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EXISTENCE OF CONSERVATION LAWS
AND CHARACTERIZATION OF RECURSION OPERATORS
FOR COMPLETELY INTEGRABLE SYSTEMS

JOSEPH GRIFONE AND MOHAMAD MEHDI

ABSTRACT. Using the Spencer-Goldschmidt version of the Cartan-K&hler the-
orem, we give conditions for (local) existence of conservation laws for analyt-
ical quasi-linear systems of two independent variables. This result is applied
to characterize the recursion operator (in the sense of Magri) of completely
integrable systems.

INTRODUCTION

A conservation law for a (1-1) tensor field h on a manifold M is a 1-form 6 which
satisfies df = 0 and dh*0 = 0, where h* is the transpose of h : (h*0)(X) := 6(hX).
Conservation laws arise, for example, in the following classical problem. Consider
a system of n quasi-linear equations in two independent variables :
oz’ Oz’

(*) %+hj—(x)E:O (i=1,..,n)

(repeated indices being summed from 1 to n). If @ := \;(z) da’ is a conservation law
with respect to the (1-1) tensor field defined by the matrix h}, there exist locally
two functions f and g so that § = df and h*0 = dg, i.e. \; = gwfi and h;)\i = %,
and we have

ox? Oz Of 0z’ Og Ox’
0O=A\—4+ANh—=—"——+ ——.
ou Ay v Oxd Ou + Ozl v
Then for any solution x?(u,v) of the system (*), we have

Of(@(u,v)) | 9g(x(u,v))
Ju v
and it contains a conservation law in the sense of Lax [9].

Many interesting properties have been developed for systems of partial differen-
tial equations which contain conservation laws, and in particular for systems which
can be expressed entirely in terms of conservation laws. It is therefore of interest
to know when these conditions are satisfied.

More recently, conservation laws have been employed by Magri in his classical
paper concerning Hamiltonian completely integrable systems [11]: & is the recursion
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operator and conservation laws are called by Magri “fundamental forms”. They
occur in the following manner.

Let P be a Poisson structure on M. We can identify P with a map P : T*M —
TM. Let X € X(M) be a Hamiltonian field (X = PdH with H € C>®(M)).
The system defined by X is called bi-Hamiltonian if there exists another Poisson
structure @, “compatible” with P (i.e. P+ @ is a Poisson tensor), for which X is
Hamiltonian too, i.e. there exists K € C>(M) so that X = QdK. Note that H and
K are first integrals of the system, in involution with respect to P and to ). Then
the existence of a Hamiltonian field is equivalent to the existence of H, K € C*(M)
for which

PdH = QdK.

Suppose that P is invertible (in fact one works on the leaves of the foliation
defined by Im P). The above equation can be written as dH = P~ o QdK, or

WK = dH,

where h = (P~ 0 Q)*. Then dK is a conservation law for h.
One can easily prove that the compatibility condition for P and @ is equivalent
to the fact that the Nijenhuis bracket [h, h] vanishes, and it is not difficult to show

that h*@,h*29, ....h* 0, ... are conservation laws for h if 0 is a conservation law.
Then we have (locally) a sequence of first integrals for the system, which, since
[h,h] = 0, are in involution. If these first integrals are functionally independent
and their number is equal to the number of degrees of freedom, then the system
is completely integrable in the sense of Liouville. It is natural to ask when these
conditions for h are satisfied.

Locally, giving a conservation law is equivalent to giving a function f such that

(doh* 0 d)(f) = 0.

Thus the study of the local existence of conservation laws is equivalent (in an
analytic context) to the study of the formal integrability of the differential operator
do h* od. This problem has already been studied by Osborn, who, using Cartan’s
theory of exterior differential systems, showed the existence of conservation laws
when h has constant coefficients in a suitable coordinate system [13].

For a generalization of this result, as Osborn [14] has already noted, it is useful
to decompose h on cyclic subspaces. In a previous paper [2] we proved, using
the Spencer-Goldschmidt version of the Cartan-Kéahler theorem, that there are no
obstructions to solving the problem when h is cyclic.

In the general case further difficulties arise. In fact, the differential operators
which appear naturally in the construction of the exact sequence for the first pro-
longation of the symbol, i.e. d and dj, do not suffice to characterize the obstruction
space, because the dimension of this space is too big. However, using the fact that
the iterations of a conservation law by h are also conservation laws, we are able to
determine supplementary obstructions.

The main result of the present paper, whose essential ideas were given in Mehdi’s
thesis in 1991 [12], can be expressed as follows. Let h be an analytic (1-1) tensor
field with [h,h] = 0, and suppose that its “algebraic type” is constant. For any
eigenvalue \ of h whose multiplicity is p in the minimal polynomial, we introduce
the following notation: g := (h — Mid), Cs € A%2(Kerg®)* @ TM (with s = (1, ...,p))
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defined by
Co(X,Y) = —g*[X, Y] + s(dA A g* (X, Y)
and Cf : T*M — A(Ker g®)* defined by
Ci W)U, V) := w(Cs)(U, V)

Theorem. 1. A I-form w, € T} =~ (J1)z,R can be lifted to a second order solution
of the differential operator dh*d if and only if

Ci(we) =0

for any eigenvalue and for any s
2. The differential operator dh*d is formally integrable at x, if and only if for
any eigenvalue and for any s

(P1CS)(Fo) =0
for every second order solution F,, where p1C% is the first prolongation of C

Thus in the analytic context the 1-forms at x, which can be lifted to a germ of
conservation laws are just the forms w, satisfying C*(w,) = 0, if the differential
operator is formally integrable.

If we consider the particular case of the existence of a “complete” system of
conservation laws, that is, every 1-form at x, can be extended to a germ of conser-
vation laws (this being the case for “completely integrable systems”), a geometrical
interpretation of this result can be given. The obstructions express the integrability
of the “characteristic flags” Kerg® (s = 1,2, ...,p) and the invariance of the eigen-
values on the “maximal leaves” Kerg? or on the “maximal proper leaves” KergP~!.
They can be described by saying that h can be written, in suitable coordinates,
with affine coefficients. More precisely, we have:

Corollary. The following two statements are equivalent:

a) There ezists a neighborhood U of x, which admits a complete system of germs
of conservation laws (i.e. each w, € T} can be extended to a germ of conservation
laws on U ).

b) Let A be an eigenvalue of h with multiplicity p in the minimal polynomial.
If p = 1, then the characteristic leaves are 1-dimensional; if p > 2 then either X
is constant on the maximal leaves, or A is constant on the maximal proper leaves,
which, in this case, are necessarily 1-codimensional in the maximal leaves.

Note. Recently, F. J. Turiel [17], using a completely different technique, obtained
a nice generalization of this last result in the C* case (the essential ideas appeared
in a different context in his earlier paper [16]). His result agrees with our normal
form in Theorem 3.4.

Acknowledgment. We thank J. Gasqui for introducing us to the techniques used in
the paper and for pointing the problem out to us. We would also like to thank D.
DeTurck, A. Reyman and F.J. Turiel for discussions and encouragement while the
work was in progress.
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1. INVOLUTIVITY OF THE SYMBOL
AND CHARACTERIZATION OF THE OBSTRUCTION SPACE

1.1. Conservation laws. We use the same notations as in [2]. In particular,
M being a differentiable manifold, we denote by T and T™* the tangent and the
cotangent bundles and by A*T* and S*T* the bundles of the skew-symmetric and
symmetric k-forms. Let £ — M be a vector bundle; £ will denote the sheaf of
germs of the sections of E, and Ji(E) the vector bundle of the k-jets of the sections
of E. If L is a field of vector valued forms (L € AT* ® T), then we denote by iy,
and dy, the derivations of type i, and d, associated to L (cf.[5]). We recall here
briefly only what is needed in this paper.

If h is a (1-1) tensor field, one defines

inw(X1,.., Xp) = Y w(X1, ., hX, 0 Xy)  for w e APTY,
1=1,...,p
dpw = ipdw + (—1)Pdipw for w € APT™.

Also, [h, h](X,Y) := [hX,hY]|+h2[X,Y]—h[hX,Y]—h[X,hY] [h, h] is the so-called
“Frolicher-Nijenhuis torsion”, which will play a central role in our paper. As is well
known, one has d2 = 0 if and only if [k, h] =0

We shall use the Spencer-Goldschmidt version [7] [15] of the Cartan-K&hler the-
orem [3] [10]. For a complete exposition see [1]; a very accessible presentation is
given in [6]. In Appendix 2 we give some basic elements in the linear case in order
to explain our notation and to help the reader to follow the demonstration.

Definition 1.1. Let h € T* ® T'; a conservation law for h is a field of 1-forms
0 € T which satisfies df = 0 and d,0 = 0.

In this paper we suppose that h has a constant algebraic type. This means that
if Pp(X) := (X — A1) ...(X — Ap)?* is the characteristic polynomial of h, then the
dimensions of the spaces Ker (h — A;)7 (for i = 1,...,p and r; = 1,..., ;) and the
«; are locally constant.

Locally, to give a conservation law is equivalent to giving a function f such that

ddnf =0,

The following proposition is crucial for the rest of the paper:
Proposition 1.1. Let h € T ®T satisfy [h,h] = 0, and let p; : NT* —s
A2T* (i > 1) be the maps defined by (p;w)(X,Y) =, _, w(h"*X,h*=1Y). Then
for every 0 € T one has

i—1

pi(dn0)(X,Y) = dpi0(X,Y) + > dO(h* X, hFY).
k=1

In particular, every conservation law for h is a conservation law for h* (i > 1), and
the identity

pudds f = dd f
holds for any function f € C(M).
Proof. One has
(dn0)(X,Y) = hX.0(Y) — hY.0(X) — 0([hX,Y] + [X,hY] — h[X,Y]),
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and hence
pi(dnf) = > (dpb)(hTFX RETY)
k=1

s

= <hi‘k+1X.9(hk‘1Y) — h*Y.0(h R X)
k=1

— O([hFIXRRTY) + [RTRXCRRY] - RIRTRX, h’HY])).

It is easy to prove by induction the following identity, which holds when [h, h] = 0:

WX, Y] => hh X pF Y] - Z [hiR X, hFY]
k=1 k=1
Then
pi(dn)(X,Y)

= > hTRIXRTY) - hFY.O(RTREX)
k=1
— ([P, REIY) + [RR X, RFY] - XL YD)
i—1

+) 0(hFX YY)

=h'X0Y)+ Y RFIXORFTY) — hY.0(X)
k=2
i—1
=) rFY.O(hTRX)
k=1

—0([V'X,Y] + i[hi"““X, R 1Y) — 0([X, Y] + 0(h'[X,Y])
k=2

= (dp0(X,Y) + > do(hF X W 1Y) = (dyi0)(X,Y)
k=2
i—1 )
+) o don X, pFY). O
k=1

1.2. Involutivity of the differential operator ddy.
Proposition 1.2. The differential operator ddy is involutive.

Proof. Since the degree of ddj, is 2, its symbol is a map o, : S?T* — A?T*. As in
[2] we have

go = Ker o, = {cp € S2°T* | p(hX,Y) = p(X,hY) VX,Y € TM}.
Its prolongation is a map o; : S3T* — T* @ A2T*, and
g1 :=Ker o1 = {1/1 € S3T* | w(X,hY,Z) = (X,Y,hZ)VX,Y,Z € TM}.
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In order to calculate the dimension of these spaces at a point x € M, consider a
decomposition of T, M into cyclic subspaces:

oM=WVie -8V

We let ¢; := dimV; and suppose that V; are arranged in such a way that ¢ > g2 >
- > qs, where g; are the degrees of the elementary divisors.
Let v} be a generator of V; (for i = 1,---,s) and denote v{* := h® tv} (a =
1,+++,qi). The vectors

{(v?l)alzl,---,ql’ (vgz)a2:l7m7q2’ ) (v?S)QSZI,---,qS} = {v;lb} =15

a;=1q;
form a basis of T, M which is called “adapted” to the decomposition into cyclic
subspaces. We shall show that, up to a permutation, this is a quasi-regular basis.

Let ¢ € go; since @ is symmetric it suffices to consider (v vﬁ) with ¢ < j.
Now, for j fixed, j=1,--- ,sand ¢ > j

p(vf,vf) = p(h* i 0] ) = p(uf, ko),

thus the ¢(v, ]) with j fixed, 7 = 1,---,s, and 7 < j can be expressed in terms
of the values of ¢ on (’Ul ’Uv)lsj , whose number is jg;. Therefore dimg, =
¥

i Yj

=1-q
In the same way let ¢ € g1; 9 is symmetric and the (v, JB, V) with & =
1

1,--+,8,i<j <k, can be expressed in terms of ¢(v},v vj, v})) k=1...s. Therefore
i<i<k

: *k(k+1
dzmglzz¥qk.

2
k=1

Let B = {v},vi,---,vl,---} be a basis of T, M obtalned from an adapted basis
after transpositions putting the generators v{,--- ,v! in the first s places. We shall
show that this basis is quasi-regular.

One has

dim(go),r = =dim{p € go | i W= 0} = Card{vz, Ui g st = Z Jj—1)gj,

a=1- q] j=1
and, more generally,
dim(go), =ZJ—O¢ (a=1,...,q5).

Moreover, (go)t...,1 = {0}, and then (g,)7 = {0} for every subset F of the basis
B which contains {vi---vl}. Then, if we denote by {e1---e,} the basis B (n =
dimM), we have

dim(g,) —i—Zd@mgoe —ZZ]—Q Zk(kT—i_l)qk:dimgl,

=1 a=o0 j=a k=1

which shows that B is quasi-regular. O
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1.3. The obstruction space. Let P = ddj; we have the following diagram of
exact sequences:

S3T* L TrenNT* SO K — 0

5 5

Ry — SR "B 2

N
Ry — SR "B e

Since P is involutive, proving the formal integrability is equivalent to proving that
T3 is onto. For that, we need a “good interpretation” of the obstructions space K.
Let us introduce the following notations. B = {vf‘} being a basis
i=1--+s
ai=1""g;
adapted to a decomposition of T,, M in cyclic subspaces, we set

— 1,1 1
Ey := Span(v;,vg,- -+ ,v5)

(subspace spanned by the generators) and E, = h* Y(E;) (a =1, ,q1).
Let ny := dim E, (cf. Table 1)

TABLE 1
dimension cyclic
of V; subspaces
¢ Vi A L s
h h h h h .
ai Vi v v v e o) o
h h
@ A D R R a2
E; E, E. Eq,
dimension
of F; n1 n2 L Mgy
Note that n; = s = number of cyclic subspaces and that n; > ny > -+ > ng,
and Y™ n,=n. Whens=1,n =ny=--=ng =1and ¢ =n, we have the

cyclic case.

Proposition 1.3. Consider the ezact sequence S*T* 2% A2T* — K, — 0,
2k

where K, := CoKero, = ——. One has
Imo,

S q1
. . Na\Na — 1
dmeo - E (] - 1)(]J = E (f)
Jj=1 a=1

Indeed,

dimK, = dim A T* — dimS>T* + dimg, = —n+ » _ jq;.
j=1
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Now n = Z;Zl g; and dimK, = ijl(j — 1)g;. On the other hand, let ¢(¢) be
the number of subspaces E; whose dimension is £. If one computes the number of

skew-symmetric matrices built on every space E, (o =1,---,¢1), one has
g1 s
Na (Mo — 1) L6 —1)
Z 2 = Z 2 (p(é).
a=1 =1

If one computes the columns of Table 1, it is not difficult to prove that ¢, =
(@) + pla+1) + - -+ o(s). Thus:

S

dim K, = Z(] —1)g; = ZZS"(@

j=1 g=1 (=]

S

- =1 & (e —1
=;w(€>;(a—1):;w)(2 L;%, -

Taking into account Proposition 1.3 and the identity n = 25:1 gj, a standard
computation proves that

G- +2 L ng(ne — 1 LG -1D(2s—j—2
Z(J )2(J+)qusz (2 )_Z(J )(2 j—2)

j=1 a=1 j=1

a;-

From this one can easily deduce:

Proposition 1.4. K is isomorphic to a subspace of codimension

Z(j—l)@;—j—?)qj

j=1
in & = N3T* x N3T* x (B} ® K,).

2. THE NILPOTENT CASE

2.1. The exact sequence of the symbol. In this section, we suppose that h is
nilpotent of order p , p > 2, the case p = 1 being trivial. According to the notations
of paragraph 1.3 | ¢; = p is the degree of the minimal polynomial of h.

Let B = {vf‘} L be a basis of T, M adapted to a decomposition into cyclic

a;=1-q;

subspaces; denote (as in 1.3) v@ := h@~ 1o}

; and v = 0 for a < 0. It appears from
Table 1 that the vectors vf*,- -+, v% (the last of each line) span Ker h; in the same
way the last two of every line span Ker A2, and so on. Then if we set

_ @ ,q
Fy = Span(vf*, v, - vl)

_ q1—1 q2—1 s—1
Fy = Span(v{* ™", v3*™", -+ 0%
: _ qg1—o+l | ge—oa+l —a+1 _
Fa_Span(Ul , Ug 7"'11](513 o ) (a—l,"',Q1)
we have

Kerh*=F, @ Fo®--- @ F,.
One has dimF,, = ny, and therefore

Kerh®

o = dim——m——r
" ZmKer ho-1
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because F, is isomorphic to F,. Indeed a basis of E, is formed by the nonzero
vectors {v} and a basis of F,, by the nonzero vectors {vi”_aﬂ}’_ . Now

i=1---s i=1---s
v® # 0 if and only if 1 < a < ¢;; on the other hand, v~ *" #£ 0 if and only if
1<q¢g—-—a+1<gq,ie 1< a<qg. Thus the bases E, and F, have the same
cardinality.

Proposition 2.1. Suppose that h is nilpotent of order p (p = ¢q1) and let, for
a=1,-.,p, po: N2T* — A2(Ker h®)* be the map defined by

(Pa)(U, V) = > Qh*~*U,W*1V) VU,V € Kerh®
k=1

(that is, p ='ja 0 pa, where jo : Kerh® — T is the canonical injection). One
has po oog =0 and Ko ~ Impy x --- x Imp,. In other words, if we define
p:A2T* — A%2(Kerh)* x - x A2(KerhP)* by p:=p1 X --+ X pp , the sequence
ST 2% A27% P Imp —— 0
15 exact.
Proof. One can easily see that
(P © 0o)(@)(U,V) = @(h®U,V) — o(U,h*U) =0

for ¢ € S2T*, since U,V € Kerh®. Then po o, = 0 and rkp < dimK,. We need
only to show that rkp > dimK,.
Let S be the system defined by pQ = 0, and S’ the subsystem defined by

ﬁaQ =0 (Oézl,"',p).
FoAF,,

One has rkS’ < rkS. On the other hand, if we use a basis adapted to the
decomposition TM = Fy & --- & Fp, S’ can be written as

o (1<i<j<m),
KA (1<i<j<n)
SR S R -
BZ}]Q] a+1 + BZYJ 1,gj—a+1 et qufj a+1,q; —0 (1 S ; <] S na)
(O{ = 17 . an),
where

B = Qv vj).

i Vg
Noting that the variables B/ do not appear formally in the system if and only if
vj = Oorwv; = 0 (that is: if and only if 7 < 0 or s < 0), it is not difficult to
show (cf. Table 1) that n, > 4 implies ¢; > «. Therefore, in each equation all the
variables appear, and then each equation appears in the system. Hence S’ contains

o w = dimK, equations. On the other hand, all these equations are

independent because each variable appears in one and only one equation. Therefore
rkS’ = dimK,; then rkS > dimK,, and then rkS = dimK,. O
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Remark 1. In particular, we showed that

Paf2=0 VYa=1,---,p < p,

In the same way, it can be shown that

Pa2=0 Ya=1,--- 1r < p,Q =0 Va=1,---,r

FouNFq

2.2. The space of second order formal solutions.

Definition 2.1. Let h € T* ® T ; we define the map Cj, : A’Kerh — Imh by
Ch(U, V) = hlU, V.

It can be easily shown that C), € A%?(Ker h)* ® Im h (that is: C}, is a tensor),
and it is obvious that Cj = 0 if and only if Kerh is involutive.

We denote by K; the subspace of Im h? spanned by the image of C}:. Note that
h2 U, V] = 0 for all U,V € Kerh® because [h', h’] = 0, and therefore K; C Kerh' ;
thus

K; C Im h* N Kerh?'.

Proposition 2.2. Suppose that h is nilpotent of order p, and let Ry be the space
of second order formal solutions of the differential operator ddy, at a point x, € M.
If Ty« Ry — T is the restriction Ty := T2 |g,, of the natural surjection Ty :
(J2)z,R — (J1)e,R = T , then at any point of M
ﬁg(Rg) :K?ﬁ---ﬂKg
where K is the annihilator of the space K;. In other words, a form w € T can be
lifted to a second order solution if and only if
woCpi =0 (i=1,..,p—1).
Proof. A straightforward calculation shows that
ddnf =df o (AVh) — 0,(Vdf)
holds for every functions f, where V is a linear connection without torsion on M
and A is the alternation operator : (Ap)(X,Y) = p(X,Y) — (Y, X). Now, taking
into account Proposition 2.1 one has pq (df 0 AVh) = padds f = —df 0 Cha. Indeed,
according to Proposition 1.1, p,ddy f = ddpe f, and hence
Pa(ddn f)(X,Y) = (X.AYY = Y.AY — h¥ X, Y]).f
= —h[X)Y].f = —(df o Cha )(X,Y)
for each X,Y € Kerh®. Then Vw,, € T, one has
Pa (wmo o AVh) = —wy, 0 Cha.
Let us take w,, € (K{)z, N -+ N (KH_q)s,; ie., such that w;, 0 Cha =0, Va =
1,--+,p. One has py, (w%OAVh) =0Va=1,---,p; that is to say, ﬁ(meOAVh) =
0. Since Kerp = Im o, there exists 0, € ST} for which w,, 0 AVh = 0,(0s, ). Let

f be a germ of a function at x, such that wg, = (df)s, and 0, = (Vdf),, (which
exists, as can be verified easily in a normal coordinate system). We have

(df )z, o AVh — 0,(Vdf)z, =0,
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ie. (ddnf)z, = 0. This proves that w;, can be lifted to a second order solution.
The opposite assertion is obvious from the identity p,(ddpf) = —df o Cra. O

Corollary 2.1. Suppose that h is nilpotent. Then any w € T such that ipw = 0
(i.e. w € Kerh*) can be lifted to a second order formal solution at x,. In particular
ToRy # {0}.

Indeed, Ko, C Imh® C Imh, VYo =1,---,p; then K¢ D Ker b*, Voo =1,---,p
and hence To Ry D Kerh*. Now Kerh* # {0} because h is nilpotent; then o (R2) #
{0}.

Corollary 2.2. Let h? = 0. Then every form in T* can be lifted to a second order
formal solution if and only if Kerh, Kerh?,--- , Kerh?~! are involutive.

Remark. There exist nilpotent tensor fields & of type (1-1) satisfying [h, h] = 0 for
which Kerh is not involutive. Consider, for example, the field h on R® defined by

0 0 0 0 0
a1 2 4 6 4 5
h=de' @ oo +de’ @ o +da’ @ o 4 d2® @ (—a't 55 — 2 o).
0
One can easily verify that h® = 0, [h,h] = 0, and K; is spanned by 305 thus
x
K; # {0}.
2.3. The exact sequence of the first prolongation.
Proposition 2.3. Suppose that h is nilpotent of order p (p > 2) and define the
map
T T* @ N2T* — NPT x A*T* x (B} @ Ko) (T =71 X To X 73)
by
(Mw)(X,Y,2) = > w(X,Y,2),(w)(X,Y,Z):= Y w(hX,Y,Z),
cycl(X,Y,Z) cycl(X,Y,Z)
(TBOZW) (Xla Yoca Zoz) = Zw(Xla hOc—kYa’ hk_lYoc)
k=1
VXY, ZeT, VXy € E1, VYa,Zy € Ker h®, (a1, --p). Then Tooy =0 and K ~
Im 7. In other words, if 7: T* ® N°T* — K, w +— 7(w), then the sequence

3T T T AT s K — 0
15 exact.

Proof. It is a straightforward verification that 7 ooy = 7o 007 = 0 (cf. [2]). On
the other hand 7§ = § ® pa, where i : By — T is the natural inclusion. Then

8001 = ("1 ®pacor) = ("i ® pa) o (idr- ® 0,) =0
because p,, 0 0, = 0 (cf. 2.1); therefore 7001 = 0.
We have to prove that the rank of the system 7(w) = 0 1is equal to the dimension
of K. Consider the system S defined by 7(w) = 0.
Lemma 2.1. The system S is equivalent to the system
wX,) Y, Z2)+w(V,Z, X)+w(Z,X,Y)=0,
S’ whX,)Y,Z)+whY,Z,X)+whZ,X,Y) =0,
WX, h Y Z) +w(X, h 7 2Y hZ) + -+ w(X, Y, BT Z) =0
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vVX,Y,Z €T, VX, € By, VY, Z, € F., r =1,--- ,q1 = p, where the F; are the
subspaces defined in section 2.1

Indeed Tgw = 0 if and only if VX; € Eq pr(ix,w) = 0, which is equivalent
to pr(ix,w | 7, = 0 according to Remark 1. Note that the system S’ contains

w +sy 0 % = dim€ equations. Since the codimension of K in

Eis Y5, W(]j (cf. 1.4) we have only to prove that there are exactly

Zj 1 qu independent relations in the system S’.

Let {v } be a basis adapted to the decomposition into cyclic subspaces,
a= 1 ©H4q1

and note that vj eF. (r=1,---,¢q) and vf # 0 if and only if 8 =¢; +1 —r. Let
us set

C’gi'y = w(vd ,vf,vk).
Then S’ is equivalent to the system
L?ﬁ] Clo;gv + Cﬁw + Cvaﬁ =0,
g MZOCQ’Y 010;2'157 + 054—1’704 O’Y;;laﬁ =0,
( ) Nl qj—r+1 qp—r+1 OI q; qr—r+1 + Ol qJ—l qr—1+2
k i § k k
) 1J+01QJ_T+1Qk _ o

ijk
Let 6 be an integer such that 3 < 0 < ¢; + ¢; + ¢ + 1. It is not difficult to show
that the variables C’gi” with a + 34 v = 0 appear only in the following equations:

L%‘Z’Y witha+ G+v=20,
M with a+8+y+1=49,
ijk N1 q]k_T'H @=L with ¢G+aqg—r+2=0, namelle 0—a.=1 0= qj_l
Nl 0 qgi—1 0—qr—1
ok g1 - q 1’
95— i
N’L Jk !

Then, if ij i denote the subsystem of these equations, all these subsystems are
independent. Hence, the rank of the system S’ is the sum of the ranks of the blocks
B}

ijk*

Lemma 2.2. The equations in each block ijkare all independent, except for those
in the blocks BY; 1 such that

(%) 24 <0<1+qg+qg+q and 1<i<j<k<s,
whose equations are related exactly by one linear relation.

The proof of this lemma is very technical; we give it in Appendix 1.

According to this lemma, the corank of S’ is equal to the number of blocks ij &
satisfying the condition (x) of the lemma. Now, for every fixed i, j, k such that
1 <4< j <k < s there are g; + qi blocks for which 2 +¢; <0 <1+ ¢ + q; + qx-
On the whole there are ijl(ag + b¢)ge independent linear relations, where:

ay = number of (i, £, k) with 1 <i<l<k<s=({—-1)(s—{),

2 ):w_nw_m.

bg:numberof(i,j,é)with1§i<j<€§5:(5_1 2
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Then the number of linear independent relations of the system S’ is

S

Z{(Z—l)(s—é) 4 =ne=a |,

(=1

ie. Z;Zl Wﬂqﬁ and this completes the proof of Proposition 2.3. O

2.4. Formal integrability of dd; in the nilpotent case. In this section we
prove the following theorem:

Theorem 2.1. Suppose that h is nilpotent of order p > 2 with [h,h] = 0, and
define, as in section 2.2, the map C}, : T} — N*(Kerh®)* by

Chw)(U,V) :=w(Co(U,V)).

Then the differential operator ddy is formally integrable at x, if and only if for
every second order solution F, at x,

(plc )( )_0 (Oézl,...,p),
where p1C}, denotes the first prolongation of C}, (we identified T with Jy .,R).

According to the results of the preceding sections, we have to show that for
any linear connection V on M, one has 7(Vddyf)., = 0 when (ddpf)., = 0. As
in [2] one can see easily that 71 (Vddpf)z, = (d%dnf)., = 0 and 7(Vddp )z, =
—(d%df)s, = 0 when (ddp f)z, =0

On the other hand,

T?(Vddhf)% (Xa Yo, Za ) = P (Vdehf)ro (Yav Za)

= > (Vxddn f)e, (h* Yo, B Zy)
k=1

for X € Fy and Y,, Z, € Kerh®. Now, taking into account that (ddp f),, = 0, this
expression is equal to

> V., [(ddnf) (b Ya, kT Za)] = Vi, [(Paddn f)(Ya, Za)]
k=1

= —Vx,, (df 0 Ca)(Ya, Za) = 0.

To

A particular case is when every 1-form on a open set can be extended in a germ of
conservation laws (this is the case of “completely integrable systems”). One has:

Corollary 2.3. Suppose that h is nilpotent of order p (p > 2), analytic and such
that [h,h] = 0. Fiz x, € M. Then there exists a neighborhood U of z, such that any
x € U admits a “complete system” of conservation laws (i.e. every w, € T can be
prolonged in a germ of conservation laws) if and only if Kerh, Kerh?,---  Kerh?~!
are involutive.

Indeed, these conditions are required in order to lift arbitrary initial conditions to
second order solutions (cf. 2.2). On the other hand, if they hold, then second order
solutions can be lifted to formal solutions (because Cpo =0 for any a =1,...,p—1)
which actually are analytic according to the convergence theorem (cf. Appendix 2,
Theorem 1).
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Corollary 2.4. (Normal form for h). Let h be nilpotent of order p, analytic, sat-
isfying [h,h] = 0, and suppose that Kerh,Kerh?,--- Kerh?~1 are involutive. If
T, € M, then there exist local coordinates (x'---z™) in a neighborhood of z, for
which h has the form

Jq 1
JQ2

Jq
where the Jg, are qi-dimensional Jordan blocks.
In particular, the G-structure associated to h is integrable.

s

Indeed, let Ty = W71 @ --- ® W, be a decomposition into cyclic subspaces asso-
ciated to h*, and consider a generator wy of W7. According to Corollary 2.2 there
exists a conservation law @y for which (&1),, = w1, and then a function z; such
that @; = dxy. Since h*® is a conservation law, there exists (locally) a function
such that h*@w = dzy. Now

(ddfl A d$2)mo = (&1 A\ h*l:;Q)zo = w1 A\ h*UJQ 75 0.

In the same way h*20n, -, h* D715, are conservation laws (g1 = dimW7); then
there exist functions z3, - -+ ,z,, such that dz; ="h/~1&;. Clearly,

(dwy A+ Aday,) =wi AR A AR TR £ 0

and (z1,--- , &4, ) is a coordinate system in which h*|w, takes the form
0 -+ - 0
1
. .0
0 --- 1 0

Repeating this construction on the other cyclic subspaces, we obtain the matrix
of h* in the local coordinates (z1---xy,); its transpose is the matrix of h in this
coordinate system. O

3. REDUCTION TO THE NILPOTENT CASE

3.1. The case where the minimal polynomial is (X — A\)?. In this subsection
we suppose that h has only one eigenvalue A, of multiplicity n. Let (X — A)? be
the minimal polynomial of h. The case p = 1 being trivial', we suppose that p > 2.
Note that the endomorphism g := h— Aid is nilpotent. Since ddyf = ddp f —dANdf,
dd, and ddj, differ by a first order differential operator. It follows that if o) and
01\ denote the symbols of dd, = ddjn—»iq, and its first prolongation, and K(;\ =
Cokero), K* := Coker o7, then o) = 0,, 07 = 01, K) = K, and K* = K. Then
some of results of the preceding sections are still valid, in particular Propositions
1.2-1.4. Propositions 2.1, 2.3 still hold with convenient adaptations, i.e. replacing
Pa by

AU, V) iQ(h Xid)*F U, (h — Nid)*~ 1v)
k=1

1In this case ddj, f = dAAdf, and df is a conservation law if and only if f and X are functionally
dependent. Then there exists a complete system of conservation laws if and only if n = 1.
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VYU,V € Ker(h — Xid)®, and 7§ by

(920 (X1, Yo, Za) Zw(Xl, (h — Xid)* %Yo, (h — Nid)*~ 12)
k—1

VX1 € E1, VY., Zy € Ker(h — Nid)*. However the results which involve the van-
ishing of Nijenhuis tensor—in particular Proposition 1.1 and the properties which
can be deduced from it, such as 2.2 etc.—cannot be generalized in an obvious way
because the Nijenhuis torsion of g := h — Aid does not vanish in general. Indeed,
219,9] = 3[h,h] — dpA Aid + dX A h. Now from the identities [hX,h] = h[X, h]
and [h, X]h + h[h, X] = [h?, X], which hold for any X € T and for any h such that
[h,h] = 0, one can deduce that dj,(Trh) = $dTrh? and, in our case, dyA = AdA.
Thus

1
5[979] =d\Ny.

In particular, if X is a constant (this is the so-called “O-deformable” case) one has
£19,9] = 0, and then ddj, = ddg. Therefore all the results of preceding sections can
be applied immediately and, in particular, one has:
Let h be 0-deformable with minimal polynomial (X —A\)P, p > 2. If Ker(h— Aid),
Ker(h — Xid)?,- -+, Ker(h — Xid)P~! are involutive, then ddy, is formally integrable.
In order to generalize the result to the case where the eigenvalue is not constant
we need the following lemma.

Lemma 3.1. 1. Let h € T*®@T and A\ € C>®*(M) and denote by p) : N2T* —
AN2T* the map defined by (plw)(X,Y) = Zgzlw(go‘_kX, gk_lY), where g :=

h— Xid. Set g* =35 bh®, where by := () (~2)*7F; then

P = bipk.
k=1

2. Ifp) NPT — A2 (Kergo‘)* is the map defined by p) = P§|A2 (Kerga) , then

ddhf - O +ad)\/\ga 1|/\2 (Kergp—1)* (OZ =1 7p)7

where Cgo is defined in 2.1.

Proof. 1. We have

«a a—k
( Zw<z k)( a—k— rth Z k 1— shsy>
k=1 r=0
«a k—la—k
:Z alrsa_k)(k ) (thhsy)
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If we put ¢t := r + s, we obtain

(%)

[e% k—la—k+sa_k k*l
()XY =35 ST (TN e xRy (-
k=1s=0 t=s
a—1 t a+s—t
a—k k-1 1 s s
- (3O DT e X )
t=0 s=0 k=s+1
a—1 t a
= 3 N (X )
t=0 s=0 t+1
« k a «
:ZZ(k)(—)\) WP X, hTY) = (b prw) (X, Y).
k=1r=1 k=1

2. From 1 it follows that

pgddhfzza:b prddp f = Zbo‘ddhkf Z( (b%dp f) (dbgAdf)
=1

= ddye f = df o (b ABF) = ddye f + df o (ad)\ /\ga_l)

and then p)‘ddhf df o (_Oga + ad) A ga—l)' 0
Let us set

(e

C) i= — Cya +ad\ A g™t |
A2 (Kerg®)*

and let K2 be the subspace of Im g®~! U Kerg® spanned by the image of C\. The

following proposition can be proved in the same way as Proposition 2.2.

Proposition 3.1. Suppose that [h, h] = 0 and that the minimal polynomial of h is
(X — NP, p > 2. If Ry denotes the space of second order formal solutions of the
operator ddy, at x, € M and T, : (RQ) — Ty is the restriction wa = My then

7a(Ra) = (K})° M-+~ (KD)°

The following corollary can be deduced in the same way as Proposition 2.1 and
Proposition 2.2 :

Corollary 3.1. 1. Under the hypotheses of Proposition 3.1, a form w € T can
be lifted to a second order solution if and only if woC) =0 for any o =1,....,p— 1.
Fach w € T, such that h*w = Aw can be lifted to a second order formal solution
at z,. In particular, T2 (R2) # (0).

2. FEvery form in T™ can be lifted to a second order formal solution if and only
if CX=0foranya=1,...,p

In order to check the formal integrablhty of ddy,, we only have to prove that for
any linear connection V on M one has 7. (Vddhf) =0if (ddhf) = 0. Now



EXISTENCE OF CONSERVATION LAWS 4625

for each X € Ey and Y, Z,, € Ker(h — Xid)?,

5N (Vddnf) (X, Yo, Za)= > Vi(phddnf)(Ya, Za)
° cycl(X,Y,Z2)

To

o

- Za:(vx ddp f)((h = Xid)*™* Yo, (h = Xid)* "' Za)

=V ((Paddn f)(Ya, Za) = =V (df 0 C2) (Ya, Za)

Then, if as in section 2.2 we denote by Cé‘* the transpose of C? defined by
(C’é*(w))(U, V) := w(C2(U,V)), then under the hypotheses of Proposition 3.1 we
have the following theorem:

Theorem 3.1. The differential operator ddy, is formally integrable at z, if and
only if, for any second order solution F, at x,,

(plcé*)(Fo):O (OéZl,...,p),

where plCé* denotes the first prolongation of C}, (here we have identified T with
J1 2, R/ Jo0,R).

Geometrical interpretation of the obstruction.

Definition 3.1. Let h be an endomorphism field of TM and A an eigenvalue of
h whose multiplicity in the minimal polynomial is p. We say that the character-
istic flag associated to A is integrable if the distributions Ker(h — Aid),
Ker(h — Xid)?, - -+ ,Ker(h — Xid)P are involutive. The leaves of the integrable distri-
bution Ker(h— \id)P (respectively, Ker(h— \id)P?~1), are called “maximal leaves” of
the characteristic flag (respectively :“maximal proper leaves” of the characteristic
flag).

Proposition 3.2. The following two statements are equivalent:

1. C2 =0 forany a=1,---,p.

2. The characteristic flag is involutive and dAAgP~' = 0. This last condition is
equivalent to the following: either A is constant, or the codimension of the mazximal
proper leaves is 1 and \ remains constant on these leaves.

Indeed, if A is constant, C2 = 0 for any a = 1,---,p is equivalent to Cya =0,
which means that the characteristic flag is involutive.

Suppose that d\ # 0. For a = p the condition 1 is d\ A g?~! = 0, which means
that Kerd\ = KergP~! (in particular, \ is constant on the leaves and the rank of
gP~ " is 1). The condition C}} | = 0 gives

—Cyr-1 4+ (p—1)dA A P2 =0;
A2(KergP—1)
that is, Cyp—1 = 0, because Kerd\ = KergP~!. By induction one can easily see that
C) =0forall @ =1,---,p is equivalent to the integrability of the characteristic
flag. O
Finally, we have

Theorem 3.2. Let h € T* QT be an endomorphism field with [h,h] = 0, and
suppose that the minimal polynomial of h is (X — X\)P (p > 1). If the characteristic
flag is integrable and d\ A (h — \id)P~1 = 0 (that is, either X\ is constant, or the
codimension of the mazimal proper leaves is 1 and A remains constant on these
leaves), then ddy, is formally integrable.
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Theorem 3.3. (Normal form of h). Let h be an analytic endomorphism with
[h, h] = 0, and suppose that its minimal polynomial is (X — NP (p > 2). Fiz a
point x, € M.The following two statements are equivalent

1. There exists a neighborhood U of x, such that every x € U admits a complete
system of conservation laws (i.e. every w, € Ty can be prolonged in a germ of
conservation laws).

2. The characteristic flag is involutive and d\ A g?~1 = 0 (i.e., either X\ is
constant, or the codimension of the maximal proper leaves is 1 and \ remains
constant on these leaves).

If the above statements hold, then for suitable local coordinates in a neighborhood
of x,, h takes the form

J‘h
H— J‘I2 7
Jq.
where q1,q2,- -+ ,qs are the degrees of the elementary divisors,
0 1 0
o =
¢ 0 ceee-- 0 1
CqT ...... C2 Cl

is the block corresponding to the elementary divisor (X — \)%, and
k= (—1)’*“(32)%“.
(If p = 1, condition 1 is satisfied if and only if the dimension of M is 1.)
3.2. The general case. We suppose now that the minimal polynomial of A is
mp(X) = (X = M)t (X = A\ )P,

Taking into account the identity [g7, g?] = 237 ' apdp A A g2 F=1, where
ar, € R are appropriate constants, it is not difficult to prove the following property:

Lemma 3.2. The characteristic subspaces G; := Ker(h— Njid)P* (i =1,---,7) are
involutive and [h;, h;] = 0, where h; := h

Gq','

Our main theorem can now be proved by restricting to the characteristic sub-
spaces. Namely, let us suppose first that in the minimal polynomial p; > 2 for
every ¢ = 1, ..., and that condition 2 in Theorem 3.3 is satisfied for every G; and
for every h;. Let w, € T, and consider its decomposition on the dual spaces of G;:
Wo = a1+- - -+a,. There exist functions f; defined on neighborhoods U; of z, (in the
maximal submanifold of G; through z,) such that «; = (df;),, and ddp,f; =0.
Set U = Uy x -+ x U, and let f; : U — R be the map defined by f;|U; = & f;.
If fe=>"_, f; one has clearly w, = (df),, and ddnf = 0. Then w, can be
prolonged to a conservation law.

Conversely, suppose that there exists a neighborhood U of z, such that, for any
y € U, every w € T} can be prolonged to a conservation law. Let us decompose U =
Ui x---x U, as above, and write y = (y1, ..., y,). Considering a form a; € T Uy as
a form of Ty U, we can construct a conservation law df on U such that (df), = a;. It
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is not difficult to see that the function f; on U; defined by fi(x1) = f(z1, Y2, s Yr)
gives rise to a conservation law df; on U; such that (df1),, = a1 (this is due to the
fact that G; is integrable: consider, for example, the expression of ddy f in local
coordinates adapted to the decomposition U = Uy x --- x U,). Then h; satisfies
condition 2 of Theorem 3.3.

Therefore, taking into account the remark in footnote 1 of section 3.1 for the
case where an eigenvalue has multiplicity 1 in the minimal polynomial, and noting
that the vector space spanned by the image of C2 is included in G; for any s, we
can state:

Theorem 3.4. Let h be an analytic endomorphism field with [h,h] = 0, and sup-
pose that h has a constant “algebraic type” with minimal polynomial

mp(X) = (X = M)t (X = AP,
Then:

1. A 1-form w, € T =~ (J1)z,R can be lifted to a second order solution I, of
the differential operator ddy, if and only if

Cs)\i*(WO) =0

for every eigenvalue \; and for every s =1, ..., p;.
2. The differential operator ddy, is formally integrable at x, if and only if for
every eigenvalue \; and for every s =1,...,p; one has

(p1CY ) (F,) =0

for every second-order solution F,, where plC’S)‘i* is the first prolongation of

cx.

3. In particular, the following two statements are equivalent:

(a) There exists a neighborhood U of x, such that every x admits a complete
system of germs of conservation laws (i.e. everyw, € To can be extended
to a germ of conservation laws).

(b) Let \ be an eigenvalue of h with multiplicity p in the minimal polyno-
mial. If p = 1, then the mazimal leaves of his characteristic flag are
1-dimensional; if p > 2 then either X is constant on the mazimal leaves,
or X\ s constant on the maximal proper leaves, which necessarily are 1-
codimensional in the maximal leaves.

In this case there exist local coordinates in a neighborhood of x, such that
h has the “normal form”

H, 0

0 H,
H; being the same blocks as in Theorem 3.3.

Remark. The above theorem remains true in the case when h has complex eigen-
values, and the proofs are the same. Indeed if w,_ is a real 1-form, the real part
of the complex conservation law whose existence is ensured by Theorem 3.4 will be
the real conservation law which takes the value w,, at x,.
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APPENDIX 1. PROOF OF LEMMA 2.2

We shall use the technique of successive separations of equations, which is ex-
plained in [2]. For more details cf. [12].

The demonstration can be divided into three steps, according to the number of
cyclic subspaces which arise.

STEP 1. Each block Bfn‘ contains only independent equations. The
statement is proved in [2], because, for each i the subspace V; is cyclic.

STEP 2. Each block Bfii, with ¢ # j, contains only independent equa-
tions. Suppose that ¢ < j (the proof in the case i > j is similar: for more details
cf. [12]).

a) Case 0 <1+g¢; +g;.

Lemma 1. Let @ be fized and denote by B¥ the subblock Bf” consisting of the
equations LJ . by B the subblock consisting of the equations MJ“ , and B%¥ =

BYU BY. The blocks B are independent and contain only independent equations.

SCHEMA 1

pivots BY BY property satisfied for

18 13
Ci7 L%

11 1y @l 1va
Cz ]z’y (L]Zz ) M]Zaz Bl
...(induction on @ )...

a1 @1 5
R LY (M) B

1 @kl a+1 1 @l =

T, ’ (L] 1‘6 o M; 'BZ B!

The proof follows Schema 1, which summarizes the following induction argument.

18 . . 18y . .
For every 3 and v, C;}"; is a pivot for equation L7, : therefore these equations
Coc-i-l By iy ol

jii jii

are separable. On the other hand appears only in (this equation

has just been separated) and in M leo‘z (which becomes separable). Therefore the

block B' is separable and contains only independent equations. Suppose that the
property is satisfied at order @. OO"HE 7 appears only in L“'Hﬁ 7 and in MY

Qi jia
LOH‘ B

which has been separated by the 1nduct10n hypothesis. Then L}, is separable.

Finally, C’Z'HJ' 110‘“5 appears only in Lj":lzﬁ 71 which becomes separable. Thus the
property is satisfied for the block B*t!. O
Now :

o If 0 <2+ g;, then the blocks Bj” do not involve equations arising from 75

(i.e. N};J“’) Therefore the property follows from Lemma 1.

o If 2+ ¢ <1+ g+ g, then the block BJ " contains the equations of the

lemma and additional equations of the type NZ1 193 4~ 0=ai—1 e proof is carried

out as in Lemma 1,because the pivots chosen do not appear in these equations, and
these equations are independent, as is easily proved.

b) Case 0 > 1+ ¢; + g;.

In this case, Bfii does not contain any equations arising from 75'. Let us fix
qu—a+1 By

140

@, and denote by BY the set of equations by BY the set of equations
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M?’raﬂ B3 and set BY = B¥ U BY. Clearly the subblocks BY and BY cover B
we shall prove, by induction, that they are successively separable.
o Bl is separable. Set @ = r+q; +q; (r > 1).The argument is slightly
different depending on whether r + ¢; is even or odd.
For r +¢; = 2p+ 1 the proof follows Schema 2 (which should be read in the

same way as Schema 1):

SCHEMA 2
pivots Bi Bl property satisfied for
Cfﬂ;l l_qj P ngipi pH
crart ey e p
...(induction on s)
Of_sjqj Ii)+3+1 (ng pi—s ZZ_SH) M]gj z;—s—il p—stl Bs
Cf+s+2 tjqj pi—s—l L?jip—s—lip—sﬁ ( quji p—s—li p—s+1) Bs+l

For r 4+ ¢; = 2p one follows Schema 3:

SCHEMA 3

pivots Bi Bl property satisfied for

P P qj q; p-1p
Cii j M jii

pH g5 p-1 q; p—1 pHl q; p—1p 1
C; ji Lj i (M ji i ) B
...(induction on s)

p—s pts qj q; p—s pts q; p—s—1 pts s
¢ 7y j (Lj i i) Mj i B

p—s—1 q; ptstl q; p—s—1 ptstl q; p—s—1 pts s+1
05 j i Lj i i (M j o i) B

o Suppose now that BY, B2, ..., B! are successively separable; we prove that
B% is separable.
Let us consider
q;—act2 By
Cj

i

qu]_aﬂiﬁi 7 € BY. This equation is separable by the pivot
qu_a-l_Q.B. ¥
j

;5 | (which lies in

, which appears only in this equation and in

Bla_l, and is already separated by induction hypothesis). Therefore BY is separable.
I q;—cetl B vy @ v g0t B :
n the same way L; . € BY is separable because C, j , appears only in
this equation and in BY. This completes the proof in case 2.

STEP 3. Every block ijk with i < j < k is formed by independent
equations if § < 2+ ¢; and by equations related by only one linear relation
if 0 > 24 ¢;. Note that, since 0 < 14 ¢; + g; + qx, this statement completes the
proof of Lemma 2.2. Suppose that 2+ ¢; <14 gq; +qx (if 2+ ¢; > 1+ g; + qx, the

proof is similar).
Lemma 2. Fiz @, and let Blal denote the subblock formed by the equations of type

Lgﬁv, BY the subblock of equations Mgﬁ'y, and set B¥ = BYUBS. If 0 < 1+q¢;+q;,

the blocks BY are independent and contain only independent equations.

The proof follows Schema, 4:
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SCHEMA 4
pivots | B¥ BY property satisfied for
18~ 18y
Clji Lyi
13 184H 18
Ci kj (Lk ji ) Mkji’y B1
...(induction on @)...
B a3 ap @
Ck jz L j? (MISJZ) B®
1o+ 8 [ ¥e] ol B @
cry i | (L Jj) M;, j? B!

a) Case 0 < 2+¢g;. We have to prove that the equations of ij & are independent.
o If0<2+gqy, BZ . contains only the blocks B* of Lemma 2 and in this case
the property follows from Lemma 2.

oIf24¢; <0 <2+y¢;, BU,c contains not only the blocks BZ of the lemma, but

equations of the type N, ! 6aitl HJH too. Now these equations are independent

and do not contain the pivots used in the proof of the lemma. Thus the property
is true in this case.

b) Case 6 > 2+ g;. We have to prove that the equations of B 1, are related
by only one linear relation. Note that

24¢ <1+q¢i+aq<1+q¢+q <1+4q+g.
We have to consider four cases. We give here only the results; for details the reader
may see [12].2
oi) 2+4¢ <60 <1+g¢q;+qr. In this case ijk contains the blocks B¥ of
the lemma and the equations Nlﬁc’”, N;ﬁc’“, N,ilvj“, where: u=60—-1—-g¢q;, v=
0—1—-gqj, w=0—-1-q. One has

Loy L= Y M - NE 4+ Njge - N
a+B+y=0 a+ﬁ+v 0—1
2. The equations of B e ,%Z”j“ 3 are independent.

oii) 1+4+¢j+qr<¥b < 1+ ¢q; +qx. In this case ijk contains the blocks BY
and the equations le“ and vau One has

Loy = Y Mf;ij” + N — N
a+B+y=0 a+B+y=0—-1
2. The equations of BY, \ {N, ;Z; “} are independent.

oiii) 1+¢+q<0<1+¢ +gq;. In thiscase B’ 1, contains only the blocks

B% and the equation ,%fj“ One has:

D SR D SRV
a+p+y=0 a+pB+y=0-1
2. The equations of BU ALY ,%”“} are independent.
oiv) 6>14¢; +q;. In this case BU,c contains only the blocks B®.

B B
Lo L= >0 Mg
a+pB+y=0 a+pB+y=60-1
2. The equations of B, \ {M, o= i =14 9% are independent. a

2Properties 1 are straightforward verifications; properties 2 can be shown to be arguments
similar to those of Lemma 1.
31.e., the block Be ik without the equation Nl”"
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APPENDIX 2. THE SPENCER-GOLDSCHMIDT VERSION OF THE
CARTAN-KAHLER THEOREM (LINEAR CASE)

Let 74 : Jy(E) — Jr_1(E) be the canonical projection; since Ker m, ~ S¥T* @
E, one has the exact sequence,

0— S*T* @ E = J(E) = Jp_1(E) — 0.

Let F be another fiber bundle on M and P : E — F a kt"-order linear differential
operator. P can be identified to a morphism of vector bundles p,(P) : Ji(E) — F.
If the rank of p,(P) is constant and Ry = Ker p,(P), one has the exact sequence

0— Ry — Ju(B)" D F 0.

The [-th prolongation of P at x € M is defined by
p(P): Jp(E) —  Ji(F),
Jrsi(s)(x) > qi(Ps)(x).
We set Ri+; := Ker p;(P). Ry is called the space of formal solutions of order k+1.

Definition. The operator P is formally integrable if the restrictions T4 : Riy; —
Ry, are surjective for all [ > 1.

In the analytic context formal integrability guarantees the existence of genuine
local solutions “for any initial data”. The following theorem is due to Ehrenpreis,
Guillemin and Sternberg [4] and Malgrange [10]:

Theorem. Let P be an analytic linear differential operator which is formally inte-
grable; then Vx, € M and VF, € Ry, 5, , there exists a section f of E defined on a
neighborhood U of x,, such that on U

P(f) =0 and (jif)(zo) = Fo.

In order to prove the formal integrability of P, according to the definition we
should verify an infinite number of conditions. The Cartan-K&ahler theorem permits
us to establish the formal integrability by a proof involving only a finite number of
steps. In order to state this theorem, we introduce first the notion of involutivity
(for simplicity we give here, as definition, a necessary and sufficient condition due
to Serre).

The map 0,(P) := po(P)oe:

ki € PO(P)
0o(P) : S"T*" Q@ FE — Ji(E) — F
is called the symbol of P. The symbol of the I[-th prolongation is defined by the
composition

natural injection idglpx ®00
a(P) : SHHTr g p LN e g shrr g B T Sipr g F
In particular, o1(P) : S¥*1T* @ E — T* ® F is defined by
iyo1(P)(t) = 0,(P)(iyt) VX € TM, YVt € S"'T* @ E,

where ¢, denotes the inner product by X.
Let g; := Kero;. For a basis {e1,...,e,} of T, and j =1,2,...,n — 1 we set

(go>{el,...,ej} = {A S (go)m| ielA = 0, .. .,iejA = 0}
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Definition. A basis {ey,...,e,} of T} is called quasi-regular if

n—1

dlm(gl)w = dzm(go)w + Zdim(go){el,...,ej}'
j=1

A differential operator is called involutive if at every point there exists a quasi-
regular basis.

One has:

Theorem. (Cartan-K&hler-Spencer-Goldschmidt). Let P be a k-order linear dif-
ferential operator. Suppose that the ranks of fiber bundles Ry, and Ryy1 are constant,
and that the following conditions are satisfied.

1. P is involutive.

2. Ti+1 ¢ Rpy1 — Ry s surjective.

Then P is formally integrable.

The involutivity insures that there are no more obstructions to extending formal
solutions of order k£ to formal solutions of higher orders.

In practice, the surjectivity of w41 is shown in the following way. One has the
diagram of exact sequences

’ T ® F
SkIT* @ F T*"oF L K= ®

l+ l+

1P
Ryt —  Je(B) "8 R

J/Fk+1 Jrﬂ'k+1 lm

Rk — Jk (E) pﬁ) F

Uﬁ) — 0

Imol

By a standard diagram-chasing argument, we obtain a map ¢ : Ry — K, and
it is a straightforward verification that Tgy1 : Rg+1 — Ry is surjective if and only
if o =0. K is called the obstruction space.

In order to calculate ¢, one makes use of an arbitrary connection V on the bundle
F,V:F—T"®F, that is, in jet notation,

po(V): J1(F) — T" ® F.
With a slight abuse of notation one can write
e(j(s)(x)) = T(VP(s))a

for x € M and every s € E with P(s), = 0.
To summarize, in order to prove the formal integrability, and consequently the
existence of genuine local solutions in the analytic case, one needs to
L. prove involutivity,
II. construct the map 7 and, for that, give a “good interpretation” of K, and
III. show that

T(VP(s))s =0 Vse E for which P(s), =0,

where V is a connection on F.
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