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EIGENFUNCTIONS OF THE WEIL REPRESENTATION
OF UNITARY GROUPS OF ONE VARIABLE

TONGHAI YANG

ABSTRACT. In this paper, we construct explicit eigenfunctions of the local
WEeil representation on unitary groups of one variable in the p-adic case when
p is odd. The idea is to use the lattice model, and the results will be used to
compute special values of certain Hecke L-functions in separate papers. We
also recover Moen’s results on when a local theta lifting from U(1) to itself
does not vanish.

0. INTRODUCTION AND NOTATION

Let E/F be a quadratic extension of local fields. If (V,(,)) is an Hermitian
space over E, and (W, (, )) is a skew-Hermitian space over E, the unitary groups
G = G(W) and G' = G(V) form a reductive dual pair in Sp(W), where W = VoW
has the symplectic form %trE / F(,_) ® (, ) over F. According to a well-known
result, this dual pair splits in the metaplectic cover of Sp(W), and thus has a Weil
representation w. We consider the very special case in which dimg V = dimg W =
1. In this case, G 2 G’ = U(1) = E' is compact and abelian, where E! is the
kernel of the norm map N : E* — F*. So irreducible representations of G are
just characters, and the Weil representation has a direct sum decomposition:

w=EPSm

where the sum runs over characters of G, and S(n) is the eigenspace of (G, w) with
eigencharacter . Two questions arise naturally.

(1)  What is dim S(n) ?

(2)  When S(n) # 0, how do we find an explicit basis?

The first question is answered independently by Moen ([Moe], [Moe2]), Rogawski
([Ro]), and Harris, Kudla, and Sweet ([HKS]). One has dim S(n) < 1. It is equal to
1 if and only if a certain dichotomy condition on root numbers is satisfied ([HKS,
Corollary 8.5], [Ro, Theorem 1.1]). Moen gave another sufficient and necessary
condition for dim S(n) = 1, case by case, which we will recover in this paper. The
second question was answered in [Ya] in terms of classical Hermite functions when
F =R. In this paper, we will deal with the second question in the p-adic case with
p # 2. Our motivation to construct such an explicit eigenfunction, in addition to
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its own interest, is that they are needed to compute special central values of certain
Hecke L-functions ([RVY], [Ya], [Ya2]).

Let E/F be a quadratic extension of a p-adic local field with p # 2. We denote
the nontrivial Galois automorphism of E/F by x +— Z. Let E! be the kernel of the
norm map N. Choose and fix § € E* — F* such that 6 = —6. So A = §%2 € F*.
We assume for convenience (possible since p # 2) that § is a uniformizer of FE
when E/F is ramified, and a unit when F/F is unramified. Let W = F with the
skew-Hermitian form (z,y) = éxy, and let G = G(W) = E! be the isometry group
acting on the right. Fix an o € F*, and let V,, = E be the corresponding one-dimen-
sional Hermitian space with the Hermitian form (x,y) = aZy and G, = G(V,,) its
isometry group, which acts on the left. Let W =V, ® g W = E with the symplectic
form

« _
((z,y)) = 3 trg /p Oxy
over F'. There is a canonical map
to: G xGo— Sp(W); (v@w)a(g,g1) = g7 'v@wg.

This map makes (G, G,) a reductive dual pair in Sp(W) = Sp(1).

When E/F is unramified, let 7 = 7 = g be a uniformizer of F' and E. When
E/F is ramified, let 7g = 6§ and # = A; they are uniformizers of of E and F
respectively. Let

G,={geG: gElmodﬂ'g},

and G’ = Gy x {£1}.
Fix a nontrivial additive character ¢ of " and let g = ¢otrg,p and o' = %a?/fﬂ
Then v’ is an additive character of E such that ¢’|p is trivial, and

(0.1) P (wz) = 1/1(%((10, z))), for any w,z € W.

We write n(¢)’) for its conductor, i.e., the smallest integer n such that ¢[00, is
trivial.

Given a self-dual Op-lattice of W = E with respect to 1 (section 2), one has a
realization of the Weil representation wy, of Mp(W) on the space (lattice model)

(0.2) S(L,) ={f€S(E): f(z+1) = f(2)¢/(2]) for all | € L}

where S(F) is the space of locally constant functions on E with compact support.
We refer the reader to [MVW] and its references for information on the lattice
model.

Define L,, = 3 OFg, and

0.3) I— O if n(¢’) = 2n,
' 60F & " 10p if n(yp') =2n—1.

Then L is a self-dual lattice of W = E with respect to 1. Given w € E, we define
a function f, € S(L,v) via

(0.4) Fulz) = {E)b/(wz) = (5 ((w, 2))) ftflei::;: L.

In section 2, we will prove
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Theorem 0.1. Assume that n(¢’) = 2n is even. Then

(1) The Weil representation wy of G acts on S(L,v) via right translation, and
G splits in Mp(W) trivially.

(2)  The characteristic function fo of L is the eigenfunction of (G,wy) with
the trivial eigencharacter.

(3)  Letn be a nontrivial character of G with (additive) conductor 2k or 2k—1 >
0. Then there is b € OF such that

(0.5) n(g) = ¢ (=b(remr) " "g),  for g € Gy.

Moreover, i) occurs in the Weil representation wy, of G if and only if b = aa € NE*.
(4)  When n occurs wy,

(0.6) Sn=" > 19 gt

9€G /Gy
defines an eigenfunction (unique up to scalar) of (G,w) with eigencharacter 7).

In section 3, we deal with the case where n(¢) = 2n — 1 is odd. This can
only happen when E/ F is unramified. Let 7 be a uniformizer of I' and E. Let
G’ = Gy x {£1}. Let F be the residue field of F, and let ¢ be the order of F'.

Theorem 0.2 (Theorem 3.6). Assume that n(v’) = 2n —1 is odd. Then wy(g) =
M)~ tr(g) defines a Weil representation of G on S(L,%). Here

(z/F) ifged,
(52 yy) ifg¢q,

where ( /F) is the unique nontrivial quadratic character of F*, yp is the local Weil
index ([Wei], [Rao, appendix]), and

r(g)f(z) = f(zg) ifge G,
! LS enyn, fg gl (—za) g g C.

Theorem 0.3. Assume that n(v)') = 2n — 1 is odd. Let n be a character of G of
conductor n(n) > 1. Then

(1) 7 occurs in wy if and only of n(n) = 2k — 1 is odd (k > 1).

(2)  When it occurs, there is a € Oy — (60p + wOF) such that

(0.7) Ag) = {

(0.8)

—2k+2n

n(g) = ¢'(—aan 9), forge€Gy.

Moreover,

(0.9) o= 19) w(g)faxrin
geG /Gy,
is an eigenfunction (unique up to scalar) of G with eigencharacter 1.
Let 7jp be the quadratic character of E* defined by 7jo(z) = (7, 22) p, where (,)p

is the Hilbert symbol over F. Then 79|+ is trivial, and there is a unique quadratic
character no of G = E' such that 7jo(z) = no(2).

Theorem 0.4. Assume that n(¢’) =2n — 1 is odd. Then
(1) A character n of G of conductor <1 occurs in wy if and only if n # no.
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(2) When n # ng, there is w € L,_1 such that

_ —1
(0.10) Gy =bpw=_ n(g) 'wlg)(fuw+ n(=1)(F)f-w) #0
9eG /G
is an eigenfunction (unique up to scalar) of G with eigencharacter n. If n(—1) =
(—=1,7)F, then one can take w = 0.

As we mentioned at the beginning, the conditions for 7 to occur in wy, given in
this paper were already known to Moen ([Moe], [Moe2]).
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1. STRUCTURE OF U(1)
The first two lemmas are well-known, and their proofs are straightforward.

Lemma 1.1. Assume that E/F is unramified. Then

(a)  |Gr/Gry1| = q for every k > 1.

(b) |G/G1| = q+1. Moreover G = g1 X G1, where pig+1 is the cyclic subgroup
of G generated by a primitive (¢ + 1)th root of 1.

Lemma 1.2. Assume that E/F is ramified. Then

(a) G={%1} xG;.

(b)  Forany k> 1, Gor = Gopq1-

(¢)  Foranyk >1, |Gop—1/Gax| =q.

Given a character n of G or Gy, the conductor of n is defined to be the smallest
integer such that n|g, = 1.

Proposition 1.3. Given an integer n > 1, let 1, be a fized additive character of
E with conductor m3Og and ¥, |r = 1. Let k be an integer with % <k<n.
(a) Given a € Op, the map

(1.1) Cap s G — C', g r— 1hn(ag)

defines a character of Gy of conductor < n. The equality holds if and only if
a € O%.
(b)  Given a and o' € OF, one has

Cak = Cark = a=ad mod 7y " < a=d modUp*.

Here Uk ={2€ O} : z=1modrk}.
(¢)  Ewvery character of Gy of conductor n has the form cq i for some a € Of.

Proof. (a) Letg=1+z2¢€ Gy with z € F%OE. Since ¥, |F = 1, one has
(1.2) Ca,k(9) = Pn(az).



EIGENFUNCTIONS OF THE WEIL REPRESENTATION 2397

It is easy to see from (1.2) that ¢, is a character of Gy, of conductor less than or
equal to n. Now assume a € O%. Suppose ¢qkle, , = 1. For any z € Wg_lOE,
1 =14 2—2+2 € Gy for some 2’ € 72Op. Thus

14z
1= o Gj) = Gula(z— 2)).

z

On the other hand, ¢, (a(z + 2)) = 1 since a(z + 2) € F. So ¥,(2az) = 1 for
any z € wg_l(’)E. Since 2a € Oj, one has then wn|ﬂ,gfloE = 1, a contradiction.
Therefore ¢, has conductor n if a € OF.

(b) It suffices to prove cqr = corx < a = a’mod Wg_k. Let g be a uni-
formizer of E with 72 € F. Then we can write a — a' = whu with u € O% (since
a—a' € F). S0 ¢q—q 1 18 ¢y, With respect to ngwn, and thus has conductor n—k—1
by (a). Therefore cq—q =1 if and only if [ =n — k; i.e., a = a’ mod Wg_k.
(¢) By (a) and (b), it suffices to show the following identity:

(1.3) |G /G| — |GG = |Ur/Ur NUR|.

When E/F is unramified, the left hand side of (1.3) is equal to ¢"~* — ¢" %1 by
Lemma 1.1. On the other hand, since Ur N Ug_k = U;_k, the right hand side of
(1.3) is equal to |UF/UI’,3_’“‘ = ¢" % — ¢"~F~1. The identity (1.3) is true.

When E/F is ramified, n must be even since n2#Op C F + 7271 Op. So the
left hand side of (1.3) is equal to ¢%~[2]71(¢ — 1) by Lemma 1.2. On the other
hand, since Up N Up " = UFW;H] = Uﬁ_[%], the right hand side of (1.3) is also
gi~15171(g - 1). m

Corollary 1.4. In the notation of Proposition 1.3, every character x of G with
conductor n > 1 is an extension of a character Ca,[nf1] of G[nTH] for some a € OF.

Moreover, a is uniquely determined modulo U][E%] by x.

Remark 1.5. We remark that a € O} in Corollary 1.4 is determined by

k
(14) X(TE) = g (2arh), k=["2]
E

2. EIGENFUNCTIONS OF U(1)

Let ¢ be a fixed nontrivial additive character of F. Recall that ¢’ = 570‘1/),9 is
trivial on F' and

1
(2.1) P (wz) = 1/)(§<<w,z>>) for any w,z € E.
Given an Op-lattice L of W = E, one defines its dual lattice with respect to 1
via
Lt ={zeW: (((z,1)))=1forl € L}

={zeFE:¢/'(zl)=1forl € L}

A lattice is self-dual (with respect to 1) if L+ = L. Given a self-dual lattice L of
W, one has a realization of the Weil representation w, of the metaplectic group
Mp(W) on the space ([MVW, II8])

(2.2) S(L,)={f€S(E): f(z+1) = f(2)¢/(2]) for all | € L},
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where S(F) is the space of locally constant functions on E with compact support.
Let K = K1, ={g € Sp(W): Lg = L}. Then K is a (maximal) compact subgroup
of Sp(W) and splits trivially in Mp(W). The corresponding Weil representation of
K on S(L,) is given by right multiplication, i.e.

(2.3) w(k)f(z) = f(zk) for any k € K, and f € S(L,)

Given an integer n, let L, = 73Opg. Then L,, are all the Og-lattices of W = E.
Straightforward calculation gives

Lemma 2.1. Let L = Ope; & Opes be a Op-lattice of W. Then Lt = 7% L with
k =n(v) —ordp({(e1, €2))).
Lemma 2.2. The symplectic space W = E has a self-dual Og-lattice (with respect

to ¥) if and only if n(v') = 2n is even. In such a case, L, is the unique self-dual
Og-lattice of W with n = $n(y’).

Lemma 2.3. If E/F is ramified, then n(y') is even.

Proof. Since trE/F(ngn_loE) = trE/F(w%"(’)E) = 1:0F, n(¥eg) = 2n(y) — L.
Recall that 7 = 6 is a uniformizer of E. Therefore

n(¥') = n(ve) - ordp(%) = 2m(1) ~ 2ordp(e) 2

is even. O

For the rest of this section, we assume that n(y)’) = 2n is even and write L = L.
We also fix a uniformizer 7 of E. Since G = G(W) preserves L,,, G C K splits
in Mp(W) trivially, and the corresponding Weil representation w of G on S(L, )
is given via

(2.4) w(g)f(z) = f(zg) for any g € G, f € S(L,%), and z € E.
Given w € W, we define

{u)’(wz) — (A ((w,2)))  ifz€w+ Ly,

0 otherwise.

(2.5) fu(z) =

Then f,, € S(L,,v), and it is characterized by the conditions supp(f) = w + L,
and f(w) =1. Given a € O and k > 0, let

(2.6) fak = fawg’”"'
For every g € G, one has
(27) W(g)fu; = f'wg*la w(g)fa,k = fag*lJc'

Lemma 2.4. (i) Given wi,ws € E, the one-dimensional spaces Cf,, = Cfu, if
and only if wy = wo mod L.

(13)  Given ay,as € O and ki, ke >0, Cfo, iy = Cfag.iy if and only if k1 = ko
and a1 = as mod ﬂ'fi;
Proof. Claim (i) follows from (). If Cfy,, = Cfu,, then supp(fuw,) = supp(fuw,)-
So wy = wg mod L,,. Conversely if w; = wy mod L,,, then a simple calculation gives
(28) f’w1 = ¢/(w1@2)fw2'
So Cfy, = Cfu,. |
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For k > 0, define
Sk(L,w) = {f € S(L,v) : supp(f) C 75" " OF + L}.
Then Lemma 2.4 and formula (2.7) imply the following:

Corollary 2.5. One has the G-invariant decompositions
(2.9) S(L,w) = P S(L, )
k=0

and

SuL)= @ Clon

aGUE/UE

In particular, the characteristic function fo of L, is the eigenfunction of G with
the trivial eigencharacter.

Given an integer k > 0, let
—k+n

Vp.

ab(TETE)

(2.10) ok = —(mpip) Y = — 1

Then 1o is a character of E of conductor ﬂ%’“(’)E such that or|r = 1, ie. Yo
satisfies the condition in Proposition 1.3.

Lemma 2.6. Given a € OF and k > 0, the function f, 1 is an eigenfunction of Gy,
with eigencharacter cqa.. Here cqa i s the character of Gy defined in Proposition
1.3 with respect to the character sy just defined.

Proof. 1t is a simple calculation. Indeed, given g € Gy,

w(g) far = fagflﬂ-g"*"
= furd! (r" " ag  n gk )
= fast (—(np7p) ¥ " aag)
= Caa,k(9) fa k-
O

Theorem 2.7. Let the notation be as above.
(i)  Letn be a nontrivial character of G. If n|lg, = Caar for some k > 0 and
a € O, then

(2.11) bn=">_ 1(9)fagk

geG /Gy,

defines an eigenfunction of G (via w) with eigencharacter . Otherwise, n does not
occur in the Weil representation w.

(i)  The Weil representation (w,S(L,%)) of G has the G-invariant decompo-
sition
(2.12) sLuv=P D D Con

k>0 acUp /G UL 1lGy =Caa,k
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Proof. By Lemma 2.6, 1(g) fag = n(9)w(g™")far depends only on the residue
class gG, and thus ¢, is well-defined. Obviously w(g)¢, = 1(g)$,. One has also
¢y # 0, since the supp(faq,k) are disjoint from each other when g varies in G/Gy,.
This proves the first part of claim (7). By Corollary 2.5,

S(L,¢)::€}95%(L,¢)
and

SiL)= @ Clan

aGUE/UE

The group G acts on Ug /UL by right multiplication. Given a € Ug/U¥, its fixed
subgroup G, = {g € G : ag = amod UL} = G, is independent of a. So

Us/Up= | U agUs,
a€Ug/GUE 9€G/Gy
and
Se(Lp) = €D Sar(L,v),
a€Up/GUE
where
Sak(L7¢0:: 6}) Cj;$k
geG /Gy,
is G-invariant. Note that G acts on Sg  via cegk, and dim S, (L, ¥) = |G/Gyl.
Therefore one has, by comparing dimensions, that
Sar(Lp)= B Co,.
NGy =Caa,k

This proves (ii). Now the other claim of (i) is obvious. O

We remark that ¢, depends on the choice of a. Indeed, if we denote ¢, by ¢y, 4,
then ¢.a9 = 7' (9)¢y,a-

Corollary 2.8 (Moen). Let the notation be as above, and write Girivial = fo. As-
sume that E/F is unramified and n(¢') = 2n is even. Then

(2.13) S(L, ) = P CToy,

where the sum runs over all characters of G of even conductor .

Proof. Since cqg,5 has even conductor 2k, any character of G of odd conductor
cannot appear in the decomposition (2.13) of G by Theorem 2.7. Now assume that
7 is a character of G of even conductor 2k. By Corollary 1.4, n|g, = ¢ for some
b € O%. Since E/F is unramified, b = aa for some a € OF. So 1 appears in the
decomposition (2.13) by Theorem 2.7. O

Corollary 2.9 (Moen). Assume that E/F is ramified. Let n be a character of G.
Then

(1)  The character n has even conductor 2k or 1. When the conductor is even,
Nla, = cvi for some b € OF.
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(i¢)  When the conductor of n is 2k, the local theta lifting 0, (n) does not
vanish if and only if b € Ng,pOF. The local theta lifting 0, (n) vanishes when the
conductor of n is 1.

3. EIGENFUNCTIONS OF U(1): CONTINUED

In this section, we assume that n(y') = 2n — 1 is odd, where ¢/ = 2245 By
Lemma 2.3, E = F(§) is unramified over F. Let m = mg = mp be a uniformizer of
both E and F. Let F = Or/7OF be the residue field of F and let ¢ = |F| be the
order of . One can easily verify the following:

Lemma 3.1. The lattice L = 7"60p @ 7" 'Or is a self-dual lattice of W = E
with respect to 1.

We will use this lattice throughout this section to realize the Weil representation
wy of Mp(W) on S(L,v¢). Let G’ = {g € G: Lg = L}. Then G’ acts on S(L, )
via right multiplication. It is not difficult to verify that

(3.1) G={g=x+yd€G: y=0modn} = {£1} x G;.
Given g € G and f € S(L,v), we define
f(zg) if g e G,
3.2 =
( ) T(g)f(z) {ﬁ ZaEL/Ln f(zg+ ag)d)’(—z&) if g ¢ G,

Then r is a lifting of the projective Weil representation of G on S(L, ) ([MVW,
118)).
As in (2.5), given w € W, we define f,, € S(L, ) via

)Y (w2) itzew+ L,
(3:3) f’”(z)_{o if 2 ¢ w+ L.
Then 7(g) fuw = fug—1 for g € G, and
(3.4) fo =" (w)fu ifwew + L.

Lemma 3.2. Let g € G — G'. Then

B 0 ZfZ ¢ U)g_l + Ln—17
7(9) fu(z) = ﬁw/(wm)w(_z@) if z€wg™' + L, _1,

where a = ag(w, z) is the unique element of L (modulo Ly) such that (z + a)g €
w+ L. In particular, supp(r(g) fu) = wg= + Ly_1.

Proof. When z ¢ wg=! + L,,_1, (2 +a)g ¢ w+ L,_; for any a € L. In particular,
(z+a)g ¢ w+ L for any a € L. By definition, one has r(g) f,,(z) = 0. Now assume
2z € wg '+ Ly_1,ie w—29 € L,_;. Therefore it is sufficient by definition to
prove the following assertion: Given w € L,,_1/L, there is a unique a € L/L,, such
that ag € w+ L. Write

w=nm""16u+1Le L,-1/L, a=7""'a 4+ L, € L/L,, g=z+ybeG-G

with u,a’,z,y € Op. So ag € w + L simply means o'y = umodn. Since y € OF,
a’ =y 'umod 7 exists and is unique. O

Lemma 3.3. Formula (3.2) defines a unitary lifting of the projective Weil repre-
sentation of G- on S(L,).
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Proof. Tt suffices to verify that r(g) is a unitary operator on S(L, ). Let v’ be a
unitary lifting of the projective Weil representation of G on S(L, ). Then there is
a function ¢(g) : G — C such that r(g) = r’(g)c(g). In particular,

(3.6) (r(g)f.r(9)f) = le(g)I*(f, )

for every f € S(L,v). Let f = fo = char(L). When g € G', r(g9) fo = fo, and then
le(g) =1 by (3.6). When g ¢ G’, one has by Lemma 3.4,

(r(9) forr(9) fo) = - / dz

q
= 1meas(L )
q n—1
= meas(L) = (fo, fo)-
o |e(g)| = 1. Therefore r(g) is unitary. |
By Lemma 3.3, r defines a 2-cocycle ¢ : G x G — C! via

(3.7) 7(g91)r(92) = c(g1,92)r(g192)-

Proposition 3.4. Given g1, g2 € G, write g3 = g192 and ¢g; = z; + y;0 with
zi, ¥ € Op,i=1,2,3. Then

1 if 91,92 or g3 € G,
(917 92) = / )
e (y1y2y39") otherwise,
_ 1 if 91,92 or g3 € G,
V(22 y1y2y31)) otherwise,

where " is the character of the residue field F induced by the character ¢ =
%772"_21/1 . F— C!, and v is the local Weil index (an 8th root of 1) defined by
Weil ([Wei], see also [Rao]). Here we abuse the notation by identifying the residue
character of 4" with 1" itself.

Proof. If g1,g2 or g3 € G', say g1 € G’ but go,93 ¢ G', then Lg; = L. For any
feSL,y),
r(g1)r(92) f(2) = r(92) f(291)
1

- ﬁ S g +ag)i(— 5 ((z01,0))
a€L/L,

=72 T S+ onoi(-5 (o a0)
a€L/Ly,

= T(glgz)f(z)-
So ¢(g1,92) = 1. Now assume g; gé G’ for i =1,2,3. Then

rareh(z) = = 30 (o) foleon +bonv(- S((=0).

bEL/Ln
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So
7(91)r(92) fo(O 7 ; 7(g2) fo(bgr)
Z (=bg1 ag, (0,bg1)).

%I

€L/
On the other hand,

7(91)7(92) f0(0) = c(g1, 92)r(9192) fo(0) = c(g1, 92) —-

N

So

(3.8) c(g1,92) = Z ¥’ (—bg1 ag, (0,bg1)).
VT,

Write b = 7”718 and a,,(0,bg1) = 7" 'a’ with a/,b' € Op. By Lemma 3.2,

a’ is given by the condition (7"~ 'V g; + 7" 'a')gs € L, i.e., ' = —b'yzy; ' mod 7.
Therefore (3.8) gives
c(91,92) = \/5 > (@ g W ysy; )
beF
-7 Z V" (a*y1y2y3)-
aEF

Here we have used the facts that ¢'|p = 1 and that ¢ = 72"~ 26¢/|p = 22 727=2y
has conducto; 7OF as a character of ' and can then be viewed as a nontr1v1a1
character of F. Applying [Rao, Theorems A2 and A11], one has

Ao
(91, 92) = v (1y2y3¥”) = vr(=—y192y3%).

2
|
Theorem 3.5. Given g=xz+yé € G, z,y € O, let
(z/F) ifged,
3.9 Ag) = _
(39) ) {@/Fm(w e
_f/F) fged,
w(Syy)  ifg¢d,

where ( /F) is the unique nontrivial quadratic character of F*. Then
(a)  One has

(g1, 92) = Mg1)Mg2)Mg192) "
So

it G — Mp(W) = Sp(W) x C', g — (1a(g), A" (9))

gives a splitting of G in Mp(W), where Mp(W) = Sp(W) x C! is a lattice model
realization of Mp(W) corresponding to the lattice L.

(b)  The formula w(g) = A "1(g)r(g) gives a Weil representation of G on
S(L, ).
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Proof. Claim (b) follows from (a). By [Rao, All], vp(82yy) = yp(yy") =
(y/F)vr(¥"), so the two formulas for A\(g) are the same. Write g3 = g1g2 and
gi = x; + y;0.

If g; ¢ G', for : = 1,2, 3, one has, by [Rao, A9],

AgA2)Mg2) ™" = (L2 ) 72 (8") = 75 (1y2ys”) = elg. 92).

If exactly one of the g; is in G’, say g1 € G’, then y; = Omodw and y3 = z1ys +
Zoy1 = r1y2 mod 7. By [Rao, A9],

T1

AgA@Me) ™ = (F) () 6@ () e @)™ = 1= clgr. g2).

Finally, if g; € G’ for all © = 1,2, 3, then y; = Omod 7 and so 3 = z1x2 mod .
One has also

Ag1)A(g2)A(gs) ™ =1 = c(g1, 92)-
O

Remark 3.6. As Jeffrey Adams and Stephen Kudla pointed out, the Weil represen-
tation w of G constructed in (2.4) and Theorem 3.5 gives rise to a p4-splitting of G
in Mp(W), i.e. under some realization Mp(W) = Sp(W) x C!, one has a splitting

la: G— Mp(W), g (1a(g),\(9))

such that A(g) € us = the group of 4th roots of 1. Recently, Adams has found a
po-splitting of G in Mp(W). Note that in the case F' = R, there is no p,-splitting
of G in Mp(W) for any integer n > 1.

Lemma 3.7. The Weil representation w of G has the decomposition:
S(L, ) = €D Sk(L, )
k=1

where
Si(L,y) ={f € S(L, ) : supp(f) C Ln—1},
Sk(va) = {f € S(va) : Sllpp(f) CLyg— Ln—k-l—l} fOT’ k> 1.

As in section 2,

_ n ad _ n
(3.10) Vop_1 = —m2kA2nyl -~ 22y

defines a character of E with conductor 72~10g, and Yor—1|F = 1. So, given
a € Of, one has a character cq ; of Gy, of conductor 2k — 1, defined by (Proposition
1.3)

(3.11) Cak(9) = PYor—1(ag) = ¢/ (=7~ ag).
Similarly to Lemma 2.6, one has

Lemma 3.8. Let k> 1 and a € OF. Then for = for—r+n is an eigenfunction of
G, with eigencharacter cqg.1,. Moreover, cqa.k = Corar i if and only if a € a’GUg_l,
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Proof of Theorem 0.3. First assume that n(n) = 2k —1 > 1 is odd. By Proposition
1.3, there is a € O% such that n|g, = cea,x- By Lemma 3.8, one may assume that
a ¢ 60Or + 7Op. Applying Lemma 3.8 again, one has that

(3.12) by = bnak = n(g) " w(g)far

geG /Gy
is an eigenfunction of (G,wy), with eigencharacter n if it is nonzero. Here f, ; =
fan—r+n. To check that ¢, # 0, it suffice to verify that the supports of w(g)fa.x
and f,  are disjoint unless g € G. In fact,

Supp(w(g)fa,k) - 7T_k+nag_l + L1,
supp(far) =7 " Ma+ L C a4 L, _y.
If they are not disjoint, then 7= %*"a(1 — ¢~!) € L,_1, and so g € Gx_;. Write
gl = H:i]’::; € G for some z € Og; then
g l=1+7""1(z -2 modn* =1+ 78 126 mod 7"

for some x € Op. Write also a = bd+c¢, with ¢ € OF by assumption. Now g € G
implies that w(g)fa,x = fag-1,x has support 7 **"ag™1 + L. So we should have
a7k na(l1—g=1) € L;i.e., (b6 +c)éx € n60Op +Op. So x € nOp and g € G. Now
it remain to prove that if n occurs in wy and n(n) > 1, then n(n) is odd. Obviously,

Se(Lw)> P D co
a€Ugp /GUE" NGy, =Caa,k
On the other hand, Si(L, ) = @werkﬂlOE/L Cf, implies
dim Sy (L, v) = |7 Op /L] = ¢** 3 (¢* - 1),
By Corollary 1.4, {n: n|lg, = Caak, @ € UE/GUgc_l)} counts all characters of G of
conductor 2k — 1. So the right hand side of (3.13) has dimension
|G/Gok—1] = |G/Gar—2| = (¢ +1)¢* 2 = (¢ + 1)¢* % = ¢**°(¢" — 1).
This proves that
(3.13) SiL)= P D Con
aEUE/GUI(Ekfl) nlGy,=Caa.k

Recall that n(n) = 2k — 1 if n|g, = caa,kx for some a € OF. This completes the
proof of Theorem 0.3. O

Proof of Theorem 0.4. First note that Sy(L, ) has an orthogonal basis {f,, : w €
Ln_l/L}I

0 ifwé¢w +1L,
3.18 o fur) =
(8.18) o fur) {meas(L) if w=w'.
For each w € L,,_1/L, choose and fix a representative w = 7"~ 1éu, u € Op. Since
|S1(L, )| = q and |G/G1| = g+ 1, the multiplicity one theorem implies that there
is a unique character ng of G/G1 such that

(3.19) Si(L,v) = P Coy,

n#no
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where the sum runs over all characters of G/Gy with n # ny. We need to show
that 79 is the one given in the introduction. Let r be the regular representation of
G/G1, also viewed as a representation of G. Let w1 = w|g,(1,4)- By (3.19), one
has r = wy @ no, i.e., char(r) = char(wy) + 19, where char(r) is the character of r.
Therefore for any g ¢ G, one has

(3.20) 10(g) = —char(w:)(g).

By (3.18), one has

(3.21) har(n)(9) = s 3 (@) o)
w€Ly_1/L

When g € G' — G1, w(g) fw = (=1/F) f—4. So (3.18) implies no(g) = (—A/F). We
may now assume g =z +y6 ¢ G, y € O}. Then

((9) furs fu) = / w(9) (o) Tul2) d=

w4+ L
=379) [ rla o+ 2R d,
Write w = 7"~ 16u, 2 = 7"6b + 7" tc. Let a = —c +uy~ (1 — z). Then we have

(w+2z+7""ta)g € w+ L. By Lemma 3.2,

7(9) fw(w +2) = iW(w (w+ z + ™= 1a)g) (—(w + 2)7" ta)

Va
Lo on—2g 2 1, (222 5y
=ﬁ¢ (m" 20wty (2 — 1))Y( buc).
So
_ 1 (9228020~ (4 — »
@M ) = Zyes [ =2y @ - 1)) d
_ 1 " 2(1‘— 1)u2 m
= \/a)\(g)q/) ( J )meas(L).
Therefore
char(w1)(g Z 2)
()F( y(z —1)9")
_(2(x—1)
—( )
So

mo(g) = — (@) = <L(if 1)> .

In summary, one has always
2A(x — 1))

(3:22) mia) = (2%

It is easy to see from (3.22) that 7y is indeed the character 7y defined in the
introduction. This proves (1).
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To prove (2), first notice that
¢n,w = Z U(Q)_lw(g)fw
geG/G1

is well-defined and is an eigenfunction of (G, w) with eigencharacter 7 if it is nonzero.
If it is zero for every w € L,,_1, then

> nlg)twlg)f =0
geG/G1

for every f € S1(L,%). On the other hand, let ¢ € S1(L,%) be an eigenfunction
of G with eigencharacter n (we have just proved that it exists), and let f = qﬁqﬁ.
Then

geG /Gy

a contradiction. So there is w € L,,_1 such that ¢, ,, # 0. When n(—1) = (=1/F),

1 _

P0(0) =2+27% S mlgMg)

1 gec/crom
Since 7(g)A(g) € Q(Ca(g+1)) and /G ¢ Q(Ca(g+1))s Pn,0(0) # 0. Here (o(g41) is a
primitive 2(¢ + 1)th root of 1. O
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