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MONGE-AMPERE EQUATIONS
RELATIVE TO A RIEMANNIAN METRIC

A. ATALLAH AND C. ZUILY

ABSTRACT. We prove that in a bounded strictly convex open set €2 in R", the
problem

det V2u = f(x),
ulaa = ¥,
where f > 0, f € C®(Q),p € C>(0R), has a unique strictly convex solution

u € C*°(Q). This result extends to an arbitrary metric a theorem which has
been proved by Caffarelli-Nirenberg-Spruck in the case of the Euclidean metric.

I. INTRODUCTION

This work deals with the Dirichlet problem for Monge-Ampére equations relative
to an arbitrary smooth Riemannian metric, and its goal is to provide an exact
analogue to a result of Caffarelli-Nirenberg-Spruck [CNS] in the case of the flat
metric. More precisely let g be a C*° Riemannian metric on a smooth bounded
open set  in R™ n > 2. Let Vu and V2u denote the covariant derivative and the
Hessian of u relative to the Levi-Civita connexion of the metric g. We shall call the
functions u for which the Hessian (V2u) is positive definite strictly convez.

We shall assume that €2 is strictly convex in the following sense:

(1) there exists h € C™(Q) strictly convex in Q such that h =0 on Q.
The main result of this paper is then

Theorem L.1. Let Q be a C strictly convex bounded open set in R", n > 2.
Given f € C®(Q), f >0 onQ, and ¢ € C*(9N), the problem

{det Vu(z) = f(z) in Q,

Ujpa = ¥,

(1.2)

has a unique strictly convex solution u € C*°().

The interest in such equations is related to the fact that a few problems in
differential geometry (as Minkowski and Weyl problems; see also [GS]) lead to
equations of this type. The case of the flat metric in R™ has been widely investigated
during the past years, and Theorem I.1 in this case has been proved by Caffarelli-
Nirenberg-Spruck [CNS].

In the two dimensionnal case, for general metrics, this result has been proved by
Corona [C], who assumes moreover the existence of an upper solution, by Hong [H]
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in the case ¢ = 0 and by Atallah [A] in the general case. Recently Guan-Spruck
[GS] investigated related equations for metrics on the sphere when subsolutions
exist. Finally we would like to mention the recent results by Atallah [A] in the case
where f = f(x,u, Vu), assuming the existence of upper and subsolutions.

The proof, as usual, uses the continuity method, which leads to uniform bounds
for the C?+(Q2) norms of smooth solutions of (I.2) (see [CNS] or [GT]). By re-
sults of Evans [E] and Krylov [KR] such bounds can be deduced from C? uniform
bounds. The interior estimates and the estimates of the tangential and mixed sec-
ond derivatives on the boundary, which rely on the previous work mentioned above,
appear already in [A], and we give them here for the sake of completeness. The
main part of the paper is then devoted to bounding the pure normal derivative
on the boundary, which leads to the construction of a local upper solution for the
problem (I.1). This construction, which is achieved under an appropriate set of
coordinates, is inspired by [CNS] but requires here a careful and more technical
proof.

II. PROOF OoF THEOREM 1.1

A constant C' will be called under control if it depends only on n, €, g, f, p. A
function w is said to be under control if it is bounded by such a constant. Moreover,
we shall denote by C' a constant which may vary from line to line but is always
under control.

1. C° AND C! BOUNDS
First of all, by (I.1), if A is a large enough positive constant, the function
(I1.1) Y=+
is a subsolution for problem (I.2). By the maximum principle we get

(I1.2) P <u< I%%X(p in Q.

On the other hand it is easy to see that |Vu|? = Y ¢ V,uV u achieves its maxi-
mum on the boundary. Since tangential derivatives of u on 02 are obviously under
control, the C'' bounds in Q will follow from the control of the normal derivative
g—:j on the boundary; here v is the interior normal. By the Hopf maximum principle
and (I1.2) we get

o _ou
ov — Ov
For the upper bound we follow [C]. A geodesic v normal to 9 at p intersects 92
at one other point g, by the strict convexity of 2. Let w be the linear function on
v equal to ¢ at p and ¢, and w its gradient, which is a continuous function. Since

u is strictly convex on -, the maximum principle implies that v < w on v N Q and
Gu(p) < (p) < infaq .

(I1.3) n 0.

2. C? ESTIMATES ON THE BOUNDARY

We shall prove pointwise bounds for the second derivatives on the boundary. Let
p be a point on 01; it can be taken as the origin of coordinates. Using the function
h given by (I.1), the maximum principle and a system of normal coordinates near
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the origin, one see easily that in a neighborhood V of the origin, the boundary is
given by

(I1.4) NNV ={(x1,...,2n) :xn =p(x1,... ,Tn_1)},

where p is a smooth function such that
1 n—1
(IL.5) p(z') = 3 Zkl:ﬂf +0(2'), k>0, 2'=(x1,... ,Tn_1).
i=1

Estimates for the pure tangential derivatives. The vector field

0 dp 0
Xo=—+——
0xy Oxq Oxn,
is tangent to the boundary if « =1,2,... ,n— 1, and
9?p Ju

Vapu(0) = (Xo Xp9)(0) 0) 5—(0).

- O0xq 0xg "~ Oxy

This shows, using the C! bounds, that V,su(0) is under control.

Estimates for the mixed second derivatives. Differentiating the identity
Logdet V;ju = Log f = ®, one gets

(I1.6) uIVigpu=Vi®, k=1,...,n,

where (u”7) = (V;;u)~! and the summation convention has been used. Let us set
L=u% Vi; and let X = Zzzl b, Vi be a smooth vector field. Then

L(Xu) = u (Vi b) Viu + 20 Vb Vigju + u by Vigeu + u? b (Viju — Vijru) .
By the well known Ricci formulas and (I1.6) one gets
L(Xu) = u" (Vijbr) Viu+ 2u” Vb Vit + bp Vie ® +u b RSy, Veu
M —-—-
€5) (2) ) (4)

where R}, are the components of the Riemann curvature tensor, which depends
only on the metric g. By the C! estimates we can write

(IL.7) (1) + (4) = u" Ay

where the A;; are under control.
Now, since u* Vi ju = 6;;, we get

(IL.8) (2) = 2V, b;.
It follows that LXu = Ay + A;; u¥ | where Ao and A;; are under control; therefore
|IL(X(u— )| <C1+Csy Y u® since (u¥) > 0. Now

i=1

Zu“ > n(detuij)l/” = nf_l/” >(C53>0,
i=1

which implies |L(X (u— ¢))| < Cy > u'.
i=1
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Now by the strict convexity of the function h given by (I.1) we get u™ V;;h >
Cs > u®. Tt follows that, if A is large enough,

=1

ALh — |L(X(u—¢))| >0 in Q.
Let us assume now that X is tangent to the boundary; then X (u—p)|aq = h|aq = 0.
It follows from the Hopf maximum principle that

0

2
Taking X = 0y + pa On, We get

[Vi0au(0)] < C, a=1,...,n—1.

oh
o< a2t .
X(u—¢))| < /\BV on 0f)

Estimates for the pure normal derivative. As before, let p be a point on
0f) that we take as the origin. We shall work in a special set of coordinates in a
neighborhood V' of the origin. Let v(p) be the interior unit normal (with respect
to g) to 9Q at p € VN ON. Let us consider first the case n > 3. Let X5,... , X,,—1
be a basis of the tangent space to 92 at the origin. A point p € 9Q NV will be

n—1
described by its geodesic coordinates, i.e. p = exp, Y. x; X;. Now let us consider
i=1
the map H:R" ! xR, — V,
n—1
H(zy,...,Zn—1,7s) = exp, Tov(p), D = €xpy szXl
i=1

This map is a diffeomorphism from a neighborhood Wy x [0, ] of the origin in
R"~! x R, to a neighborhood V of the origin in Q. In this system of coordinates
NV ={(x1,...,2n) : &, = 0}. If n = 2 let the boundary be given by a curve
a(t) parametrized by the arc length; then we consider H(t,72) = expy ) v2v/(1).
In these coordinates the metric g and the Christoffel symbols satisfy the set of
relations

n—1
i) g=dz?+ Z Gijdx;dxj,
ij=1
i) THO0) =0, 1<ijk<n-—1,
(IL.9) i) I'}(0) =kidij, 1<4,j<n-—1, wherek; are the principal

curvatures of the boundary at the origin; k; > 0 by (I.1),
iv) Tk (0)=—kibix, 1<ik<n-—1,
v) I''(0)=0, ¢=1,...,n—1,
vi) Tk (z)=0, 1<k<n, ze€V.

In these coordinates
0%u 0%u .
572(0) = Vanu(0) = prel (0) by vi).

Now our equation (I.2), which is invariant, can be written

Vinu(0) - det ((Viju(o))lsi,jgn—l) + G((viju(o))(i7j);é(n7n)) =f.
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By the preceding estimates, G is under control. Therefore a uniform upper bound
for Vy,,,u(0) will follow from a uniform lower bound for det(V;;u(0))1<; j<n—1. We
shall show that

n—1
(I1.10) > Viu(0)&& > Col€)?,
i,j=1
where Cy > 0 depends only on Q, n, g, ¢, f. This will follow from V;;u(0) > Cy > 0,

it =1,... ,n—1. By symetry it is therefore enough to show that V114 (0) is uniformly
bounded below. Now by (IL.9) iii),

Vnu(O) = Ull(O) — kl Un(O) = (,011(0) — kl Un(O)
Since we do not have any control of the lower bound of 11 (0) we are going to replace

u by v = u+ w, where w will be chosen such that Vi;v(0) = Vi1u(0) = —k;1 v, (0),
and we shall work with v.

Lemma II.1. One can find, in a neighborhood of the origin, a smooth convex func-
tion w such that w(0) = —¢(0) and
1) Vllw(O) = O,
i) w;(0) =—p;i(0),i=1,... ,n—1,
iii) w11(0) = —¢11(0),
iv) Vijw(0) = 6;5, 2 <4,j <n,
v) Viw(0)=0,2<j<n.

Proof. Recall that
0? L0
Vv 11 — E I

Ox? W oz,

=1

Let a; be the quadratic part of the Taylor expansion of I'{; at the origin, i.e., for
small |z|,

Tl (2) = ai(z) + O(|z?), i=1,...,n.

Then by (I1.9) iii), a,(0) = k1, ax(0) =0, k=1,... ,n— 1.
Let us solve the analytic Cauchy problem

8w - ow
- = \z/?
G~ Y eela) g = e
k=1
n—1 1
wle,—0 = —¢(0) — Z ¢i(0)z; — k_1§011(0)17n
(IL11) e
. - _ M 2
*3 Z; (1 k1 @”(00 Ti
n—1 1
+ kii(0)x;x, + 530721,
1=2
ow
— =—p1(0 k 0)x,.
021 1o ©1(0) + k101(0) >

Then for any A the conditions i) to v) are satisfied. We just have to show that w
is convex, i.e., (V;;w) > 0 if X is large enough. We have Vijw = A|z|* + O(|z|?) -
O(|Vw|). Now for (i,7) # (1,1) V;;w — 6;; vanishes at the origin; its linear part
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n
is ) %(Vijw)(())xk. Since A\ occurs in the equation with a quadratic term |x|?
k=1
and the data are independant of A, this linear part is independant of A\. Therefore
|V”w—6”| §01|$|+02()\)|$|2, (Zaj)%(lal)v

where Cy depends only on the data in (II.11). Taking X large enough and then ||
small, we get easily

> Vw6 = ShiPE+5> ¢ =0, o
3,7=1 =2

Recall that we had to prove that Vi;u(0) > Cy > 0. Now by Lemma II.1

V1u(0) = V110(0) = (011(0) = Y- T4,(0)vs(0)) = 011(0) = k1 0 (0) = k10 (0)
k=1

since v11(0) = ¢11(0) + w11(0) = 0 by iii).
Therefore we are lead to prove the uniform bound

(I1.12) v (0) < —e0 < 0.
This will be proved by constructing an appropriate local upper solution.

Lemma I1.2. For small 6 > 0 one can find eg > 0 and a smooth function p in
n—1

V = {(xl,... &n)  0< 2, <6,0< 2 + > Z—?xf < 6} such that:
i=1

i) p(0) = 0, 5£-(0) = —<o,

? Oxp

ZZ) det Vijp < det Vij’U m V,
v<pondV.

Let us first show how Lemma II.2 implies (I1.12). We use this weak form of the
maximum principle.

Lemma I1.3. In a bounded open set V' let there be given a smooth convex function
v (i.e. (Viv) >0) and a smooth function p such that

det Viv(x) > det Vyip(z) in 'V,
v < p on dV.

Thenv <pwnV.

Proof. Note that p is not assumed to be convex. We prove this lemma by contra-
diction. Suppose there is T in V such that p(Z) < v(Z). The continuous function
p — v, which is nonnegative on 9 and < 0 at T, will achieve its absolute minimum
at To € V. It follows that ((Vijp — Vijv)(ll())) > 07 SO (Vijp)(li()) > (V”U)(ZIJ())

But this implies det(V;;p(xo)) > det(V;;v(z0)), which is a contradiction. &
Assuming Lemma I1.2, it follows from Lemma II.3 that v(0,z,) < p(0,x,) for
z, > 0, and since v(0,0) = p(0,0) = 0 we deduce that aam—”n(O < 6—61%(0) = —¢g,

and (I1.12) is proved.
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Proof of Lemma II.2. We can write, with 2’ = (29,... ,Zp—1),

v(z',0) = ¢(z’) + w(z’,0)

+Z ©i(0) + wi( ))wi+%(<p11(0)+w11(0))xf

+Za3x1x3+0(§x ) —I—%x?—I—O(gx?).

=2

<.

It follows from Lemma II.1 that

n—1 n—1 n—1

(I1.13) v(a! Zaﬂxlx]_'— bklxl—l—O(Zx?)—FO(Z:E?),

Jj=2 Jj=2 Jj=
where a; and b depend only on the data and the O are under control. We shall set,
with g0 = 63/2,
p(z',x,) = —eozy + Z ajriz; + B Z 3
—I—i by + — (;E +Z 12) i bkle
2K\ " 1271

where the small letters b, a; are fixed by (II.13) and the big B, K are to be chosen.

(IL.14)

First claim. v < p on 9V.
n—1
e Ifz,=0and Y %22 <4, using (IL13) and (I1.14) we get
i=1

n—1 K n—lk‘ 2 n—1
p—v>(B-0C) Zx + 5(2 lef) —CZZU?;
j=1 j=1

since for j =2,... ,n—1
e1afl < 3 (zmzx?)

Taking B > 2C, 6<1and K>3C we get p — v > 0 on this part of V.

e Onzx,+ Z Eig? = 6, since v = u + w and we have uniform bounds for the
i=1
first derivatives of v on €2, we can write

v(a' zy,) = v(2’,0) + z, 0, 0<z, <6,
where ¥ is under control. Therefore
n—1 6
2 2
p—v> —60$n+B;$j + ﬁ(lml + K)

bk bk = —
1 3 1 3 2 4
+—12x1——3 a:l—C'jEij—nglxj—C(S.
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Now since |21 = O(6'/2) we can take 6 so small that |bz;| < 1. Taking K > 2 we get
. n—1
(K—i—bxl)?% > %6. Now we take B > 2C, g < 1. Since in V' |z1|® + Zl x;’f < Cé,
J:

one can find a constant under control such that p —v > %6 — (6. This is positive
if K >8C.

Second claim. We have, for 6 small enough and B large,
(IL.15) det Vijp < C6Y?in V.

Let us set A = £ (which is small) and § = Ap. Then

n—1 n—1
0 = —corz, —i—)\Zajxlxj —i—)\BZx?
(IL.16) = =2
1 k2 1 5
+ §(Abx1 tTn+ > Z;vj) + g0kt
=1
Then

(I1.15) <= det V,;;6 < OA"§'/2.

Let us introduce some notation. We shall denote by a dot the derivative with
respect to \. If I = (411,422, ... ,ikjk) is a multi-index of length |I]| = k, we set

Vi0 =V, 0...V;, ;.0;
therefore
Vi0=Vi6...Vi 0.
We denote by F' the determinant function
F(u;;) = detuy;

and set as usual

ollF 9 oF
Our  Ouiyj,  Ouigj,
Let us mention an important thing. Since F' is the determinant function, %
ij
is independent of u; and wug; for £ = 1,...,n. Therefore a(;;‘IF vanishes unless

i1 # i £ ... F# ik, j1 # j2 # - .. # jr. Now by the Taylor formula we have

n

_ 1 d\Fk k n+1 .
(I1.17) det V,;0 = kzzo = (ﬁ) [F(vmo(x))] N ATG ()
after that 6, B will be chosen such that the first term of the right hand side of
(I1.17) will be O(A"6'/2), and we shall have G(z, \) = O(1). Therefore

Gz, ) ATt = %G(x, M)A = O\ 61/2).
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Lemma II.4.
(5) 000y = 3 70000 900)

k(k—1 O1F
M Vgio Y Lo v ,00) Vi)
1]=p—p YW1 OULL
k! QIF . V5,00
+ > == Y 5 (Viit(0)) V1, 6(0) ,2%()'
=ate 202, LOBL
q1+292=k I>#(11)

221

Proof. Let us recall the Faa di Bruno formula. If we set (1) = (di)k [F(Vi;0(N)],
then

B V5,0V5L0 Vi 6%
(1)_2 ”2 8u11. 3u1k Vi) T S T
qj

where ¢ = g1 + ... 4 qx and the first sum is taken for q; +2¢2 + ...+ kqr = k. But
(%)eo =0 for £ > 3, and therefore

QIF . V50
1 == 1, 1 .
M) Z q1!qa! Z Ouy, Quy, (Vi) Vi, 6 242

q=q1+q2 |15
q1+2q2=k

>

If |Io| = g2 = 0, the corresponding term in (1) is Y 3E(V;;0) V0. If || = g2 =
|I|=k

1 and Iy = (11), then ¢; = k — 2 and the corresponding term in (1) is

k! 8k_1F V119
> (Vi;0) V0
— !
| =F—2 (k 2) 8U18U11
The proof is complete. &
It follows from (IL.16) that
(I1.18)

n—1
1 ki 2\?
6(0) = §(xn +y ij) ,
j=1
. n—1 n—1 n—1 k 1
3
0(0) = —eqxp + ; ajriz; + B JZ:; x? + bx (a:n + ; ijg) + Ebklxl,

0(0) = b%22.
Moreover using (I1.9) we get in V
Ik =0("%), 1<ijk<n-—1,
I = k6 +O0(8Y?), 1<ij<n-—1,
(I1.19) 't =0(1), 1<ik<n-—1,
e =0(Y?), 1<i<n-—1,
r* =0, 1<k<n.

Finally we recall that V; = 5-%5— am] Z Tk 52 For
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Now it is easy to see that

V,;0(0) = xzxj iéijr+aij, 1<i,j<n-—1,
(11.20) 20(0) = —:1:1 tom, 1<i<n-—1,
vme(o) 1,
where
=xn + L2
(IL.21) Z i

oij = 0(r3/2)

It is easy to simplify det V;;6(0). Let us set

ks . .
cij = Vii#(0) — (3361 +O'm) Vni000), 1<i<n-—1, 1<j<n,

(IL.22)
Cnj = Vp;0(0), 1<j<m;
then
(11.23) det V;;0(0) = detc;; .
Now we set
(I1.24) dijzcij—(%xj—kanj)cm, 1<i<n, 1<j7j<n-1,
din = Cin, 1<i<m;
then
(I1.25) det d;; = detc;; = det V;;60(0).

Using the chain rule and an induction over |I|, we easily prove

Lemma I1.5.
oM F ol

oVIF
By ij —B—W(dij)‘F Z cry () —(dij),

8uJ
IJ1=I1]

where cry are smooth functions satisfying cry = O(I'Y/?).

Using (I1.20), (I1.21), (I1.22) and (I1.24) we see easily that

dij = —%(%jf—kcrij, 1<4,7<n—-1,
(IL.26) din =dn; =0, 1<ij<n—1,
dpn = 1.
Now we have
Lemma I1.6. For |I| <n — 2 one has
oM FE
Our

where ¢y is a real constant.
Moreover, if |I| =n — 2 we have ¢y < 0.

Vi;0(0)) = e P HI=L O(Fn—|1|—1+1/2)’
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Proof. By Lemma II.5 the above formula will be implied by the same formula for

%(dzj). Let us multiply the last line of the matrix (d;;) by I'. We get a matrix

(di;), where di; = dij if (i,5) # (n,n) and d,,,, = I'. Now F(d;;) is homogeneous of
order n in the d;;’s; therefore %(cﬂj) = (1) is homogeneous of order n — |I|. A
term of (1) is either made of diagonal term or it has at least one nondiagonal term.
In the first case it is equal to cte ™| 4 O(T"~1I+1/2); in the second case it is
bounded by cte T~ I=113/2 = (I~ 111+1/2) Dividing by I', we get the result. If
Il =n—2, %(dij) is homogeneous of order two; its principal term is of the form

disdjj; if 1 < 4,5 < n—1 this term is O(T'?), so the main term is d;; dyy, = —%l—‘. &
Next, using (I1.18), we get

V110(0) = bkyz1 + 711,

V1,0(0) = a; + %bkja:j +yy, 1<j<n-—1,

V1,0(0) = b+ BO(T''/?),

(IL.27) Vin0(0) = BOTY?), 2<i<n-—1,
v.,;000) = [2B - %bijl} S+, 2<ij<n—1,
Vun8(0) = 0,

where

(I1.28) vij = BO(T) + O(6%/?).

Now we use (II.17), Lemmas I1.4 and II1.6 and (I1.27) to compute det V;;6(\). The
integer k will refer to (I1.17). We set

Ay = )\’“{ 3 OF .0(0)) V16(0)
1=k 20

OF1F :
+E(E—1DP*+ 0T Y ————(V60(0)) V6(0)

since by (I1.18) V1,6(0) = 26> + O(T''/?).

Case 1. k<n-—3. .

Taking I' < 1 and B > 1, we get from (I1.27) |V;;6(0)| < ¢oB. Then Lemma II1.6
implies
(I1.29) |Ar] < CeANFBFTF=1 0<k<n-3.

Case 2. k=n—2.
Let us consider the first term in Ag. It contains I = (22,33,... ,n—1n—1), for
which
n—1
Vi0(0) = [ 2B+ O("?) +;5) = (2B)" 2 + C(B)O(I''/?) + C(B) 6*/*
j=2
and

o"2F s 3

For different I we have |V;0(0)] < CB"3 and 25 (V,;;0(0)) = O(T).
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Therefore the first term in A,,_» is equal to

A2 [(n - 2)!( - ﬁr + 0(r3/2)) ((23)”-2 +C(B)OTY?) + C(B) 53/2)

+ O(B”—3)0(r)}

_% (n— 2! 32T (2B)" 2 (1+ 0(%) +C(B)OIY?) + C(B)8"/2).

The second term in A, _5 is bounded by C B"~4T2\"~2. It follows that
1
(IL30)  Ap_o = —cn An—2Bn—2r(1 n O(E) +C(B)O(TV?) + 0(3)53/2),

where ¢, is a strictly positive constant.
To deal with the cases where k = n — 1 and n we use the following facts.

Lemma II1.7. . .
)Y S E0)VH0) = (= 1Y £ (9300 V3,000).
|I|l=n—1 i,j=1 Wij
i) Y %Tf(vzja(o»v,é(o) = n!det(V;6(0)).
[I|l=n

Proof. Identify the coefficients of A»~! and A" in the equality
. . . 1
F(vija(()) + Avije(())) —\ F(vije(()) n Xvij@(o)) .
¢

Case k = n — 1. Here we may neglect the terms which are O(A\"~!§3/2). We con-
sider the first term in A,_; and we use i) of Lemma II.7. By (II.20) we have
V;;0(0) =0 if1<i,j<n-—1and }aaTI;(VijG(O))‘ < C(B); the corresponding
term is then bounded by \*~1C(B)I'. We are left with

OF .
—9 Z Bur " (v,6(0) Vin(0) + G (Vis0(0) V2n0(0).

We have (VUH( )) = cof(V1,0(0)). If we develop cof(V1,0(0)) with respect

to the ﬁrst column7 all the determinants will be O(I''/2) because the last line is
O(T''/?), except for the last one, which is equal to

(=)™ (b+OT)((2B)" 2 + C(B)O(I'/?)).

Therefore
oF n—2 1/2 3/2
A= b(2B)"2 4 C(B)O(TY?) + C(B)S
in
and
8F . n—2

8u1n
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For j =2,...,n—1 we have a (VUH( )) = ba;j(2B)" 3 + C(B)O(T''/?), so

(I1.32) 2 % (Vi;0(0)) Vin8(0)(2B)" 2 bk; a;x; + C(B)O(T).
Now V,,0(0) = 1 and 722-(V;;6(0)) = cof(V,,,0(0)). We get
n—1 1 2
= k21 (2B)" 2 - Y (a,j + 50k, xj) (2B)"=3 + C(B)O(I).

=2

oF
OQnn

It follows from (I1.31) and (I1.32) that
n—1
(1) = =bky21(2B)" "% + (2B)" ™Y " bk;jx;a; + bky 1 (2B)"
j=2
n—1

—2B)" 3y (aj + ok, xj) +C(B)O(I),

j=2

(1) = —(2B)"3 Z (2 +5 b2k2 2) +c(B)o).
j=2
Let us consider the second term in A,,_1, which is

Py 0L (G,16(0))V16(0):

8’&[ 8’&11

it is bounded by C’B"‘BI‘"_("_Q)_1 = CB" T, by Lemma, I1.6. Therefore we get
n—1
1
_ n—1 n—3 2 21.2,.2 n—1
(IL33) An_i = —(n—1)IA""}(2B) ; (a2 + Gt )+ XL CB)O(T).

Case k = n. By Lemma II1.7
A, = \"| n! det(V;6(0))
N——————
(1)
2 1/2 I'F )
+nn—1)0*+0T2) Y ———(V60(0)V0(0) |-

(2)
Let us consider (1). We use (I1.27). We develop the determinant with respect to
the first column. Then all the determinants are bounded by C(B)I''/2, because
the last line left is O(T'Y/?), except for the last one. For the last determinant we

develop with respect to the last column. Then all the determinants will be bounded
by C(B)T''/2, except for the first one. Then

(1) = n!(=1)""'b - (=1)"b(2B)" "2 + C(B)O(T''/?)

(1134) = —n!lb?(2B)" "2 + C(B)O(T'/?).

Let us consider (2). In U—(VijG(O)) the terms wi; and u;; have been cancelled.

Let I be a multi-index with |I| = n — 2. If T contains (4,j) which is different from
(2,2),...,(n—1,n—1), then V;6(0) is O(I''/2) by (I1.27), and the corresponding
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term in (2) is bounded by C(B)T'/2. When I = (22,33,...,n — 1n — 1) the
corresponding term is

onlF

) 10) — n—2 1/2
o g V200 Va1 0(0) = (2B)" 7 + O

and there are (n — 2)! terms of this form. Therefore

(IL35)  (2) = (b* +OTY?)n(n - 1)(n - 2)[(2B)" > + C(B)OT/?)].
It follows from (II.34) and (I1.35) that

(11.36) A, = C(B)OTY2)\".

Finally, to compute det(V;;0), me must consider the last term in Lemma 4,
which is

k! 9 . V5,6(0)
1) = _Z AP > Fu0au Vig(0)) Vi, 0(0) — =
q=q1+q2 [1j|=q;

qlgfga:k I>#(11)

Since go > 1, Iy # (11), we have by (I1.18) and (I1.19) v,29( ) = O(I'Y/?). Then
q = q1+q2 < k—1, and Lemma II.6 implies that a I (v,;;0(0) =091 =

1, 0ur,

O(I™*). We also get, by (IL27), [V, 6(0)| <CB s0

(11.37) (1) = C(B)O(T"F+3),

Summing up, it follows from (I1.29), (I1.30), (I1.33), (I1.36) and (II.37) that

det(Vi;0(\) < —cp AT"2 B"™ 2r(1+0( )+ C(B)OI2) + C(B)5*2)

1

n—3 n—1
+ 3" NG BFTE A (2B 3Z(a i b2k2 2)
k=0 j=2

(2) (3)
+C(B)A"IT + C(B)A"TY2 4 O(B) A" .
(4) (5) (6)

Since I' < § and A = £, the two last terms (5) and (6) are bounded by C(B) A" §'/2.
The term (3) is negative. We first choose B so large that 1+ O(%) > 1. Then we
write

C(B)

(4) = \""2B"?T. TR
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Therefore

det(Vi;0(\) < —cn )\”‘QB”‘21“<% +CL(B)O(TY2) + Co(B) A + C5(B) 53/2)
n—3
+ Z Ck )\k I\n—k—l . Bn—3 + C(B) AT 61/2
k=0

n—3
1 1
< —c, /\77,—2 Bn—QF (5 —+ Ol (B)O(Fl/Q) + CQ (B))\ + Z Ck Fn—k—2 )\k—n+2 E)
k=0

+C(B)A" 612,
Recall that ' < 6, A = %, K >1, and so

n—3
1
1/2 - n—k—2 yk—n+2
CL(B)O(T?) + Ca(B)A + go O T k=2 \

n—3
1
< C(B)§Y? + Cy(B) 6§ + 5 kz_; Cp Knh=2,

n—3
We take B so large that % S Cp K27k < %; then, B being fixed, we take 6 so
k=0

small that C(B)6'/% 4+ Co(B)6 < 15.
It follows that

det(V;0(\)) < —13—Ocn A2 BP2D 4 C(B) A 62 < C(B) A" 642,

which by (II.15) proves our claim. Now, detV;v(z) = det(V,ju + Viw) >
det V;ju, since (Vijw) > 0; so det Viju(z) > f(z) > co > C6Y? > det Vyjp(z)
in V, which completes the proof of Lemma II.2.

3. INTERIOR ESTIMATES OF THE SECOND DERIVATIVES
Let us denote by A the Laplace-Beltrami operator, A = ¢g** V,. We consider
w = Log Au + Ah,

where A is a positive constant to be chosen and h the function given by (I.1).

Let p be a point at which the continuous function w is maximun on Q. If p € 9Q
then, by the preceeding estimates of the second derivatives on the boundary, we
deduce that all the second derivatives are bounded on Q. Therefore we may assume
that p € Q. At p (which can be taken as the origin) we consider a set of normal
coordinates. Recall that then

9gij .

Therefore at p the covariant derivatives agree with the usual one. Without loss of
generality we also may assume that at p the matrix (V;;u) is diagonal, i.e.

(11.39) Viju(p) = 0if i # 5.

Then at p the matrix (u*) = (V;;u)~! is also diagonal.
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In the sequel we shall use the Einstein sommation convention. Let us set L =
u V;;. It is then easy to see that at p

W Aq)2
(IL.40) AuLw = LAy — “(A—“)Z +AAULR.
) H(;)u—’ 3)
First of all, by condition (I.1) we have
(I1.41) (3) = CorAuy u.
=1

Next we compute the term (1). If we differentiate the equation Logdet V;ju =
Log f(z) = ®(x) twice, we get

IV ijreu + V() Vijpu = Vi ®;
therefore
U9 Vigiju = Vie® — Vo(u?) Vijpu 4+ u (Vigiju — Vijrew) .
Multiplying by ¢** and summing, we get at p
(I1.42) LAu = é/fg— GV (W) Vju+u' ¢ (Vigiiu — Vigeu) -
(a) (b) ()

By the well known Ricci formulas, Virsiu — Viriu is a linear combination of Vu
and V,u with coefficients depending only on the metric g (via the components of
the Riemann curvature tensor). Then

(I1.43) (@) + () < C (1 + AuZu” + Zu”),

where C is under control.
Let us compute the term (b). We have at p
Vk(uij) = —u" IV, gu = —utud? Vijr;
therefore
(I1.44) (b) = g** ut ud (Vu)?.
Now we use the obvious inequality (for fixed k)
1

P 2
u* ul? (Vijku — Euik(Au)j) > 0.

We get using (I1.39)

N (Vijku)2 > 2uFF Ty Vit ukk 437 uik (Au)? .

Au (Au)?

Since u** upr = 1 at p, we get
i g (Au); g (Au)?
u* ul7 (Vijku)2 > 24" Vijru Auj —ulT upp (Au)é .
Multiplying by ¢** and taking the sum over k, we get
2
(Au); (Au)j

— I

kk i j§j 2 kk . j§j
g u" ! (Vi)™ > 2¢™ w? Vigru A A
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By the Ricci formulas
gkk Vit = gkk Vigju+ R = (AU)J + R,

where R is a linear combination of u,. Therefore R is under control. It follows that

o Au)? (Au); . (Au)?
kk i, 77 . 2 > 3J ( 7 jj A\ =) Jg2__7J
9" u" u? (Vipu)® > 2u A +2Ru Ao —u Ay
and so
o (Au)? (Au),;
) > 02— 27 g3 A2
(11.45) ) >u Au + 2Ru A

By (I1.42) to (I1.45) we can write

Au
LAuzu”(A)J—i—QR ”(AA) ~Co - ClAuZu” ngu”.

Now since w is maximum at p we have V;w(p) = 0. Therefore at p

(Au);
Ah; =0.
Au +
It follows that, with a constant C' under control, we have
Au) oo oo
LAu>u”( C)\Z V- CAuY u —CY ul - C

Coming back to (I1.40) and using (H.41), we get, taking \ > 1,

Au-Lw>—-C — C)\Zujj - CAuZujj + Co)\AuZujj.
=1 j=1 j=1

Now we use the well known inequality
n
Z n(detu?)V/" = nf~Y" > a4 in Q.

It follows that

Au - Lw>——Zu” C)\Zu“ + (CoA — CAuZu”

Jl j=1 j=1

We take A so large that Co\ > 2C, and we use the fact that, since the matrix (u%)
is positive, we have Lw(p) < 0 at p. Therefore

lC'O)\Au(p) <CA+ g,
2 (07s)
which shows that Au(p) is under control.

So far we have proved uniform upper bounds for the C? norm on Q of the
solutions. It then follows that the eigenvalues are uniformly bounded below, which
implies that the linearized operator of equation (I.2) is actually uniformly elliptic.
We may apply the results of Evans [E| (for the interior estimates) and of Krylov
[KR] (see also [KA]) (for boundary estimates) to get uniform upper bound for the
C?*2(Q) norm. This completes the proof of Theorem I.1.
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