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BEREZIN’S QUANTIZATION ON FLAG MANIFOLDS
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ABSTRACT. We show that the theory of spherical Harish-Chandra modules
naturally gives rise to Berezin’s symbol quantization on generalized flag mani-
folds. It provides constructions of symbol algebras and of their representations
for covariant and contravariant symbols, and also for symbols which so far have
no explicit definition. For all these symbol algebras we give a general proof of
the correspondence principle.

INTRODUCTION

Berezin’s quantization on a symplectic manifold 2 (see [1]) is given by a family
of associative algebras {4y}, whose elements are smooth functions on {2, together
with their representations in Hilbert spaces Hy, where the parameter i plays the
role of the Planck constant. The multiplication *j in A, must satisfy the so-called
correspondence principle, as h — 0. (A formal definition is given in Section 1).

Representation of the algebra A;, in Hj, maps a function f € A;, to the operator
f in Hy. In that case the function f is called a symbol of the operator f . The
concrete examples of quantizations are usually based on explicit constructions of
symbols (see [1], [2]).

In this paper we show how the theory of spherical Harish-Chandra modules
naturally provides the algebras of covariant and contravariant symbols on general-
ized flag manifolds. Moreover, it also gives rise to the algebras of symbols which
so far have no general construction or definition, as in the case of covariant and
contravariant symbols. For all these symbol algebras we give a general proof of
the correspondence principle. We also prove the conjecture from [3] on rational
dependence of the product f xj, g on h on an arbitrary generalized flag manifold.

1. THE DEFINITION OF QUANTIZATION

We will give now a formal definition of quantization on a symplectic manifold
Q. Let F be a set of positive numbers with a limit point 0. For each h € F' let A,
be an algebra, which is a linear subspace of C*°(£2), with a multiplication *; and a
given representation in a Hilbert space Hj,. Define A = J,, A and let A be dense
in C*®(Q). These data determine a quantization on 2, if for f,g € Aand h — 0
the correspondence principle holds,

(1) frng—fa. B (frng—g=n f) = i{f.g}a
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Here {-,-}q is the Poisson bracket on Q. The limits in (1) make sense if for each
f € Aone has f € A, for sufficiently small values of h (a weak nesting property).
This condition is valid if A;, D Ap holds for h < A’ (a strong nesting property).

2. COVARIANT AND CONTRAVARIANT SYMBOLS

Suppose a compact Lie group K has an irreducible unitary representation in a
g-dimensional vector space F with a hermitian scalar product (-,-), v € E is a unit
vector and dk is the Haar measure on K such that the total measure of K is 1.
For k € K denote vy, = kv. Then the orthogonality relations for matrix coefficients
immediately imply that for all £,n € E the Parseval identity holds:

(&mn) = q/<§,vk><vk,n>dk.

Thus the K-orbit of v, {v;}, forms a supercomplete system of vectors in the sense
of [2], and one can associate with it the constructions of covariant and contravariant
symbols on K. Let Py be the orthogonal projection operator in E to the vector vy.

Definition. A function f(k) on K is called the covariant symbol of an operator
A € End E, associated with the supercomplete system {vy}, if f(k) = tr AP, =
<A’Uk, ’Uk>.

Such symbols for a compact semisimple Lie group K were studied in [4].

Definition. A measurable function g(k) on K is called a contravariant symbol
of an operator B € End F, associated with the supercomplete system {vy}, if
B =q [ g(k)Pydk.

The proofs of the following two lemmas are trivial.

Lemma 1. A measurable function g(k) is a contravariant symbol of an operator
B € End E iff for any operator A € End E with the covariant symbol f(k) the
equality q | f(k)g(k)dk = tr AB holds.

Let ko € K. Denote v' = kov and consider the supercomplete system {v} = kv'}.

Lemma 2. Let f(k) be the covariant (contravariant) symbol of an operator A €
End E, associated with the supercomplete system {vi}. Then f(kko) is the covari-
ant (contravariant) symbol of A, associated with the supercomplete system {v}}.

3. A SPHERICAL PRINCIPAL SERIES OF HARISH-CHANDRA MODULES

We give a construction of a spherical principal series of Harish-Chandra modules,
following [5].

Let g. be a complex semisimple Lie algebra, h. its Cartan subalgebra, W the
Weyl group, A, A%, 3 the sets of all nonzero, positive and simple roots respec-
tively, p the half-sum of positive roots. For each a € A choose weight elements
Xo € ge such that [Hy, Xio| = £2X4, for Hy, = [Xo, X_0n]. An element A € h
is called dominant if A\(Hy,) > 0 for all & € 3, and is a weight if A\(H,) € Z for all
a € X. Denote n.,n, the complex subalgebras of g. spanned by { X, } for a running
over AT, —A™T respectively. Then g. = n_ @ h. ® n. is the Gauss decomposition.

Let g,, hr,ny,n, denote the Lie algebras g., h¢, n. and n_ respectively, con-
sidered as real Lie algebras, and let § be an automorphism of g,, antilinear with
respect to the complex structure on g, and such that 6X, = -X_,, 6H, = —H,,.
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The subspace of f-invariant elements of g,., k. = g7, is a compact form of g.. De-
note by a, the subalgebra of g, generated by {H,}. Then g, = k, & a, ® n, is the
Iwasawa decomposition.

Now let G be the complex semisimple connected simply connected Lie group
with the Lie algebra g,, considered as a real Lie group, and G = KAN be the
corresponding Iwasawa decomposition. Then K is a compact semisimple connected
simply connected Lie group. Let m, = k. N h,, M the maximal torus in K with
the Lie algebra m,., M’ its normalizer in K, so that W = M’/M.

Denote by A the space of functions on K, K-finite with respect to the left
shifts and invariant with respect to the right shifts by the elements of M (in [5]
it is denoted by L(0)). Let X € a,, a = expX € A. Then for A € h} we have
a* = eMX) . Denote by A()\) the space of functions f on G such that for g € G,m €
M,a € A,n € N we have f(gman) = f(g)a**~?), and the restriction of f to K
belongs to A (in the notation of [5], L(0,—2X)). Define a (g, K)-module structure
on A(N), for f e A(N), X €g,, ke K,by Xf(g) = %|t:0f(exp(—tX)g), kf(g) =
f(k~1g). The module A()) is spherical, i.e., its subspace of K-invariant vectors is
one dimensional.

By virtue of the Iwasawa decomposition, the restriction to K determines a bijec-
tion of A()\) onto A. Denote by A()) the space A, endowed with a (g,, K)-module
structure, induced from A(A). The (g,, K)-modules A(\) (or A(\)) form the spher-
ical principal series of Harish-Chandra (g, K )-modules.

Let A(M\) and B()) denote respectively the cyclic submodule of A(A\) generated
by 1 € A()), and its maximal proper submodule. Then A(X) = A(X)/B()) is the
canonical simple subquotient of the principal series. It is known, that for a given
A € h* the modules A(w)), w € W, are isomorphic to each other (see [5]).

4. AN ALGEBRA STRUCTURE ON A(\ + p)

Let U(g.) be the universal enveloping algebra of g.. Define an action of g, on
U(g.): for X € gr, u € U(ge) let X : ur— 0(X)u — uX, and let K act on U(g.) by
the adjoint action (denoted by Ad). If X € k,., then 0X = X,s0 X : u — Xu—uX,
i.e., k, acts on U(g.) by the adjoint action. Thus the actions of g, and K agree on
k. and U(g.) is a (g,, K)-module.

Consider a morphism of (g,, K )-modules sy : U(g.) — A(A+p) such that sy1 = 1.
This requirement defines sy uniquely, since 1 € U(g.) is cyclic. Thus sy coincides
with the morphism ®_, introduced in [6], Sect. 9.6.5. Let L(\) denote the simple
highest weight g.-module of weight A\ — p, and Ann L(\) its annihilator.

Lemma 3. (i) Im sy = A(A+ p); (ii) Ker sy = Ann L(A + p).
The proof of (i) is trivial, and (ii) is proved in lemma 9.6.5 of [6].

Corollary. A(\ + p) carries the structure of an algebra naturally isomorphic to
Uge)/Ann L(X+ p).

We will give now an explicit construction of the mapping sy. For A € A} define
a functional @y on U(g.) (in the notation of [6], Sect.9.6.4., it corresponds to ¢_3).
It follows from the Gauss decomposition, that

(2) U(ge) = (n U(ge) +U(ge)ne) ©U(he).
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Denote the projection of v € U(g.) on U(h.) by uo. Since U(h.) is naturally
isomorphic to the symmetric algebra S(h.) (or to the algebra of polynomials on
hY), one can evaluate ug at the point A € h%. Define oy (u) = ug(\).

For u € U(g.) define a function §yu on G by the formula

sau(kan) = o (Ad(k~Hu)a?*,
where k € K, a € A, n € N.

PropositNion 1. The mapping 5y : u — 8 u is a morphism of (g,, K)-modules from
Uge) to A+ p).

Proof. The K-equivariance of §) can be checked immediately. Now the K-finiteness
of 5 u follows from the finiteness of the adjoint action of K in U(g.). The adjoint
action of M on U(g.) preserves the decomposition (2) and is trivial on U (h.), which
implies the invariance of §yu with respect to the right shifts by the elements of M.
Thus s\u € A()\ + p). It remains to show that §) is g,-equivariant, that is, for
X € gr, u € U(g.) the functions X5 u and 5 (6(X)u — uX) coincide. Since the
restriction of A(A+ p) to K is a bijection onto A(X+ p) and 3, is K-equivariant, it
is enough to compare these functions at e € K, that is, to check the equality

(3) % Sau(exp(—tX)) = pr(0(X)u — uX)
t=0

for X € k., a,,n,. Since the actions of g, and K agree on k,, (3) holds for X € k,.
Let X € a,; then 5\u(exp(—tX)) = e 2AX)p, (u), so the left-hand side of (3)
equals —2(\, X)px(u). On the other hand, X = —X for X € a,, s0 0(X)u—uX =
—2uX. Since the multiplication by X € a, preserves the decomposition (2), one has
ox(—2uX) = —2(\, X)pox(u). Now let X € n,. Then S u(exp(—tX)) = pa(u) does
not depend on ¢, and thus the left-hand side of (3) is equal to 0. Since 6X € n,,
therefore 6(X)u—uX belongs to the sum in the parenthesis in (2), so the right-hand
side of (3) is also 0. This concludes the proof. |

Corollary. The mapping sy is given by the formula syu(k) = ox(Ad(k~1)u).

Proof. Since the restriction of §)1 to K equals the constant 1, the morphism ¢(g..) >
u— Sxu|g € A(A+ p) coincides with sy. Now the proof follows from the definition
of §>\. O

5. SYMBOL ALGEBRAS

Let A € h} be a dominant weight. Consider the holomorphic irreducible represen-
tation of the group G with the highest weight A in the space E* with a K-invariant
hermitian scalar product (-,-), and a highest weight vector v of length 1. Denote
the corresponding representation of U(g.) in E* by mx. Let wg € W be the Coxeter
element (the element of the maximal reduced length, which maps A" to —AT).
Set M = —wpA. It is known, that the module EN is dual to EX.

Endow the space End E* with a (g,, K)-module structure. For A € End E*,
Xegrand ke K, let X : A m\(0X)A — Amy(X) and k : A — KAk~

The complexification of the algebra g, is isomorphic to g. X g.. Consider an
imbedding of g, in g. X g., X — (X, X). Then End E* is isomorphic to E* ® EY
as a g. X g--module, and therefore is simple.

It is easy to check that my : U(g.) — End E* is a surjective morphism of
(gr, K)-modules.
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Proposition 2. Let A € h be a dominant weight, u € U(g.). The function syu
is the covariant symbol of the operator my(u) € End E*, associated with the super-
complete system {vy = kv}.

Proof. Suppose Ad(k~1)u is decomposed according to (2), Ad(k~ )u = ug+ Xus +
ugY’, where ug € U(h.), X € n_, Y € n.. Let us calculate the covariant symbol of
the operator my(u), associated with {vy}:

) (ma(w)vg, vi) = (ma(Ad(E~Hu)v, v)
= (mx(u0)v, v) + (mr(Xu1)v,v) + (mr(u2Y )v, v).

Since v is the highest weight vector of the weight A, the first summand in the right-
hand side of (4) is equal to sx(k), and the third one is 0. Finally, since X € n,,
we have (7 (Xu1)v,v) = —{m)\(u1)v, 75 (0X)v) = 0.

The proposition is proved. O

Denote by ¢ the mapping which maps an operator A € End E* to its covariant
symbol, CA(k) = (Akv, kv).

Corollary. ¢ is an isomorphism of the (g,, K)-modules and associative algebras
End E* and A\ + p).

Proof. Proposition 2 asserts that sy = (my. It follows from the surjectivity of my
and from the fact that the image of sy coincides with A(\ 4 p), that the image
of ¢ coincides with A(\ + p) as well. The mapping ( is injective since End E* is
a simple module. Finally, since s) and ) are morphisms of (g,, K)-modules and
homomorphisms of associative algebras, the same is true for (. O

The shifted action of the Weyl group W on A} is defined as follows. For A €
hE, we W we put w-A = w(A+p)—p. For a dominant weight A € h%, the (g, K)-
module A\ + p) = A\ + p)/B(X + p), together with all A(w(\ + p)), w € W,
are isomorphic to End E*. This implies that, since the modules A(w(\ + p)),
w € W, and End E* are spherical, one can choose a surjective morphism 7.y :
A(w(A + p)) — End E* such that 7,01 = 1. It is clear, that 7. \8,.0 = 7,
and the (g, K)-module morphism 7.y is also an algebra homomorphism, i.e. a
representation of A(w(\ + p)) in EX.

Now we can introduce the following

Definition. A function f € A(w(\ + p)) is called a mixed symbol of an operator
A € End E*, corresponding to the element w € W, if A = 7, f.

Let p € h¥, f € Alu), g € A(—u), and g be a nonzero constant. It is known
that (f,9)q = q [ f(k)g(k)dk is a pairing of (g,, K)-modules A(u) and A(—pu)
(see [5]). Since the module B(u) does not contain 1 € A(u), it is orthogonal
to 1 € A(—p), and therefore to the whole module A(—p), with respect to (-,-),-
Besides, (1,1), = ¢. This implies that (-, -), induces a nondegenerate pairing of the
simple (g, K)-modules A(y) and A(—p), and each pairing of these modules can be
obtained by choosing the appropriate value of gq.

Now let A € h* be a dominant weight. The module A(A + p) is isomorphic
to End E* and dual to A(—=\ — p). Since =\ — p = wo(X + p), the module
A(=X = p) = A(wo(N + p)) is isomorphic to End E*. On the other hand, since
the g.-modules E* and EX are dual, an operator A € End E* has the transpose
At € End EN . Tt is easy to check, that for A € End E* and B € End EX, tr AB?
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also defines a nondegenerate pairing of the (g,, K )-modules End E* and End EXN.
This implies

Lemma 4. Let f € A(A+p), g € A(wo(N + p)), and q be the dimension of EX.
Then

g / FR)g(R)dk = tr(rs f) (g 9.
K

To prove the assertion of the lemma it is enough to check it for f =g =1.

It follows from Proposition 2, that a function f is the covariant symbol of the
operator 7y f, associated with the supercomplete system {vy = kv}. Now Lemma 1
and Lemma 4 imply that a function ¢ is a contravariant symbol of the operator
(Two-a9)t, also associated with the supercomplete system {v }. Taking into account
that for a dominant weight A\ we have 7,,.7Sw.n = 7\, we get the following:

Lemma 5. For u € U(g.) the function Sy,.xu is a contravariant symbol of the
operator (mx (u))t € End E*, associated with the supercomplete system {vy}.

Let u +— @ be an involutive anti-automorphism of (g.), such that for X € g.
we have X = —X. Since the g--modules E* and E* are dual, the transpose
operator to my (X) € End EN is equal to —mx(X) € End E*, which implies that
(7 (1))t = 7y (). Therefore it follows from Lemma 5, that the function s, is
a contravariant symbol of the operator 7 (%), associated with {vy}.

Lemma 6. Let wg € M' be a representative of the Coxeter element wg € W,
u € U(ge). Then sy (k) = sy ri(kig ).

Proof. Since the mappings v — % and u — syu are K-equivariant, it is enough
to check the equality of the lemma at the point £k = e. Let u be decomposed in
accordance with (2), u = ug + Xuy + u2Y, where ug € U(h.), X € n;, Y € n..
Then, taking into account that wg - N = —X—2p, we get sy, 1 u(e) = ug(—A —2p).
Since the anti-automorphism u — @ for u € U(h.) reduces to the change of a sign in
the argument when U(h.) is identified with S(h.), then uo(—X —2p) = (A + 2p).
On the other hand, @ = g — 41 X — Ya, so

(5) Ad(1wg)t = Ad(1bg )tg — Ad(o) (11 X + Yia).
Since Ad(wg)X € n., and Ad(wy)Y € n_ , the subtrahend in the right-hand side of
(5) belongs to the sum in the parenthesis in (2), therefore
Swon8(Wy ) = Pugr(Ad(io)) = (Ad(o )ito) (wo - A) = tio(wo(w - X))
To conclude the proof it is enough to notice that wo(wo - A) = A + 2p. O

Consider a vector v' = wov € E*. Since v € E* is the highest weight vector,
then v’ is the lowest weight one.

Theorem 1. (i) A mized symbol of an operator A € End E*, corresponding to the
unit element e € W, is the covariant symbol of A, associated with the supercomplete
system {vg = kv}.

(i1) A mized symbol of an operator A, corresponding to the element wy € W, is
a contravariant symbol of A, associated with the supercomplete system {v}, = kv'}.

Proof. The assertion (i) is proved in Proposition 2. It follows from Lemmas 5
and 6 that for u € U(g.) the function s, u(kw,') is a contravariant symbol
of the operator my(u), associated with the supercomplete system {vy}. Now it
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follows from Lemma 2, that the function s,,,. u(k) is a contravariant symbol of the
operator 7y (u), associated with the supercomplete system {v}}, which concludes
the proof. n

6. SYMBOL ALGEBRAS ON FLAG MANIFOLDS

Denote by a) the real subspace of h}, formed by those functionals which are
real on a,. In particular, the roots and weights of g. belong to a). We will give
a condition on A € a}, under which one can define a pushforward of the algebra
A(X + p) to an orbit of the adjoint representation of K in k,. These orbits are
generalized flag manifolds.

The Killing form (-,-) on g. is positive definite on a, and negative definite on
my. Let A € a}. Define a mapping ¥y : K — ¢, such that for each £ € K and

X € g. we have is) X (k) = (X, ¥x(k)). The following lemma is straightforward.
Lemma 7. For k,l € K, V)\(k711) = Ad(k)¥(l).

The lemma asserts that ¥y is a K-equivariant mapping. For each A € a
choose H* € a, such that A\(H) = (H,H") for H € h.. Notice, that H® =
(2/(Hy, Hy))H,, for a € A. Since ia, = m,., for A € a} we have iH* € m,.

Lemma 8. Let A € a*. Then Wy(e) = iH?, so the image of Uy is the orbit of the
point iH™ € m, with respect to the adjoint action of K on g., and it lies completely
n k.

Proof. For any X € g. we have (X, Uy(e)) = isxX(e) =ipr(X). U X €n. dn_,
then ip)(X) = 0 and (X,H*) = 0. And if X € h, then ipy(X) = iA(X) =
(X,iH?*). Thus (X,¥,(e)) = (X,iH*) holds for each X € g., which implies the
assertion of the lemma. O

Denote by A(A) the set of roots v € A such that A\(H,) =0 for A € aF, and let
AT(A) = AT NA(N). Tt is evident, that A(Hy,) = 0 iff A(H®) = 0.

The centralizer of H* in g. is generated by the Cartan subalgebra h. and the
elements X, a € A()\). Denote by k' C k,. the centralizer of iH* in k,.. Then k" is
generated by the subalgebra m, and the elements X, — X_,, and i(X,+X_,), a €
AT(N). Since the stabilizer K* C K of the element iH* € k, with respect to the
adjoint action of K is connected, it is the integral subgroup of the subalgebra
kﬁ‘ C ky. The orbit Q) C k, of the point iH* under the adjoint action of K is
isomorphic to K/K* as a homogeneous space, and is a generalized flag manifold.

Let 0 C X be a set of simple roots. Denote by (o) the set of roots which are
linear combinations of elements of o.

Definition. An element A\ € a¥ is called regular relative to o C 3, if A(X) = (o).

Definition. An element A € a} is called relatively regular, if it is regular relative
to some o C X.

Lemma 9. An element A € a* is relatively regular iff for all a, 3 € AT such that
a+ B e AT(N) we have a, B € AT(N).

Proof. The necessity is evident. Let us prove the sufficiency. Set 0 = X NA(N). We
will show that A(X) = (o). Since A(X) = —A(N), it is enough to consider elements
v € AT(X). If v € AT, then either v € X, or one can find « € AT, 8 € X such
that v = o + (. It then follows from v € AT()) that either v € o, or a € AT()\),
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and 8 € o. It remains to use the induction over the number of summands in the
decomposition of v into a sum of simple roots. O

Lemma 10. Any dominant element X € a is relatively regular.

Since the Killing form is positive definite on a,, A € a} is dominant iff for all
a € AT we have A(H*) > 0. Let a, 8 € AT be such that v = a4+ g € AT(N).
Then A(H®) + A(HP) = A(H?) = 0, and since A\(H®) > 0, A(H?) > 0, then
AMH®) = M(HP) = 0, which means that o, 3 € AT()\). The lemma follows now
from Lemma 9. O

Lemma 11. All the elements of A(A+ p), A € a, are invariant under the right
shifts by the elements of K> only if X is relatively reqular.

Proof. Assume «, 3 € AT are such that vy = a+ 8 € AT(X), and, say, a ¢ AT ().
We will show that the function sy X,Xg3 is not constant on K A ¢ K. In order to
do that, let us calculate the infinitesimal action of the element X, — X_, € k* on
5xXoXg at the point e € K:

Gl eXaXo)e(—(X, — X))

t=0

-2 eI, X)) XaXs) = ea([Xy — X Xa X))
Since X_,X,Xp, X, XoX3 and X,XgX, belong to the kernel of ¢y, the ex-
pression in (6) is equal to px(XaXgX_,) = oA (XaX_1X3) + o (Xa[Xg, X_,]).
Since f—vy = —a € A, it follows that [X3, X_,] = ¢-: X_,, where ¢ is a nonzero con-
stant. Finally, the expression in (6) is equal to ¢ (Xo[X3, X_4]) = cor(XaX_a) =
cor([Xa, X—a]) = cpa(Hy) = c¢\(Hy) # 0, which implies the assertion of the
lemma. O

Let us now show that the inverse to Lemma 11 is also true.
Let A € a be a dominant weight, 7y the representation of U(g.) in the module
E* with the highest weight A and the highest weight vector v of length 1.

Lemma 12. Let o € AT(N\). Then m\(X_a)v = 0.

Proof. Consider E* as a module over the slo-subalgebra of g. generated by the
elements X_,, Hy, X,. Assume 75 (X_,)v # 0. Since
TA(XaX_a)v = mA(X_0Xa)v+ mr(Hy)v = M(Hy)v =0,
and
TA(HoX o) = ma(X_aHo)v + ma(—2X_o)v = —2m\(X_q)v,
then 7y (X _,)v generates an infinite dimensional slz-submodule of E*, which con-

tradicts the fact that E* is finite dimensional. O

Lemma 13. The highest weight vector v € E* is an eigenvector for the subgroup
K CK.

Since K* is the integral subgroup of the subalgebra k) C k,, it is enough to
check the assertion of the lemma for the subalgebra k). It is generated by the
subalgebra m,., for which v is an eigenvector, and by the elements X, — X_, and
i(Xo + X o), a € AT(X), which annihilate v according to Lemma 12. |
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Lemma 14. Let f(k) be the covariant symbol of an operator A € End E*. Then
the function f(k) is invariant under the right shifts by the elements of K.

Proof. 1t follows from Lemma 13 and the unitarity of the representation of K in
E?* that lv = cv for | € K?*, where ¢ is a constant of modulus 1. Therefore,
f(kl) = (Aklv, klv) = (Akv, kv) = f(k). The lemma is proved. O

Theorem 2. All the functions from A(A+p), X € af, are invariant under the right
shifts by the elements of K> iff X is relatively reqular.

Proof. The necessity is proved in Lemma 11. Let us prove the sufficiency. Assume
that A is regular relative to ¢ € 3. Denote by a’ the set of u € a} such that
u(Hy) =0 for a € 0. In particular, A € a’. Denote by w® the fundamental weight,
corresponding to a € ¥ (i.e. w*(Hg) = 63 for a, f € ¥, where 6F is the Kronecker
symbol). The fundamental weights w®, « € X\ o, form a basis in a¥, and their linear
combinations with coefficients in N are the dominant weights, which are regular
relative to o. Consider s, (k) and s, (kl) for fixed k € K,l € K* and u € U(g.) as
polynomials in p on a’. It follows from Proposition 2 and Lemma 14, that these
polynomials coincide on the dominant weights g, which are regular relative to o.
It is easy to conclude from the above, that these polynomials coincide identically,
which proves the theorem. O

Corollary. Let Q) C k,. be the adjoint orbit of the point iHy. The algebra A(A+p)
can be pushed forward to 2y by the mapping ¥y iff X is relatively reqular.

7. QUANTIZATION ON FLAG MANIFOLDS

Let d be a nonnegative integer. Denote by Uy(g.) the subspace of U(g.) generated
by all monomials of the form X;...X;, where X1,...,X; € g. and j < d. The
subspaces {Uy(g.)} determine the canonical filtration on U(g.) (see [6]).

The symmetric algebra S(g.) can be identified with the space of polynomials on
kr, so that an element X € g. corresponds to the linear functional on k, given by
X(Y) = (X,Y), Y € k.. Let S%g.) be the space of homogeneous polynomials
on k, of degree d. The graded algebra associated with the canonical filtration is
canonically isomorphic to S(g.), so that Ua(g.)/Uis—1(ge) corresponds to S%(g.).
For u € Ug(g.) let u(® denote the corresponding element of S%(g.). Usually we
will omit the superscript d in u® Ifu=X;...X,5€ Uq(ge), then u = Xl .. .Xd.
We say that a monomial v = X;... X, € U(g.) has canonical form, if for some
integers k,l such that 0 < k < I < d, an element X; belongs to n_, h¢,n. if
0<j <k k<yj<l | <j<d, respectively. Recall that the projection of
u € U(g.) onto U(h.) in (2) is denoted by uo.

Proposition 3. Lett € R, A € a}, ueUi(ge), k€ K. Then
Jim t~spu(k) = i~ WD (T, (k).
Proof. Since sy, ¥y and the mapping u — u are K-equivariant, it is enough to

check the equality in the proposition only at the point e € K, i.e. one has to show
that

(7) tll}rgo t=ug(tN) = i du(iH?).

Assume that v € Uy—1(g.). Then ug(tA) is a polynomial in ¢ of degree less than
d; hence the left-hand side in (7) is 0. On the other hand u = 0, since Uy—1(g.) is
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the kernel of the mapping u — u(¥. Now it remains to check (7) for a monomial
u=X;...Xy €Uq(g.) which has canonical form. Since

(8) i HY) =i X (i HY) . Xg(iHY) = (X1, HY) ... (Xg, H),

the expression in (8) for u € U(h.) is equal to ug(\) . In this case ug(A) is homoge-
neous of degree d, so the expression under the limit on the left-hand side of (7) does
not depend on t and the left-hand side of (7) is also equal to ug(\). Assume now
that u ¢ U(h.). Then the factor (X;, H*) on the right-hand side of (8), for which
X; ¢ he, is equal to 0. On the other hand, in this case ug = 0, which concludes the
proof. O

Let V be a K-module, v € a; a dominant weight. Denote by V" the isotropic
component of V| corresponding to the representation with the highest weight v.
Let Q C k, be an adjoint orbit of the group K. Denote by Q(2) the space of
K-finite functions on 2, and by R(2) the space of regular functions on , i.e., the
space of restrictions of the functions from S(g.) on .

Lemma 15. (i) The spaces Q(2) and R(Q) coincide.

(ii) The space R(Q)Y for each dominant weight v is finite dimensional.

(iii) There exist homogeneous polynomials 1, ..., ¢, € S(gc)” such that their
restrictions on Q form a basis in R(Q)”.

Proof. Since each element in S(g.) is K-finite, R(Q) C Q(2). It follows from the
Frobenius reciprocity theorem, that the irreducible representation of K with the
highest weight v has a finite multiplicity in Q(2). Hence Q(2)” and, therefore,
R()? are finite dimensional. Introduce a Hilbert space L?(), dx), where dz is a
K-invariant measure on €. It contains Q(£2). Assume Q(Q)”"\R(Q)" is nonempty
for some v. Then a function f € Q(2)¥ orthogonal to R(2)” is orthogonal to the
whole space R(Q). It follows from the Stone-Weierstrass theorem, that R() is
dense in C(Q) and, therefore, in L?(Q, dx); thus f = 0, which implies (i).

Finally, since S(g.)” = @(S%(g.))", the polynomials from (iii) can be con-
structed inductively. |

Lemma 16. Let A € a) be a relatively reqular element, v € a} a dominant weight,
u € Ug(ge)”, t €R, {f1,..., fn} a basis in R(Q))”. Then siyu can be realized as
a linear combination of functions fj oWy, j=1,...,n, with coefficients which are
polynomial in t of a degree not greater than d.

Proof. Tt is easy to notice that for a given X the stabilizer K™ coincides with K*
for all real t # 0, and with K for ¢ = 0. Since tA is relatively regular for all ¢, it
follows from Theorem 2 that s;yu is the pullback of some function 1, on 2y, that is,
sgau = 1y o Wy, The K-equivariance of sy and Lemma 15 imply that ¢; € R(Q));
thus there exist functions a;(t), j = 1,...,n, such that ¢y = > a;(t)f;. Since
R(Q)" is n-dimensional, there exist points x1,...,z, € Q) such that the matrix
(fi(z;)) is invertible. Let (b;;) be its inverse; then a;(t) = >_ b;j1+(x;). Now the
assertion of the lemma follows from the fact that for each k € K the function
Ye(Ua(k)) = seau(k) is polynomial in ¢ of degree not greater than d. |

Let 8 : S(9.) — U(g.) be the symmetrization mapping (see [6]). It is K-
equivariant, and for a homogeneous polynomial ¢ € S%(g.) we have B¢ € Uy(g.)

and B¢ = .
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Lemma 17. Let X € a} be relatively regular, f € R(Qx). There exist u; €
Ugjy(9e), § = 1,...,m, and rational functions {a;(t)} with no poles at infinity,
such that for all t # 0 different from the poles of the functions {a;(t)}, we have

foU,= E a; st,\u

Proof. 1t is enough to prove the lemma for functions f1, ..., f,, which form a basis
of R(25)" for an arbitrary v. According to Lemma 15, one can assume that f; is
a restriction of a homogeneous polynomial v; of the degree d(j). It follows from
Lemma 16 that there exist polynomials bj;(t) of degree not greater than d(j), such
that

9) (;)d(j)st,\ﬁ%‘ = Zt_d(j)bjl(t)fl oW,.
]

Using Proposition 3 and the properties of 3, pass to the limit on both sides of (9)
as t — oo. Since the left-hand side of (9) tends to f; o ¥y, then the matrix of
rational functions (t~49b,;(t)) tends to the identity matrix as ¢ — oco. Therefore
its determinant is not identically zero, and its inverse matrix of rational functions,
(az;(t)) exists, which also tends to the identity matrix as ¢ — oo. The assertion
of the lemma is obtained by applying the matrix (a;;(t)) to both sides of (9) and
setting u; = %) 3y);.

It is known that there exists a natural Poisson structure on the symmetric algebra
S(ge), which is considered as the algebra of polynomials on k. . It is defined by the
(real) Poisson bracket {-,-} on k; such that for X,Y € g. and Z [X,Y], we have
{X Y} = Z. The symplectic leaves of that Poisson structure are the (co)adjoint
orbits of K in k, (the Lie algebra k, is identified with its dual space k) via the
Killing form). The symplectic structure on a (co)adjoint orbit Q C k,. is defined by
the Kirillov symplectic form, and the corresponding Poisson bracket {-, }q is the
restriction of {-,-} on Q, i.e. for f,g € S(g.) we have {f,g}|la = {fla,gla}ta (see
[7])-

The multiplication and the Poisson bracket on S(g.) are connected with the
canonical filtration on U(g.) in the following way (see [6]). Let u. € Uq_(gc), € =

2, d =dy + da. Then ujus € Uy(ge), urus — usur € Ug—1(g.), and
(1) (wau2)® = w ™ upl ™) (wrug — ugur) Y = {ur ), up ).

Let A € af be relatively regular, ¢ € R\{0}. It follows from the fact that
K = KA and Theorem 2, that the algebra A(t\ + p) can be pushed forward to
the orbit QA via ¥,. Denote by Al’x and *(’>) the pushforward of A(tA + p) on
Q», and the multiplication in it, respectively. Usually the superscript A in these
notations will be omitted. Since each element in A(tA + p) is K-finite, Lemma 15

implies that Al/t C R(Qy). O

Theorem 3. Let \ € a’ be relatively reqular, t € R\{0}.

(i) Each function f € R(y) belongs to A%i for all but a finite number of values
of t.

(ii) For f1, fo € R(Q), @ € Qx, the product (f1*1/: f2)(x) is a rational function
of t, with no pole at infinity.

(ili) For f1, fa € R(2y) the following limits hold:

Mo frxy fo=fife; im t(fixay fo = faxuy f1) = i{ f1, fa}an-
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Proof. Assertion (i) follows directly from Lemma 17. In accordance with Lemma 17,
there exist the elements uc; € Uy (;)(g9.), € = 1,2, j = 1,...,n(e), and rational
functions a.;(t), with no poles at infinity, such that for all ¢ # 0, different from the
poles of {a.;(t)},

n(e)

(11) fs oWy = Z asj St)\usj

Passing to the limit in (11) as ¢ — oo, and denoting lim; ., ac;(t) = a.;, one
gets from Proposition 3, that

(12) feoWn = aci~*Wu oW,

Let us calculate the product f1 *;/; f2, pulling it back to K via W :

(13) (f1#1ye f2) 0 Wx =Y agj(t)az (£)t~ 40D sy (urjua),

jid
where d(j,1) = dy(j) +dz(l). Since uijug € Ug(j)(ge), for each k € K the function
sea(u1jugr)(k) is a polynomial in ¢ of a degree not greater than d(j,!). Thus each
summand in (13) is a rational function of ¢, with no pole at infinity, which proves

(ii).

Pass to the limit in (13) as t — oo, using Proposition 3 and taking into account
(10), (11) and (12):

tl_i{{)lo(fl *1/¢ fo) o Uy = Zaljazli_d(j’l)(uuuzl) oWy
3l
= (D ayjazmi= " Duyim=Ouy) 0 Uy = (fifz) o Un.
3l
Thus we obtain the first of the two limits in (iii). The second limit is calculated
similarly:
Hm ¢(fuxye f2 = faxaye fr) o Wa

= lim Y ay;(O)az (B}t 00 sy (ugjuz — uzpuaj)
7,1

_ d(j)+1
= E a1;jagi DT (g sug — ugpua ) o Uy

- i(z avjag{i= " Duy ;i Ouy }) 0 Uy = i{ f1, fo}a, o V.
7l

|

Remark 1. The assertion (i) of Theorem 3 means, that the algebras Ag /1 have the

weak nesting property. It is proved in [8] that if A is a dominant weight and n € N,

then the .Al’>2Z C A1’>)(n+1

strong nesting property.

i.e., the algebras of covariant symbols, {Agﬁl}, have the

Remark 2. If X is a dominant weight, the assertion (ii) of Theorem 3 is proved
when ) is a compact hermitian symmetric space, and conjectured for an arbitrary
generalized flag manifold in [3].
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Remark 3. The assertion (iii) of Theorem 3 is proved in [3] for the case when A is
a dominant weight.

Remark 4. The connection between the K-orbit of the highest weight vector v € E*
and the adjoint orbit Q) with their application to covariant symbols is studied in
[4].

Now we can define Berezin’s quantization on a generalized flag manifold, using
the algebras of mixed symbols. Assume A € a* is a relatively regular weight, and
there exists an element w € W such that the weights wA and w - A are dominant.
Then for all natural n the weights w - (nA) = (n — 1)wA + w - A are dominant. The
algebra A(nA + p) has the representation 7, in the g.-module Ew () Pushing
forward A(n\+ p) together with its representation 7,5 to €y, we obtain the algebra

ASL with a representation in E% (" . Denote Q = Qy, F = {1,1/2,1/3,...}, h=

1/n€F, Ay=A), Hy=E"0Y. Then Theorem 3 implies

Theorem 4. The algebras {Ap}, h € F, together with their representations in Hp,
define Berezin’s quantization on the (co)adjoint orbit Q0 of the group K, which is a
generalized flag manifold.
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