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ON THE CONVERGENCE OF Y ¢, f(nz)
AND THE LIP 1/2 CLASS

ISTVAN BERKES

ABSTRACT. We investigate the almost everywhere convergence of 3 cn f(nx),
where f is a measurable function satisfying

1
f@+1) = f(a), /O (@) dz = 0.

By a known criterion, if f satisfies the above conditions and belongs to the
Lip a class for some a > 1/2, then Y cnf(nx) is a.e. convergent provided
ST c2 < 4oo. Using probabilistic methods, we prove that the above result
is best possible; in fact there exist Lip 1/2 functions f and almost exponen-
tially growing sequences (ng) such that > cg f(ngx) is a.e. divergent for some
(ck) with Zci < +4o00. For functions f with Fourier series having a special
structure, we also give necessary and sufficient convergence criteria. Finally
we prove analogous results for the law of the iterated logarithm.

1. INTRODUCTION

Let f: R — R be a measurable function satisfying

1 1
(1) flz+1) = f(x), /0 f(z)dx =0, /o f2(z)dr < +oo.

The purpose of the present paper is to study the almost everywhere convergence of
the series

(2) S enf(na)

and of the corresponding lacunary series > cif(ngx), where (ng) is a sequence
of integers growing rapidly. Specifically, we shall study under what conditions the
system (f(nx)) has the property that the series (2) is almost everywhere convergent
provided

(3) Z Cfl < 400.

Using the standard terminology of the theory of orthogonal series, in this case the
system (f(nx)) will be called a convergence system. Carleson’s convergence theorem
(see [5]) states that (f(nz)) is a convergence system in the case f(x) = sin27z.
Using this result, Gaposhkin [13] proved the following more general criterion:
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Theorem. Let f satisfy (1) and assume that f belongs to the Lip a class for some
a>1/2. Then (f(nx)) is a convergence system.

In the opposite direction, Nikishin [20] showed that there exists a continuous
function f satisfying (1) such that (f(nz)) is not a convergence system. For ear-
lier, related examples see Erdds [8], Marstrand [19]; in particular we note that
Marstrand’s results on the Khinchin conjecure imply the existence of a function f
taking only two values and satisfying (1) such that (f(nz)) is not a convergence
system. Nikishin’s function does not satisfy any Lipschitz condition; in fact, its
modulus of continuity w(f,8) fails to satisfy even w(f,8) < (log1/6)~" for g > 1.
(This follows from comparing the results of [12], [20].) Hence there is a gap be-
tween Gaposhkin’s positive result and Nikishin’s counterexample, and the precise
continuity condition required for (f(nx)) to be a convergence system remains open.
The purpose of the present paper is to close this gap and to prove the following
theorem:

Theorem 1. There exists a function f € Lip1/2 satisfying (1) and such that
(f(nz)) is not a convergence system.

Actually, we shall prove a stronger result, namely:

Theorem 2. There exists a function f € Lip1/2 satisfying (1) and for any e; | 0
there exists a sequence (ny) of integers satisfying

(4) nit1/ne > 1+er (k> ko)
such that the series Y cx f(ngx) is a.e. divergent for some (cx) with Y ci < +0oo.

In other words, there exists a function f € Lip1/2 such that (f(nz)) not only
fails to be a convergence system, but it has almost exponentially fast subsequences
which are not convergence systems either.

By a classical theorem of Kac [14], if f is a Lip « function (« > 0) satisfying (1)
and (ng) is a sequence of integers satisfying the Hadamard gap condition

(5) Nigt1/nk > q > 1,

then (f(ngx)) is a convergence system. Actually, here f € Lip« can be replaced
by the much weaker condition

OJQ(f, 6) < (lOg 1/6>_55 ﬂ > 1,

where wy(f,6) is the quadratic modulus of continuity of f (see Gaposhkin [12]).
Comparing these results with the fact that Y ¢, f(nx) can be a.e. divergent under
(3) even if f € Lip1/2, we see that the convergence properties of lacunary series
>~ e f(ngx) are much better than those of general series Y ¢, f (nx). Several papers
have investigated the behavior of > ¢k f(ngx) under the Hadamard gap condition
(5) (for an extensive survey see [10], Chapter 4) and many interesting results on
the convergence, partial sum fluctuations and asymptotic distribution of such sums
have been proved. On the other hand, very little is known on the behavior of
S ek f(ngx) if (ng) grows slower than exponentially. For example, it is not known
if the result of Kac formulated above remains valid under any gap condition weaker
than (5). Theorem 2 shows that the answer is negative: no matter how slowly e
tends to 0, the gap condition (4) does not imply the a.e. convergence of > ¢ f (nxx)
under Y ¢} < 4oo even if f € Lip1/2. This behavior is in sharp contrast with
the behavior of lacunary trigonometric series, whose typical properties under the



ON THE CONVERGENCE OF } ¢, f(nz) AND THE LIP 1/2 CLASS 4145

Hadamard gap condition (convergence, central limit theorem, law of the iterated
logarithm) remain valid under lacunarity conditions much weaker than (5) (see e.g.
7], [9], (23], [24]).

The following complement of Theorem 1 shows that for f € Lip (1/2—¢),e > 0,
f(nx) can fail to be a convergence system in a fairly strong form. In fact, we have

Theorem 3. For any 0 < a < 1/2 there exist a function f € Lip« satisfying (1)
and a real sequence (cy,) satisfying

Zci(logn)"<+oo forall 0<~v<1-—2a
such that > ep f(nz) is a.e. divergent.

It is natural to ask if Y c2(logn)? < +oo for some v > ~v(a) implies the a.e.
convergence of > ¢, f(nz) if f € Lipa (0 < @ < 1/2). For a = 1/2 the answer is
positive (see Gaposhkin [11], Theorem 3) but for 0 < o < 1/2 the question remains
open.

The results formulated above show that f € Lipa, a > 1/2, is a best possible
continuity condition for (f(nz)) to be a convergence system. On the other hand,
this condition is not necessary and sufficient: using Theorem 2 of [13] one can
easily construct continuous functions f satisfying no Lipschitz condition such that
(f(nx)) is a convergence system. Under some (restrictive) arithmetic conditions
on the Fourier series of f, the following theorem gives a necessary and sufficient
condition:

Theorem 4. Assume that [ satisfies (1) and its Fourier series has the form
fr~ Z (ay cos 2mkx + by sin 2wkx),
keH
where H is a set of coprime integers. Then (f(nx)) is a convergence system iff
(6) > " (lak] + [be]) < +o0.
keH
Moreover, if (6) fails then for any i | 0, there exists a sequence (ny) of integers

satisfying (4) such that (f(nrx)) is not a convergence system.

Our previous results show the significance of the Lip 1/2 class for the conver-
gence of > ¢if(ngx). In what follows, we prove that similar results hold for other
asymptotic properties of > ¢i f(ngx), e.g., for the law of the iterated logarithm.
It is a well known fact that for rapidly increasing (ny) the sequence (sin27ngz)
behaves like a sequence of independent random variables. For example, by results
of Erdés [9] and Takahashi [23], [24], if (ny) satisfies the lacunarity condition

(7) nk+1/nk21—|—c/k5, 8<1/2,

then (sin2mngx) satisfies the central limit theorem and the law of the iterated
logarithm, i.e.,

t
(8) A}im Al0<z<1: Z sin2mngpx < t4/N/2 | = (27T)_1/2/ e /2 du
o k<N —o0

and

9) lim sup (N log log N')~1/2 Z sin 2mngz =1 a.e.,
N—o0 k<N
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where A denotes the Lebesgue measure. Moreover, the gap condition (7) is best
possible in the sense that if we require only ngi1/ng > 1+ c/\/E, both (8) and
(9) become false. (See Erdds [9], Berkes [2], [3].) As the example in Kac [15],
p. 646, shows, (8) and (9) do not extend to sequences of the form f(ngz) (with
f satisfying (1)) even if f is a trigonometric polynomial and (ny) satisfies the
Hadamard gap condition (5). However, Dhompongsa [6] proved the following result
(see also Takahashi [25]):

Theorem. Let f € Lipa, o > 1/2 satisfy (1) and let (ny) be a sequence of integers
satifying (7). Then for any bounded sequence (ci) of real numbers we have

(10) lim sup (N loglog N)~%/2 Z exf(ngx)| < +o0 a.e.
N —o0 E<N

Actually, in [6] (10) is proved only for ¢, = 1, but the proof remains valid for
arbitrary bounded sequences (ci). Moreover, (10) holds uniformly in f in the sense
that

(11) lim sup (N loglog N)~™*/2 sup Z crf(ngx)| < 400 a.e.,
N —oo fEAL k<N

where A, is the class of functions satisfying (1) and |f(z) — f(y)| < |z — y|* for
all 0 < z,y < 1. (Under the Hadamard gap condition (5), relation (11) was proved
earlier by Kaufman and Philipp [17].) In what follows, we shall prove that, similarly
to the convergence of Y ¢ f (ngz), the assumption f € Lip o, a > 1/2, for the LIL
(10) is sharp. In fact, we shall prove the following;:

Theorem 5. There exists a function f € Lip1/2 satisfying (1) and for each e, | 0
there exists a sequence (ny) of integers satisfying (4) such that

(12) lim sup (N loglog N)~1/2 Z ek f(nge) = +oo a.e.
N—oo k<N

for some sequence ¢ = +1.

Theorem 5 shows that there is a basic difference between the LIL behavior of
f(ngzx) for Hadamard and subexponential (ny): while in the case ngt1/ng > g > 1
the LIL (10) holds for a very large class of functions f € Ly containing all Lipschitz
functions and functions of bounded variation (see Philipp [21], Takahashi [22]), if
we assume only (4) for some ey, | 0 then (10) fails even for f € Lip1/2.

The following version of Theorem 5 shows that if we assume only f € Lipc,
0 < a<1/2, f(ngz) can fail the LIL in a much stronger form than in (12). In fact,
we have

Theorem 6. For any 0 < o < 1/2 there exist a function f € Lip« satisfying (1),
a sequence (ny) of integers satisfying (7) for all 8 > 0 and a sequence ¢, = £1 such
that

(13) lim sup N~ /2(log N)~° Z cxf(ngz) = 400 a.e.
N—o0 k<N

forany 0 < p<1/2— .
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Similarly to the convergence of > ¢if(ngz), we note that although f € Lip«,
a > 1/2, is an optimal condition for the LIL (10) in terms of the continuity prop-
erties of f, it is not a necessary and sufficient condition. In what follows, we give
a sufficient condition for the LIL (10) in terms of the Fourier coefficients of f, and
then show that under certain additional assumptions it is also necessary:

Theorem 7. Let f satisfy (1) and assume that its Fourier series
f~ Z(ak cos 2wkx + by sin 2wkx)
satisfies

(14) > (lak| + [bk]) < +o0.

Then for any sequence (ny) of integers satisfying (7) and for any bounded sequence
(ck) of real numbers we have

lim sup (N loglog N)~%/2 Z ek f(ngx)| < 00 a.e.
N—o0 k<N

For additional information on the limsup in Theorem 7, see the Remark before
the proof of Theorems 4 and 8 in Section 2.

Theorem 8. Assume that f satisfies (1) and its Fourier series has the form
f~ Z (ay cos 2mkx + by sin 27kx),
keH

where H is a set of coprime integers. Then the LIL (10) holds for all (ny) satisfying
(7) and all bounded sequences (cx) if and only if

(15) > (lag| + [bk]) < +o0.
keH

As a comparison, note that f € Lip«, o > 1/2, implies not only (14) but also
Z(|ak| +|be])kY < 400 forall 0<y<a-—1/2.

(Use, e.g., formula (3.4) in Zygmund [26], p. 241). Hence f € Lip «r, @ > 1/2 misses
being a necessary and sufficient condition by at least a polynomial factor.

In conclusion we note that the growth properties of >,y f(nix) for certain
(discontinouos) functions f were studied in our previous paper [4] in connection
with the uniform distibution of {nxx} mod 1. In particular, the proofs of the results
there show that the bad LIL behavior described by Theorem 5 above can hold also
if f is the normalized indicator function of an interval or f(x) =z — [z] — 1/2.

2. PROOF OF THE THEOREMS

Let (e,,) be independent r.v.’s taking the values +1 with probability 1/2 and let

(16) fla) = 3 2
p

where the sum is extended over all primes p. Letting

ss= Y. p?

27 <p<2i+1
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it follows from the prime number theorem that

sf <27 Z 1 < const-277;71
p<2itl

and thus, using Kahane [16], Theorem 2 on p. 66 with 5 = 1/2, v = —1/2 and
Theorem 3 on p. 49, we get that with probability one the series (16) converges
uniformly in [0, 1] and its sum is a Lip 1/2 function. In the sequel, (g,) will denote
a fixed (nonrandom) +1 sequence having this property.

Let (p,) be the sequence of primes, and arrange the squarefree integers p;, - - - p;,
(i1 < i < +++ < dp, 7 = 0,1,...) as a single sequence (my) so that for each
k > 1 the set {mq,...,mqx} is identical with the set of all products p;, ---p;,,
1 <4 <o <ip <k, r>0. (For example, let my = 1, ma = p1, mg = pa,
my = p1p2, and for each k > 1 define the segment {m;, 28 < j < 21} as the
set of the 2% products pi, -+ Dy, Pk+1, 1 < i < ... <4 < k, > 0, arranged in
an arbitrary manner.) Note that the sequence (my) is not increasing. Define a +1
sequence (&) by

(17) Ok = €p,, " Eps, if Mg = Piy -~ Di,.-

Lemma 1. For any N > 1 we have

1, N 2
(18) / (Z 6kf(mkx)> dx > const -N (logz N)?,
5 \k=1

where logs denotes the three times iterated logarithm.

Proof. Given positive integers a, b and primes p # ¢, let us say that a 2 b if there
exists an integer ¢ such that a = pc and b = qc, i.e. the prime factorizations of
a and b are identical up to p and ¢q. To prove (18) we first observe that for any
integers a, b we have

1
— if a = b,
1 P 2p2
19) /f(aa:)f(bz) i if = b with primes p # g,
0 2pq
0 otherwise.

Indeed, by (16)

ol 2pq

1
[ stwnsomyan = 3
0

where p, ¢ run through the primes. Clearly, for a # b the relation ap = bq is equiv-
alent to a 2 b, and thus (19) is valid. (The interchange of p and ¢ in a 2 b causes

no problem since €,¢4/2pq is symmetric in p and ¢.) From (19) we immediately get
1

— if m; = m,;,
1 zpi 2p2 J
0 pq

0 otherwise,
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upon noticing that if m; 4 m; then m; = p;, ---pi,p, Mmj = i, - Di,q With
different primes p;,, ... ,pi,., p, ¢, and thus 6; =&y, ---&p
i.e. 616J = Ep&q-

We can now easily prove (18). Since by (20) the integral in (18) increases with N
and for 28 < N < 2F*+! the quantity N (log; N)? changes at most by a factor < 3 for
k > ko, it suffices to prove (18) for N = 2*. Fix a pair (p,q) (p # ¢) from the first
k primes p1, ..., pr. Since m; = m; means that m; = p;, -+ p;.p, mj =i, -+ Diq
with different primes p;,, ... ,pi,., p, g, the number of pairs (m;,m;), 1 <14, j <k,
such that the condition in the second line of (20) holds is equal to 2¥=2 = N/4.
Thus

i P> 6j = €pi; " Epi g

k2

1N 2
/(Zéj(mm)) dx 2% Z 1
0

2 .
1<i<j<k PiPj

k k
- % (Z l) - Z% > const -N [(loglog k)? — 0(1)]

im1 Pi i=1+1%
> const -N (logz N)?,
using the fact that py ~ klog k. O
Lemma 2. Let 1 < p; < q1 < p2 < g2 < ... be integers such that ppy1 > 4qx;

let I, I, . .. be sets of integers such that I, C [2P% 29%] and each element of Iy is
dwisible by 2Px. Let (p;) be an arbitrary £1 sequence and set

Xp=Xp(w)= > pif(jw) (k=1,2,..., we(0,1))
J€Ik

Then there exist independent r.v.’s Y1,Ya,... on the probability space ((0,1), 8, X)
such that EY), = 0 and

X, — Y| <27F (k> ko).
Proof. Let Fj, denote the o-field generated by the dyadic intervals
(21) U, = [p27%% (v + 1)27 %], 0<v <2t
and set
§=6&0) =E(fG)NFx), €Ik,
Vi =Yi(w) = Y p;&(w).

J€Ik

By |f(z) = f(y)| < Cle — y['/* we have
€5 (W) = fw)| < Cr(j21™)V2, e I,
and since I has at most 29 elements, we get
|Xp — Y| < Cp-27%/2<27F  for k> k.

Since px+1 > 4qi and since each j € Ix41 is a multiple of 2Px+1 each interval U,
in (21) is a period interval for all f(jz), j € Ix41, and thus also for &;, j € Ijpya.
Hence Y41 is independent of the o-field Fy, and since F; C Fo C ... and Yy is Fg
measurable, the r.v.’s Y1,Y5,... are independent. Finally, £§; = 0 by the second
relation of (1), and thus EY}; = 0. |
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k
Proof of Theorem 2. Let ¥(k) = 22° and let (rr) be a nondecreasing sequence of
integers satisfying 7y > ¥(k)3. We define sets

(22) FEN AU A ST s COIUUUNY LI 4 R
of positive integers by
™ = 29" {mgk>,...,m;ﬁ>k)}, 1<j<r, k>1,

(k) (k)
1

where the ) see s My are the numbers

J
M1, ..., My arranged in increasing order. (Here for any set {a,b,...} C R and

A€ R, Ma,b, ...} denotes the set {Aa, Ab, ... }.) Clearly we can choose the integers
cg»k) inductively so that the smallest element of any set I j(k) in (22) exceeds 16 times
the 4th power of the largest element of the preceding set. As the left hand side of
(18) does not change if we replace my by amy for any integer @ > 1, by Lemma 1
there exist numbers 6% = +1 (v = 1,2,...) such that, setting

X =xPw) =3 8fw),

VEIJ(-k)

are suitable positive integers and m

we have
2
k
E (X§ >) > const (k) (logs 1 (k)2
By Lemma 2 there exist independent r.v.’s Yj(k) (1<j<nmr,k=12...)such
that EY;" =0 and

k k
(23 S v <k
k,j
for some constant K > 0. Hence by the Minkowski inequality

(24) E(Y{M)? > const (k) (logy ¥:(k))>.
Also |Yj(k)| < |X§k)| + K < const-1(k), and thus, setting

Zy,

1 = (k)
— Y,
mloggwmg ’

2
Tk
k
ot=E {3V
j=1

we get from the central limit theorem with remainder (see e.g. [18], p. 288), (24)
and i, > ¥ (k)3,

Tk
P(Z,>1)>P ZYj(k) > const -0y,
j=1
(k)
(et (k) (logs ¥ (k))?)3/2
>1—®(c)—o(1) > >0 (k> ko),
where ® denotes the Gaussian distribution function and ¢ and ¢’ are positive ab-
solute constants. Since the Zj are independent, the Borel-Cantelli lemma implies

> (1 —®(c)) — const -
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P(Zy > 1i0.) =1,1e Y -, Zy is a.e. divergent, which, in view of (23), yields
that -

Tk
(25) x® is a.e. divergent.
Z T Vet (k 10g31!1 Z !
Now let
ARG
(26) m) = U1,
k=1 j=1

Then the sum in (25) is of the form > -, ¢; f(n;z), where |¢;| is decreasing and

1
ZC_ZW( F)log o2+ k Zk_2<+°o

k=1

Finally, denote by 1 + p;, the smallest of the ratios m(k) /m(k) 1<j<yk) -
clearly pr > 0. Given € | 0, one can choose T, growmg so rapidly that

(27) Pk > Erpy k=1,2,....
Now if ng and nsy1 belong to the same set Ij(k), then clearly s > r;_1, and thus by
(27) we get ns+1/ns >1+4+px>1+4¢er_, > 1+, Since n3+1/ns > 2 if ng and
nsy1 belong to different Ij(k)’s7 we proved that (ny) satisfies
(28) Ng+1/ne > 1+ e (k > ko).
This completes the proof of Theorem 2. O
Proof of Theorem 5. Let f, (my), (6x) be the same as in the proof of Theorem 2
and let p(k) be a sequence of positive integers with p(k) < k%, Define sets
I, 15, ... of integers by
c k k

Ikzzk{mgh...,m;(;)} (k=1,2,...),
where the c; are suitable positive integers and mgk), . ,mgzl)c) are the numbers
mi, ..., My, arranged in increasing order. Clearly we can choose the ¢j induc-
tively so that the smallest integer of I}, is greater than 16 times the 4th power of the

largest integer of I;_1. By Lemma 1, there exist numbers 6} = +1 (v =1,2,...)
such that for

Xk—Xk Z(S* I/w

vely

we have
E(X}) = const -p(k)(logs p(k))?.
By Lemma 2 one can find independent r.v.’s Y, with EY;, = 0 such that
(29) |Xp —Yi| <27%F (k> ko).
Thus, setting P(k) = >, p(j) and using the Minkowski inequality, we get

st o= B(Y}) > const- Y  E(X?) > P(k)w,
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where wy — 400. Since |Yi| < |Xg| + 1 < const -p(k) = O(k'/*) = O(s,lg/z), we get
by Kolmogorov’s LIL (see e.g. Loeve [18], p. 260)

2. Y

30 T J=k
(30) oo (P(k)log log P(k))1/2

= 400 a.e.

In view of (29), relation (30) remains valid if we replace Y; by X, and thus, defining
a sequence (ny) by

(31) () = Iy,
=1
we get
> 0 f(njw)
-  Jj<P(k)

392 lim = +00 a.e.
(32) k—oo \/P(k)loglog P(k)

where 65 (j = 1,2,...) denotes the 1 sequence defined by 67" = 6y, Finally, set
(33) 14 p :=min{m;/m; : 1 <i,5 <k, m; >m;}.

Clearly pr > 0 and py is decreasing. Hence, given ¢, | 0, we can choose p(k)
growing so slowly that

(34) Po(k) = €k (k > ko).

Now if ng and ng41 belong to Iy, then clearly s > k and thus ns+1/ns > 1+ ppry =
1+er > 1+ e, Since n3+1/ns > 2 if ny and nsy1 belong to different I;’s, we have
proved that (ny) satisfies (28). O

Proof of Theorem 7. We will need the following fact.

Lemma 3. Let (ng) be a sequence of integers satisfying (7). Then for any N > Ny
(where Ny is an absolute constant), all numbers |cj| < 1, and any even p satisfying
loglog N < p < 4loglog N we have

P

1 !
(35) / Z ¢jcos2mnjz | dx < P 'NP/2.
0 \ /2!
<j<N

This result follows from Lemma 8 of [3] with § = 1, ¢ = (vVN)Y/278 ¢ = 1/2,
a = v/N. (See the last statement of the lemma involving a.) Note that in [3] we
have ¢; =1 (j =1,2,...), but the proof in the general case requires no change.

Lemma 4. Let (ng) be a sequence of positive integers satisfying (7) and let Sy =

Zng ¢k cos 2mngx, where |ex| <1 (k=1,...,N). Then we have
S 1
(36) P(sup———'—]\i——>t>§-5 (t>t),
~N>N, VN loglog N t

where P denotes the Lebesgue measure in (0,1) and Ny, t1 are positive absolute
constants.
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Proof. We first show that for t >4, N > Ny (where Ny is the constant in Lemma 3)
group we have

1
(37) P (|SN| > 2t\/NloglogN) < 2exp <—§1ogt . loglogN) .

To see this let p = 2[loglog N]; then by Lemma 3, p!/(p/2)! < 2(2p)?/? and the
Markov inequality, we get

P (IS = 2t/Nloglog N )

<P Z c; cos2mn;x| >t/ N loglog N
VN<i<N

- !
< (t NloglogN) : (pl/)'Q)le/Q < t_p(p/Q)—P/QQ(Zp)P/Q

1
< 2t7P/2 < 2exp (—§logt-10glogN> ,

proving (37). Let d > 2 be a positive integer; then using (37) and a maximal in-
equality for trigonometric sums (see Berkes [1], Lemma 6 with @ = 0; the extension
for sums with coefficients ¢; is again automatic) we get

P ( sup |Sn|/v/NloglogN > t)
N>2d

< ZP ( max |Sy| > t\/2klog10g2k>
k=d

2k <N <2k+1

- t
< Z 2P <|52k+1| > 3V 2k loglog 2’“)

k=d
= i‘iexp ~Jlog % -logh) = 4%’6_%1‘%%
= 4 8 k=d

o0
< 4/ 2T E dy < A(d—1)75108% <42
d—1

provided that d and t are sufficiently large. Thus (36) is proved. |
We can now easily prove Theorem 7. Let f = Y (aycos2rkx + by sin2wkz),
where > (|ax| + |br]) < +oo. Let

Sn(x) =Y erf(npa),

k<N

SV@) =Y crcos2mngr, S (x) = 3 epsin2mng.
E<N E<N
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Then
Sn(z) = Z Z CLQy, COS 2TvnLx + Z Z cib, sin2mvngx
k<N v=1 k<N v=1
(38) - -
= Z CL,,SJ(\})(I/ZE) + Z bVS](\?)(VJ?),
v=1 v=1

using the absolute convergence of the double series. From Lemma 4 and its analogue
for sine series it follows that the functions

vi(w) = sup |SY(2)|/\/NloglogN (i =1,2)
N>N;

are nonnegative, almost everywhere finite functions on (0, 00), periodic with period
1, and satisfying fol Yi(x) dr < 400, i = 1,2. By the periodicity of 1; we have

1
/wi(ua:)dargK v=12,...,i=1,2)
0

for some constant K, and thus by (14) and the Beppo Levi theorem the function
g(xz) > 0 defined by

g(@) =Y (lavlr(ve) + b |2 (vr))

v=1

is also a.e. finite. Now for each v > 1, N > Ny we have

|S](\§)(1/x)| < ;(vz)y/Nloglog N, i=1,2,

and thus by (38) we get
[Sn(z)| < g(x)y/Nloglog N, N >Ny, z€(0,1),

proving Theorem 7. O

Remark. Note that Lemma 4 remains valid if 1/¢? in (36) is replaced by 1/t7 for
any constant v > 0 (with N; and ¢; depending on «), and thus the functions v;
(i = 1,2) defined above satisfy fol YP(z)dx < 400 for any p > 1. Hence g and
thus the lim sup function in Theorem 7 belong to L,(0,1) for any p > 1. Under the
stronger assumption f € Lipa, a > 1/2, the limsup is actually uniformly bounded
(see Takahashi [25]); whether this is true under (14) remains open.

Proof of Theorems 4 and 8. The sufficiency of (6) in Theorem 4 is contained in
Theorem 2 of Gaposhkin [13]; note that for this part of the theorem we do not
need any arithmetic assumptions on H. Similarly, in the case of Theorem 8, the
sufficiency of (15) is contained in Theorem 7, again without any assumptions on
H. To prove the converse statements, assume first that H is the set of primes, i.e.

fz)= Z(ap cos 2mpx + by, sin 27pz), Z(aﬁ +b2) < +o0.
If some of the coefficients a,, b, are equal to zero, replace f by g = f + f*, where
ff(x) = Z 27P cos 2mpx + Z 27 Pgin 27px.
{p: ap=0} {p: bp=0}

Clearly the Fourier series of f* is absolutely convergent, and thus, by Theorem 2 of
[13], (f*(nkz)) is a convergence system for any increasing sequence (ny) of integers.
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Hence Theorems 4 and 8 are valid for f if and only if they are valid for g, i.e. we
can assume without loss of generality that a, and b, are all different from 0.
Assume now > (|ap| + |bp|) = +o00; then e.g. > |a,| = +00. Let (my) be the
sequence defined before the formulation of Lemma 1, let €, = sgna,, and define
the sequence (k) again by (17). Then the following version of Lemma 1 holds:

Lemma 5. For any N > 1 we have

2

1 /N 2
(39) /0 <;6if(mix)> dxz% Z lap,| | — Z agi ’

i<log N i<log N
where the logarithm is of base 2.

Proof. Let fi1=>)" a,cos2npz, fo="1 by sin 2mpx. Following the proof of Lemma 1,
we get

1 32 lap® ifi=j,
P

/5i5jf(mi$)f(mjx) dr = slapllagl  if m; 20 m; with primes p # g,

0 0 otherwise.

Hence, following the argument in the proof of Lemma 1 further, for 2 < N < 2F+1
we get

1/ N 2 N 2
40 0; i de > — .
w (; il x>> v > (; a,
But the functions ;. y 6; f1(m;z) and }°, .y f2(mix) are orthogonal, and thus

1 N 2 1 N 2 1 N 2
/0 (;&f(mzx)) d;v:/o (;&fl(mzx)) d;v—l—/o (;(51][2(7%1%)) dx.

Hence (40) implies (39).
Since ) |ap| = +00 and Y- a2 < 400, (39) shows that

2 k
2
- Zam

=1

2

1 N
/ (Z 6if(mix)> dz > Nwy, where wy — +o00.
0 \i=1

Using this inequality in place of (18), the proofs of Theorems 2 and 5 remain valid
and yield Theorems 4 and 8.

If H is an arbitrary sequence of coprime integers, the above argument still applies
provided p,, denotes the n-th element of H and p and ¢ in the proof of Lemmas 1
and 5 denote elements of H instead of being primes. Thus Theorems 4 and 8 are
also valid in the general case.

Proof of Theorems 3, 6. We follow the proof of Theorems 2, 5 with the definition
of f in (16) changed to
€p Sin 2mpx

(41) flz) = ZPVT’

P
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where 0 < a < 1/2. Using Theorem 2 in Kahane [16], p. 66, we get, similarly as
in the case of (16), that f € Lip a almost surely; on the other hand, the proof of
Lemma 1 yields in the present case

2

(42) /1 Z Spf(mpz) | dx > const - N(log N)'~2*(loglog N)~ 12

0 \p<n
instead of (18). Also, Lemma 2 remains valid for this f with pyp+1 > 4gx replaced
by pr+1 > Agk, provided A is large enough. Define the intervals Ij(k), 1<j <y,
k > 1, as before, with (k) and 7 chosen in the present case as ¥ (k) = 22k, TE =

¥(k)®. Let
My =Y (i) =Y ()

J<k J<k

Instead of (25) we get in the present case that

Tk

- 1 (k)
43 X
) e os o) - oglog ) e 2

is a.e. divergent, which means that > ¢; f (n;x) is a.e. divergent, where (n;) is defined
by (26) and

log log ¥(k)) 2« _
= ey o M <€ M
Now for Mj_1 < i < M} we have
i <2(k)*, loglogi > loglogy(k — 1) ~ loglog (k)
by the choice of 1(k), and thus for My_; < i < M), we get
120
e L
for any 7. Hence

o 2a

(log i)t~ = 1
;CW_COHSt ZWgCOHSt';W<+OO

for any € > 0, completing the proof of Theorem 3.
To prove Theorem 6 we repeat the proof of Theorem 5 with f in (41) and p(k)
chosen as

(44) p(k) = [exp((log k)'~%)]
for some 0 < ¢ < 1. Noting that my is a product of different primes p;,,... ,pi,
with i1,...,4, < 2logk, we get by a simple calculation, using p,, ~ nlogn,

my < exp((logk)'™/%), k> ko,

and thus for any 7 > 1, 5 > 1, m; > m; we have
mi/mj > 14 1/m; > 1+ const - exp(—(log j)+</2).
Hence the number pj defined by (33) satisfies

pr. > const - exp(—(log k) +/?),
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and therefore, given any 3 > 0, (34) will hold with ¢, = k=%. Thus the proof of
Theorem 5 shows that the sequence (n) in (31) satisfies (7) for all 5 > 0. On the

other hand, (42) and (44) give
(45) EX2 > const - p(k)(log p(k)) 2% (log log p(k)) "1 ~2%
> const - p(k)(log k)(1—2oc)(1—25)7

and since p(k) is slowly varying and consequently P(k) = >, p(j) ~ kp(k) and
k < P(k) < k? for k > ko, we get from (45)
Z EXj2 > const - kp(k)(log k)1 ~20)(1=2¢)
J<k
> const - P(k)(log P(k))(1~2)(1=2¢),
Hence, following the proof of Theorem 5 further, we get
Y
(46) lim sup ———— 2z Y
koo P(K)!/?(log P(k))(1/2=2)(1=2¢) (log log P(k))'/?

instead of (30). In view of (29), (46) remains valid if we replace Y; by X, and thus
(13) follows from (46).

>0 a.e.
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