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COHEN-MACAULAY SECTION RINGS

ZHOU CAILJUN

ABSTRACT. In this paper, we study the section rings of sheaves of Cohen-
Macaulay algebras (over a field F') on a ranked poset. A necessary and suf-
ficient condition for these rings to be Cohen-Macaulay will be given. This is
a further generalization of a result of Yuzvinsky, which generalizes Reisner’s
theorem concerning Stanley-Reisner rings.

0. INTRODUCTION

Throughout this paper, every ring is associative, commutative, Noetherian and
has an identity element 1. Every ring homomorphism maps 1 to 1. If J is an ideal
of a ring R, we use the convention

bight(J) = max{ht(P) | P is a minimal prime of J}.

Let X be a finite poset with its natural increasing order topology and 2 a sheaf
of rings on X. The algebraic structure of the section ring I'(2) is sometimes related
to the topological structure of X. One interesting thing is that a Stanley-Reisner
ring can be viewed as the section ring of a sharp flasque sheaf of regular algebras
on an atomic prelattice. Under this observation, Yuzvinsky studied the section
rings of sharp flasque sheaves of regular algebras (over a field F') on an atomic
prelattice, and obtained a necessary and sufficient condition for such rings to be
Cohen-Macaulay (abbr. CM) [8, Theorem 6.4]. This generalizes Reisner’s theorem,
first proved in [6], concerning the CM property of Stanley-Reisner rings.

Now, before we state the main result of the paper, let us recall some notions and
notations which will be used throughout without further explanations. All other
unexplained notions and notations are standard and can be found in [4], [5].

Let X be a finite poset. We denote by rk(X) the number of elements of a longest
chain in X. A ranked poset is a finite poset in which every maximal chain has the
same length. For 2 € X, we alwaysput X, ={z € X |2 >z}, X, ={z € X |z >
2}, Xr={zeX|zx<z},X ={zeX|x<z}. Weshall use the convention
that rk(z) =rk(X "), and Xuin = {z € X | 2 is a minimal element}. Moreover,
the collection of all the chains forms an abstract simplicial complex. It is clear that
the dimension of this complex is rk(X) — 1. We denote by F' a fixed arbitrary field
and by H {(X, F) the usual ith reduced cohomology group of the above abstract
complex. A poset X is said to be F-spherical if for every z € X, the reduced
cohomology groups H*(X?# F) =0 for 0 < i <rk(z) — 2. The poset X is said to be
F-acyclic if H{(X,F) =0 for i > 0.
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Let X be a poset. The natural increasing order topology on X is defined as the
topology in which a subset Y is open if and only if x > 2 € Y implies z € Y.
The general definition of a sheaf on a topological space (see, e.g., [4]) can be easily
specified for the order topology. For example, a presheaf 2 = (A, p,,) of rings
on a basis of the increasing order topology of X consists of rings (), = A, for
x € X which are called stalks of 2, and ring homomorphisms p , : A, — A, for
every z,y € X such that £ <y. The homomorphisms should satisfy the following
conditions:

(i) p,, =1a, forevery z€ X, and

(i) p,,p,, = p., forevery w,y,z€ X with z <y <z

We will use the same notation 2 = (A, p,,) to denote the sheaf yielded by the
unique sheafification of the presheaf 2% = (A.,p,, ).

Let & = (Az, p,,) be a sheaf of rings on a finite poset X. It is easy to see that
the section ring of ™A is T'(A) = {s € [[,cx 4z | p,.(5(7)) = s(y), 2,y € X,z <y},
where s(z) is the image of s under the natural projection of [[ . v Ay to A;. Clearly,
R = T'() is a subring of [], .y Az, and T'(A | X;) = A,. One can prove easily
that R is Noetherian. For every nonempty subset Y C X, we denote by p, the
restriction homomorphism R — I'(2 | '), and by convention we set p, = p for
x € X. Also we always put J, =Kerp, = {s € T'(q) | s(z) = 0}. Clearly, J, is
an ideal of R, J, C J, for z <y, and mreXmin Jr = 0. We say that 2 is sharp if
ht(Ker(p,,)) # 0 in A, for every x < y. When A, is a domain for each z € X,
this definition agrees with the definition in [8]. The sheaf 2 is called flasque if p,,
is an epimorphism for every nonempty open subset U. In particular, if 2 is flasque
all homomorphisms p_, p,, are epimorphisms. In this case, we have A, ~ R/J,.
If 2 is sharp flasque, it is easy to see that no minimal prime ideal of J, can be a
minimal prime ideal of J, for x < y. This fact will play an important role in the
proof of our main result when we localize the sheaf 2 at a prime P of R.

In this paper, our main goal is to prove the following result, which generalizes the
main theorem of [8], in which the algebras A, are assumed to be regular domains
and the poset is assumed to be an atomic prelattice.

Theorem 2.4. Let X be a ranked poset and 2A = (Ag,p,,) be a sharp flasque
sheaf of CM F-algebras on X. Put R = T'(). Then the following conditions are
equivalent:

(i) R is CM;

(i) X is F-spherical, and X* is F-acyclic for every z € X with bight(J,) >
rk(z) — 1.

1. SECTION RINGS OF FLASQUE SHEAVES OF CM LocAL RINGS

In [8], Yuzvinsky studied the basic properties of sheaves of integral domains on
a finite poset. In this section, we obtain similar results for the sheaves of C'M local
rings on a finite poset. So in the propositions below 2 = (A, py) is a fixed sharp
flasque sheaf of C'M local rings on a finite poset X, and R = I'(2).

Proposition 1.1. Let x,y be two elements of X. If J, is contained in some min-
imal prime ideal of Jy, then x < y.

Proof. Put Y = X, U Yy. Let z1,...,2zr be the successors of y and set K; =
Ker p,, (1 <i < k). We have K; ~ J.,/J,. Since 2 is sharp, we get that

ht (J.,/J,) > 0 in the ring R/.J,, which means that ht (\}_, K;) > 0. As A, is
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CM, there exists a section ¢t € I'(2 | Y) such that t(y) € ﬂle K; is an A, -regular
element and t(u) = 0 for u € Y \ {y}. Extend ¢ to a section € R. Clearly, t € J,
and ¢ cannot be an element of each minimal prime ideal over Jj,. O

Proposition 1.2. The set of minimal prime ideals of R is equal to UzeX,m{P |
P is a minimal prime of J}.

Proof. Clearly, (1, ()=1Jz = 0. So for an arbitrary minimal prime ideal P of R,
we have P D ), (2)=1 Jz. This shows that P D J,, for some x¢g € Xyin, and P is
a minimal prime ideal of J,,.

Conversely, for x € X iy, let P be a minimal prime ideal of J,. If P is not a
minimal prime ideal of R, then there exists a minimal prime ideal P’ such that
P > P and P’ 2 J,. On the other hand, P’ D J, for some y € Xin and y # x.
Hence P D P' D Jy, by Proposition 1.1, which is a contradiction. So P is a minimal

prime ideal of R. O
Proposition 1.3. If X is a ranked poset with a unique mazximal element and R
is a local CM ring, then there exists an R-sequence ri,...,T,—1 such that ri(x) =

- =ri_1(x) = 0 for every element v € X with vk () =i > 2. Furthermore, if
ht J, = i—1 for some x € X (vk (x) = i), thenr;(x),...,rn—1(x) is an A,-sequence.

Proof. First, we construct elements r; (1 <i<n—1). For every i (1 <i< n), we
put J(7) = (N (4)=; Jo- Since R and A, (for every x € X) are CM local rings, we
have htJ, + dim A, = dim R for every x € X. Now we claim

0=ht J(1) <ht J(2) <--- < ht J(n).

In fact, if there exists ip (0 < 79 < n) such that ht J(ig) = ht J(ig + 1), then there
exists a minimal prime ideal P over J(ip + 1) which is also a minimal prime ideal
over J(i). Put Y;, = {z € X |tk (x) > io} and Yiy+1 = {x € X | vk (z) > io + 1}.
Since 2 is flasque, R/J(i) and R/J(i + 1) are the rings of sections of the flasque
sheaves 2 | Y;, and 2 | Y;, 41, respectively. Hence according to Proposition 1.2, P
must be a minimal prime ideal for some J, and Jy,, where rk (z) = 49, rk (y) = io+1.
It follows from Proposition 1.1 that = < y, so the sharp property implies htJ, <
ht Jy,. On the other hand, R, A,, A, are all CM local rings, so J, and J, must be
unmixed ideals. This shows that ht J, = ht J,, which is a contradiction.

Hence we can choose an R-sequence (71, ...,7,—1) such that r; € J(i +1)\ J(3).
This completes the construction of the elements ;.
The second assertion follows easily from C'M properties. O

2. MAIN RESULT

In this section, we discuss our main result. First of all, we quote some important
facts from [3], [8] and [9], which will be used several times in the proof of the main
result.

Lemma 2.1 (cf. [8, Section 4,(4.1)]). Let X be a ranked poset and A = (Ag, pyz)
be a sheaf of F-algebras on X. If X is F-spherical, then the sheaf cohomology
groups H' (X, 1) can be computed as homology groups of the following complex of
T()-modules:

O
O—>C’Oﬁ>...—>20”_l—>0

where C* = @) Hi=YX" A,), i =1, n=1k(X), and C° = Dri(z)=1 Aa-

=i+1
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Remark. In Lemma 2.1, since every A, (x € X) is an algebra over the field F, it
follows from the Universal Coefficient Theorem that each C* is the direct sum of
A, with rk(z) = i + 1, taken each with some multiplicity. In particular, if X* is
F-acyclic, then A, is not a summand of C*.

Let X be a poset and A = (A4, p,,) a sheaf of rings on X. Set R = I'(A) and
let P be a prime ideal of R. Put Y = {z € X | J, C P}. Note that Y # (). The
localization of A, and p,, at P forms a sheaf %p of local rings on Y.

Lemma 2.2 ([9, Proposition 3.1]). Rp ~T'(%p). 2 is flasque if and only if Ap is
flasque for every prime ideal P of R.

Due to Proposition 1.1 and Lemma 2.2, we can prove the following proposition
word for word as Proposition 6.1 in [8].

Proposition 2.3. Let X be a poset and A a sharp flasque sheaf of CM local rings
on X. If z € X is such that X? is not connected, then depth, (R) < 1.

Now we are ready for the main result.

Theorem 2.4. Let X be a ranked poset and A = (Az, p,,) a sharp flasque sheaf of
CM F-algebras on X. Put R =T'(2). Then the following conditions are equivalent:
(i) R is CM;
(i) X is F-spherical, and X* is F-acyclic for every z € X with bightJ, >
rk(z) — 1.

Proof. First we make some reductions. Since 2l is sharp and flasque, the localization
Ap of A at P is also a sharp sheaf on Y = {z € X | J, C P}. Thus, by Lemma
2.2, Ap is a sharp flasque sheaf of CM local F-algebras on Y with the section
ring Rp. It is clear that Y is a closed subposet of X. We observe that Y has a
unique maximal element. Suppose on the contrary that we can choose two elements
21, 22 that are maximal in Y. Put U = {21, 22}. It is clear that U is open in Y.
Take an arbitrary element s € Rp. Since 2Ap is flasque, there exists ¢ € Rp such
that t(z1) = 0 and t(z2) = s(22). Ast € J,,Rp and s — ¢ € J,,Rp, we have
s € J,,Rp+ J,,Rp. This implies Rp = J,, Rp + J,,Rp, a contradiction because
J.., J2, are contained in P. Hence Y has a unique maximal element.

We have proved that 2Ap is a sharp flasque sheaf of C'M local F-algebras on a
ranked closed subposet Y with a unique maximal element. To prove (i)=(ii) in
the theorem, it suffices to prove that, for every z € X, X7 is F-spherical and X~
is F-acyclic if bight(J,) > rk (z) — 1. Let us choose a minimal prime ideal P of
J. such that ht(P)=bight(J,). Localizing 2 at P, we obtain a sharp flasque sheaf
Ap of C'M local F-algebras on a ranked closed subposet Y with a unique maximal
element. The section ring is the CM local ring Rp. Note that the sharp assumption
implies that P cannot contain J, for every € X and x > z. Thus z is the unique
maximal element of Y. So Y = X . Since ht(.J,Rp)=bight(.J.), we deduce that
bight(J,) > rk (z) — 1 if and only if ht(J,Rp) > rk (z) — 1. Hence we can reduce the
proof of (i)=-(ii) to the case that  is a sharp flasque sheaf of CM local F-algebras
on a ranked poset X with a unique maximal element, and the section ring is a CM
local ring.

Moreover, to prove (ii) = (i) in the theorem, it suffices to prove that Ry is CM
for every maximal ideal M of R. Let M be a maximal ideal of R. Localizing 2 at
M, we obtain a sharp flasque sheaf 2y, of CM local F-algebras on a ranked closed
subposet Y, and Y has a unique maximal element. Note that if X is F-spherical,
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then Y is also F-spherical. Furthermore, bight(J, Ras) < bight(J,) for z € Y. This
implies that bight(.J,) > rk (z)—1 for z in Y if bight(J,Ras) > rk (2) — 1. Therefore
the condition (ii) still holds for 2p on Y. Thus we can also reduce the proof of
(ii)=(i) to the case that 2 is a sharp flasque sheaf of CM local F-algebras on a
ranked poset X with a unique maximal element.

So, in the following proof we assume that A = (A.,p,,) is a sharp flasque sheaf
of CM local F-algebras on a ranked poset X with a unique maximal element m,
and the section ring of 2 is a local ring R with the unique maximal ideal M. Put
n=rk (X) and d = dim R.

(i)=(i). Clearly, dimA,+htJ, = d and bight(J,) = ht J,, for every z € X,
because A, and R are CM. We use induction on n to prove the conclusion.

For n = 1, the result is trivial. For n = 2, it is clear that X is F-spherical. It
remains to prove X* is F-acyclic if ht(J,) > rk (z) — 1. According to Proposition
1.2, ht(J;) = 0 for every z # m. It suffices to prove that X™ is F-acyclic if
ht(J,,) > 1. Suppose on the contrary that X™ is not connected. So by Proposition
2.3, depthJ,,, < 1. Thus htJ,, <1 because R is C'M, a contradiction.

Now, suppose the conclusion holds for those posets with rank less than n (n > 3).
Let us consider the case of X with rk(X) = n. For every z € X (xz # m), as we
have seen in the above, the localization 2p, of &« at P, is a sharp flasque sheaf of
C'M local F-algebras on X' with the section ring Rp,. Since rk(X") <n — 1, by
the induction hypothesis, we conclude that X" is F-spherical and X* is F-acyclic
if htJ, > rk () — 1. This implies that X™ is F-spherical and X* is F-acyclic for
every x € X™ with ht(J;) > rk (z) — 1.

By Lemma 2.1, the sheaf cohomology groups H*(X™,2( | X™) can be computed
as homology of the complex

(2.5) 0-C'>Ct>C? ... Cc" 250,

It follows from the remark in Section 2 that each C* (0 < i < n—2) is the direct sum
of some A, with rk(z) = i+1 and ht(J,) = rk (x)—1. According to Proposition 1.3,

there exists an R-sequence r1,- -+ ,7,_1 such that ri(x) = rqo(x) = - =r;(x) =0
and ri41(x), - ,rn—1(z) is an Agz-sequence for x € X with rk(z) = ¢ + 1 and
ht(J,)=rk(z) — 1. Hence the sequence 7;, 711, ,7,—1 is a C'-sequence.

By Proposition 4.1 in [8], we have isomorphisms
(2.6) HI(X™, 2| X™) ~ H (X™, Ap) for i>0
and the short exact sequence
0= R —HOX™ 2| X™) — H (X™, Ap) — 0.

Since rk(m) > 3, it follows from the sharp assumption on 2 that ht(J,,) > 2. Thus
depth(J,,) > 2 because R is CM. By Proposition 2.3, X™ is connected. This
implies that ﬁO(Xm,Am) = 0. So H'(X™,2A | X™) = R, that is, we have the
following augmented complex of (2.5):

(2.7) 0R—-C'=Cct—> ... 50" 20.

To prove that X is F-spherical, it sufficies to prove ﬁZ(Xm,F) =0 for 0 <

i < n — 3. Suppose IfIl(Xm,F) # 0 for some i (0 < i < n—3). As we have
~0

proved H (X™, F') = 0, we have n > 4. By the Universal Coefficient Theorem, we
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have that not all groups ﬁz(Xm, Ap) (1 <i < n—3) are trivial. Thus, by (2.5),
not all groups HY(X™, 2 | X™) =0 (1 < i < n —3). We will prove that this is
impossible by showing that r1,7ra,- -+, rgyo is not R-regular. The method is similar
to a discussion of Yuzvinsky in the proof of Theorem 5.1 in [8].

Let us consider the sequence (2.7). Put Z! = Ker (C* — C*1) and B® =
Im (C*=! — C% (0 < i < n — 2); here we use the convention C~! = R. We will
use another convention in the following by setting the boundary homomorphisms
of (2.6) equal to 9. Let ¢ € Z*\ B*. We define recursively a triangular matrix with
entries apq € cP=1, ¢g=p+1,--- ,k+2, p=0,1,--- ,k+1, subject to the relations

k+2
(2.8) > ridap, =0, p=0,1,-- k+1,
q=p+1
(2.9) Dapg = =174 1p11,q, g=p+2,--- k+2,p=0,1,---  k+1.

For p = k+1, we put ag+1 x+2 = ¢. It is clear that agi1 k42 satisfies (2.8). Suppose
that ¢ < k£ + 1 and a system ap41,p42, - ,ap+1,k+2 is already defined satisfying
(2.9). Since rp41 € (Ni(p)=pt2 Jz. We have 1,1 CP C ZP. Moreover,

2 P D
rp_HC’ C BP.

If p < k, this follows from the exactness of (2.7) at CP. For p = k, Z¥/B¥ ~
ﬁk(Xm,Am) and rp11 € Jp,. So rp+1Zk C B*. This implies that r§+101’ C BP,
Hence, we can choose ap, € CP~! (g=p+2,---,k + 2) satisfying (2.9).

In order to define ap 41 We observe that b = Zg:ﬁw rgap+17q € ZP. Further-
more, we observe that b € BP. If r < k, this follows from the exactness of (2.7) at
CP; If p =k, we have b =} ,c. Since ¢ € Z*, we have r7_,c € BP. Hence we can

can choose a, ,+1 € CP~! satisfying da, p+1 = b. One easily checks that
apg P=0,1,--- k+1, g=p+1,- ,k+2) satisfy (2.8).

Put I;B* = (rf, - ,rf,0)B" (i <t < k+1), LC" = (r},--- ,r7,,)C" and
b; = dag; (1 <i<k+2). For p=0 (2.8) reduces to Zfif rib; = 0 or 17 ,brio €
(ri, -+ ,rj41)R = I B° (identifying B® with R). Now, we claim that by & I1 By.
Suppose on the contrary by = Oag k+2 € I1By. Using this as the base of induction
on p, we assume that for some p, 0 < p < k — 1, we have Oap x+2 € Ip41BP.
Due to (2.9), this can be rewritten as 7“12,+1ap+17k+2 € I,11BP, or, in other words,
there exists e € BP such that rf,ﬂ (ap+1,k+2 — €) € IppoBP. By the fact that
T2 1, s Thyy 18 CP-regular, we have that (ap41 k42 — €) € I42CP. This implies
that O(apt1,k+2) € Ip+2CP. In particular, for p = k—1 we have r,%Hc = —0ag k2 €
T’% +1B”“. Since r,% 418 C*k-regular, it follows that ¢ € B, which is a contradiction
because ¢ ¢ B*. Thus by & (r?,- - ,r%H)R. Since 7, - 7r,%+2 is an R-sequence
and 77, obpg2 € (r7,--+ 77 )R, we have by € (rf,--- ,72,,)R, a contradiction.
Therefore, X must be F-spherical.

Now, it remains to prove that X" is acyclic if htJ,, > n — 1. Suppose this
conclusion is false, that is, htP,, > n — 1 and X™ is not acyclic. Since X is
F-spherical and 2 is flasque, the complex

0—>R—>CO&>01—>---—>C"_2671—>720”_1—>O
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from Lemma 2.1 is acyclic. Observe that ht(J;) > rk(z) — 1 for every z € X,
and X? is F-acyclic if ht.J, > rk(z) — 1 (z # m). Thus each C? is either a CM
R-module of dimension d — ¢ or a zero R-module for each i (0 < ¢ < n — 2) by
the induction hypothesis. The above hypothesis means that C"~! # 0. Put Z% =
Ker 9; (1 <i<n—2). Let us consider the following short exact sequences:

0—->R—-C"—Z' -0,

0—-2t -0t — 22 -0,
(2.10)

0 — Zn—Q N Cm—Q N Cn—l = 0.

We assert that C* # 0 and dim Z' =d —i (1 <i < n—2). In fact, from the sharp
assumption on 2, we have dim C"~2 > dim C"~!. This implies C"~2 # 0 and
dimC"~2 = d — n + 2. Consider the last short exact sequence in (2.10); we have
dimZ"~? = d —n+ 2 because dimC"~? = max{dimZ"~2,dimC"~!'}. Similarly, we
can prove Ccn=3, ... C! are all nonzero modules and dim Z° = d—i (1<i<n-3).
Since R,C" are CM, by applying the local cohomology functors {H,(_)}i>0 to
the first short exact sequence in (2.8), we obtain the following long exact sequence:

- — Hy ' (Z2') — Hiy (R) — Hy (C°) — Hy (Z') — -+
As R,C° are CM modules of dimension d, we have H{,(R) = 0, H}{,(C°) = 0
for i < d. So HY;(Z') = 0 for i < d — 1. This implies that Z' is CM because
dimZ! = d — 1. Continue the processes, we can prove that Z2,.-.,Z" 2 are CM.

Now, let us consider the long exact sequence of local cohomology derived from the
last short exact sequence in (2.10):

C— H(2772) = Hy (C772) = iy (O ) — oo

Since H%,(Z"~?) = 0 and H},(C"~2) = 0 for i < d—n+2, we have H},;(C"~1) =0
for i < d—n+1. Note that C"~! is a nonzero C M module and dimC"~! < d—n+2.
Sodim C*" ' =d—n+1,1ie ht P, =n—1, a contradiction. Hence X™ is acyclic
for htP,, >n — 1.

(i) = (i). First, we claim that dimA, = d for every € Xy,in. We use induction
on n. If n = 1, there is nothing to prove. For n = 2, suppose there exist z,y € Xnin
such that dimA, < dimA,. This implies dimA4,, < dimA, < dimA,, by the
sharpness hypothesis on 2. Hence ht(J,,/J,) = dimA,—dimA,, > 2. It follows
that htJ,, > 2. By the assumption (ii), X™ is F-acyclic, which is a contradiction.
So our claim is true for rk(X) = 2.

For n > 2, put X; = {# € Xy | dimA, = d}. It follows from Proposition
1.2 that X; # (). Suppose our claim is false, that is, X; # Xuyi,. Since X is
F-spherical and rk(X™) > 2, we have ﬁO(Xm,F) = 0. This implies that X™ is
connected. Hence we can choose an element z € X with rk(z) = n — 1 such that
z >z and z >y for some € X7 and y € Xpin \ X1. Let P be a minimal prime
ideal of J,. Localizing the sheaf 2 at P, we obtain a sharp flasque sheaf of CM
local F-algebras Ap on X which still satisfies the condition (ii). So by induction
dimRp/Jy;Rp =dimRp/J,Rp. As A, and A, are CM local rings, we assert that
dimA, =dimA,. This contradicts the choices of  and y. So X; = Xpnin, and that
ends the proof of our claim.

By the claim and Proposition 1.2, one can see easily that every maximal chain
of primes of R has length d, because each A, (x € Xyn) is CM. Hence we
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conclude that for every « € X, bight(J,)=ht(J;) and dimA4, = d— ht (J,). As X
is F-spherical and 2 is flasque, by Lemma (2.1), we have the following long exact
sequence:

0 R—CO% .. 052 onmt g,
By the F-acyclicity of X® for every x € X with htJ, > rk(x) — 1 and the obvious
fact that htJ, > rk(z) — 1 for every z € X, we assert that each C* (0 <i<n—1)
is either a C'M R-module of dimension d — ¢ or a zero R-module.
Put Z = Ker 9; (0 <i <n—2)and Z" ! = C"" L. It is clear that Z° ~ R.
Let us consider the following short exact sequences:
0—-2°-0%— 7zt —o,

0—-2' -0t — 22 -0,
(2.11)

0— Zn—2 N Cn—2 N Cn—l = 0.

If for some i (1 < i < n-—1), C* = 0, we have C7 = 0 for j > i because either
dimC? = d —j or C7 = 0. So without loss of generality, we can assume C? #
0 forall i (0 < i< n-—1). Foreachi (0 < i < n—2), we have dim C* =
max{dim Z% dim Z**1}. Thus dimC’ = dimZ® = d — i because dimC*® > dimC***
and dimZ**! < dimC**!. Applying the local cohomology functors {H,(~)}i>0 to
the last short exact sequence in (2.11), we derive the long exact sequence

o H (277 Hy (C77) s Hy (077 S H (207
Observe that Hf,(C"™2) =0 for i < d—n+2and H{,(C"™ ') =0fori <d—n+1.
Hence H%,(Z2"2?) =0 for i <d—n+2. So Z"~? is CM. Continue the processes

along with other short exact sequences in (2.11), we can prove Z"2 ... 7z 70
are all CM. Therefore R is C M. O

Remark. There is a gap in the proof of the Theorem 3.3 of the paper [8], since
J(1) = Nk (z)=i J= may not be a unmixed ideal of R, i.e. the heights of the minimal

prime ideals of J (i) may not be the same. So a maximal R-sequence in J(#) may not
be a maximal R-sequence in every minimal prime ideal of J (). Thus r1,...,7prd—1
in the proof of Theorem 3.3 of [8] may not be a standard system. Hence even in
the case that 4, (z € X) are all CM local domains, the F-spherical properties in
(i) =(ii) of our Theorem 2.4 cannot be deduced directly from the results in [8].

There are two interesting corollaries derived directly from Theorem 2.4.

Corollary 2.12. Let A, X and R be as in Theorem 2.4, and let R be CM. If XY
is not F-acyclic, then bight (J,) = 1k (z) — 1 for all x € X with x < y.

Corollary 2.13. Let 2, X and R be as in Theorem 2.4, and let R be CM. If
bight J, > rk (z) — 1 for some x € X, then XV is F-acyclic for y > x.

Before we end the paper, we give a simple application of the main result, Theorem
2.4. Let P = {x,y,u,v} be a poset with the relations

u<z, v<z, u<y, v<Yy.
Let X,Y be two indeterminants and 2 be a sheaf on P with stalks:
A, =F[X], A, =F[Y], A, =F[X]/(X*-1), A,=F
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and with homomorphisms

peu(f(X)) = f(X) mod (X* —1), pyu(f(X)) = f(0),

peo(f(Y)) = f(X) mod (X* = 1), pyu(f(Y)) = f(0).
It is easy to check that 2 is a sharp flasqe sheaf of CM F-algebras on P. Thus by
Theorem 2.4 the section ring R =T'() is CM.
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