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GREEN’S FUNCTION, HARMONIC TRANSPLANTATION,
AND BEST SOBOLEV CONSTANT
IN SPACES OF CONSTANT CURVATURE

C. BANDLE, A. BRILLARD, AND M. FLUCHER

ABSTRACT. We extend the method of harmonic transplantation from Eu-
clidean domains to spaces of constant positive or negative curvature. To
this end the structure of the Green’s function of the corresponding Laplace-
Beltrami operator is investigated. By means of isoperimetric inequalities
we derive complementary estimates for its distribution function. We apply
the method of harmonic transplantation to the question of whether the best
Sobolev constant for the critical exponent is attained, i.e. whether there is an
extremal function for the best Sobolev constant in spaces of constant curva-
ture. A fairly complete answer is given, based on a concentration-compactness
argument and a Pohozaev identity. The result depends on the curvature.

1. INTRODUCTION

Harmonic transplantation is a device to construct test functions for variational
problems of the form

[ IVo(z)]? da
veH3 D) ([, |v(@)|? dz)>’”

D is a domain in RY with smooth boundary. Harmonic transplantation replaces
conformal transplantation for simply connected planar domains. If f : B — D is
a Riemann map from the unit disk to D and u an arbitrary function defined in
B, then the function U = wo f~! is called the conformal transplantation of u into
D. It has the following fundamental properties. The Dirichlet integral is invariant
under conformal transplantation, i.e.

/|Vu|2dx = /|VU|2dx.
B D

Moreover, if u is positive, radial and ® > 0, then

2 (z) /B Bu)ds < /D B(U)da,

where r(z) denotes the harmonic radius of D at = defined below. Conformal trans-
plantation has numerous applications in mathematical physics and function theory
(Pélya and Szegd [19], Pélya and Schiffer [18], Hersch [14], and [5]). In particular
it has been used to estimate the domain functional J[D] from above, in contrast

J[D] :=
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to symmetrization techniques which yield estimates from below. Note that every
minimizer in a ball Bg := {x : |z| < R} is positive and radial. Harmonic transplan-
tation as proposed by Hersch [14] generalizes conformal transplantation to higher
dimensions and to multiply connected domains. Its definition involves the Green’s
function G(z,y) of D with Dirichlet boundary conditions

AG(z,y) = —b6, in D,
G(z,y) = 0 on 0D.

The Green’s function can be decomposed into a fundamental singularity and a
regular part:

(1) G(z,y) = v(F(lz—yl)— H(z.y)),
ox (N =2),
’7 e

T'(N
W (N =3),

~log(s) (N =2),
F(s) :=
52N (N > 3).

The regular part H(x,y) is harmonic in both variables. Its boundary values are
F(|z — y|). It is regular for every x € D, in particular at £ = y. The harmonic
radius r(y) of D at y is defined by [6]

eXp(iH(yay)) (N - 2)3

r(y) = )
H>% (y,y) (N = 3).

Let D be a domain in RY and fix y € D. If u : By — R is a radial function and
 is defined by u(x) = u(Gp,, ., (0,2)), then

r(y)
Ulz) = w(Gp(z,y))
defines the harmonic transplantation of uw into D. It has the properties

(2) / \Vul|? dz / |VU|? d,
B D

r(y)

/D O(U)dx > /B R

for every positive function ®. By means of harmonic transplantation Hersch [14]
proved that the lowest eigenvalue A; of the Dirichlet Laplacian satisfies

)\I(D) S )\I(Bmaxr)-

In fact, if we take for u the first eigenfunction in Bpy.x,, Rayleigh’s principle to-
gether with (2) implies

M(D) < Jp[VUPdz_ Jpp, [Vl de A1 (Bnaxr)
T plUPds T [ Juffda
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In this paper we extend harmonic transplantation to spaces of constant curvature.
We show that the results for the flat case carry over to these spaces. This is pos-
sible because the isoperimetric inequality relating volume and surface, which is
the key for (2), also holds in these spaces. The inequalities obtained by means
of harmonic transplantation are complementary to those obtained by symmetriza-
tion. Also Schwarz symmetrization can be extended to spaces of constant curvature
(Baernstein [4], Sperner [21], Pélya and Szegd [19]). By scaling we can assume that
a space of constant curvature has curvature 0, 1 or —1. Thus we restrict our
attention to domains in RY, SN and H" respectively (Euclidean, spherical and
hyperbolic domains).

In Section 2 of our paper we describe the canonical representation of spaces
of constant curvature obtained by stereographic projection, and we study their
conformal automorphisms. In Section 3 and 4 we construct the Green’s function
and the harmonic radius of spaces of constant curvature. Section 5 deals with
the relation between the Green’s function and the capacity of sets. We derive
pointwise estimates for the distribution function of the capacity potential and the
Green’s function. This leads to LP-estimates for both functions. In Section 6
we introduce harmonic transplantation for spaces of constant curvature. Finally,
in Section 7 we apply it to the nonlinear Dirichlet problem with critical Sobolev
exponent in variational form. The problem of estimating the best Sobolev constants
of manifolds has been raised by Aubin [3]. Our main interest is to determine whether
the best Sobolev constant is attained or not. To this end we need to extend the
concentration-compactness alternative of P.L. Lions [15] to conformal metrics. It
turns out that the answer depends on the curvature. Nonexistence of minimizers
for negatively curved spaces is proved by means of a Pohozaev identity.

2. CANONICAL REPRESENTATION AND ISOMETRIES OF SV anp HY
Let SV := {x € RNT! : |z] = 1}. The stereographic projection
m:sN -RrY .= {xERN+1 DTN :O}

maps a point P’ € SV into the intersection P € RY of the line joining P’ and the
north pole N = (0,0,...,1) with RY. Tt is a one-to-one conformal transformation
which transforms the line element of S™ into

2

dsy = p(2)|dz|, pi(x) —
" " " 1+ |z

The pair (D, ds) with D C R¥ is called the canonical representation of the domain
D' =TI7Y(D) in SV. For our purpose it is convenient to work with this represen-
tation. For the hyperbolic space HY we choose the canonical representation given
by the unit ball B = {z € RY : |z| < 1} endowed with the metric

2

ds— = p_(z)|dz], p-(x) = —3.
1 — x|

Conformal transformations of the plane are holomorphic mappings, whereas in

higher dimensions the only possibilities are rotations, dilations, inversions = —
* x

T = g and their compositions. They are commonly called Mébius transforma-
tions. Under a conformal transformation

r = g, § = f(2)
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the line element transforms according to

(3) ds+ = px(9(§))lg'(€)] d
where ¢/(¢) is the matrix (gg) and |¢/(€)| = |det ¢/(€)]"™. Note that |¢/(€)] is

the linear scale at « and that ¢’(£)/ |¢'(£)| belongs to the orthogonal group O(N).
Now we restrict our attention to isometries.

2.1. Isometries of SV. Every isometry f of SV is a rotation Ry transforming

the point Y € S¥ into the south pole. Set y = II(Y) and y* = # The opposite

point II(—Y) = —y™* is mapped into the north pole. A Mobius transformation with
f(y) =0 and f(—y*) = oo is of the form

fl@) = AM((z+y")" = W+y"))
with A > 0 and a constant orthogonal matrix M (Ahlfors [1, p. 21]). We want to
determine A. By (3) we have

(4) p+(@) = p+(f(@)[f (@)
Using the identity

. |a|
b)* —b 0
we get
|z —yl
5 flz S A—
©) IOl = ATy o

If a Mobius map satisfies f(y) = 0, then (Ahlfors [1])
f@)] = 1f@) — @) = [F @) e -yl

As x — y we get

A
T ——
ly +y*|
Evaluation of (4) at x = y yields
N R N
(6) = 5 = 2
L+ y| |yl
Hence the map IT o Ry o II™! is of the form
1+ 1y ? oy %
f(@) |y|'2' M@ +5) — (g +y")")
with M € O(N). From (5) and (6) we get
|z —yl
(7) o) =

=+ y*[ |yl
The image of the sphere {£ : |£] = ¢} is

{x'|x_yt=cw@
|z + y¥| ’

i.e. a sphere of Apollonius with limit points y and —y*.
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2.2. Isometries of HY. Every isometry of HY is a conformal ma : B — B.
y y p

The general form of such a map is (Ahlfors [1])

f@) = Ty@) = M(1—|y|2>(x[;z;]>2—lx—y|2y

with M € O(N) and

[2,y] = 142 |y|* - 22y
Note that T, (y) = 0. A laborious computation yields
[z — | : Lyl
8 Ty(z)| = and |T,(x)] = —5

Also the isometries of HN transform spheres into spheres.

3. GREEN’S FUNCTION FOR SPHERICAL AND HYPERBOLIC DOMAINS

The gradient, Dirichlet integral, and Laplace-Beltrami operator corresponding
to a conformal metric ds = p(z) |dx| are

Vou = @,

p

[ walpbie = [ vy,
D D

Lu = p Ndiv(p" ?Vu).

Some computations involving Holder’s and Sobolev’s inequality are more transpar-
ent when written in terms of V,. The Sobolev space H}(D,p"dz) is defined by

D(u)

the norm ||v|| := /D(v). Harmonic functions and Green’s functions are readily
extended to conformal metrics. The Green’s function G(x,y) = Gp(z,y) solves
div, (pN°V,.G(z,y)) = -6, in D,
G(z,y) = 0 on 0D

for every y € D. For sufficiently smooth domains a unique Green’s function exists
in the classical sense (Miranda [16, p. 106]). An important tool for the construction
of Green’s functions is their conformal invariance (Proposition 2 below). We employ
it to determine the singularity of the Green’s function. In the rest of this section
we consider Euclidean, spherical and hyperbolic domains for which the conformal
factor p is either 1, p4 or p_. Radial singular solutions of LF' = 0 solve the ordinary
differential equation

(T,N—le—Z(T,)F/(T,))I - 0
for  := |z > 0, where p(r) := p(z). Hence
9)
F'r) = ot = bonverr Vb by N by gV,

pN=2(r)rN-1
We choose the constant ¢ such that
- ].Og(r),

F(r) = 2r) ™ N2 o _niar N4 e e ar + . dan_orV T2,

2r) N2+ a_nir N 4t aglog(r) + ...+ an—arN 2,
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for N=2,N=3,5,...,and N =4, 6,... respectively.

Examples. 1. If N =3 then Fy(r) = &= F 5.
2. If N = 4 then Fy(r) = & F log(r) — %
3. For N > 3 we have
1
F_(r) = (N—2)/ p> N (s)stNds.
Obviously F' decreases and satisfies
lin% F(r)y = oo, lim Fy(r) = —o0o, liIr} F_(r) = 0.

The function s(z) := vF(|z|) with v defined in (1) is a fundamental solution of
Ls = —60.
If the singularity is not at the origin we have:

Lemma 1. The functions s(z,y) := vF(x,y) with

lz—y| —
Fy (m) (P =p+),
F (—‘[ﬂ’]‘) (p=p-)

are fundamental solutions with singularities in x = y.

Fa,y) =

Proof. Let F(|€]) be a radial fundamental solution. If f(z) is an isometry with
f(y) = 0, then w(z) := F(|f(x)|) solves Lyw = —6,. The assertion now follows
from (7) and (8). O

The function F(z,y) is symmetric in z and y. As for Euclidean domains, the
Green’s function can be decomposed into

(10) Glz,y) = v(F(zy) - H(z,y)),
where
L,H(z,y) = 0 in D,
H(z,y) = F(z,y) for x € dD.

On a ball Bi the Green’s function with singularity at the origin is
G(z,0) = y(F(lz|) - F(R)).
The Green’s function of spherical and hyperbolic domains shares most properties
of the Euclidean Green’s function.
Proposition 2. 1. Positivity: G(z,y) is positive in D.

2. Symmetry: G(z,y) = G(y,x) for every x and y in D.
3. Monotonicity: If D1 C Day, then Gp,(x,y) < Gp,(z,y) in D;.
4. Isometric invariance: If f : D1 — Do is a conformal isometry, then

GDz (f(l‘)7 f(y)) = GDl (x,y)



HARMONIC TRANSPLANTATION 1109

5. Superposition principle: The solution of the problem
Lu = —f in D,
v = 0 on 0D
18
uw) = [ G Wi
D
The proof is as in the Euclidean case.

4. HARMONIC RADIUS OF SPHERICAL AND HYPERBOLIC DOMAINS

Definition 3 (Harmonic radius). The harmonic radius of (D, ds) at y is the solu-
tion of

F(r(y)) = H(y,y),
with F and H as in Section 3.

Since F' is monotone, r(y) is well defined. Moreover it is independent of the
particular solution F' of (9). The above definition is equivalent to

F(rly)) = lim (F(z,y) =7 Glr.y)).

For the unit ball B € SV we have r,.(0) = 1. In H" we have r_ = 1. Continuity of
the regular part of the Green’s function implies continuity of the harmonic radius.
On the boundary H(z,y) = F(z,y) (z € D), and consequently
li H =
r(y) = 0 on 9D.

By definition r(y) is positive in D and assumes its maximum provided D is bounded.
The points in D where r(y) achieves its maximum are called harmonic centers. As
in [6] the properties of the Green’s function easily translate into the following ones
for the harmonic radius.

Proposition 4. 1. Positivity: r(y) is positive in D.
2. Monotonicity: If Dy C Do then m1(y) < r2(y) in Dy.
3. The spherical (hyperbolic) radius r+ and the Fuclidean harmonic radius ro of
a two-dimensional domain are related by
1
re(y) = Spe(y)ro(y)-

Proof. We only need to prove the last claim. The Green’s function of a spherical
domain is of the form

1 [z —yl )
Gi(x,y) = —lo — H (z,
while the corresponding Euclidean Green’s function is

1
Go(,y) = 5= (—log|z — y[ — Ho(z,y)) .
2w

In view of the Dirichlet boundary condition for the Green’s function and the fact
that in two dimensions harmonicity is independent of p, we have

H+(‘T'7y)

YR log(|y| |z +y*|) = Ho(x,y)
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for z,y € D. If x = y we obtain
—log 7 (y) — log(1 + [y|*) = logro(y),

which completes the proof. The argument for hyperbolic domains is similar. O

The two-dimensional case is special in several respects. If D is simply connected,
then the function U(y) := —log(ro(y)) is a solution of Liowville’s equation [6]:

AU =4¢?Y in D.
Therefore V (y) := —log(r(y)) = U(y) — log(p(y)/2) solves
AV =AU — Alogp = AU+ Kp?,
where K denotes the Gaussian curvature of (D, p |dz|). Thus
(11) AV = p*(e*V +K) or
LV = ¢+ K in D.

Since V(y) — oo as y — 9D, it is the maximal solution of (11). The harmonic radii
for simply connected domains in S? and H? have been defined in [5] together with
extensions for domains on general two-dimensional surfaces.

5. CAPACITY

The capacity of a set A C D with respect to D is defined as
capp(A) := inf {/ |Vol? pN~2dz : v e HY(D,pNdz), v>1 on A}.
D

The corresponding Euler equation is

(12) Lk = 0 in D\ A,
k = 1 on 0A,
k = 0 on 0D.

Its solution is called the capacity potential of A. In the radial case the capacity is
1
v (F(r) = F(R))

An immediate consequence of the variational characterization of the capacity is the
following monotonicity property. If A C A; and D; C D, then

(14) capp,(41) > capp(4).
The capacity is a conformal invariant. For every function f: D — R let
D¢(t) :={z e D : f(z)>t}.
A simple calculation shows that
1

(15 capn(Dult) = [ (VHP R
tJ {k=t}

(13) cappg (Br)

capp (A)
t

where dH™ =1 denotes the (N — 1)-dimensional Hausdorff measure. For the Green’s
function one has

1

capp(Da(. ) (t)) = g/{G( | t}IVG(-,3/)|1?N‘26l77!N‘1
)=
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From this identity we get the following relation between the harmonic radius and
the capacity:

F(r(0) = lim v~ (s(p) ~ capp(5,)).
5.1. Inequalities for the distribution function of the capacity potential.
Bernstein [7] extended the classical isoperimetric inequality to domains on S2. The
generalization to other spaces of constant curvature is due to Schmidt [20]. For

every domain (D, p |dz|) denote by
/ p"dz,
D

0(dD) = / pN T RN
oD

its volume and surface with respect to the metric p|dz|. For every measurable set
A in a space of constant curvature, denote by A* := Bpr the geodesic ball of the
same volume. Schmidt’s isoperimetric inequality states that

(17) 0(0A) > o(0A").
It is a key tool for the sequel. Let m(t) := m(Dy(t)) be the distribution function

of the capacity potential k(x) defined in (12). It is decreasing and satisfies m(1) =
m(A), m(0) = m(D). By the coarea formula

(16) m(D)

dt D (1)
In view of (15) and Schwarz’s inequality
dm(t) / N-1_P N—l/ N-1IVEl N1
- = P ——dH P —dH capp (A)
dt OD (1) |Vk| ODk (1) P p
2
> / pN—ldHN—l CapBl(A)
0Dy (t)
= 0%(0Dx(t))capp' (A).
Together with Schmidt’s isoperimetric inequality (17) we get
dm(t N _
(18) S (oDg)eans (4).
The radius R(t) of Dj(t) is determined by
R(t)
(19) m(t) = |8B|/ NIV (5)ds.
0
Differentiation yields
dm(t) _ N-1 N dR(t)
- LA A

In terms of R(t) the surface of the symmetrized level sets of the capacity potential
is
0o(AD;(t)) = 0B pN H(R(1) RN (#).
Inserting this expression into (18), we find that
dR(t)

(20) L

V

0B RN~ (t)capp,' (A)p™ 2 (R(t)).
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Equality holds if D and A are concentric balls. This inequality implies the isoperi-
metric inequality for the capacity in spaces of constant curvature (Pélya and Szegé
[19]).

Lemma 5 (Isoperimetric inequality for capacity). Let A C D in a space of con-
stant curvature. Then

Capp(A) > Capp+(A4").
Proof. From (20) it follows that

R(0) 1
capp(A |GB| / r(y RNTIpN— 2(R) - capp~(A*)
by definition of R(t ) O
We denote by A} = Bpg, the ball for which
capp+ (A7) = capp(A).
By Lemma 5, monotonicity of the capacity (14), and (13) we have
Ry > R(1).
Let k1(x) be the corresponding capacity potential in D*\ Aj. Similarly we introduce
the ball D§ = Bg, for which
capp; (A”) = capp(A).
By the same reasoning as above we have
Ry < R(0).
Lemma 6. Let ko(x) be the capacity potential of A* with respect to Df. Then the
distribution functions m1(t) and mo(t) of k1(x) and ko(x) satisfy
mo(t) < m(t) < ma(t).

Proof. From (20) we get for tg < 1:

/Rﬁo) dR _ 9Bt —to)
Rty BNTIpNT2(R) T capp(4)

Denote by Ro(t) and Ri(t) the radii of the balls of volumes mg(t) and mq(¢).
By definition capp;(A*) = capp-(A]) = capp(A). Thus (21) is an equality if
R(t) = Rp(t) or R(t) = Ri(t). The assertion follows from R;(0) = R(0) and
Ro(1) = R(1). O

(21)

Lemma 7 (L%-estimates for the capacity potential). For every ¢ > 0 one has

/ kldz < / kidr < / kidx +m(A7) —m(A).
D\ A* D\A D\ A

Proof. We have

1 d t 1
/ Kdr = —/ padm® gy —m(1)+q/ 9= Lo () dt.
D\A 0 dt 0

The claim follows from Lemma 6 and mg(1) = m(1). O
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5.2. Inequalities for the distribution function of the Green’s function.
Similar results hold for the distribution function m(¢) of the Green’s function
G(z,y). By definition of the Green’s function we have

dm / P N-1j4/N-1
My = LNty
dt 0 ap) VG|

As in the previous section, this leads to

= 1

(22) SO om R a2 (r()
with R(t) given by (19). Integration yields
(23) v(F(R(t)) = F(R(to))) = ti—to

for every ty < t1. Equality holds in a ball with the singularity at the center. From
this inequality we deduce the analogue of Lemma 6 for the Green’s function.

Lemma 8. Let m(t), mi(t), and mo(t) be the distribution functions of Gp(x,y),
Gp~(z,0), and G, (x,0) respectively. Then

mo(t) < m(t) < m(t).

r(y)

Proof. From (22) we have
Rlto) dR
————— > |0B|(t1 —to
/R(tl) RN=1pN=2(R) 1951 )

with equality for the radially symmetric Green’s function. Setting 9 = 0 and
observing that R(0) is the radius of D*, we get R(t1) < Ri(t1) for all ¢;, whence
m(t) < mq(t). For the second estimate we let R(¢1) — 0 and use the fact that

tr =~(F(R(t)) — H(y,y)) = o(1) as & — oo.
(]

Lemma 9 (L%estimates for the Green’s function). If N =2 and ¢ >0 or N >3
and 0 < g < N/(N —2), then

/B G%mam(x,O)dex < /DGqD(x,y)dex < i G%. (z,0)p" dx.

Proof. The proof is essentially the same as for the capacity potential. O

The upper bound for the Green’s function in RV goes back to Weinberger [23].
The corresponding lower bound can be found in [5]. As an application we derive a
lower bound for the torsion function. Since

u(z) = /D Gz, y)p" (y)dy
solves the problem
Ly = -1 in D,
v = 0 on 0D,

Lemma 9 with ¢ = 1 implies

/maxr dS /s NN 1d ( ) R* ds S NN 1d
NNz | Pt dt <maxu(r) < / f/pt— t
. sSN-1IpN-2 |, max , sN-IpN-2 |
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where
m(Bg+) = m(D).
For R? this result goes back to Pélya and Szegd [19]; for RV to Payne [17].

Lemma 10 (Isoperimetric property of harmonic radius). Among all domains of
given volume the mazimum of the harmonic radius is mazximal for balls.

Proof. Assume that r(y) assumes its maximum at the origin. By Lemma 5 and the
definition of the harmonic radius we have for |y| — 0:

t = y(F(yl) = F(r(0)) +o(1))
= capp' (Da(y,0)(t))

cap o+ (D0 (1))

= v (F(yl) - F(R))

where R* is the radius of D*. This completes the proof, because R* is the maximum
of the harmonic radius of D*. O

IN

6. HARMONIC TRANSPLANTATION

The method of harmonic transplantation is based on the following two obser-
vations. Let v(t) be any differentiable function defined on RT and G(x,y) be the
Green’s function of (D, p|dz|). Consider

V(z) :=v(G(x,y)).

Since VV = V@, it follows from the definition of the Green’s function that the
Dirichlet integral of V' is

(24) D) = / 1/2(t)dt/ VG| pN2aHN 1 = / V2 (t)dt.
0 aD(t) 0

Thus the Dirichlet integral depends on v(¢) but not on the domain. In the multiply
connected domain D \ A we can also consider the function

V(z) = v(k(z)),
where k(z) is the capacity potential defined by (12). In this case the Dirichlet
integral is

D(V) = capp(A) /OOO V3 (t)dt.

The second key is an estimate for integrals of the form
/ o(V)pNdz.
D

Lemma 11. Let D be a FEuclidean or hyperbolic domain or a spherical domain
whose volume is smaller than that of a half sphere, let A C D, k(x) is the capacity
potential of A with respect to D, ko(x) is that of A* with respect to D§ with D as
in Lemma 6, and mo(t) stands for the distribution function of ko(x). Then

/ ®(k(z))pNdx > / ®(ko(x))p" dz
D\A Dg\ A"

for every ® : RT — RT. If ® is increasing, the inequality holds for arbitrary
spherical domains.
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Proof. Integration over level surfaces yields

/D\A (k(x))pNdx = /01 d(t) <—d";—l@> dt.

From (19) and (20) we have
dm(t) _ _ 2

—5~ 2 (0BIp"THRE)RYTHE) capp' (4)

The conclusion follows from R(t) > Ry(t) (Lemma 6), capp(A) = capp; (A*), and
monotonicity of the above right hand side as a function of R(t) for R(t) < 1 (If
D c SN we need m(D) < m(SV)/2 to make sure that R(t) < 1). We integrate by
parts to obtain

(25) -

Since m(1) = mo(1) and m(t) > my(t) (Lemma 6), the assertion is now obvious. [

A similar result holds with the capacity potential replaced by the Green’s func-
tion. A particular case has been treated in Lemma 9. More generally, we have

Lemma 12. Let D be a FEuclidean or hyperbolic domain or a spherical domain
whose volume is smaller than that of a half sphere. Then

(26) /D B(Gp(r.y)pNdr > / (G, (z,y)p" d

Bi(y)

for every ® : RY — RT for which ®(G(-,y)) is integrable. If ® is increasing, the
inequality holds for arbitrary spherical domains.

Proof. The proof is the same as for Lemma 11, except that inequality (25) has to
be replaced by
dm(t)
dt

> (|0B|pN " RE)RY (1)
O

Definition 13 (Harmonic transplantation for spaces of constant curvature). Let
D be a space of constant curvature and fix y € D.

1. Consider a geodesic ball B, in RY, SN or HY (not necessarily in the same
space as D) and a radially symmetric function v : B, — R*. It can be
written as u(x) = u(Gp,(x,0)). The harmonic transplantation U of u into D
is defined by

(27) Ux) = w(Gplr,y)):
2. Consider a radially symmetric function u : Bg \ B, — RT defined on an
annulus in RY, SN or HY. Tt can be written as u(z) = p(k(z)) of the

capacity potential of B, with respect to Br. Let D \ A be an arbitrary
annulus and kp\ 4 the corresponding capacity potential. Then we define

(28) U(z) = plkp\a(z)).
We summarize the relations between v and U.

Theorem 14. Let D be a space of constant curvature. Fiz y € D. Let u be as in
the first part of the above definition with p replaced by the harmonic radius r(y) of
D. Then
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1. The transplanted function U defined in (27) satisfies

/ VU (2)[2 pN ~2da = / V()2 pN~2dz.
D B

r(y)

2. If D C SN we assume m(D) < m(S™N)/2 or that ® o p is increasing. Then

/ B (@)~ da > / B (ux))p" dz
D

Br)
for every ® : Rt — RT.

Proof. The assertions follow from (24) and Lemma 12. |

Similarly we infer from Lemma 11:

Theorem 15. Let D be a space of constant curvature and D\ A an annulus in

D. Define R(1) by m(A) = m(Bg)) and Ry by Capp, (A*) = Capp(A). Let

u: By \ Br, — R be a radial function with transplanted function U on D\ A.
1. The transplanted function U defined in (28) satisfies

2 = u\xr 2 X
L wvera= [ v

Br(1)\Br,

2. If D ¢ SV we assume m(D) < m(S™)/2 or that ® o u is increasing. Then

/ O(U(x))dx > / O (u(z))dx.
D\A Br(1)\Br,

for every ® : RT — RT.

Harmonic transplantation leads to upper bounds for functionals of the form
J[D] := inf {/ |Vo(z)|* pN ~2dz : ve HY(D,pVdx), / ®(v)pNdr = 1} .
D D

If ®(t) = t? then J[D\ A] is the first Dirichlet eigenvalue A; of the Laplace-Beltrami
operator in the multiply connected domain D \ A. Theorem 15 implies

A(D\ A) < (Bray \ Bry)-

This extends the Gasser-Hersch inequality [12] to spaces of constant curvature. A
further example with ®(t) = +%°7 i discussed in the next section.

7. BEST SOBOLEV CONSTANT FOR SPHERICAL AND HYPERBOLIC DOMAINS

In this section the conformality factor may be an arbitrary positive function
p € C(D). We study the variational problem

fD |Vu|2pN_2dx

. 2/2%

( / b lu 2 pN d;v)
with N > 3 and the critical Sobolev exponent
2N

2% = ———

N -2

(29)  S,(D) := inf cu € Hy(D,pNdx) \ {0}
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The infimum S,(D) is called the best Sobolev constant. Alternatively we can mini-
mize the Dirichlet integral among normalized functions

(30) S,(D) = inf / IVl pN2da,
u€E Jp

E = {ueHg(D,dex) : / |u|2*dex=1}.
D

If the minimum in (30) is achieved, the minimizer is a positive solution of the Euler
equation
(31) Lu+S,(D)u®> =Y = 0 in D,
v = 0 on O0D.
We compute the best Sobolev constant for spherical and hyperbolic domains, and

we want to know whether the best Sobolev constant is attained, i.e. whether (31)
has a nontrivial solution. The best Sobolev constant of all Euclidean domains of

dimension N is
r(N/2)\ N
SzN(N—Q)w(F(N)) .

For constant p the ratio in (29) is independent of p, hence S,(D) = S. More
generally we have:

Proposition 16. If p € C(D) and p > 0 in D, then
Sp(D) < S.

Proof. Let z¢p be an arbitrary point in D. There are functions u. € E whose
Dirichlet integral is arbitrarily close to S. For instance

N-—2

1 2
ue(x) = cep(x) (m) :

with a cut-off function ¢ which is supported in a small neighbourhood of zy and
constant near g, has this property. By continuity of p we can replace it by the
positive constant p(xp). The claim follows from the above remark on the case of a
constant conformal factor. O

7.1. Concentration-compactness alternative and compactness criterion
for conformal metrics. By M(D) we denote the class of non-negative Borel
measures on D. We say that the sequence (y.) tends to x in the sense of measures,
denoted as p. — p in M(D), if Jpbdue — [5¢du for every test-function ¢ €
C(D). A point z is called an atom of y if lim,_o u(B2) > 0. The compactness
criterion (Theorem 18) is based on the concentration-compactness alternative stated
below. It extends the result of P. L. Lions [15] to conformal metrics. For the
convenience of the reader a complete proof is included.

Theorem 17. Let (u.) be a sequence in E with

u. — wug weakly in H}(D,p"dx),
\Vu>pN=2dz — p in M(D),
|u5|2* pNdzr — v in M(D).
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Then the limit measures are of the form

J

p=|Vuo|*p" 2dx + Y 16, + fi, (D) > S,p(D),
j=1

J
v =|uo|> pNdx + Zujéwj, v(D) =1,
j=1

with J € NU {oo} and a nonatomic positive measure fi. The atoms satisfy the
Sobolev inequality

"
(32) 2 25

Vi
If (ue) is a minimizing sequence for S,(D), then one of the following statements
holds true.

1. Concentration: v = 6y, and p = Sb,, are concentrated at a single point and
Uy = 0.

2. Compactness: u. — ug in HY(D,pNdz), p = |Vuol|*pN~2dz, and v =
uol* pNda.

Proof. For a subsequence u. — ug almost everywhere. By the Brézis-Lieb lemma [8]

lim inf |u€|2* pNdx — / |u0|2* pNdr = liminf/ |ue — u0|2* pNdx
D’ D’ e—0 D’

£—0
for every subdomain D’ C D. Thus
v— |u0|2* pNdx > 0.
Let {z; : 1 <j < J} be the atoms of this measure, i.e.
J
v=luo|” pNdz + by, +7
j=1

with nonatomic v > 0. We will see that actually v = 0. The set of atoms is count-
able because v(D) < oco. The proof of (32) is by localization in a neighbourhood
of z;. Asin [11] we use the n-harmonic capacity potential as a cut-off function to

localize both measures near ;. Assume z; = 0 and define

log(|z| /R)
log(p/R)

extended by 1 in B, and by 0 outside Bg. Its conformal energy is

¢(x) := (0 < 2] < R),

9B

/BR Vo™ = W-
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By Holder’s and Sobolev’s inequality with respect to the measure p™¥dx we have

/ IV (gue) 2 p de
Br

1
<a+p) [ |¢|2|Vu5|2pN-2dx+(1+5) |l Ve s 2a
BR BR

<(1+5) / Vo2 pN2de

Br

1 v 2/2*( n>2/n
“(3) (o) = (], 5

< / Ve |” pN~2da
Br

1 R —2(n—1)/n )
ﬂ+c(1+ —) (log—> / |Vu.|? pN~2dx
B p D

for arbitrary g > 0. Choosing 3 small and p small enough makes the second term
smaller than a given 6 > 0. Thus

_|_

w(Br)+6 = hmsup/ |Vue|> pV~2dz + §
Br

e—0

> hmsup/ IV (pu)|? pN~2da
Br

e—0

v

e—0

X 2/2"
(S 4 o(R")) lim sup </ |pue|? dex)
Br

Y

e—0

2/2"
(S + o(R%)) lim sup </ |u5|2* dex>
B,

> (S+o(R))w?.

As § — 0and R — 0 we get (32). Next we show that v = 0. Consider u. := u. — uo.
For a subsequence we have @i, — 0 in H}(D, pNdz) and

\Va.|>pN~2dz — [ip in M(D),
> pNdz — 7 in M(D).

Choose an arbitrary closed set D C D and a test-function ¢ € C2°(RN) with ¢ = 1
on D. By definition of S,(D) we have

Sp(D) < liminf fD|v(¢ﬂ6)|2pN_2dx
- E— . SYOL
" (fp ol praz)”
o191 dFo < plol dfio.
R 32w = —
(f5|¢|2 dﬁo) (%(D))

since U, — 0 in H(D,pNdx). Taking the infimum over all such ¢ yields

IN

33) 50) ()" < D)
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In particular the measure 74 is absolutely continuous with respect to pg. By the
Radon-Nikodym theorem
~ dvg

Vo = —= Mo
d#ou
with % € L' (D, jip). By Lebesgue’s differentiation theorem,
o(BE
~ lim 50(_)
=0 Jio(Bz)

dvg

dfio

()

for fig almost every x € D. With D =Bl inequality (33) yields

p s, (WD)
> 2/2 . D ) £
W) (o)

—\1-2/2"
< lim (ﬁO(BQ)) =0
p—0

except if = is an atom of fip. In the latter case %(3:) = 0 except if x is also an
atom of vg. By the Brézis-Lieb lemma the atoms of vy and v are the same, namely
{z1...25}. We conclude that % = 0 as a function in L'(D \ {z1...2;},dJio)
and therefore 7o = 01in D\ {z1 ...z}, i.e. ¥ = 0 as desired. As to the alternative,

define

o = / \Vuol? pN2dz, vy = / |u0|2* pNda.
D D
Then pu(D) = S,(D), and Proposition 16 implies
2% /2

—. \ 2/2

J J
1y (D) _ _ _
o 250 < <SP<D>) R

j=0
2% /2 J 272 2% /2
Ho M
< — <
—<SP<D>) *;_;(s) = )

J
< 1
2:\5,(D)
by (32) and g > 0. By strict convexity of the function 7+ 7 on (0,1] only one
of the y1;’s can be nonzero. Therefore compactness or concentration must hold. [

2% /2

From this alternative we derive the following compactness criterion.

Theorem 18 (Compactness criterion). 1. If S,(D) < S, then S,(D) is attained.

2. If0 < Sp(D) = S, then either Sp(D) is attained or every minimizing sequence
for S,(D) has a subsequence which concentrates at some point in D. Moreover
for every point in D there is a mazximizing sequence concentrating at this point.

Proof. We apply the concentration-compactness alternative (Theorem 17) to a min-
imizing sequence (u.) in E for S,(D). For a subsequence of (u.) the weak limits uo,
pand v exist. If S,(D) < S, concentration cannot occur because the last inequality
in (34) would be strict, which is impossible unless p; = 0 for j > 1. O

The first assertion was also obtained by Egnell [10].
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7.2. Dirichlet integral. We relate the Dirichlet integral for the metric p |dz| with
the Euclidean one. Our formula involves the scalar curvature K of p|dz|, which
satisfies

N-—2 N_2 N+42
— 2 = _ 2 >
(35) Ap N 1)Kp (N =3),
YW g vew
p P

Note that the product Kp? is dimensionless, i.e. invariant under dilations. The
scalar curvature of the spherical and hyperbolic metric is

K. = £N(N-1).
Lemma 19. Forp € C*(D) and v € E put

N-—2
vo = wvp 7,
which s in
Ey, = {vo € H}(D,dzx) : / |v0|2* dx = 1}.
D
Then
(36) / Vo> pN2dz = / Vol da — M/ va Kp?dz.
D D 4N-1)Jp°
Proof. The conformal gradient of v is
@ _ VUO_N—QU Vp
D B p% 2 Op¥.
Therefore
N -2 v N-2\? ,|Vp|?
Vol'p¥ 2 = Vool - 5=V <_2 ) 2| Y2
Integration of the mixed term gives
N -2
_/ ’USV-@CILL‘,
2 D p
where
N-2_ Vp VpiT N-2 ., (N-=2\’|vp|?
—velov B ok () 22
as follows from (35). This yields the assertion. O

Based on a Pohozaev identity, we prove the following nonexistence result.
Theorem 20. If D is starshaped with respect to the origin and
2Kp? +V(Kp?)-2 < 0 in D,
then (31) has no solution except the trivial one.

Proof. If v is a solution of (31) then vy solves

2 .
Kp*vg + Sp(D)vg ~* 0 in D,

(37) Avg + %

v9 = 0 on 0D,
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as follows from Lemma 19. Testing this equation with Vuvg - = and replacing

I Vool = [, lvo|? by % [ Kp*v§ in the resulting Pohozaev identity yields
N-2 / 2 2 2 / 2
— 2Kp* + V(Kp®) - z)vjde = V| x - v,
AN-1 Jp ( (Kp") - @) v oD Vol

where v denotes the exterior unit normal of D. By assumption the left hand side
is negative, the right hand side positive. Thus vy = 0. O

The only difference between the above and the standard Pohozaev identity (see
e.g. Struwe [22]) is the second term on the left, due to the z-dependence of the
linear term. A more general Pohozaev identity with x-dependent coefficients can
be found in Egnell [10, Lemma 4].

7.3. Best Sobolev constant of hyperbolic domains. The general nonexistence
result applies to spherical balls.

Corollary 21. For a ball Br in HY with N > 3 problem (31) has no positive
solution except the trivial one.

Proof. This follows from Theorem 20 because
OK_p> +V(K_p*)-z = -2 +p_|z|*) < o.
|
Theorem 22. Let D be a hyperbolic domain. Then S_(D) =S and S—(D) is not
achieved. Fvery point in D can be a concentration point of a minimizing sequence
for S_(D).

Proof. Suppose that S_(D) is achieved by some minimizer u. By Proposition 16,
hyperbolic symmetrization with respect to the measure p”¥dz (Baernstein [4]), and
the definition of S_(D) we get

S > S.(D) > / Ve pN"2de > S_(DY).
D*

If S_(D*) < S then S_(D*) would be attained by the compactness criterion (The-
orem 18). A minimizer would be a nontrivial radial solution of (31), which is
impossible by Corollary 21. Therefore S_(D*) > S. Thus the above inequalities
imply that u* is a minimizer for S_(D*), which is again impossible by Corollary 21.
Hence S_(D) is not attained. O

7.4. Best Sobolev constant of spherical domains. The situation is different
for spherical domains.

Theorem 23. The best Sobolev constant Sy (Bg) of a ball in SN satisfies:

1. S1(BRr) is a nonincreasing function of R.
2. If N > 4 then

S¢(Br) < S
for every R > 0.
3. In three dimensions there is a critical radius R. > 0 such that
S+(Bgr) < S for R> R,
S+(Bg) = S for R<R,.
4. S4(Br) — S as R — 0.
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Proof. 1. If the domain D increases, then the admissible set F becomes larger
and the infimum (30) decreases.
2. By (29) and Lemma 19 we have

S
0 < Gxmr= = 5+(Br)
: N(N -2) N
< f Ty — T2 2 =: .
< it ([, ool g ) =8

The assertion follows from a result of Brézis and Nirenberg [9, Lemma 1.1]. It
says that for NV > 4 and every positive constant in front of the second integral

one has S < S. An extension of the Brézis-Nirenberg result is also given by
Egnell [10].
3. We take the capacity potentials

CR O< |z <R-1),
vo(z) =
en(pir - 7)) (R—1<lal <R)

as test functions in Ey. A rough estimate gives
c
S+ (B < = < S

for R large enough. On the other hand

S+(Br) > inf (/ |Vv0|2dx—3/ v%da:)
vo€Eg Br Br

by Lemma 19. The result of Brézis and Nirenberg for the three-dimensional

case [9, Theorem 1.2] implies that the right hand side equals S if 3 < (%)2.
4. By Holder’s inequality functions in Ey satisfy

2/N
/ vg pidw < (/ pfdw) .
BR BR

By Lemma 19
S.(Br) = inf (/ Vool da — M/ v%pi@)
vo € Eo Br 4 Br
N(N —2 2N
> 5_¥</ pgda;) ,
4 Bn

which proves the assertion.
5. We use the test function

vg(x) = L
k = (k2 i |x|2)N2—2

and let k — oo. (|

Next we try to determine the critical radius R, as it appears in the three-
dimensional spherical case numerically. An extremal function v for Si(Bg) cor-
responds to a radial solution vy of (37). The unknown coefficient Si(Bg) can be
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FIGURE 1. Solutions of (38) for N = 3, spherical metric, u(0) =1, 2, 3

eliminated by scaling u(|z|) := awvo(z) so that (37) becomes

N-1 .
(38) W+ W + N(N — 2)@ +u¥ 1 =0 on (0,R),
u'(0) =0,
u(R) =0.

The factor « and the best Sobolev constant are determined by the normalization
of vg:

*
042

R *
o] [N jun)l”
0
S+(BR) = (12*_2.

Instead of R we fix u(0) so that we can use a standard ODE solver to approximate
the corresponding solution w,y. The radius R is then determined as the first
positive zero of u, ). Figure 1 shows several solutions in three dimensions.

As u(0) /" oo we find R\, R, as expected (Figure 2). Concentration implies
ur, — 0 in H}(D,pNdzx) as k — oo. In the radial case ur — 0 locally uniformly
away from the origin. The experiment suggests R. = 1, which is the radius of the
half sphere. Figures 3 and 4 show that this phenomenon does not occur in higher
dimensions and for the hyperbolic metric. In the spherical case of dimension N > 4
we have R N\, 0 as u(0) /" oo. In the hyperbolic case no solution has a positive
zero. Finally, we state our main result for spherical domains.

Theorem 24. Let D be a spherical domain.

1. If N > 4, then S (D) is attained.
2. If N =3 and maxr > R, with R, as in Theorem 23, then Sy (D) is attained.
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0.1 +
0.08 +
Ugo Ugp U U0 5
0.06 +
0.04 +
0.02 +
0.2 0.4 0.6 0.8 1
R

0% 1.4

c

FIGURE 2. Solutions of (38) for N = 3, spherical metric in the
vicinity of R, u(0) = 5, 10, 20, 40, 80, 160, 320

1+

0.8 + Uggy Usg

0.6 +

0.2 +

09 02 04 06 08 T 12 14 16

FIGURE 3. Solutions of (38) for N = 4, spherical metric, u(0) =
5, 20, 80, 320, 1280
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0 : . . : §r
0 0.2 0.4 0.6 0.8 1

FIGURE 4. Solutions of (38) for N = 3, hyperbolic metric, u(0) = 2, 4, 6

3. If N =3 and m(D) < m(Bg,) with m as in (16), then Sy (D) = S.

Proof. 1. Consider a radial minimizer w in the ball Bp.x, and let U be its
harmonic transplantation to D centered at a harmonic center. By Theorem 14
and Theorem 23 we have

[ |VU)? pN—2da
i 2/2*
(fD |U 2 dex)
meaxr (Vul® pN2dx

= . 2/2"
(mexr |ul? dea:)

The assertion follows from the compactness criterion (Theorem 18).
2. The above inequality and assertion 3 of Theorem 23 yields the claim.
3. This follows by symmetrization Sy (D) > S+ (D*) and 3 of Theorem 23. O

S+(D) <

= S+(Bmaxr) < S

The discussion of the variational problem (29) can be extended to more general
conformal metrics p |[dz|. By Lemma 19

inf Voo|? da — /2d
vonelEo</D| vol” dx — 7 Dvox

<S,(D) < inf (/ |Vvo|2dx—’yo/ v%dw)
vo€Eg D D

N-2 |,
2 PK
AN —1)?

where

Yo(1) = min(max)
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with K as in (35). Applying the results of Brézis and Nirenberg [9] and Proposi-
tion 16, we see that there is a critical value v, > 0 such that S,(D) < S if vo > v,
and S,(D) = S if v1 < .. If Sp(D) = S, then according to Theorem 18 two cases
can occur. Either there is a minimizer, or every minimizing sequence concentrates.

A different aspect of critical Sobolev inequalities has been investigated by Hebey
and Vaugon [13]. On a general Riemannian manifold (M, g) one has

(39) (/M|u|2*dv<g>)2/2* < (g+0) [ 19l o) +.0s [ alauty

for every 6 > 0. Hebey and Vaugon show that this inequality also holds for § = 0.
This is what they call attainment (following Aubin), whereas we use attainment
for existence of an extremal function. From our results we derive the following
additional information on the best limiting constant Cj.

Corollary 25. The constant Cy in (39) with § = 0 satisfies:
1. If Sp(D) = S then Cy = 0.
2. Otherwise Sp(D) < S and

1 1
Co>M|———=
e (spw) s) |
where A1 > 0 denotes the principal Dirichlet eigenvalue of the corresponding

elliptic operator.

Proof. 1. This holds by definition of S,(D).
2. If S,(D) # S then S,(D) < S by Proposition 16 and Theorem 18. An
extremal function u # 0 satisfying

2/2* 1
2" N 2 _N-2
ul® p da:) = /Vu P dx
(/i 5,0) Jp !

exists. Taking the difference with the Hebey-Vaugon inequality

2/2*
* 1
(/ |u|2 dex) < —/ |Vu|2pN_2dx+Co/ u?pNdz,
D S Jp D

we obtain
( ! —l)/ |Vu|2pN_2da:—Co/ u?pN dx
Sp(D) S) Jp D

1 1 Co 2 N_2
> = T~ o N .
= (spw) 5 Al)/D'V”' piide

The factor in parentheses has to be negative. O

0

Y

Open problems. If S,(D) = S, we do not know whether the best Sobolev constant
is attained, or whether minimizing sequences concentrate, or both. The radial case
in R? has been analyzed by Atkinson and Peletier [2]. They found that the Euler
equation of

ot I |Vul? do — ”72 [ udx
(/3 “6)1/3

has no radial solution. By the concentration compactness alternative, every mini-
mizing sequence concentrates.

cu € H(}(B)}
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