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ASYMPTOTIC PRIME-POWER DIVISIBILITY
OF BINOMIAL, GENERALIZED BINOMIAL,
AND MULTINOMIAL COEFFICIENTS

JOHN M. HOLTE

ABSTRACT. This paper presents asymptotic formulas for the abundance of
binomial, generalized binomial, multinomial, and generalized multinomial co-
efficients having any given degree of prime-power divisibility. In the case of
binomial coefficients, for a fixed prime p, we consider the number of (z,y) with
0 < z,y < p™ for which (“Ljy) is divisible by p*" (but not p*"*1) when zn is
an integer and o < z < 3, say. By means of a classical theorem of Kummer
and the probabilistic theory of large deviations, we show that this number is
approximately p™P(@:F) where D((e, 8)) := sup{D(z) : a < z < 3} and D
is given by an explicit formula. We also develop a “p-adic multifractal” theory
and show how D may be interpreted as a multifractal spectrum of divisibility
dimensions. We then prove that essentially the same results hold for a large
class of the generalized binomial coefficients of Knuth and Wilf, including the
g-binomial coefficients of Gauss and the Fibonomial coefficients of Lucas, and
finally we extend our results to multinomial coefficients and generalized multi-
nomial coefficients.

INTRODUCTION

The purpose of this paper is to present asymptotic formulas regarding the prime-
power divisibility of binomial coefficients and their generalizations that follow from
a classical theorem of Kummer and its generalizations. Specifically, for a fixed
prime p and large n, we consider initially how many binomial coefficients (I;’y)
with 0 < 2,y < p" are divisible by p*" (but not p*"*!) when zn is an integer
and o < z < 3, say. We will find that this number is approximately p"P(®5)
where D((«, 8)) :=sup{D(2) : @« < z < 8} and D is a function we will determine
explicitly.

First we will derive the exact answer by combinatorial means for ordinary bi-
nomial coefficients, and then, starting afresh, we will find the asymptotic result
by means of the probabilistic theory of large deviations. In yet a third approach,
we will show that the function D represents the “p-adic multifractal spectrum” of
divisibility dimensions.

Then we will show that essentially the same results hold for a large class of gen-
eralized binomial coefficients, as defined by Knuth and Wilf [32], by means of their
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FIGURE 1. The function D(z) for m =2 and p = 2

generalization of Kummer’s theorem; special cases include the g-binomial coeffi-
cients of Gauss and the Fibonomial coefficients of Lucas. Passing from binomials
to multinomials, we will apply Dickson’s generalization of Kummer’s theorem to
obtain an asymptotic prime-power divisibility result for multinomial coefficients.
Finally, we will subsume all these results under the rubric of generalized multino-
mial coefficients.

Notation. Throughout this paper, p will denote a fixed prime. For any positive
integer m, let ord,m denote the number of times p occurs as a factor of m. For real
z and nonnegative integer n (and nonnegative integers = and y), let N, (z) denote
the number of (z,y) with 0 < z,y < p" for which ord, ("1¥) = zn. We will soon

x

see that N, (z) = 0 unless z € {07 %, %, e ,1}. If I is a set of real numbers, let
1
N,(I) = ZNn(z) =+# {(x,y) ‘ 0<z,y<p"and —ordp<x+y) € 1"} .
zel " v

Similarly, to deal with multinomial coefficients, let

T1yeeo s T

1 T,
Nn(F):{(xl,... ,xm)'Ole,... T < p" and Eord,,(%1+ e )eI‘}.

Summary of Results. In Theorem 1 we will present an exact formula for N, (T').
In Theorems 2 and 5 we will show that for every nondegenerate interval I' C
[0,m — 1],

lim 1 log,, Ny,(I') = sup D(z),

n—oo M, ZGF
where D is a concave “dimension” function that is finite and continuous on [0, m—1]
and symmetric about (m — 1)/2. See Figure 1. Moreover, Theorem 2 will give an
elementary formula for D in the binomial case. In Theorem 4 and the “Main
Theorem” we will show that the conclusion of Theorem 2 also holds for a wide class
of generalized binomial and multinomial coefficients. Meanwhile, a new, “p-adic”
multifractal formalism will be developed (see Section 2, esp. Proposition 2), and
Theorems 3 and 6 will establish that the function D gives the multifractal spectrum
of divisibility dimensions.
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1. BINOMIAL COEFFICIENTS

1.1. Kummer’s Theorem. The basis for evaluating ord, (I;’y) is the following
1852 theorem of Kummer ([34], p. 116).

Theorem A. Ifp is a prime, then ord, (wl'y) is equal to the number of carries (or,
the total of the carries) that occur when x and y are added in base-p arithmetic.

For example, consider the highest power of 3 that divides (?ff) = (41:147). In
base 3 we have:

Carries 1 1 0 1 0
41 Addend 1 1 1 2
+47 Augend + 1 2 0 2
88 Sum 1 0 0 2 1
There are 3 carries, so ords (41:147) = 3. (In fact, (if) =33.25.5.72.11-17-29 -

43-53-59-61-67-71-73-79-83.)
More generally, if 0 < z,y < p", let {X;} and {Y%} denote their base-p digits:

=X, 1p" 4+ Xip+ Xo
and
y=Yoap" T+ +Yip+ Yy
with 0 < Xy, Y < p. Let {C} denote the carries in their base-p addition:

Carries Cn Cn—l s Cl CO =0
Addend Xn—l s Xl XO
Augend + Y,1 - Y1 Y
Sum Sn Sn—l cee Sl SO.

Let Z, = (Ch + --- + C,)/n, the average carry. Then Kummer’s theorem tells
us that ordp(z;'y) =Cy+ -+ C, = nZ,. Notice that we always have Z, €

{o,,2 .. 1}.
1.2. A Probabilistic Perspective. Assume that the digits { Xy}, {Y%} are inde-
pendent random variables uniformly distributed on {0,1,...,p — 1}. Then z =
ZZ;& Xip® and y = ZZ;& Y;.p* are (uniform) random numbers in {0,1,...,p" —
1}, and N, (z) can be expressed in terms of probabilities: If z = h/n, then

Nu(z) = # {(a:,y) ‘ 0<z,y< p",ordp(xl—y> = h}

=Pr(nZ, = h) - (p")? = Pr(Z, = 2) - p*",

and, if I C R,
(1) N, (T) = p*"Pr(Z, € T).

Key observation: Because Cy1 depends only on Cj, X, and Yy, the carries
form a finite Markov chain:

Pr(Crs1 = i1 | Ck = cky ... ,C1 = ¢1,Co = 0) = Pr(Crq1 = cpy1 | Cr = ).
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The state space of this Markov chain is {0, 1}, the set of possible carries, and the
transition matrix is IT = [r;;] where

mi; = Pr(carry-out = j | carry-in = i).

(For background on Markov chains, see, e.g., [4].)
Consider the addition in the k" place:

Cry1 Ck
X
+ Y.

There will be a carry out (Cx11 = 1) if and only if Cy + X + Y > p. By counting
cases, we get

{Woo 7701] —p2 {p(pi— 1)/2 plp— 1)/2] ,

T T11 p(p—1)/2 p(p+1)/2
or,
1 |p+1 p—-1
2 II=— .
(2) % |:p—1 p—|—1:|

Notice that this is an ergodic Markov chain with stationary vector v/ = (%
v'II = v'. Therefore, with probability 1,

INIE

):

)

1
(3) Zn—>§asn—>oo.

Thus, for large n, Nn(%)/p% ~ 1: predominantly, the highest power of p that
divides the binomial coefficients in a p™ x p™ block of Pascal’s triangle is half the
maximum possible.

1.3. A Combinatorial Formula. For completeness, we will derive a formula for
Ny, (h/n). Although we could follow up on this with an asymptotic analysis via
Stirling’s formula, we will instead develop the asymptotics via large deviation theory
in the following sections.

It should be noted that Carlitz ([2], p. 302) has also given a formula for the
number of (z,y) with 0 < z,y < p" for which ord, (wiy) = h, but assuming in
addition that x4y < p™, and that Knuth ([31], Section 4.3.1) has given a generating
function for N, (h/n).

Theorem 1. Let p be a prime. Let h and n be nonnegative integers. The number
of entries in the first p" x p™ block of Pascal’s triangle divisible by p" but not ph*!

is
h n—h ,. itk
i+kE\/(h—1\/n—-h\ (p—1
Np(h/n) = —_— 48
=23 ()G () ()
k=0 i=0

Proof. By Kummer’s theorem, N, (h/n) is the number of pairs of n-digit base-p
numbers whose base-p addition yields exactly h carries. Notice that each column

in such an addition may be classified as follows:

I (carry is impossible) X;+Y;<p—1 # cases=p(p—1)/2
M (carry may or may not occur) X;+Y;,=p—1 # cases=p
K (carry is certain) X;+Y;>p—1 # cases=p(p—1)/2
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For example, the addition of two numbers having n = 27 digits each might lead
to the following sequence having A = 10 carries:

no carries 0 no carries
——N— =~ ——N—
MMMMMII KK III MMMMM KKKIIMMMMM
~—~ —_—— —
2 5 ripple carries 3

First we will count the number of sequences of ¢ I’s, m M’s, and k K'’s, where
i+ m + k = n, for which the number of carries is exactly h. Let us start by
arranging the ¢ I’s and k K’s; this may be done in (H];k) ways. Next we put in
the m M’s so as to achieve exactly r = h — k ripple carries. Thus, we must put r
M’s to the left of various K’s (without any intervening I’s)—this may be done in
("t = (R = (P2)) ways—and we must put the remaining m —r M'’s to
the left of various I’s (without intervening K’s) or at the far right end of the string,
which may be done in (77 FD=L) — (mmrH) — (7R ays. So the number of
arrangements of ¢ I's, k K’s, and m M’s yielding exactly h carries is

i+k\(h—1\/n—nh
k h—k i ’
Next we factor in the p(p —1)/2 ways to choose digit pairs for each I and K case
and the p choices for each M. Finally, summing over the possible k and i values,

we get
- E8 (7 (552 o

As an immediate corollary of this theorem, we find that

@on=2 8 (V)T )

1.4. Large Deviation Principle for Markov Chains. The theory of large de-
viations provides the key technique for our asymptotic analysis. The following
definitions therefrom will suffice for this paper.

Definitions. A rate function I is a lower semicontinuous mapping I : R — [0, co].
If I is a rate function and I' C R, then I(I') denotes inf,er I(z). We say that
a sequence of measures (iu,) on the Borel sets of R satisfies the large deviation
principle with rate function I if, for every Borel set T,
1
—I(T°) < lim inf —log un (T)
n

n—oo

1
< lim sup — log p, (T)
n—oo N
< —I(T).

The set I is an I-continuity set if I(I'°) = I(T'); for such a set
lim log p,(T) = —I(T).
For Markov chains, an early version of the large deviation principle was given

by Miller [40]; see also [8], [9], and [10], pp. 288-291. The Markov chain theorem
we use is that given in Dembo and Zeitouni [7], p. 60.
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We shall also make use of the Perron-Frobenius theory ([42], [19]) of nonnegative
matrices (see [48] for a modern treatment). The “Perron-Frobenius” eigenvalue of
such a matrix is the (necessarily nonnegative) eigenvalue of largest magnitude.

Theorem B. Let (&) be a finite Markov chain having irreducible transition matriz
II = [m;;], and let f be a deterministic real-valued function on the state space.
Define

Ht = |:7Tij6tf(j):| y
p(II;) = Perron-Frobenius eigenvalue of Iy,

I(z) = st;p{tz —log p(I1;) },

and

g @)+ fE)

Then I is a convex function, and for any starting state o, the measures defined by
un (D) =Pr(Z, €T | & =0)

satisfy the large deviation principle.

The rate function I is the convex conjugate, or Fenchel-Legendre transform, of
log(I1;) (see [16]; [51], sect. 4.6; or [47], sect. 12). Thus, this theorem says that the
time-averaged value of a function of a Markov chain has a probability distribution
which satisfies the large deviation principle with rate function given by the Fenchel-
Legendre transform of the logarithm of the spectral radius of IT;.

We will apply this theorem with (£,) = the carries process (Cy), IT = its tran-
sition matrix, and f = the identity function, so that Z, = (C; +---+ Cp)/n. In
our case, Cy = 0 necessarily, and so we write Pr(Z, €T') for Pr(Z, € T' | Cy, = 0),
but we note for later use that the following proposition would also be true if we
had Cy = 1, because the theorem allows an arbitrary starting state. The theorem
implies that
(4) lim 1 logPr(Z, eT') = —I(I")

n—oo N

for each I-continuity set ', where I is defined as in the theorem. By equation (1),
Pr(Z, €T') = p*>"N,(I'), and so (4) becomes

lim 1 log, N,,(I') = D(T')

n—oo N

where D(T') := 2 — I(T")/ log p. Working backwards from this definitional equation,
we define D(z) =2 — I(z)/logp and note that
(5) D(T") = sup D(z).

zel

We have proved the following.

Proposition 1. Let p be a prime. Let
1 [p—l— 1 (p— l)et]
tl >

T oplp—1 (p+1)e

p(II;) = Perron-Frobenius eigenvalue of Iy,
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I(2) = sup{tz — log p(IIy)},
and
D(z) =2—1(z)/logp.
Then, for every I-continuity set T,
. 1
nh—{%o - log, N,,(I') = D(T").

In the next section we will show that I is continuous on [0,1]. Therefore all
nondegenerate subintervals of [0, 1] are I-continuity sets.

1.5. A Prime-power Divisibility Spectrum. In this section we present our
main theorem for binomial coefficients, which includes an explicit, elementary for-
mula for the rate function, I, and the related function D which characterizes the
asymptotic prime-power divisibility.

Theorem 2. Let p be a prime. Then, for every nondegenerate interval T' C [0,1],

.1
nh_)rr;o - log, N,,(I') = D(T')
where
1(z)
— , D(I') =sup D(2),
log p *) cer )
and I(z) is defined as follows. For 0 < z < 1,

4
I(z) = log P + zlogu —log{1 +u + /1 + cu+ u?},

D(z) =2

p+1
where
c=2—16p/(p+1)?,
and
"y b+sgn(z — 3)Vb2 — 4a?
2a ’
where
a=(2-2¢c)z(1-2)
and

2
1
b=1-2cz(1—2)—¢? (2_5) =1-c*/4—ca.

Also, I(0) = I(1) = log %, and I(z) = oo for z < 0 and for z > 1. Furthermore,
1(z) is symmetric about z = % and is continuous and conver for 0 < z < 1.

Proof. In view of Proposition 1 and the above discussion, it remains to prove the
assertions concerning the rate function, I. The characteristic polynomial for IT; is

P e 1 —-1 —-1\°
B () (5
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and so the eigenvalues are given by

1)p+1 p+1\° 4et
A=A a2 /() (T4et)2— =
5\ 2 (L+e) V( ) (L+ef)

Let
c=2—16p/(p+ 1)

Since p > 2, we have —14/9 < ¢ < 2, and so 1 + ce’ + €% is always positive.
Therefore the eigenvalues are real and the larger eigenvalue is

1
p(IL;) = Z%{l-l-et—k \/1+cet+62t}.
P

Now we have

I(z) = sup{zt —log p(IT;}

1
= sup|zt — logp + {14 e" + 1+ cet + e2t}]
t

4p
p+1 2
= —log4—+sup[z10gu—1og{1+u+ V14 cu+u?}
p u>0

z

log —P_ 4 supl Y
= 10 su (0] .
gp+1 u£ gl+u+¢1+mr+w

If z < 0, then u* = u™I*l — 00 as u — 0+, and so I(z) = cc. If z = 0, then I(z) is

4p 1 2p
6 1(0) =1lo +log-=1lo .
(6) (0) g1 tloeg =loe =
If z > 1, then, writing
u? uz—l

l4ut+vViteutuZ uwl+l+vVuteu I+l

we see that I(z) = oo for z > 1 and I(1) = log %.

Now assume 0 < z < 1. We will evaluate the supremum (actually, maximum)
in the above formula for I(z) by elementary calculus. To simplify the formulas, let
Q=1+ cu+u? Then

%[zlogu —log{1+u+/Q}]

. 1+ 5
Tu 1+u+VQ
21+ u+vVQ)VQ — u/Q — jeu — u?
B u(l+u++/Q)V@Q
_ Az (- 2)upV@+ (2 - 5)Q + 51— w?)
u(l+u++/Q)V@Q '

Ifo<z< %, then, as u — 0+, the numerator — z + (z — %) -1+ % > 0, while
as u — 1—, the numerator — (22 — 1)v/2+c+ (z — 3)v2+ ¢+ 0 < 0; so there is
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a maximizing point u between 0 and 1. Similarly, if % < z < 1, then, as u — 1+,
the numerator — 3v/2 + ¢(z — %) > 0, while as u — oo, the numerator — —o0; so
there is also a value of u € (1,00) where the derivative is zero. Now, setting the

(numerator of the) derivative equal to zero, we get

(7) 2= (0= 2@+~ 5)Q + 50— =0,
Rearranging, squaring, and simplifying, we get

(8) u{au?® — bu +a} =0,

where

a=(2-0¢c)z(1-2)
and

1\ 2
b=1-2cz(1—2)—¢ (z—i) =1-c*/4—ca.

The root v = lim;—,_, €' = 0 is extraneous, because it does not satisfy (7) when
z # 0. The other roots of (8) are

b+ VB2 — da?
YT T

After ruling out extraneous roots here, we find that v = u_ if 0 < 2z < % and
u = uy if % < z < 1, which is the formula stated in the theorem.

Finally, we check the claimed properties of I. The large deviation theorem for
Markov chains tells us that I is convex. (Alternatively, a tedious calculation will
show I”(z) > 0.) Our formula for I(z) implies that it is symmetric about z = %
and is continuous for 0 < z < 1. To check continuity from the right at 0 (and, by

symmetry, from the left at 1), we calculate

. p
zli%l-i- I(z) = log p+1

+ Z1_1)r61+zlogu — Zl_l)%l_i_ log{1 + u + \/Q}.

As 2z — 0+, we have a = (2 —¢)z(1 —2) — 0 and b — 1 — c?/4 > 0. Also, for
O<z<%,

b—Vb? — 4a? 2a
U = = .
2a b+ b2 — 4a2

Hence, as z — 0+, we have u — 0 and

zlogu = zlog{2(2 — ¢)} + zlog z + zlog(l — z) — zlog{b + V1% — 4a?}

—0+0+0—0-log{l —c?/4++/(1 —c2/4)2 -0} =0.

Therefore,

4 2
lim I(z) = log p1+0—1og{1+o+ﬁ}zlog P

=71(0). O
z—0+ p+ p+1 ©)
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1.6. Special Dimensions. The graph of D(z) for p = 2 is shown in Figure 1. The
appearance of the graph for other primes is very similar.
The value of D(z) at z = 0 is particularly interesting:

1(0) _ logp® | log(p+1)/(2p) _ logp(p+1)/2

D(0) =2 — =
© logp  logp logp logp

According to [56], this is the self-similiarity dimension of the binomial coefficients
not divisible by p. In fact, it is the Hausdorff dimension of the closure of the subset
of the unit square representing the entire fractal pattern of the elements of Pascal’s
triangle not divisible by p “viewed from infinity”; this is described precisely and
proved by Flath and Peele [17], who also prove that the Hausdorff dimension of
the closure of the set corresponding to the elements divisible precisely by p" for a
fixed h (not p*™ as in our approach) is equal to D(0). They also note that when
h > 0 the pattern is usually not self-similar ([17], p. 229). A paper of v. Haeseler,
Peitgen, and Skordev “deciphers exactly the hierarchical self-similarity features of
the Pascal triangle (mod p)®” ([23, p. 483)]).

It is also of interest to note that there is a neat connection between results
on the structure of Pascal’s triangle modulo 2 and Chaitin’s work on algorithmic
information theory and Hilbert’s tenth problem (see [3], especially section 2.2).

Using Theorem 1, we can establish related results for the (more elementary) box-
counting dimension of appropriate sets (see, e.g., [14], sect. 3.1). First consider the
case where h = 0. Map the initial p™ x p™ block of Pascal’s triangle into the unit
square by making (“7¥) correspond to [zp™", (z + 1)p™") x [yp~", (y + 1)p~™").

x

Then define the fractal set F' := (), .y Frn, where
T T+ 1) { y y+ 1>
9 F, = — — | X | =, —
® U[E i) [

and where the union is taken over (z,y) satisfying 0 < z,y < p™ and p 1 (“}Y).
The facts that (F,) are nested sets and that F' is self-similar with scaling factor
1/p may be deduced from Kummer’s theorem. (Alternatively and more generally,
the self-similarity of each set of residues modulo p is a consequence of a theorem of
Lucas [36], Section 21; Long [35] and Sved [49] provide pictures as well as proofs.
See also [46], Lemma 4; [1]; and [39], p. 329. Mandelbrot, who promoted the fractal
perspective in [39], noted that when p = 2 the resulting figure is one studied by
Sierpiniski [50], and dubbed it (p. 131) a Sierpiriski gasket.)
The box-counting dimension of F' is

log N,
Dp = tim 28N (O)
n—co log(1/p~")

Taking h = 0 in Theorem 1, we get
o~ (=N L =1\ L [p+D)]"
0= (1) () = (i) =[]

log Nu(0) _ nlog(plp+ 1)/2) _

log(1/p=") nlogp

SO
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for every n. Thus, even though I' = {0} is not an I-continuity set (because I'° is
empty, making inf,cro I(2) = 00), we still have

1
Jim —log, N, ({0}) = D(0),

and D(0) = Dp.

For fixed h > 0, redefine F,, in equation (9) by taking the union over (z,y)
satisfying 0 < z,y < p" and p"*! ¢ (I:y) Again the (F,,) are nested sets, by
Kummer’s theorem. By Theorem 1,

n—h i h . k
n—~h\ (p—1 h—1\/i+k\ (p—1
N, (h =p" ) — — ] .
(/) p;( ) (5 )kz_o(h—k)<k)( )
Here the inner sum is (crudely) bounded between 1 and (h+1)h!(})[1V((p—1)/2)"],

while
B o)
Thus, for n large enough (n > 2h),

] = 2 ()
[p(p+1)/2]"
[(p—1)/2)" "

n

< et 01 )1V (- /2

Therefore,

lim log Zogh/gh Np(h'/n) _ logp(p+1)/2

n—o00 log(1/p~") logp
is the box-counting dimension of the redefined fractal set F' corresponding to the
binomial coefficients not divisible by p"*1.

Another interesting value occurs at z = 1: D(3) = 2. In this case, in view of
ergodicity, we see that if % € T, then the set of points in the unit square for which,
for some n, the corresponding Z,, € I' for every m > n is a set of probability
(two-dimensional Lebesgue measure) 1, and thus it is a set of dimension 2.

Thus the minimum and maximum values of D may be interpreted as dimensions.
Additionally, D satisfies D(A U B) = max{D(A), D(B)}, a familiar property of
dimension, by virtue of (5), and the expression

1 log N, (T’
lim —log, N, (T') = lim Log Nn(I')
n—oo M n—00 ]og(l/p—n)

superficially resembles a box-counting dimension, but it is not clear whether there
is a natural fixed set for which this is the fractal dimension. Still, the function D
can be shown to represent a multifractal spectrum of dimensions, as we shall see in
the next section.

2. A p-ADIC MULTIFRACTAL SPECTRUM

2.1. Classical Multifractals. Although the scientific literature tends to avoid a
precise definition of the term “multifractal,” modern mathematical formulations
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agree in identifying a multifractal with a measure. Our summary is based on Fal-
coner ([14], ch. 17), Holley and Waymire [27], Feder ([15], ch. 6), and Evertsz and
Mandelbrot [13].

Let 1 denote a probability measure supported by a bounded subset of R™. For
each 6 € (0,1), let My denote the collection of §-mesh boxes that intersect the
support of pu. For each a € R, let

Ns(a) = #{B € M; : u(B) > §*}.
Define the multifractal spectrum for o € R by the double limit

. . log[Ns(a+e) — Ns(a —¢)]
J(e) = al—l>%1+ 51—1>I(I)1+ —log 6

)

so that
Ns(a+e)—Ns(a—e) ~ /@ as 6 — 0+.
Also define the “partition function” for ¢ € R by

Ss(q) = Z nw(B)4.
BeMs
Here S5(0) = #Ms, the number of §-coordinate-mesh boxes covering supp(u), and
SO
log Ss(q)
= 1 _—
() 5—1»%1+ —logéd
for —oo < ¢ < 0o may be considered to provide generalizations of the box-counting
dimension, and we have

Ss(q) ~ 67D ag s —0+.

Because p(supp(p)) < oo, we have 7(1) = 0, and the difference quotient D, :=
7(q)/(q — 1) is known as a “generalized dimension” (it is normalized so that D, =
m = dim(supp(p)) when g has constant density) ([15], p. 87). In the scientific
literature Legendre transformations connecting 7(¢) and f(«) are often adduced.
But it appears that only a few cases have been worked out rigorously ([27], p. 821).

It was Mandelbrot who introduced precursors of the multifractal notion to de-
scribe turbulence and other phenomena ([37], [38], [39], pp. 375-381). Frisch
and Parisi [18] coined the term “multifractal” and, along with Jensen et al. [30],
introduced the singularity spectrum f(a). The quantity D, is related to Rényi
information (see [45], ch. XI), and in the physics literature ([22], [26], [41]), as
noted, it is called generalized dimension. Following [27], we will use the term Rényi
exponent for 7(q) and its counterpart below.

2.2. A p-adic Approach to Multifractals. Let Ng = {0,1,2,...}, let m denote
the dimension, let p be a prime, and let 6 denote a real number in (0,1). Define
M anew as

Ms={(21,...,2m) ENJ :0< 21,000 T < 6}

Now, instead of measuring the size of -mesh boxes by a measure p, we shall measure
the size of elements of M by a fixed function ¢ : Nj* — Ny and the p-norm ([33],
p. 2) of p-adic analysis ([25]), which is defined on Ny as follows:

1

lylp = IR

We take ord,0 = oo so that |0}, = 0.



PRIME-POWER DIVISIBILITY OF GENERALIZED BINOMIAL COEFFICIENTS
For a € R, let

Ns(a) = #{x € Ms : |p(x)], > 6°}.
Note that

Ns(a) = #{x € My : ord,¢(x) < alog, 571}
and for § = p~",n € ZT,

Nyn(a+e) = Nynla—e)
(10) =#{(z1,..

.,.’L’m)ENgLZOSI']_, '7xm<pn7

1
a—¢e < —ordyd(x, ..
n

) < a+el
For o € R, define the multifractal spectrum by

log[N. — Ny(a—
f(a) = lim lim og[Ns(a +¢) sla—e)]
e—0+ 6—0+

—logé
wherever the double limit exists in [—00,00). Notice that 0 < Ng(a) < #Ms =

[6=11™ and Ns(a) = 0 for v < 0. Thus, if f is everywhere defined, then
(11) —00 < f(a) < m for every a

The new partition function is

Ss(a) = Y o)l

xEMs

and f(a) = —o0 for a < 0.

for ¢ € R. Note that [y[2 = §°79»Y for § = p~9. It is known ([33], pp. 3, 7) that all

the norms ||y|| = p°"9%¥ with 0 < 3 < 1, i.e., ¢ > 0, induce equivalent metrics on
Q, so, for ¢ > 0, Ss(g) yields values based on norms equivalent to | - |,. Let

Ms(k) = #{x € Ms : ord,¢(x) = k};
then

So(q) = 3 Moth),
k

p
=0
which is the generating function of (Ms(k)) evaluated at p~2. We shall find that
when f(«) exists for every a, then
log S
7(¢) = lim 2080019) aty

-0+ —logé
exists at least for every ¢ > 0, so that Ss(q) ~ 6~ 7(@).

2.3. Binomial and Multinomial Coefficients. In order to apply the p-norm-
based approach to binomial coefficient multifractals, we take

p(z,y) = (m ?; y);

in the case of multinomial coefficients, we take

T+ -+
Qs(xlv"' 7x’m) < ' m)
Tlyeoeo y T

3849
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For I' C R, let
1
N, () =# {X €EMp-n: Eordpqﬁ(x) € I‘} ,

and note that this agrees with the earlier definitions of N, (T") in the case of binomial
and multinomial coeflicients.
As a consequence of equation (10) and the definitions, we have the following.

Lemma 1. Let ¢ : Nj* — Ng. If 6 = p~™, where n is a positive integer, then for
a € R and e > 0, we have

prn (Oz + 6) - ]A\jpfn (Oé — E) = Nn((OC — &, + 6]).
What happens if § # p~"7

Lemma 2. Let ¢ : NJ' — Ng. If 1 <p"~t < &1 <p", then for e >0

Ny, ((nﬁl(a—s),oH—s]) < Ns(a+¢) — Ns(a —¢)
<N, <(";1(a—a),a+sD,

Proof. Assume 1 < p" 1 <§ 1 <pland0<e<aora=0<ce Then

where 0 < & < |af if a # 0.

n
X € M,-—tn-n and n_l(a—a) < n_lordp¢(x) <a+e
d
=X € M; and a—s<0rp7¢(xl)<a+£
log,, 6~
=x € M; and 50T < o(x)], < 67
d
=x € M, and a—<€<0r p¢(_)i)§a+s
log, 6
n—1 1
—=X € My and (a—e) < ﬁordqu(x) <a+e.

Therefore, the inequalities asserted in the lemma follow when 0 < e < cora =0 <
e. f « < 0and 0 < € < |a, then all the terms in the lemma inequalities become
zero, and so the lemma holds in this case too. O

Now we are in a position to show that the function D of Theorem 2 coincides
with the multifractal spectrum of the binomial coefficients.

Theorem 3. Let ¢(x,y) = (w;’y) Then the multifractal spectrum f(«) exists and
equals D(«) for every a € R.

Remark. Anticipating Theorem 5, we note that the same conclusion, and the proof
given below, hold also for the multifractal spectra of multinomial coefficients.

Proof. Let €,n7 > 0. First suppose a > 0, and require 0 < n < ¢ and, if a > 0,
0 < & < a. Choose n so large that (o —¢)/(n — 1) < n. Then

(a—e+na+e CAp ::( nl(oz—a),oH—s
n—
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and
1
By, = ((1— E)(a—e),a+e Cla—e—na+el]
By Lemma 2)
Ny 1(An_1) < Ns(a+¢) — Ns(a — &) < Ny, (By),
SO

n—1logN,_1(a—e+na+e¢]) < log[Ns(cv +€) — Ns(ov — €)]

log 61 n—1 —logé
n  log Ny((ao—e—n,a+¢))
~ log 61 n '
Let n — oco. By Theorem 2,
llog]\fn(l“) — D(F).
n logp

Also n/logé~! — logp. So

D((a—e+n,a+¢]) log[Ns(cv + ) — Ns(ov — €)]

I < lim inf
(log p) Togp < limin “logd
log| N, ~ Ny(o— D((a—e—
< imsup PENa(@+) ~ No(@—o) _ ( Dlla—e—mate)
50+ —log ¢ log p

Let ¢ — 0+ (whence n — 0+). By the continuity of D from Theorem 2 for
0<a<1(0<a<m-—1for multinomials), D(a) = f(a). Ta <0ora>1

(a > m — 1 for multinomials), Ns(a + ) — Ns(a — &) = 0 for sufficiently small &,
so f(a) = —o0 = D(a). O

2.4. The Rényi Exponent 7(g). Returning now to the general case, where
¢ : Ni* — Ng is an arbitrary given function, we will find evidence that the p-
adic multifractal formulation is a pleasant and appropriate one in a proof that the
“Legendre transform” formalism works. Specifically, we will show that if

7(q) = Slip{f(a) —qa} =—fq)

where f¢(q) = inf,{qa — f(a)} is the concave conjugate of f, then the partition
function follows the power law,

Ss(q) ~ 67D ag§—0+.
Proposition 2. Assume that the double limit

L _ log[Ns(a+¢) — Ns(a — €)]
Jla) = al—l»%l+ 5111& —logé

exists in [—00,00) for every a € R. Define
7(q) = sup{f(@) — qa}.

Then

log S5(q)
m ——7
6—0+ —logéd

=7(q)
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for g > 0. In addition, if there is a constant ¢ > 0 such that, for every 6, ord,¢(x) <
clog, 6~ for every x € Ms, then this limit also holds for ¢ < 0.

Remark. The additional hypothesis for ¢ < 0 rules out functions with very high
p-power divisibility: If whenever x € M,,—» the highest power p* dividing ¢(x) has
k < cn, then this hypothesis is satisfied. The hypothesis is also equivalent to the
existence of ¢ > 0 such that |¢(x)|, > §¢ for every x € Ms, for arbitrary §.

Proof. Our proof follows Falconer’s ([14], p. 258) for ¢ > 0. Fix ¢q. Let n > 0.
Because 7(g) := sup, (f(a) — ga), we may choose « so that f(a) — ga > 7(q) — 7.
The assumption that f(a) exists implies that there exists €9 > 0 such that whenever
0<e<eo,

(12) 5@+ < Ny(a+¢) — Ns(a —e) < s~ F(@=n

for every ¢ smaller than some 6y > 0. We require in addition that € < 7/q in the
case that ¢ > 0. Now,

Ss(q) > []v(s(a +e)— ]\N/'é(a _ 8)](6aia)q
> §—f(@)+ntq(ate)

> §—T(D)+2nEqs > (5—7(11)+3777

where we choose + if ¢ > 0 and — if ¢ < 0. Therefore,

(13) lim inf —=——= > —7(q) — 37.

Next let us consider the limit supremum in the case that ¢ > 0. As noted in
(11), f(o) = —o0 for a < 0, s0

7(q) = sup{f(a) — qa}.
a>0

From this it is clear that 7 is a nonincreasing function. Since f(a) < m for a > 0,
7(q) < m for ¢ > 0. Choose 8 > (m —7(q))/q > 0, so that m — g8 < 7(¢). Now for
every « in [0, 8] there exists €/, > 0 such that whenever 0 < & < e/, —say ¢ = ¢, and
€a < n/q—we have that (12) holds for every § smaller than some é,. The intervals
{(a — eq,a+ €4)} cover [0,5]. By the Heine-Borel theorem, a finite subcollection
of them, now denoted {(ou — €k, o +€x) } 7, also covers [0, B]. Let 8y denote the
minimum of the corresponding ¢’s. Now

Ss(@) =Y o)l

I
m
<
>

[Ns (. + ex) = No(ar, — )] (67 7)7 + (#M;)(6”)°

NE

E
Il
—

6—f(0‘k)—77+¢I(0%—6k) + |’6—1‘|m6qﬁ

NE

>
Il
—

§—T(@=n—n 4 gmgs—m+ap

IN
3 3

§—T(@=2n 4 gmg—7(q)

IN

< (n+2m)s @
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2.6 F

2.4F

1.8}

1.6}

FIGURE 2. The Rényi exponent 7(g) for m =2 and p = 2

whenever 0 < § < 6g. Therefore, for ¢ > 0,

(14) lim sup —10g Ss(a)

< 7(q) + 2n.
msup (q) +2n

Because 1 was arbitrary in (13) and (14),

log Ss(q)
§—0+ —logé

=7(q)-

Now assume ¢ < 0 and, for all 8, |¢(x)|, > 6° for every x € M. In this case
we use the interval [0, ] in place of [0, 8] and get a finite subcover as before. Now,
since ¢ < 0,

Salg) < Y6l (getenys
k=1
< n§—f(ar)+aar—n < nd~T@-n

whenever 0 < § < 6g. Therefore, for ¢ < 0,

: log S5(q)

15 lim su < +
(15) b (9) +n
Because 1 was arbitrary in (13) and (15),

log S,

s—0+ —logé

2.5. Special Values of the Rényi Exponent. Figure 2 depicts the graph of
the Rényi exponent 7(q) for binomial coefficients when p = 2. It was calculated
numerically using the definition of 7 and the formula for D from Theorem 2. The
graph shows a nonincreasing function. This is a general feature of 7, because

7(q) = sup,>o(f(a@) — qa).
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The value at ¢ = 0 is of special interest. From the definition of 7 we have 7(0) =
sup,, f(«). Furthermore, if f is defined everywhere, then, by (11), sup, f(a) < m,
and so 7(0) < m. Under the additional hypothesis of Proposition 2 limiting the
divisibility of ¢, we get

log S5(0) . log[6—1]m
7(0) 50 — log 6 50+ log 61

The value of 7(1) for classical multifractals is always 0. But in Figure 2, 7(1) is

approximately 1.71. In the p-adic case 7(1) is the value for which

3 16y ~ 67D as s — 0+,
XEM;s

and this varies with ¢ and p.

What is lim, .. 7(¢)? Since 7 is nonincreasing, it has a limit in [—oco, m]. In fact,
because 7(q) := sup, (f(a) — qa) > f(0) — g -0 = f(0), it satisfies lim,—.c 7(q) >
f£(0). If we make the additional assumption that f is continuous from the right at
0, we can show that lim,_.. 7(¢) = f(0). For, letting oy = (m — £(0))/q, we have

7(q) = sup {f(a)—qa},

0<a<ay

from which lim, . 7(q) = f(0) follows.
In the case of binomial coefficients, then, we conclude that 7(0) = 2 and

lim (q) = D(0) = W

For m-multinomial coefficients, we find 7(0) = m and lim,—. 7(¢) = D(0). The
value of D(0) for multinomials will be discussed further in Section 4.

3. GENERALIZED BINOMIAL COEFFICIENTS

3.1. A Generalization of Kummer’s Theorem. Knuth and Wilf ([32]) have
extended Kummer’s theorem to a large class of generalized binomial coeflicients.
These include Gauss’s ¢-binomial coefficients ([20], Section 5),

( z+y ) _ Q=g —gvh) . (1 - gt
T/ (l-g)(1—gq ) (1—q)
and the Fibonomial coefficients of Lucas ([36], Section 9),
<x—|—y> ':Fz+sz+y—1"'Fz+l
f

x FyFy - Fy

where (F},)$° is the Fibonacci sequence: Fy = Fo = 1; F,, = F,,_1 + F,,_o for n > 3.
They identified “regular divisibility” as the key to a Kummer-like theorem.

Definitions. Let & = (U, Us,...) be a sequence of positive integers. For every
pair of nonnegative integers (x,y) define the U-nomial coefficient

< T+y ) _ Uw—i—wa—i-y—l co Uw—i—l
x u UyUy_1 Uy ’

Also define, for m € N, the rank of apparition of m in U by

r(m) = min{k : m|Ux} (r(m) = oo if no Uy, is divisible by m),



PRIME-POWER DIVISIBILITY OF GENERALIZED BINOMIAL COEFFICIENTS 3855
and for n € N define
dm(n) = #{k:1 <k <n,m|U}.

The sequence U is regularly divisible if, for each m € N, r(m) = oo or m|Uy <=
r(m)|k.
For a regularly divisible sequence one has

(16) (1) = {LJ .

r(m)

Furthermore, the U/-nomial coefficients corresponding to a regularly divisible se-
quence U must all be integers ([32], p. 214).

The following theorem is hinted at in Knuth and Wilf ([32], p. 215). It is stated
explicitly in Wells ([54], p. 112) and proved (in a different fashion than below) in
Webb and Wells [53].

Theorem C. Letp be a prime. IfU is a reqularly divisible sequence, then the order
ord, (*FY)y is equal to the number of carries that occur when x and y are added in
the mized-radiz (mized-base) system with radices by := r(p) = rank of apparition of
pinU, by =r(p?)/r(p),bs :==r(p®)/r(p?),.. ..

Note 1. The mixed-radix representation of a nonnegative integer x is given by
k
I | B ph s
k>0 j=1 k>0
where 0 < X}, < by for each k and r(p°) := 1.

Note 2. Tt is possible to have by = oo, but this case will be ruled out by the
hypotheses of Theorem 4.

Note 3. It is possible to have by, = 1. Then if there is a carry into the k" place,
there is automatically a carry out.

Proof. By Proposition 1 of [32] and (16),

ord, < x;y >M = Z {dpe (@ +y) — dpe(2) — dp ()}

k>1

> (ERECIRE,
-~y

k>1

the total number of carries. O

Example 1. ord, < 8—;11 )
f
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For the Fibonacci sequence and p = 2 we have

k 4 3 210
r(p¥) 12 6 6 3 1
b 21 2 3 =«
Carries 1 1 1 1 0
8 Augend 1 0 0 2
+11 Addend 1 01 2
19 Sum 1 1 0 0 1
There are 4 carries, so ords ( 8 —;11 ) = 4. (In fact,
f
< 8+11 ) _(4181)(2584)(1597)(987)(610)(377)(233)(144)
8 Jr (21)(13)(8)(5)(3)(2)(1)(1)
)

~(4181)(2° - 323)(1597)(7 - 141)(2 - 5 - 61)(13 - 29)(233)(2* - 32)
a (3-7)(13)(2%)(5)(3)(2) ’

which we see is an integer divisible by 2% but not 25.)

Example 2. ord, ( S+ 13 )
3

5
The g-binomial coefficents may be generated by U,, = ¢" +¢' +---¢""tif ¢ € N.
Suppose q = 3. For p = 2 and for p = 3 we have

k 5 4 3 2 10 1 0

r*) 16 8 4 2 2 1 [p=3] o 1

b 2 2 2 1 2 « oo %

Carries 1 1 0 1 1 0 0 O

5 Augend 01 0 0 1 5

+13 Addend + 1 1 0 1 1 + 13

18  Sum 10 01 00 18
5113 ) = 4. (In fact,

When p = 2 we get, by adding carries, ords (
)(

ord < 5413 ) (193710244)(64570081)(21523360)(7174453)(2391484)
2 =
3

5 (121)(40)(13)(4)(1)
(22 - 48427561)(64570081)(2° - 5 - 134521)(112 - 13 - 4561)(22 - 597871)
(112)(23 - 5)(13)(22) ’
from which we also see that 4 is the highest power of 2 dividing this 3-binomial

coefficient.) When p = 3 there are no carries; in fact, there would be no carries for
any x + y, because by = 0o. So 3 does not divide any 3-binomial coefficient.

3.2. Asymptotic Prime-power Divisibility. Consider the carries process Cy =
0,C1,Cs, ... ,C, arising from the addition of random n-digit mixed-radix numbers.
(If 7(p9) = oo for some g € N, we naturally have n < g.) As in the fixed-base case,
we still have the Markov property,

Pr(Crs1 = i1 | Ck = cky ... ,C1 = ¢1,Cg = 0) = Pr(Crq1 = cpy1 | Cr = 1),

because the carry-out, Ciy1, is a function of only C} and the random digits X
and Y. There is a carry out (Cig+1 = 1) if and only if Cx + Xy + Yi > bry1. So
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the transition matrices are given by
_ b b+ 1 bpp—1
2bgy1 [brr1—1 bppr +1]°

Thus, the Markov chain does not necessarily have stationary transition probabili-
ties. But for the “ideal” primes of [32], II(k) is eventually constant.

(17) (k) = [mi; ()]

Definition ([32], p. 215). The prime p is ideal for a regularly divisible sequence
if there exists s = s(p) € N such that the radices of the Generalized Kummer
Theorem satisfy by, =1 for 1 <k < s and b, = p for k > s.

It is well known ([32], pp. 216-217) that every odd prime that does not divide ¢
is ideal for the sequence that generates the g-binomial coefficients, and that every
odd prime is ideal for the Fibonacci sequence.

For an ideal prime p, equation (17) becomes

(k) = — [T(p)“ T(p)‘l],iszo;

2r(p) |r(p) =1 r(p) +1
(18) Ti(k) = B ﬂ Cif 1< k< s(p);
(19) n(k):%[gi g;ﬂ,ifk>s(p).

Thus, II(k) is eventually the same as the transition matrix (2) for the carries process
in the ordinary binomial case. The special values for an ideal prime specified by
equation (18) turn out to be unimportant in the asymptotic analysis, and so we
do not need to assume them. Property (19) alone is sufficient to guarantee similar
asymptotic behavior for the number of generalized binomial coefficients divisible
precisely by p*" for z in an interval:

Theorem 4. Let U be a reqularly divisible sequence, let p be a prime, let r(m)
denote the rank of apparition of m in U, and assume that there exists s(p) € N
such that by, := r(p*)/r(p*~1) = p for every k > s(p). Define D as in Theorem 2.
For each interval T, let

1
NYU(T) = #{(x,y) ‘ 0<z,y<r(") and Eordp ( x—;y ) € F}.
u
Then, for every nondegenerate interval T C [0, 1],

.1 u
nh_)rr;O - log,, N;/(I') = D(I').
3.3. Proof of Theorem 4. Let I be the rate function defined in Theorem 2. Let
I = [a, (] C[0,1], and assume o < . Since I is continuous and finite on [0, 1], T
is an I-continuity set. We have

)

1 Ci+-+C,
Zn:—ordp<x+y> _Gite
n u n

x
where (C}) is the carries process, by the Generalized Kummer Theorem. For n >
s := s(p), write

1—--— Zn,sa

01+-~-+OS+( 5) -
n

n
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where st = (Cs41+---+Cp)/(n—s). Observe that st conditioned on C = ¢,
has the same probability distribution as Z,,_s conditioned on Cy = ¢4, where Z,, is
the average carry for the carries process with constant transition matrix given by
(2). Write
(20)
Pr(a< Z, <p)
= Z PI‘(Clzcl,...,OSZCS)

(C15eeesCs)

XPI’(OZ<M+(1_£)Z’FL7S<6|012017"'708208)

= Y BGi=cn... Co=c)

(Clx“')cs)
x Pr (an(cl,... ,Cs) < Zn)s < Bnlery... ycs) ‘ C, = cs>

where

a—(ci+---+cs)/n

B—(c1+--+cs)/n
1—s/n '

1—s/n

and ﬁn(clv"' acs) =

ap(er, ... ,cs) =

Thus Pr(a < Z, < ) is a convex linear combination of probabilities of the form
Pr(a/ < Zn,s <P | Cs =c) =Pr(ed < Zp_s < [ | Co = ¢s), which satisfy
the large deviation principle with rate function I, by Proposition 1 and the note
preceding it. Now, given arbitrary ¢ € (0, (8 — «)/2), we have, for all sufficiently
large n,

<a—s/n< ( ) < 0t
a—e<—— <ap(cr,...,c5) < a+e
1—s/n — ! 1—s/n
B—s/n p
- <n ). » “8s S .
<p 5<1_Wn_6@q Cs) 1—yn<6+5

Therefore, for o € {0,1},
Pr(a+5§2n_5§ﬂ—s|00:a)
<Pr (an(cl,... 1 Cs) < Zns < Bn(cry. .. cs) | C, :0)
gPr(a—aSZn_S§6+s|OO=a).

Because the bounding terms here satisfy the large deviation principle with rate
function I, the limit inferior and limit superior of the middle term lie between
—I([a+¢,8—¢]) and —I([a —&,8 + ¢]). (Note that if « —e < 0, then 8+ > 0,
and if B+¢& > 1, then a —e < 1, so that [ — ¢, 3 + €] is still an I-continuity set.)
Because ¢ is arbitrary and [ is continuous,

(21)
lim l1ogPr (an(cl, N ZNn,S < Bnlcry ... ,cs) } C, = cr) = —I([e, B])-

n—oo N

Finally, it is not hard to check that if a finite number of sequences of measures
satisfy the large deviation principle with (the same) rate function I, then so does
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any fixed convex linear combination of them. By (20) and (21), then,

lim 1 logPr(a < Z, < B) = —1([ev, 5]),

n—oo n

and therefore

.1
Jim —log, Nii([a, 8]) = D([e, 8)). D
3.4. Special Cases. We now apply Theorem 4 to the Gaussian g-binomial coef-
ficients and the Fibonomial coefficients. The self-similarity of the Gaussian coeffi-
cients modulo p is discussed and depicted in Sved [49].

Corollary 1 (g-binomial coefficients). Let p be a prime, and let ¢ > 1 be an inte-
ger. If ptq, then for every nondegenerate interval T' C [0, 1],

1 1
lim —log, # {(:z:,y)‘() <,y <r(p"),—ord, <$ + y) € F} = D(I)
n—oo n n X q

where D is as giwen in Theorem 2. If p | q, then p does not divide any q-binomial
coefficient (or, D(I") = —oco above).

Proof. Gauss’s ¢g-binomial coeflicients may be generated by U = (g"—1). It is known
that U is regularly divisible ([32], p. 216) and that, as noted before, every odd
prime that does not divide ¢ is ideal for U . If p = 2, then there exists f such that
¢=27+1 (mod 2/11), and if ¢ = 2 + 1 then r(2) = r(22) = --- = r(2f) =1 and
r(2%) = 2F=f for k > f, while if ¢ = 2f —1 then r(2) = 1,7(2?) = --- = r(2f*1) = 2,
and 7(2%) = 2=/ for k > f ([32], p. 216). Thus, whether p is 2 or an odd prime,
there exists s(p) such that by := r(p¥)/r(p¥~1) = p for every k > s(p), and so
Theorem 4 applies. O

Corollary 2 (Fibonomial coefficients). Let p be a prime. Then the Fibonomial
coefficients satisfy, for each nondegenerate interval T' C [0, 1],

1 1
lim —log, # {(x,y) 0<z,y<r("), ﬁordp <x ; y) € I‘} = D(I),
f

n—oo N

where D is as given in Theorem 2.

Proof. By [36], p. 206, or [32], p. 216, the Fibonacci sequence F is regularly
divisible. Also, by Theorem 1 of Halton [24], every odd prime is ideal for the
Fibonacci sequence, and (by [24], p. 226) if p = 2, then 7(p) = 3 and r(p?)
r(p?) =6 =p-3 and r(p*) = p*~2 -3 for k > 3, so that by, = p for k > 5 :=
Thus, whether p is 2 or an odd prime, Theorem 4 applies.

O«

4. MULTINOMIAL COEFFICIENTS

4.1. Dickson’s Theorem. Now we consider the extension of our asymptotic re-
sults to multinomial coefficients,

@1 To T (@1 T T
o xlas! o x,!

3

T1,T2,---,Tm

where x1, 22, ... ,x,;, are nonnegative integers and m is a fixed integer greater than
1.
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The basis for our analysis is Dickson’s extension of Kummer’s theorem ([5], pp.
75-76; [6], p. 273). Now one expresses 21, s, ... , Iy, in base p and adds:

Carries Cn Cn—l Cn_g s Cg Cl CQ =0
X1 Addends Xl,n—l X17n_2 e X172 X171 X170
Tm + Xm,n—l Xm,n—2 co Xm72 Xm71 Xm70
T+ -+ Ty Sum Sn Sn—l Sn_Q e SQ Sl S()

Theorem D. Let p be a prime. Then

+ + -+
ord,, <x1 2 zm) =C1+Cy+---Cy,
T1,T2,--- ,Tm

the total of the carries one gets in adding x1, %2, ... , Ty in base-p arithmetic.

4.2. The Markov Chain of Carries. Once again, the key observation is that if
the {X}, 1} are independent (uniform) random digits, then the carries form a finite
Markov chain:

Pl“(C;.H_l = Ck+1 | Ck = Cky.-- ,Cl = Cl,CQ = 0) = PY(CIH_l = Ck+1 | Ck = Ck).

One may check by induction that the maximum possible value of the carry Cj
is m —1— [(m —1)/p*], and so, for k > log,(m — 1), every carry value Cj, from
0 through m — 1 is possible. Consequently the state space of our Markov chain is
{0,1,...,m — 1}. Furthermore, it is possible to get from any state to any other
state in |log,(m — 1)| + 1 steps, so our Markov chain is aperiodic and irreducible.
Let IT = [m;;] denote the transition matrix:

mi; = Pr(carry-out = j | carry-in = 7).

The matrix IT possesses remarkable combinatorial properties. Some of these are
presented in [29], which includes more details regarding the results in this section.

Lemma 1. The m-nomial carries process is an aperiodic, irreducible finite Markov
chain with state space {0,1,... ,m — 1} and transition matriz II = [m;;], where

- o p—mj_ifpj(—l)r <m: 1) (m —1—3i +W5j +1— r)p)'
r=0

For example, when p = 3 and m = 2, 3,4, then II is
5

(3 5% 2 O
1016 1
s 1 27 2r 27 T
3 3 4 19 4 81 9 27 81
1 2 ’ 27 27 27 | 1 10 5 5
3 3 1 16 10 81 27 9 81
27 27 27 0 i H i
L 27 27 27 1



PRIME-POWER DIVISIBILITY OF GENERALIZED BINOMIAL COEFFICIENTS 3861

For an arbitrary prime p and m = 3,

PP +3p+2 4p>—4 p?—3p+2
p?—1 p*+2 p?—-1

p?—3p+2 4p*—4 p*+3p+2

_
- 57

Proof. To calculate m;; = Pr(Cr41 = j|Cy = i), consider the base-p addition in the
k" place:

Chnn=j=jp<i+Xip++Xnr <(G+1p—1
where 0 < Xy 4,..., Xk < p— 1. Introducing the “slack” variable Y, this is
equivalent to

Xipg+-+Xmp+Y=0G+1)p—1—4,

where 0 < Xy ,..., Xmk, Y < p—1. The number of integer solutions of these
inequalities is the same as the coefficient of zU+VP=1=%in (14-g+ a2+ - 2P~ 1)m+1,
Because

(I+z+a? - 2P Y™t = (1 — gP)m+(1 — )= (m+D)
and

(1 -yt =5 (m:- 1) (—aP)"

and
(1o)== 37 (m . ) =
m )
s>0
the desired coefficient is
z (_1)T(m+1)(m—l—(j—l—l)p—l—i—rp)
r m ’
r<j+1-(i+1)/p
Sincer <j+1—(i+1)/piff r <j—|i/p], the lemma follows. |
The examples given above illustrate the cross-symmetry, or centrosymmetry [52],
of II. This is not obvious from the formula of Lemma 1, but it is easy to show
from the definition of 7;; using the fact that if the {X}, ,} are independent random
variables that are uniformly distributed on {0,1,...,p — 1}, then the equation

X h.k ‘= p—1— X} i, defines independent random variables which are also uniformly
distributed on {0,1,...,p — 1}. We record this as a lemma.

Lemma 2. Fori,j=0,1,...,m—1, we have Tp_1_jm-1—j = T ;.
Another result that is easier to show from the probabilistic definition is that
(23) mj; >0 for j=0,1,... ,m—1.
Here is the proof:
5 = Pr(Crr1 = J [ Cr = j)
=Pr(j+ X1k + -+ X = jb+r for somer € {0,... ,m —1})
=Pr((b-1)j<Xip+ - +Xnp < (b-1)(1+1)),

and this is positive, because X x+- - -+ X, 1 has a positive probability of assuming
each value between 0+ ---4+0=0and (b—1)+---+(b—1) =m(b—1).
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The stationary probability vector of the carries process is the row vector v’ of
probabilities satisfying v/ = v'II. Remarkably, its components turn out to be
proportional to the Eulerian numbers ([11, pp. 485-487], [12, pp. 373-375], [21,

sect. 6.2]),
J
m m—+1
. = 1) i+1—7r)".
() N (" )a+1-n
Lemma 3. The stationary probability vector v/ = (po,p1,.-. ,Pm—1) of IL is given
by

1
pj = <m> forj=0,1,...m—1.

ml\ J
The mean of the stationary distribution is (m—1)/2 and the variance is (m+1)/12.

The proof (given, as noted, in [29]) is a calculation verifying that v/ = v'II etc.

4.3. The Large Deviation Principle. Now let
1 e "
Zn = _Ordp (xl + T >
n T1yeve y Tom
and
N,(T) =#{(z1,... ,2n)|0 < z1,... , 2, <p" and Z, € T'}.

By Dickson’s theorem, Z,, = (C1 +---+Cy)/n. If (x1,... ,zn) is chosen uniformly
at random from {0,...,p" — 1}™, then the base-p digits representing 1, ... ,Zm
are independent, uniform random digits, and so, by the “key observation” of the
last section, the carries (C}) form a Markov chain. Thus (in just two steps!) we
conclude that the large deviation principle applies to the sequence of measures
(Pr(Z, € +)). Since
N,([T) =p"™Pr(Z, €T,
we may re-express the large deviation principle in terms of N, (I"):

Proposition 3. Let p be a prime, and let m > 2 be an integer. Let m;; be as given
in Lemma 1, and define

II; = [ﬂ'ijetj} ;
p(I1;) = Perron-Frobenius eigenvalue of Iy,
I(2) = sup{tz —log p(IL;)},
D(z) =m —I(z)/logp,
and, forT' CR, D(T') = sup,r D(2). Let

1 m
Nn(F):{(xl,...,xm)‘0<x1,...,xm<p” and—ordp<xl+ T )EI‘}.
n

Tlye-- 3 Tm

Then, for each I-continuity set T,

lim 1 log, N (I') = D(T").

n—oo N
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In order to turn this proposition into a clear result, we need to get a better
picture of the function D(z). Although we will not find an elementary formula,
as we did for the m = 2 (binomial coefficient) divisibility spectrum in Theorem 2,
we will be able to establish the corresponding properties and special values for the
general m-nomial divisibility spectrum, and we turn now to that task.

4.4. Asymptotic Prime-power Divisibility of Multinomial Coeflicients.
Define II(x) = [m;;27], and let p(z) be its spectral radius (the Perron-Frobenius
eigenvalue for > 0). Notice that, if x > 0 and ¢ = logx, then

O, = [met) = [m;27] = T(x) and p(Ily) = p(x),

whence
I(z) = sup{zt — log p(Il})} = sup{zlogz — log p(x)},
teR z>0
o
xz
(24) I(z) = logsup

z>0p(x) .

Lemma 4. The function p is continuous, convez, and strictly increasing on [0,00);
p(z) = 2™ Lp(1/x) for x > 0; p(0) = 7o = p‘m(p+z_1),' and p(x) < 2™ ! as
x — 00, i.e., there are positive constants c1,ca such that ciz™ 1 < plx) < cox™ ™1
for all sufficiently large x—in fact, oo™ 1 < p(z) < 2™t for x > 1.

Proof. We use Wielandt’s [55] variational characterization of the Perron-Frobenius
eigenvalue: Assume x > 0 (so that every m;;z? > 0), and let

m—1
Qw(z) = mjin Z w T’ Jw;,
=0

where the minimum is taken over j € {0,...,m — 1} for which w; # 0; then

p((E) = Sup Qw(x) = max Qw(x)u
w>0 w>0
w#£0 [lwll#0

where || - || is any norm. Notice that, for each j,
Wi Quw () <Y wimijar,
i
$0
(Z w;)Qw(x) < Z w; Z i) < (Z wi)m?xz i
J (3 7 [3 J
Combining this with an easy lower bound, we have, for w > 0 and (say) wy # 0,

. ,
Teex” < Qw(z) < m?xzwijxﬂ.
J

Therefore,

(25) 0 < 7o < p(z) < maxZwijxj.
J

Since each m;; > 0 and, by (23), each m; > 0, we see that, for w > 0, Qw(x) is
a strictly increasing function of x (for m > 2), whence p(x) is also.
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Invoking the cross-symmetry of IT (Lemma 2), we get

Qw(z) = mjin Z WiTm—1—i,m—1-;% Jw;
i

thin E ﬂ)kﬁk7hxm_1_h/@h
k

= xm_lm}jn Z ﬁ}kﬂk)h(l/x)h/’lf)h
k

for x > 0, where Wy = w,,_1_. Therefore,

Qw(z) = 2™ 'Qw(1/x) for z > 0,
whence

plx) =2 p(1/z) for z > 0.

Because p is increasing and satisfies the bounds given by (25) for 0 < z < 1 and
p(1) =1, the previous equation implies that

moox™ ! < p(x) < 2™ for x > 1,
whence p(x) < x™~L.

To establish the convexity of p, we start with the observation that, if p > 0,¢ > 0,
and p+ g =1, then for =,y > 0,

(pr + qy)? < pax’ + qy’ for j=0,1,... ,m— 1.
Then, for w > 0 and w; > 0,

> wimi(pr 4 qu) Jw; < p Y wimigad fw; +q Y wimiy’ fw;,

whence Qw (pr +qy) < pQw () +qQw(y), so p(pr+qy) < pp(x) +qp(y). Therefore
p(x) is convex for x > 0, and hence it is necessarily continuous for z > 0. It remains

to prove the claimed value of p(0) and the continuity of p at 0.
Because

™00 0 ... 0 wo 00
10 0 0 w1 10
II0)w = =wp ,
TTm—1,0 0 ... 0 Wm—1 Tm—1,0

we will have f[(())w = Aw iff wg = 0 or wp # 0 and A\ = mgp, whence p(0) = moo-
By Lemma 1, mjo =p™™ m_ln:”p), SO max; mip = moo. Now we let & — 0+ in the
inequalities (25) and get lim, o+ p(x) = w0 = p(0). |

Lemma 5. The rate function I is a nonnegative convex function that is finite and
continuous precisely on [0,m — 1]; it is symmetric about (m—1)/2; I((m—1)/2) =
0=min,I(z); and I(0) =1(m — 1) =mlogp — log (p+m_1).

m

Proof. Recall equation (24):

z

T
I(z) = logsu .
(2) = logsup )
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By Lemma 4, p(x) > moo > 0 and p(z) < 2™ ! as x — oo, and so 0 < I(2) < o0
for 0 < 2z < m—1 and I(z) = oo otherwise. The rate function I is convex, by
Theorem B, and so I is continuous on (0, m — 1).

By ergodicity of the Markov chain (Cy), with probability 1, (C1+---+C),)/n —
(m — 1)2, the mean of the stationary distribution (see Lemma 3). It is then a
standard result that I((m —1)/2) = 0. For, if I is an arbitrary interval containing
(m —1)/2, then

1 . "
lim — log Pr (M c F) —0,
n—oo N n
but, by Proposition 3 and the continuity of I,
1 4O,
lim —logPr <C1+7+ € I‘) = — inf I(2),
n—oo n n z€l

and therefore minI(z) =0 =I((m —1)/2).
By (24) and Lemma 4,

m—1—z

I(m—1—-2) =1logsu
( ) =lossp =
m—1—z
=logsup —————
&b 21 p(1/x)

(1/z)*
= log sup =1I(z),
B ()~ )
so I is symmetric about (m — 1)/2. Thus I(0) = I(m — 1), and, by (24) again and
Lemma 4,

20 1
1(0) = logsup — = log —
) p(0)

x>0 p(il')
log S log log <p tm= 1)
= — =m p - .
() m

Finally, we check the continuity of I from the right at 0 (and, by symmetry,
continuity from the left at m — 1). Assume 0 < z < m—1. For 0 < =z < 1,
x*/p(x) < 1/p(0) = 1/mg, since both x* and p(z) are nondecreasing functions of
x; for x > 1, 27 /p(x) < 2% /(meox™ 1) = 1/(mpoz™ 17%), by Lemma 4. Therefore,

x? 1

sup < )
x>0 P(Jf) T00

On the other hand, we claim this bound is the limit as z — 0+. Let € > 0 (and
e< 1/7‘1’00). Let

1 1
= &, so that

1 —empo moo + 1 oo

Because p is increasing and continuous from the right at 0 and p(0) = mgo, there
exists 6 > 0 such that

0<z<éd= my < p(x) < moo + 0.
Then,

x* T* 6
sup > sup = .
>0 P(&) ~ o<w<s oo + 1 Moo + 1N
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But
6% 1 1

lim = = — —=¢.
z—=0+ oo +7  Too +71 oo

Because € was arbitrary,

. x? 1
im sup —— = —,
z—0+ m>18 P(ﬁC) 00
and so
lim I(z)=1lo =S =1(0). O
z—0+ =08 00 - ’
Let
I
(26) D(z)=m — ﬁ
logp

Combining Proposition 3 and the above lemmas, we have our main result for multi-
nomial coefficients.

Theorem 5. Let p be a prime, and let m > 2 be an integer. Let

1 m
Nn(F):{(xl,...,xm)‘0<x1,...,xm<p” and—ordp<xl+ T )EI‘}.
n

Llye-- 3 Tm

Then, for each nondegenerate interval T' C [0, m — 1],

1
lim —log, N, (T") = sup D(2)
n—oo N, z€l

where D is given by (26); D is a concave function that is finite and continuous
on [0,m — 1]; D is symmetric about (m — 1)/2; D((m — 1)/2) = m; and D(0) =
D(m — 1) = log, (’H'z_l).

4.5. Special Dimensions. As in the binomial case, the extreme values of D(z)
are special dimensions. When z = (m—1)/2, we have D(z) = m, the full dimension
of the space of m-tuples. This corresponds, as noted in the proof of Lemma 5, to
the almost sure convergence of (Cy + --- + Cy)/n to (m —1)/2.

The value of D(z) at z =0 is

Doy = 22T,

logp
which is the self-similarity dimension of the multinomial coefficients not divisible
by p (see [28], [43], [44]). (The self-similarity upon scaling by p may be deduced
from Dickson’s theorem.) Thus, as in the m = 2 (binomial) case, Theorem 5
may be extended to include T' = {0}, thereby incorporating this fractal dimension
result at one endpoint of a full spectrum of divisibility dimensions for multinomial
coeflicients.
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5. GENERALIZED MULTINOMIAL COEFFICIENTS

5.1. Divisibility and Carries. Both multinomial coefficients and Knuth and
Wilf’s generalized binomial coefficients are special cases of generalized multinomial
coefficients.

Definition. Let U = (Uy,Us,...) be a sequence of positive integers. For z € N,
let [z]! = UyUs - - - Uy; for integer m > 2, define the generalized m-nomial coefficient

corresponding to U for nonnegative integers x1,... , 2, by
(x1+x2+---+xm) it m ot an!
1,22, Tm )y [ [z2]! - - - [zm)!

When m = 2 this is the same as the U{-nomial coefficient of Knuth and Wilf.

The results of the previous sections may be subsumed under a more general
asymptotic divisibility theory of generalized multinomial coefficients. In this section
we shall give full statements of these comprehensive theorems. The hard work of
the requisite proofs has already been done, for the most part, in the previous
sections, so here we will streamline the exposition by merely outlining most of the
arguments. First we state a generalization of Dickson’s theorem, Theorem D, that
relates prime-power divisibility of generalized multinomial coefficients to the total
of the carries that arise when the components z1,...,z,, are added in a suitable
mixed-radix system.

Theorem E. Let p be a prime. If U is a regularly divisible sequence, then we
have that ordp(””gfﬁf;iijim Ju is equal to the total of the carries that occur when
Z1y- .., Ty are added in the mized-radiz system with radices by := r(p), the rank of
apparition of p in U, by :=r(p?)/r(p), bs := r(p®)/r(p?), etec.

The proof is a straightforward generalization of the (Knuth and Wilf-based)
proof of Theorem C.

5.2. The Markov Chain of Carries. For the carries (C)) that come from the
addition of m numbers z; = 3, X;; [T5._, b given by independent random digits
X;j in a mixed-radix system, the Markov property still holds:

Pl“(C;.H_l = Ck+1 | Ck = Cky.-- ,Cl = Cl,CQ = 0) = PY(CIH_l = Ck+1 | Ck = Ck),
because the carry out Cyy1 depends only on Cj (and the digits X7 g, ... , X k): if
Cy =1,

Cip1=j <= jbry1 <i+Xip+ -+ X <+ Dbrta.

Now the proof of equation (22) works with p replaced by bit1, so the transition
probabilities are given by

27)  myk) = b,;;qj_%*”(_l)t(m: 1) (m —1—i- Sf 1- t)bk+1>_

t=0
5.3. The Large Deviation Principle. Let
1 m
Zy, = —ord, (xl ot ) .
n Tlyeoo s Tm )y

By Theorem E, we have Z,, = (C1 + --- + C,)/n, where (C}) is the Markov chain
of carries. As in the case of generalized binomial coefficients, we suppose that the
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transition probabilities for the carries process are eventually stationary: m;;(k) =
m;j for k > s for some s. This happens when the radices by, := r(p*)/r(p*~1)
become constant for k > s.

At this point we note a further generalization. It is not necessary that the
stationary transition matrix IT be based on the prime p as in equation (19) or
equation (22), i.e., it is not necessary that the eventual value of r(p*)/r(p*~!) be
the prime p. We need only require that r(p*)/r(p*~!) eventually have some integer
value b > 1. Then 7;; is given by equation (27) with by+1 = . A class of regularly
divisible sequences satisfying this criterion may be constructed as follows. Let
be any permutation of the primes, and let ¢ : N — N be defined by the rule:

if n=rp0"ps?---, then U, = ¢¥(p1)* ¢ (p2)®*--- .
For I' C R, let

N,(T) :#{(:z:l,... s T ‘ 0<z,...,2m <r(p") and Z, EF}.

Since 7(p™) = by -+ - bs - b5,
(28)  No(D) = [r(p")]"Pr(Zn € T) = (by - -~ by - b=5)™b™"Pr(Z, € ).

Now we may modify the proof of the main theorem for generalized binomial coef-
ficients, Theorem 4, to show that the “transient” transition probabilities 7;;(k) for
k < s have no lingering effect on the asymptotic behavior of log Pr(Z,, € I') when I'
is a nondegenerate subinterval of [0, m —1]. Then, taking (28) into account, we may
generalize the large deviation principle for multinomial coefficients, Proposition 3,
to conclude that

1
(29) lim_—log, N, (I') = D(D),
where
(30) D(T") = sup D(z) where D(z) =m —I(z)/logb,
zel

and I is the rate function for the finite Markov chain corresponding to the stationary
transition probabilities given by (27), i.e.,

I(2) = sup{tz —log p(IIy)},
where
0, = [m;e"]
and

p(II;) = Perron-Frobenius eigenvalue of IT;.

5.4. Main Theorem. We have shown that our main conclusion, equation (29),
follows from the large deviation principle for the chain given by (27). Let us also
observe that the special properties of the dimension function D for the multinomial
case were deduced using only the transition probabilities (22), and in the present
case the transition matrix has the same form (just replace p by b), so the dimension
function given in (30) must enjoy the same properties. Thus we may summarize
our discussion in the following statement.
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Main Theorem. LetU be a regqularly divisible sequence, let p be a prime, let r(k)=
min{j : k|U;}, and assume that for some b,s € N we have by := r(p*)/r(pF~1)
=b>1 for every k > s.

Let m > 2 be a fixed integer; for n € N and I' C R, define

N (I) :#{@:1,... ) ‘ 0<ans. . am < (")

o (et o)
T1,22,.-- ,Tm u
Then, for each nondegenerate interval T' C [0, m — 1],

1
lim —logy N, (T') = D(I),
n—oo N,
where D(T) is given by (30). In the case that m = 2, D is given explicitly by
Theorem 2 with p replaced by b. In any case, D is a concave function that is finite
and continuous on [0,m — 1]; D is symmetric about (m —1)/2; D((m —1)/2) = m;
and D(0) = D(m — 1) = log, (b+m_1).

m

5.5. Multifractal Spectrum of Generalized Multinomial Coefficients. We
conclude by applying our Main Theorem to the determination of the multifractal
spectrum of the generalized multinomial coefficients, i.e., to the evaluation of

log[Ns(a +¢) — Ny (o — ¢))

f(a) = lim lim

e—0+ §—0+ —log o
when
No(a) = #{x € Ms : [6(x)|, > 6°},
where
Ms={(x1,...,00) ENT:0< 21, , 20 <61}
and

60) = 6(rsvoe o)) = ”ﬁ“'”m)L{.

L1,L2y.-+. y T

The derivation follows the main lines of the proof that f(a) = D(«) for binomial
coefficients, but the details are a little different, and the result differs in some cases
too, so we will present them with some care. First we will establish a bound on
Ns(a+¢€) — Ns(a —¢).

Lemma. Assumen > s and 1 < r(p"~1) <671 <r(p") and ¢ > 0. Write
log, r(p") = log, (b1 - - - bsb™*) +nlog,b = vy +0n, where d =log,b > 0.
Then

N1 (04 (v +0)/(n = 1))(a—e),(0 +7/(n—1))(a+e)])
< Ns(a+¢) — Ns(a —€)
S Np (04 (v = 0)/n)(a =€), (0 +7/n)(a+e)]),

where 0 < & < |a| if a # 0.
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Proof. Notice that for n > s, we have r(p"~!) > 1iff 6(n — 1) +~v > 0, ie,
n > 1— /6, so the coefficients of a & € above are positive. (Also the intervals
are nondegenerate for sufficiently large n (n > «/2¢ + 1/2 — v/6).) Assume that
O<e<aora=0<e Now,

v+6 B ord,@(x)
XEMl/T(pn—l) and (9+—n_1) (Oz 5) < —n—l
v
< _r
< <9+ n—l) (a+¢)
=x € Ms and  (On+v)(a—¢) <ord,d(x) < ((n—1)+~)(a+¢)
=x € Ms and a—g<%¢(xl)<a+£
log,, 6~
=x € M; and 6T < |p(x)|, < 6*7°F
ord,p(x)
=X € My/ppm) and oz—5<logzﬁ§a+s

=X € My/rpm) and  ((n—1)+7v)(a —¢) < ordpp(x) < (On +7)(a+¢)

v—0 ord,¢(x) Y B
=X € My/ppr) and (9 + " ) (a—e) < — < (9 + n) (a —¢).

Therefore the conclusion of the lemma follows in the case that 0 < ¢ < « or
a=0<e. Ifa<0and 0 <e < |al, then a+e < 0 and all the terms in the lemma
inequalities become zero. O

Now we are in a position to calculate f(a). Let € > 0 and 6 = log,b. First
suppose a > 0; if a > 0, require 0 < € < a. Choose 7 such that 0 < n < 6 and, if
a > 0, such that n < f/(a + ¢) (so that the intervals defined below will include
fa). Require that n > s,n > 1 — /60, and n be large enough that

7+9‘<77, ’L‘<n, ‘L‘<n, and 1<77.
n—1 n—1 n n
Then
(0 +mn)(a—e), (0 —n)a+e)
c (<9+Z—ff) (@ —¢), (9+%) (a—i—s)] = A
and

B, = (<9+7;9) (a—a),(@—i—%) (a—i—a)}

C ((0 =n)(a—e), (0 +n)(a+e)
Then, by the lemma,

Nn—l(An—l) S N&(Of + 5) - Né(a - 5) S Nn(Bn)a
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SO

n—1 log Ny 1 ((0 4+ n)(a =€), (0 —n)(a+¢)])

log6—1 n—1
< log[Ns(ar + ) = Ns(a —¢)]
- —logé
n_ log Nn(((0 —n)(a—¢), (0 +n)(a+e)])
~ logé—1 n '

Let n — oo (whence 6 — 0+). By the Main Theorem (1/n)log N, (") —
D(T")logb, where D is as specified in the theorem. Also, n/logé~t — 1/logb.
So the limit inferior and limit superior of the middle term lie between

D(((0 +mn)(e =€), (0 —n) (e +€)])

and

D(((0 = n)(a =), (0 +n)(a +)])-

Let ¢ — 0+ (whence also 7 — 0+). By the continuity of D on [0, m — 1],

L . log[Ns(a+¢) — Ns(ar — €)]
fe) = al—lgl—ir 51—1>I(I)1+ —logéd

= D(fa)

for 0 <a < (m-—1)/6.

If o < 0, then §°*¢ > 1 for sufficiently small &, while |¢(x)|, < 1, so Ns(a+e) =
0, and f(a) = —o0 = D(fa).

If 0 > m — 1, then for r(p"~1) < 6§t < r(p") we have, since r(p"~1) =

p'y+0(n—1)’

o+
§e—e 5 gate > (p—v—O(n—1)> € _ p(e—ry)(a-i-a)p—éom > p—(m—l)n

for small € and large n. But because ord,¢(x) < n(m — 1) (bound on carries),
|p(x)], > p~ ™~V So N(a+¢) = N(a — ¢), and again f(a) = —c0 = D(fa).
This proves our final result.

Theorem 6. Let p be a prime, and let m > 2 be an integer. Let U be a regularly
divisible sequence, and let

¢(m1,...,xm):<

$1+$2+"'+$m>
Z1,T2,.-. ,Tm u

Suppose there exist b,s € N such that r(p¥)/r(p*~1) = b > 1 for every k > s. Then
the multifractal spectrum f of ¢ exists and is given by f(a) = D(alog,b), where
D is the dimension function given by equation (30).
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