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SOBOLEV ESTIMATES FOR OPERATORS
GIVEN BY AVERAGES OVER CONES

SCIPIO CUCCAGNA

ABSTRACT. We prove a result related to work by A. Greenleaf and G. Uhlmann
concerning Sobolev estimates for operators given by averages over cones. This
is done using the almost orthogonality lemma of Cotlar and Stein, and the van
der Corput lemma on oscillatory integrals.

0. INTRODUCTION

This paper is inspired by [GU1, Theorem 3.23]. To state the result we need to
introduce some notions, following [GU1]. Let (M, g) be an n dimensional riemann-
ian manifold. We consider a C* map 7°: M x S™~1 xR — S(TM), with S(T M)
the unitary tangent bundle on M , such that for any z € R™ the map S™~! >
w — Y(z,w,0) € S(T,M) is an embedding with image v, C S(T,,M). We define
v M xS™I xR — M by y(z,w,r) = exp, (r7°(z,w,r)) . Let T = {(z,v(z,w,r)}
as the variables (z,w,r) vary in the support of the distribution K (---) defined be-
low. Consider now K (z,w,r) € D'(M x S™~! x R), a distribution with very small
support whith the following properties.

First of all we fix a number p, with 0 < p < m. Then K(z,w,r) is a smooth
function for r # 0 satisfying the inequalities

(0.1.a) |8&,w)8£K($,w,r)| <courhh
Moreover, if © = m, for any pair of small positive numbers 0 < € < 7,
(0.1.b) | / Ay oy K (@, w,m)dr| < cq
e<|r|<n
with the ¢, independent of ¢, . For f € C§°(M) we define
(0.2) / K(z,w,r) f(y(z,w,r))r™  dwdr.
Sm—1xR

Operators of this type are related to the operators of [GU1, (3.15)]. Operators of the
form (0.2) appear naturally in the theory of x-ray transforms. If M is the manifold
of geodesics of (M, g) and if C C M is an n dimensional subspace, one can define for
any f € C§°(M) the function Re f(p) which associates to each p € C the average of
f(-) along p. In important cases the operator R R is of the form (0.2); see [GU1],
[G]. Estimates on R¢ can be deduced from estimates on operators of the form (0.2).
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The most significant estimates depend on the geometry of C, whose properties are
reflected on I'. We now restrict our attention to the case when (M, g) is equal to
R™ with the standard metric: the results of the type contained in this paper as well
as [GU1, Theorem 3.23] are of local nature and can be easily transposed from this
special case to more general riemannian manifolds.

Theorem 1. Assume m > p. If for any € R™ for any normal direction to
e in S™1 the second fundamental form has rank at least k, for a fized k with
1 <k < m-—1, then for any s € R the operator (0.2) extends to a bounded
operator T: L2(R™) — L2, (R™) if so < max (k/2,m — p) when m — p # k/2 and

s0 < k/2—6 for any 6 >0 whenm —p==k/2.

Theorem 2. Assume p = m. Suppose the vy, satisfy the same hypotheses as in
Theorem 1. Then for any p with 1 < p < oo the operator (0.2) extends to a
bounded operator T': LP(R™) — LE(R™).

Theorem 3. Under the hypotheses of Theorem 2, if m — k/2 < u, then for any

1k/2—
s € R and for any p with |1/p—1/2| < 5142_%—21—/6 the operator (0.2) extends
to a bounded operator T': LE(R™) — LE_, . (R™).

The previous theorems for the case k = m — 1 were proved in [G], [GU1] and
[GU2]. The constant 6 > 0in Theorem 1 is necessary; see [GU2, pp. 435-6]. Our
methods are quite different from those of these papers, and we mainly use some
ideas from [PS] and [SS].

1. PROOF OF THEOREM 1. PRELIMINARIES

The Schwartz kernel of operator (0.2) is of the form

(1.1.a) Kr(z,y) = ‘/ei@"’(””""’r)_y> a(x,y,w,r, &) r" tdédwdr
if u <m, or
(1.1.b) Kr(z,y) = / NN D)0 40y o7, p, €) dedudrdp

if p = m. Here a(z,y,w,r, &) = 0 and a(x,y,w,r,p,&) =0, if (x,y,w,r) does not
belong to some small compact set; also

(1.2.a) |8(O;c,y,w)a£8§a(xv YW, T, f)l < Ca,l,p rr! (1+ |€|)B_IB‘

and

(1.2.b) 10,y o 000€ (@, y, 0,7, 9, )| < Caup (L+ o)™ (14 1€V
with B = 0.

Lemma 1.1. Let T have kernel (1.1.a) resp. (1.1.b) with B arbitrary in (1.2.a)
resp. (1.2.b). Let P be a pseudodifferential operator. Then PT and TP have, up
to a smoothing operator, kernel of the form (1.1.a) resp. (1.1.b) with a(.) replaced
by a1(.) with

(1.3.a) |8(O;c,y,w)a£a§al(x7 Y, w, 1, §)| < Ca,l,p rr! (1+ |€|)B+ord P1pl

resp.

(13b) |a(o£m,y,w,r)8f)8?al(:r’7yawa T p7£)| < Ca,l,8 (1 + |p|)_l (1 + |§|)B+ord P18l .
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Here each constant in (1.3.a) resp. (1.3.b) depends on finitely many constants in
(1.2.a) resp. (1.2.b). Moreover, if (w,r) does not belong to the set it has to belong
to for a(---w,r,---) £0, then a1 (- ,w,r,---) =0.

Proof. It is enough to consider the case when a(z,y,w,r,€) resp. a(z,y,w,r, p,§)
has compact support. We consider P, Kr(x,y) and Q,Kr(x,y), with @ the adjoint
of P. Then

P, Kr(xz,y) = ‘/ei@’"*(””""’r)_y> b(x,y,w,r &) rmtdedwdr

resp.

PoKr(r,y) = / V@DV Yy o7, €) dedwdrdp
with

b(x7 y7 w? T’ g) - e_z<5”Y(‘T)W)T)>P{el<£)/7(‘7w7’,‘)> a(" y7 w? ’r7 g)}(x)
resp.

b(x7 y7 w’ T? p, f) = e_l<§’7(z,W7T)>P{ez<g77(“w’/r)> a(" y7 w7 ’r7 p7 g)}(x) *
More explicitly, our b(z,y,w,r, &) resp. b(z,y,w,r, p, ) is equal to

=i (@@, / (il =2 HEA L (5 5 G)a(z,y, w, T, £)dzd0
resp.

=il (@w,) / (ill02=2) Ao (0 2 O)a(z,y,w, T, p, €)dzdo.

Notice that if we can choose B in (1.2.a) resp. (1.2.b) arbitrarily close to —oo
then Kp(z,y) is C°°, with bounds on the derivatives independent of the size of
the supports of our symbols. This is easy to see in the case p < m. If p = m,
notice that integrating in dp is essentially the same as applying a pseudodifferential
operator to the bounded family of functions e~#»7( ’T»a(- ceTy ).

We can assume that our a(--+) =01if |{| < 1. Now let vp € C°(R), ¢ =1in a
neighbourhood of 1, and with support in [1/2,2]. We can split the last integral in
two pieces, the most interesting being

/ez‘[<e,w—z>+<m<z)w,r>>1¢ (%) (52,0 al- ) dzdo,

for a(--+) = a(z,y,w,r, &) resp. a(z,y,w,r,p,&). (The other piece is < cn|é|™VN
with each ¢y depending on finitely many of the constants in (1.2.a) resp. (1.2.b)
and can be treated using the previous remark). With a change of variable we obtain

" [ elleioa—srrieheatanily o)) pla, 2, |gl0)a( Jdzdp

with

(14.) 108 0.0y 008 {0 (16]) p(, 2, [€10)a(z, y,w, 7, )|
o < Ca,z,pﬂ"_“_l(1+ |§|)B+ordP—|ﬁ\

resp.

(L) 108,00 008 (0 (101) 2, 2, [0z, 0,7, )

< cagp(L+ o)7L+ fg)Prera PIA,
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with each of the constants in (1.4.a) resp. (1.4.b) depending on finitely many
constants in (1.2.a) resp. (1.2.b). The result follows applying the Stationary Phase
Theorem (see [S, Corollary 1.1.8, p. 48]). For Q,Kr(z,y) the argument is similar.

|

Splitting any pseudodifferential operator P = P; + P>, with P> smoothing and
with P; supported near the diagonal, we can reduce Theorem 1 to the following
fact:

Proposition 1.2. We consider an operator T with kernel given by (1.1) where
a(x,y,w,r,&) = 0 if (x,y,w,r) does not belong to a small given compact set and
(1.2) is satisfied for either B = min (k/2,m — u) if m—u # k/2 or B=k/2—46 for
any 6 > 0 if m — p = k/2. Suppose moreover that each v, satisfies the hypotheses
of Theorem 1. Then T: L*(R™) — L?(R").

The proof of Proposition 1.2 is taken up in section 2 .

2. PROOF OF PROPOSITION 1.2

We can suppose that a(z,w,r,§) # 0 only if w belongs to a small piece of the
sphere S™~! (and if || > 1, see the proof of Lemma 1.1). Then we can assume
that the tangent spaces Tyv, , as = varies in a small compact set, are all such that
Tyv> NV = {0} with V a given vector space chosen to be perpendicular to one of
the Ty, Va, and with Ty, v, &V = T,,S" 1. We will denote by C' an open conical
neighbourhood of V' in R™. We split a(.) = a1(.) + az(.), where a1(z,w,r,&) =0
if € ¢ C and as(z,w,r, &) = 0 if £ belongs to a thin open cone containing V'
whose closure is contained in C' except for the vertex. In correspondence with this
decomposition we obtain two kernels. We begin by discussing the easier, which is

(2.1) ‘/ei@’"*(””""’r)_y> a;(z,y,w,r, &) r™ " dédwdr

when j = 2; here, for j =1, 2,

(22) 108, ) L 0F (0,9, 0,7, €)| < o™ (14 [¢)) P19,
The following fact implies that the correponding operator is L? bounded.
Claim 2.1.

020,901 [ €71 a0, 1, €)™ dr | < oy (1 1€)7,

each co depending on finitely many constants in (2.2).

Proof of the claim. Let ¢ € C§°(R) with ¢ = 1 in a neighbourhood of the origin.
Performing the above derivatives, we obtain a sum of various terms. Generically we
consider the term where, say, L (z,y) derivatives and L; £ derivatives are applied
on the exponential. Then we reduce essentially to evaluating

I = |/emg"yo(”c"‘”’)> b(x,y,w,r, &) o(|€|r) r™ tdwdr|,

I = |/e”<5’70(”"‘”’)> b(z,y,w,r, &) (L= (|| 7)) r™ dwdr],

with |3(a )353?1,(13,%%7«’ O < CauprPTEHE=L(1 4 [¢])BHLALI=1Bol= 18] Tf we

z,y,w
consider the absolute value of the integrand we conclude that I; is essentially
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bounded by (1 + |¢[)BFE+HLa=16ol(1 4 |¢|)r=m=L1=L  We recall that B < m — p.
Turning to I, notice that either |(£,7%(z,w,r))| > c[¢| or |0, (&, 70 (z,w,7))| > c[¢]
for some small ¢ > 0. Integrating by parts a sufficient number of times with respect

to either dr or dw and integrating the absolute value as above, we obtain that I5 is
essentially bounded by (1 + |¢[)#~™m+B -

Notice that, using the previous argument, we obtain

Remark.

10009 { / & @) gy, w,r, €) §(I€] 1) 1™ dw dr )

< Cagfo (1 + |§|)—\ﬁo\ )
each ¢, depending on finitely many constants in (2.2).

We now consider the operator with kernel (2.1) with j = 1. We consider a
C° partition of unity Bo(t) + 325, Ai(t) = 1 in [0, 00) with suppfy C [0,1] and
Bi(t) = B(27't) with suppB C [1/2,2], and we define

Ty f(z) = / V@)=Y o3y w, r €) BiIE]) f(y) dEdwdrdy,

where a(- -+ ) stands for ay (- - - ). Proposition 1.2 will be a consequence of the Cotlar-
Stein Lemma if we prove the following lemma.

Lemma 2.2. There exists a ¢ > 0 such that for every l,j > 0 with |l — j| > 3 we
have:

1. |Ti|| < ¢, where ||.|| is the L? norm of the operator;
2. | Ty Tl < c27mex 0D,
3. |ITTy|| < ¢27 max (),

Proof. We start with (2) and (3) . The kernel of T;*T} is

H(x,y) :/dgdaﬁl(|§|)ﬁj(|9|) /dzdwdrdw’dr’rm_l(r’)m_l
% ei{—(§7z—w+r'yo(z7w77‘)>+(07z—y+r/v0(z7w/7r')>}C—L(Z7 T, w,T, §)a(z, v, UJI, 7"/, 0)

Let
k(xayawawlara 7"/7570) = /ei<9—§,z>+r,<9,'yo(z,u.)l,T’))—T({,'yo(z,wm»

X EL(Z7 '1:7 w? T? g)a(z7 y’ w/7 lr/? g) dz

for £,6 with 5;(|¢]) 3;(16]) # 0. Keeping in mind (2.2) and the fact that, since
|€ — 0| is large and r and r’ are small, |0,{phase}| = |£ — 0], it is easy to conclude
that the following inequality, which yields (2), holds:

k(g 0,777, €, 0) < en (L4]€ =0 ().
The proof of (3) is similar (and easier).

We now turn to the proof of claim (1) of Lemma 2.2. We will consider

/ €D oy, w1, €) B(€] 1) ™ dedwdr,
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where a(- - - ) satisfies (2.2) and 7 > 1. If ¢ € C§°(R) with ¢ = 1 in a neighbourhood
of the origin, let us consider

(2.3) /d{ ei&T=y) /e"<£’70(1""’r)>¢(|§|r) a(z,y,w,r, &) B(|€|/7) r™ tdwdr .

If we call the inner integral B(z,y,§), the following is true as we remarked after
Claim 2.1.

Claim 2.3. |8€‘w7y)5§B(x,y,§)| <co (14 |§|)_‘ﬁ| uniformly in £, T, €, where each

co depends on finitely many of the constants in (2.2).

For the proof see the first part of the proof of Claim 2.1
Finally we turn to

(2.4) / e & @@ =) (1 — (I¢)r)) a(z, y,w,r, &) BIE]/7) r™  dEdwdr .

Recall that a(z,w,r, &) = 0 if |§] < 1 and if £ is outside a closed cone in R™ — 0
having C' (the cone introduced at the beginning of section 2) as a neighbourhood.
We decompose a(-) = > a;(-) with each a;(-) having {-support contained in a
sufficiently thin cone. Our kernel (2.4) is then a sum of

(2.5) /6““‘” (1= o(lelr) B(IEN/T) L (. y, & rom) 7™ dedr
with Ij(ajayv&r:T) :/ei'r(E,'yO(z,w,r))aj(z’y7wvr’§) dw.

For any I; one of the following two cases I or I holds. In case I |0,,(§,7°(z, w,7))| >

¢ > 0 in the support of a;(---), and we can show that
|8gjj($,y,f,’/’7 7')| < CaNT_N+Br_N_M

(see [S, Proposition 4, p. 341]). In case II we can suppose that for some choice
of coordinates w = (w',w”) € R* x R™~*~1 in the support of a;(---) we have
tk 92, ,(£,7°(.)) = k, and the set of points satisfying w’ = w'(x,w”,r, ), for some
function w(-), is exactly the set where 8, (¢,~v%(z,w’,w”)) = 0. Still in case II we
write

Li(z,y, &, 7) = /dw”Ij(x, y, &, W),
where
Li(z,y,&rm0") = /eir<£’70(m""’r)>aj(a:,y,w,r, £)dw'.
Then, essentially by the stationary phase theorem and by estimates (2.2) we obtain
02 {e—ir<s,v°<x,w'<x,w”,r,o,w”,r» Ii(z,y, € 7,7, wu)} | < cqr—F/2+B=lal—k/2-n,

see [S, Corollary 1.18, p. 48]. To estimate the L? norm of the operator with kernel
(2.5) we can use Young’s inequality. We consider case II, which is the more difficult.
We write

[ttt e 0 (o) (¢l/7)

X {e_"<5’70($""/(w""”’"5)""H’T»Ij (z,y,&r, T, w”)} rmdedw dr.
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This is bounded by (at this point we use the fact that for o’ = o'(z,w”, 7, §), for
some function w(-), is exactly the set where 0, (¢,7%(z,w’,w")) = 0)

CN / (1+T|x—y+T’yo(x,w/(%w”a7“75)7w”77")|)_N
r>7L|€|lxT

x 7 R2HB k2= m =1 ge g, dy.

If we integrate this quantity also with respect to either dx or dy, we obtain a
number uniformly bounded by a constant, independent of y or z (the case of the
dy integration is immediate, and in the case of the dx integration one uses the fact
that r < 1).

3. PROOF OF THEOREM 2

By Lemma 1.1 we are reduced to considering the LP boundedness of operators
with kernel (1.1.b) with (1.2.b) satisfied for B = 0. Consider now ¢ € C§°(R) with
¢ = 1 in a neighbourhood of the origin. We split the kernel into two pieces, (3.1)
and (3.2) below. We begin considering

(3.1) /ei<£’$_y+mo(””""’r)>¢(|§|r) a(z,y,w,r, p,&)dedwdrdp
and from e (&m°(@wm) = 1 4 O (|¢|r) we split (3.1) into two pieces
I = / e CTTI By (2,9, €) de
for 7 = 1,2, with
Bu(w,9.€) = [ oIl ale. .1, p.€)dwdrdp

Bs(z,y,€) = /GWO(Iflf‘)¢(|€|r)a(x,y,w,r7p7€)dwdrdp-

That the operator with kernel (3.1) is L? bounded for every 1 < p < oo follows
from the following :

Claim. |92, 3¢ Bj(x,y,6)| < cag (1 + &) for j =1,2.
Proof. Consider

0, )0E Bi(x,y,€) = / " 0g, 0o (1EIr) alw, y, w, 7, p, &) Ydwdrdp.

For simplicity suppose a(z,y,w,r, p,&) = ¢ (r)a(z,y,w, p,£), and let us omit the
factor ¢(r) since [£] > 1. Let a(z,y,w,m, &) = [e* a(x,y,w, p,&)dp. The desired
estimates for j = 1 follow from the fact that

| / 08 0% (, w0, 7, £)dr| < cap (1-+ €))7
e<|r|<n )

see p. 291, [St], Proposition 2.
Just by taking the absolute value of the integrand in

0, )0 Ba(w,y,€) = / / e ag, {0 ([lr) ¢ (1€]r) alx, y,w, 7, €) bdwdr,
[r|<1/|€]
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since O (|€|r) ¢ (|€|r) a(z, y,w, r, &) can be thought as homogeneous of degree 0 in
r, we obtain that it is bounded by (14 |¢[)™"I . 0

We turn now to the kernel
(2) et aen e (g (6] alay .. p.€)dsdudrdp.
We embed (3.2) in an analytic family of kernels, replacing a(.) in (3.2) by

—z/2 z
a:(z,y,w, 7, €) = alw, y,w,m p, &) (1+ €2) 7> (1 + p]2)5.

If now
iz, y,w, 7, ) = /em&z(x,ywmp,f)d/},
we have
106,y 002 (1,9, 0,7, )] < canp(z)r™ RO (14 [g]) =R =

where the cqi5(2) as well as all the constants dependent on the parameter z intro-
duced below grow polynomially as |z| — oo . Writing

B.(2,y.6) = / i€ @) (1 g (16]r) da(z, v, w, . )duwdr |

our kernels are of the form [ e!&*%) B, (z,y,£)d¢. Let us denote by {T.} the
corresponding family of operators. An elementary calculation shows that

102, )08 B (2,3, €)| < cap(z) (14 [€)) 71! for Rez > |a| + 3]

Moreover, with an argument as in Claim 2.1, these inequalities hold for any Re z > 0
if £ is not, say, in the cone C introduced at the beginning of section 2.

Using the proof of Theorem 1 and complex interpolation, we conclude that for
any z with —e < Rez < e for some € > 0, ||T,| 2 < ¢(2).

What remains to be proved are the LP estimates when a(z,y,w,r, p,£) = 0 for
¢ ¢ C (also for w outside a small portion of S™~1). In this part of the proof we will
reduce essentially to the arguments on pp. 140-144 in [PS]. First of all there is a
choice of coordinates, where if 1°(z,w,r) = (1) (z,w,7),79(z,w, 7)) € R*™™ x R™
then |7{(-)] < 1 and |y9(-)| ~ 1, and for any fixed x the map (r,w) — rd(z,w,7)
represents basically the spherical coordinates. Notice that I' is given parametrically
by y = 2 + ry(z,w,7); we can express w = w(x, T2 — yo2) and r = r(x, T2 — Ya)
with [0F, ) 7()] < calw2 — yo| 71911 and |06, @ ()] < calwe — yo|~1ol; and after a
substitution we can assume I is defined by the equation z1 —y1 +S(z, 22 —y2) = 0,
where (z1,22) € R"™™ xR™ | and S(z, z2 — y2) is Lipschitz and has absolute value
much smaller than |zo — ya| .

We now define the map d(z,y) = |x1 —y1 + S(z, 22 — y2)| + |x2 — y2| . It is easy
to see that d(-) satifies the following three properties: for an appropriate constant
c

1. d(z,y) =0 = z=y;
2. d(z,y) < cd(y,x);
3. d(z,y) < c(d(z,w) + d(w,y)).

Therefore d(-) is what is called a quasidistance—see [St, p. 10].
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Lemma 3.1. Fiz Rez > 0. Let o be a multiindex with || < 1. The following
inequalities hold: if |xa — ya| > |21 — y1 + S(x, 2 — y2)|, then

10y K-, 9)] < cal)fes — 1ol ™y — gy + (2 — ) |- Re=le]
and if |xo — yo| < |x1 —y1 + S(x, 22 — y2)|, then
100, K= (@,9)] < ca(2)|z1 —y1 + Sz, w0 — o) 771
Proof. We start with the case |z2 — yo| < |z1 — y1 + S(z, 22 — y2)| . Then
71 —y1 + Sz, 22 —y2)| & |z1 — 9.

Given
(3.3) K. (z,y) = /e<5’w_y"’m0(””""’r)> (1=9(&r) ax(x, y,w,r, &)dwdrde,

the estimate for the case |a] = 0 is obtained in a standard way as follows. We
integrate d¢ separately in |¢| < v —y + 9 (z,w,7)|7! ~ |1 — 91]7! and in the
complementary region, using an appropriate smooth partition of unity. In the
first case, integrating first drdw and then d§, we find the integral is bounded, up
to a constant factor, by |1 — y1|™™. Turning to the second case, we first inte-
grate by parts d€ and then we integrate drdw, obtaining something of the form
[ lz1 —y1| 7V [€] NV d€, where essentially €] > |21 —y1|!, and so we find the desired
bound. When |a| =1 the argument is essentially the same.

We turn now to the case |x2 — ya| > |z1 — y1 + S(z, 22 — y2)|. As above we
discuss the case || = 0 (the case |a| = 1 admits a similar proof). As mentioned
above, we can assume that £ = (£,&) € R"™™ x R™ with ¢|&] > |&|. We
write wy = —ry?(x,w, ), and after a change of coordinates we can assume (3.3) is
essentially

el —y1+5(z,w2)) o (€2,82—y2—w2) ( _ w bo(x. 1. w dédEsdw
@ (|&1]|wa])) bz (x, y, wa, §)dE1dEadws
with
a —m—Rez— — Rez—
10 )00 b= (2, 4, w3, )] < cagy(2)|ws| ™R (1 4 gy~ Re= 1

We integrate d¢sdw, obtaining [ ¢(61o1—nitS@aa=v) A, (z,y, & )dé; with
A (z,y,&) = /e<517s(w7w2)—5(%12—y2)>

x (1= ¢ (|&l|wal)) wa| TR |E1|™D, (2, y, || (22 — y2 — w2) , &1) dws,
where here
(3:5) 108 bx(5,9,02,€0)] < can(2) (1 feal) ™Y (1) ™ 7
We claim that
|8§1Az(x,y,§1)| < ep(2)|an — yo|7mREE (14 J&]) " Re=IAL

We start by considering the case |3| = 0. Then, taking absolute values in (3.4), we
find |A,(z,y,&1)| is bounded up to a constant factor by

(3.4)

(3.6) €y iR / (1 — ¢ (Jwa])) [wa] 7R bo(,y, uz — wa, &) dw
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with ug = |&1](22 — y2). Because of (3.5), (3.6) is bounded by |ug| =™ Re=|& ™,
and so we find the desired bound. For § # 0 we reduce to bound

/|w2|—m—Rcz|€1|—|B\—Rcz+m

x (|§1||51|+\62||x2 o — wa] PIHIBRL (1 4 (€ [l — s — w2|)_N> "

with |51 | the number of derivatives applied on the exponential and |32| the number
of derivatives applied on b, (---|&1| (2 — yow2), ) . The estimate is then similar to
the previous one. O

Finally we prove

Lemma 3.2. Fix Rez > 0. Then

[ 1K) — o] < o2
and

[ 1) = Koy < cf2),

where the integrals are over the region d(z,y) > éd(y,y’) for any given y and y’,
and where ¢ is an appropriate constant.

Proof. Here we prove only the first of the two inequalities. In different formulas ¢
will indicate different constants. The proof is essentially the same as [PS, Lemma 4,
p. 141]. We consider 9 (t) in C*°(R) with ¢» = 1 far from 0, and ¢ = 0 near 0, and
¥i(t) = ¥(27T1) — (27t) . We consider then, for o = |1 y1|;— S(xy, T2 ve)l
2= Y2
the kernels K (z,y)y (o) and K(z,y)1; (o). We can now prove appropriate in-
equalities separately for these kernels. For the first one, by Lemma 2.3.1, we can
use the theory in Ch. 1 of [St]. Each KJ can be treated as follows. Split the
region of integration into two pieces. One piece, denoted here by I, is defined
by c279d(z,y) < d(y,y’), with ¢ a sufficiently small positive constant, while the
complementary regin will be denoted here by II.
Considering I, we bound [} |K{(z,y)|dz + [;|KI(z,y')|dz. Now

)

/|K§($,y)|d$ < C/ |wg — yo| TR |2y — y1 + S(z, 22 — o) | T TR,
1

Since I can be described in the form c1d(y,y") < |72 —y2| < 27d(y, y’) and |z2 — yo|

~ 27 |x1 —y1 + S(x, 22 — y2)|, through an elementary calculation we find the bound

j279Re= Turning to [ |KI(x,y')|dz, the bound and the argument are the same

because region I is contained in a region defined by d(y,y') < d(z,y") < c27d(y,y')

(this uses the fact that ¢ is large).

|21 —y1 + S(@, 22 — o)
|22 — ya

that for an appropriate choice of the constants in the proof the same is true on

replacing y by 3’ or by any point in the straight arc joining them in R™. This can

be understood as follows. First of all, observe that inequalities of the form

~ 277, and we claim

We turn now to region II. In it

s — 2| < d(y,y') < 277d(z,y) < cc2|xs — yo
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imply, for 277 sufficiently small, |29 — y2| & |72 — 4| . On the other hand,
1 = Sz, 22 —y2) =i + S, 22 —ya)| < cly — ¢/ = cd(y,y) -
Now
d(y',y) < 277 d(z,y) < ec27 |y — yal
and since |y; — S(z, 12 — y2)| ~ 277 |22 — Y2l , for ¢ sufficiently small
ly1 — S(w, w2 — yo)| & 27 |22 — .

Thus we have proved the above claim. Now

|KI(2,y) — K(2,y')| < cler — y1 + S(w, w2 — yo)| "2 MR a(y/ y),

K2 (2,y) — Ki(x,y)| < clr — g1+ S(z, 2z — yp)| 720D,
and so

KL (w,y) = KL(2,y)] < clor — g1+ S(a, w2 — y2)| 77207 REDT Ay y)°

Integrating this last quantity in dx in the region |21 —y1+S(z, va—y2)| ~ 277 |w2—1s|
and |za—y2| > cd(y', y), we obtain essentially the bound 2(¢~®¢2)J  Picking e < Re z
and adding over all the j’s gives the desired result O

From the above discussion and from the theory of Calderén-Zygmund kernels we
conclude that ||T,||rr—rr < c(z,p) when 0 < Rez < e (here the constant depends
polynomially on z). Theorem 2 follows by complex interpolation.

4. PROOF OF THEOREM 3

Theorem 3 now follows by interpolation using the previous theorems. By the
previous proofs it is enough to consider the case when

Kr(z,y) = / e Emen) =) (1 — g(rlé]) a(x, y,w,r,€) r™ " dédwdr,

where a(z,y,w,r, &) = 0 if (x,y,w,r) does not belong to some small compact set
and

100,y DO al@, y, 0,7, €)] < cagpr™ T (L4 [€) 7.
Consider now a family of operators {T.} whose kernels are obtained by replacing
a(.) with a(z,y,w,r, €) = exp(2?)a(z, y,w, &) (1 + [¢]?) w2z By the proofs of
the previous theorems we have ||(1— A)(Z+m_”)/2TZ||Lg,Lg < c for Re z any negative
number larger than m — p — k/2. Moreover, ||T% ||z 1» < ¢, for Rez < m — p (for

any such z we can apply the theory developed in the proof of Theorem 2). The
result follows by interpolating between these extremes.
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