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GALOIS RIGIDITY OF PRO-I PURE BRAID GROUPS
OF ALGEBRAIC CURVES

HIROAKI NAKAMURA AND NAOTAKE TAKAO

ABSTRACT. In this paper, Grothendieck’s anabelian conjecture on the pro-i
fundamental groups of configuration spaces of hyperbolic curves is reduced to
the conjecture on those of single hyperbolic curves. This is done by estimating
effectively the Galois equivariant automorphism group of the pro-l braid group
on the curve. The process of the proof involves the complete determination of
the groups of graded automorphisms of the graded Lie algebras associated to
the weight filtration of the braid groups on Riemann surfaces.

1. INTRODUCTION AND MAIN RESULTS

Let X be an absolutely irreducible algebraic variety defined over a number field k.
Then, as is well-known, the profinite fundamental group 71 (X) is a group extension
of the absolute Galois group Gy, of k by the geometric fundamental group 71 (Xz).
With this extension structure of m1(X), one can associate a canonical “exterior
Galois representation” into the outer automorphism group m (X7):

vx : G — Outm (X3).

If this Galois image is large and non-abelian enough, then the Galois centralizer,
the centralizer of the Galois image in Out w1 (X%), would reflect effectively the k-
automorphism group of X. This is one of the most primitive forms of Grothendieck’s
anabelian Tate conjectures ([G1] [G2]) suggesting to control the geometry of a cer-
tain class of varieties by the arithmetic fundamental groups.

If a rational prime [ is fixed, then it is possible to modify the above conjecture
by replacing 71 (X3z) by its maximal pro-I quotient 7 (X3)(l). The purpose of this
paper is to consider the pro-l version of Grothendieck’s problem for special types
of varieties X, i.e., the configuration spaces of curves. To be more precise, let C
be a nonsingular (not necessarily complete) hyperbolic curve over k, and define the
r-dimensional configuration space of C' by

C" = {(x1,...,2,) €CT |w; £ x; (i £ 5)}.

Then the geometric fundamental group of C") is isomorphic to the profinite com-
pletion of the braid group with r-strings supported on the Riemann surface of the
complex points of C'. Let

l
‘P(c)(m : G — Outmy (Clg))(l)
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be the associated pro-l exterior Galois representation, and let Outg, Wl(C]%T))(l)
denote the centralizer of the Galois image of go(cl)m. We have then a canonical
homomorphism

@)
(I)C(T)

: Auty, C) — Outg, m(C)(0).
This must be an injective mapping for purely geometric reasons, though we shall
give a Galois theoretic proof of the injectivity later in the proof of (4.5). Our main

result of this paper is the following.

Theorem A (4.5). Let C be a nonsingular hyperbolic curve over a number field
k such that C} is not isomorphic to P! —{0,1,00}. Then there exists a sequence
of injective homomorphisms:

Auty, C % Sppe < Auty C0) — Outg, m1(CL)(1) — Outg, m1(Cp)(1) X Srae,

where Syic is the symmetric group of degree r + ¢, and € = 1 if C is an elliptic
curve minus one k-rational point, and 0 otherwise.

The above theorem expands a previous result for C = P! — {0,1,00} assert-
ing that Outg, m(C™)(1) is isomorphic to Auty, C(= S,,3) ([N1]-[N2]). From
Theorem A above, we immediately obtain the following fact.

Corollary B. Let C/k be as in Theorem A. If Outg, 71(Cr)(1) is a finite group,
then Outg, m (Cér))(l) (r=1,2,...) are also finite groups. And if

Autk(C) =~ Outgk st (Cfc)(l),
then also
Auty (C7)) = Outg, m(CI)(1)  (r=1,2,...).

This result supports the following pro-l “anabelian” Tate conjecture on single
hyperbolic curves to higher dimensional configuration varieties.

Conjecture C (cf. [N2],p.75). Let C be a nonsingular hyperbolic curve over a
number field k, and let | be a prime number. Then

Autk(C) = Outg, Wl(C,;)(l).
In particular, Outg, 71 (C3)(1) should be finite.

Note that there have been (infinitely) many curves C/k shown to support the
above conjecture (cf. [NT], [N4]-[N5], [Tk]). Our main ingredient of the present pa-
per shows that the l-adic Lie technique used in [N2], §4 (inspired from Deligne [De])
can also be applied effectively to the pro-I fundamental groups of the configuration
spaces of curves. This approach is simpler than the direct approach developed in
[N2], §3, although the latter one remains effective for more general pro-¢ funda-
mental groups with € being an “admissible” full class of finite groups (see loc. cit.
for more details).

Our result might also be compared with a topological result by N.V. Ivanov [Iv]
asserting that every automorphism of a discrete braid group of a Riemann surface
must come from an inner automorphism of the mapping class group canonically
containing the braid group in question. Our approach taken here is, however, of a
rather algebraic nature and differs from Ivanov’s topological approach. In effect,
we establish a direct estimate of the automorphism group of the graded Lie algebra
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Grg wéf,)L (over a field K of characteristic 0) associated with the weight filtration of
the braid group on an n-point punctured Riemann surface of genus g with r strings:
Theorem D (3.1). Suppose 2 —2g —n <0 and r > 2. Then,

Aut(Grg 7)) = GSp(2g, K) X Sn—c X Sy,

where

w

if (gan) = (Oa?’)v
if (g,n) =(1,1),

0 otherwise,

(@)
I
=

and GSp(2g, K) is the group of symplectic similitudes of degree 2g (GSp(0, K) :=
K>, Sp:={1}).

This generalizes Lemma (4.1.3) of [N2] (originated from P. Deligne’s suggestion).
The method of the present paper is also fairly influenced by our experience of the
previous joint work with R. Ueno [NTU] approaching Oda’s problem by means of
techniques of Thara and Kaneko [Th], [ThK]. (See also Matsumoto [Mal).

The organization of this paper is as follows. In §2, we relate the Malcev com-
pletion and the pro-l completion of a braid group, and introduce classes of (outer)
automorphisms of pro-l braid groups. The weight filtrations are introduced also
for the Malcev braid groups. In §3, we compute the automorphism group of the
graded Lie algebra associated with the weight filtration of the braid group, and
prove Theorem D. The proof of Theorem A will be given in §4.

Note added. After our submitting the present paper, Conjecture C was proved affir-
matively (in a stronger form) by S. Mochizuki [M2]. By virtue of his crucial result,
our reduction argument of the present paper also terminates in its ideal form; i.e.,
all the inclusion relations in Theorem A turn out to be equalities, and the last
isomorphy of Corollary B holds true for all r. See also Kawahara-Terasoma [KT],
Mochizuki [M1], Pop [P], Tamagawa [Tm)] for recent related progresses.

2. WEIGHT FILTRATION, MALCEV COMPLETION

Pro-l completion and Malcev completion.

(2.1) We shall begin by recalling basic facts about Malcev completions of nilpo-
tent groups. Let I' be a finitely generated (discrete) nilpotent group. Consider
the group algebra Q[I'] and its completion with respect to the augmentation ideal
IcQrj:

Q[ = lim,Q[I']/I".
It is naturally a complete Hopf algebra equipped with the comultiplication A :
QI — Q[I&Q[I induced from g — g&g for g € I'. The Malcev completion UT'
(resp. the Malcev Lie algebra LI") of I' is the subset of group-like elements (resp.
Lie-like elements) defined by

Ur = {y € QI | A() = v&~}
(resp. LI = {\ € QI | A(\) = A®1 + 1QA}).

It follows that UT" forms a group and LI forms a Lie algebra. The usual maps
exp and log give bijections between UI' and LI'. The pair of the group UI" and
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the natural map j : I' — UT is known to be characterized for I' by the following
properties (cf. [Q], Appendix A):

(1) UT is a uniquely divisible group;
(2) The kernel of j is the maximal torsion subgroup of T’;
(3) For each v € UT there exists n > 1 with v € j(T).

(2.2) As is well-known, the torsion elements of I' form a subgroup 7. The
quotient group I'/T is then torsion-free, and it is known that I'/T can be realized as
a group of upper unitriangular matrices of GL,,(Q) for some n > 0 (e.g. [W], 11.4).
The image of I'/T by the logarithm of unitriangular matrices generates a vector
subspace W := Qlog(I'/T) of the upper triangular matrices, and T' := exp(W)
forms a uniquely divisible unitriangular matrix group containing I'/T. The natural
mapping j : I' — I'/T — T satisfies the conditions (1)-(3) of (2.1); hence ' can
be regarded as the Malcev completion UI". Since W can be defined by a finite
number of linear forms, T' is defined by a finite number of polynomials on the
space of matrices. Thus there exists a linear algebraic group UT over Q with
UT(Q) =2 UT. The structure of UT is determined by the Lie algebra structure on
W = log(UT(Q)), which is isomorphic to LI'. Therefore UT'/Q is independent of
the choice of realizations of I'/T as upper unitriangular matrix groups. We call UT
the algebraic hull of T.

(2.3) Fix a rational prime [. We will denote the group of the Q;-rational points
UT(Qp) by UT. It can be realized as a group of upper unitriangular matrices of
GL,,(Q;). Since I' is assumed to be finitely generated, we may assume that the
image of the canonical homomorphism 5 : ' — YT is contained in the group
of upper unitriangular matrices with Z;-entries, which is a pro-l group. Thus we
obtain a mapping of the pro-I completion of I' into U;I":

(2.3.1) gi: D) — ur.

This mapping j; is the unique homomorphism extending j’ continuously with re-
spect to the natural topology. Moreover, j; is a local isomorphism, i.e., induces

an isomorphism of the associated Lie algebra Lie(I'(1)) of the l-adic analytic group

(1) onto £,T *Z £T ®o Qi
(2.3.2) Lie(j;) : Lie(I'(1)) = LT

This can be seen, for example, as follows. Since I is a finitely generated nilpotent
group, there is a central series

F:F13F23"'DFnZleTQD"'DTmZ{l}

such that T';/T;41 2 Z" (r; € Zso,i=1,...,n—1), and T} is the maximal torsion
subgroup of I" (e.g. [Hir|, Th. 2.21). As each quotient I'/T"; (1 <14 < n) is (I)-good
in the sense of Serre [Se|, where (I) denotes the class of finite I-groups, the pro-I
completion functor maps the I';/T; 11 ® Z; (1 < i < n — 1) isomorphically onto
the corresponding successive subquotients of I'(1) (cf. e.g. [N2], (1.2.4)). Then we
conclude the local isomorphy of j; from the exactness of the Malcev completion
functor and of the Lie functor of the l-adic analytic groups (cf. [BK], [DSMS]).

A noteworthy remark here is that any automorphism of I'(1) induces one of £;T,
hence one of I
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Weight filtration of surface braid groups.

(2.4) Now let us introduce the configuration space of a Riemann surface. Let Fy
be a compact Riemann surface of genus g, and let a1, ..., a, be n distinct points on
F, (2—2g—n < 0). The braid configuration space F(Q of Fyn:=Fg—{ai,...,an}
with r strings is defined by

FD = {(21,...,2,) € (Fou)" | @i # 2 (i # 5)}.

(24.1) If fi (k = 1,...,7) denotes the projection morphism Fq(T,Z — Fg(,rn_l)
obtained by forgetting the k-th component, then it gives a fibration over Fg(rn_l).
We shall denote, for simplicity, the discrete fundamental group of Fg(7) by 7T(T)
(when r = 1 simply by 7m,,) and the kernel of the homomorphism p, = m (fk)
by ¢y or qﬁ,&q’””, which is called the k-th fibre subgroup of 7T5(]Tq)1. (When speaking
about fundamental groups, we often omit references to base points as long as no
confusion occurs.) We have then the following exact sequence:

1 (bk Wér);)l Pk W(T_l)

gn = — L.

As ¢y, is isomorphic to the fundamental group of Fy minus (n + r — 1) points, it is
possible to present it as

k k k k k k k
k= T e Y :
Zl s A _Zn+k_1

where each 2% generates an inertia subgroup of a puncture of the fibre of f. As

in [NTUJ, §2, we shall take these generators so that their parabolic elements satisfy
zfﬁj—zélk for 1 <7,k <r.
(2.4.2) Throughout the present paper, we let £ represent an integer such that

3 if (g,n) = (0,3),
e:= {1 if (g,n) = (1,1),
0 otherwise.

When e # 0, it is useful to introduce auxiliary projections py : 7T§7)1 Wéfn_ D and

fibre subgroups ¢, = ker(py) for r < k < r + . In these exceptional cases, we
sometimes (re)normalize the presentation of ¢y as

~(k ~(k) ~(k ~(k ~(k) ~(k) ~(k) ~(k ~(k
b = xg)v"' x§)7y§)v "’yé) [wg)ayi ] [ ) ()] £) ) Zr(L-gr
k= g() _1
—e+k

for 1 < k < r + ¢ in the following ways. When (g,n) = (0,3), the space FO(TB) is
isomorphic to the moduli space My 43 of the (r+3)-pointed projective lines. Then,
in the notations of [N2], §3, Wc()g is isomorphic to I+ = 7, (Mo +3), which has
r + 3 forgetful projections pi,...,prt3 to Fg”. We shall regard p1, ..., p, of these
as the ones introduced in (2.4.1). In terms of the standard generators { A;;} of Iy ™3
in loc. cit., the normalized generators are given by z( ) = =Ajpforj=1,...,n+r.

When (g,n) = (1, 1), the space Fl(,1 can be written as { E"T! —A}/E, where E is an

elliptic curve, A is the weak diagonals and /F means the quotient by the diagonal

translations by E. Therefore we have r + 1 forgetful maps px : wgf) — wgrl b
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(1 < k <7+ 1) obtained by forgetting one of the coordinates of E"*! — A and
have the fibre subgroup ¢, = ker(pg) (1 < k < r +1). Here we content ourselves

simply by taking normahzed generator systems {(Z (’“>,g§’“>, Nj(k))} of ¢r’s to be

{(zy (k ),y£ ), (k), ce ffjr)l, z )} for 1 < k < r and a system satisfying the conjugacy
relations zJ(TH) 2D (1< <) fork=r+1 (cf also (2.9)).
(2.5) Recalling that each ¢y = 7y n4r—1 has a good weight filtration of normal

subgroups { ¢ (m)}5°_; introduced by Oda and Kaneko (cf. [K], [O], [AN], [NT]), we

shall introduce the weight filtration wé% = 7T(T) (1)> Wéﬁl@) D --- by setting

w1 ==,
7 (2) = (7 w0 on @)k =1, 7),
) (m) = (a7 (m), 7 (m")||m +m/ = m)  (m > 3).

Here (S) denotes the minimum closed subgroup containing S, and [Hy, Ha] denotes
the closure of the commutator subgroup of H; and H,. This weight filtration of
surface braid groups was first studied in [NTU] in the pro-l context, and similar
arguments to loc. cit. §2 imply that the homomorphism py: wéf,)L — Wéf{l)(l <
k < r+¢) induces the exact sequence of graded quotient modules with respect to
the weight filtrations:

() m _(r—1)

(251) 0 —— grm ¢k —_— gI‘m Tgn —— 8I'"Tgn — 0,

and that
(2.5.2) ﬂ ={1}.

Moreover it follows that each gr™ 7T§ 7)1 is generated by the gr™ ¢y (k=1,...,r).

(2.6) Since the weight filtration is central, the direct sum
Gr W!(]T% = @ gr’™ W!(]T%

has a natural structure of a graded Lie algebra over Z such that [gr™, gr'™] C
gr™t™ It is generated by the ideals Gr ¢y, := D, _ g™ ¢ (k=1,...,r), each of
which has a natural presentation induced from that of ¢y (2.4.1) Wlth generators
Xi(k) Y(k) certd, (i =1,...,9), ZJ(-k) €egr’®;, (j =1,...,n+7) and relations

9 x® vy 4 Sz AR 7(111)1@ = 0. We shall denote by Gr(py) the Lie
homomorphlsm 1nduced by pk By (2.5.1), it induces an exact sequence of graded

Lie algebras:

(2.6.1) 0 —— Grép —— Grr (T) _Gr(px), eréf;l) Y
From this, by induction on r, we see that Gr wﬁ(,f% is torsion-free and has trivial
center. See Sect. 3 for a more detailed presentation of the Lie algebra structure of

Gr ﬂ'g%.
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Malcev and pro-/ completions of surface braid groups.

(2.7) For each m > 1, the quotient group my /s (m) is a torsion free nilpotent
group. The Malcev completion and the Malcev Lie algebra of it form projective
systems with respect to m. We define

Ul(w(”) = @mul( () /W(r) (m)),

a,n
Ly(m§)) o= lim Ly (n! 0 /T (m).

g,n

Introduce their weight filtration by taking the weight —m component i) (ﬂ'y%)(m)
(resp. £l(7rg7 )(m)) (m > 1) to be the kernel of the canonical mapping to

U(w) /w0 (m))  (resp. Li(x () /7 (m)).
From the fact that the functor of taking Malcev completion is exact, it follows that

(2.7.1) gr’™ Z/{l(wg,)l) = gr™ El(w(r)) gr’™ 7T(T ® Q.

We shall denote the pro-I completion of 77 by ngn, and freely use notations
similar to [NTU], §2. For example, the closure of ¢p (k=1,...,r+¢)in Hgﬂ)l will
be denoted by ®j. The pro-l braid groups H(fy)l are equipped with natural weight
filtrations {T1{7%(m)}_, (e.g. loc. cit., §2) satisfying

(2.7.2) 0 —— Groy, —— Grid) 22 gV —— o,

Combining (2.6.1), (2.7.2) and a comparison result on weight graduations in the
1-dimensional case due to Asada [A], we obtain

(2.7.3) ) (m) Nwl) =7l (m), gr™ I

) m _(r)
g, g.n gn gn =8 Mg n @ L.

Since T1{", /TI{"), (m) is the pro-I completion of 7\ /w"s(m), (2.3.1) gives a homo-
morphism
gi(m) T /I, (m) — Uh(x ) /77 (m)
for each m, and they together induce a natural homomorphism
o 10, — Uy(a1)).
By comparing (2.7.1) and (2.7.3), we see that these j;(m) and j; are injective. In

particular, we may regard HE,TJ)L as a subgroup of I (wéﬁ{) Then,

(2.7.4) ) (m) =10) AU ) () (m > 1).

Moreover, identifying the Malcev completion U;(¢py) with the kernel of the projec-
tion U (7rq n) — U (7rq n )) induced from py,, we have

(2.7.5) Py = T) ) N U (D).

(2.8) Let vy denote the m-th lower central subgroup of w4 (m > 1, and we

set ") = y1my). Then, by the definitions, our two filtrations are cofinal in such
a way that

(2.8.1) ﬂ'gn(Zm) C ’}/mﬂ'!(;,)l C Wéfn(m) (m>1).
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Therefore, Z/{l( ) and Li(m é ) of (2.7) can be written also as
(

(2.8.2) U(r()) =l s (7, [ym ),
(2.8.3) Ly(x (7)) = im o L1(757) 4.

On the other hand, if we denote the lower central ﬁltratlon of the pro-l group
Hg) by {’ym gn m, then the pro-I completion of 7r /7m7r » 18 isomorphic to
g)l/’ym T)

Now each automorphism f of H!(]T,% induces an automorphism of Hg,)l / vmﬂg,)l,
hence one of L{l(wgm/vmw T)) via (2.3.2), denoted f,,. As these f,, (m > 1) are
compatible with obvious projections, we obtain a natural mapping

(2.8.4) AutTI) — Aut Uy (7)) =2 Aut £y(7(7)).

Classes of (outer) automorphisms of pro-I braid groups.

(2.9) A full (stereo) braid-like automorphism of Hgm is, by definition, an auto-
morphism of H( ,)Z which permutes the &, (k = 1,...,r + ¢) and the conjugacy
classes of the cyclic subgroups ( sk )) (1<k<r+e1<j<n+r)among them.
This definition coincides with the one given in [NTU] when ¢ = 0. As in loc. cit.,
(2.9), with each full braid-like automorphism o € Aut HE,T,%, we may associate two
permutations 7 = 7, € Sp_e, p = po € Syr4e such that

O'(‘I)k)zq)p(k) (1 SkST—FE),
a((%k))) is conjugate to <27(r,z§])€))> 1<j<n-e¢),

0((27(56_)54_1-)) is conjugate to <27(1p_(§2p(i)) (1<i<r+e).

The group of all the full (resp. pure, i.e., 7, = p, = 1) braid-like automorphisms of
Hé’f}l will be denoted by T [gr][:f (resp. r g,)fs), and the subgroups of f‘[gﬂ[:f consisting

of o with p, = 1 will be denoted by f‘;r[):r.

(2.10) We need some more subgroups of Aut Hg,)l containing f‘[gr][:f. The first one

is f‘ér{}n}, which consists of the automorphisms o of HE,T% preserving each ngzl(m)

(m > 1) of the weight filtration. The second one is Tl ]{+}, consisting of all o €

F;T{}n} such that o(®y) = @,y (k = 1,...,7 4+ ¢) for some p = p, € Sryc. In

summary, we have

P(r)+ (r)+e [r]+e [r)+e {r}
AP Ecl“g[n] crv o[l cl“g{n}cl“ }cAutl'I

Also, define F(T{Jr]‘f to be {0 € Il {n} | po = 1}.

(2.11) For a subgroup I of F; {}n}, we introduce its weight filtration by

[(m) = {Uef

o(:v)x_l e L1 +m)(z e,
0@ e~ € IYA2 +m) (2 e 2y " E Y

When T contains the inner automorphism group Int H,(f,%, define the associated outer
automorphism group to be I' := I‘/ Int H(T) The following groups corresponding to
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the classes of automorphisms in (2.9)-(2.10) will be considered as practical examples
of I':

()+e ¢ pHe o plte poyte C plite - ) o)
Ly C gty Clgml Tytny C Tgny C Tgfny C OutTlyy

We shall define the weight filtration of such a I' by projection images: I'(m) =
T(m) Int 1Y)/ It 1Y), As GrIIY) is center-free by (2.6.1), (2.7.3), T'(m) turns
out to be isomorphic to T'(m)/ Int I, (m), where Int TIS) (m) is the group of the
inner automorphisms of Hé% 1nduced by the elements of H( ") n(m).

Since each automorphism o € T' (C I‘; {} }) preserves the weight filtration of

Hg,)l, it induces a graded automorphism w(cr) of the graded Lie algebra Gr H(T)

Obviously, the mapping w : [ — Aut GrH ) factors through I', and the following
exact sequence holds:

(2.11.1) 1 — I(1) I —= - AuwtGrII{).

Our Theorem D in §3 will insure that the above map w is surjective, provided that

2 . [r]+e
I contains I‘g B

(2.12) Let us write Der™ (Gr ng,)l) for the module of the graded derivations of
Gr H!(]T,% of degree m, and put

Der(G @ Der™(Gr H(T) )

QA
3\/

Let T' be a subgroup of I'! {}n} Then, each element & € gr'™ T := ['(m)/T(m + 1)
induces a derivation Dz of degree m by

D5 (x mod H(q’",)l(z +1)) = o(x)z™! mod H(T) Ji+m+1) (i>1),

where o € T'(m) is a representative of 3, and x € H(T) (). There is a natural graded
Lie structure on

GrT = é gr’™ I
m=1

induced from the commutator bracket in Aut Héf,)l, and it is easy to see that the
map

(2.12.1) D:GrT — Der(GrII{)),
o DEH

is an injective Lie algebra homomorphism. If I > Int Hg,)l, then gr' I' is isomorphic
to gr’™ T'/ gr™ Hg,)l (2.11). So we have also
(2.12.2) D' : GrT < Der(Gr H((f,)l)/ Int(Gr Hff)%),

where Int denotes the set of inner derivations.
(2.13) There exists an obvious embedding

Der™(Gr Hg,)l) — @ Hom(gr* Hérr)” gritm )y,

g,
i=1
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which is equivariant under the action of Aut Gr H(T) by

a-D:=aoDoa"! (aecAutGrl) D e Der™ GrH(T))

g,m?

a-f:=aofoa™' (a€AutGril), f € Hom(gr' II{"), grt™ II{")).

n

Since Gr HE,TJ)L is generated by gr' HE,TJ)L and gr? ng)u the above embedding holds true

even after substituting @?:1 for @;°,. To detect the images of various derivation
modules of (2.12) in this “coordinate module” seems an interesting open problem.

Eacho e T C f;T{}n} induces an automorphism of gr™ T’ by conjugation. Since
the weight filtration of T'(1) is central, this operation makes Im(w) of (2.11) act

naturally on gr' I’ (and also on gr” I' when Int Hg,)l c I.) By an argument similar

to [NT], p.124, we see that (2.12.1) and (2.12.2) are equivariant under the actions
of Im(w).

The reason that filtrations introduced in (2.5), (2.11) are called weight filtrations
would be explained as follows. As will be seen in the next section, the matrix group

GSp(2g,7,) is naturally embedded in Aut Gr Hg,)l. When H!(]T,% occurs as the pro-I
fundamental group of an algebraic configuration space of a curve over k, the Galois
group Gy is mapped into GSp(2g,7Z;) via the l-adic Galois representation on the

Tate module of a Jacobian variety. Through this map, Gr Hg ) and gr™ T, gr'™ T

(for T D F(T 77%) become l-adic Galois modules of pure weight —m in the sense of
Grothendleck Deligne.

3. GRADED AUTOMORPHISMS

The purpose of this section is to establish the following Theorem D, which plays
a crucial role for the proof of Theorem A (4.5).

Let K be a field containing Q, and let Grg 7rg n = GI‘ﬂ' ®Z K. We denote by
Aut(Grg 71'9,7)1) the group of all the graded automorphisms of the graded Lie algebra

Grg ﬁéf% over K.

(3.1) Theorem D. Suppose 2 —2g—n <0 and r > 2. Then
Aut(Grg 7{)) = GSp(2g, K) X Sp—e X Srie,
where

3 if (g,n)=(0,3),
e:=<1 if (g,n)=(1,1),
0 otherwise,

and GSp(0, K) := K*, Sy := {1}.

This theorem is an expansion of [N2], Lemma (4.1.2) (inspired by P. Deligne),
which states that Aut(Grg WOT)) = K* x Spys (r > 2). We shall prove (3.1) case
by case in a way similar to (but more intricate than) loc. cit.

(3.2) We begin by recalling the explicit presentation of Gr wéf,)L which appeared
in [NTU] (cf. [Sc]). Let Xl-(k) (resp. Xg(i)z, Z( )) denote x( mod Wéf%(Q) (resp. yz( )
mod 7% (2), zj(»k) mod 7{2(3)) (1 <k<r 1<i<g, 1<j<n+r). The graded
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Lie algebra Gr 7rg7) has the following presentation:

generators: Xi(k),Zj(k) (1<i<2g,1<j<n+4+rl1<k<r),

relations:

g n+r
(A1) Y@ x®1+3 29 =0 1<k<),

i=1 j=1
2 Go=0 usksn, 202 uskKsn
(A3) [z;f“), ;’“ N=0 ({k+ng}n{K +nj}=0),
(A4) 2 xF =0 (k#K and j #n+ k),

k K’ 0 (k#k',zgz’,z’#z—l—g),
(A5) [Xi( ) X! )] = (k) ;o
Zn-l—k (k;ék,Z _Z+g>

By combining (A1)-(A5), we also have

(A6) Z", 2 = —[zW,Z1] 1<j<n+rl<kh<r),
(A7) X,z = —[xM, Z) (1 <i<2g 1<k <),

Let Grg ¢y := Gr ¢, ® K for each 1 < k < r. Then, Grg ¢, is an ideal of Grg 7T(T)
as well as a free Lie subalgebra of it generated by {Xi(k), Zj(k), 1<i<2g,1<5<
n+r}. It is also easy to see that

2g r

(3.2.1) ek o = @DEP) (1<k<r), gikal) = Perk o
=1 k=1

3.2.2 2 2 by, = (7 k+h

(3.2.2) gr ox N ey dn = (Z,) ) (k# h).

(Here (S) denotes the K-linear subspace generated by S.) Let Aut’(Grg WéT%) be
the group of all the graded automorphisms of Grg Wéf,)l which permute the Grg ¢
(k=1,...,r) and <Z;k)> (1 <k<r1<j<n+r)among them respectively. Then

observing the action of Aut’(Grg 7T£(7T7)1) on the relations (A1-7), we obtain
(3.2.3) Aut’(Grg 7l1)) 5 GSp(29, K) x S, x S;.

See [NTUJ, (2.9.2).
By virtue of (3.2.3), in non-exceptional cases, we are reduced to showing that

any graded Lie automorphism of Grg 7r§7) permutes Grg ¢ (1 < k <r) and (Z(k)>

(1<k<r1l<j<n-+r). Roughly speaking, in the case of n = 0, the lines <Z;k)>
are characterized by the Grg ¢p’s which are characterized by Lemma (3.3) below,
while in the other cases of n > 0, the Grg ¢;’s are characterized by the lines (Z j(k)>
which are characterized by Lemmas (3.4-6).

When Z € Grg 7rg n, we let C(Z) denote the centralizer of Z in Grg ﬁgr,)h
C™(2):=C(Z)Ngr’} 7rg )., and denote by 3 = 3 the Lie subalgebra of Grg mg, r

generated by {ZJ(»k); 1<k<rl1<j<n}
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Lemma (3.3). Suppose g > 2,n = 0,r > 2. Let X be a non-zero element of
ngng If X € Up_y 8tk O, then dimgCH(X) = (29— 1)(r—1)+1. If X ¢
Ui—, grk ¢k, then dimgCH(X) < (29 —1)(r — 1) + 1.
Lemma (3.4). Suppose g > 1,n > 1,r > 2. Let Z be a non-zero element of
gra wéf,)p Then the following conditions on Z are equz’valent
(a) Z € 3N gr% ¢y for some 1 <k <r or Z e n+h) for some 1 < k,h <r,
(b) dimxCY(Z) > 2g(r —1).
Lemma (3.5). Suppose g > 1,n > 2,r > 2. Let Z be a non-zero element of
3Ngr¥ ¢y for some 1 < k <r. Then the following conditions on Z are equivalent:
(a) Z € <Z§k)> for some 1 < j <mn,
(b) dimg(C*(Z)N3)>(n—1)(r—1)+1

Lemma (3.6). Suppose g = 0,n > 4,7 > 2. Let Z be a non-zero element of

gra wé?l . Then the following conditions on Z are equivalent:

(a) Z € (Z(k)> for some 1 <k<r1<j<n-+r,
(b) dmeC’2( )>(n—1)(r—1)+1+("5").
Proof of Theorem (3.1) by using (3.3-6). We shall separate (3.1) into the
following five cases, and prove the theorem case by case:
g=0,n2>4.
For the case g = 0,n = 3, see [N2], §4. Let f be any element of Aut Grg Wéf%
(1): g > 2,n = 0. By virtue of Lemma (3. 3) f permutes gri; ¢x. From this

together with (A5), (3.2.2), we see that f € Aut’(Grg W(T)) Then (3.2.3) concludes
our assertion.
(2): g > 1,n > 2. By Lemma (3.4), f preserves the union of the 3 N gr¥ ¢y

(1 <k < r)and the <Zr(7,]2h> (1 < k,h <r). Since n > 2, the dimensions of

3N gr¥ ¢ and (Zfl th> are different. Therefore, f induces a permutation on the

3Ngr% ¢r (1 <k < r) and one on the (ngzh> (1 < k,h < 7). In particular,

f preserves 3. So we can apply Lemma (3.5) to see that f permutes the flags

<Z§k)> C3Ngr% ¢ (1 <k <r 1<j<n). On the other hand, by (A4), we have
grkeor= [ C'zM).

1<h<r, h#k
1<j<n

Thus, f permutes gri ¢ (1 < k <r). Taking (A5) into consideration, we see that
f permutes Grg ¢ (1 < k < r) and obtain the conclusion by (3.2.3).
Before going to the cases ( ),(4),(5), we shall prepare the following lemma.

Lemma (3.7). For each 1 <k <r+1, let

k
5(/’C) {U1<]<n+r<Z( )> C gr (bk (1 S k S T)a
U1§h§r<Z( )> CgKﬂ'év)z (k=r+1).

Let f € AutGrg ﬁéf% and suppose that n+1r > 5 and r > 2 and that f permutes

<Zj(k)> 1<k<rl<j<n4r). Ifn=0orn>2, then f permutes 3(*)

(1<k<r), and if n =1, then f permutes 3*) (1 <k <r41).
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Proof of Lemma (3.7). To each non-zero Z;k) we associate a pair of integers S =
{n+k,j} and write Zg = Z;k). Then the lines generated by the Z;k) correspond
bijectively to the elements of

S={Sc{l,....n+r}|#5=2, Sn{n+1,...,n+r} F#0}.

Then by (A3), (A6) and the freeness of Grx ¢ (1 < k < r), it follows that
[Zs,Zs/] = 0 if and only if SNS" = @ for 5,5 € &. Therefore, if F denotes

the permutation on & induced naturally from the action of f on the (ZJ(-k)), then

(3.7.1) {i, 3y n{d, '} #0 = F({i,j ) N F{7,j'}) # 0.
If we use the assumption n +r — 1 > 4, then we further obtain
(3.7.2) (N FUn+kj}) #0.
1<j<n+r
Jj#n+k

The statement for the case n = 0 follows merely from this observation. If n > 2,
then n +7r — 1> r, so, for any 1 < k < r, the common element of (3.7.2) must be
> n+1; hence the Z’s corresponding to the F({n+k,j}) (j #n+k, 1 <j<n+r)
must be contained in one of gr¥ ¢1,...,gr% ¢.. Thus we get the conclusion. If
n = 1, then the common element of (3.7.2) could be 1 (for some k). Taking this
possibility into consideration in this case, we obtain the above statement. O

(3),(4): g > 1, n = 1. Let us introduce new symbols: X" ™) := — ket x®
(1<i<2g)and Z§T+1) = Z{j) (1 <j<r),and let Grg ¢,+1 denote the Lie-ideal
in Gryg wég generated by {Xi(TH), Z§T+l);1 <i<2g,1<j<r}. ByLemma (3.4)
and the fact that 3N gr%< ¢r. is 1-dimensional for n = 1, it follows that

(3.8.1) £ permutes (ZFy (1 <k, h<r+1).
Set grg ¢r41 = Gr ¢ri1 N gry 77537 and Z = {ZJ(‘k) [ 1<k<r1<j<n+r}h
Then, from (A4), (A7) (see also (3.10.1-2)),
(3.82) g k=[] CYZ) (1<k<r+1),
zez\3)
1<k l,g<r+1

_ 1 1 (1) =" = '

(3.8.3) 0 N c'@nc'z?) ( Gl £1Lk )
Zej(k)\j(”

Using (3.8.1-3) and Lemma (3.7), we see that f permutes 3*) (1 < k < r + 1).
(The case r = 2 follows from (3.8.1). For the case r = 3, we need (3.8.1-3). The
case r > 4 follows from (3.8.1), (3.7).) Then by (3.8.1-2), f permutes gri ¢ (1 <
k < r+1), ie., there exists a permutation 7 € S, 41 with f(grk ¢) = grk br(k)s
f(®) = 37D On the other hand, we have from (A2), (A5) a relation

g

384) DI X LNz Z9g-1) Yz
i=1 j=1 ZeZ\3(r+D)

(3): Suppose g > 2. By (3.2.3) and (3.8.1), it suffices to show 7(r +1) =r + 1.
In fact, if not, then 7(r + 1) = k for some k < r, and f maps the LHS of (3.8.4)
into Grg (¢r). Meanwhile, the RHS must be mapped to a sum of non-zero scalar
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multiples of the Z € Z\3*), which does not lie in Grg (¢y,). This is a contradiction,
and hence 7(r +1) =r + 1.
(4): When g = 1, we have an isomorphism

Grg 7r§ 1~ Grg 71'1T+1)/V
where V is the subspace in gri- 7r§ J ) generated by the Z; Xl-(k)’ (1 <i<2g).
As V is GL(2,K) x S’T+1-invar1ant we have a natural map GL(2,K) x S,11 —
Aut Grg 71'?1) From this we may assume 7(r +1) = r 4+ 1 without loss of generality.
Then, by using (3.2.3), we conclude the proof.
(5): g =0,n > 4. Let f be any element of Aut(Grg 71'(()2)1) Then by Lemma
(3.6), f permutes (Z;k)) (1 <k<r1<j<n+r), and then by Lemma (3.7), f

permutes gra ¢r = (3(M) (1 < k <r). Hence f € Aut’(Grg WOT)) By (3.2.3), we
conclude the statement.

Proofs of Lemmas (3.3-6). In the case of Lemma (3.3), we shall prove the first
part by a direct computation using (A1-5) and the second part by induction on
r. In the cases (3.4)—(3.6), we shall prove (a) = (b) by a direct computation and

(b) = (a) by induction on r. Let Grg p, denote Grp,®K : Grg 7Tg ) — Grk 7TgT 2

Proof of Lemma (3.3). (g > 2, n = 0). First, we shall compute dimyC* (Xi(k))
(1 <k <mrl<i<2g). By virtue of (A5), it follows that Cl(Xi(k)) contains
{X(V),’y # k,|a—i| # g}. On the other hand, the [X( ,X&’“’], [XZ.(k),Xi(l)g] = :I:Zn(yk)
(I1<a<2g,a#i,1<~vy<r v+#k) are linearly independent over K, as part of
a basis of gri ¢y (g > 2). (Here + is taken according as i < g or ¢ > ¢.) Hence

(3.9) AxM=xMe G &
v#k, |a—il#g

Thus, dmeCl(X(k)) (2g—1)(r—1)+1. Since GSp(2g, K) acts on each grk ¢y —
{0} transitively (cf. [Di], Chap.II, Prop.l.), the first statement of Lemma (3.3)
follows.

Next we shall show that dimxgCH(X) < (2g — 1)(r — 1) + 1 for every X €

ng 7Tg 0 Uk 1 ng G-
Step 1: r = 2. We notice that Grg p; induces the following exact sequence:

0— C(X) Ngri ¢1 — C(X) — CN(Grg p1(X)) (C Gr 7wy ).

Let dy = dimg (C(X) Ngrk ¢1), do = dimg (C*(Grg p1(X))). Then, it suffices to
show that

(i) di < 2g — 2, and

(ii) do = 1.
We first show (i). Supposing contrarily d; > 2¢g — 1, we shall deduce X € grk ¢o
to get a contradiction. Since dimg Ad(X)(gri ¢1) = 29 — di < 1, [Xi(l),X] and
[Xi(,l),X ] are linearly dependent for i # i’. Especially, we have 0 = ¢; [Xi(l),X 1+

Ci+g[Xi(41r)gaX] for some (c;,ciyy) € K — {0} (1 < i < g). Expressing X as
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S aa XS +al, X P (aq,a, € K), we obtain

1 1
0=c[x" X] +eirg[ X, X]
(1)

= ciaal XV XD+ Y cigaal X XVT 4 (cial,, — civgal) 24
ai a#itg

Here, notice that, since g > 2, [X( ) Xél)], [Xi(i)g,Xél)] 1<a<2g,a#ii+yg),
[X; ) , X Z(i)g] and Z2( ) are linearly independent over K for fixed i, as part of a basis
of gr?. ¢1. Hence c;an = citgaq =0 (a #i,i+ g). As (c;,citg) # (0,0), we obtain
ao, = 0 (o # i, + g). But since this holds for ¢ = 1,2, a, = 0 for all a, i.e.,
X e gl‘k ¢2.

As for (i), we have only to see that dimx(Cly,, ., (X)) =1 for 0 # X' €
gri mg,0. But since GSp(2g, K) acts on gr! II, 0 — {0} transitively, this reduces to
the obvious case X' = X;.

Step 2: 7 > 3. We choose h (1 < h < r) such that Grg pp(X) & U,_ 1ng Ok
(This is possible because X ¢ J;_, grk ¢r and 7 > 3.) We note that Grg p,
induces the following exact sequence:

0 — C(X)Ngrk ¢n — CHX) — CY(Grg pr(X)) (C Grg Wéfgl)).
By the induction hypothesis, dimxC(Grg pn(X)) < (29 — 1)(r — 2) + 1. On the

other hand, by v1rtue of (3.9), we can see that (22, C*(X h)) = 0, which implies
dimp (C(X) Ngrk ¢n) <29 — 1. Thus dimxgC*(X) < (29 —1)(r — 1) + 1.

Proof of Lemma (3.4). (¢ > 1, n > 1). (a)=(b): It suffices only to observe
from (A4) and (A7) that for any Zq(lli)k, (k < k') and any Z € 3N gr ¢ — {0},

2g

(3.10.1) A @ xFrxhe @ (xM),
i=1 htk, K’
(3.10.2) CHZ)y= (XM 1<h<rh#k1<i<2g).

(b)=-(a): We shall prove this by induction on r, by using the exact sequence
0— C(Z)Ngrk ¢ — CY(Z) — CY(Grg p1(Z)) (C Grg Wéf,fl))

induced from Grg p;.

Step 1: r = 2. Suppose Z ¢ (Z n_22> Since gr ¢1 N gri ¢o = (Z,(:ﬁz% we may
assume Grg p1(Z) # 0 by symmetry. By the assumption (b), dimxC'(Z) > 2g.
Since Grg m,,,, is a free Lie algebra, dimxC'(Grg p1(Z)) = 0. Hence C'(Z) =
gric ¢1 for dimg gri- ¢1 = 2g. Thus [Xq M ,Z]=0 (1 <a<2g). We shall take

(X ng)],Z(k) Zn1+>2|1<a<a <29,1<B8<n-1,k=1,2}

o )
. 2
as a basis of gr 7r§77)1 and

[Xél), [Xéll),X(l)]] 1<a,d,a’" <29, a>ad <o
[X(l) Z(_l)] 1<j<n+2,j#nn+1
o ) J
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as a basis of gri. ¢;. Express Z as Y1 + Y + cZ(_Z2 by using the above basis such
that Yy = Y a;; ®x® x k)] + Zb(k)Z(k) (k =1,2). Then, from (A4), (A5) and
(A7) it follows that

[Xél)ﬂ YQ] =
2 1 1 2 1 1
- > a2, xMz00+ T el xV Z), 1<a<y),
EET o e m g TS o ) L
+ 1<.Z Qg Xi s Zp o] = ZQ g g1 Xy ' Znia] (9 <a<2g).
<i<a—g a—g<i’'<2g

In particular, [X(gl),Yz] € [erk ¢, nl+2]; hence 0 = [X(gl), AR [X(gl),Yl] modulo
the ideal (Zfl_22) Since Grg ¢1/( n+2) = Grg Iy, is free, Y7 = 0 mod (Z,(llﬁz);
but then Y7 = 0. Returning to 0 = [X(gl), Z) = [X(l) Ys] + [X(gl), 27(122], we see

that
,_falny, (<a<y),
a? (g+1<a<?2g),

a—g,a

(2 _ (2) (2)

=0(i,j<gori,j>g),a;4y=0a, ., =0(i,i' # &), which amount to
all aEJ) and c being zero. Thus Z = Zj<n JQ)Z D ¢ 3N gré éo.
Step 2: 7 > 3. As gr ¢1 N gré ¢2 Ngré ¢3 = 0, we may assume Grg p1(Z) # 0
by symmetry. By assumption
dimgxCY(Z) > 2g(r — 1).
Since dy := dimy (C(Z) Ngri ¢1) < 2g, we have
do = dimxgC*(CGr p1(2)) > 29(r — 2).

Then, by induction, d = 2g(r — 2), hence d; = 2g, ie., C(Z) D gri ¢1. The
induction hypothesis also enables us to express Z in one of the following forms:

and a;;

- ZAZW 2<k<r A,...,\n € K),

® 2<k<h<r e K*),

modulo gr% ¢;. But since each RHS above centralizes gri- ¢1 by (A4), the above
= must be real = in grZ 7). Thus we conclude the proof.

Proof of Lemma (3.5). (¢ > 1, n > 2). (a)=(b): By (A3), we have for each
1<p<n,

k h r k
c2(z))n3 5z | 125002 @ (2))).

In order to show the converse inclusion, let Z € C?(Z ék)) N 3. Then, expressing Z
as Y 1<np<r b( )Z( ). we obtain from (A3),(A6)

1<j<n

k k k k h k k
0=12251= 3 oz 2P - S vz, 2.

1<j<n 1<h<r
378 h#k
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By the freeness of Gri ¢ and g > 1, we obtain b;k) = bgl) =0(j#pB,h#Ek).
Hence the desired inclusion holds.

(b)=(a): We may assume that Grg pi(Z) # 0, i.e., Z € 3 N gr? ¢, for some
k > 2. We note that Grg p; induces the following exact sequence:

0 — C3(Z) Ngrk ¢1 — C3(Z) — C*(Grg p1(2)),
where C5' () = C™(x) N 3.

Step 1: r = 2. Writing Z as E?:l ijj@), we shall show that the coefficients
vanish except for one. By the assumption (b), dimxC3(Z) > n. Since Grg my, is
a free Lie algebra, dimxC?(Grg p1(Z)) = 1. Hence

n—1< dimKC’%(Z) N grﬁ( o1 <mn,

which implies that [Zél), Z] and [Zg),Z] are linearly dependent for any 1 < 8 <
B’ < n. For such a pair (3 3'), pick (ag,ag) € K — {0} such that aﬁ[Zl(,l),Z] +

ags [Zé%), Z] = 0. Then, by using (A3) and (A6), we obtain

1 1 1 1
agbg[25), Z1),) + agbp (25, Z{1),) = 0.

As Grg ¢1 is free, agngél) + ag/bg/Zél,) = chllJzz for some c € K. As g > 1,

Zél), Zé%) and Z,(LQQ are linearly independent over K. Hence agbg = ag/bg = c = 0.
Thus bg =0 or bg: =0 for any 1 < 8 < ' < n. This concludes (a).

Step 2: r > 3. Let di = dimkC3(Z) Ngry ¢1 and dy = dimx C?(Grg p1(Z)).

Case 1: do < (n—1)(r — 2). Then by (b), di = n. Hence [Zél),Z] =0
(1 < B <mn) Expressing Z as ., ijJ(»k) and using (A3) and (A6), we obtain
0=1bg [Z[gl), fll_zk] Hence bg =0 for any 1 < § < n, which is a contradiction.

Case 2: do > (n—1)(r—2). As Grg p1(Z) C 3&7{1), by the induction hypothesis,
it follows that do = (n — 1)(r — 2) + 1. Hence n — 1 < d; < n. Then in the same
way as in Step 1, we conclude (a).

Proof of Lemma (3.6). (¢ = 0, n > 4). (a)=(b): It is easy to see that
Grg W((J)T) = Grg ¢ + C(ZJ(-k)), Grg ¢r N C(ZJ(.k)) = <Z;k)> for j # n+ k. Hence

dimKC2(Z;k)) = dim gry wé?i —dimg gri ¢ + 1
— (-1 —1)+ <T;1> +1.
(b)=-(a): We again start from the following exact sequence induced from Grg p:
0— C(Z) Ngrk ¢1 — C*(Z) — C2(Grg p1(2)) (C Grgeay, V).

We denote di = dimxC(Z) N gri ¢1, do = dimx C?*(Grg p1(Z)).

Step 1: r = 2. We may assume Grg p1(Z) # 0 without loss of generality. Write
Z as ZZ;} bg)Zél) + 3B bg)ZéQ). By the assumption (b), dimxC?(Z) > n,
while, as Grg 7o p, is free, do = 1. Hence n —1 < d; < n, which implies that, for
any pair 5,5  #n+1 (j # j), [ZJ(.l),Z] and [Z;}),Z] are linearly dependent. Let
1 <j <j <mn,and pick (aj,a; ) # (0,0) such that aj[ZJ(l),Z] + aj/[ZJ(»,l),Z] = 0.
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Then, by using (A3) and (A6), we get
n—1
*) 0=la;2\" +a; 2, Z A B VAR AN Bl VA AN

If j < j < n, then, taking {Zﬁl);l <B<n+2,0+#n,n+1} as a free basis of
Grg ¢1, we obtain the following relations

abd) = apbV

_a’] j y

ngél):O (1§ﬁ§n_17ﬁ7é]7]/)7
apby) =0 (1<B<n—1,8#]5).

Then, since n > 4, we may move 5,5 < n to obtain bg) =0(1<pB<n-1).
Returning to (*) for general j, j* < n, we then have

1 1 2 1 1
ajbg >[Z( ARNEE aj'b;’)[zg(‘/)azfllz] _o

As [Z; (1) Z(l) o] and [ ) ZfllJZQ] are linearly independent over K, we obtain a; b(
aj/b(,) =0. Thus b(2) or b(2) =0 for any 1 < j < j/ < n, which implies (a).

Step 2: r > 3. We may assume that Grg pi(Z2) # 0. As di < dimg gri. ¢1 =
n+r —2, (b) implies da > (n — 1)(r — 2) + (T;2).

Case 1: dg > (n—1)(r—2)+ ("5 2) By the induction hypothesis, we may write
Z in the form

Z=b2 + 71,

where2 <k <r,1<fB<n+r(8#n+1l,n+k),be K* and Z; € gr ¢1. We shall
prove Z; = 0. By the induction hypothesis, do = (n — 1)(r — 2) + 1 + ("3?). From
this and (b), we obtain n+r—3 < dy < n+r—2, which implies linear dependence of
[ZJ(-l), Z] and [Z;,l), 7] for every pair of j,j5' Zn+1 (j # j'). Meanwhile, as n > 4,
r > 3, there exist ji,j2,j3 € {1,...,n+r}\{n+ 1, n + k, 5} such that Zj(ll),Z(l)
and Z;sl) are linearly independent, each of which, by (A3), commutes with Zé
Thus, we can construct, for each (p,q) € {(1,2),(1,3),(2,3)}, a nontrivial linear
combination Y, 4 of ZJ(:) and ZJ(;) killed by Ad(Z1). Then, since Grg ¢; is free,
Zy € (Yp,q) for each (p, ). By the construction, (), ) (Yp,q) = 0; hence Z; = 0.
Case 2: dy = (n—1)(r—2)+ ("5?). In this case, (b) implies d; = n+7r—2. Then

[ZJ(I), Z] =0 for any 1 < j < n+r. Taking {Zék);l <k<rl1<g<n+k-2}
as a basis of gr 7T(() ,)1, and, expressing Z as .  1<g<r é)Z(k), we obtain the
1<p<n+k—2

following n 4+ r — 1 equations (E;) (1 <j<n+r j#n+1):

O— 1) Z Z (1) Z(l) Zl) +Z (k) Z(l) Z7(11—2k]

B= k=3
U 1 1 .
PR RIVARIASN (1<j<n),

k=2

> aP(zM, z 1)+ z Uz Zz] (nr2<j<n+r).
=j—n+2 B=1
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For 2 < h <, consider the claims:

B a® =0  (sSkshlsfsn+k-2)
S T d), (hvl<k<r1<B<nth-1).

By choosing a convenient free basis of Grg ¢ for each j, we can deduce (P) from
(E1),...,(Ey), and (Pr41) from (Py), (En4n) for each h. Thus we obtain (P,),
namely Z = 0. This is a contradiction, and this case does not occur under our
assumption Z # 0.

4. (GALOIS REPRESENTATIONS

(4.1) Now we shall study Galois representations. Let X be a projective smooth
curve over a number field k of genus g, and let S C X be a k-subset of closed
points with geometric cardinality n. If an embedding of k into C is fixed, then the
complex points X (C) form a compact Riemann surface of genus g, on which S(C)
lies as a subset of cardinality n. We shall regard X (C), S(C) as Fy, {a1,...,an}
of §2 (2.4) respectively. Assume 2 —2g —n < 0 so that C := X — S becomes a
hyperbolic curve, and let € be as in (2.4.2). We shall introduce, for r > 1, the r-th
configuration space C(") by

C" = {(x1,...,2,) € C" | 7; # x; for i # j},

so that C(")(C) = Fq(T,Z Then, by the well-known comparison theorem ([G3]), we
may naturally identify 7 (C") ®E) with the profinite completion of Wéf,)L =m (Fg(r,z)7

whose maximal pro-I quotient is nothing but H!(]T,% of §2 for a fixed prime [.
Since C") is defined over k, we have a natural (exterior) Galois representation
cp((j:) : G — OutTI'") .

g,

Meanwhile, each k-automorphism of C(") induces naturally an element of Out H!(]T,%

centralizing the Galois image @g)(Gk). A basic problem arising here is then to
understand closely the diagram

(r)
Gr 2% Ouwt 1) «— Auty, O,

where the images of both arrows centralize each other. The purpose of this section
is, then, to estimate the Galois centralizer Outg, Hg,)l (associated with C;Z) and

1), which is by definition the centralizer of the image of gog ),

Recall that we have defined subclasses of the outer automorphisms in §2 as
follows:

[r]+e [r]+e {r} r
Ly cryy crl, COut H(q,)l

We know that the Galois image gog ) (Gg) is contained in F[qr][:]s for algebro-geometric

reasons, while, as will be seen in Lemma (4.3) below, the Galois centralizer is

contained in F[gr’]{f}. We first need to show the following lemma.

Lemma (4.2).

Outg, I1{), © rgf {}n}.
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Proof. Let f € Outg, H!(]f%, and choose a lift f € Aut Hg,)l of f. It suffices to

show that f preserves the weight filtration of H!(]f%. First we consider the naturally

induced Galois representation
@ : G, — Aut’(Grg, I n) GSp(2g,Qp) x Sp x Sy

and choose o € G}, such that ¢(o) is of the form (ay124, id, id) for some a, € 14+1Z;.

(This is possible by Bogomolov’s theorem [Bog].) Pick a lift & € Aut(II T%) of

‘P(c)( ), and regard both f and & as automorphlsms of £ (7rq n) by (2.8.4). Noticing

that & acts on the m-th graded quotient of El(wq n) by a2*-multiplication (m > 1),
we obtain a ‘weight graduation’ decomposition with respect to &:

L)y m) = [[ W (m>1),

where WJ»(T) is the pure weight —j component:
W = {xe Lu(x()) [ 5(N) = alA).

On the other hand, since these f and 6 commute with each other modulo the inner
automorphism group, there exists u € Int £l(7rg n) with

fou=af.

Observe here that ¢ and u preserve the weight filtration, and consider their trun-

cations oy, uny € Aut El(w /W(T)( N)) respectively for N > 1. This observa-
tion enables us to employ an argument inspired by P. Deligne (cf. [N2], §4):
Namely, by Borel s lemma ([Bor], III, Prop.9.3 (2)), there exists a unique vy €
Int ﬁl(ﬂ' /7T ( )) with oyuny = UN&NUN So we obtain v = (vy) € Int El(ﬂ'grq)l)
with fvé = 6 fv. From this it follows that fv commutes with 6. Thus, this fv pre-
serves all components W( ). and hence the weight filtration of El(wg7)). Slnce

v € Int El(wg ,)1) preserves the weight filtration, f must preserve that of H by

(2.7.4). O
Now, we shall show
Lemma (4.3).

Outg, I € I‘g]{tg

Proof. Let us fix 0 € Gy, as in the proof of Lemma (4.2) and pick a lift (") of
<p(cr) (o) to Aut Hgf,%. For each 1 < k < r + ¢, we have an exact sequence

1 oy ny), —2— i) —— 1,
and (") preserves ®;. Thus, it induces an automorphism 6,?0_1) on H!(]T,; b, Using

these (") and & N(T b (1 <k < r+e¢), we obtain associated weight graduation
decompositions

Ly(x{7)) HW(’") and  £;(x{0) Hw,ﬁj,;”

m=1
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such that (the natural extension of) p, maps the pure weight —m component W,(,f )

onto Wf;;l). Denote its kernel by Uy, 1 C Wr(nr). Then, we obtain a commutative
diagram of exact sequences:

D1 Unp —— Doy Wi @::1W(T_l)

m=1 m,k

«| ~| |=

GroyoQ —— GrIleQ —2 arify" e Q.
Let f be an arbitrary element of Outg, H!(]f%. Then, as in the proof of Lemma (4.2),
we can choose its lift fe Aut(H!(f,%) and v € Int El(wéf})l) such that fv commutes
with ("), Then fv induces an automorphism of

P w) =6l e,

m=1
henceNan element of GSp(2¢g,Q;) X Sp—c X Sy4e by Theorem D (3.1). This means
that fv permutes the fibre ideals £;(¢y) = closure of @::1 Uni 1 <k<r+e).
Since v € Int £; (wéﬁ)l) itself has the same property, we conclude that f permutes

Oy =G0 N Li(¢k) (1 <k <r+e) (cf (2.7.5)). Hence f € TVFS. 0

Theorem (4.4). There exists a natural injective homomorphism
Outg, Hg}l — GSp(29,Z;) X Sp—e X Spie.
Moreover if e = 0,1 (2.4.2), then it induces an injective homomorphism
Outg, 1Y) < Outg, My X Sroe.
Proof. By (4.2), (2.11.1) and Theorem D (3.1), we have a natural homomorphism
@ : Outg, TI{), — Aut(Grg, TI{)) = GSp(29, Q1) X Sp—c X Sppe.

Since the Galois centralizer is a priori of weight zero (cf. [NT], §3), the map w turns
out to be injective by (2.13). Thus the first assertion follows. Next, let € = 0,1,
and let E7 be w~!(GSp(2g) x S,,_.). Then, since S, . is naturally included in our

Galois centralizer Out, 1155, we have

OutGk Hg% = Ep X Sr—i—s — GSP(ng@l) X Sp_e X S’r—i—s-

Now the projection morphism of C'(") to its first component C' induces a surjection
of Hg,)l onto Il ,,, and hence a homomorphism
.+
P Fgf{nf — OutIl ,.

By Lemma (4.3), the group E; is contained in F;T,)[:f , and is, via the above 1),

mapped into Outg, Il;,. But we know that this latter Galois centralizer is em-
bedded into Ty, by the ‘anabelian’ weight argument in 7;(C), and then into
GSp(2g) x S, by the linear weight argument in I'y [, (cf. loc. cit., §3, or [N4],
§1). Then, the image ¥(E;) C GSp(2g) x S, must coincide with Fy = w(E;) C
GSp(2g) x Sp,—. in a canonical way; hence 1 is injective on Ey: ¢(F1) = Fy. From
this, we conclude the second assertion. O



1100 HIROAKI NAKAMURA AND NAOTAKE TAKAO

(4.5) Theorem A. Let C be a nonsingular hyperbolic curve over a number field
k such that Cy % P —{0,1,00}. Then there exists a sequence of injective homo-
morphisms

Auty, C % Sppe < Auty C0) — Outg, m1(CL)(1) — Outg, m1(Cp) (1) X Srae,
where € = 1 if C' is an elliptic curve minus one k-rational point, and 0 otherwise.

Remark (4.6). Asin [N2], Th. B, one can consider the l-adic Lie version of Grothen-
dieck’s conjecture by substituting El(wéf%) for H!(]f%. When n = 0,1, most of our
arguments go in exactly similar ways for the Lie version of Theorem A. However,
no supporting examples for the 1-dimensional case are known for the Lie version.

Proof of Theorem A (4.5). According to Theorem (4.4), we have only to show that
the natural mapping

U : Aut(C) — Outg, TI$)

is an injection. Let us employ an ‘“intermediate pro-nilpotent technique’ with some
arguments from [N3]. Put U = C(") and let 7; denote the discrete fundamental
group wéf% of the associated complex manifold with U. Moreover we denote the
pro- (resp. pro-nilpotent) completion of m; by 7"°" (resp. @), Then 7" =
I, me_l is (universally) center-free. Since U can be embedded into some semi-
abelian variety, we may apply [N3], Lemma 4.4 and Grothendieck’s argument (cf.
Proof of Th. 2.1 of loc. cit.) to see that the natural mapping

Auty U — Out "% = H Out 7o~

| prime

is an injection. By Lemma (4.2), the image of Auty U in each Out 72" is con-

tained in I‘ér{}n}, and then, by Theorem D (3.1) and a weight argument, there exists
an injective mapping
Aut U — ] (GSp(29,Q1) x Snc % Spye).
| prime
On the other hand, any automorphism in Auty U induces an outer automorphism of
wéf% = m1(U(C)), which preserves the weight filtration by Lemma (4.2) and (2.7.3).
Therefore the above injection should factor through the discrete level mapping
Aut, U — Aut(Grg (")) = GSp(29,Q) X Sp—c X Sy,
which insures that
Auty U — GSp(29,7Z;) X Sp—e X Spte

is already injective. Thus, Autg U < Out 7?™°~" for every prime [. O
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