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BILINEAR OPERATORS ON HERZ-TYPE HARDY SPACES

LOUKAS GRAFAKOS, XINWEI LI, AND DACHUN YANG

ABSTRACT. The authors prove that bilinear operators given by finite sums of
products of Calderén-Zygmund operators on R™ are bounded from Hf(ffll P
HKG2P2 into HK$P if and only if they have vanishing moments up to a
certain order dictated by the target space. Here H K, g 'P are homogeneous Herz-
type Hardy spaces with 1/p = 1/p1 + 1/p2, 0 < p; < 00, 1/q = 1/q1 + 1/q2,
1< qi,q¢2 < 00,1 <qg<o0,a=a+a and —n/¢g; < a; < co. As an
application they obtain that the commutator of a Calderén-Zygmund operator
with a BMO function maps a Herz space into itself.

1. INTRODUCTION AND STATEMENTS OF RESULTS

Beurling [2] first introduced some primordial form of Herz spaces to study con-
volution algebras. Later Herz [15] introduced versions of the spaces defined below
in a slightly different setting. Since then, the theory of Herz spaces has been signif-
icantly developed, and these spaces have turned out to be quite useful in harmonic
analysis. For instance, they were used by Baernstein and Sawyer [1] to characterize
the multipliers on the standard Hardy spaces.

Let By = {x € R" : |2| < 2*} and C}, = By, \ By_1 for k € Z. Denote x}, = Xo,
for k € Z, X = xx it k € Nand Xxo = x,, where by x g we denote the characteristic
function of a set E.

Definition 1. Let a € R,0 <p < o0 and 0 < g < c0.
(a) The homogeneous Herz space Kg'P(R") is

K{P(R™) = {f € LL (R \A{0}) : [f ]| jor(gny < o0},

where
oo

1/p
I licg oy = [ D0 125 Skl aqan] < o0

k=—oc0
(b) The non-homogeneous Herz space KP(R™) is
KPR™) = {f € LipeR™) : | fll e (mny < 00},

loc
where
> ka >~ 1P 1/p
1 llgrceny = [ D12 fRelRan| < o0,
k=0
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and the usual modifications in the definitions above are made when p = co.

The spaces Kg(l_l/q)’l(R") = A9, with 1 < g < oo, are called Beurling alge-
bras and were introduced by Beurling [2] with different, but equivalent norms. The
equivalence of the norms is in Feichtinger [8]. The spaces K JP(R™) and KgoP(R™)
were introduced by Herz [15], also with different norms. Flett [9] gave a character-
ization of these spaces which is easily seen to be equivalent to Definition 1.

The theory of the Hardy spaces in this setting has been developed considerably.
Chen and Lau [3] introduced the Hardy spaces associated with the Beurling algebras
A% on the real line with 1 < ¢ < 2. Garcia-Cuerva [10] generalized the theory of [3]
to higher dimensions and to all ¢ with 1 < ¢ < co. Lu and Yang [18], [19] established
the theory of the corresponding homogeneous spaces. More recently, Garcia-Cuerva
and Herrero [11] and Lu and Yang [20]-[23] independently developed the real Hardy
space theory for Herz spaces.

Before we introduce these spaces on R"™, we fix some notation. Let ¢ € C§°(R™)
with supp ¢ C By, [g. ¢(z)dz # 0 and ¢ (x) = 7¢(%) for any ¢ > 0. S'(R™)
denotes the class of tempered distributions on R™. Let

(1.1) My (f)(x) = igglf*cﬁt(x)I-

Definition 2. Let 0 <p < o0, 0 < ¢ < oo, @ € R and ¢ be as above.
(a) The homogeneous Herz-type Hardy space HKJP(R") associated with the

Herz space K. JP(R™) is
HEGP(R) = {f € §'B") : My(f) € KP(R™).

Moreover, we set. [ s ce-r(sry = | Mo(F) g -
(b) The non-homogeneous Herz-type Hardy space HKP(R™) associated with
KoP(R™) s

HEP(R") = {f € S'(R") : My(f) € K(R")}.
Moreover, we set || fl|mrcgor@ny = [|Mo (/) g r @)

Remark 1. By the real-variable theory established in [14] (see also [23] and [11]), it
follows that the norms above do not depend on the choice of ¢.

Remark 2. When 1 < ¢ < 00, —n/q¢ < a < n(l —1/q) and 0 < p < oo, we have
HEKSP(R") = K&P(R™) and HKSP(R™) = K&P(R™). See [16], also [14] and [21].
These identities fail when « is not in the above range. It is also easy to see that
for 0 < p < oo, HKS”’(R") = HKJP(R") are the usual Hardy spaces H”(R")
discussed in [7]. (We have H?(R™) = L?(R™) when p > 1).

Herz-type Hardy spaces are good substitutes for the usual Hardy spaces when
studying boundedness of non-translation invariant operators (see Lu and Yang [20]
and [24] for examples).

The purpose of this paper is to extend the known theory of certain bilinear
operators on Hardy spaces to Herz-type Hardy spaces. The “spirit” of our results
is as follows:

A bilinear operator B(f, g) maps a product of Herz-type Hardy spaces to another
Herz-type Hardy space if and only if it has moments vanishing up to a certain order
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dictated by the target space. More precisely, let

N
(1.2) B(f,9)(x) = Y (T} f)(x) (T79)(x), = €R",

y=1
where T} and T2 are Calderén-Zygmund operators. Assuming the required vanish-
ing moments condition, Coifman and Grafakos [4] and Grafakos [12] proved that
B maps HP x H? — H" for a certain range of p’s and ¢’s when 1/p+ 1/q = 1/r.
Recently, Grafakos and Li [13] found another proof of the theorem in [4], and
they also showed boundedness for the missing pairs of indices p, ¢, thus estab-
lishing H?(R™) x H?(R™) — H"(R™) boundedness for B, on the entire range of
0 < p,q,r < oo when 1/r = 1/p+ 1/q. The method developed in [13] avoids the
use of the Fourier transform, and it can be adapted in this setting.

We now state our main results. We postpone the definition of an («, ¢)-atom
until the end of this section. We break up our results in three parts, and we state
each part as a separate theorem. Our proofs are inspired by [13], but no prior
knowledge of that paper is required for understanding this paper.

Theorem 1. Let 0 < p1,p2 < 00, 1/p = 1/p1+1/p2, 1 < q1,q2 < o0, ¢ > 1,
1/g = 1/q1 +1/q2, —n/qi < ai < n(l —1/q;), i = 1,2 and a = a1 + ag. Let
s > [a+n(l/q—1)] be a non-negative integer such that

(1.3) / P B(f,9)(a) dx =0,

for all multi-indices B with || < s, and all f, g € LQ(R”.) with compact support.
Then B(f,g) can be extended to a bounded operator from K171 (R") x Kg2P2(R™)
into HKSP(R™).

Theorem 2. Let 0 < p1,p2 < 00, 1/p=1/p1+1/p2, 1 < q1,92 < 00, ¢ > 1,
1/¢g=1/g1+1/q2, a1 > n(1 —1/q1), —n/q2 < ag <n(l —1/q2) and a = a1 + as.
Let s > [a+n(1/q — 1)] be a non-negative integer such that

(1.4) /n ?B(a,g)(z) dz =0,

for all multi-indices 8 with |3 < s, for all (a1,q1)—atoms a, and all g € L*(R")
with compact support. Then B(f,g) can be extended to a bounded operator from
HEZVPH(R™) x Kg2P2(R™) into HEKJP(R™).

Theorem 3. Let 0 < P1,P2 < 0, 1/p = 1/p1 + 1/p27 1< q1,q2 < o0, ¢ > 17
1/g=1/q1+1/q2, ; > n(1-1/¢;),i = 1,2, and « = a1+as. Let s > [a+n(1/q—1)]
be a non-negative integer such that

(1.5) /n 2’ B(a,b)(z) dz = 0,

for all multi-indices 8 with |B] < s and all (a1,q1)—atoms a and (as, g2)—atoms
b. Then B(f,g) can be extended to a bounded operator from HKg'P1(R™) x
HKZ2P2(R") into HKSP(R™).

In the theorems above we have assumed that « > n(1 — 1/q). We shall indicate
later that the case a < n(1 — 1/q) follows trivially from Holder’s inequality.

We end this section by reviewing some known facts about Herz-type Hardy spaces
that we will use later. We have
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Definition 3. Let 1 < ¢ < o0, @« € R and s € NU{0}. A function a(z) is said to
be a central (o, q)s—atom, if

(i) suppa C B(r) ={z e R": |z| <7}, r>0;

(") ||a||Lq rr) < |B(r)|=*/"; and

(i) [ a( xﬁdx—O 18] < s.

Proposition 1 (Atomic decomposition in Herz-type Hardy spaces). Let 0 < p <
00, 1 < ¢ <00 and a € R. For any given s € NU{0} and f € HK$"P(R"), we have

(1.6) f= Z )\kak,

k=—oc0
where the series converges in the sense of distributions, A\, > 0, each ay is a central
(a, q)s—atom with supp ay, C By, and
(17) k_z ()\k)p < CHfHHKOL P Rn)
Conversely, if a > n(l1—1/q) and s > [a +n(1/q —1)], and if (1.6) holds, then
fe HKP(R"), and

AN e oy Niﬁf{( i ()"“)p)l/p}’

k=—o00

where the infimum is taken over all the decompositions of f as above. In this case
we call (o, q)s—atoms simply («, q)—atoms.

Remark 3. Tt is remarkable that atomic decomposition also holds for K SP(R™)
(including L?(R™) as a special case). We shall use this fact in the proof of Theorem
2. The atoms in the decomposition (1.2) can be taken to be supported in dyadic
annuli. See [22] (also [10], [11], and [20]) for details regarding the construction of
such atoms.

Calderén-Zygmund operators and the Hardy-Littlewood maximal operator are
bounded on K*P(R™) for a certain range of a’s and ¢’s. This is stated in the next
proposition. In this article, by a C-Z operator, we mean an L? bounded singular
integral operator with kernel K (z), which is C* away from the origin, satisfying

(i) [K(z)| < clz|™, if 2 # 0;

. 3 B

(i) | 25K (@ —y) - oKl —y)| < Copbtibrar, if ko — y| 2 2ly — /|, where
8= (B1, - ,0Bn) is any multi-index and |8] = 81 + - - - + Ba.

Proposition 2. Caderdn-Zygmund operators and the Hardy-Littlewood mazimal
operator are bounded on KgP(R"™) whenever —n/q < a <n(l—1/q), 1 < g < o0
and 0 < p < o0.

The proof is given in [16] (see also [21] and [14]).
Next we have the following:

Lemma (Hoélder’s inequality in Herz spaces). If 0 < p;,q; < 00, —00 < @; <

00,i=1,2, 1/p=1/p1+1/p2, 1/g=1/q1 + 1/q2 and a = a1 + aa, then

||fg||f(f;’p(]R" HfHKO‘l 1 ]R")Hg”K 2:P2 (Rn )
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The proof follows immediately by applying the usual Holder’s inequality twice.
Combining this lemma with Proposition 2, we have

Corollary. The operator B(f,g) defined in (1.2) is bounded from Kg‘ll’pl (R™) x
Kg;“’? (R™) into Kg“p(R”) whenever —n/q; < a; < n(l—1/¢;),i=1,2, a = a1+as
and —n/q < a < n(l —1/q), where 0 < p1,pa < o0, 1/p = 1/p1 + 1/p2, 1 <
q,q1,q2 < o0 and 1/q=1/q1 + 1/qa.

_ It follows from the corollary that it remains to show boundedness from the space
Kgvpr(R™) x Kg2P2(R™) into HKP(R™) when a > n(1 —1/q).
We end this section with a few remarks:

Remark 4. It is easy to see that the integrals in (1.3), (1.4) and (1.5) are well-
defined for f and ¢ in the corresponding spaces. Also, compactly supported L?
functions are dense in qu“p(R”) and («, q)—atoms are dense in H qu“p(R”) (see
[16]). This means that the vanishing moment hypotheses hold on a dense set of
functions.

Remark 5. The order of vanishing moments in the theorems above is assumed to
be at least [« +mn(1/g—1)]. This assumption is natural and optimal from Definition
3 and Proposition 1.

Remark 6. Tt follows from the proofs that our results are still true if we replace the
standard C-Z operators by the central C-Z operators defined in [27]. See also [20].

Remark 7. Throughout this paper, we only discuss the homogeneous Herz spaces
K, FP(R™) and H K & P(R™). Our theorems also hold for the non-homogeneous Herz
spaces K"P(R") and HKP(R"). The proofs are similar and are omitted. These
spaces are related by the following identities:

K(‘;‘@(R”) = K(‘;‘@(R”) N LY(R"™)
whenever 0 < p <00, a >0, 0 < g < oo; and
HK(‘;‘@(R”) = HK(‘;‘@(R”) N LYR™)

whenever 0 < p < oo, « >n(l—1/¢) and 1 < ¢ < co. See [1], [18] and [21]-[22] for
the details.

Remark 8. The discussion of Fourier transforms on Herz or Herz-type Hardy spaces
can also be found in the literature. We refer the readers to [8], [9], [26] and [28].
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2. PROOF OF THEOREM 1

Our proof of Theorem 1 uses some standard estimates for maximal functions,
the vanishing moment condition (1.3) and the lemma in Section 1.
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Let ¢ be as in (1.1). Without loss of generality, we may assume ¢ > 0 (this
assumption will remain valid throughout this paper). For z € R", let ¢ ,(y) =
&=d(2Y), y € R™. We want to show that

(1) |[sup L e W)B(9) (v) |

Sup < el fll kgrwr @ny 91l 22w (@)

KavP(Rn)
We choose 1 € C§°(R™) with n =1 on {z: |z| <2} and suppn C {z: |z| < 4}.
Define 1o(y) = n(*5%) and 71 (y) = 1 —no(y). We split B(f, g) as sum

(2.2) B(f,g9) = B(nof,mg) + B(f,mg) + B(n f,g) — B(n f,mg).

Consider B(f,n1g) first. We have

sup b2 (y)B(f,m9)(v) dy}
t>0 R™

<chup Gt (TS FWT2 (mg(y) — T2 (mg)(x)| dy

t>0 R™

+ czsup / e WITL T2 mg) @) dy

t>0

N N
Z M(mg)(z) + ¢ M(T} f)(@)|T2(mg) ()],

v=1

where M is the Hardy-Littlewood maximal operator. The last inequality follows
easily from standard estimates for C—Z operators (see for instance [4] or [13]). Now
we apply the lemma and Proposition 2 in section 1 to this expression and obtain
inequality (2.1) with 7;¢ replacing g on the left hand side. The estimates for
B(m f,g) and B(n f,m1g) in (2.2) are similar.

We now prove (2.1) for B(nof,n0g). By the vanishing moment condition (1.3),
we can subtract the Taylor polynomial P; of ¢1.4(+) at y of degree s and obtain

sup ét,2(y)B(nof,m09)(y) dy‘
t>0 R™

~ sup| /an 10.)w) [T (6020 — P ) T2 (mog) O)(v)]

t>0

where (T7)* is the adjoint of T7}. This last expression can be estimated by Holder’s
inequality and the fractional integral theorem by

M) (@) M (|g|2) " 2 (x),

for all £1, f5 such that 1 < 1 < g1, 1 < ¥l < goand 1/¢1+1/ls = (n+s+¢e)/n>1
for some fixed 0 < € < 1. By our assumptions on a3, «s, and «, we may choose
{1, f5 as above such that

(2.3) —n/qpn < a1 <n(l/li—1/q1) and —n/g < as <n(1/ly—1/q).
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Hoélder’s inequality now gives

H sup| [ btz (y)B(nof,m09)(v) dy‘ H

22l )
< df|pa(l e

KgP(Rn)

|prresye

Kgl (R Ko ™2 (Re)

p1 1/p
-

L1 (R™)
p1/l1 1/p1
Lai/¢ (R™) }

p1/l1 }1/;01
Lq1/f1(Rn)

The first term above is

[eS)
{ gkaip1
K ) k:z_oo
[e'S)
{ 2 2]6[10[1%
k=—o0
>0 P
s
cof S5 gt
k=—oc0

= cflfll s oy

(e M) x

M1 x|

L1 X

where we used the boundedness of Hardy-Littlewood maximal function on the Herz
Lra,p1 /b
q/t

space K (R™) and Proposition 2. Similarly, we obtain that

b (g1t

KS2P2 (e = C||gHK?22’p2(R")'
We now have estimate (2.1) for B(nof,nog) as well.
This finishes the proof of Theorem 1.

3. PROOF OF THEOREM 2

The idea of the proof is to break the whole estimate into “dyadic” pieces and
give appropriate pointwise estimates on dyadic annuli of C-Z operators acting on
functions in some dense subspaces. While the maximal function estimates (in Herz
type spaces) are used to treat the “local” parts, the vanishing moment condition
(1.4) and the cancellation property of atoms are carefully used to treat the “non-
local” parts.

We assume 0 < p1,p2 < oo and leave the easy cases p; = 0o or pa = oo to the
interested reader. We must show that

8 || [ onwBrow b,

for all f € HK orP1(R") and g € K o2P2(R™). Without loss of generality, we may
assume that f = 37,7 Nia; and g = > ;7 p1;b;, where Aj, p; > 0, the a;’s are
(a1, q1)—atoms, the b;’s are (oo, ¢e)v—atoms, N is a sufficiently large positive
integer, and, by Remark 3, supp a; C {z € R": 2172 < |z| < 2772} and supp b; C
{x € R : 272 < |z| < 29+2}. Using the vanishing moment conditions of atoms,
together with the standard estimates of C—Z operators, we have, for any non-
negative integer si,

o (n) < C”fHHKgll‘pl(R")||9HK§22’172(R")’

2i(n+51—a1—n/q1)

1 i+3.
(3.2) T ai(x)] <c , whenever |z| > 277,

ol
and

(3.2) T a;(z)| < 27" +7/2) " whenever |z| < 272,
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(3.2) and (3.2") also hold for b; when we replace T, ai, ¢i and i by T2, a2, g2
and j respectively.
Now let

S(as b)) = sup| [ 600()Blas.by)(v)

Then
sup| [ 600(0)B(F9)(w) dy| < 2 i S ) @)

t>0 R™

= Z A S(ais bj) (X)X {ja|<2i+1)

+Z>\1ug iy bj)(T)X{ |z >2i+1}
=Ti(z )+F2( ).
For I'y (x ), we have

Z)\ZM] (@iy b)) (@)X {|2]<2i+4, |o]<2i-5)
+Z)\zﬂj (ai,b )X{|w|<21+4 2i—5<|z|<20+4}

+Z%ﬂa (@i, b)) (X)X {|2|<2i+4, [z]>20+4)

EIl( )+IQ( )+Ig( )
Let us consider I (x) first. In this case we have

N

(3.3) S(a;, bj)(z) < Z sup
=1 0<t<i|z|

[ o) Tas(w) T35 ) |
N

N
37 sw | [ bualn) D] Thai(y)T20(y) dy|.

1
y=1t>3lz] SR y=1

The first summand in (3.3) is dominated by
N

sup
=1 0<t< 5|z

/ b1 (y) Ty ai(y)TIb;(y) dy‘,

lyl<2i—*

since |y| < |z| + |z — y| < §|a:| < 2974 By (3.2") for bj, this is no more than
(3.4) CZM |T1 )2~ jlaz+n/qz)

The second summand in (3.3) is dominated by

N
G5 Y sw [ )W) )
,Y:lt>%|m| ly|<2i—4
N
#3 s | )Tl d
;»w |29 !
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The first term in (3.5) is estimated as before, and is shown to be bounded by

N
¢ 3 M(ITai ()2 o/,
y=1

i.e., the term in (3.4). By Holder’s inequality, the second term in (3.5) is dominated
by

N

36 3w ([ oImawl” w)"( [

1L ly|>27—4

1

61,0 ()| T30 (9) | dy)

’ L, _Jn
M(|T}ai(y)|%) % (2)27 % || T2b; || Las ()

IA
o
] =

2
Il
—

<c

] =

M ([T  as(y)| %)/ ()2~ o tn/as)

Il
-

~

where we used the fact that |y| < |z|+|x—y| < 3¢ to obtain the range of integration
in the second integral.
Combining (3.4), (3.5) and (3.6), we obtain

N 00
1
BN Mhllkgre <e 2| X MM exaiszen] g o
y=1 i=—o00 1

|| X0 mz e iy caresy

j=—o0

’ngzypz (R™)

N )
+e) ’ > MM(Tya] )Y 2 x oy <oty
y=1 i

1=—0Q

’K;"f P1(R™)

x| X0 e ey oy

j=—o00

‘K (®")

The first norm in the first summand of (3.7) is equal to

N 00
{ gkaip1
C; >

Z XM (| T3 ail )X (2| <2i+4 Xk

P1 1/p1
L1 (R™) }

k=—oc0

N oo 0o
p1y1/p1
<ed {2 (X MM(Tal) e}
=1 k=—o0 i=k—4
= = Py o=
SC{ Z 2ka1p1( Z /\i||ai||LQ1(Rn)) }m’
k=—o0 i=k—4

by the Hardy-Littlewood maximal theorem

<< > ( > At )

k=—oc0 i=k—4
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When p; <1, since a3 > 0, this last expression is no more than

C{ i (A" (kiij)o Q(k—i)a1p1> }1/p1

s 1/p1
B C{ > ()\z‘)pl} < el fl kg m @ny-

i=—00

When p; > 1, letting 1/p; + 1/p} = 1, this expression is no more than

C{ i ( i (/\i)l’12(k—i)a1p1/2)<.§;: 2(k_i)a1p/1/2)p1/p/1}1/p1

=—oc0 i=k—4 i=k—4
o 1/p1

<c{ i ()\i)m( Z Q(k—i)alpl/Q)}

i=—00 k=—o0

< C{ i (,\i)pl}l/ 1

The first norm in the second summand of (3.7) can be estimated just as above

< el e o -

since ¢1 > ¢b.
The second norms in both summands of (3.7) are the same, and they are equal

to
P2 1/p2
e}

D 2 comsy

{ i okazpz

k=—o00 j=—o00
< C{ Z Qkazpz( Z Mj2—j(oc2+n/¢I2)+kn/qz)p2}1/172
k=—oo j=k+4

1/p2

IN

c{ i ( i Iujg(k—j)(aﬁn/%))pz}

k=—oc0 j=k+4
Since as + n/ge > 0, this last expression can be estimated as before by

oo

1/p2
C{ Z (Mj)l’2} SCHQ”K;?‘”(R")’

j=—o0

for all py such that 0 < ps < o0.
We therefore obtain

(3.8) [l gr@ny < elflmio o @ny |9l 272 @y

The estimation for I>(x) is easy. We choose gg such that 1 < g < ¢1, 1 < ¢} < q2

and 1/qo+ 1/q) =1, since 1/q1 + 1/g2 = 1/q < 1. We then have

N oo
||I2||Kg‘p(]R") S CZ H Z )\iM(|T'}a/i|q0)1/q0X{|rE|§2H’4}

y=1 i=—0o0

x H D g M(|T2b;1%) % x (55 < o <24

‘K:;ll PL(R™)

‘ Q2P (o)
= K™ (&)

The first norm above is as in (3.7), and it is bounded by C||f||HK;"11~P1 (R")-
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The second norm is equal to

s X k+4 5 1 2y 1/p2
{ > 2 O‘m( MJHM | T2;]%)1/90 X {35-5 < |4 <24 }‘ } ) }
k=—o0 Jj=k—4 Lo ®™)
0o Jj+4
Sc{ S ( S gheana- gazm)}”pz
j=—00 k=j—4
e P2 /Pz
< C{ Z (15) } < cllgll ez gn)-
j=—o00
Thus we obtain
(3.9) ||I2||K3’P(Rn) < CHfHHK:;lWl (]Rn)HQHK"‘2 P2(Rn)-

We now estimate I3(z). Again, we write S(a;,b;)(z) as in (3.3), and we denote
by I31(x) the part of I3(x) where in the majorization of S(a;, b;)(z) the supremum
is taken over ¢ < f|z|. In this case, since |y| > |z| — |z —y| > |z|/2 > 2773, we can
use (3.2) with s; =1 for b; to obtain that each term of the sum is no more than

9i(n+1-az—n/)

(3.10) M (T, i) (@) =

Therefore

31| gror gy < CZH Z XM (ITyai|)X{(|a)<2i 5}

1=—00

’ O‘1 Pl(Rn)

j(n+l—az—n/q2)

H Z Ma—|x|n+1 X{|z|>27+1}

‘ o2 P2 (Rn)’

The first norm above appeared in (3.7), and it is bounded by ¢| f|| Kopri ey BY
a simple calculation, the second norm above is bounded by

[e%S) k—5

C{ > ( > ﬂjQ(j_k)(”"'l_W—"/‘h))pz}1/;027

k=—oc0 jJ=—00

which, for all ps, 0 < py < 00, is bounded above by

oo

1/p2
of 2 )} <elglligrr gy

j=—o0

since n+ 1 — as —n/ga > 0.
We now denote by I35 the part of Is(z) where in the majorization of S(a;, b;)(x)
the supremum is taken over ¢ > 1|z|. Let P;(y) be the Taylor polynomial of degree
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s of ¢+ 5 (y) at the origin. By the vanishing moment hypotheses we estimate I3z by

sup
t> %z

/ (b1 (y) — ZTla% T2 (y) dy
R"

N

|yl
<3 s / W eIl
=>4l Jrn

N

ly|**
= CZ ti%l\o /I g £V |T1al( )||T3bj(y)| dy
~y=1 3T r—=y

N
Jy|*+!
weX s [ a6 dy

fy:l t>%|m|

= Ay (z) + By (2).

If |z — y| > 4t, then |y| > |z —y| — |z| > 2t > |2| > 2974, By (3.2) with 51 = s +2
for b;, we obtain

Bl A o a2
3.11 1(z) < ¢ sup / T a;(y dy
>4 x| Jz—y[>4t grorel Y Jylrer
gi(n+s+2—az—n/qs) T} ai(y)|
<c sup t/ ——dy
a2 ey Samaisar [
9j(n—az—n/qz) 1
< 2 ),

since 2774 < |z|. Therefore

N oo
||I§2||Kg,p<Rn>ScZH > AM(Thai() xqpaizaesy | N
=1 i=-o00

(n—az—n/q2)

H Zﬂa p Xlel>2t)

‘ 0‘2 P2(Rn)'

The second norm above is no more than
i k=5 - p2y 1/p2
c{ 3 ( 3 20 ><n—a2—n/q2>) }
k=—o0 j=—00
i 1/p
< c{ Z (uj)m} 2, since n — as —n/g2 > 0.
j=—00

The first norm above is estimated as in (3.7). Thus we have the desired estimate
for I1,.
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For Bj(z), we have

N
ly|**+!

B <D0 o [ el Dl )|y
y=1t>3|T

lyl<27F?
N
ol
ve> s [ B )12 )]

y=1 t>%‘1‘

ly|>27+2
The first supremum above is

94 (s+1) 1 , 1/q
(3.12) CTopiarart SUP (t_" /w_y<4t T ai(y)|% dy) 1720l Loz )

t>%\z\
2j(s+1—a2)

N CWMQT’MA%)U% ().

If we can show that

(3.13)

2](s+1 agz)
H Z Hi |x|"/qz+s+1X{\w\>2”4}

> 1/p2
‘ s ) < C{ Z (Mj)pz}

then, by (3.7), we have the desired estimate for (3.12). The left hand side of (3.13)
is bounded by

C{ i ( Z ,ujZ(j—k)(S+l—a2))i"2}1/p2’

k=—oc0 jJ=—00

which is dominated by the right hand side of (3.13) if s + 1 > «y. This is all right
since s > [a 4+ n(1/q — 1)]. Using (3.2) with s; = s+ 1 for b;, we obtain that the
second supremum in Bj(z) is dominated by

c sup

/ |y|s+1 2j(n+s+1—a2—n/q2)
t>1|z| |z

1
y|<4t gnts+l T ai(y)l y[n st dy
ly|>27+2

9j(n+s+l—az—n/qz) 1 , 1/d,
<c su (—/ Tla, 92 )
- |$|n/q2+5+1 P tn \w—y\§4t| ~ Z(y)| Y

t>0
1 1/q
([ )
ly|>2i+s [y[™e2

, 9 j(s+1l—as)

< cM(ITlaquz)l/%W=

which is the same as (3.12). From the estimates of Bj(z), we obtain that the
contribution of By in I3, denoted by I2,, also satisfies

”I:?QHK;"’P(R" < CHfHHqul PL(Rn) ||9H1‘<§22’p2(R")'
Since I3(x) < I31(z) + I35 (z) + I3, (x), we have
(3.14) ||IB||KQ p(Rpey < CHfHHKo‘l 1 (R")Hg”K 2:P2 (Rn )
Combining (3.8), (3.9) and (3.14), we obtain the estimate (3.1) for I'1 ().
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Next, we consider I's(x). We split this term similarly. We have

<Z%ﬂa (@i, bj) (X)X (2i+4 < 2], |21<21-5}
+Z)\zﬂj (@i bj) (X)X q2i+2<|a|, 25-5<|z|<2i+4}

+ Z)\zﬂj aza )X{27’+4<\m\ |z|>27+4}

EJl( )+J2( )+J3( )

Consider Ji(z) first. By (3.3) and the vanishing moment condition (1.4), we have

N
(3.15) S(a;, bj)(z) < Z sup

A=10<t<g|z|

. bt (y)Tyai(y)T3b;(y) dy

N

ly|**+!
£ s [ imawizwl
~=1 t>5|x

= Ay(z) + Ba(x).

For As(z), we have

N
As(z) < Z sup
F=10<t<3|z]

[ ) Tawryw) )
ly|<2i=4

N

+ E sup
F=10<t<3|z]

[ o)) T2 ) di,
ly[>27—4

Notice that in this case |y| > |z| — | — y| > % > 203, Using (3.2) and (3.2)
respectively, the first term in As(x) is bounded by

N
2(n+51 ar—n/q1) )
(3.16) CZ sup / qst@(y)n—_,_sQ—J(az-i-n/qz)dy
Jo10<t<t |zl Jly| <2 ly[+sr
i(n+s1—a1—n
< CMQ—J'(012+71/42)7

CEE
for some non-negative integer s; to be determined later. Since

17’L+81 ar—n/q1)

H Z e Xlel>24)

‘ 0‘1 P1 (R")

{ Z 2ka1p1( Z )\21 n+s1—a1—n/q1)

k=—oc0
ad k-4 ) p1y 1/p1
<o 35 (5 nahenmone)”)
k=—c0 i=—00

<o T o0} it > 0 -l - 1/a)

1=—00

by (3.4), the first term in Ag(x) satisfies the desired estimate.

p1y 1/p1
La (Rn)) }

REeRd
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Using (3.2) for a;, we obtain that the second term in As(z) is dominated by

N

( )2i(n+s1—a1—n/q1)| ) ( )l
sup / ¢t, y)—————— |T2b; (y)| dy
ST 0<t< b | J [y| =204 * [y[r+er ~0j

9i(ntsi—a1—n/q) 1/44
<c T T nts. Sup ( bt,2(y) dy)
Z |$|n+51 O<t§%‘:ﬂ‘ Rn *

1/qz
([ bz dy)
ly|>27-4

i(n+s1—a1—n/q
< Cug—j(azﬁl/tp)
=T e |

since ¢ . (y) < ct™™ and 277% < |y| < 2|z — y| < 2¢; the latter is due to the facts
that |y| > 2774 and |z| < 2975. We then obtain the same estimate for the second
term in As(x) as we did for (3.16).

Now we turn our attention to Ba(x). First we have

N
yl 2
B@ <y o [ eI ) i

7:1 t>%|m|

N
lyl**
w3 s [ eI )
e

'y:lt>%‘z‘

= Bo (CL‘) + Boo (CL‘)

Now,

N
Jy
Bay(x) < Z /y|>21+3 pr—] |T1 i(y )||T,$bj(y)|dy
i lyl<27

N

Jyl+t
+3 s [ s P a2 1)
— 5|
YRR >0

Using (3.2) and (3.2’) for a,; and b; respectively, we find that the first term in Bo ()
is dominated by

/ |y|s+1 2i(n+s+2—a1—n/q1)
c Sup i+3 1 2
£> 3ol JVIZET AT [t
ly|<27~*

i(nts+2—ar—
_ 9i(nt+s+2—a1—n/q) o i(a2+n/q2) 1 d
¢ n+s+1 n+1 Y
|| y|>2i+3 [Y]

i(n+s+l—ai—n/q1)
< C2 ' ' 9—i(aa+n/qz)
— |x|n+s+1 :

9—j(a2+n/gz) dy
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This is the desired estimate from (3.16) when s +1 > a3 +n(1/g1 — 1). Using (3.2)
for a;, the second term in Bs;(z) is dominated by

N
c E sup
F=1t>3lz]

|y|s+1 2i(n+s+2—a1—n/q1)
I (T2, (3| dy

[>2¢F3 ¢nts+1 |y|n+s+2
\y\>2j*4

9i(n+s+2—a1—n/q) 1 1/
< CZ ( / T Tor s dy) ’
|z tstt y>2i+s |y @F1)a

2
y (/ T5b;(y)|% dy)l/‘h
yl>2-1 |y”

i(nt+s+l—ai—n/q1)
< o2 Y g —ilaatn/a)
— |x|n+s+l :

This is the desired estimate. For Bas(z), we have

N

Jyl+t
Bu@) <3 sw [ s AT 72,0 dy

1
=1t>3lz|
7 T pyl<2i

N
Jyl+t
LD DI I e T ()12 () dy.

1
—1t>35lzl
7 T pyl<2i

Using (3.2’) for b;, we have that the first term in Bys(x) is dominated by

N

ly[** »
CZ tilll? I/ |<2i+3 tnts+1 |T’$a’i(y)|2 jlaz+n/qz) dy
’Y:]. b1ES Yy i

; N
9—j(aa+n/g2)
Sc n+s+1 Z (/
|z] =1 lyl<2its
2i(n+s+l—a1—n/q1)

—j(az+n/q2)
<c |$|n+s+1 2 :

, 1/4}
|y|=FDa dfC) 1T @] s (ry

The second term in Bas(x) is bounded above by

N
It 2
CE sup/ ——— T, ai(y)[|T50;(y)| dy
gie 4<|y|<21+3t + +1| ( )|| ¥ J( )|

fy:l t>%‘1‘
s+1+n/q2 1 q/ 1/‘12
|ac|’“rerl Z [ |<2i+3 (Iy] T ai(y)])™ dy}
ly|<2¢

T2p: q2 1/
y (/ 7565 () dy) e
2i—4<|y| |y|n
2i(n+s+1—a1—n/q1)

—j(az+n/q2)
<c |$|n+s+l 2 :

Thus both terms in Bag(x) satisfy the desired estimate. Notice that the above
estimates are valid when s +1 > ay +n(1/¢; — 1). The minimun value of such s is
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[+ n(1/q — 1)]. Combining the estimates for Ay and B, we obtain
(3.17) [Tl kg @y < el fl e v @ny 9l g2z r2 @n)-

Next we consider Jao(x). We again have (3.15). The estimation of By(x) is the
same as before, since we never used the assumption |z| < 2775 in that case (the
assumption that |z| < 2/+4 suffices for the estimate of By(x) in that case.) For the
term As(x) in the current case, we still have |y| > |z|/2 > 2¢73, and moreover, we
have

N .
21(n+51—o¢1—n/q1)
Ag(z) <c)  sup bt,2(y) . T2b;(y)| dy
4=10<t< L[| /R |yl
2i(n+81—061—n/lh) N 1/q0 , ,
<¢c—m—— su ( z d) M(|T?b,|% 1/q0:1:,
P ;Dg - bt (y) dy (|75b;5]%) /%0 ()

where o is chosen as in the estimation of I5. Thus As(x) can be estimated as in
(3.16) for ¢ and as in I for j. Therefore,

(3.18) 12l kgor @y < lfl g @ny 9l 22m2 (@n)-

Finally, we consider J3(x). We still use (3.15), that is, S(a;,b;)(z) < Aa(x) +
Bsy(z). For As(z), |y| > |z| — |z —y| > ‘;—‘ > max (213, 273); thus,

N

(3.19)  Ax(x)<c) sup b1,2(y)
y—10<t<glax| JR"

9i(ntl+l—a1—n/q1) 9j(n—az—n/qz)

PIEGE yl dy

2i(n+€+1—a1 —n/q1) 2j(7’b—t12 —n/qz2)

<c | [n e+ |z

It follows from (3.11) and (3.16) that As(x) satisfies the required estimate. Now
we write

N s+1
B <) s | T, )220, 0] dy
Yy

) . 1
=1 > 3ol Jylzmax(2ite, 2rta) ST

N

+CZ sup

s+1
/ |yl
F=1t>3|z| /[y[<min(2i+4, 27H4)

T () IT20,(y)] dy

N |y|s+1

1 2
" CZ tilllr\)m\ /Zj+4<y<2'i+4 frtstl Ty ai()lIT5(y)| dy
y=1t-32 =

N
|y|s+1
O / (T 2ai (4)| | T2b; (3)| dy

. ) n+s+1
Soit>del Jarraciy|<aite

Let m, ¢ be non-negative integers to be determined later and s = m + /.
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Using (3.2) for a; and b; respectively, we have

N
Di(z) < e sup /| lv

) . 1
=1 > Lol Jjylzmax(2ite, 25ta) ST

|5+1 2i(n+m+1—a1—%

|y|n+m+l

2j(n+s+l—a2—%)

X —————dy
ly[rtstt
2i(n+m+1—a1—ﬁ)2j(n+s+1_a2_%) ) )
<c n+s+1 / Tnma T dy
] ly|>max(2i+4, 2544y [Y] |yl

If ¢+ > j, the integral above is dominated by

1 1/q5 1 1/q2
Y
</y22f+4 jy| e yl =2t [y|m e

< il=n/a2=m=1)9ij(n/q2—n) < 9—j(ntm+l)g—in/q29in/q

If i < j, the integral above is dominated by
1 1/q2 1 1/d5
) )
(/|y|zzf+4 jy|trrmata ( 2 Jy[m e
S c2j(n/q2—n—m—l)2—in/qg'

In either case, we obtain

2i(n+m+1—a1—n/q) 2j(2—a2)

(320) Dl(:r’) <c |x|n/q§+m+1 |x|n/Q2+[

In view of (3.12), the second term, when ¢ > ag, satisfies the desired estimate.
Since

> 2i(n+m+l—a1—n/q)
| X TR Xel>2+)
1=—00

‘k;‘f’“m")

oo k—4 y
Sc{ Z ( Z )\i2(i_k)(n+m+1—a1—n/q))pl} p1

k=—oc0 i=—o00

o0

< c{ Z ()\i)pl}l/m,

i=—00

whenever m+1 > a3 +n(1/q— 1), we obtain the desired estimate for the first term
in (3.20) also. Notice that we require s+1=m+1+£>a+n(l/q—1).
The estimation for the term Ds(x) is easy. We have

9i(m+1) 95t N

Dal@) < e D T3l oy g I T705 2y
y=1

2i(m+n+1—a1—n/q) 2j(€—a2)

S ¢ |x|n/qé+m+1 |$|n/qz+£'

Both the terms above appeared in (3.20).
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Next, we consider D3(z). By (3.2) for b;, and the fact that we have ¢ > j in this
case, we get
N
Dy() < e sup
V_l t>4|x

|y|s+l L 2j(£+m+2+n—a2—n/q2)
|T a;(y
/

dy
sracpylcains EFSFT [y|rman

i(m+1) 27 j(l+1+n—az—n/qz) 1
= CZ ‘ Jz|n/aam ||¢+n/az 1Ty aill s ey

(/ 1 d )1/q2
>< —_—
y|>2i+a |y|(MHDe Y

2i(m+n+1—a1 —n/q) 2j(€—a2)

<
=S¢ |x|n/qé+m+l |$|n/q2+2’
as desired.
Finally, by (3.2) for a;, and the fact that ¢ < j in the case of D4(z), we get
N .
|y|s+1 2z(n+€+m+2—a1—n/q1) )
Dy(x) <c su / T:b,; d
= 72::1»%1\)1\ giticly|<oita tMTST |y[nem 2 L5050l dy
2i(n+m+2—a1—£) 1 a1
S C R ||T b ||Lq2 Rn (/ _ : dy) ag
CE | 2 Z iz [y| D
2i(n+m+1 ar—n/q) 2](@ ag)
sc ||/ a2 +m+1 ||/ a2+’
as desired.

Combining (3.19) and the estimates for Dq(z), Da(x), Ds(x) and Dy(x), we
obtain

(3.21) ”JBHK}; P(Rn) < CHfHHqu PL(Rn) ||9H1‘<§22*P2(Rn)-

Notice that, from the estimation above, the minimum value of s in (1.4) can be
taken as [a +n(1/q — 1)].

A combination of (3.8), (3.9), (3.14), (3.17), (3.18) and (3.21) finish the proof ot
Theorem 2.

4. PROOF OF THEOREM 3

Our proof of this theorem is also a little technical. The spirit is similar to that
of Theorem 2.

We still assume that 0 < p;, p2 < oo and leave the cases p; = 00 or ps = o0 to
the reader. We have to show that

) Jsup| [ oncIBG 0@ ) € Ml I oo

forall f € HK, gUPH(R") and g € H K o2P2(R™). Without loss of generality, we may

assume that f = 37, ; N\ia; and g = > .7 p1;b;, where Aj, p; > 0, the a;’s are

(a1, g1)—atoms, b;’s are (aq, g2)—atoms with supp a; C B; and supp b; C B;.
Now let S(a;,b;)(z) be as in the proof of Theorem 2; that is,

S(ai,bj)(z) =sup | [ ¢ra(y)Blai, b;)(y) dy|-

t>0 R
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Then

sup ¢t,z<y>B<f,g><y>dy] sstwi,bj)(x)

t>0 R™

= ZAZ:U“J CLfL, + ZALU] af’La )

i>] i<j

We only need to show (4.1) for the part ., since the other part can be
estimated in the same way. In fact, the roles of ¢ and j are symmetric. For each z,
we have

(42) Z )\l/'l’j aza Z )\ZMJ aza )X{\m\<27+5}
i>7 127
+ Z it S(@iy by)(T)X (2545 <|2| <2745}
>3]
+ Z it S(@iy b;)(T)X{|2|>2i+5)
2]

Consider Q; first. We can choose ¢¢ as in the proof of Theorem 2 such that
1<qgo<q and 1< ¢} < go with 1/go + 1/g), = 1. We obtain

N
S(ai, b; Z (1T a;|90) /90 () M (|T2b;|90) 1/ %0 ().

Thus by Holder’s inequality

N
43) Inlgr <CZH Z MM (T3a )M @) oz | a1t ()
X H Z /LjM(|T,$bj|qo)l/‘Z0(x)X{|w|§2j+5} ‘ -
j=—o00 Kq3 "2 (R™)

Both norms above can be estimated as in (3.7). Therefore, we have

(4.4) ||Ql||K§¢,p(Rn) < c{ i ()\i)Pl}l/Pl{ i (,uj)pg}l/pz

i=—00 j=—o00

< CHfHHKfl"l P1(Rn) ||gHHKq2 P2 (R

Next, we consider 5. First we split

(45) S(aib)@) < swp | [ 6ra(y)Blai b)) dy
0<t<i|z| ' JR™

+ sup | [ 6na(y)Blaiby)(y) dy]
t>l\z\ R™

= S1(as, b;)(x) + Sa(ai, bj)(x).
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For the first term above, since |y| > |z| — |z — y| > |2|/2 > 2774, we have
(4.6)

Si(ai,bj)(z) < sup
0<t<iz|

[ onaliBlab)) dy)
ly|>29+3
N

/ 1/4;
gcz sup (/ _ ¢t)m(y)|Tvlai(y)|q2dy)
ly|>29+3

F=10<t<gz|

) 9J(n+1+l—az—n/q2) \ gs 1/q2
X sup [ / o y( ) dy}
0<t<ila| b y|>29+3 * |y|n 1+

2j(n+l+€—o¢2—n/q2)
<CZM |T1 |q2)1/q2( ) || LT ;

where we used (3.2) for b; to obtain the second inequality above. The first term
in this last expression appeared in (3.7) and the second term appeared similarly
n (3.10). Since g1 > ¢}, and since we can choose ¢ large enough so that £+ 1 >
as +n(1/g2 — 1), we know that Sy (a;, b;) satisfies the required estimate.

Now using the vanishing moment condition (1.5) and Taylor’s theorem we obtain

N
Satasb)) <ed s [ W ma el

n+0+1
y=1t>5lz| e y\>4tt

N
Jy|
we sw [ e Tl )l dy

'y:lt>%|m|

= So1(x) + Saa(x),

for some non-negative integer £ to be determined later. In Ss;(z) note that since
lyl > |z —y| — |z| > 2t > |z|, we have |y| > 2975 and |z — y| < 2|y|. Using (3.2)
with s1 = £+ 3 for b;, we estimate So1(z) as we did A;(z) in section 3. We obtain

2j(£+3+n—a2—n/q2)

N

1 1

@) Sul@) <Y o sw /w_y‘>4tt|T7ai(y)| —
=1 t>1|z| Y

|y|>2j+5

2j(£+3+n—a2—n/q2 tl/QQ Tl
_ S o [ T2a,(y)

ST 2 SR feevion s
= ||>21+o

1
"y

B 9i(¢+3+n—as—n/gs) Z / t|T’}ai(y)|qé J 1/dh
<c sup ( T o ?J)
|| nte+2 150 \Jjp—y|>at [T — y|( D)

(/ 1 J 1/g2
x LI y)
y|>2i+s |y

2j(€+2+n—o¢2—n/q2)
<CZM |T1 |q2)1/q2( ) || T2

dy, since 2t < |y|
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This is similar to (4.6). For Saa(z), we proceed likewise. Saa(x) is dominated by
So21(x) + Sa22(x), where

N

ly[*
Sne) =3 s [ P a0l
y=11t>73]7] <2+
and
> |Z/|ZJrl 1 2
Somaa) =30 s [ B T )IT )
y=1t>3l=| y[>24

By Hélder’s inequality and the fact that 1 < I 4 < & since |z > 2075 and
ly| < 2973 in Saa1 (), we have

(4.8)

;o\ Vas
S E ( T ai(y)|® d )
221( ) |x|n/q2+é+1 t>0 »/|m—y|§4t | ~a (y)| Y

1/q
% (/ A |y|(£+l)q2|T,$bj(y)|q2 dy) 2
ly|<27+3

N .
i)
= CZ M(|T’)%a’i(y)|q2)l/q2 (‘T’) |$|n/q2+£+—l .
=1

This last expression appeared in (3.12).
For Sa22(x), we use (3.2) for b; and obtain

97 (l+2+n—az—n/qz) N , 1/qs
(49)  Sae) < e Zsup( [ )
|ZZ?| |z—y|<4t

t>0

(/ 1 p )1/112
X —_—
y|>2i+2 |y|(nFDee Y

N .
2](@-}-1—042)
1 1
Ef |T al |‘Z2) /qz(x)7|x|n/q2+é+l'

This again appeared in (3.12).
Combining (4.6), (4.7), (4.8) and (4.9), we obtain

(4.10) ”QQHK"‘ PRy S CHfHHKj;l Pl(Rn)”gHHK‘*? P2 (R
Finally, we consider Q3. As before, we have

S(ai bj)(x) < Si(ai, bj)(x) + Sa(ai, bj)(2),
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where S (a;,b;)(z) and Sa(a;,bj)(x) are defined in (4.5). For Si(a;,b;)(x), we use
(3.2) for a; and b; respectively and obtain

(4.11)  Si(ai bj)(z) < sup
o<t<lzl
N 2i(m+1+n—0¢1—n/lh)

<c sup / Ot.5(Y)
;Oqé% 28 |y|rtmtt

bt,2(y) Blai, bj)(y) dy

y|>2i+3

9i(t+1+n—az—n/qz)

X PIEGE dy

2i(m+1+n—a1—n/q1) 2j(€+1+n—062—7’b/¢Z2) | |
, since |y| > =

|$|n+m+1 |$|n+6+1

Aslongasm+1> a1 +n/¢g—nand £+ 1> as +n/ga —n, we know from (4.6)
that the above estimates are the required ones.
For Sa(a;, bj)(x), using the cancellation property (1.5), we can obtain as before

Salarb) ) < 3 s |, T T2, 1) dy
y=1
= czuiuwg / y|<2i+3 t|nw|Ls+1 |T1ai(9)||Tw25j(y)| dy

e Jyl*+!

e z—:1 tiulgt AJ+3<y<2'i+3 s+l |Tvlaji W)l |T’$bj W)ldy
’Y]; 2

’ Czltiu\gw /|y|>2i+s t|n-|4-s+1 |T1al( )||T3b3(y)| dy
y=1t>3

Let s =m+ £+ 1, where m, £ are non-negative integers to be determined later.
Lq(z) is similar to Da(z) in §3. Since ¢1 > ¢4, we obtain

N 2z(m+l) 2j(£ +1) L )
(4.12) Lale) < CZ < [z[r/aAmAL |y et it 1T @il o gy 17505 o2 e

21(m+n+1 ar—n/q) 2j(£+1—a2)

<¢ | |g[n/aat el

This is similar to (3.20). Whenever m +1 > oy +n(1/g—1) and £ + 1 > ay (thus
s+1>a+n(1/q—1)), this is the desired estimate.
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For Ly(z), we use (3.2) for b; and obtain

(4.13)
N

|y|s+1 L 2j(l+m+3+n—a2—n/q2)
Fale) = CZ tS>u\13\ ~/21+3<|y|<21+3 trtstl |T ai)l |y|ntem s A
v—l =

i(m+1)

1/q1
2 : 1
s¢ |;1;|"/¢11+m+1 (/Rn |T'yai(y)|lh dy)

2j(€+2+n—a2—n/qz)(/ 1 J 1/4,
Wik L)
||/ @+ aitsclyl y](MTDE

2i(m+1—a1) 2j(2+1+n—a2—n/q)

< C|5C|n/q1+m+1 |$|n/qi+€+1

This is symmetric to (4.12). Aslong as m+1> o3 and £+ 1 > as +n(l/q—1)
(thus s +1 > a+n(1/q — 1)), this is the desired estimate.

Finally, we consider L3(x). By using (3.2) for a; and b; respectively, we get
(4.14)

L3(z) < ¢ sup
t>1zl

1 2i(n+m+l—a1—n/q1)
s Ty

1 9i(n+s+l—az—n/qz)
X tn/2+€+1 |y|n+s+l

ly|*T dy

B C2i(n+m+1—a1—n/‘h) 2i(m+1) (/ ; dy) 1/2
< ||/ 2Fm o2 [y D

9j(n+e+1-—az—n/qz) 1 1/2
X PREGE (/I dy>

y|>2i+3 [Y]*"

2i(n/2+m+l—a1—n/q1) 2j(n/2+£+1—a2—n/q2)
<
= g ||/ 2T

For the first term above, we have
9 (n/24m+1—ar1—n/q1)
H Z |x|n/2+m+1 X{|z|>2+5}

‘ 0‘1 P1 (R")

00 k—6
SC{ Z ( Z )\i2(i_k)(n/2+m+1_al_n/ql));D1}1/;)1
oo im0

Sc{ Z (Ai)pl}l/ma 0 <p1 < o0,

i=—00

whenever m + 1 > a3 +n/q; — n/2. Similar estimates hold for the second term in
(4.14) whenever £ +1 > as +n/gz — n/2. Therefore L3(x) also satisfies the desired
estimate whenever s +1 > a+n(l/q —1).

Combining (4.11), (4.12), (4.13) and (4.14), we obtain

(4.15) ||QB||KQ P(R™) < CHfHHqul pl(R")HgHHKO‘2 P2(Rm)"

Therefore, (4.1) follows from (4.4), (4.10) and (4.15). Notice that the minimum
value of s can be taken to be [a + n(1/q — 1)].
Theorem 3 is now proved.
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5. APPLICATIONS

The following two corollaries extend the theorem of Coifman, Rochberg and
Weiss [6] on the LP boundedness of the commutator by a C-Z operator and a
BMO function to Herz spaces. Note that HK' (R") = H'(R™).

Corollary 1. Letb be in BMO(R™) and T be a Calderdn-Zygmund operator. Then
the commutator

(5.1) [0, T1(f) = bT(f) = T(bf)
maps Kg"p(R") into itself when 1 < p,q < 0o and —n/q < a <n(l—1/q).
Consider the bilinear operator

B(f,9)=(Tf)g— f(T"g),

where T™* is the adjoint operator of T'. One can easily check that B(f, g) has integral
zero for all f, g square-integrable and compactly supported functions. By Theorem
1, we obtain

IB(f, 9l < Cllfll ggrllgll e
q

Using the duality between H' and BMO, we obtain

[ prin@e ] = | [ s@e@@ne - o) i

< Ibllsmollg(Tf) = F(T"g) | a1
< Clbllsaoll fll ggrllgll g

Now the duality between K &P and K P , gives the required conclusion.
To state the next corollary, we recall the definition of the spaces CMO,(R™).

For 1 < q < 0o, CMO,(R") is the set of all measurable functions on R” whose "
powers are locally integrable and which satisfy

1
(5.2) sup (7

1 g \@
- dy|’d '
r>0 \|B(0,7)| JB(0,r) i) |B(O’T)|/B(orf(y) y’ £U> < 0

The C' MO, norm of f is defined to be the expression in (5.2). It can be shown that
CMO,(R™) is a Banach space, and also that it is the dual of HK;(l_l/Q)’l. This

duality is the homogeneous version of an extension of the duality between H! and
BMO. See [11] and [19] for details. We now have the following:

Corollary 2. Let b be in CMOy, (R™) for some 1 < q < oo, and let T be a
Calderén-Zygmund operator. Then the commutator [b,T|(f) = bT(f)—T(bf) maps
K{P(R™) into Kq_éo‘z’p(R") when 1 < p < oo, 1/q1+1/q2 =1/q, —n/q; < a; <
n(l—1/¢), 1=1,2, and a1 + a2 = n(l — 1/q).

For the proof we use Theorem 1. As before,
‘ [ 110 @)gta) da| < [Blcsio, 19(T) = FT9)] -1

< Clblierro, 1l g # gl goarrs
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for all g in Kg;“’/. This implies that ||[b7T](f)||Kq—/az,p < C”b”CMoq, /1l caa», and
2

Corollary 2 is proved.

By the way, it is still an interesting open problem if the converses of Corollaries
1 and 2 are true. It seems that we do need some different technique from [6] to deal
with this, since the Herz spaces are not translation invariant.
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