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ON THE ELLIPTIC EQUATION Au+ ku— Ku? =0
ON COMPLETE RIEMANNIAN MANIFOLDS
AND THEIR GEOMETRIC APPLICATIONS

PETER LI, LUEN-FAI TAM, AND DAGANG YANG

ABSTRACT. We study the elliptic equation Au + ku — KuP = 0 on complete
noncompact Riemannian manifolds with K nonnegative. Three fundamental
theorems for this equation are proved in this paper. Complete analyses of
this equation on the Euclidean space R" and the hyperbolic space H™ are
carried out when k is a constant. Its application to the problem of conformal
deformation of nonpositive scalar curvature will be done in the second part of
this paper.

0. INTRODUCTION

Let (M, g) be a complete n-dimensional Riemannian manifold and K a contin-
uous function on M. The problem of the existence of positive C? solutions of the
nonlinear elliptic partial differential equation

(%) Au+ ku— KuP =0

originated from the study of pointwise conformal deformation of Riemannian met-

rics with prescribed scalar curvature, where p > 1 and A is the Laplace-Beltrami

operator of the n-dimensional Riemannian manifold (M, g). Indeed, let n > 3,
n+2

p=.5 k= —4(’;—__21)5’!], where S; is the scalar curvature of (M,g). If u is a

positive C? solution of equation (*) on (M,g), then the scalar curvature of the
pointwise conformal metric g; = u* (=g is —%K . Thus a function S on
(M, g) is a pointwise conformal scalar curvature function if and only if equation ()
has a positive C? solution for K = —4(’;—__21)5’.

If M is compact and K is a constant, this is the well known Yamabe problem,
and it has been completely solved (cf. [3], [4], [25], [34], [38], [39]). For the Yamabe
problem on noncompact manifolds, there are counterexamples due to Z.R. Jin [16].
The reader is also referred to [2], [36], etc. For recent progress on equation (x) on
compact manifolds, we refer to [18], [35], and the references therein.

The problem of pointwise conformal deformation to metrics of nonpositive scalar
curvature on 2-dimensional noncompact Riemannian manifolds has been studied
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by many authors (cf. [5], [8], [15], [27], [30], [33], [37], etc). Recently, it has been
analyzed fairly completely by M. Kalka and the third author in [21] and [22].

In this paper, we shall study equation (*) on noncompact Riemannian mani-
folds. In general, we shall assume that K is a nonnegative function which will
be continuous for the nonexistence results and Holder continuous for the existence
results. M will always be a complete noncompact n-dimensional Riemannian man-
ifold. However, some of the main results remain true without the completeness
assumption. All manifolds in this paper will be assumed to be smooth, connected,
and noncompact without boundary.

The first interesting existence and nonexistence results on complete noncompact
Riemannian manifolds were due to W. M. Ni [29], who studied equation (%) on R"™
with £k = 0 and p = Z—’_LQ Subsequently, many authors have studied equation ()
on R™ with k = 0. We refer the reader to [7], [8], [9], [12], [19], [23], [28], [29], etc.
Equation (x) is fairly well understood on R™ if £ = 0 and K > 0. However, very
little is known if k& # 0.

On Riemannian manifolds, some interesting results were obtained by P. Aviles
and R. McOwen [1], and more recently by Z.R. Jin [17] and C.F. Gui and X.F. Wang
[14]. However, they all assumed that M is simply connected with sectional curvature
bounded from both sides by negative constants. Note that these are both very
strong topological and geometrical conditions, and they imply, in particular, that
M is diffeomorphic to R™ and the exponential map at any point is a diffeomorphism.

The aim of our program is to analyze equation (%) on general complete noncom-
pact Riemannian manifolds assuming as few and as weak geometrical and topolog-
ical conditions as possible. While the techniques developed in this paper can be
equally well applied to more general nonlinear equations of the form

(%) Au+ k(z)u — f(z,u) =0

for a large class of nonnegative functions f, we restrict ourselves to equation (x),
mainly for its simplicity and its clear geometrical significance.

It is well-known that by the monotone iteration scheme (cf. [2], [15], [29], [31]), if
there exist positive supersolution u and subsolution u_ of (x) such that u_ < uy,
then (x) has a positive solution w satisfying u— < w < uy. It is often not too
difficult to construct a supersolution or a subsolution. However, in many cases, it
is much more difficult to construct a supersolution and a subsolution at the same
time, especially when we require that w4 > u_. Under the assumption that K > 0,
we will prove that the solvability of equation (*) is reduced to the existence of
positive supersolutions on compact domains and the existence of a positive global
subsolution. More precisely, we will prove the following theorem:

Theorem 1.2. Let K be a permissible function on M. Suppose that (x) has a
positive subsolution u_. Then equation () has a positive C* maximal solution u
on Q, and u> u_.

Here K is said to be permissible if M can be exhausted by compact domains 2;
such that K > 0 on 99;, and (x) admits a positive supersolution on any compact
domain X of M. A mazimal solution of (x) is a positive solution which dominates
any other solution. This reduction theorem greatly simplifies the problem, and there
is now no need to construct a global positive supersolution so that the supersolution
and subsolution satisfy the relation u_ < uy. We should mention that in Theorem
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1.2, the special case when £k = 0 and M = Q is a domain in the Euclidean space
R"™ was proved by K.S. Cheng and W.M. Ni in [9].

The condition that (x) has a positive supersolution on a compact domain X can
be expressed in terms of the sign of the first eigenvalue Ag,nx (see Definition 2.2)
of the operator L = —A — k defined on the zero set Ky of K. The results are
contained in the following;:

Theorem 2.2. Let K > 0 be a Holder continuous nonnegative function on M. Let
Ro = {z € M|K(x) = 0}. If the equation (x) has a positive supersolution on a
compact domain X, then Ag,nx > 0. Conversely, if Ag,nx > 0, then (%) has a
positive supersolution on X.

Theorem 2.2 shows the significance of the sign of the first eigenvalue of the
associated linear operator Lu = —Au—ku of equation (x). It explains the seemingly
mysterious condition that A2B~=2 < (n — 1)?/n(n — 2) in [1], theorem B, due to
P. Aviles and R. McOwen. In particular, it implies that theorems 3 and 4 in [17]
cannot be true without additional assumptions (cf. Examples 2.1 and 2.2 for more
details).

For nonexistence results, we will use the method of proof of the generalized
maximum principle of Cheng and Yau ([41], [11]), and obtain:

Theorem 3.2. Let M be a complete noncompact manifold with Ricci curvature
bounded from below by —a? for some constant a > 0. Let w be a positive C?
function such that |V logw| is bounded and such that

Aw + kw < 0.
Let p > 1, and let K > 0 be a continuous function. Suppose

-1
m
K(z)u~ (2) > C (Hlog“’ (r <:c>>>
i=0
near infinity for some constant C > 0 and positive integer m, where r () is the
distance from x to some fixed point o € M. Then equation (x) does not admit any
positive solution.

The function log” ¢ is defined inductively by log®t = ¢, and log™*! ¢ =

log log(m) t. Theorem 3.2 and its refined version give us a sharp condition on K for
nonexistence results of the equation () by constructing a positive supersolution of
the equation Au + ku = 0.

It turns out that, in many cases, a sharp subsolution of (*) can be obtained by
constructing a positive subsolution of the same linear equation Au + ku = 0. In
fact, we will prove:

Lemma 4.1. Let u be a positive function on M satisfying Au+ ku > ¢u for some
positive function ¢. Suppose K is a function on M such that KuP~! < C¢ for
some constant C'. Then for sufficiently small € > 0 the function eu is a subsolution

of ().

Using the method of proof of Theorem 3.2, one may also obtain an upper estimate
of the maximal solution of (%) in terms of K and supersolutions of Au + ku = 0.
Together with Lemma 4.1, one may express the asymptotic behavior of the maximal
solution of (x) in terms of the asymptotic behavior of K and k.
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Using the general theory mentioned above, we will analyze the existence and
nonexistence results obtained for equation (x) for R™ and H™. These results are
extremely sharp. Assuming that k is constant, we present the precise exponential
growth rates on the function K near infinity such that beyond these growth rates
equation () has no C? positive solution and below them it always has a maximal C?
positive solution as long as K is a permissible function for (x) on M. The results are
somewhat technical and lengthy. However, if one is only concerned with the critical
exponential growth rate of the function K, then they can be easily summarized as
follows:

Theorem A. Let M be either the n-dimensional Euclidean space R™ (n > 1)
or the n-dimensional simply connected hyperbolic space H™ (n > 2) of constant
negative sectional curvature —1. Let v be the first eigenvalue for the Laplacian
operator on M. For a constant k, let A be the first eigenvalue of the associated
linear operator L = —A — k on M. If A < 0, then the upper critical exponential
growth rate of the function K for equation (x) on M is co. If A > 0, then the
upper and lower critical exponential growth rate are the same and are both equal to

(r=DZ = V).

Here the upper (lower) critical exponential growth rate of the function K for
equation (*) on M is defined to be the extended real number

sup{a} (inf{S}),

where the sup is taken for all o such that the equation Au+ ku — e* @) y? = 0 has
a positive C? solution on M and the inf is taken for all 3 such that the equation
Au+ku—ef"@yP = 0 has no positive C2 solution on M. We would like to indicate
here that many of the results for the special case that ¥ = 0 on R" in section 4
are more or less known (cf. [7], [9], [12], [19], [23], [28], [29], etc). The reason for
their inclusion in this paper is mainly for the sake of a unified treatment and the
completeness of the paper. Moreover, our approach is different; more information
is made available and it enables us to generalize these results on R™ to manifolds
of zero or nonnegative Ricci curvature, which will be carried out in detail in the
second part of the paper.

After the examination of some other manageable examples, notably, the scaled
product of the hyperbolic space H” with H™, there seem to be reasons to expect
that the following two conjectures might be true.

Conjecture 1. Theorem A remains valid if M is a complete noncompact Rie-
manmnian manifold with Ricci curvature bounded from below by a constant and k is
a uniformly bounded smooth function.

Conjecture 2. Let M be a complete noncompact Riemannian manifold with Ricci
curvature bounded from below by a constant, and k a uniformly bounded smooth
function.

(a) If the first eigenvalue of the associated linear operator Lu = —Au — ku on
M is negative, then the critical exponential growth rate of the function K for
equation (%) on M is co.

(b) If the critical exponential growth rate of the function K for equation (x) on
M is oo, then equation (x) has a positive C? solution on M for every strictly
positive smooth function K on M.
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Notice that Theorem 2.2 implies that the strict positivity condition on the func-
tion K in conjecture 2 (b) is necessary.

We intend to continue our study of equation (x) on complete noncompact Rie-
mannian manifolds in the second part of the paper [26], using the results proved
for the two model cases R™ and H™.
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1. REDUCTION TO THE EXISTENCE OF A POSITIVE SUBSOLUTION

The aim of this section is to prove some basic properties of the equation
(%) Au+ ku — Ku? =0,

where k and K are Holder continuous functions on M. The function K is assumed
to be non-negative, and the constant p is assumed to be bigger than 1. It is well-
known that, by the monotone iteration scheme (cf. [2], [15], [29], [31]), if there exist
positive continuous functions uy and u_ in H2 (M) such that

loc
Auy + kuy — Kulfl <0,
Au_ 4+ ku_ — Ku? >0,
Uy 2> U,

then equation (*) has a positive C? solution u on M such that u_ < u < uy.

It is often not too difficult to construct either a supersolution u, or a subsolution
u_ of (x) on M. But it is rather difficult to construct both at the same time so
that they satisfy uy > u_.

The main result of this section is to show that if K > 0 satisfies a fairly weak
positivity condition, then the existence of a positive solution of equation (x) on
M is equivalent to the existence of a positive subsolution on M together with the
existence of positive supersolutions on compact subdomains in M. This greatly
simplifies the problem and makes it possible to study the existence theory of so-
lutions of equation (%) on general complete Riemannian manifolds. Let us first
introduce two definitions.

Definition 1.1. A Holder continuous function K on a connected noncompact man-
ifold €2 is said to be essentially positive if it is nonnegative and there exists an ex-
haustion by compact domains {€;}52, in  such that Q = |J;2, ©; and Klsq, >0
for all @ > 1. K is said to be permissible if it is essentially positive on  and (x)
has a positive supersolution on every compact subdomain X of €.

In §2, we will discuss the conditions for a function K to be permissible.

Definition 1.2. A positive C? solution u of equation (x) on a connected noncom-
pact manifold € is said to be a maximal solution if for every solution v of equation
(%), we have v(z) < u(x) for all z € Q.

It is easy to see that a maximal solution is unique. The following is an immediate
consequence of the uniqueness of maximal solutions.
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Proposition 1.1. Let G be a group which acts on the Riemannian manifold Q by
isometry. Assume that both k and K are G-invariant functions. If equation (%) has
a positive C% mazimal solution u on Q, then u is a G-invariant function.

Proof. Let g € G be an isometry of the Riemannian manifold €2. Since the Laplacian
A is invariant by an isometry and because both k and K are G-invariant functions,
it follows that the pullback g*v of a positive C? solution v under the map g is
a positive C? solution and v — g¢*v defines a one-to-one and onto map from the
collection of all positive C? solutions to itself. Thus, if u is a positive C? maximal
solution of equation (x), then so is the pullback g*u. By the uniqueness of a maximal
solution, u is G-invariant. O

Theorem 1.2. Let K be permissible. Suppose that (%) has a positive subsolution
u_. Then equation (x) has a positive C? mazximal solution u on 0, and u > u_.

Before we prove the theorem, let us prove four lemmas.

Lemma 1.3. Let Q be either a compact subdomain of M or Q = M. Suppose u
and u_ are a positive C? supersolution and subsolution for (x) on 2. When Q is
compact, we assume that (uy — u_)|pq > 0. On the other hand, if Q@ = M; then

we assume that lim,_, o inf{Zt—g;m € M\B,(r)} > 1, where o € M is a fized point
and B,(r) is the geodesic ball of radius r centered at o. Then uy > u_ on .

Proof. Let ¢ = u_/u, then ¢ < 1 on the boundary of Q or at co. Since u_ = u4¢,
we have

A¢+2(Vloguy, Vo) + Kul~'g(1 - ¢?~1) > 0.
It follows from the strong maximum principle (cf. [13]) that ¢ cannot have a max-

imum value > 1 in the interior of €. O

Lemma 1.4. Let H" be the simply connected hyperbolic space form of constant
sectional curvature —1. Given any constants € > 0, § > 0, and X, there is a
positive increasing function ¢.(r) such that the function defined on an € geodesic
ball B(e) of H"™ given by V.(z) = ¢.(r(x)) satisfies

and
Velop(e) = 00

Here r(x) is the distance from x to the center of B(e). In particular, the value V,(0)
is a constant depending only on the constants p > 1, €, 3, and \.

Proof. In normal polar geodesic coordinates, the metric on the n-dimensional hy-
perbolic space H” is of the form

dr? + sinh? r w?,
where w? is the standard metric on the (n — 1)-dimensional sphere S"~!. Let o =

-2, a(r) = sinh® § —sinh” 5, and ¢(r) = a=(r). Then ¢(r) is a positive increasing

function in 0 < r < €. Letting V(z) = ¢(r(z)), we clearly have V|5p() = oo. Direct
computation shows that

1
AV + AV = Za_”_Q{U((l + o) sinh®r 4 2na coshr) 4 4a?\} < CPLYP
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where C' > 0 is a constant depending only on the constants p, €, and A. Use the
non-linearity of the inequality, one can define

b = CB 16,
which has the desired properties. O
Lemma 1.5. Let Q C M be an open bounded domain. If there is a compact subdo-

main X C Q such that K >0 on X and K > 0 on 0X, then there exists a positive
constant C such that every C? positive solution u of equation () on Q must satisfy

ulox < C.

Proof. Since K > 0 on 0X and X C 2 is a compact subdomain, there exists a
positive constant e, strictly less than the injectivity radius of X, such that the e-
neighborhood U (0X) of 9X in M is contained in Q and K > 5 > 0 on U (0X) for
some positive constant 4. Since () is bounded, by scaling the metric if necessary,
we may assume that the Ricci curvature on €2 is bounded from below by —(n — 1).
Let Ve(r) be the function defined in Lemma 1.4 with A = sup{k(x) | z € Q}, and let
C = V,(0). For any point zy € 90X, let 79 be the distance function to the point zg
in the geodesic ball By, () C Q. Since Ric|q > —(n — 1), a comparison argument
shows that V(ro(x)) is a smooth supersolution of equation (%) on By, (€). Since
VE(T())|aBIO(€) = 00, it follows from Lemma 1.3 that

u(z) < Ve(ro(z))

on By, (¢) for all C? solution u of equation (x) on Q. In particular, u(zg) < V.(0) =
C. Since C' is independent of u and zo € 90X, the proof is completed. O

Lemma 1.6. Let Q be a bounded domain in M. Assume that K > 0 is Holder
continuous on Q, continuous on Q, and K > 0 on 8. If equation (x) has a bounded
C? solution v on € such that v is bounded from below by a positive constant on €2,
then the boundary value problem

Au + ku — KuP =0,
{u|ag =00
has a positive C? solution u on Q and u > v.
Proof. For any constant N > 1, Nv is a positive supersolution on € since
A(Nv) + kNv— K(Nv)P = N(Av + kv) — K(Nv)?
= NKvP(1 — NP1
<0.
Let us define
C = igf v,
which is positive by the assumption on v. Since v is also bounded from above in

Q, there is a positive integer Ny such that NoC' > supgv. By the method of
supersolution-subsolution, the boundary value problem

Au + ku — KuP =0,
u|aQ =NC

has a positive C? solution vy on § such that v < vy < Nv for all integers N > Nj.
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Now Lemma 1.3 implies that {vy}n>n, is an increasing sequence of solutions
of equation (x) on Q. Lemma 1.5 implies that for any ¢ > 0 sufficiently small, there
is a constant C(e) > 0 such that

sup (suva) < Cl(e),

N \oq.
where Q. = {z € Q | dist(z,09) > €}. Consider the function C(e)C~1v, where
C = infqv. We may choose C(e) sufficiently large so that C(e)C~! > 1; then
C(e)C~1v is a supersolution of (x). By Lemma 1.3, we have vy < C(e)C™ v
in Q for all N. Hence vy is uniformly bounded on compact subsets of 2. Thus
{vn}nN>nN, converges pointwise to a solution u on € in the distribution sense. Stan-
dard regularity theory (cf. [4]) then implies that u is a C? solution of equation (x)
on Q. Tt is also clear that u > v and u|aq = co. O

Proof of Theorem 1.2. Let u_ be a positive subsolution of (x) on . The assump-
tion that K is permissible implies that there exists a compact exhaustion {€;}i>1
of Q such that K > 0 on 9%; for all ¢ > 1. Since §2; is compact and K is permissi-
ble, equation () has a positive supersolution on ;. By observing that multiplying
a supersolution by a constant bigger than 1 again produces a supersolution, we
may assume that the supersolution u; + > u_ on ;. It follows from the method of
supersolution-subsolution that equation (%) has a bounded positive solution on €2;
which is bounded from below by u_. Lemma 1.6 implies that the boundary value
problem

{Aui + ku; — Ku? =0,

Uilan, = 00

has a positive C? solution u; on §; such that u; > u_.

By Lemma 1.3, for each ig > 1, {u;}i>i, is a sequence of decreasing solutions
of equation (x) on ;,. Since all u; are bounded from below by u_ > 0, the
limiting function v = lim; o, u; > u_ > 0 exists, and standard elliptic regularity
theory shows that it is a positive C? solution of equation (x) on €. u is obviously
a maximal solution on £, because if v is any positive C? solution of equation
(x) on Q, then for any zo € Q there exists 79 > 1 such that zy € Q; for all
i > i9. Now Lemma 1.3 implies that v < u; on ; for all i > ig. In particular,
v(zo) < lim;_ 00 wi(zo) = u(zp). This completes the proof of the theorem. O

Corollary 1.7. Let K1 > Ko > 0 be permissible functions of equation (x) on a
connected Riemannian manifold Q. If equation (x) has a positive C? solution u;
for K = Ky, then equation (x) has a positive C? solution us for K = K5 such that
u9 2 Ui .

Proof. Since K1 > Ko, Auy + kuy — Koul = (K1 — Ko)u} > 0. Thus uy is a
positive C? subsolution of equation (¥) for K = K. Hence the corollary follows
from Theorem 1.2. O

By Corollary 1.7, the following definition is meaningful.

Definition 1.3. Let M be a complete noncompact n-dimensional Riemannian
manifold. The upper (lower) critical exponential growth rate of the function K
for equation (%) on M is defined by the extended real number

sup{a}  (inf{f}),
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where the supremum is taken for all a such that the equation Au+ku—e®” @ y? =0
has a positive C? solution on M and the infimum is taken for all 8 such that the
equation Au + ku — e?"(®)yP = 0 has no positive C? solution on M.

We will see that the upper (lower) critical exponential growth rate of () on R™
and H™ are closely related to the first eigenvalue of the Laplacian and the first
eigenvalue of the operator L = —A — k.

2. FIRST EIGENVALUES AND THE EXISTENCE OF SUPERSOLUTIONS

Let kK and K > 0 be Hoélder continuous functions on a complete noncompact
n-dimensional Riemannian manifold (M, g). Let £ = {x € M|K(x) = 0} be the
zero set of the function K. In this section, we will study the relationship between
the first Dirichlet eigenvalue Ag, of the linear operator Lu = —Au — ku on Ky and
the existence of a positive supersolution of

(%) Au + ku — KuP? = 0.

The basic result is that the existence or non-existence of a supersolution of
equation (%) on a compact domain X is completely determined by the sign of the
first Dirichlet eigenvalue Ag,nx of the linear operator Lu = —Au — ku with Ag,nx
defined suitably.

For any nonempty smooth open set 2 C M, the first eigenvalue Aq of the

operator Lu = —Awu — ku on § is given by the variational principal
VfI?2 - kf?) dvol
ro = ing Jal 12— k) dvol
Jo f? dvol

where the infimum is taken over all smooth functions f with nontrivial compact
support in Q. In fact (see [6]), there exists a unique eigenfunction v defined on the
closure of €2 so that

Av + kv + Aqv =0,

v>0 on 2,
and
’U|aQ =0.

For an arbitrary set in M, we will define the first eigenvalue by an approximation
procedure.

Definition 2.1. Let S C M be an arbitrary bounded subset in M. The first
eigenvalue A\g of the operator L = —A — k on S is defined by

As = sup Aq,

where the sup is taken over all smooth open sets @ C M such that S C Q. In
particular, if S = () then A\g = oco.

Definition 2.2. Let S C M be an arbitrary unbounded subset of M. The first
eigenvalue Ag of the operator L = —A — k on S is defined by

)\S = lim )‘SM
rT—00

where S, = SN B(o,r) for all r > 0 and 0 € M is a fixed point.
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Remark 2.1. Tt follows from the monotonicity property of the first eigenvalue [6]
that Ag is well defined and is independent of the base point o. It is easy to show
that Definitions 2.1 and 2.2 are equivalent to the usual definition for open sets.

Theorem 2.1. Let K > 0 be a Hélder continuous nonnegative function on M. Let
Ro = {x € M|K(z) = 0}. If the equation (x) has a positive supersolution on a
bounded open domain X, then Ag,nx > 0. Conversely, if Ag,nx > 0, then (x) has
a positive supersolution on X.

Proof. Let X be a bounded open domain. Suppose (*) has a positive supersolution
won X and Ag,nx < —2a < 0 for some positive constant a > 0. By the definition
of Agynx and the fact that the first eigenvalue is continuous with respect to C°
deformations of the domain, there is a bounded open domain 2 C X such that
foNX C Qand Ag,na < —2a. Hence we can find a sequence of bounded open
domains ©; C X such that (), ; = KN X and \; = A\g, < —a. In particular,
there are positive eigenfunctions v; on €; satisfying

A’Ui + k’Ui + /\ﬂ)i =0
and v; = 0 on 0%);. By assumption, u > 0 satisfies
Au + ku < KuP

on X. Therefore, we have

/ (uAv; — v;Au) —|—/ (Nuv; + KuPv;) > 0.
Q;

Q;

Using the facts that v > 0, v; = 0 on 92, and v; > 0 in £;, so that %ﬁ’j < 0 on 0%,
we have

(2.1) l/)(Ai+-knﬁ—1)uviz(1
Q;

Note that A\; < —a, and K =0 on [, ;. We have
—a+ KuP~t <0

in ©Q;, provided that i is large enough. This contradicts (2.1).

Note that in the above argument, if & N X is an open domain, then we can
simply argue by using the eigenfunction v of Ky N X. In this case, if Ag,nx = 0,
then we can conclude that the boundary integral

/ ov
u— = 0.
a(Ronx) OV

This implies that u[gg,nx) = 0, which violates the assumption that u is positive
on X. However, we do not know if it is possible to lose the positivity of A once we
take the limit of A\; when Ky N X is not an open domain.

Conversely, suppose Ag,nx > 0. Then there are bounded open domains €, €’/
such that

AonXcccch

and A = Aq > 0. Let u; be a positive function such that Auj + kuy +Aup = 0 in Q.
Let 0 < ¢ < 1 be a nonnegative smooth function such that ¢ =1 in Q" and ¢ =0
outside €. By the definition of Ko,

(2.2) inf K > 0.
X\
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From this it is easy to see that if IV is a sufficiently large positive constant, then us =
N is a positive supersolution of (x) in X\ Q. Let us define u = a (¢u1 + (1 — @)us),
where a is a positive constant to be determined later. One checks readily that for
any a > 1, u is a positive supersolution of (%) on € and on X' \ 2. On (Q\Q')NX,
there is a positive constant C' such that

(A+k)(¢ur + (1 = @Jug) < C.

By (2.2), and the definitions of u;, us and ¢, we may choose C' sufficient large, so
that K (¢pu1 + (1 — @)ug)? > C~'in (Q\ ) N X. Setting a = C¥ =1 we see
that on (2 \ Q)N X,

Au+ ku — Ku? < a(C — C™ 1?1 <0.
This completes the proof of the theorem. O

Corollary 2.2. Let K be a Hélder continuous, essentially positive function on a
complete noncompact manifold M. Let Ry = {x € M| K(x) = 0} be the zero set
of K. Suppose the first eigenvalue Ag, of Lu = —Au — ku is positive. Then K is
permissible for (x). In particular, if K > 0 everywhere, then K is permissible for

(%)-

Corollary 2.3. Using the same notation as in Corollary 2.2, suppose (%) has a
positive supersolution on M. Then Ag, > 0.

As an application of the above results, let us consider the following situation. For
n >3, let p= Z—J_“g and k =k, = —2?7:_23, where s is the scalar curvature function
of the Riemannian manifold (M, g). Equation (%) becomes the prescribing scalar
curvature equation on (M, g). In [17], it was claimed (Theorems 3 and 4) that for
a simply connected complete Riemannian manifold (M, g) with sectional curvature

bounded both from above and from below by negative constants, the equation

n+2
Au+ ksu — Kun—2 =0

has a positive solution on (M, g) for all nonnegative functions K which satisfies
certain decay conditions at oco. That is, £ = {# € M|K(z) = 0} may be any large
compact set in M. We will show by examples that Theorems 3 and 4 in [17] are
false. Notice that by Corollary 2.3, these theorems imply the following statement:

Let (M, g) be a simply connected complete Riemannian manifold with sectional
curvature bounded both from above and below by negative constants. Then the
first eigenvalue of the eigenvalue problem

(2.3) Au+kau+Au=0
on (M, g) is nonnegative.

Example 2.1. For n > 3, let M = H? x R""? with the product metric, where
H? is the hyperbolic disc with constant sectional curvature —1 and R"~2 is the
(n — 2)-dimensional Euclidean space. It is easy to see that the scalar curvature

s = —2. Thus, ks = (n=2) " Gince the first eigenvalue of the equation Au+ Au =0

= 3(n=1)
on H? and R"~2 are 1 and 0, respectively, the product formula implies that the
first eigenvalue of (2.3) on M is A\, = ﬁ. In particular, A, < 0 when n > 3. It

follows from Corollary 2.3 that there exists a positive constant r > 0 such that if
K >0 and K(x) =0 on a geodesic ball of radius r, then the equation
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Au+ ksu— Ku? =0
has no positive supersolution on M, for all p > 1.

Notice that in the above example, M is diffeomorphic to R™ and hence simply
connected. The sectional curvature is nonpositive. To obtain a simply connected
counterexample with sectional curvature bounded from both above and below by
negative constants, we shall construct a family of complete negatively curved met-
rics 9o, 0 < a < 1, on R such that g is the product metric on M and g, converges
to go uniformly on any compact set in R™.

Example 2.2. For any 0 < a < 1, the metric g, on R™ is constructed as the
warped product of H? with R”™2. For convenience, we shall use the upper half
plane model for H?. Thus, let R% = {(¢,s) € R?|t > 0}, and let = = (z1, 22, -,
Tpo2) ER"Z For 0 < a <1, let

Go = t2(dt? + ds?) + t72*da?,

where da? = da? +da3 + - - -+ dx?_, is the Euclidean metric on R"2. It is easy to
see that g, is a complete Riemannian metric for each « € [0, 1]. go is the product
metric on H2 x R"~2 and ¢; is the hyperbolic metric on H™ with constant sectional
curvature —1. Let so, Ric,, and K, be the scalar curvature, the Ricci curvature,
and the sectional curvature of g, respectively. A direct computation shows that

Sa = _{1 + (1 + (n - 2)@)2 + (7’L - 2)0[2},

— (14 na) < Ricy < —a(l + naw),
and
~1< Ko < —a”.

In particular, (R",g,) is of constant negative scalar curvature s,, and s, is a
continuous function of a.. For each a € (0, 1], the sectional curvature K, is bounded
from above and below by negative constants. Let ko = ks, = — (2(22_)155* For n > 3,
it follows from Example 2.1 that there is a number r > 0 such that the first

eigenvalue of

Au+kou+Au=0

on a geodesic ball B(o,r) centered at o with radius r in (R", go) is negative. By the
continuity of the first eigenvalue in the metric, there is a positive constant 0 < e < 1
such that for all « € (0, €], the first eigenvalue of

(2.4) Au+kou+Au=0

on a geodesic ball B(o,r) centered at o with radius 7 in (R", g,) is negative. Thus,
monotonicity of the first eigenvalue implies that the first eigenvalue of (2.4) on
(R™, go) is negative for all « € (0, €].

3. NONEXISTENCE OF SOLUTIONS

In this section, we will use the maximum principle to prove a nonexistence result
for positive subsolutions of the equation (*) on a complete noncompact manifold
M. Throughout this section, we will assume that k and K are continuous functions
on M with K > 0, and p > 1 is a constant. Using a similar method, we will
also obtain an upper estimate for any positive subsolution of (x). In §4 and §5 we
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will demonstrate that the results in this section yield extremely sharp nonexistence
results and upper estimates of positive solutions for () on Euclidean space R™ and
hyperbolic space H™.

First, let us prepare by performing the following computation. Let w be a
positive C? function on M, and let u be a positive subsolution of (). Let us define
v = u/w. Then we have

(3.1) Av+2(Viogw, Vo) + v (w™'Aw + k) — KwP™'v? > 0.
Lemma 3.1. Suppose w satisfies
(3.2) Aw+kw <0

on a bounded domain Q. If K is not identically 0 in ), then v cannot attain any
local mazimum inside ).

Proof. Combining (3.1) and (3.2), we have
(3.3) Av + 2(Vlogw, Vo) > KwP~ 1P,

The strong maximum principle asserts that v cannot attain a local maximum unless
v is identically constant. On the other hand, if v is a constant, then (3.3) implies
that

0> KwP~ 1P

on (). The assumption that K > 0 and not identically 0, and the facts that w > 0
and v > 0, provide a contradiction . O

Let us define the function log(m) t inductively. For m = 0, define log(o)t =t.
For m > 0, let log™t = log (log(m_l) t) . Clearly, log™ ¢ is well-defined for ¢
sufficiently large.

Theorem 3.2. Let M be a complete noncompact manifold with Ricci curvature

bounded from below by —a? for some constant a > 0. Let w be a positive C?
function such that |V logw| is bounded and

Aw + kw < 0.

Let r (x) be the distance from x to some fized point o € M. Suppose

. -1
K(zx)w?™(z) > C (Hlog(i) (r (33))>

i=0
near infinity for some constant C' > 0 and for some positive integer m. Then
equation (%) does not admit any positive subsolution.

Proof. Suppose u is a positive subsolution of (). Let v = u/w. Then (3.3) is true
for v. Let ¢ > 0 be a cutoff function and let F' = ¢v. Let F(xp) = max F. Suppose
that F(xo) > 0; then at xo, we have

VF =0,

and so
(3.4) Vo = —“Z¢.




1058 PETER LI, LUEN-FAI TAM, AND DAGANG YANG

Moreover, at xg

0>AF
= vA¢ + 2(Veo, Vv) + ¢pAv
2
> vA¢ — 2Vl + 20(Vlogw, V) + K pwP™ 0P,

¢

where we have used (3.3) and (3.4). Multiplying the above inequality by ¢?~!, we
have

0> (¢P2A¢) F —2(¢P3|Vg|* — 2¢P*(Vlogw, V) F + (KwP™ ') FP.
Hence, at the maximum point zy, we have

atoryp <7 (- + 2T 2910094 ).

Now let ¢ = 97, where o > 2 is a constant, and 1 is a cutoff function. At xy we
have

(3.5) (KwP™H)FP < gy P72 (—pAsp + (0 + 1)|V|? — 2¢(Vlogw, Vi) .

Since p > 1, we can choose o > 2 large enough so that o(p — 1) —2 > 0. Let n(t)
be a smooth nonnegative nonincreasing function on [0, c0) such that n(¢) = 0 for ¢
large enough. Let ¢ (z) = n((r(x)). Then at the maximum point xo of F, if zq is
within the cut locus of o, we have

(3.6)
(K™ < op7 =072 (—gnf Ar = "+ (o 4+ 1) (1f)* = 20/ (T log w, V7))
= o772~y (Ar + 2V logw, Vr)) — v + (o +1)(1)?)

Now let 7(t) be a smooth nonincreasing function defined on (—oo,00) such that
7>0,7(t) =1fort <2 7(t) =0for ¢t > 3. For any R large enough so that
log(m+1) R > 0, it is easy to see that the function

_ [ 1og™*Y (¢
W(t) =1 (m+1)( )
log R

is well-defined and smooth on [0, 00), such that n(¢t) = 1 for 0 < ¢ < R, and (t) =0
for those ¢ such that log™*1 ¢ > 31og™*Y R. In fact, n(t) is also equal to 1 for
those t such that R <t < Ry, where Ry is such that 1og(m+1) R, = 210g(m+1) R.
Let ¢¥(x) = n(r(x)), where r(x) is the distance from a point = to 0. By Lemma
3.1, the maximum of F' cannot be attained inside B,(R;). Therefore, if max F' > 0,
then the maximum point x( satisfies Ry < r < Ry, where log("'H) Ry =3 log("H) R
and r = r(xg). Hence if 2y is within the cut locus of o, then 1 is smooth near z,
and, at xg,

(3.7) Ar+2(Vlogw,Vr) < Cy
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for some constant Cy depending only on the lower bound of the Ricci curvature of
M and the upper bound of |Vlogw|. Also, at t = r(xo),

0< —

m —1
< Oy <1og(m+1) RHlog(i) r>

=0

m+1 . -1
< 3Cy (H 1og(z) r)

i=0

for some constant Cy depending only on 7], where r = r(xg) and we have used the
fact that

log(mH) r

Finally, at t = r(z9)

m+1 -1
(3.9) In"| < Cs <7" H log® r)
i=0

if R is large enough. Combining (3.6)—(3.9), at zo,

m-+1 ) -1
KwP™lFP < Oy (H log(z) 7“)
i=0
for some constant C4 which is independent of R, if R is large. By the assumption
on KwP~!, we conclude that

C
(3.10) sup vP < max F? < (—il)
Bo(R) log™ ™ r
for some r > R. If z( is on the cut locus of o, then we may use a trick of Calabi, as
in [11], to show that (3.10) is still true. Let R — oo; we have v = 0, and so u = 0.
Hence (%) has no positive subsolution. |

Remark 3.1. From the proof of the theorem, it is easy to see that if we have a
better upper estimate for Ar+2(V logw, Vr), then we may get a better result. For

example, if the above quantity is less than or equal to Cr~! for some constant, then
1

)

we may relax the assumption on K and w so that Kw?P~! > C (r | 1og(i) r) -
and the conclusion of the theorem is still true.

Theorem 3.3. Let M be a complete noncompact manifold with Ricci curvature
bounded from below by —a? for some a > 0. Let w > 0 be a C? function such
that w=*Aw and |V logw| are uniformly bounded from above. Let u be a positive
subsolution of (%), where K > 0 is a continuous function satisfying KwP~=* > C
near infinity for some constant C > 0. Then u < C'w for some constant C'.

Proof. Let v = u/w, and let 0 € M be a fixed point. Suppose there is a fixed
Ry > 0 such that supp (gyv = supp, (g, v, for all R > Ro. Then the theorem
is obviously true. Otherwise, we can find a sequence R; — oo such that, for all
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x € Bo(R;), v(z) < supp, (g, v for all i. As in the proof of the previous theorem,
one can show that for each 1,

Cy 1
[P G S e
pohy | K(w)wr () <+ )

for some point x; such that r; = r(z;) > R;, and for some constants Cy and
Cs. Here we have used (3.1) and the assumption that w™'Aw and |V logw| are
uniformly bounded from above. Use the assumption that KwP~! is bounded away
from 0 near infinity. The theorem follows. O

4. THE STRUCTURE OF THE EQUATION Au + ku — KuP =0 oN R"

The aim of this section is to use the results in §§1-3 to analyze the existence and
nonexistence of positive solutions of the equation

(%) Au+ ku— KuP =0

on the Euclidean space R"™, assuming that k is a constant and K > 0 is a permissible
function on R™. Recall that K is said to be permissible for equation (x) on R™ if
equation () has a positive supersolution on every compact domain X of R", and
K is essentially positive, which means that there is a compact exhaustion 2; of R
such that K > 0 on 9€2;. Since the first eigenvalue of the Laplacian of R™ is 0, the
first eigenvalue of any compact domain X is positive. By Theorem 2.1, if £ < 0, and
if K is essentially positive, then K is permissible. If £ > 0, then K is permissible
if Ag, > 0, and K is essentially positive by Corollary 2.2. Here Ry is the zero set
of K, and Ag, is the first eigenvalue of L = —A — k on K¢ (see Definitions 2.1 and
2.2). In particular, if K > 0 everywhere, then K is permissible.

This section is presented in such a way that many of the results can be readily
generalized to complete manifolds with nonnegative Ricci curvature by comparison
arguments. Note that most of the work for equation (*) has been concentrated on
the special case k = 0 on the Euclidean space R™. The reader is referred to [7], [12],
[19], [23], [28], [29], etc. Even on R™, however, very little is known for equation (x)
if k#0.

By Theorem 1.2, if K is permissible, then (x) has a maximal positive solution
if () has a positive subsolution. In order to obtain a sharp lower estimate for the
maximal positive solution, we try to obtain a sharp subsolution. This can be done
by analyzing the solution of the equation Au + ku = 0. See Lemma 4.1.

By Theorem 3.2, precise nonexistence results will be obtained by the construction
of suitable positive functions w on R™ such that Aw + kw < 0. These estimates
will give us the asymptotic behavior of the maximal solutions of (x) in terms of the
asymptotic behavior of K, which is assumed to be permissible.

In the next section, we will carry out a similar analysis on the simply connected
hyperbolic space H™. In these two sections, the analysis is rather lengthy and
the results are stated in a more complicated manner. However, one of the main
consequences of those results is the following:

Theorem A. Let M be either the n-dimensional Euclidean space R™ (n > 1) or the
n-dimensional simply connected hyperbolic space H™ (n > 2) of constant negative
sectional curvature —1. Let k be a constant. Let v be the first eigenvalue of the
Laplacian on M, and let A be the first eigenvalue of the associated linear operator
L=—-A—Fkon M. If \ <0, then the upper critical exponential growth rate of the
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function K for equation (x) on M is co. If A\ > 0 then the upper and lower critical
exponential growth rate are the same and are both equal to (p — 1)(y/v — VX).

Recall from Definition 1.3 that the upper (lower) critical exponential growth rate
of the function K for equation (%) on M is defined by the extended real number

sup{a} (inf{s}),

where the sup is taken for all o such that the equation Au+ ku — e* @ y? = 0 has
a positive C? solution on M and the inf is taken for all 3 such that the equation
Au + ku — eP"®)yP = () has no positive C? solution on M.

Let us begin with a lemma that will give us a condition on K so that (*) has
positive subsolution.

Lemma 4.1. Let u be a positive function on M satisfying Au+ ku > ¢u for some
positive function ¢. Suppose K is a function on M such that KuP~! < C¢ for
some constant C. Then eu is a subsolution of (x), if € > 0 is small enough.

Proof. Let v = eu with € > 0. Then
Av + kv — KvP > ¢gv — KvP
=v(¢p — KUY
> ¢u(l — CeP™h)
>0
if € > 0 is small enough. Here we have used the fact that p > 1. O

By Lemma 4.1 and Theorem 3.2, in order to obtain existence or nonexistence
of solutions of (x), it is sufficient to study the subsolutions or supersolutions of
Au+ ku = 0.

The following lemma is proved by a straightforward computation.

c
Lemma 4.2. Let m > 1 be an integer and let w = eA"rB log(m) r) , where A,

B, C are constants, and r is the distance function to a fized point on R™ or H™.
Then

A . ~ m+l~
71” = (A +Br !+ Cb;il(T)) Ar —CbyY 4 (r) (Z bi_l(r)>
i=1

- 2
+ (A +Br ¢ C’b;ﬁi_l(r)) — Br 3,

for r >0, where b(r) = Hf:o log™ r. Here A is the Laplacian on R™ or H™.

Lemma 4.3. Consider R". Let k be a constant.

(1) If k > 0, then for any constants o # 0, B, and integer m > 0, there is a
positive function v(x) such that

1
Av + kv > §kv

o~/ =D
and v(x) ~ (eo” (1og(m) 7") ) , (here and below, r = r(x)).
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(2) If k <0, and if « > 1 is a constant, then there is a positive function v such
. -1
that Av + kv > 0, Av(z) + kv(z) > C (HZT:él log™ (r)) -v(x) near co for
some positive constant C, and
B
v(z) ~ oV —Fr—(n—-1)/2 (1Og(m) (7"))
near oo, where 3 = p— > 0.
(3) If k = 0 and n > 3, then for any positive integer m and B > 0, there is
Loyl
a positive function v such that Av(x) > C (7‘ Hzr:gl log? 7") -v(x) near

B
infinity for some positive constant C > 0, Av > 0, and v(x) ~ (log(m) r) .

o\ —1/@-D)
Proof. To prove (1), let wy(z) = (em (log(m) r) ) . By Lemma 4.2,

Awl

n—1 langn
et (— — +Cby o (r )) T — Cbly i (r) <Zb;1(r)>

+ (—1 +Ob L (r ))2

>0

if r is large enough, because a # 0, p > 1, and l;i(r) — oo asr — oo forall i > 1.

We extend w; to be a positive smooth function on R™. On the other hand, if ¢ > 0

and wy = e‘”z, then
sz
w2

=e(—A®r?) + EV(rH)]? > —2ne.

If we choose 2ne = %, then Awy > —%’U}g. Hence if we choose v > 0 large enough
and 6 > 0 small enough, and let v = 6(wy + yws), then v will be the required
function.

To prove (2), let € = /—k > 0, t = @In cosh(er(z)), and define

v(z) = 6 cosh(er)(N +r2)~ "D/ (q + a,,(1))?,

where 6, 6 > 0 and N > 0 are constants to be chosen. Here a;(t) = log(a + t)
and a, (t) = log(a+ am—1(t)), where a is a large positive constant, so that a,,(t) is
defined and smooth for all ¢ > 0. If we set b;(t) = 1/a}(t), direct computation gives

“Av +kv) = (n —1)Ner Y(N + 7"2)_1%((2:))(1 + B0b;, 1 (1))
+592m (H{1—0 mfb — B ()
€ cosh? (er) ™ me1(1))
+ B0,k () — n- 1 L (N +7r%)72(2nN + (n — 3)r?)
> (e 2% 1 ({1 = mfj bl (t) — Bb,) (1)}

+ {ﬁHeQb;H_l( ) — (N +72)72(2nN + (n — 3)r*)}.
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We can first choose 6 > 0 small enough that the first term in the last inequality
above is nonnegative. Next we can choose N > 0 large enough that the second
term is positive and

1
v (A + kv) > 5696217;14_1@).

This is possible since lim,_. r2b;111(9 In cosh(er)) = oo. This completes the proof

of (2).
To prove (3),let A= B =0and C = in Lemma 4.1. Let w; = (log(m) r)ﬁ
Then w; satisfies
m+41
(wy) "t Awy = 55;14_1 (Ar - Z l;z_l(r)> .
i=1

Since n > 3, by the definition of b; it is easy to see that

(wy) P Aw, > C (rl;m+1(r))_l

if r > R for some R. Extend w; to be positive inside B(R), and let f > 0 be a
smooth function with compact support, such that f > —Aw; + 1 in B(R). Since
n > 3, we can find a bounded positive function ws such that Aws = f. Then
v = w1 + ws is the required function. O

The following lemma will be used to find a condition on K so that (x) has no
positive subsolution.

Lemma 4.4. Consider R". Let k < 0 be a constant. Then for any 6 > 0,
there is a positive w such that Aw + kw < 0, |Vlegw| is bounded and w ~

_ -5
eV=hrp—tzt (log(m+2) r) , where r = r(x).

_ -6
Proof. Let w; = eV=Frp—"z" (log(m+2) (T‘)) , where § > 0 is a constant. By

Lemma 4.2, we have

Awy, — n—1 4 -4 n—1 n-1 _,
wq - ( —h 2 r + 6bm+3(7’.)) : r + 2 r

m—+3
— &bt 5(r) (Z E;I(T)> +(V=k - ”; L-1_ bk s)?
=1

n—1)(n-2) _ n—1)7° _ P N
_ %r 2y %T 2+ 6bmi—3(7”) (Z b; 1(T)>
i=1
—k+ 5213;12% - 2\/—k61~);1+3

2

where b; is as in Lemma 4.2. Since r—2 is small compared with 6;113(74)7 and

bi(r) — oo, we see that

if r is large enough. Let us extend w; to be a positive smooth function on R™.
Since k < 0, therefore if v > 0 is a large enough constant, and if w = w; + ~, then
Aw + kw < 0 in R™. Tt is easy to see that |V logw| is bounded. O



1064 PETER LI, LUEN-FAI TAM, AND DAGANG YANG

Theorem 4.5. Let k > 0 be a constant. Assume that K > 0 is a continuous
function on R™. For any constants o, (3, and a positive integer m, let

B
Keponlr) = e (105" )
1. Suppose there are constants C > 0, «, [ and a positive integer m such that
K(z) 2 CKo,pm(r(z))

near co. Then there is a positive constant N > 1 such that each positive C?
solution u of equation (x) on R™ is bounded from above by

u(z) < NK_ YOV (p(2))

a,B,m

near oo.
2. If there are constants C' > 0, «, 3, and a positive integer m such that

K(z) < CKa,p,m(r(z))
near 0o, then (x) has a positive subsolution v(x) such that

() ~ 1K, P (r(2))

a,3,m
near oo for some positive constant Cy. If K is also a permissible function for
equation (x) on R™, then (x) has a positive C* solution u on R™ such that
u(z) > v(z).
3. Suppose that K is also a permissible function for equation (x) on R™. If
K(z) ~ CKqag.m(r(z)) near oo for some positive constant C, then equation
(%) has a positive mazimal C? solution u such that

u(x) = O(@) K, 7 (r(x))

a,B,m

near oo for some positive function C(x) which is bounded from above and
below by positive constants.

Proof. (1) Let t = Incoshr(z). Let v be the function
__1
v(x) = (cosh® t(a + am(t))?) 77" .

Here a,,(t) is defined as in the proof of Lemma 4.3. That is, a1(t) = log(c+t) and
a;+1(t) = log(c + a;(t)), with ¢ a large positive constant, so that a,,(t) is smooth
for t > 0. Tt is easy to see that v"'Av and |V logwv| are uniformly bounded from
above. By the assumption on K, we have KvP~! > C near infinity for some positive
constant C' > 0. Hence (1) follows from Theorem 3.3.

(2) follows from Lemma 4.1, 4.3.(1), and Theorem 1.2.

(3) follows immediately from (1) and (2). O

Theorem 4.6. Let k < 0 be a constant. Assume that K > 0 is a continuous
function on R™. Let ¢p(r) = r~(m=D/2eV=Fr gnd Jet

m —1
Kon(r) = 6477 (r) (Hlog@ ) .
1=0

1. If there exist a positive constant C > 0 and a positive integer m such that

K(z)>C <log(m+1) r(x)) o K (r(z))

near oo, then equation (x) has no positive C? solution (subsolution) on R".
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2. If there exist positive constants « > 1, C > 0, and a positive integer m such
that

K(z)<C (1og<m+1> T(x)) T Kon(r(2))

near oo, then (%) has a positive subsolution v such that

v(x) ~ Cy (log(mH) T(;v)) e or(r(x))

near oo, where Cy is a positive constant. Moreover, if K is also permissible,
then (%) has a positive maximal solution u on R™ such that u(x) > v(x).
3. If

K@) >C (1og<m+1> T(;v)) T Kon(r(2))

near oo for some positive constants a > 1, C > 0, and a positive integer m,
then for each positive C? solution u of equation (x) on R™ there is a positive
constant N > 1 such that

u() < N (log" D 7(x)) T or(@))

near oo.
4. If K is permissible and

K(x)~C (log(m+1) T(;v)) - K (r(z))

near oo for some positive constants a > 1, C' > 0, and a positive integer m,
then (x) has a mazximal solution u such that

a—1
1

u() = C(x) (log ™+ r(@)) " gu(r(x)
near oo, where C(x) is a positive function bounded both from above and from
below by positive constants.

Proof. (1) follows from Theorem 3.2 and Lemma 4.4. (2) follows from Lemma 4.1
and Lemma 4.3. The proof of (3) is similar to the proof in Theorem 4.5(1). (4)
follows from (2) and (3). O

Now we assume that & = 0. Then equation (%) reduces to
(4.1) Au — KuP = 0.

This equation has been studied extensively by many authors (cf. [7], [12], [19], [23],
[28], [29], etc). The first main existence result is due to W. M. Ni [29], who proved
that if K(z) is a Holder continuous nonnegative function on R, x = (x1,22) €
R"™ ™ x R™ = R" for some m > 3, and

K(Qfl,ZEQ) S C|$2|_l

for |xo| large, C' > 0, and | > 2, then equation (4.1) has infinitely many bounded
solutions in R™ with positive lower bounds. This result was improved later by M.
Naito [28]. Complementary nonexistence results are proved by W. M. Ni [29] and
F. H. Lin [23]. Some more general nonexistence results were obtained subsequently
by K. S. Cheng and J. T. Lin [7]. Our approach in this paper is quite different from
theirs. Besides being able to treat the general equation (x), both our existence and
our nonexistence results for equation (4.1) are in many cases stronger than their
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results. Our main purpose here for k = 0 is to construct sharp subsolutions so that
the results can later be generalized to manifolds with nonnegative Ricci curvature
by a comparison argument.

Theorem 4.7. Let K be a nonnegative continuous function on R™. Let m be a
positive integer and k = 0. Let r = r(z).

1. Assume that there exists a positive constant C > 0 such that
m—+1 -1
near oo. Then equation (4.1) has no positive C? solution (subsolution) on
R"™.

2. Assume that n > 3 and there exist positive constants o > 1 and C > 0 such

that
1

K(x )<C’<log(m+1 ) ( Hlog 2 )

Then (4.1) has a positive subsolution v such that v(z) ~ Cy (log(m'H) 7“)

for some positive constant C1. Moreover, if K is also permissible, then (4.1)
has a positive mazimal C? solution which is bounded from below by the sub-
solution v.

a—1
p—1

Proof. (1) follows from Theorem 3.2 and the fact that the function w = 1 satisfies
Aw = 0. (2) follows from Lemma 4.1 and Lemma 4.3. O

One should notice that the existence result in Theorem 4.7 is not true for both
n =1 and n = 2, and the nonexistence result in Theorem 4.7 is not sharp for both
n=1and n=2.

To obtain sharp existence and nonexistence results for the two exceptional cases
n =1 and n = 2, we first analyze the case n = 1. Then equation (4.1) is reduced
to

(4.2) u — KuP =0
on the real line R.

Theorem 4.8. Let K be a nonnegative continuous function on the real line R.
1. If

m—+1
K(z) = C(|«))” (H log®” |x|>

near oo for some positive integer m and positive constant C, then equation
(4.2) has no positive C* solution (subsolution) on the real line R.
2. Let K satisfy one of the following two conditions:
(a) There are positive constants o > 1 and C such that

K (2) < Clal ™ (1og™ ) Ja] (H log " |x|)
=0

near oQ.
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(b) There are constants o # 0, 3, and C > 0 such that
K(z) < Ce™®|z|?

near oo.

Then equation (4.2) has a positive C? subsolution on the real line R. More-
over, if K is also a permissible function on R, then equation (4.2) has a
positive mazimal C? solution on R.

Proof. To prove (1), suppose that there is a positive C? subsolution u on R. For
r >0, let
w(r) =1/2 (u(r) + u(-r)).

By the assumption on K and u, we have

and, for r sufficiently large,

m+1 -1
(4.3) w’(r)y > Cr~? <H log? 7") wP (7).

i=0
Therefore, there exist positive constants 1 and § such that, for r > r1, we have
w'(r) > 6, w(r) > ér. Hence,

w'(r) 2/ w' dt

1

r /m+1 . -1
> C&p/ <H log® t) dt
™1\ i=0

= (6P (1og(m+2) r — log™*? 7"1) .
It follows that lim, ., w'(r) = oo and lim,_ r~!w(r) = co. Define a positive C?
function v on [ry,00) by v(r) = r~lw(r). Since lim, . v(r) = oo, there exists a
constant 79 > 71 such that v'(rg) > 0. Since w(r) = rv(r) and w”(r) = rv”(r) +
20'(r), it follows from (4.3) that

N
o+ 2r 1 > Crt (Hzfgl log® r) VP,
v'(ro) > 0.

The maximum principle implies that v attains no local maximum on [rg, c0). Since
v'(rg) > 0, v must be strictly increasing on [rg, 00) and v attains a strict maximum
at 0co. As in the proof of Theorem 3.2, we can show that v is bounded, and this is
a contradiction. To prove (2), let 5 = ;O;T_ll and t = Incoshz. For § > 0 sufficiently
small and a > e sufficiently large, it is easy to verify that, if K satisfies the condition
in (a), then

u(z) = 6(1 + x2)1/2(a + am(t))?

is a positive subsolution.
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For part (b), let oy = %5, 1 = %, t = Incosh(er(x)), and let § > 0 be a small
constant. Then it is easy to verify that, if K satisfies the condition in (b), then

u(z) = be~ % (a4 t)~M

is a positive subsolution for € > 0 sufficiently small. The last statement follows
from Theorem 1.3. O

The following result concerns the two dimensional case.

Theorem 4.9. Let K be a nonnegative continuous function on R2. Let m > 2 be
a positive integer and C' a positive constant. Let v = r(x) be the distance function
to the origin.

1. Assume that

m—+1 -1
K(xz) > C(logr)” ( Hlog”)

near oo. Here and below, r = r(x). Then equation (4.1) has no positive C*
solution (subsolution) on R?.
2. Assume that there is a constant o > 1 such that

K(z) < C(logr)™? (log(m+1 ) ( Hlog 2 )

Then equation (4.1) has a positive C? subsolution on R?. If K is also essen-

tially positive on R?, then equation () has a positive C? mazimal solution
on R2.

—1

Proof. To prove (1), suppose that there is a positive C? subsolution u on R? for
equation (4.1). Let (r,6) be the polar coordinates for R2. For r > 0, define

1 27
w(r) = —/ u(r cos, rsin6) db.
27T 0
By Stokes’ theorem,
1
rw' (r) = — Au) rdrdf
" =35 [, @

(4.4) > i/ KuP rdrdf
2m

>0,

where B(r) is the ball of radius r centered at the origin. Make the change of variable
r =e° and let v(s) = w(e®). Then v'(s) = rw’(r) > 0 and

v"(s) = r*w” 4 ruw’

=r?Aw

m-41 ) -1
>Crlog Pr <H log(z) 7“) vP

=0

(4.5)
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near oo for some positive constant C. In view of (4.4) and (4.5), there exists a
positive constant sg such that

v'(s) >Cs7P (HZO log® (s))_1 vP(s)
v'(s0) > 0.

As in the proof of Theorem 4.8, the above equation has no positive C? solution.
Therefore, equation (4.1) has no positive C? solution (subsolution) on R2.
—1

To prove (2), let § = ng > 0 and let 6 be a small positive constant. We can

choose § small enough and a large enough so that the positive C? function u defined
by

u(z) = 8(a+ a1 (t))(a + am+1(t)’

satisfies
1
Au > o Buby (b a (1),

where ¢ = Incoshr(x), and a1(t) = log(a +t), a;(t) = log(a + aj_1(t)) for j > 1,
and b; = 1/a3—. It follows that Au — Ku? > 0 for § > 0 sufficiently small, and u is a
subsolution on R? for equation (4.1). The second statement follows from the fact
that K is permissible. O

Remark 4.1. The previous existence results can be extended to a product manifold
M =R x Y for some complete manifold Y. For example, for k > 0, if K(z,y) is a
nonnegative function on M such that K (z,y) < Ce®®) for some 3, then (*) has a
positive subsolution on M. We leave the details to the readers.

Using a trick of W. M. Ni [29], the nonexistence results in this section and the
next section can be slightly improved. Indeed, let u be a positive C? subsolution of
equation (x) on R™. Let the average of u and K on the boundary sphere of B(r)
be %(r) and K(r), respectively. Namely,

u(r) = S /STH1 u(r, w) dw,

Wn

— 1 dw
K(r)={— — )7l
(r) {wn gn—1 K(r,w)”/l’}
where S™~1 is the unit sphere in R", w, and dw the volume and volume element
of "1 (r,w) € RT x S"~1 are the polar coordinates, and 1/p+1/0 = 1. Since k
is a constant and Au + ku > KuP, integrating the inequality on S”~! and use the
Hoélder inequality yield

1
Au+ ku=— (Au + ku) dw
Wp Jgn—1
1
> — KuP dw
Wp Jgn—1
> KuP.

Thus, we may obtain corresponding nonexistence results if we replace K by K in
the previous results.
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As a second remark on the nonexistence results, recall that if n > 3, p = Z—J_r;,
and k = 0, then (%) is the equation for prescribing scalar curvature on R™. For
n = 2, the equation for prescribing scalar curvature on R? is of the form

Au— Ke* = 0.

It is shown in [21, 22] that there are both a global nonexistence result and a nonex-
istence result which is purely the property of the Euclidean end in R? for the
above equation. Thus, it is interesting to know whether the nonexistence results
proved in this section are of a global nature. The following example shows that the
nonexistence result in Theorem 4.3 is not a property of the Euclidean end in R"
for equation (*) and therefore it should be viewed as a global nonexistence result.
Similar examples can be constructed for the other nonexistence results in the next
section.

Example 4.1. For any positive number 3, let K > 0 be any smooth function on
R™ such that K (z) < Ce"(®). By Theorem 1.3.(b), K is a permissible function on
R™\B(1), where B(1) is the unit ball of radius 1 centered at the origin. Let

w(z) = §sinh™ " r(z).
It is easy to compute that
cosh? r(z)

Au=24§ +2-—
u = dauf(a ") sinh? 7(x)

— 1}
> bou(a+ 1 —mn).
Hence, if § > 0 is a sufficiently small constant and o > n + |k| + 1%, then

Au+ ku — Ku? > su{k + a(a +1 —n) — K6~ sinh~*®~1 71
> duf{k +ala+1—n)—CsP7 1}
>0

and u is a positive smooth subsolution of equation (x) on R™\B(1). It follows from
Theorem 1.3 that equation (%) has a smooth positive solution on R™\B(1). Since
0 is an arbitrary positive constant, we see that Theorem 4.6 (1) is not a property
of the Euclidean end in R for equation (x).

5. THE STRUCTURE OF THE EQUATION Au + ku — KuP =0 oN H"”

In this section, we analyze the equation
(%) Au+ ku— KuP =0

on the hyperbolic space H", assuming that n > 2, k is a constant, and K is a
nonnegative Holder continuous function on H". It is well known that the first
eigenvalue of the Laplacian on H" is (n — 1)2/4. Therefore, an essentially positive
function K is permissible for equation (*) on H" if k < (n — 1)2/4. An everywhere
positive Holder continuous function K is always permissible. We also notice that

coshr(x)

5.1 A =n—-1)—=

(5-1) riw) = (n )sinh r(x)

on H" where r(z) is the distance function to some fixed point o € H". Below,
r(x) will often be abbreviated to r.
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Almost all of the results obtained in this section are parallel to those in the
previous section. All of the existence and nonexistence results in this section are
extremely sharp. The only major difference from section 4 seems to be the fact
that we need to use the full power of Theorem 3.2 (see Remark 3.1), in the proof
of the nonexistence result for k = (n — 1)2/4.

Lemma 5.1. Consider H", and let k be a constant.

1. If k > (n—1)2/4, then, for any constants o, 3, and positive integer m, there
exist a positive function v and a constant 6 > 0 such that Av + kv > év and

-8/(-1)
v(x) ~ e=or/ =D (1og<m> T) P

near oo, where r = r(x) is the distance from x to a fized point in H™.
2. Ifk < (n—1)2/4, let o), = \/(n—1)2/4—k — (n —1)/2. Then there is a
positive function v such that Av + kv > 0

m—+1 -1
Av(z) + kv(z) > C (H log¥) r) -v(z)
i=0

near co. If k < n(n — 2)/4, then for any 8 > 1 we can choose v such that
v~ ek (log(m) 7“) (5_1)/(p_1). If (n —1)%/4 > k > n(n — 2)/4, then we may
choose v such that v ~ e7*" (log(m+1) ’I”)T for some large constant T > 0.

3. If k = (n — 1)2/4, there is a positive function v such that Av + kv > 0,
Av+kv>C (logr]_[?;{)l log(i) 7“) o near oo, and

v~ Te_@r (10g(m+l) 7")6
near oo, for some large constant (3.
B . (my .\ P/ @1
Proof. To prove (1), let w; = e~*7/(P=1) (log 7“) ; then by Lemma 4.2
and (5.1), given any 6 > 0,
2
1 « (%
Awy > | —— ) —(n—1) —— =26
(on)™ Bin 2 (p—1> (n=1) p—1
(n—1)
> 26
- 4
>—k+06

for r sufficiently large and § > 0 small enough. Let we = e~ as in the above
proof of Lemma 4.3; then

— 1)rcosh
(w2) " Aws = 2 <——(” Dreoshr 267“2)
sinh r

>2e(—(n—1)(1+7)— 1+ 2er?)

—1)2
__%_m
> —k + 26,
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provided 6 > 0 and € > 0 are small enough, where we have used the fact that
% < 1+47r. Let A > 0 be a constant, and let v = w1 + \wsa; we see that, as
before, if A is large enough, then Au + ku > du.

To prove (2), first assume that k& < n(n — 2)/4. For any 8 > 1, let 51 =

(8—1)/(p—1) >0, and let
v(x) = § cosh® (er(z))(a + am(t))"*,

where t = flncosh(er(z)), a = e log, and with § > 0, § > 0 and € > 0 to be
chosen. Here, as before, a1 (t) = log(a + 1), a;(t) = log(a + a;(t)), b; = 1/a};, and a
is a large positive constant, so that a,, is smooth for ¢ > 0. It is easy to compute
that

coshr sinh(er)

SRR - b2
sinh r cosh(er) ) — ok cosh(er)}

v AV k> op{(n — 1)(

sinh? (er)
cosh?(er)

coshr sinh(er)

(5.2) + BrBeb, | (t){ecosh™>(er) + 2ae

sinh? (er)

cosh?(er) b0+ (1)

— 1)6
(m + 1)6e sinh 7 cosh(er) "’

and

hr sinh
n -y Cohrsinhler) oy e er)
(5:3) sinh r cosh(er)

1
=3 cosh™2(er)sinh ™" r{(n — 1) sinh((2¢ — 1)r) — (204 +n — 1) sinhr}.

Ifk < 0, then o, > 0 and a = e~ 'o;, > 0. Now choose € > n"_’“1 +1 such that a < 1,
and let 0 = 5. It follows from (5.2) and (5.3) that

Av + kv > i
m+1

arubyt () > 0,

where b;(t) = 1/al(t), as before.

If k=0, then oy, =0. Let @ =0,e=1,and § = It follows from (5.2)

m+1)
and (5.3) that
Piln—1)* 4
A > > 0.
v+ kv > Am T 1) vb,, () >0
Ifn>2and0<k<n( 2)/4, then—(n 2)/2 <o <0and a=elog <O0.
Choose € = 1/2 and § = —=+/(n — 1)?/4 — k. It follows from (5.2) and (5.3) that
Av+lm>L bl (1) >0.
= 32(m+1) ™=

Now assume that n(n — 2)/4 < k < (n—1)?/4; then —(n — 1)/2 < oy <
(2—n)/2<0and a =e"to, <0. Let

vi(z) = 6 cosh* r(z)(a + am+1(t))".
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Then
(5.4)
(v1) "t Avy 4+ k = 04 (1 — o}) cosh™? 7 + n7 cosh™ rbmﬂ_z(t)
+ Tﬁbr_nh-Q(t){Tb;iﬂ(t) +2y(n—1)%/4 -k — mif bt
cosh” r —~

m—+2

> b L, (0{2v/(n—1)2/4 — k — Zb t)} + ox(1 — o1,) cosh™?

Therefore, we can first choose a > e sufficiently large that
m+2

Vin—=12/4—k—-2 Z bt
and next choose 7 > 0 suPﬁciently 1arge that

7V(n—1)2/4— kb, 5 (t) + 204 (1 — o)) cosh ™ r > 0.

It follows from (5.4) that
Avy + kv > 7/ (n — 1)2/4 — kvib, ! o (t) > 0.
To prove (3), let
v(z) = 6 cosh™ V2 (r(2))(a + t)(a + ame1(t))”,

where 6 > 0 and [ are constants to be chosen, and ¢ = Incoshr(z). Here a4+ is
as before, and a is a large constant. Direct computation yields

VT Ak > 0 (O () + {00 (a(t) — (7 — 1) cosh 1)
(5.5) m+2

1 sinh? "
t+ 3B b ({0 () - 2 Z by
Now we can first choose a > e so large that the last term in (5.5) is nonnegative
and then choose [ so large that the term before the last in (5.5) is nonnegative.
The lemma is proved. O

Lemma 5.2. Let k be a constant.

1. If k< (n—1)2/4, let o), = \/(n —1)2/4 — k — (n — 1)/2. There is a positive
function w Aw + kw < 0, such that |V1ogw| is bounded and w ~ €°*" near
nfinity.

2. Ifk = (n—1)2/4, then there exists a positive function w such that Aw+kw <
0, Ar + (Vr,Viogw) < Cr=! near infinity, and w(z) ~ re~"=". Here
r=r(zx).

Proof. To prove (1), consider the function w defined by
w(z) = cosh®(er(x))
where a = o1, /e and 0 < € < 1 is to be determined. Since k = —o(ox +n — 1), we

have

(5.6)  w rAw+k = o, {(e — o1) cosh™2(er) + (n — coshrsinh(er) _ D}

sinh r cosh(er)
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If k <0, then o, = \/(n—1)2/4—k — 251 > 0. If we also have o}, > 1, then
choose e = 1. (5.6) becomes
(5.7) w Aw + k = 0(1 — o) cosh 2 < 0.

Otherwise, 0 < o} < 1; choose € = o, < 1. Then

coshrsinh(er)

wAw + k = o (n — 1)( -1)<0

sinh r cosh(er)

. sinh(er) . . . . .
since — is an increasing function in e.
cosh(er)

If 0 < k < (n—1)%/4, then o, < 0. Choose € = 1; then the inequality (5.7)
remains true. Hence, in any case, we can choose the constant 0 < € < 1 such that
(5.6) is nonpositive. It is easy to see that |VInw| < |ae| = |o].

To prove (2), let w be the function defined by

w(z) = cosh™ "V 2(r(z))(a + 1),
where ¢ = Incoshr(z) and a is a positive constant. It is easy to see that, for

4n
a > nZ—1>

1
w Aw 4k = 1 cosh™2r{n? =1 —4n(a+1t)"1} <0.

Since
_ sinh(r(z)) n— . Uy
Vinu(e) = S TR~ (n = 1)/2+ (a-+ ) }Ur ),
it follows from (5.1) that
sinh(r(z))
cosh(r(z))

for r(z) sufficiently large. The result follows. |

Ar(z) +2(Vr(z) - Vlogw(z)) =2 (a4+t)"t <3r ()

By Lemmas 5.1, 5.2, 4.1, and Theorems 3.1 and 3.2, we have the following
existence and nonexistence results as in §4, except in the proof of Theorem 5.5.1 we
have to use Remark 3.1 instead of Theorem 3.2. We omit the details of the proofs.

Theorem 5.3. Let k > (n—1)2/4 be a constant and let K > 0 be a continuous
function on H™. For any constants «, 3, and any positive integer m, let

B
1. If there are constants C > 0, a, B, and a positive integer m such that
K(x) < Co(r(x))

near 0o, then (x) has a positive subsolution u and a positive constant Cy such
that

u(x) ~ Cr¢~ P~V (r(x)).
2. Assume that K is a permissible function for equation () on H"™ and
K(z) = Co(r(x))

near oo for some constants o, B, C > 0 and a positive integer m. Then
every positive C? solution u of equation (*) on H™ is bounded from above by
u(z) < N~ Y@=V (r(z)) near oo for some constant N > 0.
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3. If K is permissible, and K(x) ~ Cp(r(x)) near co, then equation (*) has a
positive C? mazimal solution u such that u(z) ~ C1¢~ P~V (r(z)) near co
for some positive constant C1.

Theorem 5.4. Let k < (n —1)2/4 be a constant and let o = \/(n —1)2/4 — k —

. Let K >0 be a continuous function on H™. For each positive integer m, let

m -1
H,(r) = <e(p_1)"” H log” r) .
i=0

. Suppose
K(z)>C (1og<m+1> T(x))_ Ho(r())

near oo for some positive constant C' and some positive integer m. Then
equation (x) has no positive C? subsolutions (solutions) on H".
. Suppose

K(x)<C (log(mH) r(x))_ H,,(r(x))

near oo for some positive constants C, o > 1 and some positive integer m.

Then (%) has a positive subsolution u such that if k < n(n—2)/4, then u(z) ~
(a=1)/(p—1)
Cyeoxm(@) (log(mH) r(x)) ,and if (n—1)%/4 > k > n(n—2)/4, then

u(z) ~ Cpe?s(@) (log(m+2) r(x)) for some constants C1 > 0 and 7 > 0.
. Suppose

K(z)>C (1og<m+1> T(x))_ Ho(r(2))

near oo for some positive constants C, a > 1 and some positive integer m.
Then there is a positive constant N > 1 such that every positive C? solution
u of equation (x) is bounded from above by

(a=1)/(p=1)
u(z) < Ne*"(®) (log(mH) r(x)) L

. If K is also permissible, and

—x

K(2) ~ € (log"™ r(2)) " Hun(r(x)),
then () has a C% mazimal solution u and a positive constant Cy such that
u(z) ~ ) (log(m+l) r(x))(a—l)/(iﬂ—l)
if k <n(n—2)/4; and
N~temer(®) (log(m+2) T‘(x))T < u(z) < Neot™@ (log(mH) r) (@=D/e=n

near oo, for some large constants N > 1 and 7 > 0, if (n — 1)?/4 > k >
n(n —2)/4.



1076 PETER LI, LUEN-FAI TAM, AND DAGANG YANG

Theorem 5.5. Let k = (n —1)2/4. Assume that K is a nonnegative continuous
function on H™. Let ¢, (r) =re” 2 For each positive integer m, let

m —1
Hy o (r) = 7P (r) (rHlog(i) 7") .
i=0

1. Suppose
K(z)>C (log(mH) r(x)) - Hyom(r(z))

near oo for some positive constant C and some positive integer m. Then
equation (x) has no positive C? subsolutions (solutions) on H".
2. Suppose

K(x)<C (log(m+1) T‘(CE)) - Hy o (r(z))

near co for some positive constants C, o > 1, and some positive integer m.
Then (%) has a positive subsolution u such that

u(z) ~ Or(r(@)) (1o ™+ r(2)”

for some positive constants C1 and (3.
3. Suppose

K(x)>C (log(m+1) T‘(CE)) - Hy m(r(z))

near oo for some positive constants C, a > 1, and some positive integer m.
Then each positive C? solution u of equation (*) is bounded by

u() < N (r(x)) (1og™ ) 1(x)) (a=1)/(p-1)

near oo for some positive constant N.
4. Suppose K is a permissible function on H™ such that

—Q

K(z)~C (log(m"H) T‘(CE)) Hy m(r(z))

near oo for some positive constant C. Then equation () has a positive C?
mazimal solution v on H™ such that

N (e () (1og ) 1)

< u(x) < No(r(x)) (1og™ ) r()
near oo for some N > 1 and 3 > 0.

Proof of Theorem A in §4. Theorem A follows from Theorems 4.5-4.9 and 5.3-5.5.
O

(a=1)/(p—1)
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