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COMMUTING TOEPLITZ OPERATORS WITH
PLURIHARMONIC SYMBOLS

DECHAO ZHENG

ABSTRACT. By making use of M-harmonic function theory, we characterize
commuting Toeplitz operators with bounded pluriharmonic symbols on the
Bergman space of the unit ball or on the Hardy space of the unit sphere in
n-dimensional complex space.

1. INTRODUCTION

Let dA(z) denote the Lebesgue volume measure on the open unit ball B,, of
C™, normalized so that the measure of B,, equals 1. The Bergman space L2(B,,)
is the Hilbert space consisting of holomorphic functions on B, that are also in
L?(B,,dA).

For f in L>°(B,,), the Toeplitz operator Ty with symbol f is defined by Tr(h) =
P(fh), where P is the orthogonal projection from L?(B,,,dA) onto L2(B,,dA),
called the Bergman projection.

Let do be the surface area measure on the unit sphere S,,. For 1 < p < oo,
HP?(S,,) is the Banach space of holomorphic functions on B,, with the norm defined
by

||f||p=5up{|/s |f(r2)[Pdo(2)]V/P;0 < r < 1}.

For f in L*°(S,,do), the Toeplitz operator Ty with symbol f is defined by
T¢(h) = S(fh), where S is the orthogonal projection from L?(S,,do) onto the
Hardy space H%(S,,), called the Hardy projection. Here we use the same notation
Ty to denote the Toeplitz operator on both L2(B,) and H?(S,,).

In this paper we study commuting Toeplitz operators on the Bergman space
L?(B,,) of the unit ball B,, or on the Hardy space H%(S,,) of the unit sphere S,
using harmonic function theory on the unit ball B,,.

In the study of one complex variable, a real valued function f on the unit disk
is harmonic if Af = 0, where

82
020%
is the Laplacian in C. Tt is well-known that f is harmonic in Bj if and only if f is
the real part of a holomorphic function.

A=4
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In addition to the usual Laplacian on Bj, there is also the Laplace-Beltrami
operator A which is defined in terms of the Bergman kernel function of By. This
operator is given by

A=201—|z]*)*—.

O

A real valued function f is M-harmonic if Af = 0. It is clear that Af = 0 if
and only if Af = 0. So f is harmonic if and only if f is M-harmonic.

When one considers B,,, n > 1, there are three concepts of “harmonic”, namely
harmonic, M-harmonic and pluriharmonic, and as a general rule, these are all

different. The three definitions are as follows:
(1) f is harmonic in B, if Af =0 in B,,, where

is the usual Laplacian induced by the Euclidean metric on B,,.
(2) f is pluriharmonic if

2
0 f_ —0
8zi6zj
for all ¢, j.
(3) f is M-harmonic if
Af =0,

where A is the Laplace-Beltrami operator induced by the Bergman metric on B,,.

A pluriharmonic function in the unit ball is the sum of a holomorphic function
and the conjugate of a holomorphic function. But the mean value property does
not completely characterize pluriharmonic functions. Instead it completely charac-
terizes M-harmonic functions. So function theory is complicated and rich on the
unit ball.

Although in this paper we are concerned only with Toeplitz operators with pluri-
harmonic symbols, we will need to study M-harmonic functions. By making use of
M-harmonic function theory, we completely characterize commuting Toeplitz op-
erators with bounded pluriharmonic symbols either on the Bergman space L2(B,,)
or on the Hardy space H?(S,,).

This paper is arranged as follows. Section 2 contains statements of the main
results. Section 3 contains preliminaries on function theory on B,. Section 4
contains lemmas which will be used in Section 5. Section 5 contains results on M-
harmonic functions, which are the key in the proof of the main results. Section 6
contains proofs of our main results.

The author would like to thank S. Axler for pointing out Theorem 2.2, and he
is grateful to J. Pincus for encouragement.

2. MAIN RESULTS

We state our main results in this section. We postpone the proofs of these
theorems until Section 6.



COMMUTING TOEPLITZ OPERATORS 1597

Theorem 2.1. Suppose that ¢ and ¥ are bounded pluriharmonic functions on the
unit ball. Then

T,Ty = TyT,

on the Bergman space L?(B,) if and only if ¢ and 1) satisfy one of the following
conditions:

(1) Both ¢ and 1 are holomorphic on B,,.

(2) Both @ and v are holomorphic on B,,.

(8) Either ¢ or i is constant on B,,.

(4) There is a nonzero constant b such that ¢ — b is constant on B,,.

A special case of Theorem 2.1 on the unit disk was first proved by Axler and
Gorkin [AxG], and the author [Zh1]. Axler and Cuckovié¢ proved Theorem 2.1 in
the case that n = 1. Some partial results on commuting Toeplitz operators were
obtained on the Bergman spaces of the unit ball in [CL] and [Zh2].

Theorem 2.1 does not hold if “pluriharmonic” is replaced by “measurable” or
even “continuous”. For example, if ¢ and ¢ are bounded measurable radial func-
tions (meaning ¢(z) = ¢(||z]|]) and ¥(z) = ¥(||z]||) for all z € B,,) on the unit ball
By, then T, Ty, = TyT,. This example is based on a example on the unit disk in
[AxC].

Theorem 2.2. Suppose that ¢ and ¥ are bounded pluriharmonic functions on the
unit ball. Then

T,T, = TyT,
on the Hardy space H*(S,) if and only if ¢ and v satisfy one of the following
conditions:

(1) Both ¢ and 1) are holomorphic on B,,.

(2) Both @ and i are holomorphic on B,,.

(8) FEither ¢ or 1 is constant on B,,.
(4) There is a nonzero constant b such that ¢ — by is constant on By,.

Brown and Halmos [BrH] proved Theorem 2.2 when n = 1. They examined the
matrix products of Toeplitz operators on the Hardy space. On the Bergman space
or the Hardy space H?(S,), n > 1, Toeplitz operators do not have nice matrix
representations. Thus function theory plays a large role in this paper.

The difficult part of the proof of Theorems 2.1 and 2.2 is to show that the
conditions in these theorems are necessary for T,,;7y = TyT,. We reduce it to the
following question about M-harmonic functions:

Question 2.3. If f, g, h, and k are holomorphic functions in B,,, when is fg — hk
M-harmonic?

This question is very subtle. For a pair of functions f and g (that is, h = k = 0),
Ahern and Rudin [AhR] answered the question completely. And in [Zh2] a different
method was used to study the question for a pair of functions. In this paper, we
apply the same method as in [Zh2] to answer Question 2.3 completely when these
functions are in H2"(S,,).

3. PRELIMINARIES ON FUNCTION THEORY

This section contains results on the function theory of the unit ball, which will
be needed later. A good reference for this material is Rudin’s book [Rud].
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For z in By, let ¢, be the Mdbius transformation from B,, onto B, defined by

2= Pw—(1-2]*)"?Q.w
1—(w,2) ’

po(w) =

where P, is the orthogonal projection from C™ onto the subspace of C” spanned
by z, and Q, = I — P,. ¢, is in the group Aut(B,,) of all biholomorphic maps of
B,, onto B,,. In fact, each ¢ € Aut(B,,) has a unique representation ¢ = U o p, for
some z € B,, and some n X n unitary matrix U.

For any z in B,,, the pointwise evaluation of functions in L2(B,,) at z is a bounded
functional. So there is a function K, in L2(B,) such that

f(z) = ([, K2)
for all f in L2(B,). K, is called the Bergman reproducing kernel. Indeed, we have
1
K.(w) =

(1= (w, 2))"+1

For convenience we let k, denote the normalized Bergman kernel 1;(2 ((w)) AsK,(z) >

0 for any z in B,,, B,, admits an Hermitian metric, the so-called Bergman metric,
given on B, by

2
gij(2) = 9507,
J

for z in B,,. The Laplace-Beltrami operator for the Bergman metric of B, is given
by

= logK.(2)

. ) 02 _ o2
B =1 g — 2+

for some positive constant c,,.
For any f in C?%(B,,), the gradient of f is given by

Vi) = (). 2L )T

A calculation in [Rud] shows that a function u is M-harmonic on B, if and only
if

(3.1) > o )(2) - Y s azj u)(2)

1,7=1

for all z € B,,. It is clear that all holomorphic functions on B, are M-harmonic,
as are the pluriharmonic ones. Since each ¢ € Aut(B,) is an isometry of B, in
the Bergman metric, the space of all M-harmonic functions is invariant under the
action of Aut(By,).

The bounded M-harmonic functions are characterized by the so-called invariant
volume mean value property, i.e., a function f bounded on B, is M-harmonic if

and only if
= odV
) /B for

for every ¢ € Aut(B,) ([AFR], [Eng]).
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Let U be the group of all n x n unitary matrices. Clearly, I/ is a compact group.
It is well-known that there is a Haar measure df on Y. If f is a measurable function
on B, the identity

(3.2) [ 1= [ rema

holds for any n € S,
To identify a holomorphic function in the Hardy space H?(S,), we need the
following formula:

3) [t it =

n—1+a)!

for every multi-index a.

4. SOME LEMMAS

In this section we prove several lemmas which will be used in Section 5. First
we need to introduce some concepts and notations.

Let H(By,) denote the space of holomorphic functions in B,,. H(B,) is a linear
space. We say that functions {f;}?, C H(B,) are linearly independent if there is
no nonzero vector (ci,---,c,)T € C™ such that Z?:l cifi(z) =0 for all z € B,,.

For a vector ¢ = (c1,--+ ,¢,)T € C™ and f € H(B,,), define

f _~_0f

dc ; “ 0z

A polynomial p(z) in C™ is said to be homogeneous of degree s if p(tz) = t°p(z).

If f(z) is holomorphic in a neighborhood of the origin in C™, then the power series
of f can be written in the grouped form

(4.1) 1) =Y £ul2),
s=0

where f5(z) is a homogeneous polynomial of degree s. Equation (4.1) is called the
homogeneous expansion of f. By Euler’s theorem,

n

Z 2 %f; (z) = sfs(2).

i=1

We will often use this fact in this and the next section.

Lemma 4.2. For any f € H(B,,), there is an n X n unitary matrix U such that

or some 1 < k < n, the functions 9(foU) AR 0(foU) e linearly independent and
6Z1 6Zk
—6((';;[]) =0 for alli > k.

Proof. Let Z2 = {c € C™ : % = 0}. Z is a subspace of C™. Then there is an
orthonormal basis {e1,- -, e, } of C™ such that for some 1 <k <n, {ext1, - ,en}
is also an orthonormal basis of Z. Let U = (e1,---,ep). Then U is a unitary
matrix. On the other hand, by the chain rule, letting w = Uz, we have

d(foU) of
8Zi n 86i (’LU)
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Note that for i > k, e; is in Z, and so

A(fol) —0
BZZ'
for all i > k.
To complete the proof of this lemma, we need to show that E)(af—:f]), ceey a(gTokU)

are linearly independent. Suppose that there are constants ¢; so that

Z cl Bz =0.

K2

Then by the chain rule again, we obtain

Z el (V)(Uz) =0,
and so Zle cie; € Z. But e; is orthogonal to Z fori = 1,--- , k. Thus we conclude
that ¢; =0 for ¢ =1,--- , k, completing the proof. O
Lemma 4.3. Suppose that ¢ = (c1, -+ ,¢y) is in the closure of B,. Then the

equation
n

(4.4) Zj: Z

does not have any non-constant solutions in H2"(Sn),

Proof. Suppose that Equation (4.4) has a solution f in H?"(S,). We consider two
cases, ¢ € B, and ¢ € S,. In each case we will show that f is constant.

Case 1. In this case assume c is in B,. Making the change of variables w = z — ¢,
and using the chain rule, we have

o

Let g(w) = f(w + ¢); then the above equation becomes

;wl B, (w) =0.

Since f is holomorphic on the open neighborhood B,, of ¢, g is holomorphic on the
neighborhood B,, — ¢ of 0 and satisfies

;wz B, (w)=0

for all w € B,, — c. Clearly, the above equation holds on rB,, C B, — c for some
0 < r < 1. Applying Euler’s theorem to the homogeneous expansion of ¢ yields

Z sgs(w) =0
s=0

for w in rB,. Then gs(w) = 0 for s > 0, and so g is constant on rB,. Thus we
conclude that f is constant on B,,.

(w+¢) =0.

’L
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Case 2. Now we assume c is in Sy, ||| = 1. It follows from linear algebra that
there is an n x n unitary matrix U such that

O = (Jle]l,0,---,0).
Use the chain rule again to get
(U2)TV(foU*)(Uz) = 2"V f(2)

and

22 w2) = (el 0.+ 009 (7 0 U (U2)
= (el 0.+ )T VF(z) = TVF().

Let g = foU*. Clearly, g is in H*"(S,,). Combining Equation (4.4) with the above
equations gives

—~ _dg 9y

=

Write ¢ as a homogeneous expansion

oo oo
t
g(Z) = gt,S(z27 T 7Zn)217
t=0 s=0
where g; 5(22,- -, 2z,) is homogeneous of degree s in zg,- - , z,. Putting the above

homogeneous expansion into Equation (4.5) and then applying Euler’s theorem, we
get

o0 o0 o0 o0
ZZ(S+t)gt,s(Z2a"'  Zn)2t = Zztgts(z%'“  2n) 2t

t=0 s=0 t=0 s=0

Comparing the coefficients of powers of z; in the above equation gives

(s +1)gt,s(22, -+ s 2n) = (t + 1)grr1,s(22,- -+, 2n)-

This implies the following reduction formula for ¢:

s+t
gt+1,s(22, s 2n) = H—lgt’s(z2’ ey Zn).
Iterating the formula gives
s+t—1)!
gt,s(ZQa tee )ZTL) == %9075(2’27 T )ZTL)-

Thus g is expressed as

gl
== tls!
2= (54t —1)!
= Z(Z t'S' Z{)goyS(ZQ,' T 7Zn)
s=0 t=0 o
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For the sake of simplicity, let gs be go s. Noting that gs(z2,-- - , 2) is a homogeneous
polynomial of degree s, write it as

98(227“' 7271) — Z aasz(oﬂl)'

la|=s
So it is easy to verify that
(s+ t
||f||2—z > Z )?laas * 123,
s=0 ‘al s t= 0
The formula (3.3) gives

(s+t—1) n— 1)lalt! 9
4o =) Y (e e

S= Ola‘—st 0

Since for ¢ very large,

((s—|—t—1)!)2 alt!
t! (n—1+s+1t)!
is asymptotically equivalent to
1
gn—s+1’

in order that the series (4.6) converge, n— s+ 1 must be greater than one. Therefore
Z fs 22,00, Zn)
s<s0 (1= 21)°
for some 0 < sy < n. It is easy to see that the term with the highest degree of
ﬁ in g" i
9o (22, -+, 2k)
(1 — z1)%om

On the other hand, ¢g" is in H?(S,,). Thus son < n, and so sg = 0. This means
that ¢ is constant. Noting that g = f o U*, we get that f is constant, completing
the proof. 0

Lemma 4.7. For each j, the equation

P N T Ty
(4.8) 0z; (; % azl)(; " Ow; ) = 0z; Z 0z; Ow;

does not have a solution in H?"(B,,) unless either % is zero or g is constant for
J

any fized j.

Proof. Assume that g is not constant. Let f be a solution in H?"(S,,) of Equation

(4.8). We will show that % is constant. Since g is not constant, for some w € B,,,
J

;wiaw 70

3
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n

For a fixed w, solving for aizj i zig—zji) in (4.8) gives that for some vector b € C™,

0§00 gt

— i .
8?5]‘ P 821 8Zj

Let W= {ceC™: % = 0}. W is a subspace of C™. So there is a unique vector
a € C™ such that

0 ~~ Of of
4.9 — : — o' v—L
where a is orthogonal to W. Putting (4.9) and (4.8) together gives
v Of N~ 99 _ oo Of
a Vazj (; w; aw) = Vg(w) Vazj.

Thus
i=— —V
a ; w Do, g(w)
is in W for any w in the unit ball B,,. Noting that a is orthogonal to W, we obtain
2 *
i—— —a'V =0.
ol 3 wi g~ Vo)

By Lemma 4.3, W is not in the closure of B,,, and so a is in B,,.
Now we write (4.9) as

0 < af
=S -ma- =0
8Zj ;(z “ )82’1
Making the change of variables w = z — @ gives
0 «— Of
— P a) = 0.
D, 2= Wi g (w+a)

Let F(w) = f(w + @); then the above equation becomes
0 ~~ OF
— i—(w) =0.
8wj ; v 8’[1}1' (w)

Since f is holomorphic on the neighborhood B, of a, for some 0 < r < 1, F is
holomorphic on the neighborhood rB,, C B,, — a of 0 and satisfies

0 ~— OF
i — =0
8wj ; v 811)1 (w)
on rB,. Applying Euler’s theorem to the homogeneous expansion of F' yields
a o0
— F =0.
8’[1}]‘ ; s (w)

Thus gf;] (w) =0 on rB, for s > 0, and so g—i(w) = 0. This implies that 88_zfj =0,
completing the proof. O
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5. M-HARMONIC FUNCTIONS

In this section we will characterize functions f, g, h, and k in H?"(S,,) such
that fg — hk is M-harmonic. In [AhR], an explicit description is given of all pairs
of holomorphic functions f and g in B,, for which the product fg is M-harmonic.
Throughout this section we assume that f, g, h, and k are holomorphic on the unit
ball B,,.

Lemma 5.1. f§ — hk is M-harmonic if and only if

_ ~~0f Og Oh Ok
for z and w in B,.

Proof. As pointed out in Section 3, u is M-harmonic if and only if u satisfies
Equation (3.1). When u = fg — hk, then Equation (3.1) becomes

i=1 tog=1 v i=1 tog=1

S 0f Ty~ On TR
Hence Equation (5.3) is a special case of (5.2) when z = w. Soif f, g, h and k
satisfy Equation (5.2), then fg — hk is M-harmonic.

Conversely, we will show that Equation (5.3) gives Equation (5.2). Let the
homogeneous expansions of f, g, i, and k be

f(Z) = Zfs(z)v g(z) = ng(z)
and
h(z) =Y ha(2), k(z) = ka(2).

Euler’s theorem implies that

So Equation (5.3) becomes

> st () — b)) = 3 Yo (Gl Sy,

s,t=1 5,t=0i=1




COMMUTING TOEPLITZ OPERATORS 1605

Let z = {w for £ in the unit disk and w € B,,. Note that fs, gs, hs, and ks are
homogeneous. An easy computation yields
o0

Y SEE(f(w)ge(w) — hs(w)ke(w))

s,t=1

s

— Z Zfs 1515 1 8fs 891& Oh 8kt)

awi 5w awl ow;
s,t=0 1=1

Comparing the coefficients of £°€t in the above equation yields

n O0fsi1 0 Ohg41 Ok
St ()00 — o)) = Y (Pt Ses et Sl
i=1 g ® i 4

for any s and t. Applying D both sides of the above equation with respect to w
for |a] =t gives
(5.4)

- N ) Ohy1  OF
st () D3] — () D) = S_(Jettpe St Dot poFo)
7‘:1 1 1 1 (2

But for any homogeneous polynomial P of degree ¢
1 «
P(w) = |Z —[D*Plw
al=t

Multiplying both sides of Equation (5.4) by %, and then taking the sum for «
with |a| = t, we get

S " Ofei1 Og Ohsy1 Ok
st(fu(w)ge(2) = ha(Wlki(2) = Y (525 =0 — o= =),
i=1 (2 (2 K3 (2

Taking the sum with respect to s and ¢ gives Equation (5.2) for any z and w in B,,,
completing the proof. O

Lemma 5.5. Suppose that neither g nor k is constant and fg—hk is M-harmonic.
For any vector a € C™ and a ;é 0, if 5 9 — 0, then 8h =0.

Proof. First we will show that 7~ = 0 implies 87’11 = 0. Clealrly7 = 0 implies

afl gzj =0 for all j. leferentlatlng both sides of Equation (5.2) Wlth respect to 21,

we have

0 ~~ Oh — a oh ak
Bh_O

Noting that k is not constant, by Lemma 4.7, we obtain e
Next we reduce the general case to the above case. Assume that % = 0 for

some vector a # 0. For e = (1,0,---,0)* € C™, let U be a unitary matrix such
that Ue = a. By the chain rule, we have

0 U 0

0(foU) _ —f(Uz)

8z,  Oa
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On the other hand, the space of M-harmonic functions is invariant under the
action of unitary matrices. So fg—hk implies foUgo U—hoUk o U is M-harmonic.
As shown above, a('af;U) = 0 implies a(golU) =0.

By the chain rule again, we have

d(hoU) 0Oh
8z,  Oa 9 U2

which means 2% = 0. This completes the proof. O
da

If we assume that none of f, g, h and k is constant and fg— hk is M-harmonic,
Lemma 5.5 tells us that any linear relation among derivatives of f gives the same
linear relation among derivatives of h. This fact is also valid for g and k. We will
often use this fact in the proof of Theorem 5.6. The following theorem is the main
result in this section. It is the key to the proof of Theorems 2.1 and 2.2.

Theorem 5.6. Suppose that f, g, h, and k are in H*>"(B,,). Then fg— hk is M-
harmonic on the unit ball if and only if f, g, h, and k satisfy one of the following
conditions:

(1) Both f and h are constants.

(2) Both f and k are constants.

(3) Both g and k are constants.

(4) Both g and h are constants.

(5) There is a nonzero constant b such that bg — k and f — bh are constants.

Proof. If f, g, h and k satisfy one of the conditions (1)—(5) in this theorem, one
easily sees that they satisfy Equation (5.2). Hence, by Lemma 5.1, fg — hk is
M-harmonic.

Conversely, assume that fg — hk is M-harmonic. By Lemma 5.1, it is sufficient
to show that any solutions in H?"(B,,) of Equation (5.2) must satisfy one of the
conditions in this theorem.

If one of f, g, h and k is constant, then (5.2) becomes an equation involving a
pair of functions. In this case, it follows from a result in [AhR] and [Zh2] that one
of the conditions (1)—(4) holds.

Now we may assume that none of f, g, h and k is constant. We will show that
these functions satisfy condition (5) in this theorem. Note that Equation (5.2) is

i ion in 2L ... Of n o, 0f 0Ok . Ok
a linear equation in R e > i1 Zige ey 78z ,and > i=1 %%, for a
. . 99 .. dg n 0g  Oh . Oh
fixed w € Bn7 and a linear equation in Fur s B > i Wimk Bus) Dl T

and Y1, w; 2 a for a fixed z € B,,. We will use these equations to get condition

(5)-
First reduce the general case to a special case in which the derivatives of f, g, h
and k satisfy the following conditions.

(a) g—zfl, cee 66 L are linearly independent.

(b) 6‘9—51, RN 8‘9—1& are linearly independent.

(c) g—zhl, s 597}1 are linearly independent.

(d) aauljl RN 86719 are linearly independent.

(e) Either gL = 28 =0 or 24 = 2& =0 for i >r > 0.
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By Lemma 4.2, there is a unitary matrix V such that a(g;»lx/)’“. , B(fzoV) are
1
linearly independent and fo,v) =0 for i > r;. By Lemma 5.5, 8(3:1‘/), - a(ahz—i:/)

are linearly independent and =0 fori>ry.

a(goV) d(goV)
= Do

OkoV) .. 9koV) are also linearly independent. So (fo V), (go V), (hoV) and

Ow1 ’ awrl
(k o V) satisfy conditions (a)—(e) and foVgoV — hoVkoV satisfies Equation
(5.2).

d(goV) 8(goV)
I =5 S

(hoV
9z;

are linearly independent, then by Lemma 5.5, we have that

are linearly dependent, let

v d(geV)
L= ! i =0}.
{acC E a; ~ow, =0}

Using the same argument as in the proof of Lemma 4.2, we see that there is an r; by

r1 unitary matrix Us such that {a(gOVOUl), e B(QEYUle)} are linearly independent

9(goVolUi)
ow;

=0fori=r+1tory, where Uy = Uy & I, and for some integer

0 < r < r;. Also by the chain rule, one easily checks that (fOVOUl) S, a(f%\:le)

are linearly independent. Then foVoU; and goV oUj satisfy COIldlthIlS (a), (b) and
(e) as required in the above special case. By Lemma 5.5, hoVoU; and koV oUj also
satisfy conditions (c), (d) and (e). Moreover, foVoU;goV o Uy—hoVoUikoV o U,
satisfies Equation (5.2), as desired.

Next we turn to solving Equation (5.2) with conditions (a)—(e). Under conditions
(a)—(e), Equation (5.2) becomes

9f SN dg . A Oh O~ Ok
Q=3 ,Z i)~ () (i)

of g oh Ik
(5.7) Z 82’1 Ow; 0z Ow;’”

and

The main idea will be to use the linear independence of the derivatives of f, g, h
and k to solve Equation (5.7). Let

oh

oh
H = {C eC":c*V,.f e spa,n{a—Zl7 e g}}’
where V, f = (le e %)T. We consider three cases.

Case 1. dimH = r. In this case there is a matrix A such that
V.f=AV,h.
Jordan theory in linear algebra implies that there is a unitary matrix U such that
UTAUT =@ @ Ji,

where J; is an s; by s; matrix

¢ 0 0 0 0
1 ¢ 0 0 0
0
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and Zle s; = r. For the sake of simplicity, we still use f, g, h, and k to denote
respectively foU,goU,hoU and k o U. Using the above Jordan form of A and

the chain rule, we have the following equations:
ﬁ oh Of oh @

82’1 82’1 82_ 18_2’2—’_82’17'”

Taking the derivative of both sides of Equation (5.7) with respect to z1, along with
the first equation above, we obtain the following equation:

0 ~_ Oh & _3(clg—l 8hm
G ;Ziazi)(zwl owi ) 0m Zazz »

i=1 Wi

By Lemma 4.7, c1g — k is constant SO 8—’“_ = c1~L. Also ¢; is zero because k is
ow; 8w

not constant. Replacing - Ok by 1L 8 - in Equation (5.7), we have

9.5 S _an), 0 N~ O —Th) Dy
821(2:ZZ ; awl _82'1; 0z; ow;

i=1 [

By Lemma 4.7 again, f — ¢rh is constant. So f, g, h, and k satisfy condition (5).

Case 2. dimH < r — 1. In this case, using the same argument as in the proof
of Lemma 4 2, we may assume that { TR, az } are hnearly independent of

{8Z1 o ’Bz hl an d{az e REE ’az }arelnthespan{az o vaz h 1 for some j > 2.
Then by Equation (5. 7) there are vectors a, a’, ¢, ¢’ and a matrix B such that

Zzig =a"V;f +c"V.h,
1 0z;

n

oh
Zzz _— )V, f + (<) V,h,
l
and
of of \r T
,e V.h)* B*.
8Zj+1 8Zn) ( " )
Combining Equation (5.7) with the above equations, and using the fact that g—zfl,
- 3—2, %, cee aa_zhr are linearly independent, we obtain
n n
89 ’ 8k
i=1 =1
and
" dg - ok dg dg
cy w; —c wi=— =B 1Ty T v,k
; la’(Ui ; Zawi (81Uj+1 8wn) "
Since aaTg, e ,ang are linearly independent the first system of equations above
gives that Y1 | w; a 29 and 3.1 wi 2L arein the span{ TR aw } The second
system of equations above gives that {aw Joee aw k1 are in the span{-2L TR %% .

So this case is reduced to Case 1 if we replace f and h by g and k respectively.
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Case 3. dimH = r — 1. Using the same argument as in the proof of Lemma 4.2,

we may assume that g Zfl , gzhl 7597}1 are linearly independent, and there is an
(r — 1) x r matrix A such that
of  Of \p
5.8 R = AV.,h.
(5.8) (5 32

If there is a constant b such that bg — k is constant, then 63—151 = b%}%. For each
1 < j <mn, differentiating (5.7) with respect to z; gives

n

0 & O(f—bh) A(f —bh) dg
5(2 % 0z; )(; 8w 82’ Z 0z; 8wZ

=1 =1

By Lemma 4.7, a(f bh) — 0 for j and so f — bh is constant. Thus f, g, h and k
satisfy condition (5)
Suppose that there is no constant b such that bg — k is constant. We will derive a

contradiction. By Equation (5.7), there are constants ¢1, co and vectors a, a’ such
that

n

(5.9) Zzzaf.—claf—l—th
and
(5.10) Zz on = o= 8f +( "V*V,.h.

Extend the holomorphic function f on B, to a holomorphic function f on By
by
f(zla e 7Z’nazn+1) = f(zla e ,Zn).

By Lemma 5.1, fE ~ ks M-harmonic on B, 41.
For ¢ in the unit disk, define

218 ZnS C— Zn+1

Zl... A VA 1) = — e — —
(pc( ) y AMy n+) (1—czn+1’ ’1—czn+1’1—czn+1 )

where s = (1 — |¢[?)!/?; then ¢, € Aut(B,;1). Note that the space of M-harmonic
functions is invariant under the action of Aut(B),+1). Then

fNO‘cho@c_ilo‘Pcio‘Pc
is M-harmonic on By 1.
By the chain rule, we have

fope i csz; of
(5.11) Nioge) g~ om0,

8Zn+1 = (1 —Czp41) 8zz
and

B(f © (pc) S af
5.12 - 2 4,
( ) 8Zj (1 — Ezn+1) 8Zj oy
for j <n+ 1. Thus (5.11) gives

dfope) _ =

51 = c 1 C 79"y c n)-
(513) s = e g (el (el2)n)

i=1
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Since Y 12135 —cl +a V.,h, we have

ch)zg—i((soc(z))i, L pelea)

=1
= a2 ot an((ee2)ir (eel2)n)
21

Then (5.13) combined with (5.12) gives
a(fOSDC) [ 8(f0900)

c -
5.14 = - —a*V,(hop.).
(5.14) PG e r s Vi(hoec)

Similarly we can show that

dhow:) _ T d(fowe)

c .
5.15 — T2 = Zp——T2 1+ —(d)*V,(hop.).
(5.15) Gt 2,220 Sy o)
() If ey #0,let F=fope, G=gop., H="hog, and K = ko ¢,.; then (5.14)
and (5.15) give thata—ils in the span{ah,---,gf,aznﬂ}forz_1 -+, 7, and

n+ 1. Since FG — HK is M-harmonic on By+1, by Lemma 5.1, we have

n+l n+1 n+1 n+1
oF oG OH oK
> Zz'—azi][;:l wig - > Zi—azi][;:l Wig

i=1 i=1

_ QP _oHIK, | OF “BG__ 9H OK_
B - 821 811)1 821 8wz 8Zn+1 8wn+1 8Zn+1 8wn+1 '
because
Z": OF 0G OHOK\ _
P 821 8’[1}1' 821' awl -

Thus this case is reduced to Case 1. Hence F, G, H and K satisfy condition (5) of
this theorem. So do f, g, h, and k. But this contradicts that there is no constant
b such that bg — k is constant.

(ii) If ¢a = 0, then (5.10) becomes

Replacing Y 0 |z az in Equation (5.7) by the right hand side of the above equation
gives

_~ O 0y
5.16 j—— = ——
( ) “ ; v 8’[1}1' 8’[1}1
and

39 99 \r

5.17 D i (==, -, =) —V,k.
( ) ¢ Z Wi Z Wi 8w 8w2 ow, )
These equations come from linear independence of 8%1, gzhl cee 8%.

By the chain rule, (5.16) gives

0oy _ tdGop.)
! Own 11 s Ow;
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which means

_ 0G c@G

! OWn 11 s 8w1
Since neither F' nor H is constant, Lemma 5.5 implies

_ 0K _e0K
18wn+1 T sOw;’
and so
_8(/; X2 C 8(k © SDC)

C1 =
OWnp 41 s Ouwy

Then by the chain rule again, we obtain

o Zwl awl ok

8w1

Putting the above equation, (5.15) and (5.17) together gives

=—-1 0 0 - 0
a 2 -1 0 -~ 0
(=, —A")V,g= ; N At
‘a : Do :
R BT |
c1
If = 41 #0, the system of equations above gives that au’fi is in the space
spanned by {aw1 AR aw 91 so this case is reduced to Case 1 for g and k. This

contradicts that there is no constant b such that bg — k is constant.
If % — 1 =0, the system of equations above gives

a_lﬁ_a—ﬂ_..._a ﬂ:()
1 Owy 2 ows "L ow, '
Note that {%, cee %} are linearly independent. Then a;; =0 for i =2,--- ,r.
By (5.8), we have
of of \r
(8_2’27 . 82 ) (OvA(r—l)X(r—l))vTh'
So
of of \r oh Oh
2N Yy L ZENT
(822 ’ azT> (r=1)x (azg ’ azT>

Without loss of generality, we may assume that

A=J1® - B Jg

where J; is the s; by s; matrix

—_
&
o

e o

o oo
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and ZZ 1 8i =1 — 1. Using the Jordan form of A, we get

of Oh

0z 0z
Taking the derivative of both sides of Equation (5.7) with respect to z9, and using
the above equation, we have

0 = .ah " d(c1g — k 8haclg k)
029 (; Zi 82’1)(2 Wi ow; 82’2 Z 0z; ;

i=1 Wi

By Lemma 4.7, ¢1g — k is constant. This contradlcts that there is no constant b
such that bg — k is constant. This completes the proof. O

To end this section, we restate Theorem 5.6 as follows.
Corollary 5.18. Suppose that f, g, h and k are in H?>"(B,). Then fg — hk is
M-harmonic if and only if it is pluriharmonic.

6. PROOFS OF MAIN RESULTS

In this section we will present the proof of the main results. We begin with a
simple fact about bounded pluriharmonic functions on B,,.
Proposition 6.1. If f is a bounded pluriharmonic function on By, then there are
functions f1 and fo in HP(S,) for all p > 1 such that f = f1 + f5.

Proof. Without loss of generality, we consider just the case when f is real-valued.
Because f is pluriharmonic, there is a holomorphic function f; on B, such that
f = fi+f,. We need to show that f; is in HP(S,,) for all p > 1. Tt is easy to check
that S(f) = f1 + f1(0), where S is the Hardy projection. It is well-known that the
Hardy projection S is bounded on LP(S,,) for any p > 1. Note that f is in L*>(B,,).
Then f; is in HP(S,,) for any p > 1. This completes the proof. |

The following theorem easily follows from recent result of Ahern, Flores and
Rudin [AFR] for n < 12. The result here is valid for all n. It was also obtained by
a different method in [CL]. Our method extends the method in [AxC] and [Zh1]
directly.

Theorem 6.2. Suppose that f, g, h and k are in H?(S,,) with the property
(63) [ (7= ) vk (w)PaAw) = (77— k) 0 62

for all ¢ € Aut(B,,). Then (fg — hk) is M-harmonic on the unit ball B,,.

Proof. Let dU be the Haar measure on the group & of n X n unitary matrices.
Define

6(2) = | (f7- 1=
for z in B,,. For any f in H?(S), write f as a power series
= Z aa(f)z
with )

Z|aa ) < +o0,

where I(a) = ||Za|@12(s)'
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As U is a subgroup of Aut(B,,), for any U € U, letting ¢ = U in (6.3), we have
[ (7= 1) o Ul () FdAw) = (5~ 1F) o U ).
Integrating both sides of the above equation with respect to U over U gives
(6.4 | Gtk (w)Piaw) = 6(2).

By the formula (3.2), we have

G(z) = /S (/7 — WE)(|=]€)dor(€)

= (aa(f)aalg) — aa(h)aa (k)1 (a)]z"[*,

where |a| = > | a;.

Since f, g, h and k are in H?(S,), G(z) is continuous on B,. The mean value
theorem tells us that AG = 0. In addition, G(z) is constant on S,,. It follows from
the maximal principle that G(z) is constant on B,,. Thus

(6.5) > aa(faa(g) — aa(h)aa(k)] = 0.
la|=1

For convenience we let a;(f) denote a(,... 0,1,0,...,0)(f). Then Equation (6.5) be-
comes

S lai(ailg) — ai(h)a; (k)] = 0.

%

By the chain rule, a;(f) = g—sz(()) Letting a;(f)(w) = a(faosz) (0), similarly we
get that

(6.6) Y lai(f)(2)ai(9)(z) — ai(h)(z)ai(2)] = 0.

B

The above equation comes from the fact that the space of M-harmonic functions
is invariant under the action of Aut(B,,).
Calculating a;(f)(w) by the chain rule, we obtain

(6.7) a(f)(z) =s(1—8)PsV.f —sV.f,

where s = (1 — [|z]|?)"/? and

a1(f)(2)

a(f)(z) = :

an(f)(2)

Replacing a;(f)(z) in (6.6) by the right hand side of (6.7) gives
0=[s(1—5)P:V.g—sV.g|"[s(1—5)PV.f—sV.f]

—[s(1 = s)PsV k — sV, k]*[s(1 — s) PV ,h — sV .h].
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Simplifying the above equation yields
=52 (1=s")(z, Vg)(Vf,2) +5°(1 - s*)(Vf, Vg)
= —5%(1 — s*)(z, Vk)(Vh,Z) + s*(1 — s*)(Vh, Vk).
Multiplying both sides of the above equation by ﬁ, we obtain
(z,Vg)(V/,2) = (z, VK)(Vh,Z)

We conclude that

which is Equation (3.1). So fg— hk is M-harmonic. This completes the proof. [

Lemma 6.8. Let f, g, h, and k be holomorphic on the unit ball B,. Suppose
that ¢ = f +k and ¢ = h+G. Then o and 1 satisfy one of conditions (1)-(4)
in Theorem 2.1 if and only if f, g, h, and k satisfy one of conditions (1)-(5) in
Theorem 5.6.

The proof of Lemma 6.8 is easy. We leave it as an exercise to readers.
For each z € B, define an operator U, on the Bergman space L2(B,,) by

U,u=uop,k,,

where ¢, is the Mobius transformation and k, is the normalized reproducing kernel.
If V is unitary matrix in C™, define an operator Uy on L2(B,) by Uyu = uo V.
A simple computation shows that U, and Uy are a unitary operators from L2 (B,,)
onto L2(B,). So for each element 7 in Aut(B,), we can associate a unitary operator
U, on L2(B,,) with 7 by U, = Uy U, if 7 = U o ¢,. Immediately we see that

U, T¢U? =Tfor.
Hence
(6.9) Ur(ToTy — TyT)Ur = (TporTpor — TporTipor)-
We need the following lemma in the proof of Theorem 2.1.

Lemma 6.10. Let f, g, h, and k be holomorphic on the unit ball B,,. Suppose that
o= f+kandy = h+ g are bounded on B,,. Then

<(T¢OTT1/JOT - T’t/JOTngJOT)kza kz>
(6.11) _ _/B (f o 7(w)g o 7{w) — h o r(w)F o 7{w)) ks (w) |2 dA(w)

+(for(z)gor(z) —hor(2)koT(z))
for each T € Aut(B,,).
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Proof. Suppose that
(6.12) o=f+kandy=h+7.
Since

T,1 = Pp) = P(f +F) = f + K(0).

we have

(TyTy1,1) = (T,1, Tp1) = (T,1,9) = ((f + #(0)), %) = {(¢ + k(0) — k), ¥)
= (@) + ((k(0) — &), ¥) = (¢, 1) + k(0)h(0) — (kh,1).
Interchanging ¢ and v in the above equation gives
(T,Tp1,1) = (9, 1) + g(0) f(0) — (3f, 1).
Hence we obtain
(6.13) (ToTy — TyT,)1,1) = g(0)£(0) — k(0)h(0) — [(gf, 1) — (kh, 1)].

For each 7 € Aut(B,,), composing both sides of Equation (6.12) with 7 expresses
each of the functions ¢ o7 and 1 o 7 as the sum of a holomorphic function and the
conjugate of a holomorphic function:

por=for+korandypor=horT+gorT.

Note that 7o ¢, is still in Aut(B,,) for each 7 € Aut(B,,) and z € B,. Replacing
each function in (6.13) by its composition with 7 o ¢, gives

<(T5007'0502T1/f07'0502 - T¢070502T5007'Osaz)1a 1>

= —/ (foropz(w)goTop.(w)—horogp.(wkoTop.(w))dA(w)

n

(6.14) +(forop:(0)goTow.(0) —hoTop.(0)koTop(0))
On the other hand, U,1 = k,. By (6.9), we have
(6.15)

<(T90°T°saz TwOTO% - TwOTOsaz T900Tosaz)1v 1> = <(T¢07Tw07 - TwOTTWT)kzv kZ>-

Making the change of variables A = . (w), we get

(6.16) / (foTop:(w)goTop.(w)—hotop.(w)korop.(w))dA(w)

n

:/B (f o7\ g om0V — ho (Ao 7(0) |k (A)|2dA(N).

Combining (6.14) with (6.15) and (6.16), we obtain (6.11), as desired. This com-
pletes the proof. O

Now we are ready to prove Theorems 2.1 and 2.2.
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Proof of Theorem 2.1. First we prove that if ¢ and i satisfy one of the conditions
in Theorem 2.1, then T,, commutes with T’.

If ¢ is holomorphic on B,,, then T}, is the operator on the Bergman space L2(B),)
of multiplication by ¢. So if ¢ and v satisfy condition (1), then T,, commutes with
Ty. Since the adjoint of T, on the Bergman space is 15, T, commutes with T} if
¢ and ¢ satisfy condition (2). If ¢ and 9 satisfy condition (3), either Ty, or Ty, is
a scalar operator, so T, commutes with T,. If ¢ and 1 satisfy condition (4), let
¢ = by — ¢ be a constant. Thus T, = b1y + c. So T, commutes with T}.

To prove the other direction of Theorem 2.1, suppose that T, commutes with 77
on L2(B,). We need to show that ¢ and 9 satisfy one of the conditions in Theorem
2.1. By Proposition 6.1, there are four functions f, g, h, and k in H?"(S,,) such
that

o=f+kandy=h+7.

By Lemma 6.8, it suffices to show that f, g, h, and k satisfy one of the conditions
in Theorem 5.6. To do this, we need to show that these functions satisfy Equation
(6.3) in Theorem 6.2.

Since T, commutes with Ty, T, Ty — TyT, = 0. Then by (6.9), we have

TaporTwor - TworT@oT =0

for each 7 € Aut(B,,). Thus it follows from Lemma 6.10 that

[ ot ro) - ho rwike i)k (w)PdA(w)
=for(z)goT(z) —hoTr(2)koT(z)

for each 7 € Aut(B,). So f, g, h and k satisfy the condition of Theorem 6.2, as
desired. This completes the proof. O

Proof of Theorem 2.2. The proof of the “if” part is similar to that in the proof of
Theorem 2.1, so it is omitted. It remains to prove the “only if” part.

Suppose that T, commutes with Ty, on L2(B,). We need to show that ¢ and
1) satisfy one of the conditions in Theorem 2.2. By Proposition 6.1, there are four
functions f, g, h, and k in H?*"(S,,) such that

o=f+kandy=h+7.

Every function in LP(S,,) extends to an M-harmonic function on the unit ball,
via the Poisson integral. In fact, functions in the Hardy space correspond to holo-
morphic functions on the unit ball, and the evaluation at z for any z in B,

f—= 1)

is a bounded linear functional, so there is a function S, in H2(S,,) such that f(z) =
(f,S.). It is easy to check that, for any function u in H?(S,,),




COMMUTING TOEPLITZ OPERATORS 1617

Then for z € B,,

(6.17)
S, S, S, S,
T,T , = (T , T ={(f+k(z b
R A RFAL <“’ns ] w||sz||> ( ”)ns YT ||>
_ — S5, =85,
= ()0+I€Z 71/} 71/} k'Z _k‘. 71/)
o+ k(=) - )nsn ||S||> <||S|| ||S||> (=) =P vTsa
S, — S, S,
Yo +E@)h Fh—22 2y
=1 ||s P s+ FERE) — g e
Interchanging ¢ and 1 in the above equations gives
S, S, S, S, — S S,

(6.18)

TN s~ s s o - O s s

Combining (6.17) with (6.18) gives

(TeTy = TyTy)por

S. S,
IS0 1S

- /S (f (w)g(@) h(w)m)%da(w) +(f(2)90E) — h()RE).

o)

Because T, commutes with Ty, we have

[ it i) E M  dotw) = 15 - hEEE)
Sn ”SZH

Thus the right hand side of the above equation defines an M-harmonic function on
the unit ball, and so the left hand side must be M-harmonic on B,,. This implies
that fg — hk is M-harmonic. By Theorem 5.6, f, g, h, and k satisfy one of the
conditions in Theorem 5.6. It follows from Lemma 6.8 that ¢ and v satisfy one of

the conditions of Theorem 2.2. This completes the proof. O
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