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HYPERBOLIC COMPLETE MINIMAL SURFACES
WITH ARBITRARY TOPOLOGY

F. J. LOPEZ

ABSTRACT. We show a method to construct orientable minimal surfaces in
R3 with arbitrary topology. This procedure gives complete examples of two
different kinds: surfaces whose Gauss map omits four points of the sphere and
surfaces with a bounded coordinate function. We also apply these ideas to
construct stable minimal surfaces with high topology which are incomplete or
complete with boundary.

1. INTRODUCTION

The literature on minimal surfaces is vast. Nowadays we know a wealth of
orientable complete hyperbolic minimal surfaces, but these examples are somewhat
rare.

Most of them have been obtained by using the Weierstrass representation for
minimal surfaces and are parametrized by the unit disc D.

However, to show examples with nontrivial topology is a quite difficult problem:
we first have to specify a Riemann surface, then guess the complex theoretic data,
and finally check period closing and completeness.

The period problem and the completeness are the main difficulty, and this is the
reason we don’t know a lot of examples.

It is only due to remarkable effort and persistence that this somewhat implicit
method has given a satisfactory geometric understanding for some families of such
surfaces.

In this paper we present a method which answers the above question. We ob-
tain an analytically clear general construction for orientable complete hyperbolic
minimal surfaces with arbitrary topology. As a consequence, this method yields
complete nonflat examples of two different kinds: surfaces whose Gauss map omits
four points of the sphere and surfaces with a bounded coordinate funtion.

R. Osserman [O], F. Xavier [X] and H. Fujimoto [FU1, FU2| studied the size
of the spherical image of an orientable complete nonflat minimal surface. The
last author obtained the best possible theorem, and proved that the number of
exceptional values of the Gauss map is at most four. Indeed, there are many kinds
of complete minimal surfaces whose Gauss map omits four points of the sphere.
Among these examples we emphasize Sherk’s classical doubly periodic surface and
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those described by K. Voss in [V] (see also [0]). Voss’s examples are simply-
connected and, of course, of hyperbolic type.
In this paper we prove

Theorem A. For any n € N, n > 1, there exist a family of orientable complete
nonflat minimal surfaces of genus n and finite topology whose Gauss maps omit
four points of the sphere.

Concerning orientable complete nonflat examples with a bounded coordinate
function, the first existence result was obtained by L.P. Jorge and F. Xavier [JX1].
Later F.F. Brito [B1] showed a new method to construct the same kind of surfaces.
Many other authors, including H. Rosenberg and E. Toubiana [RT], F.J. Lépez
[L], C. Costa and P.A.Q. Simoes [CS] and F. Brito [B2], have obtained complete
examples with nontrivial topology contained in a slab of R®. Their methods are
based on those described by Jorge-Xavier and Brito.

We use both Jorge-Xavier’s and Brito’s constructions in a different way to obtain

Theorem B. For any n € N, n > 1, there exist a family of orientable complete
nonflat minimal surfaces of genus n having finite topology and contained in a slab
of R3.

Finally, we mention that our construction also yields stable examples with ar-
bitrary topology which are incomplete or complete with boundary. We emphasize
the following result:

Theorem C. For anyn € N, n > 1, there exist a family of complete nonflat
stable minimal surfaces of genus n with finite topology and nonempty boundary.

In Theorem C, of course we can replace completeness by compactness.

We can find families of surfaces satisfying Theorem A, B or C with exactly three
ends, and it is natural to deduce from our method the existence of examples with
any number of ends greater than or equal to three.

Furthermore, any surface in the above three families can be deformed, by sur-
faces of the same type and preserving the topology and number of ends along the
deformation, into a branched covering of a plane.

For the details, see section 3.

2. PRELIMINARIES ON MINIMAL SURFACES AND RIEMANN SURFACES

Thoroughout this section, M will be a Riemann surface with piecewise analytic
boundary dM. This means that M can be considered as a subset of an open
Riemann surface M’, the conformal structure of M — {OM} is that induced by
M’ and OM consists of a set of piecewise analytic curves in M’, each of them
homeomorphic to either R or S'. The case OM = 0 is allowed.

Functions and 1-forms meromorphic (holomorphic) on M are by definition the
restriction of functions and 1-forms meromorphic (holomorphic) on M'.

Let @4, k = 1,2, 3, denote three holomorphic 1-forms on M satisfying

3 3
(1) S e)(P) =0, (Y 1@P)(P)#0
k=1 k=1
for any P € M, and

(2) Re(/ ®,) =0, k=1,2,3,

for any closed curve o« C M.
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Then, given Py € M, the map = : M — R? defined by
P

(3) {E(P) = Re(/ (‘I)l, (I)Q, (133))
Po

provides a conformal minimal inmersion of M in R3. Conversely, up to translations,
any conformal minimal inmersion 2 of M in R? is obtained in this way.

Moreover, g = (®3 — i®;)/(i®3) is the Gauss map of x, and the 1-forms Py,
k=1,2,3, are determined by g and the 1-form ®3.

Furthermore, ds? = 22:1 |®y|? is the metric induced by x on M; that is, if z is
a local conformal parameter on M and @ (z) = fi(2)dz, then

3
ds® = |ful2)ldz].
k=1

By definition, (M, (®k)k=1,2,3) is the Weierstrass representation of z. For details
see [O].

To finish this section, we recall some basic topics on compact Riemann surfaces.
We suppose that M is a compact Riemann surface (without boundary) of genus
n>1.

Take {Qo,Q1,...,Qr} C M, a set of k+ 1 different points, and define My =
M —{Qo,Q1,...,Qr}

For the following results, see [F-K], pp. 79-90. Let H} (M), H},,(My) de-
note the first holomorphic de Rham cohomology group of M, My respectively. By
definition, this group is the vector space of holomorphic differentials on M, M
respectively, factored by the subspace of exact holomorphic differentials.

Let {&1,... ,&, } be a basis of the C-linear vector space of holomorphic 1-forms on
M (remember that dimc(H},,(M)) = n). Consider the Weierstrass “gap” sequence
at Qo: 1 =q1 < ... < @gn < 2n (see [F-K], p. 81) and take &,4; a meromorphic
1-form on M with a pole of order ¢; + 1 at Q¢ and holomorphic on M — {Qo},
j = 1,...,n. Finally denote by &2,4+; a meromorphic 1-form on M with simple
poles at both Qo, Q); and holomorphic on M — {Qo,Q;}, j=1,... k.

Theorem 1 ([F-K, p. 90]). Each element of H},,(My) is uniquely represented by
a meromorphic differential in the linear span of the 2n + k linearly independent
differentials {&1, ..., &ontk )

Let f be a nonconstant meromorphic function on M with a pole of order mg at
Qo, Mo > qn, and holomorphic on M — {Qo}. Suppose that the canonical divisor
of df is given by

k m;
Q.7
=S

The following lemma is a easy consequence of the Weierstrass “gap” theorem:

Lemma 1. There exists a meromorphic function v on M satisfying the following
conditions:

1. v is holomorphic on M —{Qo, @1, ... ,Qx}-

2. The order of the pole of v at Q; is greater than or equal tom;+2, j =1,... k.

3. The order of the pole of v at Qg is not a multiple of mg. In particular, v is
not a rational function of f.
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Proof. If 1 = p{ < ... < pl < 2n is the Weierstrass “gap” sequence at Q;, j =
1,...,k, there exists a meromorphic function v; holomorphic on M — {Q;} and
with a pole at @; of order s;, where s; is the first non-“gap” greater than or equal
to m; + 2. Analogously, there exists a meromorphic function vy holomorphic on
M —{Qo} and with a pole at Qo of order sp, where s is the first non-“gap” at Qg
such that ged(sg,mo) = 1. To obtain the lemma, define v = Z?:o vj. O

3. MAIN THEOREMS

Let D = {z € C: |z| < 1} be the unit disk and let A denote a set such that
D c A C D. We suppose that the boundary of A, 9A:=A N 9D, is the union of a
countable (possibly void) set of open arcs contained in dD. It is clear that 0A = ()
if and only if A =D and A = 0D if and only if A = D. In a natural way A is a
Riemann surface with (possibly void) boundary.

Let  : A — R3 be a conformal nonflat minimal immersion of A in R3, and
denote by ¢ its Gauss map.

We are going to show a method to produce minimal immersions with arbitrary
topology derived from z. First, we give a brief outline of the global strategy.

Let M be a compact Riemann surface without boundary of genus n» > 1 and
take G : M — C, C = C U {oc}, a nonconstant meromorphic function. As we
will see later, we can choose G in such a way that the set G~1(ID) has a connected
component C' conformally equivalent to a compact surface of genus n minus a finite
number of pairwise disjoint disks with piecewise analytic boundary. In this case, we
define C4 as the topological closure of C'in G=1(A). Obviously C4 is a Riemann
surface with (possibly void) piecewise analytic boundary. Furthermore 0A = ()
implies 0C4 = 0 and C = Cy, and when A = D then C, is a compact Riemann
surface with piecewise analytic boundary.

Our main achievement is to construct conformal minimal immersions y : C4 —
R3 whose Gauss map is equal to g o (G)c,)- This construction is essentially based
on a good choice of both the meromorphic function G on M and the Weierstrass
data on Cy4. The main difficulty is, of course, to solve the period problem.

This procedure will obviously preserve any property that depends on the Gauss
map and is invariant after composing with a branched covering: for instance, the
size of the image of the Gauss map and the stability properties of the surface.

Another important preserved property is the completeness.

We now explain the details.

The first step consists of fixing a point 9 € M and taking a nonconstant
meromorphic function f on M with a pole of order my at Q¢ and holomorphic on
M —{Qo}. Denoting by 1 = ¢1 < ... < g, < 2n the Weierstrass “gap” sequence at
Qo, we assume that mg > ¢q,. Write the canonical divisor of df as

k m;
QT
(4) [df] = HT

and let v be the function in Lemma 1.

Then, define My = M — {Qo,Q1,...,Qx} and let {&1,... ,&antk} be the basis
of H},,(My) given in Theorem 1.

We deal with the following family of meromorphic functions:

{GA A= ()\7 Alv s 7)\k+2n) € C2n+k+1}a
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where _—
Zj:l Ai&;
df '
Remark 1. For any A € C?"tF+1 the function G* is holomorphic on Mj.

Moreover, if A # 0 then G* is not constant. Furthermore, when A # 0 the
function G* has a pole at any point Q;, j € {0,1,... ,k}.

G =M +

To check the second part of the remark, observe that, by Lemma 1 and the
definition of the 1-forms &1, ... , £2,41 in the preceding section, the function v has a
pole at @; of order greater than the pole of Z?:{k Aj fl—} at this point, j =0,1,... , k.
Hence, A\ # 0 implies that G has a pole at Qj, j=01,...,k. If A # 0 and
A = 0, use that &,... &4k are linearly independent (see Theorem 1) to get
G +# constant.

We denote |A| = || + ZfZTk A4

Lemma 2. There exists a constant € > 0 such that if |A| < e, then the set
(GM)~1(D) has a connected component C* conformally equivalent to a compact

surface of genus n minus at most k + 1 pairwise disjoint disks with piecewise ana-
lytic boundary. Furthermore, if X # 0 then (G*)~Y(D) has exactly k 4 1 holes.

Proof. Remember that the function G* is holomorphic on My and, by Remark 1,
X # 0 implies that G* has a nontrivial pole at any Qj,7=0,1,... k.

Let {Ej :7=0,1,... ,k} denote set of closed pairwise disjoint conformal disks
such that Q; € D; (here D; is the interior of D;), j =0,1,... k.

From our choice of f and &, the functions ;/df are holomorphic on MyU{Qo},
j=1,...,2n+ k. Hence for each j € {1,...,2n+ k} we can define

k
Kj:Ma:z:{|§j/df|(P) : PGM—(UDj)} >0
=0

and analogously
k
Ko = Max {|v|(P) :PeM—(J Dj)} > 0.
i=0

Then take K > Maz{K; : j=0,1,... ,2n+k}>0and0<5§m.
Thus, for |[A| < e, it is not hard to check that

k
M—(JDy) c @)D
=0

We are going to study the topology of (G*)~1(D), |A| < . The case A = 0 is
trivial, and so we suppose that A # 0.

First we observe that (G»)~1(C — D) contains as many connected components
as G has different poles.

If G* has a pole at Qj,j €10,1,...,k}, then this point is the unique pole lying in
Dj. Since |G*|j9p, < 1, there is a connected component of (G*)~*(C—D) including
@; and contained in D; . Hence each pole of G* is included in a different connected
component of (G*)~1(C — D). If the set (G*)~*(C — D) had another connected
component, call it §, containing no pole of G*, then the function (GA)|Q would
be holomorphic, with |GA|‘Q > 1 and |GA||6Q = 1. By the maximum principle
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for harmonic functions (applied to log(|G*|)|q), this function would be constant, a
contradiction (recall that A # 0 and Remark 1).

Let C* be the connected component of (G*)~!(D) containing M — (Uf:o D;).

It is now clear that 0C* C U?:o D; and OC* has at least as many components
as G" has different poles. On the other hand dC* is the nodal set of the harmonic
function log(|G*|), and so it is the union of a finite number of properly immersed
curves which are embedded and analytic except at a discrete (indeed finite) set of
points where some of the curves meet in a equiangular way (see [CH] for a more
general setting). Note that the finite set of singular points is void if and only if G*
has no branch points on 0C».

When @); is a pole of G2, the set o = aCAij consists of exactly one piecewise
analytic curve homeomorphic to S'. To see this, observe that «; bounds only a
compact domain in D;. Otherwise there would be at least two compact domains
with boundary contained in «;, and so one of them, call it 2, would not contain
Q;. Therefore  would be a connected component of (G*)~!(C — D) containing no
pole of G*, which is absurd by the maximum principle as above.

Putting together all we have obtained, we deduce that C* is conformally a
compact surface of genus n minus as many pairwise disjoint disks (bounded by the
curves ;) as the function G™ has poles. In particular, by Remark 1, A # 0 implies
that C* has exactly k + 1 holes. O

In what follows, we assume that |A| < e, where € is the constant given in Lemma
2.

Remark 2. If we denote by C% the topological closure of C* in (G*)~1(A), then
C% is a Riemann surface with (possibly void) piecewise analytic boundary. Further-
more, A =D implies C* = C4, and A = D yields that C4 is a compact Riemann
surface with piecewise analytic boundary.

For our reasoning, we can take an arbitrary compact Riemann sruface M and any
point Qo € M. Furthermore, the Riemann-Roch theorem provides an enormous
family of suitable functions f and v. It is natural to think that this generality
yields, by Lemma 2, a large family of genus n surfaces with an arbitrarily high
finite number of holes (or ends).

However, the most interesting success should be to obtain surfaces with the
lowest possible number of ends. At this point, we have:

Lemma 3. For a suitable choice of the Riemann surface M, the point Qo € M
and the functions f and v, the surfaces C™ have at most three holes. Moreover, if
A #£ 0 then they have exactly three holes.

Proof. Consider Riemann surface of the compact genus n, n > 0, defined by
M ={(z,w) € T ow?tl =2 1}

with the canonical complex structure.
Define QO = (00700)7 Ql :3 (170)7 Q? = (_170) and {Pla s 7P2n+1} = 2_1(0)~
Then take f = z and v = —%

w(z2—1)"
It is clear that the canonical divisor of df and the principal divisor of v are given
by
@y PR
[df] = 2n+2 [v] = QI IQI TR
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The highest Weierstrass gap of M at Qg is always less than 2n and less than the
pole order of f at @Qy. Furtheromore, v satisfies conditions 1, 2 and 3 in Lemma 1.

Hence, we can apply above construction, and Lemma 2 yields surfaces with at
most three ends. O

Let {D; :j=0,1,...,k} be the set of closed pairwise disjoint conformal disks
chosen in the proof of Lemma 2. Recall that Q; € D;, 5 =0,1,... ,k, and Ejﬂﬁi =
0,4 #3.

Let {71,...,72n} denote a homology basis of M contained in M — (U?:o D;),
and put Yan4; = 0D, j =1,... k. It is clear that the set {71,... ,Y2n+k} contains
a homology basis of Cﬁ (in fact, it is a homology basis when Cﬁ has k + 1 holes).

Let (A, (®g)g=1,2,3) denote the Weierstrass representation of z : 4 — R3.
Remember that the Gauss map g of x and the 1-form ®3 determine the Weierstrass
data, and let h be the holomorphic function on A defined by h(z)dz = (®3/g)(2).

For each A = (61,... ,02,4%) € C?"** define the meromorphic function

2n+k
FA = 0A) — i 54§
Jj=1 jdf'

Take the following Weierstrass data on C4:
(5) g =goGh, P = Exp(F2)(ho GM)df.

Remark 3. When C4 has k + 1 holes (for instance, if A # 0 (see Remark 1 and
Lemma 2)), the zeroes and poles of df (see (4)) are not contained in C}. Hence,
because Exp(F™) is holomorphic and never vanishes on My, the three 1-forms
associated to ¢® and @Q’A, namely

2072 = (g" — 1/gM) 250, 285°° =i(g" + 1/gM)®5%, 857,
satisfy (1).
Therefore, fixing Py € C} and taking into account (3), we see that the function
M2 C) — R3 given by
2N = Real/ (gA — 1/gA,i(gA + 1/gA),2) @Q’A
Po

defines a multivaluated conformal minimal immersion of C% in R®.
Moreover, 44 is well defined on C} if and only if (2) holds, that is,

(6) Real(/ @{"A>:o, i=1,2,3,j=1,... ,2n+k.
.,

The following theorem answers this problem:

Theorem 2. There exist an open subset U C C, 0 € U, and a differentiable (in fact
real analytic and in general nonconstant) map ¥ = (¥, y) : U — C2nHk x C2ntk
such that |(\, ¥1(\))| < &, VA € U, and the minimal immersion x* : CX’\PI()‘)) —
R? given by z* = xMY1(N)-Y2(N) s well defined (i.e., it has no real periods).
Proof. Let ¥ denote the open set

Y ={(A,A) € COFRFL €2 FF A < ).



1984 F. J. LOPEZ

We will use the notation
Aj = Taj—1 + T2, 0j = Y2j—1 + Y2y, j=1,...,2n+k,

where z;,y; € R, i = 1,...,4n + 2k. For each j € {1,... ,2n+k}, i € {1,2,3},
define p*J : ¥ — R as follows:

p"I (A, A) = Real (/ @?’A> )
v

J

Define also, for each j € {1,...,2n+ k},

p4’j(A,A) =1Im (/ @Q’A> .

Let P: % — R*27+K) he the function given by

P= (pi’17 . 7pi’2"+k)i:1,2,3,4

and write, for i € {1,2,3,4},

api,l api,l o api,l
0x1 O OTan+2k
Bpi72 api,2 o api,2
Ai = 0x1 O0x2 3$4n+2k ’
8pi7én+k api,én-i-k o api,én-i-k
ox1 Ora O%an+2k
8pi71 api,l o api,l
Oy1 0y OYan 2k
8pi,2 api,Q o api,Q
Bi = Oy 0ya OYant2k
8pi,én+k 8pi,én+k - api,én+k
Oy ) OYant2k

Since <I>1(-0’0) = N,df, where N; is a constant, ¢ = 1,2,3, then P((0,0)) = 0. So,
if we prove that

(7) det(D)(0,0) # 0,
where D is the matrix
Ay | By
Ay | By
Az | By |’
Ay | By

then the lemma holds by applying the Implicit Function Theorem to the function
P at (0,0).

Assume that the determinant in (7) vanishes. Thus, the columns of the matrix
D, call them {v1,...,v402n4+k)}, yield a sistem of 4(2n + k) linearly dependent
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vectors in R*"*+%) Hence, there exist r;, s; € R, [ =1,...,2(2n+k) (with at least
one of them nonzero), such that

2(2n+k)

> (v + sivaenti ) =0,
=1

that is,

2(2n+k) - -
apl,g apl,g
8 0,0)=0
0 S (w00
for any i € {1,2,3,4} and j € {1,...,2n+ k}.

On the other hand,

ap* o2\ 9phi o>
= Real L , = Real G ,
O0xo_1 < v ON 0Yyai—1 5, 08

v _ odME Y\ api ; oM
= m s _ = m
81321 o 8/\1 8y21 v 861

forie {1,2,3} and I,5 € {1,...,2n + k}, and analogously

4.5 AA 4.5 AA
Op —Im 03 , Op —Im 0Py ,
Oxai—1 v ON Oy21-1 5, 06

4,5 AA 4,5 AA
Op = —Real 0®; , Bp_ = —Real 0P;
81321 o 8/\1 8y21 o 851
forl,je{1,...,2n+k}.

Thus, if we put z; = roj_1 —irg, w; = Soy_1—189;, L = 1,...,2n+k, the formulae
in (8) imply

2n+k AA AA
05 e
() Reaz<§ : zl/ S (0.0) + wl/7 70 0)> —0

=1 Vi J

forie {1,2,3}and l,j € {1,...,2n+ k}, and

2n+k AA AA
(10) Im(Zzl/ am (0, 0)+w1/ acx(;él (0, 0)):0

=1 Vi J

forl,j=1,...,2n+ k. But from (5) and for each I,j € {1,...,2n + k} we have

0, " hg—1/9)\’
8—)\1(0’0): (T) 0) [ &,

Vi

f'YJ (I)AA (h 1/g )
8& fl,
0f, h( —|—1/g ) 5
a)\l 2]
af% h( g—|— 1/9) > 5
86[ s
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M(O O)—h’(O)/ 5
5)\1 ) - - Iy
o[ @yt
Vi _
7861 (0,0) = h(0) &,

Vi
and so (9) and (10) become

2n+k

(11) Real(Z (21(h(g — 1/9))(0) + wi(h(g — 1/9))(0)) / a) —0,
=1 Yj

+k

2
Im <Z (z1(h(g +1/9))'(0) + wi(h(g + 1/9))(0))/ fz) =0,
=1 i

S ~

2n+k

(12) > ') +uh©) [ @=0

=1 Vi

for any j € {1,...,2n+ k}. From (12), the meromorphic 1-form on M defined by

?;Tk (z1h/(0) + wih(0)) & is exact, and hence by Theorem 1 we obtain

Zlh/(()) +wh(0)=0, I=1,...,2n+k.

From (1), h(0) # 0, and so w; = —z;h'(0)/h(0), I =1,... ,2n+ k. If we replace w,
by this expression, the equations (12) become:

2n+k
Real (Z 21h(0)g'(0)(1 +1/¢°(0)) / fz) =0,

=1 RE

2n+k

Im (Z 2h(0)g’(0)(1 — 1/92(0))/ 61) =0
=1 Vi

forj=1,... ,2n+ k.

Assertion. Without loss of generality, we can assume that g’(0) # 0 and g(0) €
R—{1,-1}.

To see this, take a point zg € D such that ¢’(z9) # 0, and let L be a Mdbius
transformation leaving D invariant and such that L(0) = 2z (for instance, L(z) =
(z+ 20)/(Zoz + 1)). Then replace z by the minimal immersion z o L. The new
Gauss map is go L and (g o L)' (0) # 0.

Moreover, after composing with a suitable rigid motion, we can also suppose
that g(0) e R — {1, —1}.

Taking into account the former assertion and (13), we get:

2n+k

Z 21| & =0
=1 RE)

for j = 1,...,2n 4+ k. Therefore the 1-form ZlZka z1€ 1s exact on M, and by
using Theorem 1 once again we get z; = 0,1 =1,... ,2n + k. This implies w; = 0,
I=1,...,2n+k,and so r,,=0,1=1,...,2(2n + k), which is absurd.
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We can now apply the Implicit Function Theorem and obtain the existence of
an open subset U C C, 0 € U, and a differentiable (in fact real analytic) map

U= (U1, 0s): U — CHF x C2th

such that P((A,¥1(A\)),P2(N\)) = 0, A € U. This means that the 1-form
MO TN 4o ovact and @EA’\PI()‘))’%()‘), 1 = 1,2, have no real periods on
C ) Since (A, T(\)) € X, we deduce that |(A, U1 ()| <&, A€ U.

Note also that when A # 0, Lemma 2 yields that CI(:"%(A)) has k + 1 holes. In
particular, by Remark 3 the three 1-forms <I>§’\’\Ij1(’\))7‘p2(’\), i=1,2,3 satisfy (1). In
general U #£ 0, but this is not significant because these facts remain true even in
the case U = 0 (see Remark 4).

Hence, z* = £(M¥1(2),¥2(3) . CX’\PI()‘)) — R3, X\ € U—{0}, defines a conformal
minimal immersion.

This concludes the proof. O

In what follows, when A € U — {0}, we write, for simplicity, ®}, i = 1,2,3, C*,
C;\‘, G*, ¢* and h* instead of <I>1(-)"\P1()‘))’%()‘), i=1,23 CHY1N) CX’%()‘)),
GAY1N) - AT (N) and h o GMY1 V) | respectively.

Remark 4. It A € U — {0}, then A # 0. Thus Lemma 1 and the comments which
follow Remark 1 imply that the order of the pole of the meromorphic function G*
at Qo is not a multiple of the pole of f at Qp. Hence the function G* is not a
rational function of f, and so 2* is not an (unbranched) covering of .

Note that from Lemma 2, C* is conformally equivalent to a genus n compact
surface minus k + 1 pairwise disjoint disks with piecewise analytic boundary. In
addition, C’;\‘ is a surface with (possibly void) piecewise analytic boundary.

The minimal immersions {z*} AeU—{0} Dreserve some properties of z. The most
important one is completeness. In the case of nonempty boundary, completeness
means that any divergent curve in C} has infinite length.

Theorem 3. Ifx: A — R? is complete then, for any A € U —{0}, the immersion
2 1 C) — R3 is complete.

Proof. The metric ds? on C?} induced by x* is given by

3
a5 = Y[
=1

We know that C* has k + 1 holes, and each hole contains in its interior one (and

only one) point Q;, ¢ =0,1,... , k. This means that
P

(14) cr=M-(JE),
§=0

—
where E7 is topologically a closed disk contained in M, Q; € E} (where E} is the
interior of Ej) and EZ)\ QE; =0, 4 # j (in fact Ej C Dj, j=0,1,... k). Note
also that, by definition, C} — C* is the union of a set of piecewise analytic curves
. . k A
lying in Uj_, OF;.
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From the definition of F'2, A € C?"**_ the poles of this function lie in {Qq, Q1,
.,Q}, and so the same holds for F¥>M) | X\ € U — {0}. Hence we can find two
positive constants k1 (A\) and k2 (M) such that

(15) k() < |Eap (F*M(Q) | < ka(N), ¥Q € CA.

Therefore, ds? is complete if and only if the metric ds? = |Eap(—2FY2M)|ds? is
complete. From the definition of ®2, i = 1,2, 3, we have
A2 A[2)2
o _ PFA+gM) e
On the other hand, observe that G* is holomorphic on My and that df has no zeroes

on My. Hence we deduce that the meromorphic function df /dG* has no zeroes on
My, and so by (14) there exists a positive constant k() satisfying

|df|?
(17) k(A) < W(Q)v vQ € C}.
As the immersion x is complete, the metric ds3 on A defined by
ds2 — [R(1+ gl*)® \dz?
0 2|g|?

is complete. Therefore, the (finitely branched) metric (G*)*(ds2) on C9 is complete
too. Taking (16) and (17) into account, we have

2 A\ * 2 |df|2 A * 2
45t = (@) @) e > KOVC) (dsd),
and so ds? is complete. The theorem holds. (]

As the Gauss map ¢* of 2* is given by ¢* = go G*, where G* is a meromorphic
function, 2> has any property of  that depends on the Gauss map and is preserved
by a branched covering. We emphasize the following ones:

Corollary 1. If x : D — R3 is complete and nonflat and g omits four points of
the sphere, then, for any A € U — {0}, 2* : C* — R? is complete and nonflat and
g omits four points too.

Proof. For any A € U — {0}, the Gauss maps g* and g of 2* and =, respectively,
have the same image. Moreover, by Theorem 3 the completeness is preserved. O

Complete nonflat minimal surfaces whose Gauss map omits four points of the
sphere are critical from the point of view of Fujimoto‘s theorem [FU1, FU2]. The
classical example is Sherk’s doubly periodic minimal surface. We can apply the
above corollary to the universal covering of this surface and so construct complete
examples with arbitrary topology whose Gauss map also omits four points.

On the other hand, a large family of surfaces of this type was exhibited by K.
Voss [V] (see also [O]). Voss examples are simply connected, and Corollary 1 works
for them too.

Corollary 2. Suppose that x : D — R3 is complete and nonflat. Assume also
that the third 1-form ®3 of the Weierstrass representation of x is bounded, that is,
®3(z) = h(z)dz and |h(z)| < K, Vz € D.

Then, for any A € U — {0}, the minimal immersion x> : D — R3 is complete
and its third coordinate function is bounded.
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Proof. Without loss of generality, we can suppose that the homology basis {v1, ... ,
~an } of M satisfies

2n k
U v C M — U Bl
j=1 =0

and that
2n
j=1
is simply-connected.

Take w a conformal parameter on {2, and observe that (15) and our hypothesis

imply that the function ®3 (w)/dw is bounded on C* — (Ule ")/j), and so the same

holds for the function z3. As the set Ule 7, is compact, x3 is in fact bounded on
C*.
For the completeness, use Theorem 3. O

By different methods, L.P. Jorge and F. Xavier [JX1] and later F. F. Brito [B1]
discovered examples of complete nonflat minimal immersions = : D — R? with
®3(z) = h(z)dz, h bounded. Hence, Corollary 2 yields complete nonflat examples
of high topology with the third coordinate function bounded.

Corollary 3. If x: A — R? is nonflat and stable, then for any X\ € U — {0}, the
immersion 2 : C} — R? is also nonflat and stable.
Furthermore, if 0A # () and x is complete, the same holds for x*.

Proof. The index of a minimal surface can be computed in terms of its Gauss map
(see [FC]). In fact, the index of x is the index of the quadratic form associated to
the Jacobi operator A 4+ |Vg| on A. Recall that stability means index zero.

If this operator has index zero, then the same holds for the corresponding op-
erator associated to the meromorphic function g o G, where G is any (branched)
covering of A (see, for instance, [FCS]).

By Theorem 3, the completeness is preserved. This proves the corollary. O

A way to construct simply-connected stable minimal surfaces consists of taking
a piece of a minimal surface whose spherical image has area less than 27 (see [BC]).

Particularly interesting is the case of the helicoid. Let A be one of the two pieces
of the helicoid, both bounded by the same straight line, whose Gauss map covers a
closed hemisphere H, = {u € S? : (u,a) > 0},a € S?. It is clear that conformally
A =D - {P}, where P, € 9D, and = : A — R3? is complete with boundary.
Furthermore, this surface is stable because the function f = (g, a) is positive and
satisfies Af +|Vg|f = 0 (see [FCS]). Then, the surfaces arising from z in Corollary
3 are orientable, stable, complete with boundary and of arbitrary topology.

It is interesting to note that one can deform (when A tends to zero) any surface
2> in the above three large families, by surfaces of the same kind, into a branched
covering of a plane. The topology and the number of ends are preserved in this
deformation.

Finally, we mention the following interesting consequence of Lemma 3:

Corollary 4. There exist orientable nonflat minimal surfaces with three ends and
arbitrary genus n > 0 in R3 of the following kinds: complete surfaces whose Gauss
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map omits three points of the sphere, complete surfaces with a bounded coordinate
function, and stable surfaces which are incomplete or complete with boundary.
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