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CONTIGUOUS RELATIONS, CONTINUED FRACTIONS
AND ORTHOGONALITY

DHARMA P. GUPTA AND DAVID R. MASSON

ABSTRACT. We examine a special linear combination of balanced very-well-
poised 10¢9 basic hypergeometric series that is known to satisfy a transforma-
tion. We call this ® and show that it satisfies certain three-term contiguous
relations. From two of these contiguous relations for & we obtain fifty-six pair-
wise linearly independent solutions to a three-term recurrence that generalizes
the recurrence for Askey-Wilson polynomials. The associated continued frac-
tion is evaluated using Pincherle’s theorem. From this continued fraction we
are able to derive a discrete system of biorthogonal rational functions. This
ties together Wilson’s results for rational biorthogonality, Watson’s g-analogue
of Ramanujan’s Entry 40 continued fraction, and a conjecture of Askey con-
cerning the latter. Some new g¢-series identities are also obtained. One is an
important three-term transformation for ®’s which generalizes all the known
two- and three-term g¢7 transformations. Others are new and unexpected
quadratic identities for these very-well-poised g¢7’s.

1. INTRODUCTION

Background. It is now just over ten years since Askey-Wilson polynomials were
introduced as an explicit system of orthogonal polynomials that generalize Jacobi
polynomials [2]. Here we are concerned with a generalization of Askey-Wilson
polynomials which yields an explicit system of biorthogonal rational functions. This
generalization was first given by Wilson in [31] and later by Rahman and Suslov
[26].

The explicitness of the above orthogonalities is connected to the fact that cer-
tain hypergeometric and basic hypergeometric series satisfy three-term contiguous
relations. The importance of contiguous relations in this context was emphasized
by Wilson in his thesis [30]. For more recent work which makes extensive use of
contiguous relations, see [16], [23], [13], [14], [15].

In the case of Askey-Wilson polynomials, the relevant series are a terminating,
balanced 4¢3 series, which describes the polynomials themselves [2], and a very-well-
poised g7 series, which describes the minimal solution to the polynomial recurrence
[18], [11].

The necessity of a three-term contiguous relation is dictated by the fact that an
orthogonal polynomial system {P,(z)}22, must satisfy a three-term recurrence of
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the form [6]
(1.1) Poi1(z) = ( — ept1) Pn(2) + Ap1 Pr—1(x) = 0,
associated with the J-fraction
1 A A
(1.2) 2 2

r—C — —C — —C3 —

Are there explicit orthogonal polynomial systems more general than Askey-
Wilson polynomials? The answer is believed to be no, since there are no known
basic hypergeometric series which are more general and which also satisfy a three-
term contiguous relation that can be cast into the form (1.1).

However, if we relax the requirement that the orthogonal system consists of
polynomials, then we are led to Wilson’s system of biorthogonal rational functions
[31]. With only a slight modification this again seems to be the most general model
of its type.

In this paper we examine this general rational function biorthogonality by start-
ing with some three-term contiguous relations of the most general known type. The
basic hypergeometric series involved are terminating, balanced, very-well-poised
10¢9’s or, more generally, special linear combinations of non-terminating such 19¢g’s
which we call ®@’s. Both of these satisfy three-term contiguous relations which can
be put into the form

(1.3) Prii(z) — (z - Cn+1)Pn(x) + Ant1(z — ang1)(z — ﬁn-l-l)Pn—l(x) =0
associated with the Rj;-fraction

1 A(z —ag)(z — f2)  A3(w —az)(x — B3)

1.4
( ) r—Cc — Tr — Co - r — C3 -

That the orthogonal systems corresponding to (1.3) and (1.4) involve rational func-
tions rather than polynomials has been demonstrated by Ismail and Masson [17].

There is a second related aspect which lead us to examine this most general basic
hypergeometric level. Many of the continued fractions of Ramanujan are connected
with orthogonal polynomials. Some of the most intriguing of these are expressed
in terms of gamma functions [5] and have been shown to be connected with special
limiting cases of Askey-Wilson polynomials [21], [22], [9]. Armed with this fact, we
were able to extend and give new meaning to Ramanujan’s famous Entry 40 [24]
and its g-analogue given by Watson [29], [10]. These are all special cases of the
very general continued fraction we examine in Section 3 of this paper. From the
simplest terminating form of this continued fraction given in Corollary 3.3 and the
orthogonality derived in Section 4, we are now able to vindicate Askey’s conjecture
[1, p. 37] that Ramanujan’s Entry 40 is connected with Dougall’s 7 Fg summation
formula and a three-term recurrence for a very-well-poised g Fyg.

Results. In Section 2 we prove that ¢ satisfies certain three-term contiguous re-
lations. For two of these (Theorems 2.4 and 2.5) we make essential use of the
two-term transformation formula for ® [7, (III. 39), p. 247]. This generalizes our
earlier work in [10].

In Section 3, Theorems 2.4 and 2.5 are used to obtain fifty-six pairwise linearly
independent solutions to a very general eight parameter three-term recurrence. This
recurrence generalizes the recurrence for Askey-Wilson polynomials. The large n
asymptotics of the solutions is also examined. From two of these solutions we are
then able to construct a minimal solution. This minimal solution, via Pincherle’s
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Theorem, gives an explicit but complicated continued fraction result which gen-
eralizes Ramanujan’s Entry 40 and our earlier work [10]. Two special cases are
considered. One is a terminating fraction given in terms of a terminating 19¢9 [28].

In Section 4 this terminating fraction is expressed as an Rj;-fraction and used to
derive a very general explicit rational biorthogonality. This derivation follows the
methods in [17]. Also in Section 4 we give six limiting cases of this biorthogonality.
Five limits are at the 4¢3 or g¢7 level and one is a ¢ — 1 limit at the gFy level.
One of the 4¢3 limits corresponds to the case of ¢g-Racah polynomials, while the
other orthogonalities are new. By taking further limits this can be extended to
a full Askey-type scheme of rational biorthogonality. For a detailed review of the
Askey-scheme for polynomial orthogonality, see Koekoek and Swarttouw [20].

In Section 5 we give further details for one of the limit cases at the very-well-
poised g¢7 level. This expands on some of our previous results for this model
[12]. Also a general three-term g¢7 transformation is derived which is essential for
Section 6.

We have already mentioned that ® satisfies a two-term transformation formula.
This is the most general two-term transformation given in Gasper and Rahman [7].
In Section 6 we derive a missing companion transformation. This is a three-term
® transformation which generalizes all the known g¢7 transformations.

Finally, in Section 7 we derive what we feel are some unexpected g¢7 identities.
These new quadratic identities are derived from the asymptotics of the Casorati
determinants of some of the recurrence solutions of Section 3.

Notation. We follow the notation in Gasper and Rahman [7] except that we omit
the designation ‘g’ for the base in the g-shifted factorials and the basic hypergeo-
metric functions. Thus, given a number g, the g-shifted factorial is defined by

(a)o:=1, (a)n:= H(l—aqj_l), n=12,...,

<.
[

1
(CL)_ = s n = 1) 27 )
(ag=™)n
and for |¢| < 1,
(@)oo = [J(1 = ag’™).
j=1
We also write
k
(a1,a2,...,a5)n = H(aj)"’ n integer or n = oo.
j=1

The ¢ basic hypergeometric series is given by

a1,ag,...,0r o0 (01170127"'70’7“)11 |: n (n):|1+s—7‘ n
1.5 rPs : — 1 n ’
( ) ¢ <b17b2,~-.,b3 Z) Z(blab27'-'7bs,Q)n ( ) q z
and the general bilateral basic hypergeometric series is defined by

avaz et g (@082 @ [y ()]
(1.6) rws<b1,bg,...,b57Z> = n;m oy br o bl [( 1)"q ] 2",

n=0
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We denote a very-well-poised, balanced 19¢g series as

(1.7)

vbhbrcrdr e fr g’ h

a,qv/a,—q avbac7da€7 ’ 7h
¢:10W9(a’;bvc7d7e7f7g7h';q)::10¢9 <\/_ —\/:L aq\{z; ag ag aqf gq U«Q;Q>7

bedefgh = a®q?,
and the limiting case of a very-well-poised g¢7 as
07)  sWelashadie iy msor (00 G G )
A complementary pair of very-well-poised, balanced 1g9¢g’s is defined by
®® (a;b,¢,d,e, f,g,h;q)
=10Wo(asb,c,d, e, f,9.h;q)

b bg bg bg bg bg bg
(aquEacad767f7g7h7?777?7?7?77
o]

(1.8) +

a'b’c’d’e?’ f'g’h’a’a’a’®a’®a’a

b2 bc bd be bf bg bh
X 10W9 (;7 7_7_7_7_f7_gu_;q) :¢+¢/(b)7

(bz_qaaqaqaqaqaqaqbcbdbebfggb_h)

say, with bedefgh = a3q®. Here, ‘b’ is a distinguished parameter which can be
interchanged with ¢, d, e, f, g or h to give different ®’s. We use the notation

(1.9) ® = ®(a;b,c,de, f,g,h;q) =+ ¢

to denote any one of these seven possible complementary pairs. Whenever we want
to specify the distinguished parameter ‘0’ while defining ® or ¢, we shall denote
them by ®® and ¢’(b) respectively.

We will avoid singularities in the definition of ®®). In particular, we assume
that a # b. If any one of the parameters ¢, d, e, f, g, his ¢"",n = 0,1,---, the
complementary part ¢’ ®) anishes.

A g-analogue of Wilson’s notation [29] will be used for the variations of ¢, ® or ¢’
with respect to the parameters. Thus, ®®) (g4, h—) represents the expression (1.8)
with ‘g’ and ‘h’ replaced throughout by ‘gq’ and ‘%’ respectively. ®(® . denotes the
expression which would be obtained by replacements

(a,b,e.d,e, f,g,h) — (ag™2,bg* ", cqtt, dg*?t, eq™, fa*, gg*, ha™)

throughout the expression (1.8).

2. CONTIGUOUS RELATIONS

We obtain three-term contiguous relations for the ® function which generalize
the relations we obtained earlier [10] for 19¢9’s. The method of proof is basically
the same as the one employed by Wilson [29] in his study of ¢Fs functions and
employed by us in our previous work [10].
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Lemma 2.1. [10, p. 431, Lemma 1] If ¢ denotes the balanced very-well-poised 19¢g
series defined by (1.7), then

o(g— h+) — ¢
50— 501 - 21— ag)(1— ag?)(1 — B)(1 — 0
(21) (-1 - =5)1- (1 - )1 - 51 - %)

(1—d)(1—e)1—f) B
X (1—2)(1—2)(1— %>¢+(9 ).

€

Lemma 2.2. If ¢ denotes the balanced very-well-poised 10¢g series defined by (1.7),

then
c(l-c)(1- %) <1— %) (1— %l) ¢ (9=, c+)
(2.2) —d(1—d) (1 - g) <1 - %q) (1 - z—;) & (g9—, d+)

(i-2)(- (-2) (2o

Proof. Elimination of ¢4 (g—) from two relations written for ¢(g—,c+) — ¢ and
d(g—, d+) — ¢ with the help of Lemma 2.1 gives the required result. O

Lemma 2.1'. Irrespective of the choice of the distinguished parameter, ® satisfies
the relation

O(g—,h+)—D
_ -0 - )0 —ag)(1 —ag?)(1 - b)(1 — )
@23) (1~ =) — =) (1~ )0 — 51— (1~ =)

(1—d)1—e)(1—f)

(=21 -1~

Proof. In view of Lemma 2.1, we only need to prove that (2.3) holds true for the

complementary part ¢’ irrespective of the choice of the distinguished parameter.

It is evident that we should check the validity of the statement in three different

cases, viz., when the distinguished parameter is either ‘g’ or ‘h’ or it is one of the
parameters b, ¢, d, e or f.

The statement (2.3) can be shown to be true for ¢'(9) if we apply Lemma 2.1 to

the series

P4 (9—).

2 gb gc gd ge h
(24) 10W9<92;g 7g 7g 7g 7£7 79_7 >
aq?’ aq’ aq’ aq’ aq’ aq’”’ aq

and make the required simplification.
Similarly, validity of (2.3) for ¢’ (") can be derived by applying Lemma 2.1 to
h? hb hc hd he hf h
(25) 10W9 (z;_a_a_a_u_f7_guh;q>'

In the third case, say for example for ¢’ (b), we can apply (2.2) of Lemma 2.2 to the
function

b2  bc bd be bf bg bh
(26) IOWQ( 'b7_7_ - _fu_g7_7q>

a’ "a’a’a’a a a
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and we arrive at the desired result. This completes the proof of the lemma. O

In view of Lemma 2.2 and Lemma 2.1’ we can immediately state Lemma 2.2’.

Lemma 2.2'. Irrespective of the choice of the distinguished parameter, ® satisfies

the relation
a dq gd
1-— 1——)(1—-— 1—=—|®(g—
c( 0)( C)( g)( aq) (g—,ct)
a

(2.7) —d(1-d) (1 - d) <1 - @) (1 - 2) o (g—,d+)

) aq

(D)3

Theorem 2.3. Irrespective of the choice of the distinguished parameter, ® satisfies
the relation

(=m0 —5H(1 - 20 - 51— 201 - 2)

92 P _
(1- =)0 o) o)
oy _MPU-90-RO-R0-a-ga-g
(1— w1 - o)
g(1- 1)1 - (1 - )1 - @)1 - 4)1 - )
- 0= aq)(1 — ag?) v

Proof. First we indicate the proof for
O (a;b,c,d.e, f,g.hiq).

Assuming that (2.8) is valid, we apply Bailey’s transformation (see Gasper and
Rahman [7], (2.30), p. 56) to each of ®®)  (g—), ®®), (h—) and ®®). Subse-
quently we have three pairs of 19¢9’s corresponding to the three ®’s. We can
pick out one 19¢g from each of the three pairs so that this set of three 19¢9’s and
the remaining set of three both separately satisfy valid three-term contiguous re-
lations. In fact, one set satisfies the relation we obtain by applying Lemma 2.1

to 1oWo (2,94 a4 ag ad bh p..) The other set satisfies the relation obtained
g cg’dg’eg’ fg’ a

by applying Lemma 2.1 to 10Wy (%}, b, ot ot =, %, %h, g; q). This completes the
proof of (2.8) when ‘b’ is the distinguished parameter. We have a similar proof
when ‘h’ is the distinguished parameter. This time one combination of three 19¢g9’s
gets disposed of exactly as in the previous case. The other combination of three
1009 s constitutes a relation which is the same as that obtained by applying Lemma
2.2 to the series

hg aq aq aq aq hg
Weo [ =2.p 2 22 24 24 105 0. )
10 9<b7 7bcubd7beabf7aq7gq7q

This completes the proof of Theorem 2.3. O
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Theorem 2.4. Irrespective of the choice of the distinguished parameter, ® satisfies
the relation

91— W)(1 = £)(1 = 5)(1 — H)(1 - 2)(1 - 2)(1 - 20)(1 — 24)

9b e ge 9f
(1 L)

X [®(g—, h+) — @]

gy Moo -5 -0 RGO G0 - i)
(1=4%)
x [®(h—, g+) — @]
aq h gh -
S(-5) (%) eva—an - —au-pe=o

Proof. The result can be obtained from Theorem 2.3, if we substitute in (2.8) the

value of @4 (g—) as given by (2.3) and the value of ® (h—) which would be obtained
from a g < h interchange of (2.3). |

Theorem 2.5. Irrespective of the choice of the distinguished parameter, ® satisfies
the relation

(2.10)
@aumwrwm< s (1 — 22)(1 — o)1 — 22)(1 — )
b (1= 2)(1— SE)(1 — a2)(1 - 42)(1 - o2)(1 - 20)(1 — %)
( (g) (A~ B)(1— )1~ d)(1 —e)(1 - s (g-)
g1 2)(1 = 2)(1 - £)(1 - 2)(1 - £)(1 - £)(1 - 5)(1 - £)(1 - &)
050 -a) -l)

L 15000 - B0 50 - )1 - ) - )0 )
z i-;(i-2)
(L= g)(1 = £)(1 - 2)(1 - #)(1 - 54)(1 - #4)(1 - )(_%W@_O
-7 v

Proof. First we make the parameter replacements
b d h
(a,b,C,d,@,f,g,h) - (i ] Ea ) Ev ivgv _>

n (2.8), which yields the value of ®(g+,h—) in terms of ®_(g+) and ®. Also,

Lemma 2.1" gives the value of ®(g—, h+) in terms of ®(g—) and ®. Substituting

these values of ®(g+,h—) and ®(g—,h+) into (2.9) and simplifying, we obtain

(2.10). O
3. SOLUTIONS TO A DIFFERENCE EQUATION AND A CONTINUED FRACTION

In the contiguous relation (2.9) of Theorem 2.4, we make the replacements

(h,g) — (hq‘”, %q”‘l) :
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where, to account for the balance condition, we choose
a3

s = .
bede f

After renormalization, the above relation can be reduced to the second order finite
difference equation

Xn+1 —anXp + 0, X5 1 = 0,
5?1 (1= 3=)(1 =01 —c)(1 —d)(1—e)(1 - f)
o e (e

(3.1)

(3.2) an = Ap + B, +

bn = An—ana

where
n+1 n+1

(1= ) (1= ) (1~ )1~ L)

A = n n—
n (1_s}q122 )(1_5(122 1)
(1- aq;}j’l)(l B aq:h+1)(1 B aqfnh+1)
% (1— 2
)
a(l = )1 = )1~ )1 - =)
B, = h h2 A ah2 & ah
(1 *5—)(1 = *5—)
e e e [ e
X 2 .
(1 - Sqah )
It follows that one of the solutions of the finite difference equation (3.2) is
(S 2n—1 a n+1)
R2 T R
(1) _
Xn - (Sqn—l sq"—1 agntl agntl! aqn+(io agnti aqn+1)
(3.3) R > ah ° bh ° ch ’ dh ° eh ° Jh /™

n—1
X @ (a;bacadaea.fa WTahq_naq) .

In fact, (3.3) gives not one solution but seven different pairwise linearly independent
solutions, depending on the choice of the distinguished parameter out of the seven
parameters b, ¢, d, e, f, sq"~*/h, hg~™ which define ® (see (1.8)). In order to
distinguish between these seven solutions we shall write X,(Il)’p instead of X,(Il), P
being the distinguished parameter. Thus X,(Zl) represents a set of seven solutions
to equation (3.2).

A second set of seven pairwise linearly independent solutions to (3.2) is obtained
by applying what we call a ‘reflection transformation’ to (3.2) and (3.3) [9], [10].
That is, in (3.2) we make the parameter replacements

(3.4)
(a,b,¢,de, f,5q" " [h.hg™™) — (a/a.q/b,q/c,q/d,q/e.q/ f,ha™"*?[s,4" 1 /h).
It can then be seen that [25]
(3.5) an — aph?q 2" /s, by — bp1htq™" )52
It is easy to verify that b, — b, 1h*q¢ 4" /s?. To check a, — a,h?q~2"*1/s, we

need to verify a polynomial identity of degree 14, which we have done on a computer
employing MAPLE software.



CONTIGUOUS RELATIONS, CONTINUED FRACTIONS AND ORTHOGONALITY s

Having made the above parameter replacements, we can renormalize so as to
arrive back at the equation (3.2). Consequently, a second set of seven solutions is
given by

(Sq2n71 Sqn)
2
X(2): h ah oo
(36) n ¢t aq® bsq—l csqr—l dsq?—! esq?~! fsq—!
h > h > ah ' ah ah ah ah s

x ®(q/a;q/b,q/c,q/d,q/e,q/ . hqa "2/s,¢" T /h;q).

The seven solutions represented by the different ®’s of (3.6) will be denoted by

X7(12)’p , where p is chosen as the distinguished parameter out of the seven parameters
q/b, q/c, q/d, q/e, ¢/ f, hg~" 2 /s, ¢" 1 /h.

We now look for additional solutions to (3.2) which may be obtained by suitable
parameter replacements. One solution which can be obtained with the help of the
three-term contiguous relation (2.10) derived in Theorem 2.5 now follows.

First we interchange g < b in (2.10) and then make the substitutions

_ S2g2n—2 b— i . BSq"! d CSqn!

(3.7) AH? Aq’ AH AH
e = D_S n—1 f — E_S n—1 g= FSqn_l h = Sqn_l
AH ’ AH ’ AH H

3 3

ensuring that bedefgh = a®¢? and S = %.
Next we renormalize and get back to equation (3.2) with lower case letters a, b,
¢, d, e, f, s replaced by capitals. Thus we arrive at a third set of solutions

(3.8)
n sa™ s 2n s 2n—1
X3 — (i) (G T " )oo
(

n Sq"71 qn+1 S2(121171
aq s T h 0T ah2 )oo

sq" sq" sq" sq" sq"
bh ch ' dh eh ) TR )

aqn+1 aqn+1 aqn+1 aqn+1 aqn+1 bsqnfl qunfl dSqn71 65(1"71 fsqnfl
bh > ch * dh > eh ' fh oo ah > ah > ah  ah 7 ah oo

X

‘D 82q2n—2. s bsqn—l qun—l dsq"_l esqn—l fsqn—l Sqn—l'
ah? "aq’ ah ' ah ' ah ' ah ' ah Rk Y-

We might expect that (3.8) represents seven new solutions XPP | where p is

n—1 n—1

s bsq csq
aq’ ah 7 ah 7

chosen as the distinguished parameter out of the parameters

d5q7171 qun71 fsq"71

ah ah ’1 ah

viz., XéB)’%q B , is simply a constant multiple of a solution of the first set, viz.,
X(l)%q"’1
n

n—1
and 24 ;— . However, we find that one of these seven solutions,

. The actual relation between the two solutions is

son—1 h s n—1
(39) Xﬁbl))hq _ (aq,b,c, d,e,f,h,q/ )OO X1(13)7hq )
(aq/b,aq/c,aq/d,aq/e,aq/f,s/aq,ahq/s,s/ah)so
Thus (3.8) gives only six new pairwise linearly independent solutions Xﬁg)’p , where
s bSqn71 CSqn71 dSqn71 esq"71

p is the distinguished parameter chosen out of

qu7171
ah °

aq’ ah ah ah ah
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We now apply the reflection transformation (3.4) to the solution X,(Zg)7 which

enables us to arrive at the solution

52q27173
X<4>:<a_q2) ( ah? )oo
(s

S n—1 Sq"fl Sq"fl Sqnfl Sqnfl Sq"fl
ah ""bh ' ch ' dh * ek ° Fh
o0
(3.10) o ah?q=2"*3 aq® ahq™"*? ahq™"*? ahq "*t? ahq~"t?
X ;—
52 s’ bs 7 cs 7 ds 7 es
ahq—n+2 hq—n+2
) q ) -
fs S
R . . 4), . .
This gives a set of six new solutions X,(l )P , where p is chosen out of the six param-
2 —n+42 —n+2 —n+2 —n+42 —n42 L.
eters “1- ahg ahg ahq ahg ahg . The remaining parameter
’ bs ’ cs ’ ds ’ es ’ fs

(4),2¢7 "2

does not give a new solution, since it is easily seen that X, is a constant

h —n+2
multiple of the already obtained solution X, )3

A fifth set of solutions to (3.2) can be obtained as fOHOWb After interchanging
g < b in the contiguous relation (2.10) of Theorem 2.5, we make the substitutions

Aq2n+1 5 Aq2 Aqn-‘rl y Aqn-‘rl
= 2 ’ = ) c= ’ = )
(311) Ij—i—l Sn-l-l BHn+1 OITL{+1
oo A _Aem AT,
DH "’ EH '’ FH '’ H’
A3gP

which again ensures that bedefgh = a®¢* and S = 557E7. Renormalizing, we
obtain (3.2) with lower case letters a, b, ¢, d, e, f, s replaced by capital letters.
This gives another set of solutions

(3.12)

a_  2n42 s, m—1 gnt!

nz4 )oo (hq )oo( )

n+1 an+1 dqn+1 eqn+1 fqn+1 )

A A R R

bs n— n—1 ds n—1 s n— 1 L n—1 ag"tl agnt! agntl agnt! agntl
T G X X' 70" oo (S s T s Th )oc

><(I)<aq2n—|-l'aq aqn-l—l aqn-l—l aqn-l—l aqn-l—l aqn-l—l qn-l—l'q)

(™

2 s bh ' ch ' dh ' eh ' fh ' h

Depending on the choice of the distinguished parameter, there are seven solutions

n+1
given by (3.12). However, two of these seven solutlons viz., Xp, ()5 ,and Xy, ()5
'n.+1
are constant multiples of X( ) and X7(14)’ ¢, obtained before. Hence (3.12)

gives five new solutions.
Next, we apply the reflection transformation to the solution X,(f). This leads to
the solution

6) _ < s >" (&g )Oo
(3.13) Y5 (7)o (%q”, Fa R, %qn)oo
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Again, (3.13) represents only five new solutions, because two of the seven solutions,

. 6),hq™ ™ (6), 2% 1),hq~ ™
viz., 7(1) 7 and X, )-ha

3)iag .
and X,(Z )ag respectively.

Finally, let us make the following parameter substitutions in the contiguous
relation (2.9) of Theorem 2.4:

, are just constant multiples of the solutions Xq(l

B? B
=B 4, B¢ ,_BD
(3.14) A A A
_BE , BF _BSq! _ BHg"
‘T A 97 Tam o A

Simplifying and renormalizing, we again arrive at (3.2) provided we can verify an
identity in polynomials of degree 14. This also we have done with the help of
MAPLE software. Consequently we obtain the solution

2n—1 b, ntl
n (b_Sqn—l iqn—l gntl agntl gqgntl ggntl aqn+1>
(315) ah ’ bh > h ?» c¢h ' dh ' eh  fh o
o (P e bt B b bha
a’ 7a’a’a’a’ ah  a 7))

bs n—1 bhq” ™
The solutions ,@’b, X,(j)’“hq , Xr(j)’ @
)

lutions obtained before. Hence Xr(f
(7)

are clearly constant multiples of so-
represents a set of four new solutions.

Using reflection on X'/, we obtain the solution

s 2n s .n
x®) — (724", 54" o,
n
s —1 ag"tl bgn cs _ ds _ es _ s _
(ﬁq” b vT)w(Eq" g, sgnt D 1)00

o (94,9 99 ag aq aq ahq™"*? ag"tt
b2 0 b’ bd be’ bf bs 0 bh 1)

(3.16)

Xr(LS) gives only four additional solutions, because three of the seven solutions, viz.,

(8),4 (8),2hqn+2 (8), 24"t . . .
Xn b, Xy e and X, * | are constant multiples of previously obtained
solutions.

Parameter interchanges b < (c,d, e, f) in solutions Xg) and X,(ZS) give us ad-

ditional solutions. We find that there are twelve more solutions obtained in this
manner, the rest being constant multiples of previous solutions.

Combining (3.3), (3.6), (3.8), (3.10), (3.12), (3.13), (3.15), and (3.16), we have
fifty-six pairwise linearly independent solutions to the three-term recurrence (3.2).
Any three of these fifty-six solutions are connected by a three-term transformation
formula. We shall derive such a connection formula in §6.

For the special case h = 1 and s = ¢,q?, ..., the solutions X,(Zl) and Xy(f) were
obtained in [10]. Writing h = 1 and s = ¢,4?, ... in (3.2), (3.3) and (3.6), we get
respectively [10, (2.6), (2.9), (2.12)] but with a different normalization.

Large n asymptotics of the solutions and a continued fraction. Since |¢| <
1, we have from (3.2)

(3.17) lim a, =1+4g, lim b, = q.

n—oo
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It follows that (3.2) has solutions whose large n asymptotics is either

(3.18a) X, "= const.
or
(3.18Db) X, "R const. ¢".

The latter characterizes the minimal solution to (3.2). We therefore proceed to
examine the asymptotics of the solutions obtained above. From (3.3) we have in a
straightforward manner

X7(ll)7b ngoo 8W7(a; b, C, d7 e, f? i)
aq

b bg bg bg bq q bhg® s
(aqacuduemf?Ea?777?777h7ﬁ7 s 7%)00

be bd be bf a aq aq aq aq bh aq ahg? s

(3.19) V¥4 be bd be b o ag ag ag ag bh ag ah

(a’a’a’a’a’b’c’d’e’f’a’bh’ s’ahq)OO

2
W <b be bd be bf s)

_;b7_7_7_7_7_
a a a a a aq

We will have analogous results with ¢, d, e or f as distinguished parameter. We
also easily have

sl n 00
(320) X'r(Ll)”lq ~ 8W7(&;b,C,d,€,f;aiq), < 1.

aq
In order to calculate the asymptotics of X,(Zl)’hqw, we first apply the transformation
7, (2.30), p. 56] to the ®(*4™") in (3.3). While working out the asymptotics of the
two resulting 10¢9 series, some care is necessary, since when n is large, the terms
near two parts of the series are important (see Bailey [4], p. 128). Thus it is
convenient to break each 19¢g series into three parts

n/2 3n/2 00

PRI DEID D

k=0 k=n/2 k=3n/2

the third sum tending to 0 as n — co. The first summation gives a 4¢3 while the
second gives a 414. We obtain

aq ag aq sb h hq ahq® bdh beh m)
o0

),hq™™ 200 (a(LCa db>eb’ fboag’a’ ¢’ bs ' a ' a ' a
- (¢,%4 09 aq ag s bhg bh ahg dh ch [hy
b>b>d’e’ f'aqg’ ¢ 'a’ s "a’a’ al®

(%4,c bs ag ag _aq) ag aqg aq g

% h ’ h’ ahq’ bdh’ beh’ bfh /> (b cd? ce’ cf? .q
493 b

(3.21) (2,24 s "ag "ag "aq) - bg bs ag >

c’aq’ c
&4 g9 cs aq ag aq ag 2
C (bh’h’ahq’bh’dc’ec’fc’ )oo 1/} ( bh h ahq” bh >‘|
44

X

- ) 10y ) .
bh (2% 0 ad c bg bs agq ) bdh beh bfh ‘hatd
o0 a’ a’® a’ c

+ idem (b;c).
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The asymptotics of the seven solutions represented by X,(Zl) is thus completely given

by (3.19), (3.20) and (3.21). There are similar results for X solutions. We easily
have

(q2aqqqchdq€qﬁh2
b

"brerd e’ fP b b b y Tg )

3.22 a4
( ) +(ﬁéﬂﬂﬂﬂﬂﬂﬂﬂﬂg_ﬂw bs )
2 7a’a’a’a’ a’bc’bd’ be’bf’ a’h’® bs ’ahq/®

>

) ?qa %)oo

Ele

aq q aq aq aq aq aq aq
xgWy (4.4 24 24 a9 a9 R Y
* 7<b2 b’ be’ bd’ e bf’ )]
and
@), 7 n—oo 9.9 999 9. aq ag®
3.23 Xn " ~ W T T Ty T e | — | <1
( ) s 7<a b'c'd e f s s
h o —n+2 .
The asymptotics of X 7(12)’ =9 is worked out exactly as we have done for X (1):ha

The result, being cumbersome, is not being given here.

For X, © , Xn () we have the following results which take care of all the related
solutions:

X(3))Ziqn 1"_’00 ag’ ¢’ d’ e’ fra’ s ?bh/®
(bquﬁb_eﬁbMM)
(324) a’a’a’a’a’ a’bh/®
b2 bc bd be bf S
X8W7 T Ty Ty Ty T 7b - <1a
a’a a a’ a’ aq aq
. (QQQQEEEEMLM)
X(B))E”_’OO b’c’d’e’aq’aq’aq’aq7 s "h2) f ) h/®
" N( L p, 4 bh aq ch ag dh aq ch aqy
Fra’ h>@a’bh’ a’ch’® a’dh’ a’eh
T s aq aq aq aqf
sWal =37 7 770 ¢
(3.25) fq aq’ bf cf " df "ef’
' (24,09 aq aq bfs cfs dfs efs h'q s hq ay
i bfcfr df > ef ? a?q’ a?q’ a?q’ a?q’ s *h2’ a ' h/®
(L3, 4 bh ag ch aq dh ag ch ag Jh aq)
a?’ f?> a’bh’ a’ch’ a’dh’> a’eh’ a’ fh
sf. s 4444
XSW'Y Tv 7_7_7_7_;f ) |f|<1
a*q aq’' b’ c’ d e

In order to obtain asymptotics of X, ()%= , we first apply the transformation ([7],
(2.30), p. 56) to the ® in the solution and then work out the asymptotics. We get
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2
4),24
X
2 4 2 2
aq® aq® aq® ag® ah’q s ahq fs
’n,—)NOO (b c, d €, bs ? cs’ ds ' es? s2 ’ah2q37 fs aahq)oo
~ (E fa® ahg® bhq? chq® dhq®? ehq? s s s s s )
f? s> s 7 s 7 s Y s 7 s ?ahq’bhq’chq’®dhq’ ehq

< IV (fq ag® bf cf df ef q)

(3.26) s s a'a'a a f
(b b & ef o’@ o’ at’ o’ ahig’ s hg® sy
+ a’a’a’®a’bfs’ cfs’® dfs’ efs’ 82 ?ah2¢3’ s ’ hq/>®
(@42 L hbg? heg? hdg? heg? hfq® s s s s sy
fs ’a’ s 7 s ' s 7 s ? s ?hbg’hcqg’ hdq’ heq’ hfq/>®
2.2 2
a~q- aq q q
><8W7( ; ,b,c,d,e, ) s ‘— <1
fs f f

ahqg™— n+2 —n
The calculation of asymptotics of X, W% s similar to that of Xy(ll)’hq

Coming to solutions X,(Z5) and X7(16)7 we find that

(aq2 cq dq eq fq aq h bg

TafvTvTa baTvah)oo

a n+1
(5), 25 n—o0

Xn"
(942 a4 aq ag ag g ahg® bs)
(3.27) 5% b’ bd’ be’ bf> b’ bs 7ahq
aqg aq aq aq aq g aq ag®
XsWrl 5575775 7 ; —| <1,
87<b2bcbdbebfbs) s

h —n

while X,(f)’b?q is worked out as Xfll)’hqin and produces a similar expression
giving constant asymptotics. The remaining solutions are structurally similar to
the solutions for which we have calculated the asymptotics above. Thus we find
that all the fifty-six solutions yield constant asymptotics as n — oo.

In order to obtain a minimal solution to (3.2) we make use of (3.20) and (3.23).
We write

(3.28) Wy :=gWy <a;b, c,d,e, f; i) , —| <1,
aq aq
and its analytic continuation otherwise, and
2
9.9 949 49 49 aq aq
3.29 Woi=sgWr | =5+, =, =, =, =; , —| <1,
(3:29) 287<abcdef5) s

and its analytic continuation otherwise. Define

n—1

(3.30) Gmin) ,pp, xR g x @R g g
from (3.20) and (3.23). The actual value of the constant in (3.30) will be given in

section 7. It follows from (3.30) and (3.20) that

(mln)

S
3.31 lim 73n7:0, - <la| <
a1 e 2] <o

Thus X given by (3.30) is a minimal solution of (3.2). An application of
Pincherle’s theorem [8], [19] then leads to the following result.
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Theorem 3.1. For a,, b, defined by (3.2) the following continued fraction repre-
sentation holds true:

L b b XU x (P

a0 — — — 1), 5 1
aop ai az bO <W2X(_1) hq? _ WlX(_2)7 }L)

0 ) )

(F)oo

W (7)o ot (4,249 4 4 he g
(4,8 bs es ds s Js) a’b’c’d’e’f’s’h’q
(332) h’ h’ ahq’ ahq’® ahq’ ahq’ ahq/>®
o (= D0 = g (L a0 — ) (1~ 51— ) ()
/| Wa (£, 5,4 a9 aq ‘aq "agy
hq’ ahg?’ bh’ ch’ dh’ eh’ fh/®
x @) (asb,c,dye, £+, hasq
hq?
_Wl(l—,%,2)(1—%)(1—ﬁ)(l—ﬁ)(l—i)(l—ﬁ)(aﬁ)m

ta4qa4ahd 1
a’b’c’d’e’f’ s 7h7 *

For the special case h = 1 we have

Corollary 3.2. If a,, b, are defined by (3.2) with h = 1, then the following con-
tinued fraction representation holds true (Masson [25]):
(3.33)

1 b b

ap — ap — a2 —

2 2
q q 9 q aqg~ aq aq
X 10W9 =54, —> 7 y 704 +H1 10W9 aq;q, y 7y T d
a s'b f s b f
fs
(q,a,,aq, aq’ ’a_q) Wo
=S 1+ 11
(§ s s aq ﬂ) Wy /(1 + o),
q’a’aq’ b ) f o
where
2 3—n
(%,%, S ag T sq” 2, b, fq")
Hn:: 1—-n 2 n—1 n n
(anTL ] bq 19 aq” sq aq aq” )
a ’a’ a’ s a ' b f 0

Proof. We take the limit of (3.32) as h — 1. |
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A special case of Corollary 3.2 for s = ¢3,¢%, ... was obtained in [10, (5.1), p. 438].
In the terminating case of Corollary 3.2 we have

Corollary 3.3. If h =1 and one of 5,1, =1 24 % =¢ N, N=0,1,..., then

o bk by
(334 @0 M T T TN 2
———t (1—aq) - aq'qﬂﬂ ﬂ.q
s(1—b)(l—c)(l—d)(l—e)(l_f)lo 9 T
Proof. We take the limit of (3.33) as, say, % — ¢~ (see Masson [25]). -

Special cases of Corollary 3.3 for s = ¢, ¢? were given in [10]. The case s = ¢>
may be reexpressed as Watson’s g-analogue of Ramanujan’s Entry 40 [10], [29]. To
rederive the expressions in [10], note that for s = ¢ the 19y in (3.34) reduces to
an gWy which is summable using Jackson’s formula [7, (I1.22), p. 238]. For s = ¢2
the 19Wy reduces to a pair of summable gWW7’s after using the contiguous relation
(2.2).

It is also this last corollary which yields the rational biorthogonality discussed
in Section 4. This is partly because the singularities in (3.34) are explicit. For
example, there is clearly a pole singularity at b = 1. The corresponding residue
is explicit, since at b = 1 the 19Wy again becomes a summable §W;. Something
similar happens when b = ¢~*, k = 1,2,--- N (see the calculation below from
(4.13) to (4.14)).

4. DISCRETE RATIONAL BIORTHOGONALITY

The continued fraction (3.34) can be put into the form of an R;;-fraction [17].
Associated with this Ryj-fraction there is an explicit system of biorthogonal rational
functions [30], [26], [25]. In this section we derive such a biorthogonal system using
the methods in [17]. This gives the top level of an Askey type scheme of discrete
rational biorthogonality for which we also outline five different next level limits and
a ¢ — 1 limit. For the Askey-scheme of hypergeometric orthogonal polynomials,
see [20].

4 a). The top 10¢9 level. In the three-term recurrence (3.2) we make the
replacements

(4.1) b — be~¢, ¢ — pbes, h—1,
with
(4.2) z:= (e +e8/p)/2.

The coefficients a,, and b, in (3.2) then become linear and quadratic functions of
x respectively, and the recurrence takes the form

(43)  Xnt1(2) = (Un412 + vn1) Xn (@) + (@ — ans1)(@ = Bny1) Xn—1(z) = 0.
After a renormalization this becomes the recurrence

(4.3 Yos1(2) = (@ = ens1)Yn (@) + Ang1 (2 — ang1) (@ — Brg1)Yn-1(2) =0
associated with the Rj;-fraction

(44)  Rpy(z) = — Xo(z —ao)(x —B2)  Ns(z —az)(x — Bs)

T—c — T — Co — x — c3 —
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The connection between (4.3) and (4.3) is given by
Xn
N [The s’
but the renormalization factor HZ:_l uy, will not enter our final formulas. We may

explicitly calculate c,41, An+1, @nt1 and B,4+1 from the original a,, and b,, but for
our purposes we only note that

Un+1 Tn
(45) Cpn+1 = _’LL y /\n+1 = w » y Yn
n+1 n+1Un

Vo = —4psq® (1 — ¢")(1 — 54" ?) (1 - %q") (1 — gq”) (1 — gq”)

f
(B ) ).

o 0T
ub2def’

and the ‘interpolation points’ ay,+1, Opt1 are given by
bs a _

Opg1 = <_qn 2 4 q2 n) /27
a bsp

(4.7) S
Bn+1 = <mq" + Eq_n) /2.

In order to have explicit singularities in the continued fraction (4.4), we will need
termination. For this we now choose

(4.8) f=agV 1, N=0,1,...,

so that Anyy2 = 0. We can then use the result of Corollary 3.4 with the replacement
(4.1) to obtain

uopb*deq™ (1 — aq)

R =
() a(l —be=¢)(1 — pbet)(1 — d)(1 — e)(1 — agN+1)
3 —£ b2dea™N
aqge aqe aq aq [ eq B
(4.9) X 10Wo <flq;q7 TvTa q e T’q N;q)
— i Ry, e (e +p~te™®)
B T — ) - 2 :
k=0

An explicit polynomial solution to (4.3) is given by (3.3) with the replacement (4.1)
and identification (4.2). Consequently the explicit polynomial solution of the first
kind to (4.3') is given by
(§ = %7 aqj_;£7 %7 %7(]_1\]) Un(x)
(4.10) P,(x) = n ,
(@) (3), Ty w

where

Un(x) = 10Wo (a;be™*, ube®, d, e, ag™t', sq" 1, g™ q)

(4.11) a2q>N

- ub%de -
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The polynomial P, (z) and hence the rational function U, (z) satisfy a finite discrete
orthogonality associated with the poles and residues of the continued fraction (4.9).
From the results in Ismail and Masson [17], we know this to be

P, (zi)z] Ry, B
(4.12) ZHJ an— o)k — B 0SS

or, equivalently,

(4.12) Z nETERE g g <<,
HJ 1 fEk - a]+1)

It remains to calculate the x; and Ry and then adjust the partial orthogonality
(4.12") to obtain an explicit rational biorthogonality.

The singular points zj, are easily calculated from (4.9). They are given by the
zeros of the denominator factors (be =%, ube® )41, k = 0,1,..., N. This gives poles
at €& = bk or ¢ % /ub, k =0,1,..., N. That is,

~(bg" 4+ q7F/bp)
S —

The explicit calculation of the residues Ry, is possible because they are expressed
in terms of a terminating very-well-poised g¢7 for which one may use the Jackson
summation formula. In detail we have

ko (1=dkem D)(1 — pgFetd)
Re=Cq* tim
F e efig)lqk (1 —e=4b)(1 — pesh)
aget age~¢ aq a b2degV  _
X 10W9 aq;‘]vq_vq—v_qa_qauvq N7q )
b pub T d’ e a
upbde(1 — aq)q™
(1—=d)(1—e)(1 —agN*tt)

(4.13) k=0,1,...,N.

C=-

This limit gives
1— pg**b?)(1 — ag***)
(1 = pg*v?)(1 — aq)
(aqk-i-l’ Mibzq—kH’ ag, %7(1—1\7’ @qz\r)k
(‘uquk+l’ dg, eq, an+2’ %’ q)k

k+1 27, N+k
ag ag®t ag ub“deq _
« sWr < 21 q N+k’q)

Ry = C(— )k k(k— 1)/2(

X

ub?’ d e a
The above W7 can be summed using the Jackson summation [7, (II. 22), p. 238]

to give, after some simplification,

2 ,ubzd pb“e de

szc(aq’ ’ a’“)N
(uqu,dq,eq, bde)N

2 2 N
(ubQ,q (b2, —qy/pb?, Ko g aq jbrdeq ,q‘N)

k
X
(\/ub — /b2, aq, BEL e 4 g1oN yyh2g N+ q)k

(4.14)
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The partial orthogonality (4.12') is now explicit. We next modify it to obtain an
explicit biorthogonality.
Note that in the orthogonality expression (4.12') there is a denominator factor

" (1 _ ﬁql—NJrk) 1 MbZdeqk-i-N—l
2bu de a '

We incorporate this factor into Ry and define a new weight
2
Ry (1= geq~™1) (1 - plideg—1)
Ro(xk — ao)2ub
2 2 N-—-1
(,UbQ,q ,ub27_q ubza%v%a%a b dzq )qu

(Vi /P g, 228 e gVt g )

The orthogonality (4.12') can then be restated as

(4.15) Tp — Qg =

WE =

(4.16)

k

ZN U (24) Qo (1 )k
417 = 0; 0 S < 5
t k=0 H;VZQ(M — Q1) e

where @, () is any polynomial of degree m. We will now use a symmetry of wy
to obtain a full biorthogonality.
Consider the parameter interchange

1-N

aq
4.1
(4.18) @ —

with i, b, %, %L unchanged. It is easy to see that with (4.18) we have wy, unchanged
but

(419) aj+1 — 63
With (4.18) we also have
(4.20) Un(z) < Va(z),

where

1-N 1-N ,1-N 2 1-N+4n
aq - q q ag® a’q _

4.21) Vi (z) = 10W. be™ ¢, ubet , g g .

( ) (:E) 10Vv9 ( de ;0e , HOE>, d ’ e ) de szde q Q>

It follows from (4.17)—(4.21) that we have a full biorthogonality

N
(4.22) Z Un (k) Vi (21 )wr, = 0, n #m.
k=0

It remains to calculate the n = m case to obtain
(4.23) W= Un (k) Vo ()i

This, the most tedious part of the calculation, we now outline.
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From Ismail and Masson [17] we have a fundamental expression for the Stieltjes
transform:

i . Qm(wr)Pr(2r) Ry
=0 [T (@ — @)@ = Bon)| (& — 1)
(4.24) .
Qun ()Y, ()

= (min) n ’ 0<m<mn,
MY (@) 2o (@ — 1) (@ — Bjt1)

where ;™" is the minimal solution to the recurrence (4.3") and @, (x) is any
polynomial of degree m < n. The calculation of W;, in (4.23) will require an
evaluation of the right side of (4.24) at © = ap42 for m = n.

We first note that

P, DU,
(425) nlon) ___ Dolnloe)
I (xk = Bj+1) Ty wn
where
20\ " (§ s % ag q—N)
(4.26) D, = (_?‘l) g A E n
§>2n (aq)n
Secondly, we may write
Eﬂ n ol
(4.27) Vo(2k) = == On(@k) + additional terms,
Hj:l(zk — Qjy2)
where
(4.28)
n (1 _ ag?n Nt (q’N“ Nt ag? g1 aq’N“>
E _q_n2< aq > de d e ' de? ’ de n
no 2ub ag—N+1 aq ag N agd3-N-n qg2Hn—N ’
fios (1_qT) (7‘17?‘1’q N’ qdes ’ qde )n

Qn(z) = (be™S, ubet),,.

Note that the additional terms in (4.27) do not contribute to the right side of (4.24)
evaluated at x = a;,42, because they have a numerator factor (z — ap42). From
(4.24)—(4.28) it now follows that (4.23) can be calculated, since

EnFoGn(1 —ag V1) (1 — pub?2egN=1) ug
where E,, and D,, are given by (4.26) and (4.28),

(4.29) W, = —

b2d  ub?
uoaq(l — aq) (aq?, 108, e de)

(4.30) Ry = — -
2ubs(1 — d)(1 - )(1 —ag"+") (b2, dg. eq. H500)

)

_ a ., pb’s
(4.31) G, = (be 57Mbeg)n|1_an+2:(;ql ok 1> |
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H, = H(CL‘ - O‘/H-l)(x - ﬁk+1)|w:an+2

(4.32) =L
= i q—n(n+1) q ", sz 2(] sq" a2q—n+2
4us a? TR oub?s )
and
Xy(lmin) (1’)
(4.33) F, = o
VX3 (@) (2 — a1)(z — Br)

T=Qnt2

From the minimal solution expression (3.30), with the replacement (4.1), we find
that

(4.33)
(1 s 1)(1 - ag) (L2 a)"“
o q q
=
(1 — 3) (1—2¢2=m) (1 - pZsqn=1) (1 —d)(1 —e)(1 — agN+1)
(q,q‘",“b—sq" 2,48 es gqN sqn, 4" 0 99 g Nvg)n(an)Qn
X
(87 8)211 (%7 %%7 d(L eq, an+27 aq)n
2.2 1 1
X 8W7 aq2n+1;qn+la va ’ aqn+ ’ aqn+ aq_N+n7q
ub?s’  d e

Using the Jackson summation for this last gW7 and putting all factors together, we
finally obtain, after much simplification,

ag' =N 1-N 22aq2Na
N 45 ~p7d > “ubZe ) pbzer  de 4 N

(qN ag'~N aq aq a  a2¢®" N)

Wn:q_

) ubZde * d 0 e ) b2’ pbZde

2 1-N+n
(nb2a,d,e, ) (1 o)

b2d ub2e d a2gl—N+2n\ °
(0 5 5), ()

a ’aq

(4.34)

X

We now summarize all of the above but with a normalized probability measure.
That is, we choose

(4.35) Thi=——

so that

N
(4.36) Z T =
Theorem 4.1. Let x = (5 + p~'e™¢) /2,

2 1-N+
Un(x) = 10Wo a;be_g,ubeé,dﬂ?anH, M,q_";q ,
ub?de

1-N 1-N 1-N 2 1-N+m
aq g g aq a~q -
Vin(x) = 10Wo ( el S, pbet, 4 e e e Y m;Q) .




790 DHARMA P. GUPTA AND DAVID R. MASSON

Then
N

(4.37) > Un(@k)Vin(@)re = Cubpm, 0 <n,m <N,
k=0

where

z, = (bg" +q % /bp) /2,
2 2
k(ulﬂ,q b2, —q ub2,%,%“—f,“bad@qN‘l,q‘N)k
2 2 2—N
(\/ /J’b27_\/ szvaq7%a%aﬂb2qjv+laaq77q)

2

b2d pble d
(a,q,“T KB _G)N

Tk =4

k

’ a ?aq

)
2 ub2de
pb*q.d, e, E5
( & a2 )y
ad* N e N a2¢® ag® N aaV 1_ a2ql Nt
n 4, pb2d ° pb2e  pb2de’ de q n pb2de

-N_a¢"N aq aq _a_ a?¢>" N 1 _ a?gi-NHEn )
q > pb2de’ d e pb?’ pb2de n pb2de

X

On:q_

We have previously stated Theorem 4.1, without proof, for the special case u =
—1 [25]. Wilson, using a different method, derived Theorem 4.1 (and its ¢ — 1
limit) for the special case p = 1 [31] but with a misprint. (In C,, the factor
g~"™ was omitted and the numerator factor (aq)y in r; was incorrectly written
as (a?q)n.) Rahman and Suslov [26], with a still different approach, obtained a
general biorthogonality which we have checked to be equivalent to Theorem 4.1
and its ¢ — 1 limit given in Corollary 4.7 below. In order to do the calculations
needed to compare Theorem 4.1 with the results in [26] we used some additional
notes that were given to us by S.K. Suslov [28]. These notes also contained some
limit cases that were derived independently by Suslov.

The two main ingredients in our derivation of Theorem 4.1 were the continued
fraction (3.34), which came from a three-term recurrence for 1p¢9’s and the Jackson
g7 summation formula, which is also the ”¢g-beta integral” in (4.37) (then =m =0
case). This gives a g-version of Askey’s conjecture [1, p. 37] of a connection between
Ramanujan’s Entry 40, Dougall’s 7Fg summation formula and a gFg three-term
recurrence. See also the discussion after Corollary 3.3.

We now state six limit cases of Theorem 4.1 as corollaries. The first five are
at the 4¢3 (or very-well- poised g¢7) level, while the final one is a ¢ — 1 limit
at the ¢F3 level. Further lower level limits may be taken. This will result in
an Askey type scheme for discrete rational biorthogonality analogous to that for
hypergeometric orthogonal polynomials [20]. This new scheme of orthogonality
makes contact with the polynomial scheme through Corollary 4.6, which is the case
of ¢-Racah polynomials.

4 b). The 4¢3 level. We give five limiting cases of Theorem 4.1. The calcula-
tions are straightforward and will not be detailed.
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Corollary 4.2. Let

(a% aq) N ,d,e,q” "
Un(w) = aq—4¢ 2aqm —N deq nyq
n b »q

(d’ e) )
_N42
(aqde aan) PET A B B g
Vinla) = s ot el ).

(ﬂ ﬂ) 2awq~ N2 N g N-mtl yq
e’ d/m bde )4 ’ a
Then

N

E Un $k)""k = C 6n M

k=0

where xj, = %bqk,

N E)
), (o),
(aq, 2N7q)k (d; e)n

and

(™),

791

Proof. Take the limit as gy — oo in Theorem 4.1. The limiting U,, and V,, are
terminating g¢7’s. We then use Watson’s transformation formula [7, (III. 18),

p. 242] to obtain the above 4¢3 expressions for U, (z) and V,,(x).
Corollary 4.3. Let x = (e + p~te™¢),

(aq,%) 24 he~¢, ubes, g
Unx:—4¢3(de; a7 27 ;),
O e
v . be—¢ ube , dz,q_m_
m(T) =ad3 | oy ag 0? iq | -
e’ d’ a q
Then
Z Un(xk)vm(xk)rk = Cnén,mu
k=0
where
1 _
ok = 5 (bg" + 7" /bu)
(ubQ ub2, —q ubQ’/Ja_27 ag eq) (de k (aqalﬂ,/%%,z—;)
’]"k = OO7
b2, — /b2, ag, kb2d pb2e aq) ( 2 ubde)
( pb?, —/pub?, aq, 5=, E- ,q)k pb*q, d, e, Sy .
and

|
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Proof. Take the limit as N — oo in Theorem 4.1 and use Watson’s transformation
formula. O

Corollary 4.4. Let x = 3(ef + p~'e™9),

m (% a_g) a® g o®¢™t
7 _ E e’ pbie ), pb2de? e gbzde 4 .
m(x) - aq o 4¢3 aq2 ¢ ag —¢ _ag yq -
q (77 W)m bde € ubdee > ub2e
Then
%)
Z Un(xk)vm(xk)rk = Cném,na
k=0
where
1 kL, 4"
op == (b + L),
k=5 ( q bt

2 2 2 b2 aq b2de b2d aq aq
(/Lb »d ,U*b y — 4 /Lb 7%777%)]6 aq )k (aqv%a ub2e’ d o

Tk = 2 2 2 2,2 ’
(Vb2 =/l aq, 24 22 q) - \HP%e) (g, )

and
2 2 14n
a9 aq __aygq
(q’ ub2e’ de 7aq)n a (1 ub2de )

C, = .
( ag _ aq _a a’q? ) <Mb2d> (1 B a2q1+2n)

wb2de’ “d > ub%’ pb2de nb2de

Proof. Replace e by eq™" in Theorem 4.1, take the limit as N — oo and use

Watson’s transformation formula. O

Corollary 4.5. Let

2aqx b2ude — b —
U (ZZ?) _ ((ML bd )n Qb a2q q nadaﬂaq " .
T (e ey 470\ e N (N b o)
’ n a ’ ) 2ax

b qTNHl g2gl-N+m -
_ 2z d ’ b2pude .
Vin(2) = 463 agN*? aq _N i q
2ubdex 7 d 4

Then

where xj, = %bqk,
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and
1-N 2 2 2 1-N+n
aq a q __agq
c g N\" (q, T ,—Hbzde,aq)n (1 TErE )
n — d —N aq—N ﬂ a2q2—N 1 _ a2q17N+2n M
T e 4 pbde )

pb2de

Proof. Replace e and i by eq™ and pug=™ respectively in Theorem 4.1, take the

limit as M — oo and use Watson’s transformation formula. (|

Corollary 4.6. Let x = 3(ef + p~te™®),

2 1-N+4n
be~¢, pbef, L ——— g™
Un(z) = 4¢3 < ”ﬂ ag MO 7 g,
d’ e’

2 1-N+m
be_gv bef’aq—’q—m
Vin(2) = 4¢3 < ”ﬂ ag "% iq | -
d’ e’

Then

N
Z Un(xk)vm(xk)rk = Cnén,mu

=0

k
—k
where ), = % (bqk + qb—ﬂ),

2 -N b2d  ub?
(:ub »d ,ub27_q ubza%v%vq )k & (,Udee N-Q)k (La ,LGE)N
Tk = q q 7 N
(\/ub% —\Jp?, B e p2g N q)k a? (ub2q, “2§Z@)N
and

aql*N aql*N a2q2 a2q17N+n
oy 0 ), )
SR PO )
n
Proof. Replace a, d, e by ag™™, dg=M, eq~M respectively in Theorem 4.1 and take
the limit as M — oo. O

Note that Corollary 4.6 corresponds to the case of g-Racah polynomials, where
U,(x) =V, (x) are polynomials in z of degree n.
4 c¢). The top 9Fy level. The ¢ — 1 limit of Theorem 4.1 yields

Corollary 4.7. Let x = u(u + ),

a,l—i—%a,b—u,b—i—u—i—u,d,aa—i—]\f—i—L
a,a—b+1+ua—b—p+1—ua—d+1,a—e+1,—N,
2a+1—N—2b—d—e—,u+n,—n_1
2b+v+d+e—a+N-—-na+n+1"}|’
_ _a—d—e—N+1,1—|—%(a—d—e—N—Fl),b—u,b—Fu—Fu,
Vm(x)_ng_ tla—d—e—N+1),a—b—d—e— N+2+u,
—N—-d+1,—-N—-e+1l,a—d—e+2,
a—p—b—d—e—N+2—ua—e+1l,a—d+1,—N,
20+1-N—-2b—d—-e—p+m,—m
2b—a+pu—m+la—d—e—N+2+4+m

Un(x) = oFs |1

L2
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Then
N
ZUn(:r'k)Vm(:r'k)Tk - Cnén,ma
k=0
where
xe=0b+k)b+k+p),
(426, 1+ L(n+2b),n+2b—a,a—d+1,
a—e+1,-N,p+2b+d+e—a+N—-1),
T =
b (%(u—l—Qb),a—l—1,u+2b—|—d—a,,u+2b—|—e—a,
p+20+N+1la—d—e+2—-N,1),
(a+1,p+2b+d—a,p+2b+e—a,d+e—a—1)y
(w+2b+1,d,e,p+2b+d+e—2a—1)y ’
and
o _ (l,a+1-N—-p—2b—d,a+1—-N—-p—2b—e),

(-N,a+1-N—-p—-2b—d—-e,a—d+1),
" (2a+2-p—20—-d—e,a+2—N—-d—e,a+1),
(a—e+l,a—p—2b2a+2—-N—p—2b—d—e),’

Proof. In the orthogonality of Theorem 4.1, we replace a, b, d, e, i by ¢%, ¢°, ¢%,
q°, ¢" and take the limit as ¢ — 1. Note that in the statement of Corollary 4.7,
(a,b,...,c); is now the usual multiple shifted factorial and ¢Fy is a generalized
hypergeometric function (see Bailey [4]). |

For a different derivation of the u = 0 case of Corollary 4.7, see Wilson [31].

5. AN g¢7 MODEL

33 —M
a®q®q

If we replace f by Fg™ and s by “2L— in equation (3.2) and let M — oo,
then (3.2) reduces to the equation

Yn+1 —cnYn +dy Y, 1= 0,
a’¢*? (1-b)(1 —c)(1 —d)(1 —¢)

n:Cn Dn 5
@ + + bcd€h2 (1_aq7}:+1)

dp = Cp—1Dpy,
(5.1) (1 3 aq"“) (1 B aq"“) (1 B aq"“) (1 B aq"“)
C - _ bh ch dh eh

agn+1 ’
n n 2 n+1
q aq a~q
Dp=—q1-L)(1-2)(1- .
q( h)( h)( bcdeh)

In [12], (5.1) was derived from a three-term contiguous relation for a very-well-
poised g¢7 series in the particular case h = 1. Following the calculation in [12], we
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have the following four solutions of (5.1):

n+1
_1\n [ aq
(52) Y= (-1) ( 7 )Oo s (asbeodoe.hg a2qn+?
. n (aql:‘}:rl’aq:h+1’aq;h+17aqenh+1 - , 0,6, 4, €, ] bcdeh R

—-1)" q.q q q q q"*" bedeh _
5.3 Y(2): ( W YTy Ty T T v o " ’
o e e e T
\n aqn+1)
@) — (-1 ( h Jeo
n (aqn+1 aqn+1 aqn+1 aqn+1 )
bh ' ch > dh ° eh oo
bede bedehg~ "t gttt
5.4 x sWo | ——:b,¢c,d ;
( ) 8vvr ( aq y0,¢,a,¢€, CL2 ) h )
and
1" ag® q q q q a*¢"? | _
55 Y(4): ( W T 7 30 7h " .
(5:5)  Ya (O e agty T \Gede’ b 0 d e bedeh

In addition to the above four solutions, two more solutions may be obtained as
follows. In (5.1) we make the parameter replacements

B2 BC BD BE BH

A7 AT AT AT A

and renormalize so as to arrive at (5.1) with lower case letters a, b, ¢, d, e, h replaced
by capitals. Consequently we obtain a fifth solution to (5.1), viz.,

(a,b.c,d,esh) — (

(5.6)
n bn+1
v _ (=1) (qh )OO o (. be bd be bhgT" a’q"t?
S e e e T T edeh )

The ‘reflection transformation’ (see [12]) applied to (5.1) and (5.6) yields another
solution:

(5.7)
O _ (-1)" Gy (94,9 09 04 aq g™ bedehg TN
n (aq;h“ ’ qu"’ a;qu"ef)oo b2’ b’ be’ bd’ be’ bh a?

Parameter interchanges b < ¢, d or e in (5.6) and (5.7) give six more solutions. Thus

we have twelve pairwise linearly independent solutions to the three-term recurrence
(5.1).

All these solutions may be derived as limiting cases of our ® solutions ob-

tained in Section 3. Thus it is easily seen that Y,gl), Y,gz), Y,gB), Yn(4), Yn(5) and

s n—1 h  —n+2 ﬁ 3), =

Yn(ﬁ) are limiting cases of the solutions Xq(ll)’hq , 7(12)’ =4 7(14)’ : , 7(1 )""‘,

(3). ¢t (4), ¢ qg—n+2 . o .
Xn e and X, 7°** respectively. Limits of all the remaining X,, solu-

tions are either one of the Y,, solutions or a linear combination of the Y, solu-
tions; e.g., it can be shown that X,(Zl)’b gives a linear combination of (Yn(l), Yn(5));

)

_n n+1 agnt1

XM o (v D v D) x B of (v, 1) X of (v, v, x P
bh ,—n be

of (Yn(B),Yn(G)); X,(LG)’ o of (Yf‘),Yn@); X7(17)7 @ of (Yf), a b < c interchange of

Y,f5)); X7(18),%3 of (Yn(ﬁ), a b < c interchange of Y,fﬁ)), etc.
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Any three of the twelve solutions of (5.1) are connected by a three-term g¢r
transformation formula. It can be shown that the connection is provided either by
the standard three-term g¢7 formula ([7], (III. 37), p. 246) or by its iterate which
we state below explicitly in a form suited to our purpose:

a2q?

sWr (a;baﬁ d,e, f; W)

(aq,b b bg cq dq eq fq aq aq aq aq aq agq bcdef)oo

Ya’a’a’a’a’alcedce’cfdde’df’ef’ a3q

q
(Fv2737257577757577777777 a’ a2 7cdef)oo
wo (9.9 9 4 ¢ q bedef
XaWr |l =575 =5 = 7 2
a’bc’d e’ f a?q
(5.8) A Ay
(a(bcaa aad’g’f’bd’be’bf)oo
¢ aq aq aq aq bc)
o0

(bggb_qﬂﬂ%ﬂd_qimazq)
oo

X 1_(cggﬂﬁﬂb_eﬂbf_qiﬂﬂ)
Yere’ a’ a’bd’ a’be’ a ?bf’ a2 )’ cdef/®
b2  bc bd be bf a?¢?

X8W7 _;b7_7_7_7_; .

a a’ a’ a’ a bedef

We may derive (5.8) from the standard g¢; transformation as follows. Starting
from [7, (III. 37), p. 246], we first apply [7, (III. 23), p. 243] to one of the g¢7’s in
that formula, replacing

ef aq aq e bd
8W7 _f;_qa_qu_f767f;_
c ' bc’ed a a

c’ a?q ' c’ ¢

bef def aq? bd
(L el ot o)

a’ a’c2’a

(efa bedef bq dqy (aq aq aq q aq aq bcdef)
sWrel 55—y " 2a )

2 cf’ce’c’eb’ed’ a?q

If we now iterate the formula in the modified form and make use of Slater’s infinite
product identity [27], [7, p. 138], we can reduce the result to (5.8).
The standard three-term g¢7 formula easily provides a connection between the
solutions Yn(l), Yn(?’) and Yn(5), and we actually have
bq .. b aq ag ag bed bee bde cde)
a’ Vb a’ed ce’de’ a’a’lala )
bg bg bg bg bede bede a’q 5
59 = ) 7d7 YT v T oy Ty T v T T o9 v 73 1 Y()
(5:9) (aqceacdeaachdem"

a <b2_q aq aq aq aq bc bd be cde aq bcde) y .

b

a’b’c’d e’a a a’ a’cde a
On the other hand, (5.8) is better suited to provide a connection between the
solutions Yn(l), Yn(2) and Yn(5), and they are related by

(5.10) v,V = RY,® + 57,
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where

2 2
c bg dg eq ag ag ag a bg bedeh _a”q a hq”
bdeh (ag,b, £, %0, 1, 28, 21 3, % D)oo (Paz peaen gh ~a oo
a2 g 9 ¢ a aq aq aq bc bd be ¢ cdeh a2q a bhgq
( oo ( )oo

aZ 7 cdeh’ Dh’ " a

R=-—

)

S = (a’(bcvzagagv?vmvﬁ)m

(62_11 4.9 ¢ ag aq aq be)

a’'d’ e’b’ b’ d’ e’ al®
(bﬂemgﬂgﬂﬂqibdeh_q_f)

Yb2’b’a’ a’cd’ a’ce’ a dch’ a? ) bdeh/X®

1—

(cgeﬂﬂﬂb_eﬂbh_qiw azq)
Yer’e’ a’ a’bd’ a’be’ a ?bh’ a? ’ cdeh/®

We now give the continued fraction associated with the three-term recurrence
(5.1). We follow the same procedure as in [12], where it was derived for the special
case h = 1. For the sake of completeness, the outline of the method and the related
results are stated below.

In order to construct the minimal solution to (5.1) we examine the large n
asymptotics of the solutions Y ) and Y(3 . For Yn(l) we first apply [7, (III. 23),
p. 243] and then let n — oo to obtain

v,

Q

(=17, b‘

(a% de) bc’d e aq

(5.11)
RN (d‘)

For Yn(g), we apply [7, (IIL. 24), p. 243] and take the limit as n — co. Subsequently
using [7, (III. 9), p. 241], we have

b
YO~ (-1)"Cs, | =] <1,
5.12
o (e ), (e be
03=w3¢2 e bdes — | -

A minimal solution to (5.1) is now given by

(5.13) y,min) — coy, (D — 0,y 3,

Using Pincherle’s theorem [8], [19] and simplifying, we have the continued fraction
representation:
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Theorem 5.1.

(5.14)
1o d
Cohp — €1 — Co2 —
B Yo(min)
COYO(min) - Yl(min)

1
q (1 - %) (1 bngh) 1-4)

a2q?
C5 W+ (a b,c,d, e, h; bcdeh)

a ’ a?q ' h’> h’ h’'h
1
(éig bee bed cde ag? g)

a’a’ a’ a’®h?®h

bede bedeh bg cq dg gq)
X

W aq aq aq aq aq q bcdeh
ST\ B2 b ch’ dh’ ek’ B a2q

/

2
q
C3 W+ (a b,c,d, e, hq; e deh)

(bede bedeh b o d e)oo (.o a a a 1 bedeh
oos7h2’bhchdhehh a? '

In the special case h = 1, the above theorem gives (see [12]):

a ' a2 "h’h’h’h
(@ bee bed cde  a l)

a’ a’ a’® a’h?h

—C,

Corollary 5.2. If ¢,

d,, are given by (5.1) and h = 1, we have the continued
fraction representation

Loa d
Cop — €1 — C2 —
_ bede (1—aq)

Wi (ag:q aq aq aq aq bede
T2 V1 -bl-ol-d)1-e*"" ’?’?’E’:’ﬂq
(5.15) (1-0)1—-c)1—d)(1—e)

de/a’7d7e . be
(b_c aq ag bde cde ) 302 be

a'd’ e’ a a4 cde/mbde/a’a

(de’dee de;)Oo 3¢2 <aq/bcadae. a‘Z)

aq/b,aq/c de

On the other hand, if we write f = ¢7™, s = % h =1 in (3.32) and take
the limit as m — oo, we obtain the equivalent continued fraction representation
[10]:
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Corollary 5.2'. Under the same conditions as Corollary 5.2 we have the equivalent
representation

(5.16)
1 d

dy

g 4 g bede ag b cde aq cde 3¢9 de/a’d%/a’ec/a;b
d’e’c’ a® ’ b’a’a®’cde’ aq ) bcde/a ,dEC/CL

b bede a2¢® de d b bd, aq/b
(% i o S 50 0 ) s (VO 0l )

The above representation was obtained earlier in [10]. It is not obvious that this
is the same as the representation (5.15). However, we can show that right sides
of (5.15) and (5.16) are indeed equal. The proof involves use of the three-term
g7 transformation formula (5.8), the g¢o transformation [7, (IIL. 9), p. 241], the
three-term 3¢9 transformation formula [7, (IIL. 33), p. 245)] and Bailey’s infinite
product identity [7, Ex. 5.21, p. 138].

When the continued fraction terminates, we have a further simplification (see
12):

Corollary 5.3. Under the conditions of Corollary (5.2) but with one of 3¢, %%, =L,

or equal to g~ N, N =0,1,..., we have
1 4 & dn

(Ga7y T T
_ bede (1 —agq) wo ( ao ag aq aq aq_bede
TR 1-b(1-c1—-d1—-e" T q’q’b’c’d’e’cﬂq '

It is this last continued fraction result which is associated with the rational
biorthogonality given in Corollary 4.3 for the special case e = ag™ 1 [12].

6. THREE-TERM ® TRANSFORMATION FORMULA

Any three solutions out of the fifty-six solutions obtained for the second-order
finite difference equation (3.2) in Section 3 are connected by a three-term @ trans-
formation formula. In order to derive such a formula, we start by picking any three
of the solutions and assume a linear dependence. Here we consider

g"+1 (3)7125 n—1

s n—1 L3
(6.1) X = px T g Qg

3



800 DHARMA P. GUPTA AND DAVID R. MASSON

where P and @ are independent of n. If we take the large-n asymptotics of (6.1),
then from (3.20), (3.23) and (3.24) we obtain

(6.2)
8W7<abcdef, q)
2
949 49 49 49 q a
=PW- === = = =
8 7<a7b7c7d767f7 S
s bg bg by by b bhg s ,
(aqvcvdvevfaav 7bh) 8W7<b—,b7%,@b—6ﬂi)

a’a’ a a’aq

de’> df > ef’ a2q )oo

( b bqg cq dg eq fq aq ag aq) (aq aq aq bedef
(63) P aq”a’a’a’a’a’a’cd’ce’cf
' _(ﬁggggﬂﬂﬂﬂb_cb_d) (bebfcdefazq)
a'c’d e’ frerd’ e fraral® a’ a’ a2 ?cdef/>®
and
c bd aq be agq aq bh agq
(aq,bc7gaavbdaavbevfabfvgaﬁ)oo
_(iﬂliﬂﬂﬂﬂgb_‘libh_q)
ag’d’ e’ fP b d’ e’ frb) ¢)bh? s /®
A4
(6 ) ce aq cfq a bdef a’q

cd ag )
>a’cd’ a’ce’ a ’cf’ a2 ’ bdef />
d aq

bd aq be aq bfgq cdef a2q)
> a’bd’ a’be’ a 7bf’ a? 7 cdef/>®

We now substitute these P and @ in (6.1) and replace (a, b,c,d,e, f, %q"‘l, hq_”)
by (A, B,C,D, E, F,G, H) respectively. The result can be written as a three-term
® transformation formula:

(6.5)
®“)(A;B,C,D,E,F,G,H;q

B G B
(Aq7 G7A7A77q7
qquAﬂﬁﬁﬁA_)

2
- 49 94
(ACDE’F’H7H7C’D’E’F’H

>Bv

S

=

S

e)

g

=)

Q

=)
8

(CD’ﬁ’ﬁ’DE?DF’W’BHvCH’DH’EH’FH’GH)OO
(BC BD BE BF BG CG DG EG FG CDEF _A%q )
A2 A A" A" A» A' A A> A A2 »CDEF/®

(quq qquA

b
X(CMQ@@QQ@Q_M)
B> C° A A’ A A’ A A Jx
(BiéB__DAqCEﬂﬂiBDEF AQq)
x |1 = ' BB A A>CD’ APCE’> A ’CF» A2 " BDEF/®
(Cié@@ﬂﬂﬂﬂicmﬁ Azq)
»C»C?" A A'BD® A’BE’ A °BF? A2 " CDEF/®®
sey (G2 GB GC GD GE GF GH
o) (.22 X2 T2 T2 g
A7A7A7A7A7A7 7A7q .
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Particular cases.
1. In the general formula, if we write B = ¢—", then it reduces to the terminating
1009 transformation

(6.6)
IOWQ(A;C7D7 E7F7 G7 H7q_n7q)

(A C G Q Q Aqn+1 Aqn+1 Aqn+1 Aqn+1 q7n+1 q7n+1 q7n+1 q7n+1 q7n+1)
q,C, G, 75 A D E F H D E F H A
oo

- —2nt1 Ag Aq Aq A C,—n G, —
<‘1 T bbb oo o At Ot Gty a7, 3 )

v D' EF H’ D' E° F ' H>°
o)

g > Cq ™ Dg " Eq" Fq " Gqg " Hq™" qfn.q)

XlOWQ( A ) A ) A ) A 5 A ) A ) A

The above formula can be derived also with the help of known formulas.
Refer to the terminating 19¢9 transformation formula [7, Ex. 2.19, p. 53] to
which, if we apply the 19¢9 transformation formula [7, Ex. 2.30, p. 56], we
obtain (6.6).

2. Writing G = ¢~ " in (6.5) we obtain another relation between two terminating
10¢9’s as in the above paragraph. For the particular value n = 0, the relation
reduces to Slater’s infinite product identity ([27]; also see [7, Ex. 5.22, p. 138].

3. In the general formula (6.5) we interchange the parameters B < C' and then
eliminate ®(#) (%; 5:& Bt & 1 q) from the two equations. Using
Slater’s infinite product identity we can write the result in the following form:

6.7
(B4 )
B C G 10W9(A,B,C7,H7q)
(Aq737 7G’Z’Z’Z)oo
B e ]
7B (B p BC BG A C G R O A I IR I
(AvaaAaBanB)oo

The above is a particular case of [7, Ex. 4.6, p. 122] when the balance con-
dition is satisfied. Slater has obtained (6.7) from other considerations and
then used it to derive her infinite product identity. However, we have shown
here that, from our general formula, we can derive Slater’s infinite product
identity and consequently also (6.7).

4. In (6.5), if we take the value £& = 1 and use Slater’s infinite product identity
we can reduce the result to Bailey’s non-terminating extension of Jackson’s
s¢7 sum [7, (IL. 25), p. 238).

Limiting cases. All the known g¢; two-term and three-term transformation for-
mulas may be obtained as limiting cases of our general transformation formula
(6.5). When we let one of the parameters in the ®(A; B,C, D, E, F,G, H;q) tend
to 0 and another tend to infinity so that the balance condition remains intact, we
obtain in general a relation connecting three, four or five g¢7’s depending on the
choice of parameters. The g¢7 series involved are

A2q2
sWr <A§B7CaDaE7F§ m) )
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its reflection

9 9 9 9 q q BCDEF
A'B'C’D E’F’ A%q ’

and complements of both, i.e., series of the type

and

B? BC BD BE BF A%q?
A’ A’ A’ A A 7 BCDEF

Agq Aq Aq Aq Aq q BCDEF
B2 BC’ BD’ BE'BF' B’ AZq '

We give below some of the interesting limiting cases.
1. Replace B and G by bg~™™ and gq™ respectively, and let m — oco. We ar-

rive at a relation connecting five g¢7’s. However, if we write b = 1 in this
relation after using the balance condition to eliminate g, we just obtain the
transformation formula [7, (ITI. 24), p. 243] of a very-well-poised g¢7 series
into another very-well-poised g¢r-series.

. Replacing B and H by bqg~™ and hq™ respectively and letting m — oo leads

in general to a representation of an g¢; as sum of a 4¢3 and a 424. Using now
the balance condition to eliminate i and then writing the special value b =1
yields the following representation of an g¢7 as a sum of two 4¢3’s:

A2q2
A;C,D,E,F,G;, —————
8W7( 707 s 7G7 CDEFG)

(A Aq Aq Aq _A’¢
4V, 56> 6> FGo CDEF

:(AquAquE A2g2 ;Oo‘b(
)

q

S
> b
) B Q
Q/

‘C» D’ F’' G’»G'CDEFG/®

3k @g%ﬁ

STV
D>’11|g>
e}

Aq Aq Aq _A2¢
(A¢,G. &k bk 75> 6pFG) & ' DG ;E
(A9 Ag Aq Ag G Ay 3 -
C'» D' E’F »E CDEFG/® G’ G'CDFG
The above is equivalent to the standard three-term transformation formula

[7, (IIL. 36), p. 246].

. Replace FE and F by eq™™ and fq™ respectively and take the limit as m — oo.

The general formula reduces to a relation connecting five g¢7’s. For particular
values of the parameters this relation reduces to some known transformation
formulas.

A first particular case of the above is obtained by eliminating f with the help
of the balance condition and then writing e = 1, B = ¢~ ™. The result reduces to
Sear’s transformation of terminating balanced 4¢3 series [7, (III. 15), p. 242].

A second particular case is obtained as follows. After eliminating f as before, we

A22

take the special value e = ﬁ. The resulting relation connects the three g¢7’s
which are complement to each other viz.,

2.2
8W7 <A73707D7G7H7 Aiq)a

BCDGH
W 323@@%@ A%¢?
SWT\AT" A TA A A 'BCDGH

7G7— T T4 T

W G2 _ GB GC GD GH A%
ST\ A A’ A’ A’ A’ BCDGH
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An application of Bailey’s infinite product identity [7, Ex. 5.21, p. 138] enables
us to write the above transformation formula in the form given by Bailey [3] (also
refer to [7, Ex. 2.15, p. 52].

4. Write G = g¢™, H = hg™™ in (6.5) and take the limit as m — oo. This
results in the three-term g¢, transformation (5.8).

7. QUADRATIC IDENTITIES
Any two linearly independent solutions X,(li) and X,(lj ) of the three-term recur-
rence (3.2) satisfy the formula

W(XS), X7(Lj)

(1) lim ) pow(x), x9),

n—oo  biby...b,

where the Casorati determinant
WX, X)) = XX - XX,

Taking second order asymptotics of (7.1), we may derive quadratic identities in-

volving g¢7’s. We demonstrate this below by considering pairs of solutions from
(1), 25— (2), L5

bs
the solutions Xy, , x$ and X2and
If n, k are non-negative integers and «, (3 are independent of n, then

n—1

ga o0 e= (-0l o) a)i
(B =1 = b1Bg" + b23°¢*" 4+ O(q*"),
where
b= A=) al =g H—dY)
(1-9q) (1—=q)(1—¢*)

Using (7.2), we can work out the second order large n asymptotics of the three
solutions mentioned above. Starting from (3.3), we obtain

1),8¢" 1

x! ~w - Lrw, + %Slwl +0(¢°"),

h
Wl = 8W7 (a;bacvdaeaf;i) )
aq

_ 2. .S
(73) Wl-‘r - 8W7 <aq 7bq7 cq, d(L €q, fCL @) )

__ v (s s o0q aq g aq aq
S1= )(q+aq+b+c+d+e+f GQ)a
B - - D11 - f)

1
1-q)1 -0 -1 -FHA =LA =)
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In the above calculation we were surprised to find that not only the first but also
the second order asymptotics were given in terms of very-well-poised g¢7’s. We
have not checked if this continues to hold in higher orders.

From (3.8) we obtain

(7.4)
bs n—1 n n
D CRAC L3 (W3 - %T3W3+ + %S3W3> + O(¢*),
2 be bd be b
W3:8W7<b_;ba_ca_a_67_f;i>7
a a a a a aq
b%q? beq bdg beg b s
W3+_8W7( a 7bq7_q7_qa_q ﬁ_Z)a
a’' a a  a  aq
G —(1_g-1(% 0 aq  aqg  bs s,
3=(1—-4q) (c+d+e+f+ ++b q),

50— )= B - EL) (- (1 - My - ) - Yy - b)

Ty = aq”
(1-g-2)(1 -2 -2 -2%)0-%) ’
(= ba bg bg by by bhq sy
Lo — aqg’ ¢’ d’ e’ f’a’ s 'bh/®
P 7 (Pa be bd be b bh agy
a’a’a’a’®a’» a»bh/®

From (3.6) we have

(2) n+1 qn q2
X, " NWQ—FTQWQJ,_-I—WSQWQ-FO(qzn),
2
9.9 9 9 9 q aq
Wy =W, (4,442 °9 32 :
2 8 7(a7bucad7euf7 P >7
3 2 2 2 2 2
9 9 9 9 9 q aq
Way =Wy (L, L L L 4 4.2
(75) 2+ 8 7<a7bacudueuf75)u
5‘2_ 1 q+a+E+E ﬁ ﬁ E_£>7
(I—q) q aq ag aq aq a
@ 2 3
L el - £)1 - L)1 - H1-H0-H1-H01 -9
: (-1 =)0 - )1 - &)1 - L)1 - L)

Looking at the convergence conditions of the different g¢7 series in (7.3), (7.4) and
(7.5), we find that the arguments of series in (7.5) are not compatible with those
of (7.3) and (7.4). The difficulty can be overcome by applying the transformation

n+1

[7, (III. 39), p. 247] to the ® in Xff)’gh_ before working out its asymptotics. We
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then obtain
(7.6)
X(

n+1

2 q n n ”
M g (wy - S+ sy + o),

cde ce cd de b
gy (22 2 007,

cdeq® ceq cdq deq q> q2. bf)

Wy, =W e St At S T P
2+ 87<a27a7a7a7f7b7aq

cs ds es a“q aq aq
Sy = —— =4+ =
? (1—q)(q+aq+aq+aq+cde fob bf)

T B — 21— <) (1 — <o) (1 - (1 - <)(1 - L)1 - 4)(1- §)
) =

(1—q)(1 = S)(1 = G)(1 - )1 - <geh)(1 - ege) ’
(ﬁ cdef bede ﬂ)oo

L/ _ a b a2 b G.2 b a
27 cdeq fq bg aq® )
( az ' a a? T)oo
. : @W.5¢" " (@), 0 (3). 25 qm !
We now apply (7.1) to pairs of solutions from X, , X and X,

In the particular case h = 1, the right side of (7.1) can be evaluated in terms of
infinite products. Thus we obtain the three identities

Ly(1 = q)[(S1 — Sy)WiWy — YWy Wy + Ty Wi W3, |

Sl I EHIEE S

2
a q q q s g
(5777b7b7c7c7d7d76767f7f7_2 ?)OO

( ﬂgbﬁeﬂgﬂgﬂgﬁiﬁ)
a”a’b’a’c’a’d’a’e’a’f’a’aq’s e}

(7.7) x |14

Li(1 = )[(S1 — S3)WiWs — TiWi W3 + T3 W1 Wy ]

s b a a, a, a a a
(78) __ﬂ(GQ7wv%ad_gaC_gvc_ga#ad_}l,£)
. - s (aq aq aq aq aq bc bd be bf)oo

b>c’d’e’ f’a’a’a’a

L/Qng(l - q)[(Sé - Sg)WéWg - T2/W2/+W3 + T3W2/W3+]

)

(q2ggggﬂ a’q zbzf)

(79) __CLq a’crd e’ f) a? Yecdef) bq’ s /®
' s(béﬂﬂﬂﬂfqﬂaq) ’
'a’a’a’a’a’a’ b g /O

where L% is the Lz of (7.4) with h = 1.
The identities (7.7) and (7.8) are easy to derive. However, in the derivation of
(7.9) we had to make use of the ® transformation formula (6.5) for special values

(A, B.C,D,E, F,G, H) — (a,b, c,d,e,f,f,l)
q

and also Slater’s infinite product identity.
It should be noted that these identities are not independent. Starting from any
two of the three identities (7.7), (7. ) and (7.9), we can deduce the third one. For

example, if we multiply (7.7) by ﬁT) and (7.8) by ﬁ and subtract, we
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obtain the value of
(Sé — S3)W2IW3 — TQIW2/+W3 + T3W2IW3+

in terms of infinite products and the Wy, W5, Ws. If we now apply the three-term
s¢7 transformation formula (5.8) and Slater’s infinite product identity, we can write
down the result in the form of identity (7.9).

We do not know where (7.7), (7.8) and (7.9) fit into the general scheme of g-series
identities. In order to understand this better we now calculate a limiting case of
(7.8) where f = ¢~™ and m — oc.

If | 52| < 1 then, using [7, (IIL 36), p. 246], we find that

2 . m+2 a ,ﬂ aq
(7.10)  lim sWr <a;b, ¢,d,e,qg L ) = (ag d@)""s«ﬁz <‘35q’ Ci’f;%),

e bede) = (%)

(7.11)
b%q aq
lim (g, 0o 00 be bgT abqn N Nade) (L g
m—»oos 7 a77a’a’a’ a ) bcde _(%7b—q) 3¥2 %7%,de .

This gives the f = ¢7™, m — oo limit of the W7 and W3 in (7.8). We omit
further details and now state the final result.
The f =¢~™, m — oo limit of (7.8) yields

(7.12)
a_deaq ﬂﬂb_ea}q
be? ™ . 1 c’a’a._1
3¢2<a_l:1’a_cq;de)3¢2(l%q’b?que
aq (1_0)(1_d)(1_6) b_gaaneq aq %,%,% aq
e b a e 302 | a2 ag? 7 ) 302 | Cbg® bt T
ede (1-2) (1-49) (1-42) b e de T e de
ag (=950 =F) , (Fhdear) (&5 50 ag
- aqg aq s 7 2 20 5
ety (1) ()N T

aq aq

_ (ce’cd’bq)oo
ag ag bg)
c’de’ ¢ I

A further limit ¢ — oo is easily calculated to give
d,e aq bd "be qq
2¢1<%7d6>2¢1< Eq 7de
ag (1—e)(1—4d) dg,eq_aq b ke qq
———)2¢1 i )2d1 | “eg®s

=D -\ o e

(
_ bd _ be bdq beg
+b—q21 2) (1 a)2¢1 <d’e %) 201 < Cpg2 ;%>

(- \ia

o

(7.13)
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Even at the 2¢ level, this is not an identity we are familiar with. However, if

we now put d = 1 it reduces to

b be be bg beq
b be g bg (1- % by tbeq bq) o
2¢1 <a a._q> _|__q( ) a a . 4q (q)

b 201 | Y02 s | = Tan
2w el e (1ot o) (P

This may now be recognized as the contiguous relation [16]

201 <A’CB;Z> + —A(Zl(l__cj)g)2¢1 <A%quq;Z) =2¢1 <A%B;2)

for the special case C = Aq when

10.

11.

12.

13.

14.

15.

16.

17.

18.

201 (Azl,qB;z) = 160 (]iz> _ %
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