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NECESSARY CONDITIONS
FOR CONSTRAINED OPTIMIZATION PROBLEMS
WITH SEMICONTINUOUS AND CONTINUOUS DATA

JONATHAN M. BORWEIN, JAY S. TREIMAN, AND QLJI J. ZHU

ABSTRACT. We consider nonsmooth constrained optimization problems with
semicontinuous and continuous data in Banach space and derive necessary
conditions without constraint qualification in terms of smooth subderivatives
and normal cones. These results, in different versions, are set in reflexive and
smooth Banach spaces.

1. INTRODUCTION

We consider constrained optimization problems with semicontinuous inequality
and continuous equality data in reflexive Banach spaces or with entirely continuous
data in smooth Banach spaces. Our necessary conditions for the optimization prob-
lem are stated in terms of smooth subderivatives and normal cones. There is a large
literature on necessary conditions for constrained optimization problems, given in
terms of various generalized derivatives, usually in the presence of additional con-
straint qualifications. The typical method used to derive necessary conditions for
constrained optimization problems in nonsmooth analysis is to convert the con-
strained optimization problem to an unconstrained problem by using nonsmooth
penalties. The problem then becomes one of expressing the necessary conditions in
terms of generalized derivatives. Usually, this is achieved by using calculus rules for
the appropriate generalized (sub)derivatives. Such necessary conditions have been
derived in terms of Clarke’s generalized gradient [6, 7], Mordukhovich’s coderivative
[20] and Toffe’s geometric subderivative [12, 13], among others. All of these neces-
sary conditions require additional constraint qualifications because the underlying
calculus rules demand them.

Recently, it has become clear that in spaces with a smooth renorm the three
generalized derivatives mentioned above can be characterized in terms of sequential
limits of smooth subderivatives. (See [1, 4, 29] for details. Such characterizations
for Clarke’s generalized gradient and normal cone with proximal subderivatives and
proximal normals has been known since the early 1980’s [6, 24]. See also [26, 27] for
earlier discussion with e-subderivatives.) Also, calculus rules for the limiting gen-
eralized (sub)derivatives can be viewed as limiting forms of the analogous calculus
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rules for smooth subderivatives. The constraint qualifications for the calculus rules
of the various generalized (sub)derivatives are required mainly because of the lim-
iting process. It is natural, therefore, to ask whether we can express the necessary
conditions for a constrained optimization problem in terms of smooth subderiva-
tives using only calculus rules that do not require a constraint qualification. We
pursue that goal in this paper.

We establish this type of necessary condition in reflexive Banach spaces in terms
of Fréchet subderivatives and Fréchet normals. The limiting forms of these neces-
sary conditions recover some familiar necessary conditions. Since we assume only
(lower semi-)continuity of the data, this result appears to be new even in finite
dimensions. In deriving this necessary condition we follow the basic idea in [28].
We use the indicator functions to the level sets of the constraints as penalization
functions and then use “fuzzy sum rules” for the Fréchet subderivative. The critical
step is to establish the relationship between the normal cone to such a level set and
the subderivative of the corresponding function. In super-reflexive Banach spaces
(Hilbert spaces) similar results hold with the Fréchet subderivative and Fréchet nor-
mal replaced by the s-Holder subderivative (proximal subderivative) and s-Hélder
normal (proximal normal) respectively. We indicate the necessary modifications at
the end of Section 2. We also give a full proof of the critical step in Hilbert space
because it is simple and intuitive. We hope that it well communicates the idea
behind the more general proofs.

We then turn to more general smoothable Banach spaces. Here we use sum
rules for smooth subderivatives to deduce necessary conditions given in terms of
the smooth normal cone to the graph of a mapping which has the cost and the con-
straint functions as its components. There are no additional constraint qualification
conditions for this result. This necessary condition, however, is not expressed in
terms of the individual constraint functions and the cost function. In order to de-
rive a necessary condition given in terms of the subderivative of those component
functions, we still must impose a mild constraint qualification. Whether or not
a complete generalization of the reflexive Banach space result can be achieved in
more general smooth Banach spaces remains an open question.

This paper is written to allow the reading of the reflexive Banach space results
(Section 2) and the general smooth Banach space results (Section 3) separately.

2. NECESSARY CONDITIONS IN REFLEXIVE SPACES

Let X be a reflexive Banach space with closed unit ball Bx and with continuous
real dual X*. Then X has an equivalent renorm || - || that is simultaneously locally
uniformly rotund and Fréchet smooth [10]. Recall that a lower semicontinuous
function f: X — RU{oo} is Fréchet subdifferentiable at x with (viscosity) Fréchet
subderivative x* € X* if f is finite at = and there exists a Fréchet smooth (concave)
function g such that z* = Vg(z) and f — g attains a local minimum at z. We
denote the set of Fréchet subderivatives of f at x by Dpf(x). For a closed subset
C of X the Fréchet normal cone to C at x € C is defined by Np(C, z) := Dpdc(x).
Here 6¢ is the indicator function of C'.

Let C C X and ¢g; : X - RU{o0}, i=0,1,...,N. Cousider the following
optimization problem:
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P minimize go(z)
subject to g;(x) <0, i=1,2,..., M,
gi(x) =0, i=M+1,...,N,
xeC.

We prove a “fuzzy multiplier rule” for this problem. As usual, multipliers corre-
sponding to the inequality constraints are nonnegative and multipliers correspond-
ing to the equality constraints have no restriction. To simplify notation we in-
troduce the quantities 7;,7 = 0,1,..., N. The 7;’s associated with the inequality
constraints and the cost function are always 1, i.e., 7; = 1,4 = 0,1,..., M. This
corresponds to nonnegative multipliers. The 7;’s associated with the equality con-
straints are either 1 or —1, corresponding to multipliers with arbitrary sign, i.e.,
7 e{-1,1},i=M+1,...,N. We use the notation 1;,i = 0,1,..., N throughout
this section without further explanation. Our multiplier rule in reflexive spaces is:

Theorem 2.1. Let X be a reflevive Banach space, let C' be a closed subset of X,
let g; be lower semicontinuous for i = 0,1,..., M and let g; be continuous for
i=M+1,...,N. Assume that T is a local solution of P. Then, for any positive
number € > 0 and any weak neighborhood V' of 0 in X*, there exist (x;,g:(x;)) €
(Z,9:(%)) + eBxxgr,t =0,1,.., N, and xy41 € T+ cBx such that

N
0€e ZNiDF(Tigi)(ﬂCi) + Np(Crzng1) +V,
i=0

where p; > 0,5=0,1,..., N, and Zij\;omzl.

Before proving this result we compare it to necessary conditions involving limit-
ing subderivatives. Recall the following definition:

Definition 2.2. [18, 21] Let X be a reflexive Banach space and let f : X —
R U {c0} be a lower semicontinuous function. Define

Of (x) := {w- lim vy : v, € Dpf(zn), (Tn, f(2n)) = (2, f(2))}
and
0% f(x) := {w- nlLIr;O tnUn : Un € DEf(2n), tn — 07, (20, f(zn)) — (z, f(2))}
and call 0f(z) and 0 f(x) the subderivative and singular subderivative of f at x
respectively. Secondly, let C be a closed subset of X. Define
N(C,x) := {W_nILH;oU" :vp € Np(C,xy,), C >z, — x}
and call N(C,x) the normal cone of C' at x.

Suppose all but one of the g;’s are (locally) Lipschitz functions and C' = X,
which is entirely general because we can use d(z,C) = 0 to handle the abstract
constraint. Application of Theorem 2.1 to problem P and taking limits produces
the following result which recovers, in a reflexive setting, the limiting necessary
conditions of Kruger and Mordukhovich in [15].

Corollary 2.3. Let X be a reflexive Banach space, let C = X and let all but one
of the g;, t = 0,1,..., N, be locally Lipschitz functions. Suppose that T is a local
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solution of problem P. Then there exist i; > 0, j =0, ..., N, satisfying Z;-V:O i =1
and such that

N
0e Z 1i0(7:9:)(Z).
i=0

Remark 2.4. (a) Necessary conditions for constrained optimization problems in
“fuzzy” form were discussed by Kruger and Mordukhovich in [15]. Their result
([15, Theorem 2.1]) is in terms of e-Fréchet normals to the epigraphs (for the in-
equality constraints) or graphs (for the equality constraints) of g;’s and C' in Banach
spaces with Fréchet differentiable renorms. It is not clear how to derive a necessary
condition in terms of the subderivatives of the constraints from the results in [15].
The necessary condition in Theorem 2.1 improves that in [15] in two significant di-
rections: it expresses the necessary condition directly through subderivatives, and
it uses exact Fréchet normals and Fréchet subderivatives. We note that when the
gi’s are Lipschitz functions the fuzzy necessary condition in [15] suffices to prove
Corollary 2.3 (see [15, Theorem 3] and [14, Theorems 3 and 4]).

(b) Since we require the support function in the definition of the Fréchet sub-
derivative to be concave, our concave Fréchet subderivative is potentially smaller
than the usual Fréchet subderivative without the concavity requirement. Conse-
quently the limiting subderivative and normal cone defined in Definition 2.2 are
potentially smaller than the corresponding objects in [18, 21]. It is obvious that
Theorem 2.1 remains valid if we use the usual Fréchet subderivative instead, and our
current statement is formally stronger. Surprisingly, according to [1, Proposition
1] (which is applicable to the concave Fréchet subderivative with some notational
changes) and [21, Theorem 9.5] the limiting objects in Definition 2.2 and the cor-
responding ones in [18, 21] coincide. There are technical advantages to using the
concave Fréchet subderivative that we will discuss later.

Recall that, for a locally Lipschitz function f, the Clarke subderivative O.f(x) of
f at x is the convex closure of O f (x) and the Clarke normal cone N.(C, z) of a closed
set C at « € C' is the convex closure of N(C,z) [6, 7]. Note that d.(—f) = —0.(f).
We then have the following corollary, which recovers Clarke’s classical necessary
condition (in a reflexive Banach space).

Corollary 2.5. Let X be a reflexive Banach space, let C' be a closed subset of X
and let g; : X — R,i =0,1,..., N, be locally Lipschitz functions. Suppose that T is
a local solution of problem P. Then there exist p; > 0 satisfying Zf\io w; =1 and
such that

N
06> pimide(g:)(Z) + No(C, ).
i=0
When X is a finite dimensional space we can recover Mordukhovich’s more pre-

cise result [19, Theorem 1(b)] (see also [20, Section 7]) after a limiting process.

Corollary 2.6. Let X be a finite dimensional Banach space, let C' be a closed
subset of X and let g; be lower semicontinuous for i = 0,1,..., M and continuous
fori=M+41,...,N. Suppose that T is a local solution of problem P. Then either:
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(A1) there exist v® € 0°(739:)(Z), i = 0,1,..., N, and v3, , € N(C, ) such that

and 3,051 (03] = 1, or
(A2) there exist pj >0, j =0, ..., N, satisfying Z;V:() wj =1 and such that

0e Y wolmg)@+ > 0%(rg)@) +N(C, ).
je{t:pui >0} j€{i:pn; =0}
Proof. Suppose 7 is a solution to P. Note that in a finite dimensional space strong
and weak convergence coincide. By Theorem 2.1 we can take, for: = 0,1,..., N+1,
zp € X, v € Dp(r{gi)(2}), i=0,1,...,N, v}y, € Np(C,2%,,) and pj’ > 0,1 =
0,1,...,N, such that Zij\io pr =1, (af,gi(z])) — (Z,9:(x)) for i« = 1,..., N,
C>ay, — 7 and

N
(1) 0= nlLIgO(Zu?v?+vZ+l).
=0

Note that, for ¢ = M +1,..., N, 7* may equal either —1 or 1. However, passing
to a subsequence if necessary, we can make 7; = 7;* independent of n. We consider
two cases:

Case 1. Assume the sequence Ef;o luivi |l + [[vj4 1l is bounded. By passing to
subsequences when necessary, we may assume that p'v;', i =0,1,..., N, and vy,
converge to u;, ¢ = 0,1,...,N + 1, and (ug,...,u%) converges to (uo,...,Hun).
By Definition 2.2, for p; = 0, u; € 9*°(7:9;)(Z), while for p; > 0, v; := u;/p; €
9(739:)(Z) and vy41 € N(C, Z). Thus,

0e > wolmg)@+ Y. 0%(rg) @) +N(C. 1)
j€{itpn; >0} je{iipn; =0}

where p; > 0 and ij:o i = 1.

Case 2. Assume the sequence Zf;o lpivi || + lvi 1]l is not bounded. We may
assume that t, = 1/(2?;0 vl + |log 4 ]l) — 0F. Note that the sequences
{tnpiv}}, i =0,1,...,N, and {t, v}, } are bounded. Again by passing to subse-
quences when necessary, we may assume that, for¢ =0,1,..., N, t,ul*v] converges
to vP°, t,vR,, converges to vy ; and (ug,...,uR) converges to (uo,...,HuN).

Note that t,u? — 0 for ¢ = 0,1,...,N. By Definition 2.2 v°* € 9°(r;9;)(%).
Moreover, vy, € Np(C, 2}, ) implies that t,v} ; € Np(C,z%,,). Therefore,
v, € N(C,z). Thus, taking limits in (1) as n — oo yields

N+1

oo
O = E Ui 5
i=0

where v7° € 0°°(7;9;)(%), i =0,..., N, and v§ , € N(C,z). Obviously,
N+1

o lol= 1
=0

This completes the proof. O
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Remark 2.7. (a) In infinite dimensional spaces one can impose “local compact-
ness” conditions on the functions g; and C' to ensure that weak convergence of
{tnpivi},i=0,1,..., N, and t,vy, implies strong convergence, so that the con-
clusion of Corollary 2.6 still holds. Some sufficient conditions are discussed in
[3, 17, 21]. Since we are mainly concerned with the “fuzzy” form of the necessary
conditions we will not go into details of these conditions. However, we must point
out that we have no explicit example, and it appears quite hard to find an exam-
ple to show that Zij\sgl |v$°]] = 1 in (A1) may fail in infinite dimensional spaces
without such conditions.

(b) It is clear from Corollary 2.3 and Corollary 2.6 that the effect of various
constraint qualification conditions is to directly ensure the necessary condition in
Corollary 2.3 or to rule out (A1) in Corollary 2.6. When constraint qualifications
rule out

N
(2) 0€e Zuia(ﬂ'gi)@) + N(C, 7),

where p; > 0 and Zf;l w; = 1, we get a Karush-Kuhn-Tucker type necessary
condition in Corollary 2.3. The well-known Slater and Mangasarian-Fromowitz
conditions are two examples of such constraint qualifications.

(¢c) In general, the singular subderivative part in (A2) of Corollary 2.6 cannot be
eliminated. This is demonstrated by the following elementary example:

Example 2.8. Consider problem P with X = C =R, N =M =1, go(z) = =
and g;(z) = —2'/3. Then 0 is the only solution. We can calculate directly that
090(0) = {1}, 0%°g0(0) = {0}, 9g1(0) = 0, 0°g1(0) = (—00,0]. It is clear that
relation (A1) is impossible at 0 and (A2) can be satisfied at 0 only if uop = 1 and
w1 = 0. In that case 0 € dgo(0) + 9°¢1(0) = {1} + (—o0, 0].

We now turn to the proof of our main result. First we recall the following simple
lemma.

Lemma 2.9. Let X be a reflevive Banach space having a Gateaux smooth and
locally uniformly rotund norm || - ||. Then ¢ := V3| - ||? is one-to-one and maps X
onto X*.

Proof. Let £ be an arbitrary element of X*. We define a function

7 = (&) = ~(& )+ 5.

Note that f is strict convex, weakly lower semicontinuous and coercive (||z| — oo
implies that f(z) — oo0). We conclude that f attains its minimum at a unique point
v € X. Obviously, Vf(v) =0, i.e., ¢(v) = & Thus, ¢ := V31| -||? is one-to-one and
maps X onto X*. O

We will also need the following geometric result. It is used to guarantee that our

new subderivatives sit at appropriate points and that these subderivatives approx-
imate the original subderivatives.

Lemma 2.10. Let X be a Banach space with a norm || - || that is Fréchet smooth
and locally uniformly rotund, and let ¢ = V%H ||2. Suppose that v is a non-zero
element of X and {xs},a >0, is a family of elements of X such that

3 limsup | < o]
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and

4) lim sup(p(v),v — z4) < 0.

a—0

Then limg—g ||zq — v]| = 0.

Proof. We first note that ¢ is positively homogeneous and, for any v € X, (¢(v), v)
= ||le(v)] ||v]]. Tt is easy to see from (4) that

5) liminf [z, ] > o]
Therefore,
(©) lim [l = o]

Multiplying (3) by |[¢(v)] yields
(), 1) 2 limsup (o) 70| 2 msnp(o(v), )

or

(7) 1igl_%1f<<p(v),v —xq) > 0.

Combining (4) and (7), we obtain

(8) lim (p(v), v = z4) = 0.

By virtue of (6) we need only show that lim,—.0 Zo/||za|| = v/||v].

We proceed by contradiction. Suppose lim,—0 2o /||Za| # v/]|v]; then, without
loss of generality, we may assume that there exists an 7 > 0 such that

Ta v
I =l >
lzall ]l
Since || - || is locally unifromly rotund, there exists an € > 0 such that

[
[zl
Multiplying both sides of the above inequality by ||v]| |[e(v)|| = {¢(v),v), we get
T v
2(1 = e){e(v),v) > ol lle@) 7= + 7|

[zall ol

ZTa v
> [[vl[{p(v), Tzal + m>

— |||£|:J|| (p(v), 28) + (@(v), ).

Taking the limit of the right hand side yields

2(1 - E)<(p(1}), U> > 2<<,0(1}), U),
a contradiction. O

v
+— ] <2(1—¢).
[[o]]

The key to the proof of Theorem 2.1 is the following pair of results, which are
of some independent interest.

Theorem 2.11. Let X be a reflexive Banach space, let f : X — RU{co} be a lower

semicontinuous function, and suppose & € Np(S,Z), where S := {z : f(z) < 0}.

Then, either

(C1) for anye,n > 0 there exists (z, f(z)) € (&, f(Z))+nBxxr such that Dp f(x)N
EBx* 7é @
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or

(C2) for any € > 0, there exist (z, f(x)) € (%, f(Z)) + eBxxr, ¢ € Dpf(z) and
A > 0 such that

[AC =€l <e.

Proof. Without loss of generality we renorm so that the norm of X is Fréchet
smooth and locally uniformly rotund. As A can be arbitrarily small, we need only
consider the nontrivial case when £ # 0. Let ¢ := V1| - [|* and v = ¢=!(¢). Then

v 70 and (§,v) =[] [|v]l
Let r > 0 be a constant such that, for all z € SN (z + r|jv||Bx),

0> {,2—7) +w(x),

where z — ({,z — T) + w(z) is continuous concave and w(xz) = o(||z — Z||) when
r— X

Since f is lower semicontinuous, on taking a smaller r if necessary, we may assume
that f is bounded from below by —m for some positive constant m on z + r||v|| Bx.
Observe that f(x) is positive on K := {x : ({,z — T) + w(x) > 0} N (Z + r||v||Bx).
For a < min(r/2,1/m) define

ho(z) == a3 max{0, |z — T — aw|| — aljv||}2.

Note that h, is a Fréchet smooth convex function of  that has derivative 0 whenever
ho(z) = 0 (in particular at z). Consider

pa(z) = f(Z) + ha(z) + 6{i+THUIIBx}(Z)'
Suppose that (C1) is not true. Then, in particular, 0 € Dp f(Z). Therefore

inf po, < 0.
151(p<

Let e, := min(a/2, —infx p,/2). Note that a locally uniformly rotund norm is
Kadec-Klee, and so the reflexive version of the Borwein-Preiss Smooth Variational
Principle [2, Theorems 2.6 and 5.2] applies with p := 2, := y/2e,/a < 1 and
€ := eq. Thus there exist yo,w, € X with ||yq — wa|| < 2 such that

Pa(Ya) < igl(fpa +eq <0
and such that
«
z— pa(z) + 5”2 - wa||2

attains a global minimum at y,.
Since po(ya) < 0, it follows that y, € T + r||v||Bx and

«
ha(Ya) < ha(ya) + EHya - wa||2 < = f(Ya) < m.
Thus,
(9) 1Yo — & — av|| < o (Vma + ||v]])

and yo, — T as a — 0. When « is sufficiently small y,, is in the interior of the ball
Z + r||v||Bx, and

2= F(2)+ha(2) + 5 12 = wal?
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attains a local minimum at y,. We will only consider such small « in the sequel.
Moreover,

FWa) < pa(ya) < i§fpa +eq < f(Z) + ea

and, since e, — 0 and f is lower semicontinuous, we observe that f(y,) — f(Z) as
a — 0. Furthermore, f(y,) < 0 (because p,(yo) < 0) implies that y, ¢ K. That
is to say,

(10) 0> (6,90 = 2) + olllya — Z)-

Set x4 := v + (T — Yo)/e. Then we can rewrite relations (9) and (10) as
(11) [zall < vma 4 lv]].

and

(12) 0> (§,v = za) +olallv —zall)/a.

Relations (11), (12) and Lemma 2.10 imply that lim,—.o o = v. Since
2= F(2) +ha(2) + 5 12 = wal?

attains a local minimum at y, and both h, and §||- —w, ||? are convex and Fréchet
smooth, the vector
Ca = k(@)o(Z + av — ya) + ap(Wa — Ya)

is a Fréchet subderivative of f at y,, where

k(a) — 20‘_3(”ya - — O‘U” - a”””)/Hya —T— O‘UH if hoc(yoc) >0,

~]o if he(yo) = 0.
Observe that ¢(T+av—yq) = p(aze) = ap(rs). Since £, — v and @ is continuous,
we have p(zq) = p(v) + 0o(1) = £ 4+ o(1) as a — 0. Therefore, we can write
(o i = K(a)a(§ + o(1)) + ap(wa = ya)

Since (C1) is not true we must have that liminf,_o ak(«) is greater than 0. (Oth-
erwise there would exist a sequence a; — 0 with Dp f(ya,) 3 Ca; — 0.) Moreover,
ap(We — Yo) = O(a). Thus, ¢, = ak(a)(€ + o(1)) as @ — 0. Choose « small
enough so that (ya, f(Ya)) € (T, f(Z)) + eBxxr and ||(o/ak(a) — &]| < €. Setting
Z = Ya, A := 1/ak(a) and ¢ := {, completes the proof. O

The next theorem is a counterpart of Theorem 2.11 for equality constraints. The
proof is similar to that of Theorem 2.11. We give only a sketch of the proof to limit
the length of the exposition.

Theorem 2.12. Let X be a reflexive Banach space. Let f : X — R be a continuous

function and let £ € Np(S,Z), where S := {x : f(x) =0}. Then, either

(D1) for any e,n > 0 there exists (z, f(x)) € (T, f(Z)) + nBxxr such that
[Dpf(z)UDp(=f)(x)] NeBx- # 0

or

(D2) for any € > 0, there exist (z, f(x)) € (z, f(Z)) + eBxxr, ( € Dpf(x) U
Dp(—f)(x) and A > 0 such that

[AC =€l <e.
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Sketch of the Proof. As in the proof of Theorem 2.11, we consider £ # 0 and set
v = @ 1(§). Define r and m similarly, with m being the upper bound for |f|
instead of —f, and define K and h, in the same way. Observe that K is a convex
set on which f # 0. Since f is continuous, it has constant sign on K. Define

palz) = f(2) + ha(2) + O(z4rvBx}(2)  if f is positive on K,
e —f(2) + ha(2) + 0gz4r|v|Bx}(2) if f is negative on K.

The remainder of the proof closely follows the proof of Theorem 2.11. O

Remark 2.13. By requiring the support function in the definition of the Fréchet
subderivative to be concave we may ensure the convexity (and so connectedness) of
K in the proof of Theorem 2.12. Any other condition implying that f has constant
sign on K will have the same effect.

We may now prove our main result.

Proof of Theorem 2.1. We consider the following two cases: Case 1: one of the
gi, i =0,1,..., M, satisfies (C1) in Theorem 2.11 or one of the g;,i = M +1,..., N,
satisfies (D1) in Theorem 2.12, and Case 2: all g;,4 = 0,1, ..., M, satisty (C2) of the
conclusion of Theorem 2.11 and all g;,i = M + 1,..., N, satisfy (D2) in Theorem
2.12.

Case 1. Assume, say, g; satisfies (C1) in Theorem 2.11. Then we may take p; :=1
(hence all the other p;’s are 0) and the conclusion follows trivially.

Case 2. Since T is a local solution of P, it is a local minimum of go +écnN | 5,) =
go + Zfil 8s, + 6c, where S; == {z : g;(z) < 0},i =1,...,M, and S; := {z :
gi(x) =0},i=M+1,...,N. Therefore,
N
0 € Dr(go+ Y _ bs, + 6¢)(T).
i=1
Let n € (0,¢/2), and let U be a convex weak neighborhood of 0 in X* such that
nBx+ + U € V. By the fuzzy sum rule in Theorem 2.10 of [5] (whose statement
and proof remain valid for the concave Fréchet subderivative with a small nota-
tional change) there exist (zo, go(x0)) € (%, 90(ZT)) + nBxxr, TN+1 € T+ nBx and
(yi, 9:(y:)) € (%,9:(Z)) + nBxxgr, i =1,..., N, such that
N
0e ngo(wo) + ZNF(Suyz) + NF(C, $N+1) +U.
i=1
Let ug € DFQQ(CL'Q), v; € NF(Sl,yl),Z =1,...,N, and UN+1 € NF(C, {EN+1)
satisfy 0 € ug + Zf\fl'l v; + U. Invoking Theorem 2.11 and Theorem 2.12, for each
i=1,...,N there exist (z;,9:(%;)) € (yi,9:(¥i)) + nBxxr, wi € Dp(1;9;)(z;) and
A; > 0 such that

||/\zuz — Uz” < 77/N.

Then
N
0€ug+ Z)\iui +vny1 +nBx- +U.

=1
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Dividing the above inclusion by 1 + Zfil A; and denoting pg :=1/(1 + Zfil i),
Hi = )\1/(1 + Ezj\il )\1), 1= 1, ...,N, we obtain

N N
0> piui+vys/(1+ Y N)+nBxe +U.
=0 =1

Since UN+1/(1 + Zf;l )\i) € Np(C,zn41) and nBx~ + U C V, we get

N

0€e ZMiDF(TiQi)(fﬂi) + Np(Cozns1) + V.
i=0

|

In several important cases one can get sharper results. We give two in the sequel.
Remark 2.15 describes in what circumstances one has an s-Holder renorm and thus
the first result applies.

Recall that a lower semicontinuous function f : X — R U {oo} is s-Holder
subdifferentiable at x, s € (0,1], with s-Hélder subderivative x* € X* if f is finite
at x and there exists a function g of the form

9(y) = (&*,y — ) — olly — =",

where o is a positive constant, such that f — g attains a local minimum at z. We
denote the set of s-Holder subderivatives of f at x by Dy f(x). For a closed
subset C' of X the s-Hélder normal cone of C' at x € C' is defined by Ny (4)(C, z) :=
Dy (s)0c(x). When X has a power modulus of smoothness t17¢ we can sharpen our
results by replacing the Fréchet subderivative Dp with the s-Holder subderivative
and the Fréchet normal cone Np with the s-Holder normal cone respectively. The
changes in the proofs are mostly notational. We state the s-Holder version of our
multiplier rule with a sketch of the proof.

Theorem 2.14. Let X be a (reflexive) Banach space with a norm || - || that has
a power modulus of smoothness t'75, s € (0,1]. Let C be a closed subset of X
and let g; be lower semicontinuous functions fori1=0,1,..., M and continuous for

i=M+1,...,N. Assume that T is a local solution of P. Then, for any positive
number € > 0 and any weak neighborhood V' of 0 in X*, there exist (x;,g:(x;)) €
(Z,9:(Z)) + eBxxr,t =0,1,.., N, and xn+1 € T + eBx such that

N

0€ Y wiDrs)(ig:) (@) + Nus) (Crwn 1) + V,
=0

where p; > 0,5=0,1,..., N, and Zij\iomzl.

Sketch of the proof. First, a Banach space with a norm || - || that has a power mod-
ulus of smoothness t'+4 s € (0,1], is super-reflexive. By [9, Section 5.2], there
is an equivalent uniformly rotund renorm with the same modulus of smoothness.
Using such a norm, we can follow the lines of the proof of Theorem 2.1. Most of
the changes are notational and obvious. Two small differences are that:

1. We need to replace ¢ := V1| - || in Lemma 2.9, Lemma 2.10, Theorem 2.11

and Theorem 2.12 by ¢ := V= - [|'**.
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2. In the proofs of the s-Holder versions of Theorem 2.11 and Theorem 2.12 the
function h, should be defined as

ho(z) == a™?7* max{0, |z —  — av|| — afjv|}' .

In relation to 2, we need to modify the expression of the subderivative (, in a quite
obvious way. A more technical change is that now we need to show that the h,
defined above is an s-Holder smooth function of z that has derivative 0 whenever
hao(z) = 0.

Obviously, h, is Fréchet smooth everywhere. When h,(z) is greater than 0, so
is hy in a neighborhood of x. Therefore, for y sufficiently close to =z,

ity — (=7 = avl —aful)

PR R A

Since ¢ is s-Holder continuous [2, 11] and y — (”y_li_of””_a”””)s

Yy—T—au||®
at x, we obtain that y — Vh,(y) is s-Holder con“cinuous ”in a neighborhood of x.
Therefore, h, is s-Holder differentiable at z.

Finally we show that 0 is the s-Holder derivative of h, at any point = where
hao(z) = 0. If || — T — aw|| < af|v||, then h, equals 0 in a neighborhood of = and
the conclusion is obvious. When ||z — Z — aw|| = al|v|| we have, for y close to z,

0 < ha(y) = ha(x) = ha(y) < a™**(|ly — & — avl| — afv[)'**
—2—5(

is locally Lipschitz

x|t

=a ly =7 — av]| = lz = 2 — avl)** < a7y —

That is to say, 0 is the s-Holder derivative of h, at x. O

Remark 2.15. The condition of Theorem 2.14 holds in the following settings:

(a) In L, (1 < p < oo) with the original norm and s = min(p — 1,1). Thus for
p > 2 the strongest possible result is achieved.

(b) In any Hilbert space with the usual norm and s = 1. In a Hilbert space,
Dy 1y and Np(p) coincide with Rockafellar’s prozimal subderivative and proximal
normal cone (see [24, 25]), denoted D,, and N, respectively in the sequel.

(¢) In super-reflexive spaces for some s € (0,1]. Super-reflexive spaces, while
defined rather technically, contain most of the classical reflexive spaces and coincide
with those for which there is a uniformly rotund equivalent norm. Let X be a super-
reflexive Banach space. Then, in fact, X has an equivalent renorm || - || that has a
power modulus of smoothness t'5 for some s € (0,1] [2, 23].

The Hilbert space versions of the crucial results, Theorem 2.11 and Theorem
2.12, have simpler proofs that also lead to a clearer geometric interpretation of the
results. We prove, in detail, the Hilbert space version of Theorem 2.11 below in the
hope that it will better communicate the idea behind the general proofs.

Theorem 2.16. Let X be a Hilbert space. Let f : X — R U {oo} be a lower

semicontinuous function and let §€ € Np(S,z), where S := {x : f(z) < 0}. Then,

either

(C1) for anye,n > 0 there exists (x, f(x)) € (T, f(Z))+nBxxr such that D, f(z)N
EBX 7’é @

or

(C2) for any e > 0, there exist (z, f(x)) € (Z, f(Z)) + eBxxr, ¢ € Dpf(x) and
A > 0 such that

[AC =€l <e.
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Proof. Suppose that (C1) is not true. Then, in particular, 0 € D, f(Z). Let r,0 > 0
be constants such that, for all x € SN (z + r||£||Bx),

0> (&2 —7) —olz—z|*

Since f is lower semicontinuous, taking a smaller r if necessary we may assume
that f is bounded from below by —m on T + r||£||Bx for some positive constant
m. Let n € (0,7/4) be a constant such that (¢, 2 — z) — o||z — z||? is positive on
(Z + 2n¢ + 2n||¢]| Bx)\{z} and so is f.

For o < min(n, 1/m) define

ha (@) = o™  max{0, [lz — & — ng]| — nll¢[}*.

Note that h, is a Lipschitz smooth function of = that has Lipschitz smooth deriv-
ative 0 at © whenever h,(x) = 0 (in particular at ). Consider

Pa(z) = f(2) + ha(2) + {ztrv) Bx} (2)-
Since 0 is not a proximal subderivative of f at T,

inf po, < 0.
1g1(p<

Let eq := min(e/2, —inf x po/2). By the Borwein-Preiss Smooth Variational Prin-
ciple with p := 2, X\ := /2e,/a < 1 and ¢ := ¢, (see [2] and, for a Hilbert space
version, [17]), there exist Yo, wo € X with ||ya — wa |l < 2 such that

Pa(Ya) < igl(fpa +eq <0
and such that
o
z— pa(z) + 5”2 - wa||2

attains a global minimum at yq,.
Since pa(Ya) < 0, it follows that y, € T + r|lv||Bx and

«
hoc(ya) < ha(ya) + EHya - wa||2 < —f(Wa) <m.
Thus,

1Yo = = méll < vma +nl|€]].

This is to say that y, is inside the ball Z + né + (Vma + n||¢||)Bx. On the
other hand, f(y,) < 0 (because po(yo) < 0) implies that y, is outside the ball
Z 4 2n€ + 21||€||Bx. Consequently

lim y, = 7.
a—0
Moreover,

F(ya) < palya) < fpa + e < f(7) + ca,

and as before f being lower semicontinuous implies that f(y.) — f(Z) as a — 0.
It is esay to see that when « is sufficiently small y, is in the interior of the ball
Z + r||v|| Bx and, therefore,

a
z = f(2) + ha(2) + 5”2 - wa||2
attains a local minimum at y,. Consequently, the vector

ga = k(a)(i' + 775 - yoc) + a(wa - yoc)
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is a proximal subderivative of f at y, where

k() = 4 20 Ulye =2 = ngll = nllgl) /lya = 7 = nell - if ha(ya) >0,
~]o if ho(ya) = 0.

Since (C1) is not true we must have liminf,_o k(«) greater than 0. (Otherwise
there would exist a sequence «; — 0 making Dy, f(ya) 2 (a; — 0.) Thus, (o =
nk(a)(€ +0o(1)) as & — 0. Choose a small enough so that (ya, f(ya)) € (Z, f(Z)) +
eBxxr and ||(o/nk(a) =& < e. Set & := yo, X := 1/nk(a) and ¢ := {, to complete
the proof. O

3. NECESSARY CONDITIONS IN SMOOTH SPACES

In this section we explore necessary conditions for constrained optimization prob-
lems in Banach spaces admitting a Gateaux smooth renorm.

3.1. Notation and Terminology. Let X be a Banach space with closed unit ball
Bx and with continuous real dual X*. Recall that a bornology (8 for X is a family of
closed bounded subsets of X whose union is X, which is closed under multiplication
by positive scalars and is directed upwards; that is, the union of any two members
of @ is contained in some member of § (cf. [22]). Let X;,i = 1,...,1I, be Banach
spaces and, for each i, let 3; be a bornology for X;. Then {]_[f:1 Vi:ViepBitisa
bornology for the product space X := Hle X;. We call this bornology the product
bornology for ;,1 =1,...,1, and denote it by [31, ..., G1].

We will denote by X7 the dual space of X endowed with the topology of uni-
form convergence on (-sets. Similarly, when Y is a Banach space, we will denote by
L3(X,Y) the Banach space of bounded linear mappings from X to Y endowed with
the topology of uniform convergence on [3-sets. Examples of important bornologies
are those formed by all bounded sets (Fréchet bornology denoted by F'), weak com-
pact sets (weak Hadamard bornology denoted by W H), compact sets (Hadamard
bornology denoted by H), finite sets (Gateaux bornology denoted by G) and prod-
ucts of these bornologies.

Given a mapping F': X — Y, we say that F is J-differentiable at x and has a
B-Jacobian JPF(z) (we write VAF(z) when F is a function) if F is continuous at
x and

|7 (F(x + tu) = Fa) = (P F (@), u) | — 0
as t — 0 uniformly on V for every V € 3. We say that a mapping F' is S-smooth
at x if JOF : X — Lg(X,Y) is continuous at x. We will also need the concept of
(viscosity) subderivatives, which we now recall (cf. [5, 8]):

Definition 3.1. Let f be a lower semicontinuous function and f(z) < +o0o. We
say f is J-viscosity subdifferentiable and z* is a (-viscosity subderivative
of f at x if there exists a locally Lipschitz function g such that g is G-smooth at
z, VPg(x) = 2* and f — g attains a local minimum at x. We denote the set of all
[-viscosity subderivatives of f at z by Dgf(z).

For a product space X = Hle X; we will always use the Euclidean product

. 1
norm, ie., || [|[x = /> 1 || - |§(

Definition 3.2. [29] Let X;,i =1,...,1, be Banach spaces with ; smooth norms
and let f : X = Hle X; — R be a proper lower semicontinuous function with
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f(z) < 400. We say f is (81,...,0r)-viscosity subdifferentiable and z* =
(xf,...,27) is a (61, ..., Br)-viscosity subderivative of f at x = (x1,...,zy) if
there exist locally Lipschitz functions g; : X; — R such that g; is §;-smooth at x;,
VAigi(x;) =z} and f — Zle g; attains a local minimum at x. We denote the set
of all (01,...,Br)-viscosity subderivatives of f at z by Dg, . g, f(x).

Remark 3.3. (a) Since in the definition of (f1, ..., r)-viscosity subderivative we
have separated variables, it follows that

D(ﬁl;nwﬁl)f(z) C D[51,~~~,ﬁf]f($)-

When I =1 and 1 = 3, Definition 3.2 recovers Definition 3.1.
(b) With a little abuse of the notations we will also use 3; in Definition 3.1 to
represent H(s) or p.

Let C' be a closed subset of X := Hle X; and x € S. The (41, ..., fr)-normal
cone of C' at x is defined by

Ngy,pn(Cr2) := Dyg,,..p,)0c ().

(See [29, Section 4.1] for a more lengthy discussion.)

3.2. Necessary Conditions. Let X be a [-smooth Banach space, let C' be a
closed subset of X and let g;,7 =0,1,... N, be continuous functions. Consider the
following optimization problem:
P minimize go(z)
subject to g;(x) <0, ¢=1,2,..., N,
xzeC.
Theorem 3.4. Let X be a B-smooth Banach space, let C' be a closed subset of
X and let g;,i = 0,1,..., N, be continuous functions. Suppose that T is a local
solution to problem P. Then, for any e > 0 and any weak-star neighborhood V' of 0
in X*, there exist x,z € T+eBx, y € G(Z) + eBgn+1, v € Ng(C,z) and X € T (y)
such that
—(v,A) € Ngpy((z,G(x)), graph(G)) +V x eBpn+1,

where

G(z) := (90(2) — 90(7), g1(2), - - -, g ()

and

N
T(y) :={(Mos-- . An) : DN =1, A >0, Xi(yi — max{yo, y1, ..., yn}) =0},
1=0

Moreover, when C' = X the conclusion holds for any [3-neighborhood V' of 0 in Xj.
Proof. See Section 3.3 below. O

In a Fréchet-smooth Banach space (or more generally an Asplund space) Mor-
dukhovich [19] and Mordukhovich and Shao [21] define the coderivative D}, of a
function G : X — Y at = to be the multifunction from Y™* to X* given by

DLG()(y") = {a" € X* [ (2", —y") € N((2,G(x)), graph(G))}.
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Observe that N ) ((z, G(x)), graph(G)) C Nrp((z,G(z)), graph(G)) and 7 (y) is
a subset of the compact set {(Ag,...,An) : Zf;o Ai = 1,0 > 0} for all y. When
C = X, taking the limit as € — 0 in Theorem 3.4 yields:

Theorem 3.5. Let X be a Fréchet-smooth Banach space, let C = X and let g;,1 =
0,1,..., N, be continuous functions. Suppose that T is a local solution of problem
P. Then, there exists A € T(G(Z)) such that

0 € D5G(E)(N).

Theorem 3.5 illustrates that the coderivative is a convenient device for discussing
constrained minimization problems.

The necessary condition discussed in Theorem 3.4 is essentially in terms of nor-
mal cones to the graph of G(z) := (go(x) —g0(Z), 91(x), ..., gn(x)). We now discuss
how to use it for deducing necessary conditions given more directly in terms of sub-
derivatives of g;’s in the presence of the following constraint qualification:

(CQ) For any z in a neighborhood of z and any V' € (3,

. 2
i sup 16z £ 1)~ G@)|?
t—0t yev t

0.

Remark 3.6. The condition (CQ) is satisfied in every bornology when G : X —
RN*1 s a locally s-Holder continuous mapping with s > 1/2; in particular, when
each g; is locally s-Holder continuous (s > 1/2) or when G is a locally Lipschitz
function.

Theorem 3.7. Let X be a B-smooth Banach space, let C' be a closed subset of X
and let g;,1 =0,1,...N, be continuous functions satisfying (CQ). Suppose that T is
a local solution to problem P. Then, for any e > 0 and any weak-star neighborhood
V of 0 in X*, there exist x; € T+¢eBx,i=0,1,...,. N+ 1, y € G(Z) + eBrv+
and A € T (y) such that

N
(13) 0e ZDﬁ()\igi)(xi)+NB(C,$N+1)+V-
i=0
Moreover, when C' = X the conclusion holds for any [3-neighborhood V' of 0 in Xj.
Proof. By Theorem 3.4 there exist z, 2 € Z+eBx, y € G(T)+eBgn+1, v € N(C, 2)
and p € T (y) such that
_(V7 /J“) € N(ﬁ,p)((xa G(l’)), graph(G)) +V x EBRN+1'

Choose (w, =A) € N(gp)((z,G(x)),graph(G)) satisfying —w € v +V and X €
i+ eBpn+i. This means that there exist a S-smooth Lipschitz function h and a
positive constant ¢ such that VAh(z) = w and, for all y in a neighborhood of ,

Sgraph(@) (2,y) = h(2) + A\, y) + olly — G()?
2 bgrapn(c) (T, G(x))) = h(z) + (A, G()).
In particular, setting y := G(z) yields
Sgraph(c) (2, G(2)) — h(2) + (A, G(2)) + 0[|G(2) — G()||?
> Byrap(c) (. G(2)) — h() + (A, G())
for z in a neighborhood of z, i.e.,

(A, G(2)) = h(z) = h(z) + (X, G(2)) — 0[|G(2) = G(2)|?
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for all z in a neighborhood of z. Thus, on using (CQ), we have

N
w = VPh(z) € Dg(\,G())(x) = DD Nigi)(x),
1=0

and
N
(14) 0€ DD Nigi)(x) + Np(C,2) + V.
i=0
Then the conclusion follows from the fuzzy sum rule, Theorem 2.10 of [5]. |

Remark 3.8. Relation (14) is more precise than (13) in Theorem 3.7.

3.3. Proof of Theorem 3.4. Before proving Theorem 3.4, we perform some
preparatory work. First we recall the following definition of uniform lower semi-
continuity [1, 5, 29]:
Definition 3.9. Let w be a lower semicontinuous function defined on X x Y and
E a closed subset of X. We say that w is uniformly lower semicontinuous on
Eif

inf w(z,0) < lim inf{w(z,y) : ||y| < e,z € E}.

z€E e—0
We say that w is locally uniformly lower semicontinuous at 7 if w is uniformly
lower semicontinuous on a closed ball centered at .

The following are sufficient conditions for locally uniform lower semicontinuity
(their proofs are elementary) that we will use in the proof of Theorem 3.4.

Proposition 3.10. Let X be a Banach space and let fo,..., fn be lower semi-
continuous functions on X. Then w(z,z) = fo(x) + Zf\; filz + z) (where
z = (21,...,2n)) is locally uniformly lower semicontinuous at T provided one of
the following conditions is satisfied:

(1) at least one of fo,..., fn has locally compact level sets at T; or

(2) all but one of fo,..., fn are locally uniformly continuous at T.

We also use the following variant of Sum Rule 3.4 in [29)].
Theorem 3.11. Let Y be a Banach space with (3-smooth norm. Let fo,..., fn be
lower semicontinuous functions on X =Y x RNTL. Suppose that w(x,v) := fo(x)+
Zfil filx +v;) (where v = (v1,...,vN)) is locally uniformly lower semicontinuous

at T = (y,%) and Zfio fi(x) attains a local minimum at T. Then, for any € > 0,
there evist v; € T +eBx and § € Dy fi(xi), i =0,1,..., N, such that

N
filzi) — fi@)] <&, and || > & <e.
=0

Proof. Choose r < £/2 such that w(zg,v) := fo(zo)+ Zf\il fi(xo +v;) is uniformly

lower semicontinuous on T + rBx and w(Z,0) = inf, ecz4rB, w(xo,0). Define
wi(xo,v) := w(zo,v) + t||v]>.

By Lemma 3.2 of [29],

tlim inf{w¢(xo,v) : xg € T+ rBx,||v|]| < r}
15 = inf 0) = w(Z,0) = w(Z, 0).
( ) zoeal’cr—}—rBX w(x‘)v ) w(x, ) wt(xu )
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Set

N
ue(xo, T1,. .., xN) = w(zo, 21 — X0, ..., TN — To) = Zfz(xz) —|—tz 2o — ;]2
=0 i=

Then (15) becomes
tlim inf{u;(zo,x1,...,2N) : ®o € T+ rBx,|zo — ]| <ri=1,...,N}
(16)
N
inf Zfl x0) Zf( ) =w(Z,...,T).
=0

zo€m+rBX
Choose t,, — oo such that

up, (T, ..., %) < inf{u, (zo,...,2N) :
2
€

17 €T+ 1By, |lmo—al| <ri=1,.. . N}+——.
(17) xo €T+ rBx,||lvo — zi|| < 7yi }+2n2

By the Borwein-Preiss Smooth Variational Principle [2, 16], for each n there exist
a ﬁ—smooth function ¢, on X X ... x X and a Lipschitz smooth function 1, on
R(N+1 and (xgv - xN) ((yO ’ ZO) ’ (yJT\Lfv Z]T\LI)) such that

utn(x07"'7$N)+¢n(y07"'7yN)+¢n(ZO7"'7zN)
attains a local minimum at (zf,...,z%),
VPGl ufll < e/my IV (25, 28 < e/n

(where VI signifies the Lipschitz smooth derivative [2]), |27 — Z| < ¢/n, i =
0,1,...,N, and

ug, (xg, ..., x8) < inf{u, (zo,...,xN) :
2
€
(18) $0€f+TBx,||$0—CL'i||ST,i:l,...,N}+2—2.
n
For each n, the function
Ty = U, (TG, - Ty, Tiy Ty, - TN)
+¢n(yga"~7y?—layi7y?+1?"~7y17{’7) +1/)n(zgv"'72?—172’1"2?4-17"'7217{’7)
attains a local minimum at z; = (y?, 2I*). Thus,
(19) &= (=Vy 0a(Ud, - yx) +ta VO 5 (w5 — w1,
= VER(ag, o 2R VI e (25— 271)

Similarly,

To — Ut, (IO,(E?, s 7*%'7]7\’]) + (bn(yan?a s 7y17</') + wn('zOuz?u e 721?/')
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attains a local minimum at zg = z§ = (y{, 2§), and so
N

(20) & = (Vb5 yk) = ta D VOl I (w8 — i),
i=1

N
— VES Y (el 2R) =t VEIY | R (28 — 27))
=1

€ D(g,p) fo(xp)-

Combining (19) and (20) leads to

N N N

ng = (- Z V§i¢n(y6‘, YNy — Z Vfiswn(zg, ..., 2N)) €EeBx-.

i=0 i=0 i=0
Combining (17) and (18) yields | Z?;O fl(xf)—zljio fi(Z)| — 0 when n — oco. Since
fi, i = 0,1,..., N, are lower semicontinuous at Z, we have, for ¢ = 0,1,..., N,
lim,, f;(?) = fi(Z). It remains to set x; := ', & =&, ¢ = 0,1,...,N, for a
sufficiently large integer n. O

We may now complete the proof of Theorem 3.4.

Proof of Theorem 3.4. Let T be a local solution to problem P. Let € > 0 and let
V be a weak-star neighborhood of 0 in X*. Fix r € (0,e/2) and select a finite
dimensional subspace L of X containing Z such that L+ + 2rBx- C V. Then Z is
a local minimum of

max{go(z) — go(Z), g1(), ..., gn(z)} + b () + 61.(7)

and, consequently, (Z, G(Z)) is a local minimum of
(#,y) = f(y) + bgrapn(c) (x,y) + b () + br(2),

where f(y) = max{yo, s 7yN}' Set fO(xv y) = f(y)ﬂ fl(xvy) = 6gTaph(G) (xu y)7
fa(z,y) := bc(x) and f3(x,y) := 6r(x). Since f3 has locally compact level sets,
(fo,- -, f3) is locally uniformly lower semicontinuous according to Proposition 3.10.
Invoking Theorem 3.11, we obtain that there exist z,2 € £ + rBx C T + ¢Bx,
y € G(T) + rBry+r C G(Z) +eBgrn+1, A € Dpf(y) =7 (y) and v € Ng(C, z) such
that

0 € (0,A) + Nig ) (graph(G), (z, G(x))) + (v,0) + L+ x {0} + rBx-xgn+1.

This implies the general form of the conclusion of Theorem 3.4.
When C' = X, (z,G(Z)) is a local minimum of

('Tv y) - f(y) + (Sgraph(G) (ZZ?, y),

where f(y) := max{yo,...,yn}. Since f(y) is Lipschitz (f(y), dgrapn(c)(x,y)) is
locally uniformly lower semicontinuous according to Proposition 3.10. Similar ar-
gument as before yields the desired conclusion with any arbitrary S-neighborhood
Voof 0in X3. O
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