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EQUATIONS IN A FREE Q-GROUP

O. KHARLAMPOVICH AND A. MYASNIKOV

ABSTRACT. An algorithm is constructed that decides if a given finite system
of equations over a free Q-group has a solution, and if it does, finds a solution.

0. INTRODUCTION

Systems of equations over a group have been widely studied (see, for instance,
[4],[5],[11]). This is currently one of the main streams of combinatorial group the-
ory. The problem of deciding if a system of equations in a group has a solution is
a generalization of the word and conjugacy problems. Makanin [8] and Razborov
[11] proved one of the most significant results in this area: the algorithmic solv-
ability of systems of equations in free groups. Rips and Sela [12] solved equations
over hyperbolic groups by reducing the problem to free groups. Myasnikov and
Remeslennikov proved that the universal theory is decidable over free A-groups,
where A is an integral domain of characteristic 0 and Z is a pure subgroup of A.

If Z is not a pure subgroup of A then the structure of a free A-group is much
more complicated. It turned out (see [3]) that the crucial case is A = Q. Baumslag
[1] proved that the word problem is decidable in free Q-groups. In [6] we proved
that the conjugacy problem in these groups is decidable.

A subring C of the ring Q is said to be recursive if there is an algorithm which
decides whether a given rational number belongs to C. Any subring of Q is of the
form Q,, i.e. generated by the set {% |p € 7}, where 7 is a set of primes. It is
not difficult to see that the recursive subrings of Q are exactly the rings Q, for
recursive subsets 7. If the set 7 is not recursive then the Diophantine problem over
a free Q-group FQ is undecidable. Indeed, let a € FQr be an element which
Q-generates its own centralizer in FQ (i.e. if 1 # a = b", then r is invertible in
Q- ); then an equation 2? = a has a solution in FQ= if and only if p € .

The main result of this paper is the following.

Theorem 1. Let m be a recursive set of primes. Then there exists an algorithm
that decides if a given finite system of equations over a free Qr-group has a solution,
and if it does, finds a solution.

In particular, the Diophantine problem over a free Q-group FQ is decidable.
Let A be an arbitrary ring of characteristic 0 with a prime subring Z. The
additive isolator Is4(Z) ={a € A | In(na € Z)} of Z in A is a subring of A which
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is embeddable in Q. Therefore, I'sA(Z) = Qr(a), where m(A) is the set of all prime
integers which are invertible in A.
Theorem 1 and approximation results from [3] imply the following fact.

Theorem 2. Let A be a ring of characteristic 0 with identity 1. Then an algorithm
that decides if a given finite system W =1 of equations with coefficients in F has
a solution in a free A-group FA exists if and only if the set w(A) is recursive.
Moreover, if W =1 has a solution, the algorithm finds one.

In particular, for any field K of characteristic 0 the Diophantine problem with
coefficients in F over F¥ is decidable.

In order to solve a system of equations in a free Q,-group, we develop some
methods to reduce a system of equations in such a group to a finite set of systems in
a free group. The reduction guarantees that for every so-called “minimal” solution
of the system in the free Q,-group, there exists a solution to at least one of the
systems in the free group satisfying certain conditions restricting the range of values
of the unknowns, and for every such solution to one of the systems in the free group
there exists a corresponding solution for the original system in the free Q,-group.
Since by [8], [7] and [11] it is possible to decide if a system of equations in a free
group has a solution (satisfying certain restrictions), this reduction allows one to
decide if the system over the free Q,-group has a solution. This idea was used for
the first time in [12]. Notice that a system of equations over a free Q -group is
equivalent to a system of equations (over the free Q-group) with coefficients that
lie in the free group with the same set of generators. Notice also that a free Q-
group is a direct limit of hyperbolic groups [6], but this does not help us directly.
Indeed, if a solution of the system exists in the free Qr-group then it belongs to
some member of the union (direct limit), so to some hyperbolic group, but we do
not know which member.

We can prove the same result as Theorem 1 for a tensor Qr-completion of an
arbitrary torsion-free hyperbolic group, but a lot of additional work is required.
With a view to proving the more general result in a subsequent paper, we formulate
most of the notions and lemmas in this paper in more general terms than are
required for proving Theorem 1.

Let G be a torsion-free hyperbolic group with generators dy, ... ,dy. We will
consider a finite system of equations over the Q -group GO (see the definition in
the next section). By adding a finite number of new variables and new equations we
can reduce this system to a system with coefficients in G (indeed, every constant of
the form d”/™ can be replaced by a new variable z satisfying the equation 2™ = d™).
We also can replace this system by an equivalent system of triangular equations
(every equation contains no more than three terms). We will consider now a finite
system of triangular equations with coefficients in G:

(1) (bi(dla"'7dN7$17~"7xL):1
1. A-GROUPS

Let A be an arbitrary associative ring with identity and G a group. Fix an action
of the ring A on G, i.e. a map G x A — G. The result of the action of @ € A on
g € G is written as g®. Consider the following axioms:

Lgl=g4¢°=11"=1

2. g*0 =g g ¢* = (g*)";
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3. (h=tgh)® = h=1g%h;
4. [g,h] =1 = (gh)* = g*h".

Definition 1. Groups with A-actions satisfying axioms 1)—4) are called A—groups.

In particular, an arbitrary group G is a Z-group. We now recall the definition
of A-completion.

Definition 2. Let G be a group. Then an A-group G* together with a homomor-
phism G — G4 is called a tensor A-completion of the group G if G* satisfies the
following universal property: for any A-group H and a homomorphism ¢ : G — H
there exists a unique A-homomorphism 1 : G4 — H (a homomorphism that com-
mutes with the action of A) such that the following diagram commutes:

G A LA

It was proved in [2] that for every group G the tensor Q,-completion of G exists
and is unique; in [9] this fact was proved for an arbitrary ring A.

We describe below the Q,-completion GR~ of a torsion-free hyperbolic group G
as the union of an effective chain of hyperbolic subgroups (details can be found in
[6]).

An element v of a group is called a primitive element if it is not a proper power.

Let Z, be the multiplicative submonoid of Z generated by the set 7, Z, =
{mi,ma,...}, where m; < ms < .... For an arbitrary torsion-free hyperbolic
group R and natural number n > 2, choose a set of elements V,, = {v1...v;:} € R
satisfying the following condition (S,,):

1) V., consists of cyclically minimal (of minimal length in its conjugacy class)

primitive elements of length not more than my;

2) no two centralizers in the set of centralizers {C(v),v € V,,} are conjugate in

R;
3) the set V, is maximal with properties 1) and 2), i.e. any element of length
not more then m,, is conjugate to a power of some v € V,.

By definition,
(2) R(VTL) = ( - (R *or=w] <w1>) *og=wy™ <w2>) *.. ) *pp=w]"m <wt>)'

Notice that this definition does not depend on the order of elements in V,.
It was proved in [6] that GO~ is the union of a chain of hyperbolic groups

CG=Ty<Ti<Th<..< UTn,
n=0

with T,, = T,,_1(V»), where V, satisfies the condition S,, in the group T},_1.

Definition 3. Let a group H be an amalgamated product H = S *,,—¢- (t). Then
t-syllables of the word bot*1b1t“2 ... b,, where b; € S, are the subwords t**, ... ,t%".
If w is an element in H, then |u|y is the number of occurrences of (t)-syllables in a
reduced word representing u. We call this number the t-length of w.
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Any finite set of elements {g1,...,g,} in GO is contained in some subgroup
H that is obtained from the group G by adding a finite number of roots. It is the
union of a chain of subgroups H;. The groups H; together with a canonical set of
generators are defined below. Let G = Hy.

1. Step 1. Consider pairwise nonconjugated cyclically minimal primitive ele-

ments uy,...,ug € G, |u1] < ... < |ug,| (here |u| denotes the length of u
in G), and add roots t1,... ,tx, such that u; = t;j. (Notice that wu;y1 does
not become a proper power after we add roots t1, ... ,t;.) The corresponding
groups are denoted by Hy,..., Hy,, where H; 1 = H; *qu:tj_ﬂl <tj+1>.

2. Step 2. Consider pairwise nonconjugated primitive elements ug, +1,... , Uk, €
H,, cyclically reduced in the amalgamated product, each having the reduced
form v = ¢y ... t7% ¢, where o; # 0,0 € Z,¢; € G, |ugy41lE, < ... <
|k, |#r,; and add roots tx, 41, ... ,tk,, such that u; =}/, to the group Hy,.
The corresponding groups are denoted by Hy, 41,...,Hg,, where H; 1 =

Hj *’U«j+1:t§f§1 <tj+1>.
3. Step @ + 1. Suppose that Hy,..., H, have been constructed.

Consider pairwise nonconjugated primitive elements ug, 11, ... ,ug,,, € H;,
cyclically reduced in the amalgamated product, each having the following
reduced form t*cy...¢; " ¢k, where o; # 0,5 € Zy¢; € H;—q1 (ck is not a
power of u;, because the elements are cyclically reduced), |ug,+1|m, < ... <
[uk: 1|1, > and add r00ts tg, 41, - . , Lk, ,, such that u; = 7, to the group H,.
The corresponding groups are denoted by Hg,11,...,Hk where Hj 1 =

H; % Sj41 t; .
J ’U,j+1:t]~il <J+1>

i1

Finally, for some number i one has H = Hy, .

The canonical set of generators of Hy = G is {dj,...,dy}: the canonical set
of generators of H;; is defined inductively as the union of the canonical set of
generators of H; and ;1.

The group Hy,,, is called the group at level ¢, corresponding to the sequence
Ur,... Uk, The group H; will be called the group of rank i. We also order the
set of ¢;7s: tg, <ty if k <.

Let F' be the free group with the same set of generators as G and Fj, 1, =
FxKp,1p, where j < and Ky, 1, is the free group with the generators 1, ... ,tx;4p.
Let 7 be the natural homomorphism of Fj, , onto Hy,,. If v € F}, then by v we
denote 7(v) € Hj.

2. DIAGRAMS

Recall that a map is a finite, planar, connected 2-complex.

By a diagram A over a presentation {(a1,...,am|R1,...,Ry,), where the words
R; are cyclically reduced, we mean a map with a function ¢ which assigns to each
edge of the map one of the letters ai*, 1 < k < m, such that ¢(e™') = (¢(e)) "
and if p = e1...eq is the contour of some cell & of A, then ¢(p) = ¢(e1)...d(eq)
in the free group F(a1,...,ay) is a cyclic shift of one of the defining words Rlil.
In general the word ¢(p) is called the label of the path p. The label of a diagram
A (whose contour is always taken with a counterclockwise orientation) is defined
analogously.
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Van Kampen’s Lemma states that a word W represents the identity of the group
G if and only if there is a simply connected (or Van Kampen, or disk) diagram A
over G such that the boundary label of A is W.

Suppose we have a diagram over H;. A t;-strip is a subdiagram with the bound-
ary label t;j nuj_" (see Figure 1(a)), consisting of cells with the boundary t;j uj_l
(see Figure 1(b)). Two t;-strips can be glued together to form a paired t;-strip (see
Figure 1(c)). More than two t;-strips can be glued together to form a t;-star (see
Figure 1(d)).

Every minimal (with minimal number of ¢;-cells) diagram over H; consists of
paired ¢;-strips, t;-stars, ¢;-strips on the boundary and H;_;-subdiagrams between
them (annular paired t;-strips can be assumed not to occur). Suppose we have
a Hy,-diagram. Notice that for ¢ < 7,1 < k;, tj-stars, t;-stars, and paired strips
cannot meet as in Figure 1(e), because u;, ... ,ux, do not contain t;,... ,t,.

For every word w which represents the identity element in Hy, there is a diagram
over Hy, with the boundary label w that has the form shown in Figure 1(f). 1f.
It consists of glued t;-strips, and t;-strips on the boundary for j € {7,... ,k;}, and
H,_;-subdiagrams between them.

3. SOME PROPERTIES OF THE CAYLEY GRAPH OF H

A generating set J of H = Hj,,, consists of dy,...,dy and the added roots
t1,... ,th,.,- Recall that the vertices of the Cayley graph I'(H) = I'(H,J) are
elements of H; and two vertices g, h, are connected by an edge e = (g,d), with
label ¢p(e) =d € J, if h = gd.

Definition 4. Let u be a cyclically reduced word in H;. A word X is called a

u-periodic word if it is a subword of some power u*.

Lemma 1. Letp,s € H;_1, let u,v € F; be words representing the reduced forms of
elements @, 0 € {Ug, 41, .. Uk, }, let X, Y be u- and v-periodic words respectively,
and let sXp =Y. ) )

If 4 # 0, then |X|H737 |YY|H7 < |’(~1,|H,i + |1~)|H¢ + 2.

If i =0 and X,Y begin and end with t; belonging to distinct (t;)-syllables of u,
s#1, then | X|u,, |, < |ilm,.

If u = v, X,Y begin and end with t; belonging to the same (t;)-syllables of u,
s# 1, then s = u’ ,p =] in H; and the canonical image of t7% Xt7*" equals the
canonical image of Y in H;_1 * (t;).

Proof. We will prove the first assertion of the lemma. Suppose |0|g, > |@|m,.
Taking a cyclic permutation of u instead of u and a cyclic permutation of v instead
of v, we can suppose that X starts with u, Y starts with v, @ = aot;* a1 ...t;""a,,
0 < fBr < s; for all k, and ¥ = s(apt;? a ... t;% a,) aq. .. t;""b.

Suppose that | Xz, > |@| s, + 0| g, +2. The case Gy, < Bm is impossible, because
it implies 81 = Bm = Bm — Bm. We have

(3) bsaot;* ay ... t;° anaot;* a1t;”? ...
= amtiﬂ’"“amﬂ e tiﬁnanaotiﬁl aj ... am+1tiﬁm+2 e

Now instead of a,.,r < n, we write @, and instead of aga,, we just write a,,. We have
Bj = Bj+m for any j (indices are taken modulo n). These equations for powers imply
ap # lor a, # 1. Let d = (n, m); then this implies that 8; = (3,44 (indices are taken
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modulo n). We also have from equation (3) bsag = amnuf®, u;? ' @; = Gmju;’,j =
1,...,n (the subscripts of the a’s are taken modulo n). Then «,, = g, because
U@y = Amprudt and u$ma; = Gpmeru; "t and the subgroup (u;) is malnormal.
Hence

ap

u; " ay ... tiﬁnanaotiﬁlu;ao = Qm41--- tiﬁ"anaotiﬁlal - amtiﬁ’"“.

We have for some 3 and 7, uf&d = Gpu;. We also have Y, ojyqr = 0. And @ is
the (n/d)-th power of the element agt? ...t7%u; "a, = agt? ... t7"*aqu;". Then o
is also a proper power.

In the case m = 0, |0|x, > |@|m,, we have & = s(aot;** a1 ... t;""a,)°b and
(4) bsaotiﬁl a... tiﬁ"anaotiﬁl altiﬁz el = aotiﬁlal Ce tiﬁ"anaotiﬁlaltiﬁz e

Then bsag = apuf® and u;’~'a; = a;u;’. This implies that ap = 0 and b = s~ 1,

and ? is conjugated to a power of .
In the case |0|g, = |@|g,, we have © = sagt;*'a; ...t;"*a,b and
bsaotiﬂlal . tiﬁnanbsaotiﬂlalti‘b el = aotzﬂlal Ce tﬁ"anaotiﬁlaltﬁb cee
and again b = s~! and @ and ¢ are conjugated.
The second and third assertions of the lemma can be proved similarly.
Corollary 1. Let p,s € Hi_1 and 4,0 € {Ug,41,... ,Ukyy, }, U # 0, |0g, > |0|H,-
Y|H1 <

Let XY be u- and v-periodic words respectively and sXp =Y. Then |X

H;»

This follows directly from the lemma in the case |0|g, > 1. If |0|g, = |u|g, = 1,
then taking cyclic permutations of u, v instead of v and v, we have u = aot®aq, v =
Saotﬁbl. If |X|H¢ = |YH7| Z 3, then

saotfalaotfalaotf e = saotfblsaotfblsaotf e

Hence a1ag = bisaou®, ui®ar1ag = bisagu;* for some ap, a1 € Z. Then ap = a1 =
0, a1ag = b1sag and © = v, a contradiction.

Definition 5. An element in H;, is said to be written in reduced form in rank i if
it belongs to H; and is in reduced form as an element in the amalgamated product
H; = H;_1 %,,_; (t;). If r = 0, then the element is said to be in reduced form in
all ranks > ¢ if it is in reduced form in rank i. An element h in H;, is defined
by induction on r to be written in reduced form in all ranks > i if it is written
in reduced form in the amalgamated product H;y, = H; ,_1 * £k (titr)s

Ui =
h = botl, bit{Z, ... by, where the b1,...,b, € Hiy,_1 are in reduced form in all
ranks > 1.

Definition 6. A (t;)-syllable of a path is a subpath labelled by some (t;)-syllable
of the label of the path.

Definition 7. A u-path is a path labelled by a u-periodic word.

Definition 8. Let 4,0 € {up,41,... Uk, }»|U|H, > |0|n,. Consider in I'(H) two
paths: a u-path r; and a v-path ro, where r; connects the sequence of vertices

O, o | - .9
'7gu 7gu 7g7gu7gu7"'7
ro connects the sequence of vertices

., ghtv™2 ghto~t, gh, ghv, ghv?, ...,



954 O. KHARLAMPOVICH AND A. MYASNIKOV

the label of every subpath of r1 or ry is a reduced word in H;, and h € Hy,. Then
a path ¢ that connects ry with ro is called a minimal path if

1. ¢(q) represents an element in reduced form in all ranks greater than or equal
to 1,

2. the number of (¢;)-syllables in ¢(q) is minimal for all paths connecting 1 with
T9.

Lemma 2. Let r1 and ro be the paths from Definition 8, h € Hy,. Then there are

two possibilities:

1. h contains some t; that is greater than or equal to t;. Then there are a
uniquely determined number s1 and consecutive (t;)-syllables z1,zo and z3 of
the subpath of 1, with the label u, between gu®' and gu*+2, such that the
initial points of all the minimal paths connecting r1 with ro belong to the sub-
path of r1 joining z1 with zs. (And, similarly, there are a uniquely determined
number so and consequtive (t;)-syllables z4, 25 and zg of the subpath of ra,
with the label v, between ght*? and ght®22, such that the terminal points of

all the minimal paths connecting r1 with ro belong to the subpath of ro joining

24 with zg.)

2. h does not contain any t; that is greater than or equal to t;. Then either
the same conclusion is true as in the previous case, or, for any two paths q
and ¢ connecting 1 with ro and such that |q|g, = |¢'|g, = 0, we have the
equality 7r¢(q_1)X7r¢(q’) =Y, where X is a u- and Y is a v-periodic word
corresponding to the subpaths of r1 and ro connecting the initial and terminal
points of ¢ and ¢ respectively . Then | X|g,,|Y |z, < ||y, +|0|m, + 1.

Y

The numbers s1,s2 above do not depend on g.

Proof. The assertion of the lemma in the second case follows directly from Lemma 1.

To prove the assertion in the first case, suppose that ¢ and ¢ are two minimal
paths connecting 71 with 9. Let p;, p1 be their initial points and py, ps their
terminal points. We have to prove that the each of the paths p;p; and paps contains
at most one (t;)-syllable.

Consider a minimal diagram ©, with contour consisting of the subpath of ry
between the points p; and p;, the path g, the subpath of r; ! between po and po,
and the path ¢—!.

Every subpath of 71 or ry is reduced (i.e. has a reduced label), and the elements
g and ¢ are reduced; hence there cannot be t;-arcs and t;-stars with two ends on
the same side of O, as in Figure 2(a), for j > . The diagram © has the form shown
in Figure 2(b), where the strips are paired t;-strips for j > ¢ , the 3-ended stars are
t;-stars and the regions between the strips and stars must be H;_; subdiagrams.
Hence the paths p1p1 and paps cannot contain more than one ¢;-syllable each.

The lemma is proven.

The lemma immediately implies the following result.

Corollary 2. Let & = ug,4+p,h € Hi,4p—1. Consider in I'(H) two u-paths r1 and
ro, where r1 connects the sequence of vertices

~—2 o~ = ~2
'7gu 7gu 7g7gu7gu7"'7
ro connects the sequence of vertices

., ghu=2, ghu~", gh, ghtu, ghi?, ...,
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and every subpath of 1 or ro is labelled by a reduced word in H;.
Then there are uniquely determined numbers s1,s2, such that for every path q
connecting some gu®® with ghu®
1. ¢(q) = o(q1)d(q)d(q2), where q1 is a u-path connecting gu®s with some vertex
p1 on the subpath of r1 joining gu®*' and gu***? (see Figure 3), q is a path
connecting p1 with a vertex ps on the subpath of ro joining gh®® and ghti*>*3,
q2 1S a u-path connecting ps with ghu®*,
2. q 1is reduced in all ranks j > i, and
3. the sum of t;-lengths of pieces of q between (t;)-syllables, for j > i, is minimal
for all paths q with the above property.

These numbers sy, so and the labels of the paths q1,q, g2 depend only on h and u,
and not on g.

There is a uniquely determined number s1 such that, for every path ¢ connecting
some vertex g with ghu®3,

1. ¢(q) = ¢(q3)9(qa), where q4 connects g with some vertex p1 on the subpath of
ro joining gu®t and gu*t3, g4 is a u-path connecting p1 with ghii®®,

2. g3 is reduced in all ranks j > i, and

3. the sum of t;-lengths of pieces of q3, between (t;)-syllables for j > i, is minimal
for all paths g3 with the above property.

This number s1 and the labels of the paths qs3,qs do not depend on g.

The label of the path ¢ satisfying the conditions of this corollary will be called a
(u, u)-pseudoconnector for h, the label of the path g3 will be called a u-pseudocon-
nector for h. Notice that all elements of the form u*hu® have the same (u,u)-
pseudo-
connectors and all the elements of the form hu® have the same u-pseudoconnectors.

Definition 9. In this definition we keep the notation of the corollary. A connecting
zone for the element h is defined as follows. Consider a path ¢ labelled by a (u, u)-
pseudoconnector for h. Consider the two phase vertices b; and by closest to ps on
either side of py on the u-path r, with the property that the path from p, to b; has
t;-length at least one. (If py is not a phase vertex, then by = gh@i*?, by = ght*2+F,
where k is either 1 or 2; if ps is a phase vertex, then by = ght*2~! and by = ghu®2*1.)
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The connecting zone for h with respect to g is the union of all phase vertices between
such b1 and bs for all (u, u)-pseudoconnectors (u-pseudoconnectors) for h; see Figure
3(a). (Sometimes the connecting zone can consist of five phase vertices; they are
shown in Figure 3(b).)

If the vertex ghu® belongs to the connecting zone for h with respect to g, then
the vertex g1hu® belongs to the connecting zone for h with respect to g;. If it is
clear from the context what the initial vertex g of the path labelled by h is (or if it
does not matter), then we denote by (h); and (h)s the initial and terminal vertices
of the connecting zone for h with respect to g, and will talk about the connecting
zone for h without mentioning the initial point g.

4. CONSTRUCTION OF CANONICAL REPRESENTATIVES

We will define a section 8 : Hy, 1, — Fi,+p (& mapping of sets such that 7o =
id). For X € Hy, 4, we call 8(X) the canonical representative of X.
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FIGURE 4

The canonical representative of an element in G is just some fixed geodesic word
representing this element. (If G is a free group, then it is the reduced word repre-
senting this element.) Suppose we have already constructed representatives for all
elements in Hy, 1,—1. Now take an element X in Hy,, that contains ¢;,4, and con-
struct a representative of this element in Fj,,. The representative of X will be a
word (or a label of a path in I'(Hy, 4,,)) corresponding to a reduced form of X in rank
k; + p. For each syllable b of this element between two consecutive (t, +p)-syllables
we will denote the canonical representative of the label of a path connecting the ver-
tices (b™1)2 and (b)2 by b (see Figure 4). Suppose X = bot®1b1t*2 ... b,. Take some
path labelled by X in I'(Hy,+,). The path corresponding to b; connects the points
(b; 1)z and (b;)2. Then the points (b;—1)2 and (b; ')s can be connected by a path

7 _ —
with the label tzkb +p- Then the canonical representative for X is bot)t, bit)? b,.

i+p i tp T

Definition 10. Let @& = ug;1p, b € Hg,4p—1, h an element from Corollary 2. The
(u, w)-connector (resp. a u-connector) for the element h is the canonical represen-

tative of the label of a path, reduced in ranks i, ... , k;+p—1, connecting the vertex
(h=1)5 (resp. g) with (h)s.
Let & = u;,0 =u,j <k, j,ke€{i+1,...,ki+1}, and suppose that ¢ connects

some vertex gu°' with ght®2, h € H;. Consider the point (h)2 (the terminal point
of the path labelled by the v-connector for h). Let the path p connect (h)y with
gu*t. Consider the point (¢(p)~!)s (the terminal point of the path labelled by the
u-connector for ¢(p)~t). The (u,v)-connector for h is the canonical representative
of the label of a path in H; connecting (¢(p) 1)z with (h)s.

It is important that the elements u; that do not belong to G' be chosen in such
a way that B(u, ,,) = (B(uk,+p))". For this we first take connectors for uy , , and
then, if necessary, replace uy,+p by its cyclic permutation starting with ¢;. (If G is a
free group then this equality can be made true for all u;’s.) Below, all the elements
u; will always be represented by the words §(u;), and we will write u; instead of
B(u;). It will be clear from the context when u; means a word and when it means
the element represented by this word.
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In Figure 4 we considered the following example. Denote ti,1, by t and ug,4p
by u. Let u = 3, X = bot'1b1t™ by and u = uius = usus = usug = urug in H;.
Let by = couflu_z, where ¢g is a pseudoconnector for by, by = uusciugu, where
c1 is a pseudoconnector for by, by = u‘lug 1(32, where ¢y is a pseudoconnector
for by. Let by, (k = 0,1,2) be a connector corresponding to by. In this example,

B(X) = B(bo)t*B(b1)t~10B(ba).

5. MIDDLES

Let X = {Xy,..., X} be a solution of system (1) in the group GR~. Suppose
this solution contains the least possible number of roots. Then for some 4 this
solution belongs to the group Hy,,, = H. Let 7;(X) be the sum of the numbers of
ti-syllables in all X1,...,Xy. Denote 7(X) = (11(X), ..., Tg, 1 (X)). Let X <Y if
7(X) < 7(Y). Let X = {X1,...,X1} be a minimal solution with respect to this
order.

By an equational triangle (resp. equational diagram) we mean a triangular
equation XYZ = 1 (resp. an equation Xjp...X, = 1) together with a solution
A,B,C (resp. Ai,...,A;) and a diagram over H having G(A)B(B)B(C) (resp.
B(A1)...0(Ay)) as its boundary label. A system of equational diagrams is a sys-
tem of equations together with the system of diagrams, such that the solution
associated to each equational diagram must be a solution of the whole system.

For the solution Xi,..., X, of system (1) we will construct another solution
X1,...,X} and a system of equations over the group G * Ky, , (if G = F, then
G Ky,., = Fy,.,), such that 3(X7{),...,8(X}) will be a part of a solution of this
new system, and every solution of the new system will give a solution of system
(1).

Denote uy,+p by v and g, 4, by t.

(a) (b) /éé

FIGURE 5
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Consider an equational triangle in Hy, 1, with at least one side label containing
t (hence at least two side labels containing t). It is represented by a diagram in the
form shown in Figure 5 (we showed only t;-strips for ¢; = t).

Lemma 3. Suppose that in Hy, , we have a diagram (see Figure 6) with the bound-

Ti Tin Tin Dpj Pin 1 . .
ary label (bit;* ...t bty )t " (et ot enty, )T where ji, ... Jugn €

{ki +1,... Jkisa}, bi,er.. bo,cn € Hy,. Then B(bity" . 47" bty )" =

Jn+1
ﬁ(cltﬁfl . .t?i" Catjo i) i Fy, .
This assertion follows immediately from the choice of canonical representatives.
It follows from Lemma 3 that every equational triangle either does not contain
any cells or takes on one of the forms shown in Figure 7, and hence has a unique

maximal nontrivial Hy, ,—1-subdiagram.

Definition 11. Consider an equational triangle in I'(Hy,4,) (p > 1) with the
boundary label §(X1)8(X2)3(X3). Suppose X; contains ¢. Then the maximal
nontrivial Hy,,—1-subdiagram of this triangle is called the middle of the triangle.
(The subdiagrams ABCDEF (Fig. 7(a)), ABCD (Fig. 7(b)), ABC (Figure 7(c))

are middles.)

ORAVAVA

S
BN
Sy

FIGURE 7
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A boundary of a middle is canonically subdivided into paths; each of the paths
either belongs to the u-side of a t-strip (is a w-path, joining two phase vertices)
or is a connector. The u-paths are called pseudoangles of the middle. Every di-
agram over Hy,, can be embedded into I'(Hg,+p). A pseudoangle is long if the
corresponding strippath is nontrivial and the connecting zones for two pseudocon-
nectors touching this pseudoangle do not intersect, and short if the corresponding
strippath is nontrivial and the zones of two pseudoconnectors touching this pseu-
doangle intersect. A pseudoangle is trivial if the corresponding strippath is trivial.
A middle is called triangular if all the pseudoangles are trivial; it is called short if
it is not triangular and does not have long pseudoangles; otherwise it is long.

If none of the X;’s contains ¢, then the middle of the triangle coincides with the
triangle itself and is a triangular middle.

As an example, consider the middle ABCDEF in Figure 7(a). The paths
AB,CD, EF are pseudoangles of this middle.

Lemma 4. Consider an equational triangle over the group Hp,yp,,p > 1, and
the middle of this triangle. Let AB, C'D and EF be the pseudoangles of the
middle (see Figure 7 (a)) and ¢(FA), p(BC),d(DE) be the connectors. Suppose
¢(AB) = uy,,,,n > 0. Then B(¢(FA)P(AB)) = ¢(FA)P(AB). If AB is a long
pseudoangle and By is the left end of the zone for ¢(CB), then A is the right end of
the connecting zone for ¢(EA), By is the left end of the connecting zone for ¢p(DDB)
and

B((FA)P(AB1)d(B1C)) = d(FA)P(AB1)Bd(B1C),
B(P(EA)P(AB1)§(B1C)) = BH(EA)P(AB1)Sd(B.C),
B(d(FA)P(AB1)p(B1D)) = ¢(FA)p(AB1)Bo(B1D),

B(¢(EA)G(AB1)$(B1D)) = Bo(EA)G(AB1)BS(B1D).

Proof. Let HGG1H; be the paired ¢;-strip closest to the point A, and K LL;K; the
paired t;, -strip closest to the point B, j, ji > ¢. If there is no the strip HGG1H;,
we just take F' = Hy, E = GG;. If there is no strip K LL1K;, we take K = D, L = C.
We show this case in Figure 8(a). There is no tg-strip , k > 4, connecting the paths
H, A and BL, because if there were, then from the description of representatives it
would follow that A = B.

The label of the path FH is the beginning of the canonical representative for
¢(FB). From the construction of representatives it follows that H; A contains a
(t;)-syllable; let PPy be the (t;)-syllable closest to the vertex A. The path AB
begins with a (t;)-syllable. Then P; A is the last u;-connector in ug,y,. It follows
from the choice of ug, 4, that P;A connects these (t;)-syllables and connects the
P P;-syllable with the vertex A at the same time. So ¢(FA)¢p(AB) is the canonical
representative of itself. Hence 3(¢p(FA)p(AB)) = ¢(FA)Pp(AB).

Because the pseudoangle AB is long, there should be at least two paired t¢;-strips
that begin on AB and end on ED, as in Figure 8(b). This implies that in the case
when D # C, the left end of the connecting zone for ¢(DB) is By, and in the case
when F' # E| the right end of the connecting zone for ¢p(EA) is A.

The four equalities follow by symmetry considerations from the first one. The
lemma is proved.
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FIGURE 8

Lemma 5. Consider the diagram over the group Hy,+p,p > 1, shown in Fig. 7(a)
or 7(b). Suppose the middle of this diagram is not triangular.

1. If all three connectors contain somet;’s greater than t;, then two pseudoangles
are trivial.

2. If only two connectors contain some t; greater than t;, then one pseudoangle
is trivial and another one is either trivial or short.

3. If none of the connectors contain a t; greater than t;, then two pseudoangles
are either trivial or short.

Proof. Consider the middle shown in Fig. 7(a). Suppose there is a paired t;-strip
HGG 1 H; or atj-star HGG1I1IH; for j > i, as shown in Fig. 8(c). Let this strip
be the strip closest to FE. If j > k; then by Lemma 3 F = F and this pseudoangle
is trivial. If j < k;, then the path HG does not contain any ¢y for &k > 4. Let
E, and F; be the closest terminal points of (uk,+p, Uk, +p)-pseudoconnectors for
¢(DE) and ¢(AF) respectively. There are no paired ¢;-arcs or t;-stars as shown by
broken lines in Fig. 8(c). Hence the path FyE; does not contain any t;-syllable;
hence F' = E. If HGG1 H; is a paired t;-strip, then again the path HG does not
contain t;, and this implies F = E. If HH1G1GJ1J is a t;-star, then F} and F;
must coincide, because AFE; is also a (ug;4+p, Uk, +p)-pseudoconnector for AF. Now
if all the three connectors contain some ¢;’s greater than ¢;, then either there are at
least two paired strips for ¢; and for ¢;,, as shown in Fig. 8(a), or there is a t;-star.
Then F = E, D = C. So at least two pseudoangles are trivial.
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If only two connectors contain some t; greater than ¢;, then there is a paired
t;-strip HGG1H, closest to the vertex A as in Fig. 8(c); hence F' = E and this
pseudoangle is trivial. Suppose that the pseudoangle C'D is nontrivial; the proof
that it is short is similar to the proof of the third assertion, given below.

If none of the connectors contains a ¢; greater that ¢;, then there are no paired
tj-strips in the middle, and the ¢;-strips are situated as in Fig. 9(a), 9(b), 9(c),
9(d), 9(e). In Fig. 9(a) the pseudoangles F'E and DC are trivial, in Fig. 9(b) the
pseudoangles FE, AB and DC are short, in Fig. 9(c) the pseudoangle F'E is short
and DC is trivial, in Fig.9(d) the pseudoangle F'E is short and CD is trivial. In the
case shown in Fig. 9(e) two pseudoangles are trivial and one is short. Indeed, A;
and Ay are both the beginnings of some (ug,+p, Uk, +p)-pseudoconnectors for BC,
while D; and C4 are both the beginnings of some (ug,+p, Uk, +p)-pseudoconnectors
for CB.

The lemma is proved.
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6. REDUCTION TO THE FREE GROUP

We start with a system S of M equational triangles in rank k;;1. We will con-
struct a system of equations in G * Kj,,, such that the solution of S is a part of a
solution of this system.

Consider in S an equational triangle with the boundary X; X2 X3 corresponding
to Figure 10. Recall that §(X;) = X; in F},,,. Then

X1 = PY (tsrtrmtr Py
XQ — F)2—1ts;ci+1m2—i-rg}/2—1F)3—17
X5 = PsYsPy 7,

Vs = Yyu = (mitma)y

and we have to add the conditions that v € F; , r1 + 75 = s;,
1 with the boundary Y4uY2_1.

in the group Fj

i1
as well as the equational triangle over Hy, ,
Definition 12. A free equational diagram (resp. triangle) is an equational diagram
(resp. triangle) with no cells.

The equational triangle with the boundary Y4uY2_1 over Hy,,, 1 is “non-free”
(this means that the corresponding diagram might contain cells). We will say
that the first three free equational diagrams are free equational diagrams (or free
equations) of the first type and the fourth free equational diagram is a free equational

FIGURE 10
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diagram (or free equation) of the second type. We also can rewrite free equational

triangles in Fy,,, in the form

X, = PY'T™ T\ Py,
Xy = Py ™2 Ty (Ys) Py Y
X3 = PY; P,

V3 = Yyu~ (mitma)y~1
and add equations
[T,t] = [T1,t] =1, [Ts,t]=1, TiTy =T.

We also have to add the condition that u € F; .

Notice that the new “variables” in the non-free equational triangles are u, the
connector Y, participating in the middle, and the canonical representative of the
label of the path connecting C' with the left end of the zone for ¢(C'B) (B¢ (Yau™1)).
Notice also that the freeness of the equational triangles of the first type implies that
some of the Y’s are the same. Below we will often use the fact that they will still
have a solution in X’s and P’s if we replace some of the Y’s by some other words.

We can rewrite every equational triangle in a similar way. We will obtain a system
of free equations over Fy, , and a system of triangular equations over Hy, ,_1.
Denote the union of these systems by S;. At the next step we repeat this process
for the non-free equations over Hy,,, 1 with unknowns Y;. Finally, after k; 1 steps
we will obtain a system Sy, , over a group G * Ky, ,, which, in the case when G
is free, is just a free group Fj,,,. Every solution of Sy, , gives a solution of the
system (1).

in the group Fj

i1

Definition 13. For a given system of equational triangles in H, the union of all
non-free equational triangles, in all ranks from 0 to k;y; will be called a tower of
non-free equational triangles generated by this system. The same non-free equa-
tional triangle can occur in different ranks; in this case we consider all these occur-
rences as one triangle of the tower.

Lemma 6. If a solution of a system of triangular equations is minimal, then in
the tower of non-free equational triangles generated by this system there is at least
one nontriangular middle for the non-free triangles in each rank .

Proof. Suppose that in rank j all the middles are triangular. Let 5(X1),...,8(X1)
be the canonical representatives of the elements of the solution. Then they are
part of a solution of the system Sg,,,. The constant ¢; does not participate in
the equations of the system Sj,,,. Then we can cut out (t;)-syllables from all the
elements in the solution of Sy, , and again have a solution of S, ,, . Every solution
of Sk,,, produces a solution of the system (1). This contradicts the minimality of
the original solution.

Lemma 7. Every middle in rank k; + p can be split into several free equational
triangles and at most one non-free equational triangle in the previous rank.

Proof. Every triangular middle will be itself a triangular equation in the previous
rank.

Consider the equational triangle in Fig. 7(a). Let ABCDEF be the middle of
this triangle. Suppose the pseudoangle AB is nontrivial and AB is a positive power
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of u. Let By the left end of the zone for ¢(CB), and By be the left end of the zone
for ¢(DB). Consider the following possibilities. They all are shown in Fig. 11 with
the corresponding letter; in the cases (a)—(d) the pseudoangle AB is long. Non-free
equational triangles are marked by a star. All the assertions below follow directly
from Lemma 4.

(a) Two other pseudoangles are trivial. We have E = F,C = D. Then there is
a free equational diagram, with the boundary ¢(FA)p(AB1)Bp(B1C)H(CF), and
an equational triangle with the boundary ¢(CB)¢(BB1)B¢(B1C).

(b) The pseudoangle EF is trivial, ¢(CD) is a negative power of u. There
is one non-free equational triangle, with the boundary ¢(CB)¢(BB;)3¢(B:1C),
and two free equational diagrams, with the boundaries ¢(CD)d(DF)¢p(FD) and
P(FA)P(AB1)Bp(B1C).

(¢) The pseudoangle C'D is trivial, ¢(FFE) is a negative power of u. There
is one non-free equational triangle, with the boundary ¢(CB)¢(BB;1)B¢(B1C),
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and two free equational diagrams with the boundaries, ¢(CE)¢(EF)p(FC) and
(FA)p(AB1)Bp(B1C).

(d) The pseudoangles CD and FE are both nontrivial, CD and FE are neg-
ative powers of u. There is one non-free equational triangle, with the boundary
d(CB)p(BB1)B¢(B1C), and two free equational diagrams, with the boundaries
H(CD)O(DE)G(EF)H(FC) and o(FA)4(AB1)Bo(B1C).

In the case where there are no long pseudoangles, the middle is short, and, up
to the relabelling of the vertices, there are two different possibilities:

(e) EF and DC are positive powers of u. There is one non-free equational trian-
gle, with the boundary ¢(CB)B¢(BF)B¢(FC), and two free equational diagrams,
with the boundaries ¢(EF)¢p(FC)p(CD)¢p(DE) and B¢(FB)d(BA)S(AF).

(f) EF and CD are positive powers of u. There is one non-free equational
triangle, with the boundary B¢(FB)Bé(BD)B¢(DF), and three free equational
diagrams, with the boundaries ¢(CD)Bd(DB)d(BC), ¢(EF)Bp(FD)p(DE) and
6(FA)6(AB)3(BF).

The lemma is proved.

Lemma 8. Consider n non-free equational triangles in rank k; + p. Suppose the
solution is minimal. Then we can rewrite the system as a system of free equational
triangles and at most n non-free equational triangles in ranks less than k; +p. The
variables in the new non-free equational triangles are of the following types: the
connectors in the middles in rank k; + p, and variables Zq such that there is a free
equation, either of the form Z, = uzi_kp or of the form Z, = u® Tu, where T is
the label of some connector.

Proof. Every nontriangular middle can be split by the previous lemma into several
free equational triangles and at most one non-free equational triangle. The form of
the new variables is obtained in the proof of the previous lemma.

Lemma 9. In the minimal solution, the difference k;jy1 — j, and hence the number
of u’s containing some fized t; as the greatest root (which is equal to the difference
kjv1 — kj), cannot be more then 3M, where M is the number of equations in the
original system.

Proof. We will show that, when we consider non-free equational triangles in ranks
kjt1,kjy1—1,..., we have to come to rank j after not more than 3M steps. Indeed,
consider one non-free equational triangle in rank k;y;. In Fig. 12 we show three
paired t,-strips, for p > i, closest to the center of this triangle. Let them be t,,,%,,
and t,,-strips. Then this triangle will produce non-free triangular equations with

by D,

tpzs

FIGURE 12



EQUATIONS IN A FREE Q-GROUP 967

nontriangular middles in at most three ranks from k;41 to j + 1. These ranks can
be only p1,p2 and p3. In each rank we have at least one equational triangle with
non-triangular middle. Hence the maximal possible number of ranks between k;;q
and j + 1 is 3M. The lemma is proved.

After considering some level j, we have an effectively bounded number of free

equations of the second type connecting the variables Z1,... , Z,,, formed on this
level, and powers of ui’s, where k € {kj,... ,kj;1 — 1}. These equations have
one of the following forms: Z;, = ZjulZ;, or Z; = uﬁg,Zj = uchSug, where
I,re{l1,2,3,4}.

7. SHORTENING OF MIDDLE-STRIPS

We now want to bound the powers of u;’s in the free equational diagrams. Here
j > ki, in the case when G is not a free group, and j > 1 in the case when G is a
free group.

We denote u = uy t =1

i1 i1
Definition 14. A middle-t-strip is a t-strip formed by t-cells such that their u-
sides belong to the long pseudoangle of the middle of some non-free equational

triangle in rank k;4;.

Notice that if two paths contain ¢;, and represent the same element in H;, then
their canonical representatives are chosen in such a way that the part between the
first and the last (t;)-syllable is the same word in Fj,, . So we can talk about the
subword u in H;. (Recall that we write u instead of G(u).)

Definition 15. A subword u* of the label of a side of an equational triangle is
called shrinkable if one of the following conditions is satisfied:

1. There is an occurrence of u in «* which is on the boundary of some t-cell
belonging to some middle-¢-strip.

2. u* is a subword of some shrinkable subword u! of a side of an equational
triangle.

3. Suppose there is a common subpath of two sides of an equational triangle
labelled by B(X) and 5(Y'). Suppose that the label of this common subpath
is a shrinkable subword of 8(X). Then it is also a shrinkable subword of 5(Y).

So, to be precise, the set of all shrinkable subwords of labels 5(X) of sides of equa-
tional triangles is the smallest class of subwords satisfying the above description.

A similar definition can be given for shrinkable subwords t*.

Suppose we have an equational triangle with the boundary label XY Z. Suppose
this triangle contains a middle-¢-strip. Then some maximal shrinkable subword u*
of some variable, say X, contains a part of the boundary of this middle-¢-strip.
There are two possibilities. Either some maximal shrinkable subwords tFi+1™1 of Y
and t*+1"2 of Z both contain a part of the boundary of this middle-t-strip (Fig.
13(a) or the maximal shrinkable subword t¥i+1"1 of Y contains the t-side of the
boundary of this middle-t-strip, and the maximal shrinkable subword t*+172 of Z
is the label of a common path of Y and Z (going along the other part of the subword
thi+1m of YY) (Fig. 13(b).

Suppose the triangle XY Z does not contain a middle-t-strip. It might happen
that one part of some maximal shrinkable subword u* (resp. t**%+1) of X labels
some common path of X and Y and another part labels some common path of X
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and Z (see Fig. 13(c), 13(d). In both cases amazimal shrinkable piece of the triangle
is the minimal subdiagram having these three maximal shrinkable subwords on its
boundary. (In the cases shown in Fig. 13(c), 13(d), these pieces ABCD and ABC
do not contain any cells.)

Denote the set of maximal shrinkable pieces by S. The following lemma is obvi-
ous.

Lemma 10. FEvery maximal shrinkable piece has one of the forms shown in Fig.
14 (broken line for t, bold line for u).

Below, we will consider only shrinkable subwords u*, k > 4, and ¢, [ > 4k, ;-

Definition 16. The length of the shrinkable subword u” is k — 4, and the length of
the shrinkable subword t*+17%" where 0 < r < sy, ,, is j — 4.
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FIGURE 14

Every maximal shrinkable piece contains three maximal shrinkable subwords.
Denote them by a;, j = 1,2,3, and their lengths by £;1, f;2, ;3. For example,

(4+2Lx1) o = toki41 (4+2x2)

aps = uttles qp = tokin , G . Each diagram in S gives one
of the equations ;1 + £;2 + s = ;3 , where s € {1,2,3,4,5}. Denote this system of
equations, assigned to S, by £. Add to this system (with less than 30 unknowns)
the equalities and inequalities £;; = 4y, £;5 > 0,€;; = 0, and the equations that
keep the length of the short pseudoangles and maximal shrinkable subwords of
nonpositive length.

It is possible to obtain only a finite number (depending on M) of distinct linear
systems of this form. Every such system is algorithmically solvable. This follows
from the fundamental result of Presburger [10] about the decidability of the ele-
mentary theory of the natural numbers with addition. Take one solution for each
system. Let L be the maximum of the £;; in these solutions. Then the system £
also has a solution bounded by L. Let

{lyj,i=1,...,M,j=1,2,3}

be this solution, bg; the pieces corresponding to a;, but of length ij (for example,
if aps = utth3, then byz = uths.)

Lemma 11. Replace all the pieces a;; by the analogous pieces b;;. We get another
solution of the original system of equations.

Suppose we replaced all a;; by the corresponding b;;. If some a;; participated in
several maximal shrinkable pieces, then /;;, and hence é_ij, satisfy linear equations
for all these pieces. In the places which do not meet shrinkable pieces, replacing
ai; by bi; also does not destroy the solution. The lemma is proved.

We have described how to obtain another solution with the length of middle
strips in rank k;y; bounded by L + 4. We now use induction. Suppose that the
middle strips are bounded for all ug, ,—1...ug,,,—j+1, and bound them for ug,, , ;.
We add new variables and rewrite free equational diagrams of the second type as
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equational triangles. We will obtain a bounded number of equational triangles,
because the length of the middle strips for g, ,, —1 ..., ;41 is bounded and the
number of equational triangles obtained from free equational diagrams depends on
the lengths of the middle strips.

We got some shrinkable pieces in rank k;+1 — j; we name then a,;, [ = 1,2,3. If
ar; coincides with a piece of another solution not in the middle, we also name this
piece a,;. The word a,; = u};?ﬂ_j can be a subword of some greater word wug, ,
and touch it somewhere, but since we consider all free and non-free equational
triangles, this is taken into consideration in the equations. The replacement of
ary in ug,,,—p by by can turn wug,,, , into a proper power (in which case we turn
the corresponding t,,,—, into the same power), but it cannot turn wy,,,, and
Ug,,,—p, into proper powers of the same word, because the number of roots was
taken to be minimal.

Indeed, if we obtained u = v¥,u = t§,v = tJ, we could put t; = t3',to = t3, and
this would be another solution with fewer roots added.

Now suppose by induction that we have bounded the lengths of the middle-strips
at all levels higher than j. Free equational triangles at levels higher that j do not
affect the maximal shrinkable pieces at level j. Indeed, free equations on levels
higher than j just equate some of the (¢,)-syllables, for r > k; 11, and some of the
(ug, ug)-connectors between two neighboring (t), (¢;)-syllables, where k,l > j are
equal. All the maximal shrinkable subwords uf at level j are inside these connectors.
All the maximal shrinkable subwords ¥, where r € {k;+1,... ,k;41}, coincide with
some of these (t,)-syllables. For the level j we just repeat the procedure described
for the level i. Because there are only a bounded number of u’s on the same level,
and the number of non-free equations does not exceed M, we can get a boundary
for the lengths of middles at each level. So all middle t-strips, at all the levels
greater than 0, can be shortened.

If G is a free group, the middle ¢-strips at level 0 can be shortened by the same
procedure.

Lemma 12. Starting with a minimal solution, with bounded lengths of middle ty-
strips at all levels, it is possible to construct a solution with bounded depth in every
rank j of the root t; (i.e. the s;’s are bounded).

Proof. Suppose, by induction, that we have bounded the depth of the roots on all
levels higher than j, and in the ranks kj11,... ,kj4+1 —p+1. Now we will bound it
in rank kj41 —p. Consider all non-free equational triangles in rank k;41 —p, together
with all their middle strips as shown in Fig. 14(a), 14(b), 14(c). Let a;, = tijﬁk_p
be a shrinkable ¢y, ,,-subword. For the middle strips we can write the system of
linear equations with variables l;; and d, where d is the depth of the root #y,, , .
We have no more than M equations of the form tﬁ;ﬂ_p i;ﬂ_p = uzjﬂ_p (
is bounded by the maximal length of middle-strips) or tﬁ;ﬂ_p i;ﬂ_p = ijﬂ—p-
So we have a homogeneous system of linear equations with not more than 3M
variables. These equations can only be of the form z; + z; = sd (s is bounded, by
E), or x; + x; = x, The prime divisors of d must belong to the set 7, x; > 0. The
minimality of the solution X = {X3,..., X} implies that the linear system does
not admit solutions in which one of the z’s is divisible by d. This implies that, after
transforming the system to reduced row-echelon form, we can only have d as a free

variable, and can either solve the system or see that it is unsolvable.
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There can be only a finite number of such systems, with each system having
some solution; if L is the greatest value of d in all these solutions, then we always
can find a solution of system (1) where the depth of the roots is bounded by L. The
lemma is proved.

8. THE PROOF OF THEOREM 1

From now on we suppose that the group G is free. So F' = G, and on level zero
we have only free equations.

Proposition 1. It is possible to determine a recursive function (M) such that if
a system of M triangular equations has a solution in F'Q, then it also has a solution
in some group Hyy, where Hy = F' and H;11 is obtained from H; by adding some
T00%.

Proof. Tt is possible to find a number (M) such that if k; 1, is greater than (M),
there will be some numbers r and s < r such that k.41 —r = kg4 — s and the
following conditions are satisfied:

1. The systems of non-free equations in ranks r and s are equivalent (there exists
a bijection between their sets of variables that induces a bijection between
their solution sets).

2. Let Y1,...,Y,, 4pq1,. .. ,Ug,,, be the variables in the system of non-free equa-

r+1

tions in rank r and Zi,...,Zp,usy1,... , Uk, , the variables in the system of
non-free equations in rank s. As variables, w,11,...,us,,, correspond to
Us41y+ov s Ukgyq-

3. The corresponding roots of u,41,... ,ug,,, and of usy1,... ,ug,,, have the
same depth.

4. Consider first free equations of the second type in ranks from r 4+ 1 to k1.
They imply certain free equations for (u;, ux)- and uj-connectors in H, (those
which are defined) and original variables in H, , j,k € {r +1,... koy1}.
Hence the variables Y1,...,Y,,urq1,... ,ug,,, satisfy some free equations.
Next, consider the free equations of the second type in ranks from s+ 1
to kst1. They likewise imply certain free equations for (uj,uy)- and wu;-
connectors and original variables in Hy, j,k € {s+1,...,ks+1}. Hence the

variables Z1,...,Z,,usy1,... ,uk,,, also satisfy some free equations. The
systems of the free equations for the variables Y1,...,Y,, urq1,... ,ug,,, and
for the variables Z1, ..., Z,, ust1,... ,ur,,, must be equivalent.

Indeed, the number of roots on a given level, as well as the difference k;;1 — j, are
bounded by Lemma 9, the length of middlestrips is bounded, the number of free
equations of the second type at every level is bounded, and the depth of the roots
is bounded by Lemma 12.

We now replace all the variables in equational triangles in rank r by the corre-
sponding variables in equational triangles in rank s. In particular w,y1,..., Uk,
will be replaced by wsi1,... Uk, ;5 (uk,u)- and ug-connectors, for k,1 € {r +1,

., kr4+1} participating in non-free equational triangles, will be replaced by the cor-
responding (ug,u;)- and ug-connectors, for k,l € {s+1,...,kst1}. If some (ug,u;)-
or ug-connector, for k,l € {r + 1,...,k,11}, or original variable in H, does not
participate in nonfree equations, then we can replace it by an arbitrary element in
Hy.
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Our purpose is to show that we will again obtain a solution. Indeed, consider
first what will happen to the free equational triangles that come from the levels
higher than r. These equations just indicate that some of the (ug,u;)- and u;-
connectors are the same and some of the (¢;)- syllables are the same, for j, k € {r+1,

. kr41} . We will have to replace the pieces corresponding to w,41,... ,uk, .,
in these equations by the pieces corresponding to us41,... ,us,,,, and hence to
change uy,,,+1 and all the highest u’s. But all these pieces are between two neigh-
boring occurrences of t; and ti, j,k € {r+1,... ,kit1}, so do not affect the
other structure of free equations. We also will replace the pieces corresponding to
(uj, ug)-connectors in H,, for j,k € {r+1,...,k,41}, by the pieces corresponding
to (uj, ux)-connectors in Hy, for j,k € {s+1,... ,ksy1}, and again this will change
some connectors; however, all the connectors which were the same will remain the
same.

So we obtain a solution with fewer roots (we do not need toy1,... ,tr ., if key1 <
r+1,0r teg1,... ,trp1—1 if kep1 > r +1). Indeed, now t,41,... k., will be the
roots of Usy1,...,Uk,,,. We have obtained a contradiction with the minimality of

our solution.
The proposition is proved.

It follows from the proposition that k;1+1 = ¥(M). The length of the middle
t;-strips, in all the ranks j, is bounded. We will construct a system of equational
triangles in Fy, ., as it was described in Section 6. The number of possible sys-
tems of free equations that correspond to these systems of equational triangles is
bounded, and we can list them. Finally we have a finite number of possible systems
of equations in the free group Fy, ,, with the restriction that some of the variables
belong to subgroups generated by only a part of the generating set of the free group
Fi,.,. Each such system is algorithmically decidable [7]. If all these systems are
incompatible, then our system does not have a solution. If at least one of them is
consistent, we obtain a solution of our system by substituting the corresponding
Py’s u;’s and T}’s in the expressions for unknowns.

9. THE PROOF OF THEOREM 2

To prove Theorem 2 we first need some definitions.

A subgroup G is called ezistentially closed in a group H if any existential
sentence, with constants from G, holds in the whole group H if and only if it holds
in the subgroup G.

Let G be a subgroup of H. A finite system of equations W (x, g) = {w1(x,g) = 1,

.,wi(x,g) = 1}, with variables © = (z1,...,2,) and constants g = (g1,... , gm)
from G, has a solution in H (resp. in G) if and only if the following formula holds
in H (resp. in G):

Jr(wi(z,g) =1A ... ANwg(z,g) =1).

Therefore, if G is existentially closed in H, then any system W(z,g) = 1, with
constants in G, has a solution in H if and only if it has a solution in G.

Let G be a subgroup of H. Following [3] we will say that H is locally w-separated
in G by retractions if for finitely many arbitrary nontrivial elements hy,... ,h, € H
there exists a homomorphism ¢ : H — G, which is the identity on G, such that
the images of hq, ..., h, under ¢ are also nontrivial in G.
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In [3] the following result has been proven: Let G be a torsion-free hyperbolic
group and A a ring of characteristic 0. Then G# is locally w-separated in GQ=(4)
by retractions.

Lemma 13. Let G be a subgroup of H. If H is locally w-separated in G by retrac-
tions, then G is existentially closed in H.

Proof. From general predicate calculus we know that any existential sentence in
the group theory language with constants from G is equivalent to a sentence of the
following type:

¢ = HI(/\ ui(z, g) = 1/\Uj($,g) # 1),

where the u;’s and v;’s are group words, x = (1,...,x,) are variables and g =
(g1, .- ,9k) are some constants from G.
Let the elements h = (hy,...,h,) € H satisfy the quantifier-free part of this

sentence in H. Denote by Hy the subgroup (hi,...,h,) in H. By the conditions
of the lemma there exists a homomorphism f : Hy — G which separates the
elements vy (hi,...,hyn),... ,v¢(h1,... ,hy) in G. This implies that the images
f(h1),..., f(hy) satisfy in G the same equalities u;(f(h1),...,f(hn)) = 1,7 =
1,...,s, and inequalities v;(f(h1),...,f(h,)) # 1,4 = 1,...,t. Therefore, the
sentence ® holds in G. This shows that G is existentially-closed in H. O

Corollary 3. Let G be a torsion-free hyperbolic group and A a ring of character-
istic 0. Then GQ=) s ezistentially closed in G4 .

Now we can complete the proof of Theorem 2. By the corollary above, F'Qr4)
is existentially closed in F4; hence any system W = 1 with coefficients from F has
a solution in F4 if and only if it has a solution in F' Q=) . The result now follows
from Theorem 1.

10. EQUATIONS AND INEQUALITIES IN FQ~

In this section we show how to prove the algorithmic decidability of the universal
theory of the group F'@~ (with constants from F@~) to a question in the free group
F.

To prove the decidability of the universal theory of FQ= one has to construct
an algorithm solving finite systems of equations and inequalities in FQ=. Such a
system can be reduced to the system of triangular equations (1) together with some
inequalities X} # 1. The algorithm constructed in this paper can be used to reduce
the system to a finite number of possible systems of equations and inequalities
in the free group Fy, ,, with the restriction that some of the variables belong to
subgroups generated by only a part of the generating set of the free group Fj,

This problem can be solved by methods described in [7].

i+1°
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