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ASYMPTOTIC ANALYSIS FOR

LINEAR DIFFERENCE EQUATIONS

KATSUNORI IWASAKI

Abstract. We are concerned with asymptotic analysis for linear difference
equations in a locally convex space. First we introduce the profile operator,
which plays a central role in analyzing the asymptotic behaviors of the solu-
tions. Then factorial asymptotic expansions for the solutions are given quite
explicitly. Finally we obtain Gevrey estimates for the solutions. In a forth-
coming paper we will develop the theory of cohomology groups for recurrence
relations. The main results in this paper lay analytic foundations of such
an algebraic theory, while they are of intrinsic interest in the theory of finite
differences.

1. Introduction

Let U be a locally convex linear space over K = C or R, P = (Pn)n∈Z an infinite
sequence of linear operators Pn : U → U . We are concerned with asymptotic
analysis for the linear difference equation{

φn = 0 (n� 0),

φn = Pnφn−1 + vn (n ∈ Z),
(1.1)

where the known data v = (vn)n∈Z is an infinite sequence of vectors in U such that
vn = 0 for all n� 0.

Let Vf be the linear space of all infinite sequences v = (vn)n∈Z of vectors in U
such that vn = 0 for all n� 0. The space Vf is referred to as the formal sequence
space for U . Let T : Vf → Vf be the translation operator defined by

(Tv)n = vn−1 (n ∈ Z).(1.2)

We consider P = (Pn) as a linear operator P : Vf → Vf defined by

Pv = (Pnvn) for v = (vn) ∈ Vf .(1.3)

A linear operator of this form is referred to as a homogeneous linear operator on
Vf . Then the difference equation (1.1) is simply rewritten as

(I − PT )φ = v,(1.4)

where I is the identity operator on Vf .
For any v ∈ Vf it is clear that the difference equation (1.1) or (1.4) admits a

unique solution φ ∈ Vf depending linearly on v ∈ Vf . This solution is denoted by
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φ(v) = (φn(v)) and called the formal solution for v ∈ Vf . Then φ : Vf → Vf , v 7→
φ(v) defines a linear operator, which is called the formal solution operator.

From the observation above, there is no difficulty in the difference equation (1.4)
as long as it is considered on the formal sequence space Vf ; there always exists a
unique solution φ(v) = (φn(v)) ∈ Vf for any v ∈ Vf , and there is no constraint on
the asymptotic behavior of φn(v) as n → +∞. However, once (1.4) is considered
on those linear subspaces V of Vf which are characterized by some global behaviors
of v = (vn) ∈ V as n → +∞, the difference equation (1.4) becomes quite difficult;
although there exists a unique formal solution φ(v) ∈ Vf for any v ∈ V , it is not at
all clear whether φ(v) belongs to V or not. Moreover the formal solution φ(v) for
v ∈ V might be subject to certain asymptotic conditions, but it is generally difficult
to find such conditions effectively. This situation becomes clear if we consider, for
example, the cases where V is the linear space of all convergent sequences in U , or
the space of all sequences v = (vn) ∈ Vf such that limn→+∞ vn = 0, etc.

The discussion above leads us to the problem of finding suitable pairs (V, P ) for
which the difference equation (1.4) on the space V can be analyzed in great detail.
We introduce a nice class of such pairs (V, P ) in the following definition.

Definition 1.1. Let V be a linear subspace of Vf , P = (Pn)n∈Z a homogeneous
linear operator on Vf , N a nonnegative integer. Then the pair (V, P ) is said to be
an asymptotic pair of order N if the following conditions hold:

(AP-1) P and T map V into itself,

(AP-2) for any v = (vn) ∈ V , vn → 0 as n→ +∞,

(AP-3) there exists a quartet (c, U1,Φ, {Ψk}Nk=0) such that
(1) c ∈ K(= C or R),
(2) U1 is a closed linear subspace of U ,
(3) Φ : V → U1 is a surjective linear operator,
(4) Ψk : U1 → U (k = 0, 1, . . . , N) are linear operators, Ψ0 is the inclusion

map, and
(5) φn(v) admits the asymptotic expansion:

φn(v) =

(
N∑
k=0

Ψk[n+ c]k

)
Φv + o

(
1

nN

)
as n→ +∞ (∀v ∈ V ),

where [x]k is the lower factorial monomial of degree k (cf. Definition
2.2.1),

(AP-4) for any v ∈ V , φ(v) ∈ Vf belongs to V if and only if Φv = 0.

The operator Φ is called the profile operator. The triple A = (c, U1, {Ψk}Nk=0)
is referred to as the asymptotic data of (V, P ). Moreover the pair (V, P ) is said
to be an asymptotic pair of order ∞ if there exists a quartet (c, U1,Φ, {Ψk}∞k=0)
such that, for any nonnegative integer N , the pair (V, P ) is an asynptotic pair of
order N with profile operator Φ and asymptotic data (c, U1, {Ψk}Nk=0). The triple
A = (c, U1, {Ψk}∞k=0) is referred to as the asymptotic data of (V, P ).

We remark that the profile operator Φ is not a member of the asymptotic data A.
The reason for this will be mentioned just after Problem 1.2 below. In this paper
we always assume c = 0 for the sake of simplicity. This restriction causes no loss
of generality since, if necessary, we may replace n by n + c without trouble. With
this understanding the pair A = (U1, {Ψk}Nk=0) or (U1, {Ψk}∞k=0) is referred to as
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the asymptotic data of (V, P ). If (V, P ) is an asymptotic pair, we may say that the
conditions (AP), especially (AP-3) and (AP-4), provide good enough information
about the difference equation (1.4) on the space V . The purpose of this paper is to
settle the following problem.

Problem 1.2. (1) Construct asymptotic pairs (V, P ).

(2) Find algorithms for calculating the asymptotic data A explicitly only in
terms of P .

In (2) of Problem 1.2 we do not require any algorithmic formula for the profile
operator Φ; expecting such a formula seems too easygoing. In fact, as mentioned
previously, the linear subspace V of Vf should be characterized by some global
behaviors of v = (vn) ∈ V as n→ +∞, and therefore the space V must be a highly
transcendental object. Hence any asymptotic formula for the formal solution φ(v)
for v ∈ V cannot be purely algorithmic (nor algebraic); rather it must contain some
transcendental terms.

So what we should try to do is to separate the asymptotic formula into two parts;
one a transcendental part which perfectly reflects the global, and hence transcen-
dental, nature of the space V ; the other an algebraic part in which everything can
be determined algorithmically in terms of P . Notice that, while V is a transcen-
dental object, P is a formal, and hence algebraic, object since P : Vf → Vf makes
sense on the formal space Vf . So the algebraic part should depend only on P . Now
our basic idea is to consider that the profile operator Φ and the asymptotic data A
represent the transcendental part and the algebraic part of the asymptotic formula
(5) in (AP-3), respectively. This idea motivates (2) of Problem 1.2 as well as the
separate treatment of the profile operator Φ from the asymptotic data A. Finally,
we remark that what is important about the profile operator Φ is its very existence,
on the basis of which the entire theory works out.

In this paper we construct two classes of asymptotic pairs — rapidly decreasing
pairs and Gevrey pairs. To do this we study the global behaviors of the solutions of
the difference equation (1.4) as n → +∞ in fairly detail. The main results of this
paper are rigorously stated in Section 3. In this introduction we confine ourselves
to roughly sketching them by restricting our attention to asymptotic pairs of order
∞.

We assume that P = (Pn) admits an upper factorial asymptotic expansion of the
form

Pn ∼
∞∑
i=0

P (i)(n)i as n→ +∞,(1.5)

where P (i) : U → U are linear operators on U and (n)i is the upper factorial
monomial of degree i (cf. Definition 2.2.1). See (3.4) for the rigorous meaning
of (1.5). Let `∞ be the linear space of all infinite sequences v = (vn) ∈ Vf such
that vn → 0 rapidly as n → +∞, i.e., the convergence is faster than any inverse
polynomial order (cf. Definition 3.2.2). Then the formal solution φ(v) = (φn(v))
for v ∈ `∞ of the difference equation (1.4) admits a lower factorial asymptotic
expansion of the form

φn(v) ∼
( ∞∑
i=0

Ψi[n]i

)
Φv (∀v ∈ `∞)(1.6)
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(cf. Notation 3.4.1), where Φ : `∞ → U1 is a continuous linear operator of `∞ onto a
closed subspace U1 of U , and the coefficients Ψi of the formal factorial series in (1.6)
are continuous linear operators of U1 into U . The subspace U1 can be determined
explicitly. Moreover an algorithm for determing Ψi is obtained explicitly in terms
of the coefficients P (i) of the asymptotic expansion (1.5) of P (cf. Theorem II(2)
and Definition 3.2.6). The asymptotic formula (1.6) implies that (`∞, P ) is an
asymptotic pair of order ∞ with asymptotic data A = (U1, {Ψk}∞k=0), the profile
operator being Φ (cf. Corollary 3.4.2). The asymptotic pair (`∞, P ) is referred to
as a rapidly decreasing pair.

Another and more important class of asymptotic pairs is obtained by the use of
Gevrey spaces Gt,a+ with appropriate Gevrey indices (t, a). Here the Gevrey space
Gt,a+ is the linear space of all infinite sequences v = (vn) ∈ Vf such that, for any
b > a and for any continuous semi-norm | · | of U ,

|vn| = O

(
bn

(n!)t

)
as n→ +∞(1.7)

(cf. Definition 3.5.2). We show that if the index (t, a) is chosen suitably then
(Gt,a+, P ) becomes an asymptotic pair. The admissible indices (t, a) are determined
explicitly in terms of the coefficients P (i) of the asymptotic expansion (1.5) of P
(cf. Corollary 3.6.2). The asymptotic pair (Gt,a+, P ) is referred to as a Gevrey
pair. Some examples of rapidly decreasing and Gevrey pairs are given in Section 7.

Since we are interested in the asymptotic behavior of φn(v) as n→ +∞, it causes
no loss of generality to restrict our attention to the following truncated difference
equation: {

φ0 = v0,

φn = Pnφn−1 + vn (n ∈ Z≥0),
(1.8)

where the negative part n ∈ Z<0 of the difference equation (1.1) is truncated. In
what follows we assume that the suffix n ranges over the set Z≥0 of nonnegative
integers. So v = (vn) and φ = (φn) mean v = (vn)n∈Z≥0

and φ = (φn)n∈Z≥0
,

respectively. Now the formal sequence space Vf is redefined as

Vf = { v = (vn)n∈Z≥0
; vn ∈ U }.(1.9)

The organization of this paper is as follows: In Section 2 we present some back-
ground materials from functional analysis and factorial series. This section is a
preliminary to the later sections. In Section 3 we state the main results of this
paper. In Section 4 we establish the existence of the profile operator Φ. In Section
5 we derive a factorial asymptotic expansion for the solutions φ(v) of the difference
equation (1.8). Section 6 is devoted to the Gevrey estimates which enable us to
construct the Gevrey pairs. In the final Section 7, we apply our results to some dif-
ference equations which arise from systems of confluent hypergeometric differential
equations in two variables. This demonstrates the applicability of our results to a
rather different and unexpected area of mathematics.
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2. Preliminaries

2.1. Functional analysis. Let U be a locally convex linear space, N any fixed
system of semi-norms on U which determines the locally convex topology of U . For
our purpose it is desirable that N is as small as possible as a set.

Definition 2.1.1. A linear transformation A of U is said to be strongly bounded
if, for any | · | ∈ N , there exists a constant C depending on | · | such that

|Au| ≤ C|u| (∀u ∈ U).

We denote by |A| the infimum of all such constants C. Let B = B(U) be the set
of all strongly bounded transformations of U . Then B is a locally convex algebra
with system of semi-norms N such that

|AB| ≤ |A||B| (∀A,B ∈ B, ∀ | · | ∈ N ).

Remark 2.1.2. Let X and Y be supplementary projections in B, i.e., X ∈ B, X2 =
X and X + Y = I. For each | · | ∈ N we can define a semi-norm ‖ · ‖ on U by

‖u‖ =
√
|Xu|2 + |Y u|2.

Note that | · | and ‖ · ‖ are equivalent semi-norms. Indeed, we have

1√
2
|u| ≤ ‖u‖ ≤

√
|X |2 + |Y |2 |u|.

Hence, without loss of generality, we may assume

|u|2 = |Xu|2 + |Y u|2 (∀ | · | ∈ N ).(2.1)

For, otherwise, we can replace | · | by ‖ · ‖; the latter satisfies (2.1). If X and Y are
given then we always assume (2.1). Under this assumption we have

|X |, |Y | = 0 or 1.(2.2)

The use of the Landau symbol O on a locally convex space is sometimes confus-
ing. So we should clarify in what sense the symbol O is used in this paper.

Notation 2.1.3. (i) On a normed space: Let S be a normed space with the norm
| · |, e.g., S = C or R, etc. Let {si}i∈I be a subset of S, {bi}i∈I a set of nonnegative
numbers, both indexed by i ∈ I. Then we write

ai = O(bi) (i ∈ I)

if there exists a constant C such that |ai| ≤ Cbi for all i ∈ I. There is no ambiguity
in this case, since the norm | · | is unique.

(ii) On a locally convex space: Let S be a locally convex space with system of
semi-norms N , e.g., S = U,B or any other locally convex spaces that appear later.
Let {si}i∈I be a subset of S, {bi}i∈I a set of nonnegative numbers. Then it is
possible to provide the following two meanings for the expression

si = O(bi) (i ∈ I).(2.3)

(1) For each semi-norm | · | ∈ N there exists a constant C such that |si| ≤ Cbi
for all i ∈ I, where C may depend on | · |.

(2) There exists a constant C such that |si| ≤ Cbi for all i ∈ I and | · | ∈ N ,
where C is independent of | · |.
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Clearly (2) implies (1), but the converse is not always true if N is an infinite set. In
this paper the expression (2.3) means (1). For (2) we use the following expression:

si = Ou(bi) (i ∈ I).

The subscript u stands for the uniformity with respect to the semi-norms.
(iii) Let S be as in (ii), ai(| · |) and bi(| · |) nonnegative numbers depending on

i ∈ I and | · | ∈ N . First we write

ai(| · |) = O(bi(| · |)) (i ∈ I),

if, for each | · | ∈ N , there exists a constant C depending on | · | such that ai(| · |) ≤
Cbi(| · |) for all i ∈ I. Secondly we write

ai(| · |) = Ou(bi(| · |)) (i ∈ I),

if there exists a constant C independent of | · | such that ai(| · |) ≤ Cbi(| · |)) for all
i ∈ I and | · | ∈ N .

The above notation is quite convenient in what follows.

2.2. Factorial series.

Definition 2.2.1. The upper factorial monomial of degree i is defined by

(n)i =
(−1)i(i− 1)!

n(n+ 1)(n + 2) · · · (n + i− 1)
(i ≥ 1).

Similarly the lower factorial monomial of degree i is defined by

[n]i =
(−1)i(i − 1)!

n(n− 1)(n− 2) · · · (n− i+ 1)
(i ≥ 1).

By convention we set (n)0 = [n]0 = 1. For a linear space S, an upper (resp. a
lower) factorial series over S is an expression of the form

∞∑
i=0

si(n)i

(
resp.

∞∑
i=0

si[n]i

)
,

where si ∈ S. An upper (resp. a lower) factorial polynomial over S is an upper
(resp. a lower) factorial series such that si 6= 0 for at most finitely many i.

In this paper a factorial series is always a formal factorial series; the adjective
“formal” is omitted. If S is a ring then the set of all upper (or lower) factorial series
admits a ring structure. We refer to [3][6][12][13] for more detailed information
about factorial series.

Notation 2.2.2. [
i

j

]
=
i(i+ 1)(i+ 2) · · · (i+ j − 1)

j!
(j ≥ 1),

[i, j] =
(i − 1)!(j − 1)!

(i+ j − 1)!
(i, j ≥ 1).

By convention we set [
i

0

]
= [j, 0] = [0, k] = 1 (j, k ≥ 0).

The following lemmas are used in the later sections.
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Lemma 2.2.3. For any i ≥ 1,

[n]i − [n− 1]i = [n]i+1.

Lemma 2.2.4. For any N ≥ i ≥ 1,

[n +m]i =

N∑
j=i

[
m

j − i

]
[n]j +O

(
1

nN+1

)
(n ≥ N).

Lemma 2.2.5. For any N ≥ i+ j ≥ 1,

(n)i[n− 1]j = [i, j][n+ i− 1]i+j

= [i, j]

N∑
k=i+j

[
i− 1

k − i− j

]
[n]k +O

(
1

nN+1

)
(n ≥ N).

The proof of these lemmas is omitted, since it is rather standard.

3. Main Results

3.1. Assumptions. In the statement of the main results we make the following
assumptions.

Assumption A. U is a sequentially complete locally convex space. P = (Pn) is
an infinite sequence in B. X and Y are supplementary projections in B.

XPnX = X +O

(
1

n2

)
, XPnY = O

(
1

n

)
,(3.1)

Y PnX = O

(
1

n

)
(n ≥ 1),

and, for each | · | ∈ N , there exists a constant ρ (0 ≤ ρ < 1) such that

|Y PnY | ≤ ρ+O

(
1

n2

)
(n ≥ 1).(3.2)

The constant ρ may depend on the semi-norm | · | ∈ N .

Assumption Au. All assumptions are the same as in Assumption A except for
the following alteration: The Landau symbol O in (3.1) and (3.2) is replaced by Ou

(cf. Notation 2.1.3), and the constant ρ in (3.2) is independent of | · | ∈ N .

Remark 3.1.1. If U is sequentially complete then B is also sequentially complete.

Assumption BN . N is a nonnegative integer. U is a sequentially complete locally
convex space. P = (Pn) is an infinite sequence in B. X and Y are supplementary
projections in B. There exist strongly bounded operators P (i) ∈ B (i = 0, 1, . . . , N+
1) such that

Pn =

N+1∑
i=0

P (i)(n)i +O

(
1

nN+2

)
(n ≥ N + 1)(3.3)

in the space B, and

(1) XP (0) = P (0)X = X ,
(2) for each | · | ∈ N , |Z| < 1, where Z := Y P (0)Y , and
(3) XP (1)X = O.

In case N = ∞ the assumption must be sligntly modified.
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Assumption B∞. All assumptions are the same as in Assumption BN except for
(3.3). Condition (3.3) is replaced by the following one: There exist P (i) ∈ B (i ≥ 0)
such that (3.3) holds for all N ≥ 0. We express this condition as

Pn ∼
∞∑
i=0

P (i)(n)i.(3.4)

3.2. Notation. In order to state the main results we introduce some notation.

Notation 3.2.1. We set

Uν = { u ∈ U ; Xu = νu } (ν = 0, 1).

Then Uν (ν = 0, 1) are closed linear subspaces of U such that U = U1 ⊕ U0. We
denote by Iν the identity map on Uν .

Definition 3.2.2. For each | · | ∈ N and v = (vn) ∈ Vf , we set

|v|0 =

∞∑
n=0

(n + 1)|Xvn|+ sup
n≥0

{(n + 1)|Y vn|} ,

|v|N = sup
n≥0

(n + 1)N+2|Xvn|+ sup
n≥0

{
(n + 1)N+1|Y vn|

}
(N ≥ 1).

Let `N be the linear space of all v ∈ Vf such that |v|N <∞ for all | · | ∈ N . Note
that `N is a locally convex space having semi-norms | · |N with | · | ∈ N , and that
there exists a bounded inclusion `N+1 ↪→ `N . Moreover we set

`∞ =
⋂
N≥0

`N .

Then `∞ is a locally convex space having semi-norms | · |N with | · | ∈ N and
N ∈ Z≥0.

Definition 3.2.3. For m ∈ Z≥0 let ιm be the bounded linear map defined by

ιm : U1 → `0, u 7→ (δnmu)n≥0,

where δnm is the Kronecker symbol.

Notation 3.2.4. Using Notation 2.2.2, we set

Pij =

i−j∑
k=1

[j, k]

[
k − 1

i − j − k

]
P (k) (0 ≤ j < i ≤ N + 1).

For example, for 1 ≤ i− j ≤ 3, we have

Pi+1,i =
P (1)

i+
, Pi+2,i =

P (2)

i+(i+ 1)
,

Pi+3,i =
P (2)

i+(i + 1)
+

P (3)

i+(i+ 1)(i+ 2)
(i ≥ 0),

where i+ = max {i, 1}.
Notation 3.2.5. Since |Z| < 1 for any | · | ∈ N (cf. (2) of Assumption BN ), the
sequential completeness of B (cf. Remark 3.1.1) implies that I0 −Z : U0 → U0 has
an inverse in B(U0), which is denoted by (I0 − Z)−1. Indeed the inverse map is
given by the C. Neumann series

∑∞
n=0 Z

n
0 . We set

Aij = XPi+1,j +

(
I +

1

i
XP (1)

)
(I0 − Z)−1(Y Pij − δi,j+1Z) (0 ≤ j < i ≤ N),

where δij is the Kronecker symbol.
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Definition 3.2.6. For any i ∈ Z≥2 let Si be the set of all subsets of {1, 2, . . . , i−1}
(including the empty set ∅). For each J ∈ Si we set

AJ =

{
Ai0 (J = ∅),
AijkAjkjk−1

· · ·Aj2j1Aj10 (J 6= ∅),
where J = {j1, j2, . . . , jk} with j1 < j2 < · · · < jk in the latter case. We define the
operators Ψi ∈ B (i = 0, 1, . . . , N) by Ψ0 = I, Ψ1 = A10 and

Ψi =
∑
J∈Si

AJ (i ≥ 2).

Lemma 3.2.7. The operators Ψi (i = 0, 1, . . . , N) are determined by Ψ0 = I and
the recurrence relation

Ψi =

i−1∑
j=0

AijΨj (1 ≤ i ≤ N).

This lemma is easily established by induction on i.

Remark 3.2.8. For i = 1, 2, . . . , N , the operator Ψi depends only on the first (j+2)
coefficients P (0), P (1), . . . , P (i+1) of P (cf. (3.3)).

3.3. Profile operator.

Theorem I. (1) Under Assumption A, there exist a bounded linear operator Φ :
`0 → U1 such that

|φn(v)− Φv| = O

( |v|0
n + 1

)
(v ∈ `0, n ≥ 0).(3.5)

(2) Under Assumption Au, the Landau symbol O in (3.5) can be replaced by Ou

(cf. Notation 2.1.3). Moreover there exists an integer m0 such that Φ◦ιm : U1 → U1

is a topological isomorphism for all m ≥ m0 (cf. Definition 3.2.3).

Remark 3.3.1. The operator Φ is called the profile operator (cf. Definition 4.8.1).
The author does not know whether Assertion (2) of Theorem I holds under As-
sumption A (cf. Remark 4.8.4). This assertion is closely related to Condition (3)
of (AP-3) in Definition 1.1. So we use it essentially to construct asymptotic pairs.

Theorem I is established in 4.8 (cf. Theorem 4.8.3).

3.4. Asymptotic expansions.

Theorem II. Let Φ be the profile operator in Theorem I, Ψi the operators defined
by Definition 3.2.6.

(1) Under Assumption BN we have∣∣∣∣∣φn(v) −
(

N∑
i=0

Ψi[n]i

)
Φv

∣∣∣∣∣ = O

( |v|N
(n+ 1)N+1

)
(v ∈ `N , n ≥ N).

(2) Under Assumption B∞, for any N ≥ 0, we have∣∣∣∣∣φn(v)−
(

N∑
i=0

Ψi[n]i

)
Φv

∣∣∣∣∣ = O

( |v|N
(n + 1)N+1

)
(v ∈ `∞, n ≥ N).
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Notation 3.4.1. Regarding v 7→ φn(v) as an operator φn : `∞ → U , we express
Assertion (2) of Theorem II as

φn ∼
( ∞∑
i=0

Ψi[n]i

)
Φ in `∞.

Theorem II is established in Section 5 (cf. Theorem 5.1.1). From Theorem I and
Theorem II we obtain the following corollary.

Corollary 3.4.2. Under Assumptions Au and B∞, (`∞, P ) is an asymptotic pair
of order ∞. The asymptotic data of (`∞, P ) is given by (U1, {Ψi}∞i=0), where U1

and Ψi are defined in Notation 3.2.1 and Definition 3.2.6, respectively.

Corollary 3.4.2 is established in 5.5.

3.5. Gevrey spaces. We introduce Gevrey spaces and establish some notation.

Definition 3.5.1. Let t ≥ 0 and a > 0. For v = (vn) ∈ Vf and | · | ∈ N we set

|v|t,a = sup
n≥0

{
(n!)t

an
|vn|
}
.

Let Gt,a be the set of all v ∈ Vf such that |v|t,a < ∞ for all | · | ∈ N . Then Gt,a
is a locally convex space having semi-norms | · |t,a with | · | ∈ N . Gt,a is called the
Gevrey space with index (t, a). An index (t, a) is said to be of convergent type if
either t = 0, 0 < a < 1 or t > 0, a > 0 holds.

Definition 3.5.2. Notice that if a < b then Gt,a ⊂ Gt,b. For t, a ≥ 0 we set

Gt,a+ =
⋂
b>a

Gt,b.

Then Gt,a+ is a locally convex space having semi-norms | · |t,b with | · | ∈ N and
b > a. Gt,a+ is called the Gevrey space with index (t, a+). An index (t, a+) is said
to be of convergent type if either t = 0, 0 ≤ a < 1 or t > 0, a ≥ 0 holds.

Any Gevrey space Gt,a (resp. Gt,a+) of convergent type is contained in `∞, and
hence the profile operator Φ acts on Gt,a (resp. Gt,a+). Thus we can introduce the
following spaces.

Definition 3.5.3. For any index (t, a) or (t, a+) of convergent type, we set

Gt,a0 = { v ∈ Gt,a ; Φv = 0 }, Gt,a+0 = { v ∈ Gt,a+ ; Φv = 0 }.
In addition to Assumption BN we make the following assumption.

Assumption C. Let p, q and r be integers such that 1 ≤ p, q ≤ N + 2 and 0 ≤
r ≤ N + 2. We assume

XP (i)Y = O (0 ≤ i < p), Y P (i)X = O (0 ≤ i < q),

Y P (i)Y = O (0 ≤ i < r).

If r = 0 then the third condition should be ignored.

Notation 3.5.4. Let p, q, r be as in Assumption C. The following integer s plays an
important role in what follows:

s = min {p+ q − 1, r}.



ASYMPTOTIC ANALYSIS FOR LINEAR DIFFERENCE EQUATIONS 4117

Definition 3.5.5. Under Assumptions BN and C, for each | · | ∈ N , we introduce
the following constants:

c1(| · |) = lim n→∞{ n(n + 1)|XPnX −X | }, c2(| · |) = lim n→∞{ np|XPnY | },
c3(| · |) = lim n→∞{ nq|Y PnX | }, c4(| · |) = lim n→∞{ nr|Y PnY | }.
By Assumptions BN and C, they are well-defined finite numbers. Using these
constants, we define the constant c0(| · |) by

c0(| · |) =


c2(| · |)c3(| · |) (p + q − 1 < r),

c2(| · |)c3(| · |) + c4(| · |) (p + q − 1 = r),

c4(| · |) (p + q − 1 > r).

Finally we introduce the following (possibly infinite) constant:

a0 = sup{ c0(| · |) ; | · | ∈ N }.
Remark 3.5.6. In the following cases, (3.3) in Assumption BN implies

c1(| · |) = |XP (2)X | (N ≥ 1),

c2(| · |) = (p− 1)!|XP (p)Y | (1 ≤ p ≤ N + 1),

c3(| · |) = (q − 1)!|Y P (q)X | (1 ≤ q ≤ N + 1),

c4(| · |) =

{
|Z| (r = 0),

(r − 1)!|Y P (r)Y | (1 ≤ r ≤ N + 1).

If r = 0 then p+ q− 1 ≥ 1 > 0 = r, and hence c0(| · |) = c4(| · |) = |Z|. In this case,
(2) of Assumption BN implies c0(| · |) < 1.

3.6. Gevrey estimates.

Theorem III. Under Assumptions BN and C, if the integer s (cf. Notation 3.5.4)
and the index (t, a) satisfy one of the following conditions:

(1) t = s = 0, c0(| · |) < a < 1 (cf. Remark 3.5.6),
(2) t = 0 < s, 0 < a < 1,
(3) 0 < t < s, a > 0,
(4) t = s > 0, a > c0(| · |),

then there exists a nonnegative constant M(t, a, | · |), depending only on (t, a) and
| · | ∈ N , such that

|φn(v)| ≤M(t, a, | · |) (n + 1)p+1an

(n!)t
|v|t,a (v ∈ Gt,a0 , n ≥ 0),

where Gt,a0 is defined in Definition 3.5.3.

Theorem III is established in 6.6 (cf. Theorem 6.6.2).

Corollary 3.6.1. Under Assumptions BN and C, if (s, a0) (cf. Notation 3.5.4 and
Definition 3.5.5) and (t, a) satisfy one of the following conditions:

(1) t = s = 0, a0 ≤ a < 1,
(2) t = 0 < s, 0 ≤ a < 1,
(3) 0 < t < s, a ≥ 0,
(4) t = s > 0, a0 <∞ and a ≥ a0,
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then the linear map

φ : Gt,a+0 → Gt,a+, v 7→ φ(v)

is well-defined and bounded, where Gt,a+0 is defined in Definition 3.5.3.

Corollary 3.6.1 immediately follows from Theorem III. Moreover we have the
following corollary.

Corollary 3.6.2. Under Assumptions Au, BN and C, if one of the conditions (1)–
(4) in Corollary 3.6.1 holds, then the pair (Gt,a+, P ) is an asymptotic pair of order
N . The asymptotic data of (Gt,a+, P ) is given by (U1, {Ψi}Ni=0), where U1 and Ψi

are defined in Notation 3.2.1 and Definition 3.2.6, respectively.

Corollary 3.6.2 is established in 6.7. We refer to Remark 3.3.1 for the reason
why Assumption Au is added to Assumptions BN and C in Corollary 3.6.2.

4. Profile Operator

4.1. Propagators.

Definition 4.1.1. We set Pmm = I (m ≥ 0) and

Pnm = PnPn−1 · · ·Pm+2Pm+1 (n > m ≥ 0).

Pnm is called the propagator (from time m to time n).

Lemma 4.1.2. For any v = (vn) ∈ Vf the solution φ(v) of the difference equation
(1.8) is given by

φn(v) =
n∑

m=0

Pnmvm.

Theorem 4.1.3. Under Assumption A we have

X(Pkm − Pnm)X = O

(
1

n + 1

)
(k ≥ n ≥ m ≥ 0),

X(Pkm − Pnm)Y = O

(
1

n + 1
(ρn−m +

1

m+ 1
)

)
(k ≥ n ≥ m ≥ 0),

Y PnmX = O

(
1

n + 1

)
(n ≥ m ≥ 0),

Y PnmY = O

(
ρn−m +

1

(n+ 1)(m+ 1)

)
(n ≥ m ≥ 0).

Under Assumption Au the Landau symbol O can be replaced by Ou.

Remark 4.1.4. For a sufficiently large fixed m, many authors have studied asymp-
totic representations of Pnm with respect to n (cf. [1][2][4][5][11]). In their studies
U is assumed to be a finite-dimensional complex or real vector space. In this pa-
per, however, we need an asymptotic representation with respect to both n and m.
Theorem 4.1.3 is by no means the best possible result; it is just simple and sufficient
for our purpose. After some preliminaries, Theorem 4.1.3 will be established in 4.6.
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4.2. Two-dimensional problem. Theorem 4.1.3 will be established by the
method of majorants. In order to construct the majorants, we consider the fol-
lowing two-dimensional problem: Let

Mn =

(
1 a

n+1
b

n+1 ρ

)
+O

(
1

(n + 1)2

)
(n ≥ 0),(4.1)

where a, b > 0 and 0 ≤ ρ < 1. Put Mmm = I (m ≥ 0) and

Mnm = MnMn−1 · · ·Mm+1 (n > m ≥ 0).

The problem is to obtain an asymptotic representation of Mnm with respect to n
and m.

We follow the method of Z. Benzaid and D.A. Lutz [1] with some additional
elaboration. We set

Sn =

(
1 − α

n+1
β

n+1 1

)
(n ≥ 0),

where α = a
1−ρ and β = b

1−ρ . Moreover we set Nn = (Sn)−1MnSn−1. Then we

have Nn = D + En, where

D =

(
1 0
0 ρ

)
, En = O

(
1

(n+ 1)2

)
(n ≥ 1).(4.2)

We set Nmm = I (m ≥ 0) and Nnm = NnNn−1 · · ·Nm+1 (n > m ≥ 0). Then
Mnm = SnNnm(Sm)−1. So the problem is reduced to the same problem for Nnm.

4.3. Contraction mapping. For each fixed m ≥ 0, let L be the linear space of all
sequences L = (Ln)n≥m in M2(R). We define a linear transformation K : L → L
by (KL)m = O and

(KL)n =

n∑
i=m+1

Dn−iEiLi−1 (n > m),(4.3)

where D and Ei are given by (4.2). Moreover we define N (m), D(m) ∈ L by

N (m) = (Nnm)n≥m, D(m) = (Dn−m)n≥m.(4.4)

Lemma 4.3.1. (1) For any Λ ∈ L the equation (4.5) below has a unique solution
L(Λ) ∈ L:

L = Λ +KL(4.5)

(2) N (m) = L(D(m)), where N (m) and D(m) are given by (4.4).

Proof. Assertion (1) follows from the fact that K is an operator of Volterra type.
Assertion (2) is a consequence of the very definition of K (not immediate).

Let L∞ be the linear subspace of L consisting of all L = (Ln) ∈ L such that
‖L‖ := supn≥m |Ln| <∞, where | · | is the operator norm in M2(R). We set

cm =
∞∑

i=m+1

|Ei|.(4.6)

Since Ei = O( 1
i2 ), we have cm = O( 1

m+1). Using |D| = 1, we can easily show the
following lemma.
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Lemma 4.3.2. Let cm be defined by (4.6). The linear transformation K : L → L
induces a bounded linear transformation K : L∞ → L∞, whose operator norm ‖K‖
is estimated as

‖K‖ ≤ cm.

Lemma 4.3.3. Let m0 be the smallest number such that cm0 < 1 (cf. (4.6)).
Then,

Nnm −Dn−m = O

(
1

m+ 1

)
(n ≥ m ≥ m0).

Proof. Lemma 4.3.2 implies that, for all m ≥ m0, K : L∞ → L∞ is a contraction
mapping. By the contraction mapping principle, for any Λ ∈ L∞, the equation
(4.5) has a unique solution L∞(Λ) ∈ L∞. Lemma 4.3.1.(1) implies that if Λ ∈ L∞
then L∞(Λ) = L(Λ). Applying this fact to D(m) ∈ L∞ and using Lemma 4.3.1(2),
we obtain N (m) = L∞(D(m)) ∈ L∞. Explicitly, N (m) is given by the C. Neumann
series:

N (m) = D(m) +

∞∑
i=1

KiD(m).

By Lemma 4.3.2 and ‖D(m)‖ = 1, we have

‖N (m) −D(m)‖ ≤
∞∑
i=1

‖K‖i‖D(m)‖ ≤
∞∑
i=1

(cm)i

≤ cm
1− cm

= O

(
1

m+ 1

)
.

This means |Nnm −Dn−m| = O( 1
m+1 ) (n ≥ m ≥ m0).

4.4 Technical lemma. We list the technical lemmas that are used later.

Lemma 4.4.1. Let r and N be constants such that 0 ≤ ρ < 1 and N > 0.

n∑
i=1

ρn−i

iN
= O

(
1

nN

)
(n ≥ 1).

Proof.

n∑
i=1

ρn−i

iN
≤

[n/2]∑
i=1

ρn−i

iN
+

n∑
i=[n/2]+1

ρn−i

iN

≤
[n/2]∑
i=1

ρn−i +
1

([n/2] + 1)N

n∑
i=[n/2]+1

ρn−i

= ρn−[n/2] 1− ρ[n/2]

1− ρ
+

1

([n/2] + 1)N
1− ρn−[n/2]

1− ρ
= O

(
1

nN

)
.

In order to obtain a precise estimate for Nnm, we use the following lemma.
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Lemma 4.4.2. Let ρ be a constant such that 0 ≤ ρ < 1.

(1)

n∑
i=m+1

1

i2
= O

(
1

m+ 1

)
, (2)

n∑
i=m+1

ρi−m−1

i2
= O

(
1

(m+ 1)2

)
,

(3)

n∑
i=m+1

ρn−i

i
= O

(
1

n+ 1

)
, (4)

n∑
i=m+1

ρn−i

i2
= O

(
1

(n + 1)(m+ 1)

)
,

(5)
ρn−m

m+ 1
= O

(
1

n + 1

)
(n ≥ m ≥ 0).

Proof. Assertions (1) and (2) are easy; (3) is an immediate consequence of Lemma
4.4.1; (4) easily follows from (3). Finally (5) is shown from the fact that (n+ 1)ρn

is nonincreasing for n sufficiently large.

4.5. Estimates. Let us obtain an estimate for Nnm and then for Mnm.

Lemma 4.5.1. Let m0 be the integer defined in Lemma 4.3.3. Then,

Nnm =

(
1 +O( 1

m+1 ) O( 1
(m+1)2 )

O( 1
(n+1)(m+1) ) ρn−m +O

(
1

m+1 (ρn−m+1 + 1
(m+1)(n+1) )

))
(n ≥ m ≥ m0).

Proof. Since Nmm = I we may assume n > m ≥ m0. By Lemma 4.3.1(2) we have

Nnm = Dn−m +

n∑
i=m+1

Dn−iEiNi−1,m.(4.7)

Using Lemma 4.3.3 we can easily show that

Dn−iEiNi−1,m =

 O( 1
i2 ) O

(
1
i2 (ρi−m−1 + 1

m+1 )
)

O(ρ
n−i

i2 ) O
(

1
i2 (ρi−m−1 + ρn−i

m+1 )
) (n ≥ i > m ≥ m0).

(4.8)

Applying (1),(2),(4) and (5) in Lemma 4.4.2 to (4.7)-(4.8), we establish the lemma.

Proposition 4.5.2.

Mnm =

(
O(1) O( 1

m+1 )

O( 1
m+1 ) O(ρn−m + 1

(n+1)(m+1) )

)
(n ≥ m ≥ 0).

Proof. Applying Lemma 4.5.1 to Mnm = SnNnm(Sm)−1, we obtain

Mnm = εm

(
1 +O( 1

m+1 ) αnm +O( 1
(m+1)2 )

βnm +O( 1
m+1 ( 1

n+1 + ρn−m

m+1 )) γnm(1 +O( 1
m+1 ))

)
(n ≥ m ≥ m0),

where m0 is defined in Lemma 4.3.3 and

αnm = α

(
1

m+ 1
− ρn−m

n+ 1

)
, βnm = β

(
1

n+ 1
− ρn−m

m+ 1

)
,

γnm = ρn−m +
αβ

(n+ 1)(m+ 1)
, εm =

1

1 + αβ
(m+1)2

.

Using Lemma 4.4.2.(5) we obtain the proposition for n ≥ m ≥ m0. Next we
consider the case 0 ≤ m < m0. The subcase 0 ≤ m ≤ n < m0 is trivial. In the
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other subcase n ≥ m0 > m ≥ 0, we divide Mnm as Mnm = Mnm0Mm0m. Applying
the proposition (for n ≥ m = m0) to Mnm0 , we establish the proposition in this
subcase. In conclusion, the proposition holds for all n ≥ m ≥ 0.

4.6. Majorants. Now we are in a position to establish Theorem 4.1.3. We use
the method of majorants. For G = (gij), H = (hij) ∈ M2(R), we write G ≤ H if
gij ≤ hij for all i, j = 1, 2. We fix any | · | ∈ N . To each A ∈ B we associate the
following 2× 2-matrix:

‖A‖ =

(|XAX | |XAY |
|Y AX | |Y AY |.

)
The following lemma is easy to see.

Lemma 4.6.1.

‖AB‖ ≤ ‖A‖‖B‖ (∀A,B ∈ B).

Now we complete the proof of Theorem 4.1.3. By Assumption A we can choose
the constants a, b > 0 in (4.1) so that

‖Pn‖ ≤Mn (n ≥ 1),

where the matrix Mn is given by (4.1). Under Assumption Au the constants a, b
and the minor term O((n + 1)−2) in (4.1) are uniform with respect to | · | ∈ N .
Hence, by Lemma 4.6.1, we have for n > m ≥ 0,

‖Pnm‖ ≤ ‖Pn‖‖Pn−1‖ · · · ‖Pm+1‖ ≤MnMn−1 · · ·Mm+1 = Mnm.

This is also valid for n = m. Proposition 4.5.2 implies Theorem 4.1.3.

4.7. Limit propagators. As a collorary to Theorem 4.1.3 we obtain the following
theorem.

Theorem 4.7.1. Under Assumption A there exists an infinite sequence {Rm} of
operators in B such that

XRm = Rm,(1)

RmX −XPnmX = O

(
1

n+ 1

)
(n ≥ m ≥ 0),(2)

RmY −XPnmY = O

(
1

n+ 1
(ρn−m +

1

m+ 1
)

)
(n ≥ m ≥ 0).(3)

Under Assumption Au the Landau symbol O can be replaced by Ou.

Proof. Theorem 4.1.3 implies that, for any fixed m, {XPnm}n≥m is a Cauchy se-
quence in B. Since B is sequentially complete (cf. Remark 3.1.1), there exists an
Rm ∈ B such that XPnm → Rm in B as n → ∞. Then Assertion (1) is clear.
Letting k →∞ in Theorem 4.1.3, we also obtain (2) and (3).

Putting n = m in (2)(3) of Theorem 4.7.1, we obtain the following corollary.

Corollary 4.7.2. Under Assumption A,

RmX = X +O

(
1

m+ 1

)
, RmY = O

(
1

m+ 1

)
(m ≥ 0).

Under Assumption Au the Landau symbol O can be replaced by Ou.

Definition 4.7.3. The operator Rm in Theorem 4.7.1 is called the limit propagator
(from time m).
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4.8. Profile operator. Now we are in a position to define the profile operator Φ.

Definition 4.8.1. For n ≥ 0 we define a bounded linear operator Φn : `0 → U1 by

Φnv =

∞∑
m=n

Rmvm (v = (vn) ∈ `0).(4.9)

Lemma 4.8.2 below shows that Φn is well-defined. We set Φ = Φ0 and call it the
profile operator.

Lemma 4.8.2. Under Assumption A, Φn is well-defined, i.e., the infinite series
in (4.9) is (absolutely) convergent and Φnv admits the following estimate:

|Φnv| = O

( |v|0
n+ 1

)
(v ∈ `0, n ≥ 0).

Under Assumption Au the Landau symbol O can be replaced by Ou.

Proof. We only consider the case of Assumption A. In the case of Assumption Au

we have only to replace O by Ou in the proof. Corollary 4.7.2 implies

|Rmvm| ≤ |RmX ||Xvm|+ |RmY ||Y vm|

= O

(
1

m+ 1
(m+ 1)|Xm|+ 1

(m+ 1)2
sup
k≥0

(k + 1)|vk|
)

(m ≥ 0),

and hence

k∑
m=n

|Rmvm| = O

(
k∑

m=n

1

m+ 1
(m+ 1)|Xvm|+ sup

k≥0
(k + 1)|vk|

k∑
m=n

1

(m+ 1)2

)

= O

(
1

n + 1

{ ∞∑
m=n

(m+ 1)|Xm|+ sup
k≥0

(k + 1)|vk|
})

= O

( |v|0
n+ 1

)
(k ≥ n ≥ 0).

Therefore the sequential completeness of U implies that (4.9) is converegent.

Now we can state the main theorem in this section.

Theorem 4.8.3 (Theorem I). (1) Under Assumption A there exists a bounded lin-
ear operator Φ : `0 → U1 (the profile operator) such that

|φn(v)− Φv| = O

( |v|0
n + 1

)
(v ∈ `0, n ≥ 0).

(2) Under Assumption Au the Landau symbol O can be replaced by Ou. Moreover
there exists an integer m0 such that Φ ◦ ιm : U1 → U1 is a topological isomorphism
for all m ≥ m0, where ιm is defined in Definition 3.2.3.

Proof. By Lemma 4.1.2 and Definition 4.8.1, we have Φv−φn = J + Φn+1v, where

J =
n∑

m=0

(Rm − Pnm)vm.
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By using Theorem 4.1.3 and Theorem 4.7.1, J is estimated as follows:

|J | ≤
n∑

m=0

(|RmX −XPnmX |+ |Y PnmX |)|Xvm|

+

n∑
m=0

|RmY −XPnmY ||Y vm|+
n∑

m=0

|Y PnmY ||Y vm|

≤ O

(
1

n+ 1

n∑
m=0

|Xvm|+ 1

n+ 1

n∑
m=0

{ ρn−m +
1

m+ 1
}|Y vm|

)

+O

(
n∑

m=0

{ ρn−m +
1

(n+ 1)(m+ 1)
}|Y vm|

)

= O

(
|v|0
n+ 1

+

n∑
m=0

{ ρn−m +
1

(n + 1)(m+ 1)
}|Y vm|

)

= O

(
|v|0
n+ 1

+ {
n∑

m=0

ρn−m

m+ 1
+

1

n+ 1

n∑
m=0

1

(m+ 1)2
}|v|0

)

= O

( |v|0
n + 1

)
.

Here Lemma 4.4.1 (N = 1) is used in the last equality. This estimate and Lemma
4.8.2 establish (1) of the theorem. The first assertion of (2) is established in a
similar manner.

It remains to establish the second assertion of (2). We set Φ ◦ ιm = I1 − Fm.
Definition 4.8.1 implies Φ ◦ ιm = Rm|U1 . By Corollary 4.7.2 we have Rm|U1 =
I1 +Ou(

1
m+1 ). So there exist m0 ≥ 0 and ρ1 (0 ≤ ρ1 < 1) such that |Fm| ≤ ρ1 for

any m ≥ m0 and | · | ∈ N . By the sequential completeness of B, the C. Neumann
series

∑∞
i=0(Fm)i converges in B and gives the inverse of Φ ◦ ιm. Hence, for any

m ≥ m0, Φ ◦ ιm is a linear isomorphism.

Remark 4.8.4. The second assertion of (2) in Theorem 4.8.3 was established by
using the estimate

Rm|U1 = I1 +Ou

(
1

m+ 1

)
.(4.10)

If Ou is replaced by O in (4.10), then it is not always possible to take m0 and ρ1

uniformly with respect to | · | ∈ N . Hence the C. Neumann series
∑∞

i=0(Fm)i is not
necessarily convergent in B. Our argument fails at this point. Assumption Au leads
to the estimate (4.10), while Assumption A leads only to the estimate (4.10) with
Ou replaced by O. For this reason we need Assumption Au in place of Assumption
A.

5. Asymptotic Expansions

5.1. Induction. We establish the following theorem by induction.

Theorem 5.1.1 (Assertion (1) of Theorem II). Under Assumption BN ,∣∣∣∣∣φn(v) −
(

N∑
i=0

Ψi[n]i

)
Φv

∣∣∣∣∣ = O

( |v|N
(n+ 1)N+1

)
(v ∈ `N , n ≥ N).
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Assertion (2) of Theorem II is an immediate consequence of Theorem 5.1.1,
because Assumption B∞ implies Assumption BN for any N ∈ Z≥0. In Assumption
BN , if N = 0 then Theorem 5.1.1 immediately follows from Theorem I (under
Assumption A). In this section we assume N ≥ 1. We use the following notation.

Notation 5.1.2. For m = 0, 1, . . . , N and 1 ≤ j + k ≤ m+ 1, we set

Fm(n)v = φn(v)−
(

m∑
i=0

Ψi[n]i

)
Φv,

Em(n) = Pn −
m+1∑
i=0

P (i)(n)i,

εjkm(n) = (n)k[n− 1]j −
m+1∑
i=j+k

[j, k]

[
k − 1

i− j − k

]
[n]i,

(cf. Definitions 2.2.1, 3.2.6 and Notation 2.2.2).

In order to set up an induction argument, we consider the following claims.

Claims 5.1.3. For any fixed | · | ∈ N ,

|Y Fm(n)v| = O

( |v|m
(n + 1)m+1

)
(v ∈ `m, n ≥ m),(5.1.m)

|XFm(n)v| = O

( |v|m
(n + 1)m+1

)
(v ∈ `m, n ≥ m),(5.2.m)

|Fm(n)v| = O

( |v|m
(n + 1)m+1

)
(v ∈ `m, n ≥ m).(5.3.m)

First we note that Theorem I (under Assumption A) implies (5.3.0), and hence
(5.1.0) and (5.2.0). Under Assumption BN these claims make sense for m =
1, . . . , N (of course, it is a priori not clear whether they are true or not). The
induction argument proceeds through the following three steps.

Step 1. (5.3.m) implies (5.1.m+ 1) for m = 0, 1, . . . , N − 1.

Step 2. (5.3.m) and (5.1.m+ 1) imply (5.2.m+ 1) for m = 0, 1, . . . , N − 1.

Step 3. (5.1.m) and (5.2.m) imply (5.3.m) for m = 0, 1, . . . , N .

We establish Step 1 and Step 2; Step 3 is trivial. Then Theorem 5.1.1 follows
from (5.3.N).

5.2. Technical lemmas. In what follows we use the following lemmas.

Lemma 5.2.1. Let 0 ≤ ρ < 1 and N ∈ Z≥0. If {an}n≥0 is an infinite sequence of
nonnegative numbers such that

an − ρan−1 = O

(
1

nN

)
(n ≥ 1),

then

an = O

(
1

(n+ 1)N

)
(n ≥ 0).
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Proof. We set bn = ρ−nan. Then we have bi− bi−1 = O(ρ−ii−N). Summing it over
i = 1, 2, . . . , n, we have bn − b0 = O(

∑n
i=1 ρ

−ii−N). Hence, using Lemma 4.4.1, we
obtain

an = a0ρ
n +O

(
n∑

k=1

ρn−k

kN

)
= O

(
1

(n+ 1)N

)
.

Lemma 5.2.2. For m = 0, 1, . . . , N and 1 ≤ j + k ≤ m+ 1,

Em(n) = O

(
1

nm+2

)
, εjkm(n) = O

(
1

nm+2

)
(n ≥ m+ 1).

This lemma is an immediate consequence of Lemma 2.2.5 and Assumption BN .

5.3. Step 1.

Lemma 5.3.1. If (5.3.m) holds, then we have

(Y Pn − Z)φn−1 =

m+1∑
i=1

i−1∑
j=0

Y PijΨj [n]iΦv +∆m(n)v,

with

|∆m(n)v| = O

( |v|m
nm+2

)
(v ∈ `m, n ≥ m+ 1).

Proof. By (1) of Assumption BN we have

Y Pn − Z =

m+1∑
i=1

Y P (i)(n)i + Y Em(n).

Here the point is that the suffix i starts from i = 1. By Notation 5.1.2 we have

(Y Pn − Z)φn−1 =
∑

0≤j≤m
1≤k≤m+1
j+k≤m+1

Y P (k)Ψj(n)k[n− 1]jΦv + Θm(n)v,

where

Θm(n) =
m+1∑
i=1

Y P (i)(n)iFm(n− 1) + Y Em(n)
m∑
j=0

Ψj [n− 1]jΦ

+ Y Em(n) · Fm(n− 1) +
∑

1≤i≤m+1
0≤j≤m
i+j≥m+2

Y P (i)Ψj(n)i[n− 1]jΦ.



ASYMPTOTIC ANALYSIS FOR LINEAR DIFFERENCE EQUATIONS 4127

Moreover, by Notation 5.1.2, we have

(Y Pn − Z)φn−1

=
∑

0≤j≤m
1≤k≤m+1
j+k≤m+1

Y P (k)Ψj

 m+1∑
i=j+k

[j, k]

[
k − 1

i− j − k

]
[n]i + εjkm(n)

Φv + Θm(n)v

=
m+1∑
i=1

i−1∑
j=0

Y

i−j∑
k=1

[j, k]

[
k − 1

i− j − k

]
P (k)Ψj[n]iΦv +∆m(n)v

=

m+1∑
i=1

i−1∑
j=0

Y PijΨj [n]iΦv +∆m(n)v,

where

∆m(n) =
∑

0≤j≤m
1≤k≤m+1
j+k≤m+1

Y P (k)ΨjΦεjkm(n) + Θm(n).

Applying (5.3.m) and Lemma 5.2.2 to ∆m(n)v, we obtain the desired estimate.

Proof of Step 1. By using the difference equation (1.8) and Lemma 2.2.3, we have

Y Fm+1(n)v − ZY Fm+1(n− 1)v

= Y φn − ZY φn−1 −
m+1∑
i=1

(YΨi[n]i − ZYΨi[n− 1]i)Φv

= (Y Pn − Z)φn−1 + Y vn −
m+1∑
i=1

{ (I0 − Z)YΨi[n]i + ZΨi[n]i+1 }Φv

= (Y Pn − Z)φn−1 −
m+1∑
i=1

{ (I0 − Z)YΨi + ZΨi−1 }[n]iΦv

+ Y vn − ZΨm+1[n]m+2Φv.

By Notation 3.2.5 and Definition 3.2.6, we have

Y Fm+1(n)v − ZY Fm+1(n− 1)v

=
m+1∑
i=1

 −(I0 − Z)YΨi +
i−1∑
j=0

(Y Pij − δi,j+1Z)Ψj

 [n]iΦv + Ξm(n)v,

=

m+1∑
i=1

(I0 − Z)Y

−Ψi +

i−1∑
j=0

AijΨj

 [n]iΦv + Ξm(n)v = Ξm(n)v,

where

Ξm(n)v = Y vn − ZΨm+1[n]m+2Φv +∆m(n)v.

Lemma 5.3.1 implies

|Ξm(n)v| = O

( |v|m+1

(n+ 1)m+2

)
(v ∈ `m+1, n ≥ m+ 1),
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and hence

|Y Fm+1(n)v| ≤ |Z||Y Fm+1(n− 1)v|+ |Ξm(n)v|

≤ r|Y Fm+1(n− 1)v|+O

( |v|m+1

(n + 1)m+2

)
.

Finally, applying Lemma 5.2.1 to this inequality, we establish Step 1.

5.4. Step 2.

Lemma 5.4.1. If (5.3.m) and (5.1.m+ 1) hold, then we have

Xφn −Xφn−1 =

m+1∑
i=1

XΨi[n]i+1Φv +∆m(n)v,

with

|∆m(n)v| = O

( |v|m+1

(n+ 1)m+3

)
(v ∈ `m+1, n ≥ m+ 2).

Proof. By Assumption BN and Notation 5.1.2, we have

XPnX −X =

m+2∑
i=2

XP (i)X(n)i +XEm+1(n)X,(5.4)

XPnY =

m+1∑
i=1

XP (i)Y (n)i +XEm(n)Y.(5.5)

Here the point is that the suffix i in the summation in (5.4) (resp. (5.5)) starts
from i = 2 (resp. i = 1). By Notation 5.1.2 and YΨ0 = Y X = O, we have

φn−1 =

m∑
j=0

Ψj [n− 1]jΦv + Fm(n− 1)v,(5.6)

Y φn−1 =
m+1∑
j=1

YΨj[n− 1]jΦv + Y Fm+1(n− 1)v.(5.7)

The difference equation (1.8) yields

Xφn −Xφn−1 = (XPnX −X)φn−1 +XPnY · Y φn−1 +Xvn.(5.8)

Substituting the four equalities (5.4)–(5.7) into (5.8), we obtain

Xφn −Xφn−1 =
∑

0≤j≤m
2≤k≤m+2
j+k≤m+2

XP (k)XΨj(n)k[n− 1]jΦv

+
∑

1≤j≤m+1
1≤k≤m+1
j+k≤m+2

XP (k)YΨj(n)k[n− 1]jΦv + Θm(n)v,
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where

Θm(n) =
∑

2≤i≤m+2
0≤j≤m
i+j≥m+3

XP (i)XΨj(n)i[n− 1]jΦ +XEm+1(n)X

m∑
j=0

Ψj[n− 1]jΦ

+

m+2∑
i=2

XP (i)X(n)i · Fm(n− 1) +XEm+1(n)X · Fm(n− 1)

+
∑

1≤i≤m+1
1≤j≤m+1
i+j≥m+3

XP (i)YΨj(n)i[n− 1]jΦ +XEm(n)Y

m+1∑
j=1

Ψj[n− 1]jΦ

+
m+1∑
i=1

XP (i)(n)i · Y Fm+1(n− 1) +XEm(n) · Y Fm+1(n− 1)

+Xvn.

Moreover, using Notation 5.1.2, we have

Xφn −Xφn−1

=
∑

0≤j≤m
2≤k≤m+2
j+k≤m+2

XP (k)XΨj

 m+2∑
i=j+k

[j, k]

[
k − 1

i− j − k

]
[n]i + εjk,m+1(n)

Φv

+
∑

1≤j≤m+1
1≤k≤m+1
j+k≤m+2

XP (k)YΨj

 m+2∑
i=j+k

[j, k]

[
k − 1

i− j − k

]
[n]i + εjk,m+1(n)

Φv

+ Θm(n)v

=
m+2∑
i=2

i−2∑
j=0

X

(
i−j∑
k=2

[j, k]

[
k − 1

i− j − k

]
P (k)

)
XΨj[n]iΦv

+

m+2∑
i=2

i−1∑
j=1

X

(
i−j∑
k=1

[j, k]

[
k − 1

i− j − k

]
P (k)

)
YΨj[n]iΦv +∆m(n)v,

where

∆m(n) = Θm(n) +
∑

0≤j≤m
2≤k≤m+2
j+k≤m+2

XP (k)XΨjΦεjk,m+1(n)

+
∑

1≤j≤m+1
1≤k≤m+1
j+k≤m+2

XP (k)YΨjΦεjk,m+1(n).
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Using Notation 3.2.4, we have

Xφn −Xφn−1 =

m+2∑
i=2

i−2∑
j=0

XPijΨj [n]iΦv

+

m+2∑
i=2

[i− 1, 1]XP (1)YΨi−1[n]iΦv +∆m(n)v

=

m+1∑
i=1

i−1∑
j=0

XPi+1,jΨj +
1

i
XP (1)YΨi

 [n]i+1Φv +∆m(n)v.

By Notation 3.2.5 and Definition 3.2.6, we have

i−1∑
j=0

XPi+1,jΨj +
1

i
XP (1)YΨi

=

i−1∑
j=0

(XPi+1,j +
1

i
XP (1)Y Aij)Ψj

=

i−1∑
j=0

(
XPi+1,j +

1

i
XP (1)(I0 − Z)−1(Y Pij − δi,j+1Z)

)
Ψj

=

i−1∑
j=0

XAijΨj = XΨi.

Hence we obtain

Xφn −Xφn−1 =

m+1∑
i=1

XΨi[n]i+1Φv +∆m(n)v.

The definition of ∆m(n), Lemma 5.2.2, (5.3.m) and (5.1.m+ 1) yield

|∆m(n)v| = O

( |v|m+1

(n+ 1)m+3

)
(v ∈ `m+1, n ≥ m+ 2).

Hence the lemma is established.

Proof of Step 2. By Lemma 2.2.3 and Lemma 5.4.1, we have

XFm+1(n)v −XFm+1(n− 1)v = Xφn −Xφn−1 −
m+1∑
i=1

XΨi([n]i − [n− 1]i)Φv

=

m+1∑
i=1

XΨi[n]i+1Φv +∆m(n)v −
m+1∑
i=1

XΨi[n]i+1Φv

= ∆m(n)v.
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By Lemma 5.4.1 we have

|XFm+1(M)v −XFm+1(n)v| ≤
M∑

k=n+1

|XFm+1(k)v −XFm+1(k − 1)v|

=
M∑

k=n+1

|∆m(k)v| = O

(
M∑

k=n+1

|v|m+1

(k + 1)m+3

)

= O

( |v|m+1

(n + 1)m+2

)
(v ∈ `m+1, M > n ≥ m+ 1).

Theorem I implies Fm+1(M)v → 0 as M → ∞. Letting M → ∞ in the above
formula, we obtain

|XFm+1(n)v| = O

( |v|m+1

(n + 1)m+2

)
(v ∈ `m+1, n ≥ m+ 1).

This establishes Step 2.

5.5. Proof of Corollary 3.4.2. To establish Corollary 3.4.2 we show that the
pair (`∞, P ) satisfies Conditions (AP-1)-(AP-4) in Definition 1.1. Assumption B∞
and Definition 3.2.2 imply that P and T map `∞ into itself, and hence (AP-1).
Condition (AP-2) is trivial from Definition 3.2.2. Assertion (2) of Theorem I implies
(3) of (AP-3). The other conditions in (AP-3) and (AP-4) readily follow from (2)
of Theorem II. Hence (`∞, P ) is an asymptotic pair of order infinity.

6. Gevrey Estimates

6.1. Preliminaries. Let p, q, r and s be as in Assumption C and Notation 3.5.4.

Notation 6.1.1. Let | · | be any semi-norm in N , which is fixed throughout this
section. Let C = (C1, C2, C3, C4) be any constants such that Ci > ci(| · |) (i =
1, 2, 3, 4), where the ci(| · |) are defined in Definition 3.5.5.

Then Definition 3.5.5 immediately implies the following lemma.

Lemma 6.1.2. For any constants C as in Notation 6.1.1, there exists a nonegative
integer n0(C) such that

|XPnX −X | ≤ C1

n(n + 1)
, |XPnY | ≤ C2

np
,

|Y PnX | ≤ C3

nq
, |Y PnY | ≤ C4

nr
(n ≥ n0(C)).

Definition 6.1.3. For any v ∈ `1 we set

fn(v) =
∞∑
k=n

|Xφk(v)|
(k + 1)(k + 2)

, gn(v) =
∞∑
k=n

|Y φk(v)|
(k + 1)p

,

αn(v) =

∞∑
k=n

|Xvk|, βn(v) =

∞∑
k=n

|Y vk|, γn(v) =

∞∑
k=n

|vk|.

These are often abbreviated as fn, gn, αn, βn, γn with v being understood. By
Definition 3.2.2 and Theorem II, these infinite series converge and define finite
numbers.

Notation 6.1.4. `10 = { v ∈ `1 ; Φv = 0 }.
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6.2. Estimate of fn. The following lemma is easily established.

Lemma 6.2.1. For any ε > 0 we set n1(C, ε) = max{[C1 + 1/ε], n0(C)}, where [·]
is the Gauss symbol. Then we have

0 <

(
1− C1

n + 1

)−1

≤ 1 + εC1 (n ≥ n1(C, ε)).

Lemma 6.2.2. Let `∞0 be as in Notation 6.1.4. For any ε > 0,

fn(v) ≤ 1 + εC1

n + 1
{C2gn(v) + αn+1(v)} (n ≥ n1(C, ε), v ∈ `10).

Proof. The difference equation (1.8) yields, for k ≥ 0,

|Xφk+1(v)−Xφk(v)| ≤ |XPk+1X −X ||Xφk(v)| + |XPk+1Y ||Y φk(v)|+ |Xvk+1|.
Applying Lemma 6.1.2, we have, for k ≥ n0(C),

|Xφk+1(v)−Xφk(v)| ≤ C1
|Xφk(v)|

(k + 1)(k + 2)
+ C2

|Y φk(v)|
(k + 1)p

+ |Xvk+1|.

Summing over k = n, n + 1, n + 2, . . . and taking limk→∞ φk(v) = 0 into account,
we obtain

|Xφn(v)| ≤ C1fn + C2gn + αn+1 (n ≥ n0(C)).

Since fk, gk and αk are nonincreasing, we have

|Xφk(v)|
(k + 1)(k + 2)

≤ C1fk + C2gk + αk+1

(k + 1)(k + 2)
≤ C1fn + C2gn + αn+1

(k + 1)(k + 2)
(k ≥ n ≥ n0(C)).

Summing over k = n, n+ 1, n+ 2, . . . , we have

fn ≤ C1fn + C2gn + αn+1

n + 1
(n ≥ n0(C)).

Using Lemma 6.2.1, we obtain

fn ≤ 1 + εC1

n+ 1
(C2gn + αn+1) (n ≥ n1(C, ε)).

6.3 Estimate of gn.

Definition 6.3.1. We set

C0 =


C2C3 (p+ q − 1 < r),

C2C3 + C4 (p+ q − 1 = r),

C4 (p+ q − 1 > r),

B0 =
√

2max{C3, 1}.

Lemma 6.3.2. For any A > C0 and B > B0, there exists a positive constant
ε = ε(A,B,C) depending only on (A,B,C) such that

(1 + εC1)C2C3

(n + 1)p+q−1
+

C4

(n+ 1)r
≤ A

(n+ 1)s
,

√
2 max{(1 + εC1)C3, 1} ≤ B (n ≥ m(A,B,C)),

where m(A,B,C) = n1(C, ε(A,B,C)) and n1(C, ε) is defined in Lemma 6.2.1.

Proof. The lemma easily follows from Definition 6.3.1 and the fact that n1(C, ε) →
∞ as ε→ 0 (cf. Lemma 6.2.1).
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Lemma 6.3.3. For any A > C0 and B > B0,

gn+1(v) ≤ Agn(v)

(n + 1)s
+Bγn+1(v) (n ≥ m(A,B,C), v ∈ `10),

Proof. The difference equation (1.8) yields

|Y φk+1(v)| ≤ |Y Pk+1X ||Xφk(v)|+ |Y Pk+1Y ||Y φk(v)|+ |Y vk+1| (k ≥ 0).

Applying Lemma 6.1.2, we have

|Y φk+1(v)| ≤ C3

(k + 1)q
|Xφk(v)| + C4

(k + 1)r
|Y φk(v)|+ |Y vk+1| (k ≥ n0(C)),

and hence

|Y φk+1(v)|
(k + 2)p

≤ C3

(k + 1)p+q−2

|Xφk(v)|
(k + 1)(k + 2)

+
C4

(k + 1)r
|Y φk(v)|
(k + 1)p

+
|Y vk+1|
(k + 2)p

≤ C3

(n+ 1)p+q−2

|Xφk(v)|
(k + 1)(k + 2)

+
C4

(n+ 1)r
|Y φk(v)|
(k + 1)p

+ |Y vk+1|
(k ≥ n ≥ n0(C)).

Summing over k = n, n+ 1, n+ 2, . . . , we have

gn+1 ≤ C3fn
(n + 1)p+q−2

+
C4gn

(n + 1)r
+ βn+1 (n ≥ n0(C)).

Applying Lemma 6.2.2, we obtain

gn+1 ≤ (1 + εC1)C3(C2gn + αn+1)

(n+ 1)p+q−1
+

C4gn
(n+ 1)r

+ βn+1

=

{
(1 + εC1)C2C3

(n + 1)p+q−1
+

C4

(n+ 1)r

}
gn +

(1 + εC1)C3αn+1

(n + 1)p+q−1
+ βn+1

=

{
(1 + εC1)C2C3

(n + 1)p+q−1
+

C4

(n+ 1)r

}
gn + max{(1 + εC1)C3, 1}(αn+1 + βn+1),

(n ≥ n1(C, ε)).

Finally, using Lemma 6.3.2, we obtain

gn+1 ≤ Agn
(n+ 1)s

+Bγn+1 (n ≥ m(A,B,C)).

Corollary 6.3.4. Let A,B and m = m(A,B,C) be as in Lemma 6.3.3. Then,

gn(v) ≤ An−mgm(v)

{(m+ 1)(m+ 2) · · · (n− 1)n}s +

n∑
k=m+1

BAn−kγk(v)
{(k + 1)(k + 2) · · · (n− 1)n}s

(n ≥ m, v ∈ `10).

Proof. Induction on n ≥ m by using Lemma 6.3.3 establishes this corollary.

6.4. Convexity. Given any v ∈ `10, consider a sequence dn > 0 (n ≥ 0) satisfying
the following condition.

Condition 6.4.1. Let s be as in Notation 3.5.4.

dn+1dn−1

(dn)2
≥
(

n

n + 1

)s
(n ≥ 1),(1)

γn(v) ≤ dn (n ≥ 0).(2)
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Lemma 6.4.2. Let A,B and m = m(A,B,C) be as in Corollary 6.3.4. If {dn}
satisfies Condition 6.4.1, then

gn(v) ≤ An−mgm(v)

{(m+ 1)(m+ 2) · · · (n− 1)n}s

+B(n−m)max

{
An−m−1dm+1

{(m+ 2)(m+ 3) · · · (n− 1)n}s , dn
}

(n ≥ m+ 1).

Proof. For n ≥ m+ 1 we consider the sequence

xk =
An−kdk

{(k + 1)(k + 2) · · · (n− 1)n}s (m+ 1 ≤ k ≤ n).

Condition 6.4.1.(1) implies that if n ≥ m+ 3, then

xk+1xk−1

(xk)2
=

(
k + 1

k

)s
dk+1dk−1

(dk)2
≥ 1 (m+ 2 ≤ k ≤ n− 1).

This means that the sequence {xk;m + 1 ≤ k ≤ n} is multiplicatively convex
(including the cases n = m + 1,m + 2). Hence {xk} attains the minimum at
k = m+ 1 or n. By Corollary 6.3.4 and Condition 6.4.1(2), we have

gn ≤ An−mgm
{(m+ 1)(m+ 2) · · · (n− 1)n}s +

n∑
k=m+1

xk.

In the sum
∑

xk, we replace each xk by max{xk} = max{xm+1, xn}. Then we
establish the lemma.

6.5. Preparatory lemmas.

Assumption 6.5.1. Assume that (t, a) satisfies one of the following conditions:

(1) t = s = 0, c0(| · |) < a < 1,
(2) t = 0 < s, 0 < a < 1,
(3) 0 < t < s, a > 0,
(4) t = s > 0, a > c0(| · |),

where s and ci(| · |) are defined in Notation 3.5.4 and Definition 3.5.5, respectively.

Definition 6.5.2. We set

L1(t, a) =
1

1− a
(t = 0),

L1(t, a) = max

{
2,

(
max

0≤n≤[(2a)1/t]

(n!)t

an

) ∞∑
k=0

ak

(k!)t

}
(t > 0).

Lemma 6.5.3. Under Assumption 6.5.1 we have

γn(v) ≤ L1(t, a)|v|t,a an

(n!)t
(n ≥ 0, v ∈ Gt,a).

Proof. In case t = 0 we have

γn =

∞∑
k=n

|vn| ≤ |v|0,a
∞∑
k=n

ak =
|v|0,aan
1− a

= L1(t, a)|v|0,aan,

which implies the lemma. In case t > 0 we easily see that

1

2
≤ 1− a

(k + 1)t
(k ≥ [(2a)1/t]).
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Hence we have

|vn| ≤ 2|v|t,aak
(k!)t

1

2
≤ 2|v|t,aak

(k!)t

{
1− a

(k + 1)t

}
=

2|v|t,aak
(k!)t

− 2|v|t,aak+1

{(k + 1)!}t (k ≥ [(2a)1/t]).

Summing over k = n, n+ 1, n+ 2, . . . , we obtain

γn =

∞∑
k=n

|v| ≤ 2|v|t,aan
(n!)t

≤ |v|t,aL1(t, a)a
n

(n!)t
(n ≥ [(2a)1/t]).

As for 0 ≤ n ≤ [(2a)1/t], we have also

γn ≤
∞∑
k=0

|v|t,aak
(k!)t

=
(n!)t

an

∞∑
k=0

ak

(k!)t
· |v|t,aa

n

(n!)t
≤ |v|t,aL1(t, a)a

n

(n!)t
.

This establishes the lemma.

Lemma 6.5.4. Let Gt,a+0 be defined by Definition 3.5.3. There exist constants
L2(t, a) and L3(t, a), depending only on (t, a), such that

|φn(v)| ≤ L2(t, a)

n+ 1
|v|t,a,(1)

gn(v) ≤ L3(t, a)|v|t,a (n ≥ 0, v ∈ Gt,a0 ).(2)

Proof. By Assumption 6.5.1, the sum

L′2(t, a) =

∞∑
n=0

(n + 1)an

(n!)t
+ sup

n≥0

(n + 1)an

(n!)t

converges and defines a finite number. By Definition 3.2.2 and Definition 3.5.1, we
have |v|0 ≤ L′2(t, a)|v|t,a. By Theorem II (or Theorem I) and Φv = 0, there exists
a constant C5 such that

|φn(v)| ≤ C5|v|0
n+ 1

(n ≥ 0, v ∈ `10).

Hence, setting L2(t, a) = C5L
′
2(t, a), we obtain Assertion (1). Next, noting that

p ≥ 1, we set

L3(t, a) =

∞∑
n=0

L2(t, a)

(n + 1)p+1
<∞.

Then we easily obtain Assertion (2). This establishes the lemma.

Remark 6.5.5. The constant C5 in the proof depends (only) on | · | ∈ N . So it is
better to say that the constants L2(t, a) and L3(t, a) depend only on (t, a, | · |). We
did not refer to this dependence explicitly, since | · | is understood to be fixed (cf.
Notation 6.1.1).
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Lemma 6.5.6. Let A > C0, B > B0 and m = m(A,B,C) be as in Lemma 6.4.2.
Then

gn(v) ≤ L3(t, a)|v|t,a An−m

{(m+ 1)(m+ 2) · · · (n− 1)n}s

+ nBL1(t, a)|v|t,a max

{
An−m−1am+1

{(m+ 1)!}t{(m+ 2)(m+ 3) · · · (n− 1)n}s ,
an

(n!)t

}
(n ≥ m+ 1, v ∈ Gt,a0 ).

Proof. For any v ∈ Gt,a0 we set

dn = L1(t, a)|v|t,a an

(n!)t
(n ≥ 0).

Then Condition 6.4.1(1) is easily checked. Moreover, Lemma 6.5.3 implies Condi-
tion 6.4.1(2). Hence Lemma 6.4.2 is valid for the sequence {dn}. The lemma easily
follows from Lemma 6.4.2 and Lemma 6.5.4(2).

6.6. Gevrey estimates. We are now in a position to establish Gevrey estimates.

Lemma 6.6.1. Under Assumption 6.5.1 there exist a nonnegative integer m(a)
depending only on a and nonnegative constants L4(t, a), L5(t, a) depending only on
(t, a) such that

gn(v) ≤ L4(t, a)|v|t,a (n + 1)an

(n!)t
(n ≥ m(t, a) + 1, v ∈ Gt,a0 ),(1)

fn(v) ≤ L5(t, a)|v|t,a an

(n!)t
(n ≥ m(t, a) + 1, v ∈ Gt,a0 ).(2)

Proof. First we consider the cases (1) and (4) in Assumption 6.5.1. In these cases
we have t = s and c0(| · |) < a. By Definitions 3.5.5 and 6.3.1, we can choose the
constants C = (C1, C2, C3, C4) so that Ci > ci(| · |) (i = 1, 2, 3, 4) and C0 < a. This
choice depends only on a. We set A = a (> C0) and fix B > B0 arbitrary. Then
(A,B,C) depends only on a. Lemma 6.5.6 implies

gn(v) ≤ L3(t, a)|v|t,a an−m

{(m+ 1)(m+ 2) · · · (n− 1)n}t

+ nBL1(t, a)|v|t,a an

(n!)t
(n ≥ m+ 1),

where m = m(A,B,C). If we put m(a) = m(A,B,C) and L4(t, a) = BL1(t, a) +
(m!)ta−mL3(t, a), then Assertion (1) holds.

Next we consider the cases (2) and (3) in Assumption 6.5.1. In these cases we
have s < t. We take any constants C = (C1, C2, C3, C4) such that Ci > ci(| · |)
(i = 1, 2, 3, 4). Moreover we fix A > C0 and B > B0 arbitrarily. Lemma 6.5.6
implies

gn(v) ≤ L3(t, a)|v|t,a (m!)s

Am

(A/a)n

(n!)s−t
· an

(n!)t

+ nBL1(t, a)|v|t,a max

{
{(m+ 1)!}s−t (A/a)

n−m−1

(n!)s−t
, 1

}
an

(n!)t

(n ≥ m+ 1),
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where m = m(A,B,C). So if we set m(a) = m(A,B,C) and define L4(t, a) as
below, then Assertion (1) holds, with

L4(t, a)

= sup
n≥m+1

[
L3(t, a)

(m!)s

Am

(A/a)n

(n!)s−t
+BL1(t, a)

{
{(m+ 1)!}s−t (A/a)

n−m−1

(n!)s−t
+ 1

}]
.

Since s > t, L4(t, a) is well-defined, i.e. L4(t, a) <∞.
Next, Lemmas 6.2.2, 6.5.3 and Assertion (1) imply

fn(v) ≤ 1 + ε(A,B,C)C1

n + 1
{C2gn(v) + γn(v)}

≤ 1 + ε(A,B,C)C1

n + 1
|v|t,a{C2L4(t, a)(n + 1) + L1(t, a)} an

(n!)t
.

Assertion (2) easily follows from this inequality.

Strictly speaking, we should say that m(a), L4(t, a) and L5(t, a) depend also on
| · | (cf. Remark 6.5.5).

Theorem 6.6.2 (Theorem III). Under Assumptions BN and C, if (t, a) satisfies
Assumption 6.5.1 then there exists a constant M(t, a, | · |), depending only on
(t, a, | · |), such that

|φn(v)| ≤M(t, a, | · |)|v|t,a (n+ 1)p+1an

(n!)t
(n ≥ 0, v ∈ Gt,a0 , | · | ∈ N ).

Proof. By Definition 6.1.3 and Lemma 6.6.1, we have

|φn(v)| ≤ |Y φn(v)|+ |Xφn(v)|
≤ (n+ 1)pgn(v) + (n + 1)(n+ 2)fn(v)

≤ {L4(t, a)(n + 1)p+1 + L5(t, a)(n + 1)(n+ 2)}|v|t,a an

(n!)t

≤ {L4(t, a) + 2L5(t, a)}|v|t,a (n + 1)p+1an

(n!)t

(n ≥ m(a) + 1, v ∈ Gt,a0 ).

We set

M(t, a, | · |) = max

{
L4(t, a) + 2L5(t, a), L2(t, a) max

0≤n≤m(a)

(n!)t

(n+ 1)p+2an

}
.

Then the above inequality and Lemma 6.5.4(1) establish the theorem.

6.7. Proof of Corollary 3.6.2. To establish Corollary 3.6.2 we show that the
pair (Gt,a+, P ) satisfies Conditions (AP-1)-(AP-4) in Definition 1.1. Assumption
B∞ and Definition 3.5.2 imply that P and T map Gt,a+ into itself, and hence
(AP-1). Condition (AP-2) is trivial from Definition 3.5.2. Assertion (2) of Theorem
I implies (3) of (AP-3). The other conditions in (AP-3) and (AP-4) readily follow
from (1) of Theorem II and Corollary 3.6.1. Hence (Gt,a+, P ) is an asymptotic pair
of order N .
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7. Examples

We present two simple, but nontrivial, examples to which our theory applies.
These examples arise from a different area of mathematics, i.e., algebraic analysis
of linear partial differential equations or the D-module theory. In this connection
we refer to [9][10]. Let D be a domain in C, O(D) the linear space of all holomorphic
functions in D, K the set of all compact subsets of D. For each K ∈ K we set

|f |K = sup
x∈K

|f(x)| (f ∈ O(D)).(7.1)

Then O(D) is a complete locally convex linear space having semi-norms | · |K with
K ∈ K.

7.1. Example 1. Let D be any bounded domain in C. We set U = O(D)2, where
each element in U is regarded as a column vector. Let β and γ be complex constants
such that γ 6∈ Z. We consider the difference equation (1.1), where

Pn =

 1
−x
n− γ

−β
n− γ

−x
n− γ

 .(7.2)

This example arises from the confluent hypergeometric system of two variables
known as the Humbert system Φ2:{

[x∂2
x + y∂x∂y + (γ − x)∂x − β]u = 0,

[y∂2
y + x∂x∂y + (γ − y)∂y − β′]u = 0,

(Φ2)

where β, β′, γ ∈ C. We refer to [9] for the derivation of (7.2) from (Φ2). From (7.2)
we have Pn = P (0) + P (1)(n− γ)1, where

P (0) =

(
1 0
0 0

)
, P (1) =

(
0 x
β x

)
, P (i) = O (i ≥ 2).(7.3)

As the supplementary projections X and Y , we take

X =

(
1 0
0 0

)
, Y =

(
0 0
0 1

)
.(7.4)

Then we have (cf. Notation 3.2.1)

Uν = O(D) eν (ν = 0, 1),(7.5)

where eν ∈ U are given by

e0 =

(
0
1

)
, e1 =

(
1
0

)
.

Any f ∈ U is expressed as f = f0e0 +f1e1 for some f0, f1 ∈ O(D). For each K ∈ K
let |f |K =

√|f0|2K + |f1|2K (cf. (7.1)). We take N = {| · |K ; K ∈ K} as the system
of semi-norms on U . Then the condition (2.1) holds. By using the assumption that
D is bounded, it is easily checked that Assumption Au is satisfied for any ρ such
that 0 < ρ < 1. Moreover, Assumption B∞ is also satisfied.

Notation 3.2.4, (7.3) and (7.4) yield

Pij =


P (1)

j+
(i = j + 1),

O (i > j + 1),

(7.6)
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where j+ = max{j, 1}. Notation 3.2.5, (7.3), (7.4) and (7.6) yield

Aij =


1

j+

βx

i

x2

i
,

β x

 (i = j + 1),

O (i > j + 1).

(7.7)

Since Aij = O for i > j + 1, we have AJ = O for any J ∈ Si other than J =
{1, 2, . . . , i − 1} (cf. Definition 3.2.6). Hence Ψi = Ai,i−1Ai−1,i−2 · · ·A21A10 for
i ≥ 1. Using (7.7) we can show that the operators Ψi in Definition 3.2.6 are
expressed as

Ψi =
(β + 1)(β + 2) · · · (β + i− 1)

[(i− 1)!]2

 βxi

i

xi+1

i
βxi−1 xi

 (i ≥ 1).(7.8)

We set p = q = r = 1. Then Assumption C is satisfied and we have s = 1 in
Notation 3.5.4. Using Remark 3.5.6 we have (cf. Definition 3.5.5)

c2(| · |K) = c4(| · |K) = rK , c3(| · |K) = |β| (K ∈ K),

where rK = supx∈K |x|. Hence c0(| · |K) = rK(|β| + 1). Therefore the constant a0

in Definition 3.5.5 is given by

a0 = rD(|β| + 1), where rD = sup
x∈D

|x|.(7.9)

From Corollaries 3.4.2 and 3.6.2 we obtain the following proposition.

Proposition 7.1. Let P = (Pn) be as in (7.2) and U = O(D)2, where D is a
bounded domain in C. Assume that V = `∞ or Gt,a+, where (t, a) satisfies one of
the following conditions:

(1) t = 0, 0 ≤ a < 1,
(2) 0 < t < 1, a ≥ 0,
(3) t = 1, a ≥ a0, where a0 is given by (7.9).

Then (V, P ) is an asymptotic pair of order infinity with asymptotic data A =
(−γ, U1, {Ψi}∞i=0), where U1 and Ψi are given by (7.5) and (7.8), respectively.

7.2. Example 2. Let D = {x ∈ C ; |x| < 1} be the open unit disk in C, D any
relatively compact domain in D. We set U = O(D)2, where each element in U is
regarded as a column vector. Let α, β and γ be complex constants such that γ 6∈ Z.
We consider the difference equation (1.1), where

Pn =

1 +
βx

n− γ

x(x − 1)

n− γ
β(n− α)

n− γ

x(n− α)

n− γ

 .(7.10)

This example arises from the confluent hypergeometric system of two variables
known as the Humbert system Φ1:

{
[x(1− x)∂2

x + y(1− x)∂x∂y + {γ − (α+ β + 1)x}∂x − βy∂y − αβ]u = 0,

[y∂2
y + x∂x∂y + (γ − y)∂y − x∂x − α]u = 0.

(Φ1)
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We refer to [9] for the derivation of (7.10) from (Φ1). From (7.10) we have Pn =
P (0) + P (1)(n− γ)1, where

P (0) =

(
1 0
β x

)
, P (1) =

( −βx x(1 − x)
β(α− γ) (α− γ)x

)
, P (i) = O (i ≥ 2).(7.11)

As the supplementary projections X and Y , we take

X =

 1 0
β

1− x
0

 , Y =

 0 0
−β

1− x
1

 .(7.12)

Then we have (cf. Notation 3.2.1)

Uν = O(D) eν (ν = 0, 1),(7.13)

where eν ∈ U are given by

e0 =

(
0
1

)
, e1 =

 1
β

1− x

 .

Any f ∈ U is expressed as f = f0e0 +f1e1 for some f0, f1 ∈ O(D). For each K ∈ K
let |f |K =

√|f0|2K + |f1|2K (cf. (7.1)). We take N = {| · |K ; K ∈ K} as the system
of semi-norms on U . Then the condition (2.1) holds. We set

ρ = rD := sup
x∈D

|x|.(7.14)

Since D is relatively compact in D, we have 0 ≤ ρ < 1. Assumption Au is satisfied
for ρ defined by (7.14). Moreover Assumption B∞ is also satisfied. We only check
(2) of Assumption B∞. The operator Z is expressed as

Z := Y P (0)Y =

 0 0
−βx
1− x

x

 .(7.15)

This implies Ze0 = xe0 and Ze1 = 0, i.e., Z is the multiplication by x on U0 and
zero on U1. In particular we have

|Z|K = rK := sup
x∈K

|x| < 1 (∀K ∈ K).(7.16)

This implies (2) of Assumption B∞.
Notation 3.2.4, (7.11) and (7.12) yield

Pij =


P (1)

j+
(i = j + 1),

O (i > j + 1).

(7.17)

Notation 3.2.5, (7.11), (7.12), (7.15) and (7.17) yield

Aij =


1

j+

(
x

1− x

)
QWQ−1 (i = j + 1),

O (i > j + 1),
(7.18)

where the matrices Q and W are given by

Q =

 1 0
β

1− x
1

 , W =

β(α− γ)

i

(α− β − γ − j+)x(1 − x)

i
β(α− γ)

x(1− x)
α− β − γ − j+

 .
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Since Aij = O for i > j + 1, we have AJ = O for any J ∈ Si other than J =
{1, 2, . . . , i− 1} (cf. Definition 3.2.6). Hence

Ψi = Ai,i−1Ai−1,i−2 · · ·A21A10

for i ≥ 1. Using (7.18) we can show that the operators Ψi in Definition 3.2.6 are
expressed as

Ψi =

(
x

1− x

)i
(β+1)(β+2) · · · (β+i−1) · (α−γ−1)(α−γ−2) · · · (α−γ−i+1)

[(i − 1)!]2

×

 β{α− γ − (α−β−γ−1)x}
i

(α−β−γ−1)x(1− x)

i
β{α− γ − (α−β−γ−1)x}

x(1− x)

(
βx

i
+ 1

)
(α−β−γ−1)

(
βx

i
+ 1

)
 .

(7.19)

We set p = q = 1 and r = 0. Then Assumption C is satisfied and we have s = 0
in Notation 3.5.4. By Remark 3.5.6 and (7.16), we have c0(| · |K) = |Z|K = rK for
any K ∈ K. Hence (7.14) implies that the constant a0 in Definition 3.5.5 is given
by

a0 = rD < 1.(7.20)

From Corollaries 3.4.2, 3.6.2 and (7.20) we obtain the following proposition.

Proposition 7.2. Let P = (Pn) be as in (7.10) and U = O(D)2, where D is a
relatively compact domain in the open unit disk D. Let a be any constant such
that rD ≤ a < 1, where rD is defined by (7.14). Assume that V = `∞ or
G0,a+. Then (V, P ) is an asymptotic pair of order infinity with asymptotic data
A = (−γ, U1, {Ψi}∞i=0), where U1 and Ψi are given by (7.13) and (7.19), respec-
tively.
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