2(ii) shows that G contains a subgroup
of order 2, namely Gal(K./K(p>°)). Consequently {£1} = O* C x,(G), which
completes the proof. O

Define 7 = x'(—1), i.e. 7 is that element of G which acts as multiplication by
—1 on Ep. Now let (1) be the cyclic group generated by .

Corollary 2.4. (i) Gal(K /K (p>)) = (7).
(if) Gal(K3/K) is cyclic, generated by the restriction of T to K.

Proof. Assertion (i) follows from the proof of Proposition 2.3. Now by Proposition
2.3, X,, induces an isomorphism Gal(Ky/K) ~ O, /(14 p>O,). Noting that O, =
L+ p0O, = {£1} x (1 +p20,), (ii) follows at once. |

Lemma 2.5. Suppose q € B —{p}. Then:
(i) The inertia group of q in Koo/ K is (T).
(i) E(Kq)pee = Ep.

Proof. By Lemma 2.2(i), q ramifies in K,/K. Further q # p, so (i) follows from
Corollary 2.4(i). Now if E(Kq)p = Ey;, then q splits completely in K;/K. But
q ramifies in Ko/K (Lemma 2.2(i)), so j < 1. Since j > 1 by Lemma 2.1(ii), the
proof is complete. O

For each q € B let
Cq = [E(Ky) : Eo(Ky)],

where Fo(K,) is the subgroup of E(K,) of points with non-singular reduction
modulo g.

Proposition 2.6. For every q € B, cq = 4.

Proof. If ¢ € B and q/ 2, then ¢q = #E(Kq)2 ([14], Proposition 4.9). Thus by
Lemma 2.5(ii) and its analogue for p (see the remark following the proof of Lemma
2.1), we have ¢q = 4 for such gq. It remains to show that ¢, = 4 if p € B (the
equality ¢g = 4 when p € B is proved similarly).

It is shown in [14] (proof of Proposition 4.5) that the only possible Kodaira types
for E over K, are I} (in which case ¢, = 4), IT and II* (which have ¢, = 1, i.e.
E(K,) = Eo(Kp)). To see that the last two types cannot occur, simply note that
Ey(K,) is p-divisible (cf. [25]) but E(K,) is not, by the analogue of Lemma 2.5(ii)
for p. O

We devote the remainder of this section to proving a number of results on the
Galois cohomology of E.

If F is any field, we will write H'(F, E) for H (G, E(F)).

Let I' = Gal(Ko/K2). Then by Proposition 2.3, T' ~ 1 + p?0, ~ Zs.
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Lemma 2.7. (i) The restriction map induces an isomorphism
Hl(K27 EP“’) = Hl(KOOa EPDO)F'
(if) #HNG, Bpee) = #E(K)p.
Proof. A standard calculation shows that H*(T', Eye) = 0 for alli > 1 (cf. Lemma 6

of [4]). This fact together with the appropriate inflation-restriction exact sequences
gives (i), and shows in addition that

HY(G, Ey=) ~ H'(Ga, E,2),
where G2 = Gal(K3/K). Now using Corollary 2.4(ii) and Lemma 2.1(ii), we have
HY (G, Ey2) ~ Ep2 [2Ep2 ~ E, = E(K)pee.
O

If 9 is a prime of K, and n < oo, we will write K, o for the completion of K,
at the prime below Q. Now let Koo 0 = U,,>; Kn, a-

Lemma 2.8. Let Q be a prime of Ko and let q be the prime of K lying below Q.
Then, if q ¢ BU{p},

HY(Gal(Koo,0/Kq), E(Kso. q)) = 0.

Proof. This is well-known, coming from the facts that E has good reduction over
Kq and Ko o/K, is unramified. See for example [17], Corollary 4.4. O

Lemma 2.9. Let Q be a prime of Ko and let q be the prime of K lying below Q.
Then, if € B and q/ 2,

#Hl(Gal(Koo,Q/Kq)a E(Keo,a))pe = #E(Kq)pe-

Proof. E has good reduction over Ko o by Lemma 2.1(i) , s0 Koo, /K2 g is un-
ramified (see [24], §VIL.4). Thus by an analogue of Lemma 2.8 and the usual
inflation-restriction exact sequence, there is an isomorphism

HY(Gal(Koo,0/Kq), E(Koo,0)) =~ H'(G2, 0, E(K2,q)),
where Go g = Gal(Ks q/Kq). Now since Q f p there is a decomposition E(Ks o) =~

E(Ks q)pe @ A, where A is a uniquely p-divisible O[G2, g]-module (see §VIL.6.3 of
[24]). It follows that

H' (G, 0, E(Kz,))p~ = H' (Go,0, B(Ks,0)p=).
Now since the quadratic extension K5/K is ramified at q (see Corollary 2.4(ii) and
Lemma 2.2(i)), we have G2, q ~ Gal(K2/K), whence H' (G, q, E(K2, q)p=) ~ E,

(cf. the proof of Lemma 2.7). Finally, using the analogue of Lemma 2.5(ii) for p,
we have #E, = #E5 = #E(K)p~, and the lemma follows. |

Lemma 2.10. Suppose p € B. Then there is a unique prime of Koo lying above p.

Proof. We must show that the unique prime of Ky lying above p, say @, is inert in
K /K3. To this end let m < oo be such that @ splits completely in K,,/Ks, so
Eym C E(Ks,5). Since ¢ ) p the reduction-modulo-¢ map sends Epm injectively
into E(O/p), where E denotes the reduction of E modulo ¢. As #E(0/p) < 5, we
conclude that m = 2, which proves the lemma. O
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3. THE INFINITE DESCENT

In this section we prove formula (5) of the Introduction.

Keep the notation and assumptions of §2. In addition, assume that our elliptic
curve E satisfies L(FE/x,1) # 0. In this case the finiteness of F(K) and of the
Tate-Shafarevich group of E over K have been demonstrated by Coates and Wiles
[5] and Rubin [20], respectively.

Let I, and S denote, respectively, the p-power torsion in the Tate-Shafarevich
group of F over K and the direct limit of the Selmer groups of E relative to powers
of p. Thus

Iy~ = ker | H' (K, E)y~ — @) H' (Kq, E)pe
I p ]

and

S =ker|H'(K, Ey) — @D H'(Kq, E)p~ |.
p ]

We note that the g-component \q: H' (K, Ey=) — H'(Kg4, E)p= of the map ap-
pearing in the definition of S is the restriction homomorphism to H'(K, Ep~)
followed by the canonical map from this group to H(Kq, E)pe.

Lemma 3.1. There is an isomorphism
Ipe~ ~ S.
Proof. Galois cohomology gives us an exact sequence
0— E(K)®o (Ky/Op) — S — Iy — 0.

See §1 of [20]. Since E(K) is finite, the group on the left is zero, which gives the
lemma. O

Recall the set B of primes of K where E has bad reduction. Let B’ = BU {p},
and define a modified Selmer group S(B’) D S by

S(B') :ker[Hl(K, Ey=) — P Hl(Kq,E)pm].
q¢ B’

There is a natural exact sequence

(6) 0— 8= S(B) 2 @ H' (K, By,
qeEB’

where Aps is the restriction of @ cp Aq to S(B’). The image of Ap/ has been
described by Bashmakov [1] in terms of the local Tate pairing, and we now proceed
to state his result.

For any field F' O K let E*(F) = lim E(F)/p"E(F'), where the inverse limit is
taken with respect to the natural maps. Note that E*(K) = E(K)ge injects into
E*(K,) for any prime q. Now for each q € B’ write (, )q for the non-degenerate
pairing E*(K4) x H' (K4, E)p — Q/Z which is induced by the Tate pairing.

Theorem 3.2. (Bashmakov) Suppose g is finite. Then a necessary and suf-

ficient condition for an element (&) € D, p/ HY(Kq, E)p to be in the image of
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)\B’ is that

Z <$v§q>q =0

q€B’
for every x € E(K)p~. In particular,
#coker(Ap/) = #E(K ).
Proof. See §3.3 of [1]. O

Viewing H'(K,, E)p= as a subgroup of @
we have the following;:

Corollary 3.3. H(K,, E)p~ ¢ image(Ap:).

qen’ H'(K4, E)p= in a natural way,

Proof. This is immediate from Theorem 3.2 and the non-degeneracy of (, ),. O

Lemma 3.4. Suppose q € B' — {p}. Then
#Hl(vaE)p‘” = #E(Kq)ﬁ“’-

Proof. The groups H' (K, E)p= and E*(K,) are dual to one another under ( , )g.
On the other hand, as E(Kq) ~ E(Kg)torsion ® Oq (see [24] §VIL.6.3) and q # p, we
have E*(Ky) = E(K4)g~, which proves the lemma. O

Remark. The proof of the above lemma shows that H'(Kjp, E)p~ is infinite, so
S(B') is infinite if p € B’ (see (6) and Theorem 3.2).

Proposition 3.5. Suppose E has good reduction at p, i.e. p ¢ B'. Then
#S(B') = 2" #B(Kp)p~ - (#E(K)p~) ™" #11Tpx,
where b* = #(B — {p}).

Proof. This follows from (6), Lemma 3.1 and Theorem 3.2, using Lemmas 3.4 and

2.5(ii) (for p) to compute the order of P,cp HY (Kq, E)peo. O

The above result brings us closer to a proof of (5) for those curves which have
a good reduction at p. We have yet to relate S(B’) to Hom(X, Ep= )9, as well
as deal with the curves that have a bad reduction at p. To these ends, we now
introduce Selmer groups over the field K.

For any set T of primes of K, we write T for the set of primes of K., which lie
above the primes in T, and define

Soo(T) =ker | H' (Koo, Epe) = @ H'(Koo,q, E)p= |-
Q¢T
Now recall B = BU {p} and set 7 = B’ N {p,p}. Thus 7 = {p} if E has good
reduction at p and 7 = {p,p} otherwise. In what follows we shall be concerned
with the groups Soo(p) and Soo (7). Clearly Soo(7) D Soo(p) and Soo(7) = Seo(p)
if E has good reduction at p. Recall G = Gal(K/K).

Lemma 3.6. Let X, denote the Galois group of the maximal abelian 2-extension
of Koo which is unramified outside of the primes above p. Then there is a canonical
G-isomorphism

Soo(p) >~ Hom (X, Epeo).
Proof. This is well-known. See for example [4], Theorem 12. |
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Now consider the standard inflation-restriction exact sequence

(7) 0 — H'(G, By) — H'(K, By) ™= H' (Koo, Eyp~)°.

In contrast to the situation prevalent in the case p / 2, the restriction map Res is
neither injective (see Lemma 2.7(ii)) nor surjective. The following result is all we
need, however.

Lemma 3.7. S (p)Y C image(Res).

Proof. Let Gy = Gal(K2/K), and let v : HY(K, Epe) — H'(K2, Ep=)% and
p: HY (K3, Eps)9? — HY (Ko, Ey<)Y be the natural restriction maps. Then p is
an isomorphism by Lemma 2.7(i), and Res is the composition of r and p. Thus to
prove the lemma it suffices to check that p~! (S (p)9) C image(r). Choose a prime
q € B — {p}, fix a prime of K lying above q, and write I for the corresponding
inertia group. Now recall the automorphism 7 € G which acts as multiplication by
—1 on Ep. Since 7 generates the inertia group of q in K /K (see Lemma 2.5()),
we can find an element 7 € I; whose restriction to K, is 7. Then 72 e Gk, Nly.
Now using the fact that the elements of S (p) are unramified outside of p by Lemma
3.6, it is not difficult to see that every cohomology class {£} in p~! (S (p)9) satisfies
£(7%) = 0. It is now a simple matter to check that the map ¢ = ¢¢ : Gx — Ep=
given by c(o7!) = £(0) (0 € Gg,, i =0, 1) is a 1-cocycle whose cohomology class
in H'(K, Ep) is mapped to {£} by 7. O

Define S% (T) = S« (7) Nimage(Res). The above lemma shows that S* (7) D
Soo(p)9 and SX(T) = Seo(p)? if E has good reduction at p (since Seo(7) = Soo(p)
for such curves). Now recall the group S(B’) C H' (K, Ep=) defined at the begin-
ning of this section.

Proposition 3.8. The inflation-restriction exact sequence (7) induces an exact
sequence

0— H'(G, Ey) — S(B') 22 % (T) — 0.
Proof. That the inflation homomorphism maps H'(G, Ey~) into S(B’) follows eas-
ily from Lemma 2.8. Now for each prime Q of K, we have a commutative diagram

HY(K, Bpw) —s  H'(Kq, E)pe

Res l l Resgq

H' (Koo, By) 2% H' (Ko, E)p
where q is the prime of K lying below 9, A, is the localization map defined before
the statement of Lemma 3.1, A o is the analogue of A4 for the field K, and Resg
is the local restriction map.
If Q lies above a prime q € B’ — 7 = B — {p,p}, then Lemmas 2.9 and 3.4 show
that Resq is the zero map. If Q|q with q ¢ B’, then Lemma 2.8 shows that Resgq
is injective. Now let ¢ € S(B’). Then, using the above diagram,

Aoc,2(Res(e)) = Resg (Aq(c)) = 0

if g ¢ B’ (by definition of S(B’)) or if ¢ € B’ —7 (since then Resgq is the zero map).
Thus Res(S(B’)) C S*,(7T). To prove the reverse inclusion, select an f € S* (7)
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and find an element ¢ € H(K, Ey=) such that f = Res(c). Then, for Q|q with
a¢ B,
Resg(Aq(c)) = Asc,a(f) =0,

whence \q(c) = 0 because Resgq is injective for such . We conclude that ¢ € S(B’),
which completes the proof. O

We are now in a position to prove formula (5) of the Introduction.
Theorem 3.9. Let b* = #(B — {p}). Then
#Hom(Xog, Epee )9 = 2" - #E(Kp)poe - (#E(K)2) ™" - #1Mpe.
Proof. By Lemmas 3.1 and 3.6, the above formula is equivalent to
(8) #5o0(9)7 = 2" - #E(Kp)pe - (#B(K)a=) ™" - #5.

Case I. E has good reduction at p.
In this case S (p)9 = S% (T), and Proposition 3.8 yields

#8900 (p)7 = (#H' (G, Bype<)) ™" - #5(B').
Formula (8) now follows from Proposition 3.5 and Lemma 2.7(ii).
Case II. E has bad reduction at p.

The argument in this case is more involved, due to the fact that S(B’) is infinite
(see the remark preceding the statement of Proposition 3.5). To circumvent this
difficulty, consider the commutative diagram

S(B') _Res 5% (T)

)\B/l J«kﬁ

@ Hl(va E)P"o — Hl(KOO,@v E)P“’

q€B’
where @ is the unique prime of Ko, lying above p (see Lemma 2.10), Ag is the
restriction to S% (7)) of the natural map H' (Koo, Ep=) — H'(Keo g, E)p, and
¢ is the composition of the projection map P, p/ HY (Kq,E)pe — HY(Kp, E)peo
and the restriction map H'(Kp, E)p — H'(Koo,5, E)p~. By Proposition 3.8,
the map Res in the above diagram is surjective with kernel H(G, Fp ), and the
definitions together with Lemma 3.7 show that ker(Ap/) = § and ker(Ag) =
Seo(p)9. Applying the snake lemma to the above diagram then yields the formula

(9)  #H'(G, Ey) - #coker(Ap:) - #5550 (p)¢ = #ker(p) - #image(@) - #5,

where @ : coker(Ap/) — coker(Ag) is the map induced by ¢. Now Lemma 2.7(ii)
and Theorem 3.2 show that #H' (G, Ep )-#coker(Ap:) = #E(K )2e. On the other
hand, the order of

ker(p) = H'(Gal(Koo,5/Kp), E(Koo )o@ | @ H'(Kq, E)pe | ,
qeB*

where B* = B’ — {p}, may be computed as follows: the proof of Lemma 2.9
shows that #H'(Gal(Kxo,5/Kp), E(Koo,5))p= = #FE, = 2, and Lemmas 3.4 and
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2.5(ii) together show that #(€D,c p- HY Ky, E)pe) = 271 . #F(K,)pe, where
b* = #(B — {p}). Thus

dtker(p) = 20 - #E(Ky)pe-.

Finally, we claim that ¢ is the zero map, so #image(¢) = 1. To prove our claim,
we use the above diagram to obtain the equivalent statement

@ HY(Kq, E)pe = ker(y) + image(Ap/).
q€B’
This must hold since #coker(Ap/) = 2 by Theorem 3.2 and Lemma 2.1(ii), and
ker(y) ¢ image(Ap/) by Corollary 3.3.
Using all of the above in (9) gives (8), thereby completing the proof of the
theorem. O

4. THE MAIN CONJECTURE: STATEMENT AND BEGINNING OF THE PROOF

Keep the notation of §§2 and 3. Thus F is an elliptic curve defined over K with
complex multiplication by the ring of integers O of K, p is a prime of K lying
above 2, and K,, = K(Ey») for 1 < n < co. We continue to assume that E is
non-exceptional.

We begin this section by defining the elliptic units of K,, that we will use in this
paper.

Fix a minimal model of E over K, let L denote the corresponding period lattice,
and write I(6) for the set of ideals of O which are prime to 6. For each a € I(6)
define a function

Oo(z;a) =n(a) [[(p(2; L) — p(u; L))",
where p(z; L) is the Weierstrass p-function for the lattice L, the product is taken
over representatives of the non-zero classes u in (a7'L/L)/ 4 1, and n(a) € K is
the 12-th root of A(L)N® /A(a='L) constructed by Robert in [18], where A is the
usual Ramanujan A-function. This function ©q is the unique 12-th root of the
function ©(z; L, a) used in §I1.2 of [8] which satisfies a certain distribution relation.
See [18] for more details.

Write § for the conductor of the Hecke character of K attached to F, and let §’
be the least common multiple of the prime-to-p part of f and p? (so §’ is prime to
p and § f 2 = #0*). Now, for every n < oo, let F,, = K(Es)K,. Further, set
fn, = f'p" and fix a point v € C/L of order exactly f,. Then O¢(v;a) € K(f,) C F,
if (a,6f) =1 ([18], no. 12), and we let C;, denote the group generated by all norms
Ng,/k,(©o(v;a)) ((a,6f) = 1) and by all roots of unity in K,. Then C;, is a
Z [Gal(K,,/K)]-submodule of the global units of K,, ([8], §11.2.4) whose definition
is independent of the choice of v.

We will also need the elliptic units of conductor p™, whose definition we now
recall. Choose a point w € C/L of order exactly p”. Then O¢(w;a) € K(p™) for all
a € I(6), and we write Cp» for the group generated by all products [ O¢(w; a)™(®)
with >~ m(a)(N(a) — 1) = 0 (a € I(6)) and by all roots of unity in K(p™). Then
Cpn is a Galois-stable subgroup of the global units of K (p™) whose definition is
independent of the choice of w.

We are now ready to define the various Iwasawa modules that enter into the
statement of the main conjecture.
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Write U, for the group of local units of K, @k Ky which are congruent to 1
modulo the primes above p. Let C;, and Cp» denote the closures of Cs, N U, and
Cpn N Uy, respectively, in Uy,. Define

UOO = @ Un, éf/ = %iLnC_fn, (/;1 = linc_pn and éoo = éf/ (/;1,
all inverse limits being taken with respect to the norm maps. Global class field
theory gives us a map
UOO /éOO - X007

where X, denotes, as before, the Galois group of the maximal abelian 2-extension
of K, which is unramified outside of the primes above p.
Now recall T = Gal(K/K2) ~ Zz, and consider the standard Iwasawa algebra

A = Zo[[T']] = lim Zy[ Gal(K,,/K>)],

inverse limit over n > 2. Then X, and Uy /(foo are finitely generated torsion
A-modules. See [21].

It follows from the well-known classification theorem for A-modules that for
every finitely generated torsion A-module Y we can find elements f; € A and a
finite A-module Z such that there is an exact sequence

0—-PA/fih—>Y —-Z—0.

We will write char(Y') for the characteristic ideal (J] f;)A of Y.
We can now state the “main conjecture” of Iwasawa theory for the extension
K /K (E non-exceptional).

Theorem 4.1. We have
char(X ) = char(Us /Coo)-

We will now show how the proof of Theorem 4.1 reduces to the verification of
the equality of the Iwasawa invariants of Uy, /Coo and X .

Write A,, for the 2-primary part of the ideal class group of K,, let &, denote the
group of global units of K,,, and write &, for the closure of &, N U, in U,. Define

A =lm 4, and & =limé,,

inverse limits with respect to the norm maps. Global class field theory gives us an
exact sequence

(10) 0 — Eoo/Coo — Uso/Coo — Xoo — Ace — 0.
Proposition 4.2. There is an integer r > 0 such that

char(As)  divides 2" char(€e/Coo)-
Proof. This result is similar to a theorem of Rubin ([21], Theorem 8.3) and may
be proved using methods analogous to those of §§1, 2 and 8 of [21]. For the details
see §3.8 of [11]. O
Corollary 4.3. There is an integer r > 0 such that

char(X.,) divides 2" char(Us/Coo).
Proof. This is immediate from (10) and Proposition 4.2. O

The above corollary shows that in order to prove Theorem 4.1 it is sufficient to

verify that X, and U, /Coo have the same Iwasawa invariants. This verification is
carried out below.
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5. THE MAIN CONJECTURE: CONCLUSION OF THE PROOF

Recall that f denotes the conductor of the Hecke character of K attached to E, §'
is the least common multiple of the prime-to-p part of f and p?, and F,, = K (Es ) K,
for n < co. For each n < oo, let U, be the group of local units of F,, ® x K, which
are congruent to 1 modulo the primes above p, and define

Uf')=lim U, and Vi =Np_/x_ U()) C Us,

inverse limit with respect to the norm maps. Local class field theory shows that
Uso/ Vo is finite, so char(Us, /Coo) = char(Va /Coo N Vo).

In this section we will generalize arguments from §IIL.2 of [8] to prove that the
Iwasawa invariants of Xo, and Va,/(Coo N Vi) are equal. As explained above, this
will complete the proof of Theorem 4.1.

Recall that § = Gal(K/K), I = Gal(K«/K2) and 7 is the element of G
which acts as multiplication by —1 on Epe. Then G = (r) x ' (see Corol-
lary 2.4(ii)). We now define, for any ideal g of O, K(gp>) = {U,,~, K(gp™) and
G(g) = Gal(K(gp>)/K). Using Corollary 2.4(i), we will often identify G(1) with
T. Further, it is shown in §I1.1.6 of [8] (for example) that F,, = K(fp>), so G is a
quotient of G(f).

Let D be the ring of integers of the completion of the maximal unramified exten-
sion of Q2, and let Res : D[[G(f')]] — D[[F]] be the map induced by the restriction
map G(f') — G. Define m(f') € D[[T']] by the equality

(1 = Pm(f) = (1~ P)Res(r(1),
where v(f) € D[[G(f)]] is the 2-adic integral measure constructed in §11.4.12 of [8].
Further, let v(1) denote the “pseudo-measure” defined there, so that (v —1)v(1) €
DI[G(1)]] for every v € G(1). Now fix a topological generator vy of I' ~ Z,. Then
identifying G(1) with I, we define m(1) = (yo — 1) v(1) € DJ[[[]].

Now recall that if R = Zs or D and h € RJ[[[']], the Iwasawa invariants u(h) and
A(h) of h are defined as follows: p(h) is the largest non-negative integer such that
21(h) divides h, and A(h) is the degree of the “distinguished polynomial” part of h
given by the Weierstrass preparation theorem. Recall also that A = Zs[[I']]. Let

g =m(f)m(1) € D[T]].

Proposition 5.1. Let f € A be any generator of char(X,). Then the Iwasawa
imwvariants of f and g are equal.

Proof. This may be proved using straightforward adaptations of arguments from
§8111.2.2—2.11 of [8]. See §§3.9 and 3.10 of [11] for the details. |

Thus it remains to show that the Iwasawa invariants of g agree with those of
char(Va /Coo N Vao ). In fact, we will show that g and char(Va, /Coo N Vi) generate
the same ideal in D[[I']].

For each n with 2 < n < oo, let 7, denote the restriction of 7 = 7, to K,,, and
write KT for the fixed field of (7,) in K.

Proposition 5.2. For alln > 2,
Ky =K@").

Proof. The proposition holds for n = oo by Corollary 2.4(i), so K, = K, N KL D
K(p™) for every n. But [K,, : K(p")] = [K, : K,}] = 2 if n > 2 by Lemma 2.2(ii),
and the proposition follows. O
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Recall Voo = Np_/ k. (U(f)). Let i(f') : U(f') — DI[G(f')]] be the injective
G(f')-homomorphism defined in §§I1.4.6 and 4.7 of [8] (which is available to us since
f'f #0* =2). Since (1 +7)Voo = Ny s (Voo) and K = K(p™) by the
above proposition, we may define, as on p. 100 of [8], maps i : Vo, — DI[G]] and
j: (14 7)Ve — DI[G(1)]] so that the following diagram commutes:

Nro /Koo N/t
—_—

Ui Voo 147V

z‘(f’)l l lj
DG()] —2= Dlg] == DG

where Res is as defined above and Res™ is the obvious analogue of Res. Once again
identifying G(1) with T', we may view j as a map from (1 + 7)V4 into D[[T']].

For any Zs-module M, we will write M @)Zz D for the completion of M ®z, D.
Now recall the Iwasawa modules @f/ and C; defined in the preceding section.

Proposition 5.3. (i) The map i induces an isomorphism of D[[T']]-modules
{1 = 7)Vee/(1 = 7)Cyr} @2, D = A/m(f") B

where A and B are ideals of height 2 in D[[I]].
(ii) The map j embeds (1 4 7)Via @z, D in DI[T]] as an ideal of height 2. Under
this embedding,

{14 7)Vae NC1} &z, D C m(1)DI[[T]].
Prof. Both parts of the proposition follow from direct analogues of Propositions

II1.1.3 and 1.4 of [8]. See [11], §3.10. |
Corollary 5.4. We have

char((1 — 7)Vao /(1 = 7) Cpr) D[[T]] = m(f') DIT]].
Proof. This is immediate from part (i) of the above proposition. |

We will show next that m(1) is a unit of D[[T']] and that the characteristic ideal
appearing in the statement of the above corollary is equal to char(Va/Coo N Vio)-
These facts and the equality of the corollary will show that char(Va, /Coo N Vi) and
g = m(f)m(1) generate the same ideal in D[[T]], thereby completing the proof of
the main conjecture.

Recall that Gal(K (p>°)/K) = G(1) ~ T ~ Zs.

Lemma 5.5. The class number of K is odd for all n < cc.

Proof. Since K, = K(p>) by Proposition 5.2, K1 /K is a Zs-extension in which
only p ramifies, and this prime is totally ramified since K has class number 1. The
lemma is thus a special case of a well-known result. See [26], Theorem 13.22. O

For every n < oo and any Gal(K,/K)-module Y, we will write YT for the
submodule of Y of allielements fixed by 7,. Now recall the Iwasawa module of
global units £, = @1 En.

Lemma 5.6. We have

¢, = &L,
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Proof. Fix an n with 2 < n < co. Noting that K (p") = K is a cyclic extension of
K, one can easily see that the group of elliptic units of K (p™) defined by Gillard in
86 of [10] agrees with our group Cyn. Then Théoreme 5 of [10] gives

(€« Cpn] = A(K ),

where h(K;T) is the class number of K. Since h(K;) is odd by Lemma 5.5 and
the p-adic analogue of Leopoldt’s conjecture is true for K,,, we conclude that

épn :Cpn ®Z2 :g:—@ZQ:gI
Since C; = lim Cpn, the lemma follows. O

Write M (KZ) for the maximal abelian 2-extension of K1 which is unramified
outside of the prime above p, and let X (K1) = Gal(M(K%)/K%).

Lemma 5.7. (i) X(K%)=0.

(i) &L =UZL.

Proof. (ii) is immediate from (i) and the inclusion U, /€S € X (KZ) of global class
field theory. Now set GT = Gal(K 1 /K) and write I(G™) for the augmentation ideal
of Z3[[GT]]. Then

X(EL)/M(GT)X(KL) = Gal(My/KJ),

where M, is the maximal abelian extension of K in M(K1). But K = K(p™)
is the maximal abelian 2-extension of K which is unramified outside of {p}, so
M, = KL and X(K%)/I(GT)X(KZL) = 0. Now an application of Nakayama’s
lemma gives (i). O

Proposition 5.8. (i) m(1) is a unit of DI[I']].
(ii) char((1 — 7)Vo /(1 = 7) Cs) = char(Vo /Coo N Vo).

Proof. Lemmas 5.6 and 5.7(ii) show that C; = UF, so (1 + 7)Ve C C;. Then

Proposition 5.3(ii) implies that m(1)D[[I']] contains an ideal of height 2, which
gives (i). Now UL C CyCi = Cx, so the natural map

(Voo +Co) /Coo — (1 = 7) (Voo + Coo) /(1 = 7)Coxo
is an isomorphism. Noting that (1 — 7)Coo = (1 — 7)Cy, (ii) follows easily. O
It is immediately clear from the above proposition and Corollary 5.4 that g =
m(f)m(1) and char(Vy, /CooNVao ) generate the same ideal in D[[I']]. This concludes
the proof of Theorem 4.1.

6. THE BIRCH AND SWINNERTON-DYER CONJECTURE OVER K

In this section we will use the results of §§4 and 5 to relate #Hom(X, Ep= )9 to
L(1),1)/92 when E is non-exceptional. We will then combine this information with
the main result of §3 (Theorem 3.9) to establish formula (3) of the Introduction for
these curves.

Recall that 1 denotes the Hecke character of K attached to E and 2 € C* is a
generator of the period lattice of a minimal model of E over K. Also recall that
Xoo = Gal(Mo /K ), where M is the maximal abelian 2-extension of K, which
is unramified outside of the primes above p.

Let x : I' — ZJ denote the character giving the action of I" on Eye. If a,b € K*,
we will write a ~ b to signify that a/b is a unit at p.
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Proposition 6.1. If L(v,1) # 0 then
#Hom(Xoo, By )" ~ (1= 9 (p)/N(p)) L(, 1)/

Proof. Arguing as in [21] (proof of Theorem 11.4), the main conjecture (Theorem
4.1 above) implies that for any generator g € A of char(V,,/C N V),

#Hom(X oo, Epoo)F ~ k(g).

Now Theorem I1.4.12 of [8], Corollary 5.4 and Proposition 5.8(ii) above show that
char(V, /C N V) has a generator g such that x(g) = (1 — ¢(p)/N(p))L(¢, 1)/,
which gives the proposition. O

Recall that G = (1) x I'.  Also recall that for any G-module Y, Y denotes
the submodule of Y of elements fixed by 7. The next proposition shows that
Hom (X oo, Epe ' = Hom(X o, Ep)9.

Proposition 6.2. We have
Xt —o.

Proof. We will prove that X /(1—7) X is finite. This will show that X T is finite,
hence zero because X, has no non-zero finite submodules (see [12], Proposition 3
and the comments at the end of §4).

Since Xoo /(1 — 7)X oo is the largest quotient of X, on which 7 acts trivially,

Xoo/(1=7)Xoo = Gal(L/K),

where L is the maximal extension of K., in My, which is abelian over KI. We
will now show that Gal(L/KX) is finite. By Lemma 5.7(i) there is no non-trivial
abelian 2-extension of KT which is unramified outside of p, so

Gal(L/KL) =[] L,
vfp

where the product extends over all primes v of KX not lying above p and I, is the
inertia group of v in Gal(L/KX). Since L/K, is unramified outside of p, I, injects
into the inertia group of v in Gal(K,/KZX) for each v} p. This inertia group is
clearly finite, and non-trivial only when v lies above one of the finitely many primes
of K where F has bad reduction. Finally, class field theory shows that the primes
of K other than p are finitely decomposed in K = K(p>°), and the proposition
follows. O

Now recall the set B of primes of K where E has bad reduction, and write

b=#B and b* = #(B — {p}).
Lemma 6.3. We have
L—(p)/N(p) ~ 2"~ - #E(Ky)pe

Proof. When E has good reduction at p this follows from Lemma 1 of [4]. If E has
bad reduction at p then ¢ (p) = 0 and #FE(K,)s~ =2 by Lemma 2.5(ii) for p, so
the assertion of the lemma is the trivial statement 1 ~ 1. |

We can now prove formula (3) of the Introduction for non-exceptional curves.
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Theorem 6.4. Suppose E is non-exceptional. Let b denote the number of primes
of K where E has bad reduction, and let 1lly= denote the p-power torsion in the
Tate-Shafarevich group of E over K. Then, if L(¢,1) # 0,

L(1p, 1)/~ 2% (#E(K g )™ - #1MTpee.
Proof. Propositions 6.1 and 6.2 together with Lemma 6.3 show that
2" E(Ky)p - L(1,1)/Q ~ g#Hom(Xoo, Bp)?.
On the other hand, Theorem 3.9 gives
#Hom(Xoo, By )? =2 #E(Kp)p - (#E(K)2) ™" #11Tpe,
which completes the proof. O

7. THE CONJECTURE OVER Q

For any non-zero, square-free integer d, let E¢ denote the elliptic curve with
equation

y? = 2 + 21d2? + 112d°z,

which has discriminant —2'273d®. The family of curves E? is exactly the class
of elliptic curves over Q with complex multiplication by the ring of integers O of
K = Q(v/=7) (see [15]). Suppose now that L(Ef,,1) # 0. In this section we will
show that Birch and Swinnerton-Dyer’s conjectural formula for L(Ein, 1) is valid,
i.e. we will show that

(11) L(EL,1) = Wy (#E(Q) 72 #111(E) - [[

where c(pd) = [E4Q,) : E4(Q,)] is the Tamagawa factor for the rational prime p,

Wy is the fundamental real period of E¢, and
MI(Ef,) = ker {Hl((@, EY - H'(Qu, Ed)] :

where the sum extends over all places v (including the archimedean one) of Q.
First we note that if d is divisible by 7 the curves E4 and E~%/7 are isogenous
over Q (see [13]). Thus E% and E~%7 have the same L-function. Further, Cassels
[3] has shown that the right-hand side of (11) is an isogeny invariant of E¢. From
these facts it follows that we need only consider values of d which are prime to 7.
We may further assume that d is positive, for if d is prime to 7, then the sign in
the functional equation of L(Ef,, s) is d/|d| ([13] §19), so L(Ef,,1) = 0 if d < 0.
So let d be positive and prime to 7, and let Dy and L% denote, respectively, the
discriminant ideal and period lattice of a minimal model of E¢ over Q. Define

7= /°° dx
T VP +2lde? + 128
Then (274)12 D, = (—21273d%) with m4 = 0 or 1, the fundamental real period Wy

equals 2™];, and (using the fact that +1 and —1 are the only roots of unity in
Q(V/d) since d > 0)

(12) Ld= (2md—m1/\/ﬁ) L.
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Lemma 7.1. (i) Wy = W_rg,.
(ii) For any d, E% has bad reduction at /1.
(iii) L = Wy - O.

Proof. E~" is the twist of E? by the non-trivial character of Gal(Q(v/—7)/Q).
Thus Dy and D_r4 differ by a power of (7) (see [7]). In particular ords(Dg) =
orda(D_74), s0 mg = m_z4. On the other hand formula 241.00 of [2] shows that
Iy =+7I,s0 Iy =1,/Vd=1_1/V7d = I_74. This proves (i). Assertion (ii)
is clear since ord ,—(—2'27%d®) # 0 (mod 12). Finally, (iii) is known to hold for
d=1 ([13], p. 82). This fact together with (12) gives (iii) for all d > 0. O

Lemma 7.2. Let b denote the number of primes of K where E%; has bad reduction.
Then, for all d,
d b
H c(p) =2°

In particular, E¢ and E~7% have the same Tamagawa product.

Proof. An application of Tate’s algorithm [25] to compute the c(;i) terms yields the

following: if E;iQ has bad reduction at p, then c(;l) = 2(P) where n(p) is the number
of primes of K lying above p. The first assertion of the lemma now follows easily,
using the semi-stable reduction theorem ([24], Proposition VII.5.4) and Lemma
7.1(ii). As to the second, simply note that the K-isomorphic curves E¢ and E~"¢

have the same b. O
Let 14 denote the Hecke character of K attached to E?.

Lemma 7.3. (i) L(Ef,,s) = L(¢a,s) = L({a, s).
(ii) For anyd, E4Q) ~7Z/27 and EYK)~7/27 x 7./27.

(ifi) L(hg, 1) > 0.
Proof. Statement (i) is due to Deuring [9], and (ii) is proved in §14 of [13]. As

regards to (iii), Theorem 2 of [16] shows that L(t¢g4,1) > 0, whence (iii) follows
since L(¢4,1) # 0 by hypothesis. O

Proposition 7.4. We have

L(E;in 1) =Wa- (#Ed((@))_2 “\ #IH(E%() : HC(;)

Proof. If B denotes the set of primes of K where E?K has bad reduction, then B #
{p} by Lemma 7.1(ii). Thus E% in a non-exceptional curve, so formula (3) of the
Introduction is valid for the prime p (see Theorem 6.4 above). Similarly B # {p},
so (3) is valid at the prime p as well (see the comments at the beginning of §2). As
explained in the Introduction, this gives Gross’ refined Birch and Swinnerton-Dyer
formula (4). Now since d is prime to 7, a minimal model of E? over Q is also
minimal over K, so by Lemma 7.1(iii) we can take Q2 = W, in (4). Finally, using
Lemmas 7.2 and 7.3 in (4) yields the formula of the proposition. |

To complete the proof of (11) we will show that for every rational prime p
(13) #IH(E/dK)p“’ = (#m(E/d@)p”)2-

For convenience, we will write G/q for Gal(K/Q).
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Proposition 7.5. For all d, the restriction map H'(Q, E?) — HY (K, E4)%x/e s
an isomorphism.

Proof. A trite calculation based on Lemma 7.3(ii) shows that for all ¢ > 1,
H (G, B(K)) = 0.
The lemma now follows easily. O

Proposition 7.6. For all d, the restriction map H'(Q, EY)SHY (K, E4)Cx/e jn-
duces an isomorphism

I(Efy) ~ HI(Ef )%

Proof. Tt suffices to check that if v is a place of Q and w is a place of K lying above
v, then the local restriction map H(Q,, E4) — H'(K,,, E?) is injective. The kernel
of this map is H'(Gal(K,/Q,), E4(K,)), which is clearly zero if K,, = Q, or if v
is a prime of good reduction for E}iQ (since then v # 7, so K,,/Q, is unramified; cf.
Lemma 2.8). Suppose now that v is a (finite) prime of bad reduction for E/”lQ which
does not split in K/Q (hence v # 2). We will identify Gal(K,/Q,) with Gk/q.

There is an isomorphism E%(K,) ~ E4(K,)2~ ® A, where A is a uniquely 2-
divisible Gg/g-module. Further, since EjiK has bad reduction at w (see Lemma
7.1(ii) and Proposition VIL5.4(a) of [24]), Lemma 2.5(ii) shows that E¢(K,)s~ =
E4. Tt follows that there is an isomorphism

HY(Ggjg, E(Kw)) ~ H (Gk/o. E9).

As H' (G, E4) = 0 for all i > 1 by Lemma 7.3(ii), the proof for finite v
is complete. If v is the infinite place, the last-mentioned fact shows that the
multiplication-by-2 map H'(Gg/q, E*(C)) — H'(Gk/q, E4(C)) is an isomorphism.
But H'(Gg/q, E*(C)) is annihilated by 2, so H' (G q, E4(C)) = 0. O

We can now prove formula (13). Let ¢ denote the non-trivial element of Gg/q.
Case I. p=2.

Recall that 2 splits in K as pp with p # p (p = p¢). We have #I11(E% )2 =
(#1I(E% )p)?, and multiplication by (1 + ¢) on II(E% )= induces an isomor-
phism

(B g = TI(Ef )5/,
Since [II(E‘/”IK)QGJ.VQ =~ II(Ef)2= by Proposition 7.6, formula (13) for p = 2 follows.
Case II. p # 2.
Writing IT1(E% ), for (1 — ¢)III(E% )p~, we have the decomposition
(B )p = (B )y’ & Tk )

Now the “minus component” ITI(E'% ),~ may be identified with LH(E;(”)SOQ{ /¢ (for
if x denotes the non-trivial character of Gk g, then E~" is the twist of E? by
x and there is a K-isomorphism ¢ : E=7® — E? such that ¢” = x(o)¢ for all

o € Gal(Q/Q)). Therefore, using Proposition 7.6,
#H-I(E;ik )p°° = #I-H(E;i@)p‘” ’ #H—I(E/E@m)p‘”'
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Finally, the Q-isogenous curves E? and E~7% have the same real period (Lemma
7.1(i)), the same Tamagawa product (Lemma 7.2) and the same number of Q-
rational points (Lemma 7.3(ii)). Thus by the result of Cassels referred to above

#HI(E/_Q?d)p"O = #IH(E;iQ)p"O

which completes the proof of formula (13), and of conjecture (11).

8. THE EXCEPTIONAL CURVES

Recall that the curve E is called exceptional if E has bad reduction at p and
good reduction at all other primes. In this section we will check formula (3) of the
Introduction for these curves.

As before, write Koo = K(Ep~) and § = Gal(K/K). Keep the rest of the
notation from §§2—6 as well.

Lemma 8.1. (i) Ko = K(p™).
(ii) H (G, Ep=) =0 for all i > 1.

Proof. Since E has good reduction away from p, the extension K, /K is unramified

outside of p. This gives (i). Statement (ii) follows from (i), noting that G =
Gal(K (p>°)/K) ~ Zs. O

Proposition 8.2. We have Iy = 0.

Proof (notation as in §3). Part (ii) of the above lemma shows that the restriction
homomorphism H!(K, Epe) — H'(Kso, Eye) maps S (which is isomorphic to
Iy ) injectively into Seo(p) (cf. the proof of Proposition 3.8). Now Lemmas 3.6,
8.1(i) and a result analogous to Lemma 5.7(i) (with K% replaced by K (p)) show
that S (p) = 0, which completes the proof. O

Recall that if @, b € K™ then a ~ b means that a/b is a unit at p.
Proposition 8.3. If L(¢,1) # 0, then
L(4,1)/Q ~ (#E(K)p=) "

Proof (notation as in §5). Setting f' = p? in the discussion that precedes the state-
ment of Proposition 5.3, we obtain an injective map i = j : Vo — DJ[[G]], where
Voo = N (p2poo) /K (po) (U(P?)). Then results analogous to Proposition 5.3(ii) (with
(14 7)V% and T replaced by V., and G, respectively) and Lemmas 5.5 to 5.7 (with
K replaced by K(p™) for every n) hold true. It follows that m(1) is a unit of
D[[G]], whence Theorem I1.4.12 of [8] gives

(k(70) = L($,1)/Q ~ 1,

where 7 is a topological generator of G and « is the character giving the action of
G on Eye. As k(70) — 1 ~ #E(K)pe by definition of x, the proof is complete. [

We can now verify formula (3) for the exceptional curves. Using Propositions
8.2 and 8.3 and the analogue of Lemma 2.1(ii) for p, we have

L($,1)/Q ~ (FE(K)poe) ™! = 2 (#E(K )2 )™ = 2" (FE(K)20) ™ #11Tpex,

as desired.
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