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ORDER EVALUATION OF PRODUCTS OF SUBSETS IN
FINITE GROUPS AND ITS APPLICATIONS. II

Z. ARAD AND M. MUZYCHUK

ABSTRACT. In this paper we give a new estimate of the cardinality of the
product of subsets AB in a finite non-abelian simple group, where A is normal
and B is arbitrary. This estimate improves the one given in J. Algebra 182
(1996), 577-603.

1. INTRODUCTION

This paper is a continuation of [2], where the following question was considered.
Given a finite group G and two arbitrary subsets S, T C G, how large may their
product T'S be, provided that T'S # G?

In [2] the survey of related results was presented. In particular, we proved that
if S is a normal subset, |S| > 1, and G is finite non-abelian simple, then ST # G
yields that |[ST| > |S| 4+ |T| — 1. Furthermore, the equality |ST| = |S| + |T| — 1
holds if and only if either |T| =1or T = §_1 g, where S denotes the complement
to S'in G.

As it was illustrated in [2], the above-mentioned result implies various interesting
applications which were stated there.

The purpose of this paper is to present a better estimation for |AB|. More
precisely, the main result of the paper is

Theorem 1.1. Let G be a finite non-abelian simple group. Denote by | the minimal
cardinality of non-trivial conjugacy classes of G. Then for each normal A C G, such
that 1 < |A| < |G|/4 and for any B C G,

|B| >2, |AB|<|G|-2= |AB|> |A|+ |B|+ (I —18)/12.

In particular, if A is a non-trivial conjugacy class, then either |Cg(a)| = 3,a € A,
or the assumption |A| < |G|/4 holds by the simplicity of G. Non-abelian simple
groups G with self-centralizing subgroup of order 3 are A5 and PSL(2,7) by [5]. If
G = As, then | = 12 and Theorem 1.1 holds by [2]. If G = PSL(2,7), then | = 21
and |A| = 56. Here also one can prove that Theorem 1.1 holds. Therefore, if A is a
non-trivial conjugacy class of G, then the assumption |A| < |G|/4 may be omitted.
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As an application of Theorem 1.1 we prove

Theorem 1.2. Let G be a finite non-abelian simple group. Then for each mormal
A C G, such that 1 < |A| < |G|/4 and for any B C G, it holds that

|B| > 2,|AB| < |G| —2 = |AB| > |A| + |B| + 3.

As a direct consequence we obtain the following omnibus theorem:

Theorem 1.3. Let G be a finite non-abelian group with k conjugacy classes and
Cla(G)? be the set of its non-trivial conjugacy classes. Then G is not simple if
one of the following holds:

1) CD C CUD for some C,D € Cla(G)#;

2) CD C C~'U D for some C, D € Cla(G)¥;

3) CD C C~*uD™! for some C,D € Cla(G)#;

4) M pes B € Upep BU{1} for some B C Cla(G)#;

5) there exist A, B C Cla(G)* such that

[I4c U Bu{i},

AeA BeB
[IBc | Au{i}.
BeB AeA

6) CC~t* C CuC~tuU {1} for some C € Cla(G)¥;

7) C2 C CuUC™! for some C € Cla(G)¥;

8) C* C {1}uDUD™! for some C,D € Cla(G)#;

9) leectaey C # G:

10) | Ieectaay#\(py CI < |Gl =1, where D € Cla(G)* is a conjugacy class of
minimal cardinality;

11) if |C] > |G|/k — 2,k > 6,C € Cla(G)# and C* # G.

Parts 1) and 2) are known by [1]. Parts 3)-5), 7)-9) and 11) were open problems;
a few of them were mentioned in [1]. Part 6) was proved in [1] by using CFSG.
Part 9) is known due to R. Brauer (see [4]). The detailed structure of G satisfying
part 1) is known by [1]. In [1] it was shown that there is no finite group satisfying
part 2).1

Further research is needed for a better understanding of the structure of G
satisfying parts 3)-11).

2. PRELIMINARIES

Let A C G be a subset of a group G. In what follows we use A for G\ A. For an
integer ¢ we define
Si(A)={BCG||B|>iand |[AB|>i};
wi(A) = min{|AB|— |B| | B € S;(4)};
Ei(A) ={B e Si(4) | |AB| = |B| + w;(A)}.
Since S;(A) € S;(A) when i < j, w;(A) is a non-decreasing function of i.
Proposition 2.1. Let X,Y € &;(A) and [ X NY| > i,|AX UAY| > 4. Then X N
Y, XUY € &(A).

ICharacter theorems dual to parts 7) and 8) were considered in [7].
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Proof. The identity
[AXUAY |+ |[AX NAY| = |AX| + |AY|
implies
(1) [AXUY)|+ |[AX NY)| < |AX| + |AY| = | X]| + |Y] + 2w;(A4).

The inequalities | XNY| > i,|AX U AY| > i guarantee that XNY, XUY € S,;(A).
Therefore,

[AXUY)|+|AXNY)| > | XUY|+|XNY|+2w;(4) = |X|+ Y]+ 2wi(A).
Combining this with (1) yields

IAX UY)| = |X UY|+wi(A),

[AXNY)|=1XNY|+wi(A),
as claimed. &
Proposition 2.2. (i) w;(A) = w;(A™1);
(ii) B € &(A) = A=Y (AB) = B and, consequently, AB € & (A™1);

(iii) B € &(A) & Bg € &Ei(A) for each g € G;
(iv) if A is normal, then

1

Be&(A) = AAB ) = E_l, and, consequently, AB ' ¢ Ei(A),

Be &(A) < gBhe E(A) for any g,h € G.

Proof. (i) Tt is sufficient to show that wi(Aig w;(A). Take an arbitrary B €
Ei(A). Then |AB| = |B| + wi(A). If ¢ € AB, then A~'g N B = (), implying
A7Y(AB) C B. Thus |AB| > i < |B| < |A=1(AB)|. Therefore AB € S;(A™!),
which implies
@ B] > [ATH(AB)| > wi(A™") + [AB| = wi(A™") + |G| — |AB]

=wi(A™) + |G| = |B| — wi(A) = wi(A™Y) +|B| — wi(A).
(i) Since w;(A) = w;(A™1), the inequality (2) implies

|G| = |B| > |ATY(AB)| > |G| - |BI.

Therefore, |A™'(AB)| = |B|. Combining this with an inclusion A='(AB) C B
yields A7'(AB) = B. Now the inclusion AB € &;(A™!) easily follows from the
following sequence of equalities:

|A~Y(AB)| = |B| = |G| — |B| = |AB| + [AB| — | B|
= w;i(A) +|AB| = w;(A™") + |AB|.

Proof of (iii) is a trivial exercise. Part (iv) is a direct consequence of (ii)-(iii)
and normality of A.
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3. ESTIMATION OF wi(A) OF A NORMAL SUBSET A C G

In what follows, we assume that A C G, A # G is normal and S1(A) # 0. It is
easy to see that S;(A) # 0 if and only if there exists b € G# with |A{1,b}| < |G| —2.
Denoting by m(A) the minimal value of |[Ag U A| — |A|,g € G*, we can say that
Si1(A) # 0 if and only if m(A) + |A| < |G| — 2. Since m(A) < |A]|, the latter
inequality always holds in the case of 2|A|+ 2 < |G|. If m(A) = 0, then a subgroup
Sta(A) = {g € G | gA = A} is a non-trivial proper normal subgroup of G. The
parameter m(A) gives us an upper bound for wi(A). Indeed, |A{1,b}| > w1 (A4) + 2
whenever 1 # b and |A{1,b}| < |G| — 2. Therefore

3) m(A) =2 > wi(4) —[A].

Moreover the equality case in (3) holds if and only if £;(A) contains a subset
with two elements.

In this section we study the situation where & (A) contains no 2-element subset,
or, equivalently, m(A) — 2 > wy(A4) — |4|.

The main result may be formulated as follows:

Theorem 3.1. Let A C G be a normal subset of a finite group G with S1(A) # 0
and wi(A) — |A] < m(A) — 2. Let B € £(A) be of minimal cardinality such that
1 € B. If|B| > w1(A)—|A|+3, then B is a subgroup of G such that [G : Ng(B)] < 2.

As a direct consequence, we obtain the following two results.

Theorem 3.2. Let A C G be a normal subset such that Sy(A) # 0. Assume that
w1(A) —|A| < (m(A) —3)/2. Then there exists a proper subgroup H < G such that
[G: Ng(H)] <2 and |AH| = w1 (A) + |H]|.

Theorem 3.3. Let G be a non-abelian finite simple group. Let A C G be an
arbitrary normal subset of G such that S1(A) # (). Then

Bl>2, [6]-2> |AB| > |4B| > 4] +|5] + 23

holds for any B C G.

The rest of this section contains the proof of Theorem 3.1. Thus we always
assume that S1(A4) # ) and m(A) — 2 > w1 (A) — |A]. The following notation will
be used throughout the section:

- ki=wi(A) - |A];

- B € &(A) is of minimal cardinality, m := |B|,m > 2;

-C:=AB,n:=|C|.

We always have

(4) |Gl =wi(A) +m+ns |G =|Al+k+m+n.

According to Proposition 2.2 (iv), C~! € & (A). Therefore n > m > 3.
Lemma 3.1. Let By, By € £(A) and |By| = |Bz| = m. Write AB; = C;,i = 1,2.
Then

(i) [B1 N Bz| € {0,1,m};
(ii) either |[ByNCy'|=|BoNCy ' =m,
or |[BiNCy ' <1>[BynCyl.
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Proof. (i) Assume the contrary, i.e., 1 < |By N Bz| < m. Then
|A(B1 UBs)| + |A(B1 N Bg)| < |AB1 U ABy| + |AB1 N ABs|
= |AB| + |AB3| = 2w1(A) + 2|B.
Since |By N Ba| > 1, |A(B1 N B2)| > wi(A) + | By N Ba|, implying
|A(B1 U Bs)| < 2wi(A) + 2|B| — |A(B1 N By)|
<wi(A)+2|B|—|BiNBa| <wi(A)+2m—2<wi(A)+m+n—2=|G|—2.
Thus, |By N By| > 1 < |A(B; U By)|, and, by Proposition 2.1, B; N By € & (A)

contrary to a minimality of B.
(ii) Assume that at least one of the inequalities

[BinCyt <1,
|BonCrt <1

does not hold. WLOG |B; N C5'| > 1. Since By € S1(A) and |B; N CyY| > 1,
Bin C{l € S1(A), which, in turn, implies

(5) [A(Bi N Cy 1) > wi(A) +[Bi NGy .
On the other hand,
|JA(By N Cy Y| < |ABLNAC; Y = |ABy| + |ACS Y| — |A(BL U CL Y.

Since AC;” - E»_l, 1 = 1,2, the right part of the above inequality may be rewritten

as follows: '

|ABy| + |ACy Y| — |A(By U CyY)|
= wi(A) + |Bi| + wi(A) +|Ca| - [CLUB, |
= |G|+ wi(4) - |C1 N By |
= w1 (A) +|C1 N By

(6)

Comparing (5) and (6) gives us
1< |BinCyY < |CinByY| = |BanCY.
Applying the same arguments to Bo N C; !, we obtain the inverse inequality which
yields
|Blﬂ02_1| = |BzﬂCf1| > 1.
Now we have
_ =-1 = T A -
|ACT U ABy| = B, UCs| =|B;'NCy|=|G|—|By'NCy| < |G| —2.

Thus |C; ' N By| > 1 < |A(Cy ' N By)|, whence, by Proposition 2.1, C;' N By €
E1(A).

Since By has a minimal cardinality among the elements of £;(A), |C7' N By| =
| Bz|, thus finishing the proof. ¢

Corollary 3.2. Let B € £(A) with |B| =m. Then
(i) for any x,y € G, |BNxzBy| € {0,1,[Bl};
(ii) if 1 € B, then either B is a subgroup of G or [gBN B| <1 > |BgN B| holds
for each g € G.
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Proof. (i) is a direct consequence of the previous claim and Proposition 2.2, part
(ii).

(ii) Assume that |[Bg N B| > 1 for some g € G\{1} (the case when |[¢gBN B| > 1
is considered analogously). Then Bg € &£ (A) and by Lemma 3.1 |Bg N B| = |B|,
or, equivalently, Bg = B. Thus B is a union of the left cosets of the cyclic subgroup
(g). This implies that 2B N B is a union of the left (g)-cosets as well. In particular,
|zBN B is divisible by the order o(g) of g. On the other hand, [ztBNB| € {0, 1,|B|}
for all © € G. Therefore |[xB N B| € {0, |B|} for an arbitrary € G. That means
B N B is either () or B. Since 1 € B, B is a subgroup of G. <

The latter statement makes it reasonable to split the general case into two sub-
cases, depending on whether B is a subgroup or not.

3.1. B is not a subgroup of G. In this section we show that, under the assump-
tions of Theorem 3.1, B should be a subgroup of G. In fact, we prove a stronger
result.

Lemma 3.3. If B is not a subgroup of G and 1 € B, then
m(m — 3)

<k.
5 <k

Write AB = C, where |B| = m, |C| = n. For every ¢ € C' we have
AB=C, ABc'=Cc T,
By applying Lemma 3.1, part (ii), we obtain that either
|IBN(Cc ™Y = |Bc'nC™Y =B,
or
IBN(Cc )™ <1>|Bctnc™.
Since 1 € B and ¢ € C, either

(7) Cl'¢edBceC™,
or
(8) Cl'enB=BncC™t={1}.

Let C; be a set of those ¢ € C satisfying (8) and Cs be a set of those ¢ € C satisfying
(7). Clearly C = C; UC3y and C1 N Cy = 0.

Proposition 3.4. |C1| > m — 1.

Proof. Assume the contrary, i.e. |C1| < m—2. Then |Co| = |C|—|C1| =n—|C1| >
2.
As follows from (7)
B_102 cC>D CQB_l.
This yields Cb D C5 for each b € B, whence
ABB| = | | aBb| = | | Tbl = () bl < [Cal < |G| — 2.
beB beB beB
Therefore B2 € S1(A), whence

(9) |AB?| > wi(A) +|B?|.
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On the other hand,
|AB?| < [Ca| = |G| — |C] + |1
=|G|—n+|Ci| < |G| —n+m—2=wi(A)+2m—2.
Thus
wi(A) + |B?| < wi(A) +2m — 2,
whence
|B?| < 2|B| — 2.
But now |B?| > |B U Bb| = 2|B| — 1 yields a contradiction (B is not a subgroup,
sob#1=|BUBb =2|B|-1). <
Proof of Lemma 3.3. We have two equalities:
ABc™! =Cc 1, ceC,
AC™t =B~
Therefore,

A(CTtuBC)y =ACcT U (| ABc) =B Tu( Cc )

ceCq ceCy

=B-'n([) Cc') c G\ {1}.

ceCq

This implies

BCluCcTt c AT
whence
(10) |IBCTPUC™H < |G| - |Al =k +m+n.
By definition of C;:

Belne ' ={c1}
for all ¢ € Cy. Hence

|BCT'ucCT = |B*CrtucT = |B¥FCT +|C7Y

(here B# = B\ {1}). Together with (10) this yields
(11) |B#CY <k +m.
B is not a subgroup; therefore, by Corollary 3.2, |B#¢' N B#¢”| < 1 whenever
¢ # . Since |Cy| > |B| — 1 =m — 1, we have at least m — 1 sets B¥#¢,c € C;'' of
cardinality m — 1 such that any pair of them has at most one element in common.

This implies that |[B# C!| has at least m(m — 1)/2 elements. Together with (11),
this implies m(m — 1)/2<k+4+m.
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3.2. The case of B being a subgroup of G. Denote | = [G : Ng(B)]. If I < 2,
then we are done. Thus we may assume that [ > 3. Let By = B, Ba,..., B; be a
complete set of conjugates to B.

(12) AB; =C,;, AC;'=B", i=1,..,1

By Lemma 3.1, B; N B; = {1} whenever ¢ # j. In other words, B should be
a TI-subgroup of G. Each C; is a union of B;-cosets; therefore m | n. To prove
Theorem 3.1 we consider two separate cases:

(i) |C; N Cj| <1 for each i # j.

(ii) there exists a pair i # j with |C; N C;| > 2.

The first case is settled below.

Proposition 3.5. Case (i) is impossible.

Proof. We have AC’Z-_1 = Bi_l,z' =1,2,...,1. Therefore,
A(CTrucytucyh) c G\ {1}
This implies
crtucytucyt c AL
whence
3n—-3<|CTtuCtUCs! < |G|~ |Al =k +m+n.

Since m < n, we obtain m < k + 3, a contradiction. &

To consider the second case, we may assume that |C; N Ca| > 2.
Denote D = C; N Cy. For each d € D we can write

(13) AByd~ ! = CidT,

(14) ABy = Cs.
By Lemma 3.1, part (ii), either
Bid™' c Cy' and By C (Cyd™h) 7,

or
|Bid ' NCyY < 1> |By C (Chrd~H)71.
Equivalently, either

(15) dB1 C Cy and Bad C Ol,
or
(16) BiNCytd= ByndCyt = {1}

Now Theorem 3.1 is a direct consequence of the following claim.
Lemma 3.6. If |C; N Cy| > 2, then m < k + 2.

Proof. First assume that there exist at least two elements dy,ds € D which satisfy
(16), i.e.,

(17) BiNCy'd; = Bynd;,Cyt ={1}, i=1,2.
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Then we have three equalities
AByd;' = Chdy € G\ {1},
(18) ABydy' = Cidy T G\ {1},
AC;' =By c G\ {1}.

Now A(Bidy ' UB1dy; ' UCy ) € G\ {1}, whence Bidy ' UBydy ' UGyt € AL
This gives us the following inequality

|Bid; ' UB1dy; P UGy < |G — |Al = wi(A) — Al +m+n=k+m+n.

By (17) the left side may be estimated as follows: 2

|Bidi ' UBdy ' UC | =2|By| —2+|C| = 2m +n —2.
Hence 2m +n — 2 < k 4+ m + n, as required.

Thus we may assume that the number of elements of D satisfying (16) is not
greater than 1. Therefore, there is a subset F' C D such that |F'| > |D| — 1 and

(19) fBl C Cz, Bzf (- Cl

holds for all f € F.

We claim that F By = F. Indeed, fB; C C5 for each f € F. On the other hand,
f € Cy and C1B; = C4, implying fB; C Cy. Therefore, fB; C C; N Cy = D This
shows that an element fb,b € B; doesn’t satisfy (16) for each b € By. Hence fb
satisfies (15), whence fb € F.

Write

|AB2B1| = |(AB1 U ABy)Bq| = |(C1 U C2)B1| = | DBy
=| J Dol < [F| =G| - |F| < |G| - |D| + 1.
beB;

Since FBy = F and F # 0, |F| > |B1| = m. Hence |AB2B1| < |G| — 2 and we can
write

|AB3B1| > wi(A) + |BaBi1| = wi(A) + |B|2 =wi(4) + m2.

Thus
wi(A) +m?® < |G| +1-|D| = |G| = [C1 NCo| +1=[C1 N Ca| +1
=|C1UCy|+1=|ABUABy| +1
< 2wi(A) 4+ 2|B| — |[A| + 1 = 2w;i(A) — |A| +2m + 1.
Finally,

m2—2m§w1(A)—|A|—|—1:k—|—1.
Since m >3, m < m? —2m < k + 2 as desired. ¢
Proof of Theorem 3.2. Let B € £ (A) be of minimal cardinality m. WLOG 1 € B.
Since w1 (A) < (m(A)—=3)/2+|A] <m(A)—2+|A|, m > 2. If |B] > wi(A)—|A|+3,
then we have completed our proof via Theorem 3.1. Otherwise, |B| < wq(A4)—|A|+3
and |AB| = |A|+|B|+k < |A|+2k+3. But | B| > 2. Therefore |AB| > |A|+m(A).
Consequently, 2k + 3 > m(A), contrary to our assumption
A)-3

wi(A) — A =k < %

This is a contradiction. <

2Since B1di_1 n 02_1 = {di_l} and dy # da, Bldl_1 and Bld2_1 are disjoint Bj-cosets.
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4. THE ESTIMATION OF m(A)

In this section we assume that G is a finite non-abelian simple group with a
normal subset A, |A] < |G|/4.
For each A\ > 0 we define

Ax={geG||[AUAg| < |A]+ A} ={ge G |[ANAg| = |A] = A}.

Clearly, Ay is a normal subset of G and Ay C A, whenever A < u. Further, Ay =G
for each A > | A|. The simple calculations give us

(20) > AN Agl = AP — Al
geG\{1}
Lemma 4.1. AyA, C Axtu.
Proof. Take an arbitrary g € Ay and h € A,. One can write
|AU Ahg| = |Ag~' U Ah| < |Ag~' U Ah U A]
=[(Ag7 ' UA) U (AR U A)| = |[Ag ' UA| + |AhU A| — [(Ag~  UA) N (AR U A)|
<A+ A+ Al +p— A = A + A+ p. O

Since 1 € Ay for each A > 0, then |[A)| > 1 for all A > 0. As follows from the
definition, m(A) is the minimal A with | 4| > 1. We abbreviate m := m(A). Since G
is simple, 0 < m. In what follows we write F}, = Aym\Ap(n—1), n > 1. In particular,
Fy = A, \{1}. Tt is clear that F,,, n > 1 are disjoint and A,,,,, = {1}UF1U...UF,.

Lemma 4.2. If A, # G for some n > 2, then

(21) ©) [ Amn| = [P+ [Amn-1 ;
(22) (i) [Ful = |F;
(23) (iil)  [Aum| > 1+ 0B

Proof. (i) Since G is simple, the implication
|AB| # |G| = |AB| = |A| + |B| - 1

holds for each pair A, B of normal subsets (see Theorem 1.4 of [2]).
By Lemma 4.1 A, Apy(n—1) C Apm # G, whence

[ Anm| > [An| + [Amn-1)| = 1 = [Fi] + [Amm-1)|-

(ii) Since Apm O Apmn—1), | Fn|l = [Anm| = |Am@n-1)| and (ii) follows.
Part (iii) of the claim follows from (i) and (ii). &

Lemma 4.3. If |Fy| > |A|, then 3m > |A].

Proof. At first consider the case As,, = G. Since |[AN Ag| > |A| — A for all g € Ay,
the inequality |A N Ag| > |A| — 2m holds for all g € G. By applying (20) we obtain

|A[(JA] = 1) = (JA] —2m)(|G| = 1) > (|A| —2m) - 3[A].
After cancellation we obtain
|A] — 1> 3|A4| — 6m

and the claim follows.
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Assume now that Ag,, # G. Then {1} U F} U Fy # G and, due to (20),
[AI(JA] = 1) = Y JANAgl+ Y [AN Agl > (JA] = m)|F| + (|A] - 2m)|F|.

geF, geF,
But |Fz| > |F1| > |A| by Lemma 4.2. Therefore |A|(JA| —1) > (2|A| —3m)|A]. This
completes the proof. &

Let us order the elements of G = {go = 1, ..., gn—1},n = |G|, in such a way that
i < j implies A; < \;, where \; = [A N Ag,l.

Proposition 4.4. If j < |Fi|i, then \; > |A| —

Proof. We claim that j < |Fi|i implies that g; € A,,;. Indeed, this inclusion is
evident in the case A,,; = G. Thus, we can assume that A,,; # G, which implies,
according to (23), that |A.,;| > 1 + i|F1|. Therefore, A,,; contains m|Fy| + 1 first
elements of G, i.e., g; € Ap,; for each 0 < j < i|Fy|. As follows from the definition
Proposition 4.5. Let n be an integer satisfying

2|4 2|4

3m m

and |F1| < |A|. Then n|Fi| < |G| — 3.

Proof. Denote a = |A|. Since |F1| < |A| and |G| > 4] 4], it is sufficient to show that
|Fi|(n — 1) < 3a — 3. Assume the contrary, i.e. |Fi|(n —1) > 3a — 2. Then, by
Proposition 4.4, Azq_2 > a — (n — 1)m, whence

<n<

+1

2a a
Asg—2 >a—(n—1)m>a— %m: 3
Therefore, A; > a/3 for all 1 < ¢ < 3a — 2. But this implies that a(a — 1) >
a(3a — 2)/3, which is a contradiction. O

Theorem 4.1. At least one of two inequalities
|F1| <3m, |A] <6m
holds.

Proof. Assume the contrary, id.e. |Fi| > 3m and |A] > 6m. By Lemma 4.3,
|Fi| < |A|. Take an integer n such that 3

2_a <n< 2— + 1.

3m — 3m
Due to Proposition 4.5, n|Fi| < |G| — 3. Consider the sets S; = {g; | i|Fi| > 7 >
(i — 1)|Fi|},i = 1,...,n. Clearly |S;| = |Fi|. Since n|Fi| < |G| =3, S1U..US, C
G\ {e}. By Proposition 4.4 A; > a — mi for all j satisfying g; € S;. Therefore,

ala—1) ;a—mz |S|—|F1|( m”(”Tm) 23m(na—mn(nT+1>).

By the choice of n, m > g—z, whence

n(n+1)

2
a(a—l)>3-£(na—m 5

) =2a% —am(n +1).

3Here, as before, a = |A|.
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After simple transformations, we obtain m(n + 1) > a + 1. On the other hand,
n+1< 32—7‘:1—#2, whence

2 2
2 mra+r1e L iomsatieom> 41
3m 3 3

contrary to m < a/6. <

As a corollary we obtain the following;:

Theorem 4.2. Let A be a normal subset of G with |A| < |G|/4. Denote by | the
cardinality of the smallest non-trivial conjugacy class of G. Then

m(A) > min(1/3,|A]/6) > 1/6.

Proof. Due to Theorem 4.1, m(A) = m > |Fy|/3 or m(4) = m > |A|/6. But Fy is
a non-trivial normal set. Therefore m(A) > 1/3 or m(A) > |A|/6, as desired.

It is easy to see that Theorem 1.1 is a direct consequence of this result and of
Theorem 3.3.

5. PROOFS OoF THEOREMS 1.2, 1.3

Proof of Theorem 1.2. Denote by [ the minimal cardinality of non-trivial conjugacy
classes of G. If [ > 43, then Theorem 1.1 implies our claim. Thus we may assume
that [ < 42 which implies that G has a primitive permutation representation of a
degree of 42 at most. The classification of all primitive groups of a degree of 50 at
most, was done in [8] without CFSG. According to [3], either G = A,, or a point
stabilizer of G has a trivial centre. Thus, in the case of G # A,, , G has a maximal
subgroup of index of, at most, 21. Due to [3], G is one of the following groups given
in Table 1.

TABLE 1
G degree
As 6
Ag 10
Lo2(8) |9
Ly(16) | 17
Lo(7) |7
Lo(11) | 11
Ly(13) | 14
Ly(17) | 18
L(19) | 20
L3(3) |13
M1 11
Mo 12
A, n <42

The groups A,,n > 7, L3(3), M1, M;2 have no non-trivial conjugacy class with
fewer than 43 elements.

The groups La(p), p odd, p > 7, L2(8), L2(16) have no non-trivial conjugacy class
with fewer than 40 elements according to 8.27 of [6].
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In the case of G = Ag, there are only two normal subsets A of G satisfying the
assumption |A| < |G|/4, namely: the conjugacy classes C; and Cs of cyclic types
[3] and [3, 3], respectively. Using the multiplication tables of the conjugacy classes
of Ag, one can easily check that m(A4) > 8 in both cases, A = C; and A = Cs.
Therefore, by Theorem 3.3,

|AB| > [A] + |B| + (m(A4) = 3) /2> |A| + |B| + 2,

as desired.

The case of G = Lo(7) may be settled analogously.

Consider now the remaining case G = As. Denote by C, Cs, C3, Cy all its non-
trivial conjugacy classes (we assume that |C1| = |Ca| = 12,|Cs| = 15, |Cy| = 20).
There are only three normal subsets A of A satisfying |A| < |G|/4: A= C1, A =
Cy, A = C5. If A = (5, then m(A) > 8 and we are done. Since C; and Cy are
conjugate by an outer automorphism of As, it is enough to consider the only case
of A = (. In this case, m(A) = 7 and the arguments we used before do not work.
To show that our claim remains true even in this case, we assume the contrary, i.e.

IBCG, |B|>1 and |G| —2> |AB| < |A| +|B| +2.

We also assume that B has a minimal cardinality among all subsets of A5 satisfying
the above conditions.

If B is not a subgroup, then by Lemma 3.3 |B|(|B|] — 3) /2 < wi1(A) — |4] < 2.
Therefore |B| < 4, whence |AB| < |A| + |B| +2 < |A] + 6. On the other hand,
|B| > 2 implies that |[AB| > |A|+m(A) = |A|+ 7. This is a contradiction. Hence B
should be a subgroup of As. By Theorem 3.1 |B| < 3+ wi(A) —|A| < 5. But direct
calculations show that |[AB| > |A| 4+ |B| + 3 for each subgroup B < Aj,|B| < 5.
¢

As a direct consequence we obtain the proof of Theorem 1.3.
1)-4) and 6)-9) are immediate corollaries of Theorem 4.2.
5) If G is simple, then

3+ A< JTAI<1+ > 1B;

AcA AcA BeB
3+ BI<|[[BI<1+ )4l
BeB BEB AcA

a contradiction.

10) Assume that G is simple and Cla(G)* = {Cy,...,Cx} with |Cy| < |Cy] <

Consider Cy - ... - Cy. We claim that |Cy - ... - Cx| > |G| — 1. Indeed, if it is
not true, then by Theorem 1.2 |Cy - ... - Cx| > |Ca| + ... + |Ck| + 3, implying
|Cy - ... - Ck| > |Co| + ... +|Ck| + |C1| = |G| — 1. Again, a contradiction.

Thus |Cy - ... - Ck| > |G| — 1.

11) If |C*| < |G| — 2, then |G| — 2 > |C*| > K|C| +3(k — 1) > |G| + k — 3,
implying k£ < 1, a contradiction. Thus |C*| = |G| — 1 is the unique case we have to
consider. In this case, C* = G\ {1}, which, in turn, implies C*~' ¢ C—1. Hence

Cl(k = 1) +3(k —2) < [C*7Y < |G|~ [C.

Consequently, |C|k + 3k — 6 < |G| < k|C| + 2k. Whence k < 6, contrary to the
assumption. O
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