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EQUIVARIANT NOVIKOV CONJECTURE FOR GROUPS
ACTING ON EUCLIDEAN BUILDINGS

DONGGENG GONG

ABSTRACT. We prove the equivariant Novikov conjecture for groups acting on
Euclidean buildings by using an equivariant Hilsum-Skandalis method. We
also obtain an equivariant version of the Connes-Gromov-Moscovici theorem
for almost flat C*-algebra bundles.

1. INTRODUCTION

The well-known Novikov conjecture states that the higher signature of a closed
oriented Riemannian manifold is a homotopy invariant. There are many versions of
this conjecture, and a lot of work has been devoted to them (cf. [BCH] [BHM] [Cap)]
[CaP] [CoJ] [CoM] [CGM] [FaJ] [FeW] [Gong5| [Kas] [KaS] [Lus] [Misl], [Mis2] [Roe]
[Ros] [RoW2] [Wein]). In particular, we mention an equivariant Novikov conjecture
proposed by Rosenberg and Weinberger [RoW2] which says that for a commutative
diagram

(1) M
h\y L Br(y),
V
N

of closed oriented Riemannian G-manifolds M and N, a G-space Y with G-maps
¢ and v, and a G-pseudo-equivalence h, the equivariant signature elements [D ]
and (D] of M and N satisfy (fy)p+([Dar)) = (fr)ewn([Dn]) in KE(Br(Y)),
provided the equivariant K-homology K& (Bw(Y)) of Br(Y) is finitely generated
over the representation ring R(G) of the compact Lie group G, where the actions
of G on M and N are given by isometries and Bn(Y') is the classifying space of
the fundamental groupoid m(Y") of Y. We refer to Section 5 for a precise defini-
tion. Rosenberg and Weinberger proved this conjecture for Y a complete Riemann-
ian G-manifold of nonpositive curvature with the finite generation condition on
K& (Br(Y)) [RoW2]. One goal of this paper is to verify this equivariant Novikov
conjecture for groups acting on Euclidean buildings without the condition of finite
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generation of K¢ (Bm(Y)). This extends the Rosenberg-Weinberger theorem by re-
moving the finite generation of K&(Bn(Y)) and by allowing Y to be a more general
G-space.

Our method of proving the above mentioned result is different from that of
[RoW2]. We planned originally to use equivariant cyclic cohomology to consider
the equivariant Novikov conjecture. For this reason, we have rather systemati-
cally developed equivariant cyclic cohomology and its application to equivariant
index theory [Gongl]-[Gongd4]. However, due to the lack of an equivariant version
of Connes-Moscovici’s I'-index theorem [CoM] and of equivariant Mishchenko sym-
metric signature for a general compact Lie group (these are still open problems), we
were forced to seek another approach. We then realized that the Hilsum-Skandalis
method [HiS] can be adapted to the equivariant situation to overcome the above
problems without assuming the finite generation of K¢ (Bn(Y)). Essentially, the
equivariant Hilsum-Skandalis method is to compare directly two equivariant sig-
nature elements in an equivariant K-theory group. This enables us to avoid the
problem of the equivariant Mishchenko symmetric signature. Furthermore, we are
able to deal with much more general equivariant C*-algebra bundles, to which the
applicability of equivariant cyclic cohomology is still not clear. As a by-product, we
also obtain an equivariant Connes- Gromov-Moscovici theorem which is interesting
on its own, and which is the second goal of the present paper.

The main theorems of the paper are stated as follows.

Theorem 1. Let M and N be two closed oriented Riemannian G-manifolds of
even dimensions. Suppose that h : N — M is an orientation preserving homotopy
equivalence which is equivariant. Then for every unitary flat G-A-bundle E over M,
the equivariant analytic signatures of M and N with coefficients in E and h*(E),
resp., are equal:

G-Sig(Dg) = G-Sig(Dy-(g)) € K§ (A).

In other words, the equivariant signature of M with coefficients in a unitary flat
G-A-bundle is a homotopy invariant in the sense of Theorem 1. Here K§(A) is
the equivariant K-theory group of a G-C*-algebra A. By a G-A-bundle F over M,
we mean that E is a bundle over M with fibers modeled on a finitely generated
projective Hilbert G-A-module Ey. The following equivariant Connes-Gromov-
Moscovici theorem extends Theorem 1 to the case of almost flat G-A-bundles.

Theorem 2. Let M, N, h and G be as in Theorem 1. Then there exists a constant
7 > 0 such that for every 7-flat G-A-bundle E over M,

G-Sig(Dg) = G-Sig(Dp-(p)) € K§(A).

Here we say E is 7-flat if there exists a connection V¥ on E such that the norm
of its curvature is less than or equal to 7 (cf. Section 4). We will use Theorem 1 as
a crucial step to prove the following equivariant Novikov conjecture.

Theorem 3. Let X be a locally finite Fuclidean building and B be its geometric
realization. Assume Y = B in (1). Suppose G acts on Y by type permuting
isometries. Then @.([Da]) = ¥« ([Dn]).

We refer to Section 5 for the terminology in Theorem 3. Another question studied
in this paper is the existence of the equivariant maps in (1). We have the following

theorem on the existence of an equivariant map from M to a metric space W of
nonpositive curvature, where M is the universal covering space of M.
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Theorem 4. Let M be a closed oriented Riemannian G-manifold, W a (simply
connected) metric space of nonpositive curvature, and T the closed subgroup of the
diffeomorphism group Dzﬁ(M) of M which covers the G-action on M. Suppose that
p: T — Isom(W) is a continuous homomorphism and T’ acts on W wvia p. Then
there exists a I'-equivariant map from M toW.

Note that T' is an extension of the fundamental group 71 (M) of M by G. The-
orem 4 extends the Korevaar-Schoen theorem [KoS| on the existence of a m (M )-
equivariant map from M to W which is fundamental in the super rigidity [GrS].
Consequently, we obtain a general result on the existence of the equivariant maps
in (1). We point out that the metric spaces of nonpositive curvature include the
geometric realization B of the Euclidean building X and complete simply connected
Riemannian manifolds of nonpositive curvature.

The paper is arranged as follows. In Section 2 we will define the so-called equi-
variant signature-type elements in the equivariant operator K-theory group which
are modeled on the signature operator[AtS]. We will then obtain the main machin-
ery of this paper: that is, to give sufficient conditions for two equivariant signature-
type elements to be equal. In Sections 3 and 4 we will verify these sufficient condi-
tions for the signature elements with coefficients in flat and almost flat equivariant
C*-algebra bundles, respectively. Hence, we get the equivariant Connes-Gromov-
Moscovici theorem. We should point out that the method here will be used in
[GoR] to prove the homotopy invariance of the family Novikov-Shubin invariants.
We also expect that the Hilsum-Skandalis method could be used for a Z/k-version
of the Novikov conjecture (for Z/k-manifolds), which will be discussed in another
paper. The result in Section 3 for the flat case will provide us a substitute for
the equivariant Mishchenko symmetric signature. This observation is an essential
point of our approach to the equivariant Novikov conjecture. We will use this result
together with injectivity of the assembly operator K-theory map 3 in Section 5 to
prove Theorem 3 and its extended version, namely, for those Y in (1) having Eu-
clidean buildings as the universal covering spaces. Our argument also works for Y’
a complete Riemannian G-manifold of nonpositive curvature. Therefore we obtain
the Rosenberg-Weinberger theorem without the finite generation of K& (Bw(Y)).
Finally, we will prove Theorem 4 in Section 6.

This paper is based on Chapters 9 and 10 of [Gong3]. I would like to thank
the following people for their helpful communications, discussions and preprints:
W.C. Hsiang, Lowell Jones, Erik Pedersen, Jonathan Rosenberg, Nicolae Teleman,
and Shmuel Weinberger. My special thanks go to Ran Douglas, Blaine Lawson,
Marie-Louis Michelsohn, Joel Pincus and Mel Rothenberg for their important en-
couragement and advice. I am also very grateful to Richard Schoen for his advice
on Section 6, and to the referee for helpful comments.

2. SIGNATURE-TYPE ELEMENTS IN EQUIVARIANT K-THEORY

This section is largely a generalized version of [HiS] and [KaM] to the equivariant
case. Our effort here is to deal with some technical points about group actions.

To begin with, we assume throughout this section that G is a compact group,
A is a G-C*-algebra over C and & is a right G-A-module. Here G acts on A and
& by continuous automorphisms which are compatible with the module structure,
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ie., g(xza) = g(z)g(a),g € G,x € £,a € A. If £ is graded with a grading operator
e (2 = 1), then we require ge = £g,Vg € G. See [Bla] for the terminology.

Definition 1. Suppose that @ is a C-sesquilinear map from &£ x £ to A.

(1) If Q& n) = Q(n,)*,Q(&,na) = Q(&,n)a and gQ(&,n) = Q(g€,gn) for a €
A &,n e &, g€ G, then Q is called an equivariant quadratic form on &.

(ii) If £ is graded and Q(&,n) = 0 for ¢ = In, then Q is of degree 1.

(iii) @ is regular if there is an equivariant A-linear bijection T on &, gT = Ty,
such that £ with the scalar product (.) defined by (£,n) = Q(&,Tn) is a Hilbert
G-A-module. T is then said to be compatible with Q.

(iv) A scalar product (.) : & x &€ — A is compatible with Q if (¢,7) = Q(&,Tn)
for some T compatible with Q.

(v) Two Hilbert G-A-scalar products (.); and (.)2 on £ are compatible if there ex-
ists an equivariant A-linear invertible operator T' on & such that (£, n)2 = (§,Tn)1.

Remark 1. (a) Clearly, T in (v) is unique, and any T satisfying (£,n)2 = (£, Tn)1
is injective.

(b) If there are adjoint operators ST and S5 of an operator S on £ with respect
to the compatible scalar products (.); and (.)2, then Sy = T~1S;T. In fact,

(S€,mh2 = (S&,T)1 = (& Sy T = (€, T~ S{Tn)2 = (€, S3m)2.
(¢) T in (v) is selfadjoint and positive with respect to (.); and (.)2:

<T§an>1 = <§7T77>1 = <§777>2 = <777§>2 = <773T§>1

Thus, T} = T and Ty = T7IT}T = T. Clearly, 0 < (£,€)a = (£,T€);1 and
(&, T€)o =(TE,TE) >0 for £ #0in £. Hence T is positive.

(d) If two scalar products (.); and (.)2 on & are compatible with @, then (.);
and (.)3 are compatible. In fact, let (¢,n); = Q(§,T;n), i = 1,2. Then (§,n)2 =
Q(&, Ton) = Q& Ty (T " To)n) = (&, T{ " Tan)1.

(e) If T is compatible with @, then T is selfadjoint and there exists an equivariant
operator T} on £ compatible with @ such that T¢ = I. In fact,

(T¢,m) = Q(Tn, TE) = (Tn,&) = (£, Tn).

T is selfadoint. Hence T—! is also selfadjoint. Since T? is invertible and positive,
U = |T?|2 is well defined, invertible and positive. Let Ty = TU . Then T? = I,
and Q(&,Tin) = Q(&, TU1n) = (¢,U1n) is a Hilbert scalar product on €. T} is
compatible with Q.

(f) If € is endowed with scalar product (.) compatible with @, ({,n) = Q(§,Tn),
and S is an operator on &£ such that there is an adjoint S* with respect to (.), then
S’ = TS*T~! is the conjugate of S with respect to (). Indeed,

Q(S&m) = (S&,T ) = (£, T~ HTS*T )m) = Q& TS* T ).

Let &€ be a Hilbert G-A-module with a scalar product (.). Recall that the space
L(&) of bounded operators on £ consists of all continuous A-linear maps S : & — &
such that its adjoint S* exists and is A-linear. The space K(&) of compact operators
on & is the ideal of L(£) generated by Q. 4,2,y € &€, where Q4 4(2) = z(y, 2). G
acts on L(&) by g(S)(&) = gS(g71(€)). Denote by Lg(E) (resp., Kg(£)) all G-
continuous operators S in L(&) (resp., K(£)), i.e., g — ¢g(S) is norm continuous.
Obviously, if S € L(€) is equivariant, then S € L& (E). A regular operator on & is a
densely defined operator S on £ with densely defined adjoint S* such that I + 5*S




EQUIVARIANT NOVIKOV CONJECTURE 2145

has a dense range in €. L(£), K(E) (resp., La(E),Ke(E)) and regular operators do
not depend on compatible Hilbert G-.A-module scalar products.

Using the convention that 1-graded and 0O-graded mean graded and trivially
graded , we have the following definition:

Definition 2. (1) £k (A) is the set of all triples (£,Q, D), where € is a k-graded
G-A-module, @ is a strongly nondegenerate G-quadratic form of degree k, kK =0, 1,
and D € Lz(E) is G-equivariant such that

(a) D+ D' € Kg(€); (b) D?* € Kg(€); (c) there are equivariant S; and S in
L (€) such that S1D + DSy — I € Kg(€); (d) D is of degree k.

(2) Elau(A) is the set of all triples (£, @, D), where £ and A are the same as in
(1), but D is an equivariant regular operator such that

(@) D+ D" € Lg(€); (b) im(D) C dom(D) and D? € Lg(E); (c) there are
equivariant S7 and Sy in Kg (&) with im(S3) C dom(D), DSs,51D € L;(E) and
S1D 4+ DSy — I € Kg(€); (d) D is of degree k.

We will see in Section 3 that this definition is modeled on the signature element.
The following two elementary lemmas will be used to analyze L§ ,,(A).

Lemma 1 ([HiS]). (a) If D is a densely defined adjointable equivariant operator
on a Hilbert G-A-module € and S € L&(&) is such that im(S) C dom(D*), then
D*S is in La(E).

(b) If D is a regular adjointable equivariant operator on € and S € Lg(E) is
such that SD € Lg(E), then im(S*) C dom(D*) and D*S* = (SD)*.

(¢) If D1 and D2 are two regular adjointable equivariant operators on & such
that Dy : dom(Dy) — & is bijective and dom(D1) C dom(Ds), then DaDy*' is in
La(E).

Lemma 2 ([HiS]). Let D be a regular equivariant operator on € such that D* = 0.
Then D + D* is selfadjoint and regular on &, and dom(D + D*) = dom(D) N
dom(D*).

We now consider the properties of elements in £§(A) and L§ ,(A).

Lemma 3. (a) If (£,Q,D) € LE(A), then D + D* is invertible modulo Kg(E),
where D* is the adjoint of D with respect to the scalar product compatible with Q.

(b) If (£,Q,D) € E’&yu(.A), then D + D* is regular and selfadjoint with domain
equal to dom(D) Ndom(D*), and has the resolvent in Kg(E).

Proof. We first consider the trivially graded case.
(a) The proof is to find the inverse of D + D* modulo K¢ (). Let p = S1D,q =
DS, where S; are as in Definition 2. Since D? € Kg/(€),

p?=51DSD=S5DI—-DSy+k)=5D+k =p mod (Ka(E)),
and
q¢* = DS3DSy = (k' + 1~ 81D)DSy = DSy + k; =q mod (Kg(€))

for ki, k! € Kc(€). Then qDp = DSsD(I — DSy + k) = DSyD — ky + DSy Dk =
(I —S1D +k)D — ko + DS3Dk = D + ks = D mod (K¢g(€)). Take a projection
(mod K¢ (€)) p’ € La(E) [Bla] such that p'p = p’ and pp’ = p mod(Kg(€)). Since
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p+q—I=81D+DSy;—I € Kg(€),p=1—qmod (Kg(£)), and ¢gDp = (I—p)Dp =
D mod (Kg(€)). We get

(I —p)Dp = (I —p)Dpp’ = Dp’ mod (K¢(£)),
and

(I -p)I —p)Dp=(I—-p)Dp" mod (Ka(£)).
On the other hand, (I —p'Y({ —p)Dp= (I —p' —p+p'p)Dp = (I — p)Dp =
mod (Kg(€)). Hence, D = (I — p')Dp’ mod(K¢(€)). Let pr = p'S1(I —p'), p2
p'So(I —p'). We have p1D = p'S1D —p'S1p'D = p'S1D = p'p = p’ mod (Kg(E)),
since p'D = p'(I — p’)Dp’ = 0 mod (K¢(E)). Then

Dpy = qDpp'So(I —p') = qDpS2(I —p') = DSo(I —p')
= (I-pI—-p)=I-p" mod (Kg(E)),

D

and
o= p'Si(I—p )T —p')=p'Si(I-p")Dp2 = p1Dps
= pp2=p'S2(I —p) =p> mod (Kg(£)).
Hence,
(p1+p)(D+D*) = p'+ (I —p)Sip'D+pi1D*+ (Dp1)*

= P+ Dp2)" =p'+I—p)=1 mod (Kg(é)).

Here we have used p'D = p/(I — p)Dp’ = 0 mod (K¢ (€)) and p1D* = poD* =
p'So(I—p')D* = p'Sa(I—p')p' D*(I—p’) = 0. This implies that (D+D*)~! = p;+p}
mod (K¢ (€)).

(b) We divide the proof into three steps.

Step 1. First we assume D? = 0. By Lemma 2, D + D* is selfadjoint and regular.
Write SlD+DSQ = I—k, Si, ke ICG(g) Since l)2 = 0, (SlD)Q = SlD(I—k—DSQ)
= 51D — 51Dk = 51D mod (Kg(E)), so we can thus choose p € L5(E) such that
p=p*p>—p€Kg(),pSiD —p e Kg(€) and S1Dp — S1D € Kg(€) [Bla]. Since
I—(ple-i-DSg(I—p)) = I—DSg—(pS1D—D52p) = Slp—(ple—(I—SlD)p) =
S1D(I —p) — p(S1D 1) € KG(E), DSo(I —p) = —pSiD = 1—p mod (Kg(€))
and p = pS1D = p* = D*STp mod (K¢ (€)). Thus, ¢ et I-D*S{p—DSy(I—p) =

I—(pS1D+DS5(I—p)) € Ka(€). Note that dom(D+D*) = dom(D)Ndom(D*). By

Lemma 1(c) and dom(i + D + D*)* C dom(D), a "Y' D((i + D+ D*)~1)* € L (€).

This implies that D = a(i + D + D*)*. Also D* = p(i + D + D*)* for some
B € Lg(€) by the same argument. Using the fact that o* = (i+D+D*)~1D*, g* =
(i+ D+ D*)7'D, and Sip,q and S2(I — p) are all in Kg(€), we obtain

(i+D+D*)"" = (i+D+D*)" g+ D*Sip+ DS2(I —p))
= (i+D+ D) g+ (a*Sip+ B*S2(I —p)) € Kg(E).
This proves that if D? = 0, then (D + D*) has resolvent in Kg(£).

Step 2. Suppose D = Dg + a, where Dy is regular, DZ = 0 and a € L5(£). Since
|(Xi + Do + D§) Y| < A1 for sufficiently large A > 0,

(M + D+ D*)"t = (I + (Ni+ Do+ Dy) '(a+a*)""(Ni+ Do+ D§) ™.
This proves that (Ai + D + D*)~1 € Kg(E), since (Xi + Do + Dg)~! € Ka(€).
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Step 3. In general, we define for (€,Q, D) € LY ,(A)
D D? D 0
R |
Then D} = 0,4m(D;) C dom(Dy). Clearly, (€ @ &,Q @ (—Q), D;) € L ,,(A) and
0 D?
Dy =D;— I 0
in Kg(€ @ E). Therefore, D + D* is regular with resolvent in Kg(&).

. Steps 1 and 2 show that Dy + D3 is regular with resolvent

Now for the graded case we repeat the above proof to get (a) and (b), even
though the D; in Step 3 are not of degree 1. O

Remark 2. We obtain by the proof of part (a) that if D € Lg(€) is equivariant
and S1,S, € Lg(€) are such that D? = 0 and S;D + DSy = I, then D + D* is
invertible with the inverse (D + D*)~! = p'S1(I —p’) + (I — p')S;p’, where p’ was
given in the proof.

To define the maps from L§(A) and L, ,(A) to K (A), the equivariant K-
theory group of A, let us recall the definition of Kasparov’s K K-theory. Let A
and B be two G-C*-algebras. (&, ¢, F) is called a Kasparov G-bimodule if £ is
a countably generated graded Hilbert G-B-module, ¢ : A — L(£) is an equi-
variant graded s-homomorphism, F' € Lg(€) is of degree 1 such that [F, ¢(a)],
(F—F*)p(a), (F2=1)¢(a), (9(F)— F)p(a) are in Kg(€) and p(a)F € L(E). Two
G-bimodules (&;, ;, Fj) are isomorphic if there exists an equivariant isomorphism
u: & — & such that Fy = uFu~!. Let E9(A, B) be the set of all isomorphic
classes of G-bimodules (&, ¢, F).

A homotopy between (&, @0, Fo) and (&1,¢1, F1) is an element (€, ¢, F) €
E%(A,C(]0,1],B)) such that (£, , F) generates a family {(&, ¢, F) € ES(A,B)}
given by & = 5®c([0)1])5)8,<pt = ¢|t,F; = F ®I. The homotopy gives rise
to an equivalence ~. Then the Kasparov K K-theory group is KK%(A,B) =
ES(A,B)/ ~ and KK{(A,B) = KK(A,B® Cs) ~ KK%(A® Cs0,B), where
Ca is the Clifford algebra of C? associated with the quadratic form Q(z1,z2) =
22 + 2. In particular, KK (C,B) ~ K& (B),i = 0, 1.

We can also use unbounded modules to define KK%(A,B) [BaJ] as follows.
(€,p, F) is an unbounded G-bimodule if £ is a graded Hilbert G-B-module, ¢ :
A — L(£) is a G-x-homomorphism, and F' is a selfadjoint regular equivariant
operator of degree 1 on &£ such that

(a) (I +F?)~1p(a) € Kg(€),Va € A,

(b) {a € A:[F,p(a)] is densely defined and extends to an element in L5(E)} is
dense in A.

Let EY(A,B) be the set of all unbounded G-bimodules. There is a map 1 :
ES(A,B) — EC(A,B) given by ¢((£, ¢, F)) = (£, ¢, F(I + F?)~3).

Suppose that A and € are trivially graded. Let (£,Q,F) € L%(A) and T €
L (€) be associated with @, T? = I. Since T is an involution, we can use it to
grade &. It follows from D* = TD'T that T(D+D*) = TD+D’'T and (D+D*)T =
DT +TD'. Using D' = —D mod (Kg(£)), we get T(D + D*) = —(DT —TD) =
—(D+D*)T mod (Kg(€)). Hence, D+ D* is of degree 1 mod (K¢(€)). By Lemma
3, D + D* is selfadjoint and invertible mod (Kg(€)). Then D + D* = F|D + D*|
mod(Ka(€)), |D+D*| = (D+D*)?)2 and F = (D+D*)|D+D*|~" mod (Kg(€)).
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Since D + D* is of degree 1 mod (Kg(€)), F is of degree 1 mod(K¢(€)). We have
the following:

(a) F*=|D+D*|"Y(D+D*)=F mod (Ka(&));

(b) F2— I =(D+ D*)?|D+ D*|72 = I =0 mod (Kg(£));

(¢) g(F) = F € Kg(&): since gQ(&, 77) = Q(9&,gn) and gT' = Tg, we have
Q(gD’¢,gn) = Q(D'g&,gn). Hence, gD’ = D’g, and then D*g = gD*, since
D* =TD'T. Tt follows that g(D + D*) = (D + D*)g and g|D + D*| = |D + D*|g.
From this we get gF = Fg mod (K¢(£));

(d) define ¢ : C — L5(E) by p(A) = M. ¢ is equivariant.

Therefore, (€, ¢, F) is a G-C-A-module.

Let (£,Q,D) € LY, ,(A), and let T € L&(£) be compatible with @ such that
T? = I. Suppose that the conjugate D’ of D with respect to Q is D’ = —D. Then
D*=TD'T = -TDT and T(D + D*) = —(D 4 D*)T. This implies that D 4+ D*
is of degree 1 if £ is graded by T. We know already by Lemma 3 that D 4+ D* is
selfadjoint and regular with resolvent in Kg(&). Therefore, (£, ¢, D + D*) is an
unbounded G-C-A-module, where p(A) = AI.

Let A be trivially graded and (€, ¢, D) € LL(A) be such that D’ = —D. Then
T(D + D*) = —(D + D*)T, where T € L¢(€) is compatible with @ and T? = I.
Let ¢ be the grading operator of &, ¢2 = I. Since Q(&,n) = 0 for 9¢ = 0On,
we must have ¢I' = —Te. Using De = —eD and D*e = —eD*, we see that
e(D+ D*) = —(D+ D*)e. Let P = T & = PE and Dy = P(D + D*)P on &,.
Then P?2 = P, P* = P,TeP = PTe and P(D + D*) = (D + D*)P. As for L%(A),
we can construct F from (€1, Q, Dy) such that F* = F, F? = [ mod (Kg(€)). Then
(€1, F) determines an element in K& (A) (cf. [HiS] and [Bla], p.185).

Similarly, we can work out an unbounded G-C-A-module from (£,Q,D) €
‘Cém(A) with D’ = —D and A trivially graded, which is denoted by

(&1,Q,P(D + D*)P).

To summarize, we have the following:

Definition 3. (1) ¢ : LL(A) — K§(A) is given by ¥o((€, Q, D)) (&, F)].

(2) Let £ ,(A) = {(£,Q,D) € L ,(A) : D' = =D}. vo.u : L, (A) — K (A)
is defined by ¢ ((€,Q, D)) = [(£, F)], where F = (D + D*)(1+ (D 4 D*)?)"z.

(3) Let A be trivially graded and £5(A) = {(£,Q,D) € L&(A) : D = —D'}.
1 LG (A) = KF(A) is defined by ¢1((€,Q, D)) = [(€1, F)].

(4) Let A be trivially graded and £ ,(A) = {(£,Q,D) € L}, ,(A) : D =—-D'}.
Yru t LE(A) — KF(A) is defined by 91((£,Q,D)) = [(£1,F)], where F =
P(D + D*)P(I + (P(D + D*))*)"=

Remark 3. vy : L%(A) — K§(A) is independent of the choice of F and T. In
fact, if 77 and T are compatible with Q, Tf =1. Let U =TyT\T». Then U? =1
and Q(&,Un) = Q(T2&, ThTen) = (12, Ton)1. U is compatible with Q. By the
equivariant stability theorem, we can assume & = H 4, the universal Hilbert G-
A-module. Using the invertibility of U2 and contractibility of GL(H.4), we get a
homotopy h¢ in GL(H_4) connecting Uz to I. Let hy = hihy. Then hy is a selfadjoint
homotopy between U and I. Hence we obtain a homotopy H; connecting 77 and
T, such that H? = I and H; is compatible with @. Thus, v is independent of the
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choice of T'. Clearly, g is independent of the choice of F', since two such choices
differ by an element in Kg(E).
A similar remark applies to ;.

The following lemma gives a link between Egu(A) and L% (A).

Lemma 4 ([HiS]). Let (£,Q,D) € L ,(A) be such that D' = —D. Let U =
D(I+ D*D)_%. Then, for € with the scalar product compatible with Q,

1/)0,71((57 Qa D)) = 1/)0((53 Qv U))

Lemma 5. Let A be trivially graded. Suppose that (€,¢,D) € L, (A) is such

that D' = —D. Let U = D(I + D*D)~2. Then, for £ with the scalar product
associated with Q,

wl,u((gv Qa D)) = 1/)1((53 Qv U))

Proof. Note that 1 ,((€,Q, D)) = [(€1, F)], F = P(D+D*)(I+(P(D+ D*))?)" 2,
where & = PE, P = L= and ¢ ((€,Q,U)) = [(€1, F1)] with Fy € Lg(&) such
that P(U + U*)P — F1|P(U + U*)P| € Kg(€1). The proof is the same as that of
Lemma 4. O

We now examine when the images under g of two elements in C% (A) are equal.

Lemma 6 ([HiS]). Let (£,¢,D) € LL(A) (resp., L, (A)).
(a) If Ker(D) = im(D) and D' = —D, then ¢o((£,Q, D)) = 0.
(0) ¥o((€,-Q,—D)) = —¢o((€,Q, D)).
The same results hold for g, .

Proof. (a) By Lemma 4, it suffices to prove the assertion for the bounded case. By
definition of 1y, it is enough to check F? = I and F* = F, which are guaranteed
by the invertibility of D+ D*. In fact, if D+ D* is invertible, then ((D + D*)?)z is
invertible with the inverse ((D+D*)2)~2 and F2 = ((D+D*)((D+D*)?)~2)% = I.

To prove that D + D* is invertible, let us first note that for two Hilbert modules
€ and & and S € L(&,&1), SS* is invertible, provided S is surjective. Indeed, by
the open mapping theorem, there is k > 0 such that SS* > k=2, We take & =
Ker(D)=im(D)and S = D : £ — im(D). S is surjective. Then SS5* is invertible.
This implies that zero is at worst an isolated spectral point of S*S = D*D, since
Spec(SS*)\ {0} = Spec(S*S)\{0}. We can then choose a submodule & in £ which
is orthogonal to & such that £ = & & & and DD* is invertible on & and D*D is
invertible on &£. It follows that DD* + D*D is invertible on £. In view of D? = 0,
(D + D*)? = DD* 4+ D*D is invertible on €. Hence D + D* is invertible in £(€)
and then in L5(€), since D + D* is equivariant.

(b) If we change @ to —Q and D to —D, then T is altered to —T, D* =
TD'T to —D*, and then F to —F. Hence, we change (£, F) to (£,—F), i.e.,
%((5, _Qa _D)) = [(87 _F)] = _[(87 F)] = —wo((& Qa D)) 0

Lemma 7. Let A be trivially graded and (€,Q, D) € LL(A) (resp., ,ClGu(.A))
(a) If Ker(D) = im(D) and D' = —D, then ¢1((€,Q, D)) = 0.
(b) V1((€,—Q,—D)) = =1 ((€,Q, D)), where —& is equal to £ graded by —¢.
The same results hold for 11 .
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Proof. (a) Note that (D 4+ D*) commutes with P = 2= The proof of Lemma
6 implies that (D 4+ D*) is invertible in L5 (€). Hence P(D + D*) is invertible in
La(E1). As aresult, ¥1((€,Q, D)) =0.

(b) Observe that if @ and D are changed to —Q and —D, resp., then T is changed
to =T, ¢ to —e, D* to —D*, P to P, and hence P(D + D*) to —P(D + D*). The
result then follows easily. O

3. CASE oOF FLAT BUNDLES

We now use the machinery in Section 2 to prove the homotopy invariance of the
signature elements with coeflicients in flat bundles.

We assume throughout this section that G is a compact Lie group, A is a G-C*-
algebra over C, M is a closed, oriented Riemannian G-manifold and E is a smooth
G-bundle over M whose fiber is a finitely generated projective Hilbert G-.A-module
Ey. Let &g = L?(E) be the completion of C>° (M, A\cT*M ® E) with respect to the
scalar product

(€)= /M<s<x>,n<sc>>.

Here, we used a G-equivariant Riemannian structure on M to get a Hilbert G-A-
module structure on AT,y M @ E,,z € M.
Let £,n € ATy M ® Ey. Define € An € ATy M ® A by first letting

(a®@e))* N (BRex) =anPR (er,ea), a,B € NTyM,e; € Ey,

(e1,e2) € A, and then extending this to general elements £, n, where (.) is the scalar
product on E, = Ej.

We now define a signature element in E’éyu(.A). Let Q be the quadratic form on
Eg given by

Q(&,n) = %= /M & AN,

for £ € &g with homogeneous degree 9¢. Here n is the dimension of M. @ is
equivariant since the metric and the scalar product {.) on Ey are equivariant. Let
us check that @ is regular, i.e., there exists an equivariant A-bijection T' € L(Eg)
such that (¢,7) = Q(§,Tn) is a scalar product. Let

(T€)s =i *" ) (+ @ Ip)(&). € € Ep
Here # is the Hodge operator, *?a = (—1)%¢(»=9%)q o € AcT*M. We have T?¢ =

§—208(n—0%) (x2®1Ig)¢ = € Hence T? = I. Clearly, T is equivariant and A-bijective.
The quantity

(&,1) = Q(€, ) = iP5(n=09 /M £ A (T, = /M € A (+® In)(ne)

is evidently a scalar product. @ also is a quadratic form: Q(&,7) = Q(n,£)* and
Q(&,na) = Q(§,ma,a € A.

To use &g and Q to define an element in Lf ,(A), we need an operator D
satisfying the condition of Definition 2. Let V be a metric-preserving antisymmetric
(briefly, unitary) equivariant connection on E. Define an operator Dg by

Dp(§) =i%VE, €€€.

In fact, let Hq = L?(G) ®c H4 be the universal G-A-module [Bla]. By the equi-
variant stability theorem, Ey can be embedded in H 4. Then E can be constructed
via a family of smooth equivariant projections P = {P,},en on H4 . Here each
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P, has a finitely generated projective range. In other words, P : M — L(H.4) is
smooth and the fiber E, = P;(H.4). Then let

(V&2 = (Inerrm @ Po)((d® I3 4)6) e, § € CO(M,NT*M ® E).
The following lemma implies that Dg satisfies the condition of Definition 2.

Lemma 8. With the above notation,

(1) Vw € C®(M,NcT*M) and £ € dom(Dg) we have w A& € dom(Dg) and
Dp(wA§€) =i%Ft%dy A E +i7%w A Dpé;

(2) if Dy is the conjugate of Dg with respect to @, then Dy = —Dg;

(3) im(DEg) C dom(Dg) and D% € L (ER);

(4) there are equivariant S1 and Sz in Kg(Eg) such that im(S2) C dom(Dg),
DgS;,5,Dg € EG(gE) and S1Dg + DgSs — I € Kg(gE)

Proof. (1) Letw € C®°(M,NcT*M), & € dom(Dg). Assume first that £ = a®a, « €
C®(M,NcT*M) and a € Ey, Pra = a. Then
Dp(wA€&), = i%t°V(wAa®a),
= %11 @ P,)((dw Ao+ (—=1)%%w A da) ® a),]
= %1 (dw A a® Pra) + (-1)%w A (I @ P)(do ® a),]
= (9% w A€ +i7%w A Dgé),.
Similarly, we can treat the general case.
(2) To show D%, = —Dpg, it is enough to check that Q(Dg&,n) = —Q(&, Dgn).
Let £ = a®a,n = b, a, B € C°(M,NcT*M),a,b € Ey, Pra = a,P,b=b, D& =
i%(da ® Pa), Dgn = i%%(df ® Pb). Then

Q(Dpem) = @6+ / (da A B) ® (Pab)
M

= —i<35+1>‘9°‘i‘95/ (@A dB) @ (a, Pb)

M
Similarly, one can check that Q(Dg&,n) = —Q(&, Dgn) for the general case.
(3) Since the projection map x — P, is smooth, im(Dg) C dom(Dg). By the
fact that the curvature V? is an L (Ep)-valued 2-form on M, D% is in Lg(Eg).
(4) Let E be constructed by a family of equivariant smooth A-projections P =
{P,}zenm with finitely generated projective ranges: E, = P,Fy, where Fy is a
finitely generated G-A-projective Hilbert module. Then Dp = PDpP, Dp is the
flat exterior differential on the trivial G-A-bundle M x Fy = F. As in the ordinary
case [Hil], (I + D3Dr + DpD3%)"! € Kg(F) and Dp(I + DD + DpD3i)71 €
Kg(F) for F = L?(F). Since the orthogonal complement E+ of E in F is given by
(I — P)F, and its connection Dg. is (I — P)Dp(I — P), we have
D& D1t = PDF—PDF(I—P)—F(I—P)DF(I—P)
Dp — (I — P)Dp — (2P — I)Dp(I — P) = Dp + A,
where A = (P —I)DpP + (P)Dp(I — P). Let us first check that
By = (Dp + A)A+ (Dp + A)*(Dp + A) + (Dp + A)(Dp + A)*) ™! € Kq(F)
and

By = ()\ + (DF + A)*(DF + A) + (DF + A)(DF + A)*)_l S /Cg(]:), A — 00.
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Now
(A (D + A)*(Dp + A) + (Dp + A)(Dp + A)*) ™!
=(I+(\+DjpDp+DpDj)™t
x (DpA+ ADj + A*Dp + DpA* + A*A+ AA*) ™!
x (\+ DyDp + DpD})~ ",
since the products of A, A* with Dr and D} are bounded operators (by means
of the argument of Sobolev spaces) and since the norm of the operator By =
(A + DpDp + DpD3) ' (DjpA + ADj + A*Dp + DpA* + A*A + AA*) is less
than 1 for sufficiently large A. It follows that By € Kg(F). Since A is bounded,
AB, € Kg(f) and DpBy = DF(I + Bg)_l(/\ + D;DF + DFD;—‘)_l S Kg(f)
Now let S; = (A+ DD+ DgD})~ D}y and Sy = Diy(A+ DD+ DpDjy) .
Then S extends to be in K (Eg). Also Ss is in Kg(Eg). We have
S1Dg+DgSs — I = (A\+ DypDg + DpDy) ' DyDp
+ DgDy(\+ DiyDp + DpDy) ™t =1
= —MA+DyDgp+ DpDy) ' +[(A\+ DpDe + DpDy) ", D;;Dg)
=— AN+ DpDp+ DpDy)~ ' +(A\+ DyDg + DpDy) ™t
x (DyD%Dy — Dp(D3)*De)(\+ DypDi + DpDy) ' € Ka(Er).
|

Therefore, we have constructed an element (Eg, Q, Dg) € Eg)u(.A) for dim(M) =
2k. If dim(M) = 2k + 1, we proceed as follows.

Let £(&) = (—1)%¢ for a homogeneous ¢ € £g. Then ¢ extends to a grading on
Eg. Clearly, eT' = —Te (this is not true for dim(M) = 2k), eDg = —Dge. We get
(e, Q,DEg) € Lg)u(A). Hence, we can apply the maps ;. in Definition 3 to the
element (£g, @, Dg). Denote

G-Sig(Dg) = ¥iu((Ep,Q, Dg)) € KE(A), dim(M) =2k +1i, i=0,1.

We call G-Sig(Dg) the G-signature of M with coefficients in E.

We now consider the central problem of this section. Let E be a smooth G-.A-
bundle over M whose fiber is a finitely generated projective Hilbert G-.A-module
Ey. As usual, E defines an element [E] € K§(A®C(M)), where C'(M) is the space
of all continuous functions on M. Let [Dyy] be the equivariant signature element
in K&(C(M)). Then

def
W(B,M) = [E]l®@cn) [Du] € K§(A® C(M)) ®cn KK (C(M),C)
KKY(C,A) = KE(A), *=0,1.
Here we need A to be o-unital in order to use the Kasparov product.

Question. When is ¥(FE, M) a G-pseudo-equivalence invariant? Namely, let h :
N — M be an orientation-preserving G-pseudo-equivalence of closed, connected
oriented Riemannian G-manifolds. When is y(h*(E), N) equal to (E,M)?

Recall that h is a G-pseudo-equivalence if h is a homotopy equivalence and G-
equivariant. The following observation is important: if i is equivariantly homotopic
to an orientation-preserving equivariant map hy : N — M, then h*(F) is isomorphic
to hi(E). Hence [h*(E)] = [hi(E)] € K§(A® C(N)) (cf. [Hus], Thm. 4.7, p. 29).
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According to the G-smooth approximation theorem [Bre, Thm. 4.2, p. 317], h is
G-equivariantly homotopy equivalent to a smooth orientation-preserving G-pseudo-
equivalence hy : N — M. Therefore, it suffices to check ¢ (hi(E), N) = ¢(E, M).
The following lemma then reduces the question for the even dimensional case to
the G-pseudo-equivalence invariance of the G-signature G-Sig(Dg) in K§ (A).

Lemma 9. Let A be a unital G-C*-algebra and M be a closed oriented Riemann-
ian G-manifold of even dimension. Suppose that E is a smooth G-A-bundle over M
whose fiber is a finitely generated projective Hilbert G-A-module Ey. Let (Eg,Q, Dg)
be as in Lemma 8. Then

G-Sig(Dg) = [E] ©c () [Du) € KF (A).

Proof. Recall that [E] € KK§{(C, A® C(M)) is defined by the Kasparov module
(D(E) ®0,1,0) and [Dy] € KK§(C(M),C) is given by

(L*(M,T* M), ¢, (Das + DI + (Das +Djy)*) %),
where T'(E) is the space of continuous sections of E and ¢ is the multiplication by
elements in C(M). Assume first that F is trivial, E = M x Ey. Then Dg = Dy 1

and Dg + D}, = (Dm + Djy) ® I. The Kasparov product of [E] and [D)y] is given
by the following Kasparov bimodule:

(C(M) @ Eo) ® 0) ®c(anyga (L2 (M, T*M) ® A),
I,(Das + D) (I + (Dap + D)) "2 @ 1),

where ((C(M)® Ey) ®0) ®c(amyga (L*(M,T*M)® A) ~ L*(M,T*M ® E) with the
inner product ((x1,z2), (y1,¥y2)) = (@2, (x1, y1)1y=2)2 equivalent to the inner product
on L?2(M,T*M ® E). This proves the assertion for the case of trivial bundles. In
general, £ = PF, where F'is a trivial smooth G-A-bundle over M whose fiber is
a finitely generated projective Hilbert G-A module Fy and P : M — L(Fp) is a
smooth family of projections. Then

Dg = PDpP,  Dg+ Djy=P(Dp+ Dy)P.

Hence, (D 4+ D5)(I+ (Dg + D%)?) 2 = P(Dp + D3)(I + (D + D3)?)"2Pis a
(Dp + Du)(I + (Dr + D%)?)~ 2-connection of &g (cf. [Bla], Prop. 18.3.3, p. 206).
The result follows easily from definition of the Kasparov product. O

Remark 4. (1) If A is not unital, then K§(A®@C(M)) = Ker{K§(C(M)® At) &
K§(C(M)®C)} and [E] = [((D(E) & 0),1,0)] € Ker(i*), since I'(E) @c(m)z.a
C(M)® C = 0, where AT is the G-C*-algebra obtained by adjoining an identity to
A. Note also that £g can be considered as an A*-module and [(€g, Q, Dg)] formed
in the same manner as G-Sig(Dg) is in Ker(K§(AY) — K§(C)), i.e., this element
is G-Sig(Dg). With this in mind, we see that Lemma 9 holds for a o-unital A,
namely,
G-Sig(Dg) = [(€g,Q, DE)] = [E] ®c(m) [Du]-

(2) Let M be a closed oriented Riemannian G-manifold of odd dimension. As
usual, the equivariant signature element [Dy/] € KL(C(M)) can be defined as the
restriction of [Djyry 5] to the part K5(C(M)) in the splitting of K&(C(M x S1)),
where G acts trivially on S*. Thus the equivariant Novikov conjecture for the odd
dimensional case is reduced to that for the even dimensional one. Hence, we will
focus only on the even dimensional case.
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Clearly, G-Sig(Dg) is independent of the connection on E, since any two con-
nections on E differ by a bounded operator in L (Eg).

To consider the G-pseudo-equivalence invariance of G-Sig(Dg), we need the
following technical proposition.

Proposition 1. Let (&, Qi, D;) € L ,(A),i = 1,2, and R € La(&1, &) satisfy

(a) D; = —D;, D} = 0;

(b) R(dom(Dl)) C dom(Dg), RD, = DyR;

(¢) R: I;f:((D[il)) — I;f:((DD;’)) is an isomorphism;

(d) there is an equivariant S € L(&1) such that S(dom(D;)) C dom(D1) and
I — R/R = DlS + SDl,

(e) there is an equivariant € € L(E1) such that e(dom(D1)) C dom(D1),eDy =
—Dig,e? =1, =c and (I — R'R) = (I — R'R)e.

Then Yo,u((E1, @1, D1)) = Yo,u((E2, @2, D2)).

Proof. We can assume that S’ = —S. In fact, for &, € dom(D1),

Q1(5'€, Din) = Q1(§,SD1n) = Q1 (&, (I — R'R)n) + Q1(D1&, Sn).
It follows that S’€ € dom(D1), S’ (dom(D1)) C dom(D;) and
- RR=—(DiS"+S'D).

Take S = S_TS/ We have S(dom(D,)) C dom(D,) and I — R'R = D1S 4 SD;. S
is obviously equivariant. Thus we can consider S with S/ = —S.
Let (£,Q,D) = (&1 & &,Q1 8 (—Q2), D1 © (—D2)). By Lemma 6,
(

Y0,u((€,Q, D)) = 0,u((€1, Q1, D1)) + Yo,u((E2, —Q2, —D2))
= Yo,u((&1,Q1, D1)) — Yo,u((E2,Q2, D2)).

Thus it suffices to prove g, ((€,Q, D)) = 0.

For t € [0,1] we define B;(&,n) = Q(T:£,Tin), Ci(&,m) = Q(L&, n), where
o [ 1 0], [ I-RR (=+t)R | o _[ D1

7| itRe I |"7" T | R(ie +1t9) I YETL0 =Dy |
We have the following:

(i) DT; = T;D, since eD; = —D1e and RD; = DyR.

(ii) LyVy = —V}L;. This follows from I — R'R = DS + SDy,D? = 0 and
DlRI = R/DQ. Note that by D; = —Di,

, [ -Di 0
Vi= [ —tR Dy ] '

(i11) C(Vi&,m) = Q(=ViLi&,n) = —C(&, V). Hence V, is antiselfadjoint with
respect to Cy(.,.).

(iv) Since £ commutes with R'R, Ly = T{T} and

, | I iteR
T = { Lot ] |

Let us check that (€, By, D) € Lg, ,(A).

(a) D is antisymmetric with respect to B;. Indeed, by (i), DTy = T3D and
D" = —D we get By(D¢,n) = Q(DT§, Tyn) = Q(T3€, —DTyn) = Bi(§, —Dn).

(b) Clearly, D? € Lg(€).

(c) Obviously, there are equivariant Ry and Ry in L& (€) such that Ry D+ DRy —
I € Kg(€), since D; has the corresponding property.
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(d) By is associated with the invertible operator T; € Lg(€), and hence is a
strongly nondegenerate quadratic form. In fact, the inverse of T} is

-1 I 0
= { —itRe I |~
B; is also regular with a compatible operator T;TT:, where T is the operator
compatible with Q, T2 = I. Indeed,

(&mp, =B, Ty TTin) = Q(TE, TWIyTT)n) = (Ty TTE T, TThm).

Therefore, (€, B, D) € L ,(A) for 0 < ¢ < 1. In other words, (£,B;, D) €
£9, ,(C(10,1],.4)).

Let us now check that (€,Cy, Vi) € L2 ,(A) for ¢ near 0. Since Ty is invertible
and Lo = T{T1, Lo is also invertible. It follows that L; is invertible for ¢ near 0,
say 0 <t < to. By (iii), V; is antisymmetric with respect to C; and V? = 0, since
DR = R'Dy and D? = 0. Let S;,S; € Kg(E;) be such that S;D; + D;S; — I €
Ka(&),8:D; € La(&),im(S;) € dom(D;), D;S; € La(&;),i=0,1. Then

Si 0 D, tR N D, tR Si 0 ] [T o0
0 —S 0 -Dy 0 -D, 0 —S 0 I
_ { S1Dy+ DSy —1  tSiR —tR'S,

0 SyDy + DySy — I } € Ka(£),

since S7 € KG(gl),§2 € Kg(&) and R’ € Lg(€1,E). Note that (£,n)c, def

Ci(§, TLim) = Q(L&, TLin) = (L&, Lyn). We have that C; is a strongly nondegen-
erate and regular quadratic form. Thus we conclude that (€, Cy, V) is in £, (A)
for 0 <t < tq.

Now Cou(&,n) = Q(Lo&,n) = Q(TYTi&,n) = Bi(&,n) and Vo = D. We have
(€,B1,D) = (£,Ch, Vy). Hence,

wO,u((‘ngﬂD)) = wO,u((57307D)) = wO,u((gaBlvD)) = "/’Qu((ga Ctovvto))'

Hence it suffices to show that v ., ((€,Cy,, Vi,)) = 0. By Lemma 6, we need only
to check that im(Vy,) = ker(Vy,).
Obviously, Vi = 0,im(Vy,) C ker(Vy,). To show that Ker(Vy,) C im(Vy,), let

(&1,&2) € € is such that V,(£1,£2) = 0. By condition (c), R’ : Ifrff((D[;z)) — IZZT((DDII))

is bijective. Then there exists &, € & such that & = —Ds&}, since —toR/'&y =
Di& =01in % This implies that D&, = —toR'&; = toR' Da&ly = toD1R'E),.
Hence & — toR'E, € KerD;. The bijectivity of R’ implies that there exists [£5] €
% such that toR'(£)) = & — toR'&y. Thus there exists & € &; such that
fl - tQR/(fé + fé/) = lei Note that leél =0. We get 51 = toR/(fé + fé/) + lei
and & = —D(& + &5). We have thus found (&}, &5") € € such that Vi, (&],85) =
(&1, &2). Therefore, im(Vy,) = ker(Vy,). O

The idea of the above proof is first to transform the equality of two elements
¥0,u(&i, Qi, D;) to the vanishing of ¥ (€, @, D), where (€, Q, D) is the direct sum
formed in the proof. Then we construct a path of (£,Cy,Vy) in LY ,(A),0 <
t < to, such that (£,Co, Vo) = (£,Q,D) and (€,C},, Vy,) satisfies im(Vy,) =
Ker(Vy,). By homotopy invariance of v, (&, Q, D) and Lemma 6, we prove that
wO,u((‘:v Q, D) = 1/Jo,u(5, Otmvtg) =0.
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We now use Proposition 1 to prove the G-pseudo-equivalence invariance of G-
Sig(Dg) for a flat G-A-bundle E. Our goal in the rest of this section is to check
the condition of Proposition 1.

Let A be a G-C*-algebra, N and M two closed, oriented Riemannian G-manifolds
and E a G-A-bundle over M whose fiber is a finitely generated projective Hilbert
G-A-module Ey. FE is said to be G-unitary flat if F is furnished with an equivariant
scalar product and an equivariant unitary flat connection. Let f : N — M be an
equivariant smooth map. It is clear that if F is a G-unitary flat bundle, then so
is f*(E) . If f and f; are two equivariant smooth maps from N into M which
are G-equivariantly homotopic via a G-homotopy H, then H* : f*(E) — f(F)
induces an isomorphism. Suppose that V is an equivariant unitary flat connection
on E and Dgé = i%V¢; then Dy«gy = Dyr(my- Observe that the map f* :
CO(M,NcT*M @ E) — C®°(N,AcT*N ® f*(E)) need not be extendable to a
bounded operator from Ep = L*(E) to &+ gy = L*(f*(E)), since f* is not closed
in general. To get around this problem, we follow [HiS] and use embeddings.

Let w € AcT*N. Define e, : AcT*N — AcT*N by e,(a) = a Aw.

Lemma 10 ([HiS]). Let M and N be closed, oriented Riemannian G-manifolds.

(a) Suppose h : N — M is a smooth equivariant map and w € AcT*N is
equivariant. Let Ng be the support of w in N and h be a G-submersion from a
neighborhood of Ny into M. Then e,h™ : Eg — Ep-(p) is an equivariant operator
in L(Eg, Ep-(k)), where E is a G-A-unitary flat bundle over M, and the norm of
ewh* is independent of E.

(b) Assume h: N x [0,1] — M is a smooth equivariant map and w € AcT*N is
a closed equivariant form on N, where G acts trivially on [0,1]. Suppose h (resp.,
ho, h1) is a G-submersion from a neighborhood of Ng x [0,1] (resp., No) into M. If
V is an equivariant unitary flat connection on the G-A-unitary flat bundle E over
M, then there exists an equivariant operator S € Lg(Er,Ep+(m)) such that

ewhy —euhly = hi(V)S + SV.

Proof. (a) Since e,h* is equivariant, it suffices to show the boundedness of e,h*.
The proof is the same as that of Lemma 3.2 in [HiS]. We provide more details
below.

Using a partition of unity, we see that the assertion is a local statement. Thus
let N =0 x M and F be trivial. h : N — M is then a projection. Let ady; ® £ €
NcT*M ® Eg. We have

h* (Oédy] & 5)(z,y) = O‘(h(x7y))dh1 ® h* (5)(90,@;) = a(y)dyl ®¢E,
ewh™ (adyr§)(a,y) = a(y)dyr Nw(z,y) @&,

Moreover,

lewh®(adys ® )] = | /N (@@)dyr A w(@.9) A *(a(y)dyr A w(z,y)) @ (€6
= adys AwlP|E &) < | lady: @ €]

Hence, ||e ,h*|| < |lw]|.
(b) Recall that the contraction i o s defined by

io (adzy Adt) = (—1)ada;.

9
at
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i o is equivariant since G acts trivially on [0, 1]. Define, for w; € &g,

1
S(wr) :/O 4 (ewh™(wn))dt € LA(N, AcT*N @ hj(E)).

Here w is considered as a smooth form on N x [0,1]. By part (a), e,h* is bounded,
and ¢ 2 is also bounded. S is thus bounded. Clearly, S is equivariant.

1o

: * *
Since ey h] —euhg = [y 5

(e,h*)dt, it is enough to show locally that

1
BE(V)S + SV = / 9 (et

Let wi =Y, ardyr ® &, dyr = dy;, A ... Ady;,. We have
ewh™(w1) = h*(w1) Aw = h*(w1) Aw(z,y,t)
=3 ar(h(z,y,t) Nier (O hizydzr + 3 iy dy; + higdt) Aw(z,y,t) @€,
I k J

where h : O x M x [0,1] — M, z and y are the variables of O and M, resp., and
hi, 2, hiy; and h; ¢ are the derivatives of h; with respect to zy,y; and ¢, respectively.
Then

0
oy (ewh (@)t = = Z ar(h) Nier (3 hisydzi+ ) hi,dys) Awldt ® €
k

J
= Z{Zal,a(h st Niel th zkdzk +thy]dy3) /\OJ/\dt®§
1 s

+ ar(h) /\l 1 l 1 Z iy 2 ez + Z hi, Y tdyﬂ

(2)

X /\iel,i;éil Z hi,zkdzk + Z hi)yjdyj) A wdt @ g}
k

J

Since V is flat, we can assume locally that V = d ® p, where p is locally a constant
projection. We have

V(w Zaldyl ®E= Zoélsdys/\dyl®§a

1,s

Zoqs (2,9, 1))dhs Nier dh; © €,

ewh* — Z Z ary, S Z Y, (Z hs7zkdzk + Z hs)yjdyj + hs)tdt)

k J

X /\iel(z b,z dzi + Z hiy; dy; + higdt) ANw(z,y,t) @&,
k J
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1
[ g et Var
0
1
= /0 Z{Z 04173(h)[—(z hs 2. dzi + Z Ps,y; AY;)
I s k J

Ny (=D Neriztin (O hizchigidzi + Y hay,ha dy;)
k J
+ Nier (> iz hsadzr + > higy hepdy;) ]} Aw A dE® &,
k J

Now since dw = 0,

/ Z ar(h) Ay (=) Nierizi, (Z N,z hiy tdzg
%
) hig, i edy;) Aw ® €)dt

J

1
:/0 -0 ars(h)dhe Ay (-1)'7
I s

X /\161 JiF Z hz 73 hu,tdzk + Z h’L Y hu,tdyj)
+ar(h) Ay (=)' Z hiy 20, dzy + Z P t,y;4Y5)

X Niel i, (Z hi, 2, dzi + Z hiy,dy;) Aw)}dt @ €.
k J

Adding (3) and (4) together and using (2), we get
1
5}
(h(V)S + SV)(w1) = / (el () dt.
0
O

Let hi,, be the conjugate of e,h* with respect to the quadratic form (), where
h: N — M is a submersion in a neighborhood of the support of w. Locally, we
can find a formula for hy,. Let h : R™ x R¥ — R™ be the projection. If w is a
continuous function with compact support in R™ xR¥, then for adz; @& € AcT*R™
we have e, h*(adz; ® §) = ax)dz; Aw ® €. For |J1| = k we can calculate

Q(Bdxr, Ndyy, ®@n,eh™(adzr ®€))
= im=IDRQ (R, (B, A dys, @ 1), adrr @ €),
with
hw(Bdzr, Adyy, @n) =i g /c‘u(x, y)B(x, y)dys, @1,

and hi, =0 for |J1| # k.
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Let G act on R* by isometries, and let B* be the equivariant unit open ball in R¥.
Suppose that P : Nx B¥ — M is an equivariant submersion and v}, is an equivariant
volume form of mass 1 on B*. Let q: N X Bf — N and 7 : N x B¥ — B be the
projections. w = 7 (vy) and Py = P|nyx 0} Define

-Rp,u;c = q!ewP* S EG(SEagP(;‘(E))a

where ¢ : Epr(gy — & p;(E) IS the pushforward. The following lemma is crucial in
verifying the condition of Proposition 1.

Lemma 11. (a) Let P’ : N x B — M be another equivariant submersion and v,
be an equivariant volume form of mass 1 on B'. If the maps P(x,0) and P'(z,0)
are equivariantly homotopic, then there exists an S € Lg(ER, SPO*(E)) such that

DpS+SDg = Ry, — Ry,

(b) Let P' : O x B — N be an equivariant submersion and v; an equivariant
volume form of mass 1 on B!, where O is a compact oriented Riemannian G-
manifold. If P" : O x B! x B¥ — M s given by P"(z,s,t) = P(P'(z,s),t) and
V=1 XU, then Ry ,,Rp ., = Rpr 1.

Proof. Since the volume forms vk, v; and v have compact supports, there exists an
equivariant ¢ € Cé’o(Bk) such that pvy, = 1. As a consequence, Ry, ,, = qipe,P".

(a) Let P : N x B¥ x B! x B" x [0,1] — M be an equivariant submersion such
that 15(;37s7t7u,0) = P(z,s) and ]5(;37s7t,u,1) = P’(z,t). This P exists since
P and P’ are submersions and homotopic. Let v, be a volume form of mass 1

on B" with compact support. Define P; : N x B* x B! x B" — M by pl(z) =
P(z,i),z2 € Nx B¥x B'x B",i = 0,1. Then Ry, = Rpy 1 xiixv, = 6" e Py and
Ry vy = Ry, vpxvyxu, = qf’l’re@fj’f, where ¢*'" : N x B¥ x B x B — N, Thlr -
N x B¥ x B! x B" — B¥ x B! x B are projections and & = (m41.)*(vx X v X vp.).
By Lemma 10, there is an equivariant Sy € Lg(Eg, 5150*(15)) such that

0" (ea Py = eaP) = g (P5 (D)1 + $1D) = D(g""51) + (™" S1) D.

Hence’ Rp/ayl - RPaVk = DS+SD7 S = q!k,l’rsl.
(b)Let P: OxB*x B! — NxB* g: OxB*xB! — OxBland ¢’ : OxB' — O
be defined by

P(z,5,t) = (P'(2,t),8), q(z,s,t) = (2,t), ¢(2,1t) =z

Let 7, : Ox B¥ x Bl — B¥ x B! and m, : O x B¥ x B! — B! be the projections and
1 = (m0)* (e X 1), w1 = (m)*(v1). Then for the projection ¢° : O x B¥ x B! — O,

Rp”ﬂ/ = Q!Oet:u (P”)* = q{@!GW1P*€wP*~
This identity is illustrated by the following diagrams:

PP (B) L (Pry(B) <2 Py (B) L

I

O———0x B*x Bl ——— M,
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/
1 — q1ewy

43.(P" P*(E)) +—— 4.(P" P*(E)) ¢—— P P*(E) <LP* B« g

P S |

OéOxBl%omakaliuvak—uw

Here the following identities were used:
P"(z,s,t) = P(P'(z,s),t) = PP(z,s,1),
@ =q¢3:0xB*xB L0xB %o,
w1 = (m)" () A (T)" (7 (k) = w1 A (7)" (W),
7:0xB*x B"' - 0xB* 7, :0x B* - BF, e(ﬁ)*(w)P* = P*e,.
For the purpose of illustration, we also used an unusual arrow notation for the
pullback of vector bundles. On the other hand, giew, P* = e, @ P* = e, (P')*q

with w] = (7)*(v), and w1 = (m)* (1), where 7! : O x B! — B! and 7, : O x B* x
B! — B! are the projections. This can be seen from the following diagrams:

drew,

G.(P"P*(E)) ¢—— P" p*(E) +——— P*(E)
OxBl;OkaxBlLNka,

Ew/ P * ,
Prg. P*(E) e (P P*(E) &2 . PH(B) «"— P(E)

OxB — N« N x B*,

where, as before, P(z,s,t) = (P'(2,t),s) and q(z,s,t) = (z,t), and P'(z,t) =
Therefore,

Ry = q|qiew, Pre,P* = qiew (P')*qe, P
= Ry v, Rp v, -
O

The geometric idea of the first part of the above proof is to throw two small
spaces N x B! and N x B* into a large space N x B! x B¥, and then to use
homotopies between submersions in the large space to compare the maps R, ,, and
Ry 1, Similarly, we used the factors B¥ and B! in the second part of the above
proof to break the submersions on the large spaces into submersions on the small
spaces. An essential point is that two factors B! and B* in B! x B* enable us to
move around the submersions.

We can now prove Theorem 1 stated in the Introduction.

Proof of Theorem 1. We need only check that (£, Q, D) and (E,+(g), Q, Dy~ (g))
satisfy the condition of Proposition 1. By the observation preceding Lemma 9,
we can assume that h is smooth. Let J : M — R be an equivariant embedding
(k =0(4)), O an equivariant tubular neighborhood of J(M) in R¥ and 7 : O — M
the associated equivariant projection (cf. [Bre]). Suppose J(M) + B* C O. Define
a submersion P : N x B¥ — M by P(z,t) = n(h(z) +t),x € N,t € B*. Let v be
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an equivariant volume form of mass 1 on B* and ¢ be an equivariant smooth map
such that v = v;,. With the notation as in the paragraph preceding Lemma 11,
we divide the proof into three steps.

Step 1. Condition (a) of Proposition 1 is valid already since D? = 0 by the flatness.
To check condition (b) of Proposition 1, we define R to be R, ,, € Lc(Er,En+(E)),
ie., R = q e, P*. Note that Py(z) = P(z,0) = n(h(z)) = h(z). Clearly, ¢, e
and P* preserve the domain of D and commute with D. In fact, since P is equiv-
ariantly homotopic to hgq,

(epq*) ewP*V = (epq") ewP*(V)P* = (e,q") P*(V)e,P*
= h*(V)(epq") e, P*.

Hence, R(dom (D)) C dom(D) and RDg = Dy« (g R.

Let ¢ € Lo(Eg) be defined by £(¢) = (—1)%¢. Then €2 = I,/ = ¢,eD =
—De,eP* = P*c,ee, = (—1)*e,e and e(eyh) = (—1)F(e,h*)'e. Hence we get
e(I — R'R) = (I — R'R)e. This verifies condition (e) of Proposition 1.

Step 2. We use Lemma 11 to verify condition (¢) of Proposition 1, ie., R :
Ifrf:(%DEE)) — Ij;?g’f(f)))) is an isomorphism. By Lemma 11(a), the map R = R, ,,
Ker(Dp) 4 Ker(Dpx(m))
im(Dg) im(Dy* (g))

from is independent of the submersion P and the volume

. _ KGT(DE) / . . .
form v, ie., Ry, = Ry s on Gmbe) A8 long as P’(x,0) is equivariantly homo-

topic to P(x,0). Let b’ : M — N be the smooth map such that hh' and h'h are
(non-equivariantly) homotopic to In; and Iy, resp. As we construct the submersion
P: N x B¥ - M from h, we can find a submersion P’ : M x B! — N from &/,
namely, P'(x,t) = 7'(h/(z) +t) and 7’ : O’ — N is a projection with O’ a tubular
neighborhood of J/'(N) C R! for an equivariant embedding J’ of N into R!. Then

define P : M x B' x B* 2o N x B & v by P"(z,s,t) = P(P'(x,s),t). Clearly,

P"(z,0,0) = P(h'(z),0) = w(h(h/(z)) + 0) = h(h'(z)) homotopic In(z). Hence
Ker(Dg)
im(DEES
more, using a non-equivariant counterpart of Lemma 11(b), we obtain Ry , R, , =
Ker(Dg)

Ry =1 on by a non-equivariant version of Lemma 11(a). Further-

Ry v = 1 on This proves that R, , is injective. The same reasoning

shows, switching the role of R, , and R, ,, that R, , is surjective in [;‘:’:(%)EE)).

Therefore, R = R, , is an isomorphism. Note that this step does not require the
equivariance of the above maps.

Step 3. We now check condition (d) of Proposition 1, i.e., there is an equivariant
S € Lg(Er) such that S(dom(Dg)) C dom(Dg) and I — R'R = DS + SDg.

Let ¢; : N x B¥ x B¥ — N x B* be the projections, ¢;(z,t1,t2) = (2,t;),i = 1,2.
Also let ¢ : N x B¥ — N and 7, : N x B¥ — B* be the projections, and let
w = m(vg). To find the conjugate of ey (.)q3, for 7 = adr; A dt;, ® n and
£ = Bdxr, Adty, Adtj, ® & we compute

Q(E, (eq: ) @3)(@) = 1D Q((e e (1)03) (€),71)
with
(eq; ()45)'(€) = ik(ullﬂ]él)(/ Bqi (w))dzr, Adly,
Bk
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for |J;| = 0, and 0 otherwise. In particular, if £ = qs ()01 (1) = alqr)dzr, Ndty, A
¢;3(w), then
(eqr()8) (eqz () @1 (adzr A dty, @)

(5) — k(1] +k) / ) a(q)g} (w)dzn, Ags(w) @1
B

= M [ ata)ai@)den Age) @ . 7] =0,
B

and it is zero for |J1| # 0. On the other hand,
(Q!ew)(adxh /\dtJ1) ®n = q!(adxh /\dtJ1 /\W®77)

_ ik(n—|11|)(/ paw)dry, 1.
Bk
Iffz Bdry @€, then
Q. qew(ader, Adty,))

_ i—kn+2k|1;\i(|1;\+k)(n+k—|1;|—k)/ (Beow A digy) Aader, ® (€, 1)
N x Bk

= ik PEIQ((gew) (). 7).
Consequently, (qie,,) (§) = i~ *+28111 3w A dzyy @ €. Using this identity, we have
(@en) (aen)ladey, n) = i EHEEOED( [ au)o ndar, s
Bk
= i_k”l'(/ aw)dr, Aw .
Bk

Comparing this with (6), we get

- — k2 * *
(6) (q!ew)/(q!ew)(adxh Y 77) =1 2kl I =k (eqf(w)q2)/(eq§(w)ql)(adxh ® 77)'
Furthermore,

(eqs ()@ ) (adxr Adty, @ n) = a(g2)drr Adty, Ags(w) @n
= adz; A g5 (w) ®n, |J2| =0,

and

(cq;()8) (eqs @) @) = I /B agi (@))der A g5(w) @ n

Z-k2+k\1\(/ g (W))adz; A g (w) @ 1.
Bk

Clearly, e, (adx; ® ) = adz; Aw ® 1. Therefore,

k2 —k|I)

ey =1 (eq;(w>q§)'(€q; (w)q;)'

This together with (6) proves that e, = i*l/l(qe,) (gre,,) modulo the boundary
DgS + SDg by Lemma 10. This implies that

R'R = (P")(qie,) (gew)P* = P(qies,) (qew)P* = PeyP*

modulo the boundary DgS + SDg . Hence it suffices to show that Pe,P* = I
modulo the boundary DgS + SDg.
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Let P, : M x B¥ — M, P, : M x B¥ — BF be the projections and # : M x B*¥ —
M be the equivariant submersion given by 7(z,t) = n(z +t) and w’ = Py (vy). Let
P: N x B¥ — M be the equivariant submersion, P(z,t) = 7(h(x) + t).

(a) (P1)re, Py is the identity:

(Pi)ew Py (adzy @n) = (Pewa(P)der @n= (P (a(P)der Aw' @n)

= DR o ader @ = ader @ 1,k = 0(4).

(b) Pey,P* = e ™ :
Pe,P*(adx; @n) = P(a(P)dPr Aw ®n)

_ i(n—uwc/ a(P)wdPr @1
N x Bk
:ik(n—|1|)/N . afm(h(z) + ) vi(me(z, t)d(r(h(z) + ) @1

=it [ a(aty + ) (t)dm o
M x B*
= m(a(T)drw’ @n) = (few 7)) (adz; @n).

Finally, Te, 7* = (Py)ie. Py modulo the boundary DgS + SDg by Lemma 11.
Therefore, R* R = I modulo the boundary DS + SDg. O

Theorem 1 will play a crucial role in proving the equivariant Novikov conjecture
for groups acting on Euclidean buildings. It provides a substitute for the equivariant
Mishchenko symmetric signature, as we pointed out earlier.

4. EQUIVARIANT CONNES-GROMOV-MOSCOVICI THEOREM

Let A be a G-C*-algebra, Ejy a finitely generated projective Hilbert G-.4-module,
and M a closed, oriented Riemannian G-manifold. Let E be a G-A-bundle over
M whose fiber is FEy. Suppose V is a unitary connection of E and © = V2 is its
curvature. Let 7 > 0. V is said to be 7-flat if

18] = max{||©]]} <,

where ||©,|| is the norm of the operator ©, on AZT, M ® E,,

102 = max 102(X, V).
XY T M| X|,IIY]<1
The norm of ||©]| is equal to the norm of © as an operator on the Hilbert G-A-
module £g. F is called almost flat if for every 7 > 0 there is a 7-flat unitary
connection on E. An example of 7-flat bundles will be given at the end of this
section.

To prove our main theorem of this section, we need a proposition which is the
generalization of Proposition 1. We first have the following lemma.

Lemma 12. (a) Let 7,k > 0 be such that 6+/27k*> < 1. Suppose that U is an
equivariant reqular operator on a Hilbert G-A-module € such that im(U) C dom(U)
and ||[U?|| < 7%. If there are equivariant R,S € Lg(E), S invertible, such that
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R(dom(U)) € dom(U),RU +UR = S, ||R|| < k and ||S7Y| < k, then U +U* has
a bounded inverse with the norm
2k?

1—6v27k2

(b) Let 7,k > 0 be such that 2v/27k*(k+3Vk) < 1. Suppose (£,Q, D) € LY, (A),
and T € Lg(E) is invertible and equivariant such that Q(&,n) = (£, Tn) for the
scalar product {.,.) on €. If |D?|| < 72,||D’' + D|| < 7 and there are R, S € L(E)
equivariant, with S invertible, such that R(dom(D)) C dom(D) and DR € L (&),
DR+RD =S, ||R|| < k,||S7Y < k and || T||| T < k2, then ¢0..((€,Q, D)) = 0.

Proof. We first prove part (a). Let

Ulz{U U2/T:|7 Rlz{R O], 51:[5

I +U")7") <

- =U 0 —-R
Then U7 = 0, and

n o

2 _ 7172
R1U1+U1R1 _Sl — |: 8 (RU OU R)/T :| )

Since
|RiUL + Uy Ry — S| = [|(RU? = U?R) /7| < %HRHHUZH <2k <1,

and

157 (RiUy + UrRy = S| < [IS7HI[(R1Ur + U Ry = S1)|

< V2k(2kT) = 2V2K*T < 1,

it follows that R U; + U; Ry has the inverse

(RUy + Ui Ry) ™t = (I + STH(R UL + U Ry — 1)) 1SE,
and

[(RyUy + Uy Ry) Y| < |1 4 STH(RLUL 4+ UL Ry — 81)) 7187 < V2.

1
1 —2v2k27r
. U* -7 . U+Ur U?/r—1
U= { Ur/r —U* } Urtli = [ —T+U"/r —(U+U")
We show that Uy + U} is invertible and [[(Uy + Uy) Y| < 25— n fact, Uy
commutes with Uy Ry + R Uj since U2 = 0. Let W = (R1U; + Uy Ry)~!. Then U;
also commutes with W, and UyW Ry + WR1U; = W (R Uy + U1 Ry) = I. Since

U R, = (R1U1 + U1R1)WU1R1 =UiR\WULRy

Now

and

R\U; = RRUIW (R Uy + UL Ry) = Ri{UIW R, Uy,
it follows that WU1R1 = WU1R1WU1R1 and WR1U1 = WR1U1WR1U1, i.e.,
WU Ry and W R1U; are idempotents. Thus, we can find an equivariant projection
P such that P(WU1R;) = P and (WU R;)P = WU Ry. By Remark 2, (U; + U7)
has the inverse (U; + Uy)™t = P(WRy)(I — P) + (I — P)(WR;)*P. Hence,

V2k 5 2k? def

U+U*—1<WR< - :——k.
IO +U0) <l 1”_1—2\/§k27 1—ovaker

From this estimate, setting
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29 We -U)+We -0 - +UD =] g 70T
we get ||Z]| < V2|7 — U?/7|| < 2v/27 and
(Ua (-U)+Ue(-0)) " =(Z+ U +U7)™"

=+ (U +U7)~'2)" (U +U7)) 7

since [|(Ur + Up) 71 Z|| € =255-2v2r < 1, ie., 6vV2rk? < 1. Then

(U (-U)+ U =U))7
< T+ (U + D) 2) IO+ U7)

- 1 262 2k?
-1 _ 2k2 _ 2. 1 _ 2"
1 - 2omr2v2r 1 - 2V2k2 . 1 6V27k

We now prove part (2). Define a new scalar product on € by (£,7) = (£, |T|n).
If Z € L(E), then

Z|?, = max |[(Z¢Z
121y = max 1(Z¢, 2
_1 1 _1 1
= max [(ZIT["2(T]2),T1ZIT= (T2
ITIze|<1
1 1
< max [|TINZIPNTI-= (1P 1T)=€?
IT|ze|<t

_1
= lziPnr== P nil,

namely, [|Z]|) < k[|Z||. With the scalar product (.) on &, we have |[D?||(, <
kID|l < k7%, |ID" + Dl|(y < k|ID"+ DI < k7, [IR]l) < K[[R|| < k* and [|S]|) <
k||S| < k2. Using part (a) with & and 7 replaced by k? and vk7, we obtain that

PR . £\ — k2)2 .
D + D* is invertible and |[(D + D*)~!|) < m, since 6v/2vkr(k?)?

6v27VEkk* < 1 by assumption. Thus we are done for D’ = —D.

Note that (£,1) = (&, |T|n) = Q& T T|n). Let Ty = T7HT|,T? = 1. Ty is
compatible with Q. Let Py = {200 P2 = Py = P\Ty and (I — P\)Ty =T, — P, =
—(I — P;). Then

(D +D*) = P(D+ D*)P, + (I — P\)(D + D*)(I — P)

This yields ||(D + D*)©| ) < v2||D + D’|(, and then
(D + D*) = (D + D)V [[(D+ D)7l
=D+ D), I(D+ D)

2(I€2)2
< Vabr ovavEr (k)2 "

since 2v/27k*(k + 3vk) < 1. Therefore, (D + D*)~! is invertible:
(D+ D)D) = (D +D%) ~ (D +D) (D + D)D)
= (I-(D+D) ' ((D+D*)—(D+D))(D+D*)"".
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Observe that the map 1,0 in Definition 3 can be defined for D’ # —D, in which
one replaces (D 4+ D*) by (D + D*)() in the formula for F. We have shown that
(D + D*)M is invertible. Hence, 1,.0((€,Q, D)) = 0. O

The above proof is based on the elementary fact that for a bounded operator A
with ||A|| < 1, I + A is invertible. Indeed, this is the main reason why Theorem
1 can be extended to the case of almost flat bundles. Once the curvature is small,
the norms of relevant operators can be estimated by a small constant. We will also
use this fact in the following proposition, which is an extension of Proposition 1 to
the almost flat case.

Proposition 2. Let (£;,Qi, D;) € LY ,(A) be such that D = —D; and &; have
the scalar products compatible with Q;,i = 1,2. Suppose that there are equivariant
R e L(&1,&2) and T,k > 0 satisfying

(a) |D2|| < 72, ||R|| < k, R(dom(D1)) C dom(D1) and ||[RDy — DaR|| < 72;

(b) there is an equivariant S € L(&1) with ||S|| < k, S(dom(D;)) C dom(Dy),
and ||[I — R'R — D1S — SD4|| < 72;

(c) there is an equivariant ¢ € L(&1) with e(dom(D1)) C dom(D1),eD; =
—Die,e? =1 =c ande(I — R'R) = (I — R'R)¢;

(d) there is an equivariant Z € L(E) with || Z| < k,Z(dom(D3)) C dom(Ds2)
and |I — RR' — DyZ — ZD,|| < 72.

Then for 647 (k + 4v2k3(1 + k)?)° < 1,7 < \/f and k> 1,

T
2221

Yo,u((€1,Q1, D1)) = Yo,u((E2, Q2, D2)).

Furthermore, suppose (d) is replaced by the following condition:

(d') there are equivariant W € L(E3,&1) and Z € Li(E2) such that | Z|| < k,
W <k, W(dom(Ds)) C dom(D1), Z(dom(Ds)) C dom(Dz),||W Dy—D1W|| < 72
and ||[I — RW — DyZ — ZDs| < 72.

Then for 641v/1 + 6E2{k(1 + 2k?) + 4v/2k3(1 4 2k2)3(1 + k(1 + 2k%))%}° < 1,

<— 1  and k> 1,
2/221 /T+6k2
Yo,u((€1,Q1, D1)) = to,u((E2, Q2, D2)).
Proof. The proof is divided into four steps.

Step 1. As in the proof of Proposition 1, we can assume S = —S' and Z = -7’
by considering £ _25/ and Z —22/ that satisfy (b) and (d).

Let (£,Q,D) = (&1 @ &2,Q1 @ (—Q2), D1 ® (—D3)). By Lemma 7, it suffices to
show that 10, ((€,Q, D)) = 0. The proof is similar to that of Proposition 1.

For t € [0, 1] define

[ L 0 | I-RR (iz+tSK o [ D tR
7| itRe I |' ' | R(ie +15) I P 0 =Dy |

These operators are all equivariant. Let B:(£,n) = Q(T:&,Tyn) and Cy(&,n) =
Q(L+&,n). We check that (€, B, D) € L2, ,(A).

If D} denotes the conjugate of D with respect to By, then, as before, D} =
(T{Tt)_lD/(TtITt) = —(Tt/Tt)_lD(TtITt) Since

0 0
D = DT = [ —it(RDy — DyR)e 0 } ’
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T.D — DT, is in Lg(E) by condition (a). This implies that D + D} € Li(E), since
D+ D} = (I'T,)"\(T)(T;D — DT}) + (I!D — DT!)T}). Now

[Ty, D]|| < t||RDy — DaR|| < t72,
[T}, D]|| < t|R'Dy — D1 R'|| < tr°,
and || T3] < (|R[t+1)v2 < V2(1+tk), | T} < V2(1+tk). Here we used the norm

Iz, )|l = lz]|2+ |lyll? on € = & @ &,. Clearly,
L[ 1 o no1 [T —iteR
T _[ ire 1|0 T =0 1 |
-1 I —iteR’

(LT _[ —itRe t*RR'+1 |’

We have |[(T/Ty) 7| < V2(1 + 2| RR|| + t||R||) < V2(1 + th? + tk), and
IDy+ Dl < W@ T) AT IITE, DI+ 127, DT

< 4?14 th) (1 + 2k + th).

This proves D+D; € Lg(E). Obviously, D? € L5(€), and, as in the proof of Propo-

sition 1, we can find equivariant Ry and S; € L5(€) such that DS + R1D — I €
K (€). We have thus verified that (£, By, D) € L ,(A).

Step 2. We now check that (€,Ct, Vi) € L4, (A) for ¢ near 0. Since Lo =TT,
1L < T ~HE < (V2(1 + ) = 2(1 + k).
Note that

_[I-RR iR 0 tSR] L[ 0 SR
Lt_{ iRe I] [tRS 0 ]_LO(I+L0 [tRS 0 ])

We see that if

!
||Lo_1[ 0 tSR

RS 0 } I < 201+ k>V2|S|IIIRIE < 2v2(1 + k)%t < 1,

then L; is invertible. Let tg = We have

1
4V2(14k)2 k2"
0 tSR -1 —1 1
L <
s 0 I <
In particular, for t = to, ||L;.'| < 4(1 + k)2 Since C(¢,Vin) = Q(L:&, Vin) =

Cy(Ly 'V, L€, n), the conjugate Vi ¢, of Vi with respect to Cy is Vi o, = L'V, L;.
We have

nL#n<nu+Lﬁ[ 201+ k).

(I - R'R)Dy t(I — R'R)R' — (ic + tS)R' D,
LtVt = 9

R(Z€ + tS)Dl tR(ZE + tS)R/ — DQ

UL, — Di(I — R'R) D' (ie +tS)R/
Ll —tR(I — R'R) — D4yR(ie +tS) —tR(ie +tS)R' — D},

This implies that

/ _ b u
LV, +V,L; = { v 0 |



2168 DONGGENG GONG

where
b = (I-RR)D;—Di(I-RR)= (DR — RD3)R+ R (DR~ RDy),
vy = R(ie+tS)D1 —tR(I — R'R) + DaR(ic +tS)
= (D3R — RDy)(ic +tS) + tR(D1S + SD; — (I — R'R)),
and

ug = —Di(ie+tS)R +t(I — R'R)R' — (ie + tS)R'D,

= —(ie +tS)(R'Dy — DiR') — (D1S + SDy — (I — R'R))tR’.
By assumptions (a) and (b), b, u; and v; are in Lg(€). Thus

Vi+Vie =L (LiVi+ ViLy) € La(E), t € [0,t0).
One can easily check that (£, Cy, V) satisfies the other conditions. Hence (€, Ct, V)
€ L, (A).
Step 3. We have shown that

(€,B:, D) € L ,(A[0,1]) and  (€,Cy, Vi) € L, (A0, to]).
Note that Vo = D and Cy = By, (€, B1,D) = (€,Cy, V). This implies that
Yo,.u((€,Q, D)) = vo,u((€, Bo, D)) = ¢o,u((€, B1, D)) = vo,u((€, Cry, Vi)

Consequently, it suffices to prove 1 ,((€, Cty, Vi) = 0.
We now use Lemma 12(b).
(i) We have

D? (DR — R'Ds)
0 D2 )

IVE, I < ID3I| + tol D1 R — R'Do|| + || D3|| < (27)2, 71 = 2r.
(ii) Since 2kt = 2k <1and 127(1+ k)% < 1,

IVl <= Vi =

VAR
IV + Vie, I = 1L L Vi + Vi, Lol < 1L BN+ N || + llog )
= 41+ k)2((7%k + kT?) + 27%||ie + tS|| + 2tokT?)
<8(1+ k)23 +k) <.
S 0
R/ty —Z

DS+ SDi+RR  t(SR —R2Z)
—#(DsR — RD1) DyZ+ ZDy+ RR

(iii) Take X = [ } . Then

VtOX +th0 = |:

We obtain
IV, X + XV, — I

IN

V2max{||D1S + SD; + R'R — I| + ||to(SR' — R'Z)|,
1
I (D2 = RDV)|| + |[D2Z + ZD> + RR' — I}
0
72 1
< V2max{r? + 2tk?, = + 77} < >
0
since 7% + m < ﬁi and 72(4v2(1 + k)2k%2 4+ 1) < ﬁi Therefore, V¢, X +
XV, is invertible and
1

< <2
1- HvtoX_Ftho _I”

H(vtoX + tho)
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(iv) The norm of X can be estimated by

1]

IN

Vamax{||S||,|1Z]| + | R/toll} < vV2(k + %

V2(k 4+ 4V2(1 + k)?k?) € k.

(v) € already has the scalar product (£,7) = Q(£,Tn) with T? = I. Now
Cio(&,m) = Q(&, Li,m) = (£, TLy,n). Clearly,

L3, < V2max{|I — R'R|| + || — ie + toS"||[| R, [|R' (—ie + toS")|| + 1}

= 2 :
< \/§(l—|—k—|—k +m)

Also,

’ /\— 1
(TLINTLL) ™ < 4V2((1+ k) + k(1 + k)* + m) <k

(vi) Finally, we check that
2ok (ks + 3k7) < 1,
where 71 = 27, k1 = V2(k + 4v2(1 + k)?k?). In fact,
3
\/\/513 +8(1 + k)2k3
< 647(k +4vV2(1 + k)2E3)° < 1.

Hence, the condition of Lemma 12 is satisfied. The proof of the first part of the
proposition is completed.

Wk (ky +3kF) = 32r(k+4V2(1 4+ k)2K)(1 +

)

Step 4. We now prove the assertion with (d) replaced by (d'). Let Z, = Z —
RR'Z+ RSW, X1 =1—RW — DyZ —ZDs,Xo=1— R'R— D1S — SD;. Then

1Z2 ] < 1211+ IRIRMZ] + I RIISHIW < & + 247,

RSW Dy + Dy RSW
= (DyR — RD;)SW + R(D1S + SD1)W — RS(D;W — W Dy)
= (D3R — RDy)SW + R(I — R R)W — RXoW — RS(D;W — W D,).
It follows that ||RSW Do + DoRSW || < 72k? + k(1 4+ k?)k + k72k + k272, Also,
RR'ZDs+ D>RR'Z
= (D3R — RD,)R'Z + R(D\R' — R'D3)Z + RR (D2Z + Z D).
This yields |RR'ZDy + DoRR' Z|| < k*1% + k272 + k*(1 + k% + 72). Now
RR — 1+ Z1Dsy + D27y
= RR' — I+ DyZ + ZDy+ (RSW — RR'Z)Dy + Do(RSW — RR'Z)
= (RR' —I)X1 — (D2R— RD1)(R'Z — SW) — R(D1R' — R'D»)Z
— RXoW — RS(DiW — W Dy).
We get
|RR — I+ Z1Dy+ Do Zy|| < (1 +E*)7? + 7%(2K%) + 3k%72 = 72(1 + 6k?).
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Therefore, replacing 7 and k in the first part of this proposition by 7v/1 + 6k2 and
k(1 4+ 2k?), we obtain that if

647/ 1 + 6k2{k(1 4 2k?) + 4vV2k> (1 + 2k)3 (1 + k(1 + 2k2))?}° < 1,
then the conclusion holds. (|

Let M and N be two closed, oriented Riemannian G-manifolds and A : N — M
be a G-pseudo-equivalence. Let E be a 7-flat G-A-bundle over M whose fiber is
a finitely generated projective Hilbert G-A-module Ey, where 7 > 0 is a constant.
Let V be a 7-flat connection on E. Then we have two elements (£g, @, Dg) and
(En+(m)> @, Dp=(y) in E&u(A). Our goal in the rest of this section is to prove
that for 7 small, these elements satisfy the condition of Proposition 2. Hence,

Lemma 13 ([HiS]). With the above notation, if f : N x [0,1] — M is an equi-
variant smooth map, then there is a constant k > 0 such that for every equivariant
unitary connection ¥V on E, || f3(V) — f1 (V)| < k||V2|.

Proof. This lemma is independent of the group action, since we are concerned only
with the norms. See the proof of Lemma 4.3 in [HiS]. O

The following lemma extends Lemmas 10 and 11 to the nonflat case.

Lemma 14 ([HiS]). Let M and N be two closed, oriented Riemannian G-manifolds
and E be a G-A-bundle over M whose fiber is a finitely generated projective Hilbert
G-A-module Ey.

(a) Let h: N — M be an equivariant smooth map and w an equivariant smooth
form on N. Denote by Ny the support of w and suppose that h is a submersion
near a G-neighborhood of No. Then e,h* : Eg — Ep+(p) is a bounded equivariant
operator. Moreover, the norm of e,h* can be estimated by a number which is
independent of E. Let V and V' be equivariant unitary connections of E and
h*(E), respectively. Then e, h*(dom(Dg)) C dom(V’) and V'(e,h*) — (e h*)V €
L(EE, En(B))-

(b) Let h: N x [0,1] — M be an equivariant smooth map and w an equivariant
smooth form on N. Let Ny be the support of w. Suppose that h (resp., ho, hy) is
a G-submersion near a neighborhood of No x [0,1] (resp., No). Then there is a
constant k > 0 such that for any connection V of E there exists R € L(Eg, ShS(E))
with ||R|| < k and

lewht — ewhs — h5(V)R — RV|| < E[[V?].

Proof. (a) We refer to [HiS].
To prove part (b), let

RO = [ (g ek @, .

Then the norm of R can be estimated by the number k, which is independent of h
and the structures on M and N. As the proof of Lemma 10,

’ ~.

1
(h§(V)R + RV)(€) = (ewhi — ewhg)(€) + /O (i.2 (ew(h™(V) = B T(V))(£)))dt,
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where h'(z,t) = h(x,0) : N x [0,1] — M. Let R; be defined by the second term of
the above identity. Then

ewhi —euhl = hi(V)R+ RV + R;.

To estimate the norm of Ry, let H(xz,¢,A) = h(xz, At). Then H(z,t,0) = h'(x,t)
and H(x,t,1) = h(z,t). Using Lemma 13, we get || R;|| < k| V2| O

Let P: N x B*¥ — M be a G-submersion, 7 a G-smooth form of mass 1 on B*.
Suppose that ¢ : N x B¥ — N and r : N x B¥ — B are the projections, w = r*(7),
and h : N — M is the restriction to N x {o} of P. Then hq : N x B¥ — M
is equivariantly homotopic to P via the homotopy H(x,t, \) = P(z, At). For this
reason, we identify P*(E) with ¢*h*(E). Let Rp, = Rp.(E,V) = qe,P* €
;CG((C:E, 5h*(E))

Lemma 15 ([HiS]). (a) Let P’ : N x B — M be another G-submersion and ' a
G-smooth form of mass 1 on B'. Suppose h(x) = P(z,0) and h'(x) = P'(z,0) are

equivariantly homotopic. Then there exists a constant k > 0 such that for each pair
(E,V) as above there is R € La(Eg, Ep- (k) satisfying ||R|| < k and

IRV + VR + RP7T(E, V) — Rpg-,—/(E, V)H < k||V2||

(b) Suppose P’ : O x B — N is a G-submersion and 7’ a G-smooth form of
mass 1 on B'. Let P" : O x B! x B¥ — M be defined by P"(x,s,t) = P(P'(z,s),t)
and 7" = 7' x 7. Then there exists a constant k > 0 such that for each pair (E,V),

|Rpr 7 (W (E), h*(V)Rp,r (B, V) = Rpr (B, V)| < k[ V.
Proof. (a) By Lemma 14, the proof is the same as that of Lemma 11.

(b) Define f : O — M by f(z) = P"(z,0,0) and let ¢’ : O x B¥ x B — O
be the projection. Define two homotopies H and H between P and fq” from
O x B! x B* x [0,1] to M by

H(z,s,t,\) = P"(x, s, \t),

and
H(x,s,t,\) = P"(x,sup(0,2\ — 1)s,inf(1,2)\)t).

We have H (x, s,t,0) = (f¢")(x,s,t), H(x,s,t,1) = P"(x, s, t). We can pull back the
metric-preserving connection V on E to a metric-preserving connection H (V) on
H*(E) via the smooth map H, and then by the parallel transport along [0, 1] we de-
fine a unitary operator U € Lg(Epr+(gy, E(tq)+(E)). The same reasoning shows that
H produces unitary operators in L (Epr+(g), € (1)) and La(Exs by, Efq) (B))s
hence a unitary operator U € Eg(f,’pu*(E),S(fquz)*(E)), where H; = H(x,s,t, %)
By definition, Rpr ;» = ¢/'Ueyn (P")* for w" = ﬁzk(Tﬂ), where 7, : Ox B! x B¥ —
B! x B* is the projection. Let Rp» v = q'Ue,(P")*. Then, as in the proof of
Lemma 11(b), Rpr -» = Rps - Rp . The result follows easily from [HiS]:

[Rpr 7 = Rpw ool < Nlg' (U = U)ewr (P")|| < Ki|U = U|| < kym|| V2],
where k1 and m are constants independent of V and E. O

Finally, we prove the equivariant Connes-Gromov-Moscovici theorem.
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Proof of Theorem 2. We use Proposition 2 for (€g, Q, Dg) and (Ep+(g), Q, Dp+(k))-
Let J : M — RF be a G-embedding, O a G-tubular neighborhood of J(M) in R*
and 7 : O — M the corresponding G-projection. Suppose J(M) + B* C O. Let
P : N x B¥ — M be the G-submersion given by P(z,t) = w(h(z) +t), and 7
a G-volume form of mass 1 on B*. Take R = Rp, € Lc(Ep,Ex-(p)). We now
verify the condition of Proposition 2. To check condition (a), let 72 > ||V?||. Then
DL = IV2| < 72, and || Dy (|| = ||V?|| < 7§. Take a G-smooth function ¢ with
compact support such that pw = w on N x B¥. By Lemma 14, we can estimate
llewP*|| and [lgi.o|l = l|(ew P*)'|| = [[ewP|. Clearly,

PV =P V)P, ¢"h* (V) = (hq)"(V)q"
and e, P*(V) = P*(V)e,, for the closed form w. Then
(epq*) ewP*V = (epq*) P*(V)e, P*,
and

I(eeq") e P™V = h*(V)(epq™) e P ||
= (eeq™)' P*(V)ew P* = 1" (V)(epq") eu P
< l(epq™) (P (V) = (h)" (V))ew P
(A (V)(epq") = (ewq™) (hg)" (V))ewn P ||
<m| Vv,

by Lemmas 13 and 14 and the fact that h*(V)(e,q*)" = (exq*)' (hq)* (V). We have
R(dom(Dg)) C dom(Dy«(gy) and [|[RDg — Dy-(pyR|| < m1|[V?|| for some m1 > 0
independent of (E, V).

To check condition (b), let ¢; : N x B¥ x B¥ — N x B¥ be given by ¢;(z,t1,t2) =
(z,t;), P, : M x B¥ — M be the projection and # : M x B¥ — M be the G-
submersion given by 7(z,t) = m(x+t). Then we can argue as the proof of Theorem
1 by using Proposition 2 to get S € L& (&) such that ||S]| < mq, S(dom(Dg)) C
dom(Dg) and

|l = R'R— DgS — SDg| < ms||V?|

for constants m; > 0 independent of (E, V). The rest of the proof is the same as
that of Theorem 1. } .

To check condition (c), take £(§) = (—=1)%¢. Then clearly e(dom(Dg)) C
dom(Dg),eDp = —Dge,e = ¢',e? = I and (I — R'R) = (I — R'R)e. See the
corresponding part of Theorem 1.

Finally we verify condition (d’) of Proposition 2. Indeed, let P, : M x B! — N
be a submersion such that ¢; : M — N given by ¢ (z) = Pi(z,0) is a homotopic
inverse of h, i.e., g1h and hg; are homotopic to the identities, respectively. Note
that P, and ¢; may not be equivariant, and homotopy between ¢; h and the identity
may not be equivariant either. However, we can still identify E with (hq)*(E)
non-equivariantly. Let 7/ be a volume form of mass 1 on B! and Wy = Rp, - €
Lc(Ep+(B),€E). Then, as before, there are constants my, ms > 0 such that ||| <
ms, Wi(dom(Dg)) C dom(Dg) and

|[W1Dp () — DEWA|| < ma| V2.
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By Lemma 15 and Step 3 of the proof of Theorem 1, there exists Z; € Lg(Ep+(g))
satisfying || Z1| < me, Z1(dom(Dp«(g))) C dom(Dy«(gy) and

| = RW1 — Dy () Z1 — Z1 Djpe (i) || < mr|| V2],

where mg, my are positive constants independent of (E,V). Let W = fG g(W1)dg,
Z = fG g(Z1)dg. We get the required operators. Let

72 = max{[| V2|, m1 || V2|, ms|| V2|, ma V||, ma |V}

and k = max{mg, ma, ms, mg}. Then we have verified the condition of Proposition
2 as long as ||V?|| is sufficiently small. O

We refer to Section 3 for the main idea of the above proof. We should point out
that the argument in Section 3 and this section closely follows [HiS], except that
our estimates are slightly different. We called this the equivariant Hilsum-Skandalis
method in the Introduction.

The following is an example of 7-flat G-vector bundles (see also [Ska]).

Example 1. For simplicity, we take G = S' and M; = S! with a trivial G-action.
Let E; = ST x R™ be a trivial vector bundle over M; with the G-action on a fiber
given by the multiplication e?™* € S'. Choose a basis {e1, -+ ,em,} for R™. Let
[ > 0 be an integer. Define a parallel transport o, ,; along the oriented segment
[r,s] C R! by the following formula:
opr,s)(€5) = ewq7 i=1,2,---,m.

It is easy to check that the connection V associated with this parallel transport is
G-invariant and flat. Let u : S' — U(FE;) be the section of the bundle U(E;) of
unitary endomorphisms on E; given by u(t)e; = e;_1,1 # 1, and u(t)e; = e*>"e
Clearly, u is G-equivariant. Hence it determines an element [u] € K} (M;). It is
easy to check that

m-

_ 2mi(t—tg)!
Olto 1) u(t0) o) =€~ ult).

Let us estimate ||V (u)|:
V(W =

\Y%
mgeMl,Xég“?fMl,l\X||§1 H X(U)H(El)z()

- O[] u(E) 020,11 (P0) — ulto) (Po)
max | lim |
wo€EM1, X €Ty M1,||X|<1,  t—to t—to
Po€(E1)zq,llpoll<1
e27ri(t—to)l/m -1

= max]|| tliglo W“(%)(po)”(&)xo

< 2xl/m.

We may use [u] € K5(M;) to produce an element in K2(S?). Indeed, let S? be
identified with CUoo. Let Ey and E3 be the trivial vector bundles over the interior
and exterior of the unit circle S with the fiber R™. Using u : S' — U(R™) as a
gluing map, we may glue the bundles Ey and E3 together along S and get a new
bundle E over S2. This procedure also yields a connection on E which is 7-flat for
m — 00, because ||V (u)|| < 2xl/m.

|(E1)zg

In general, one may construct 7-flat G-bundles from those in the non-equivariant
cases as long as the constructions in the latter cases can be made equivariantly.
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5. EQUIVARIANT NoOVIKOV CONJECTURE FOR EUCLIDEAN BUILDINGS

We begin with a definition of the equivariant Novikov conjecture. Let M be a
closed, oriented Riemannian manifold and G a compact Lie group acting on M by
isometries. Denote by 7(M) the fundamental groupoid of M, which is defined to
be the set of homotopy classes (rel endpoints) of all paths in M. w(M) can be given

by (M) = %, where M is the universal covering space of M. G acts naturally
on w(M). Let Bw(M) be the equivariant classifying space of n(M) (cf. May’s
appendix to [RoW2]) and fi; : M — Bw(M) be the equivariant classifying map.
If h: N — M is a G-pseudo-equivalence from another closed, oriented Riemannian
G-manifold N, i.e., h is G-invariant and is a homotopy equivalence, then h induces
the maps h, : 7(N) — w(M) and h, : Br(N) — Bn(M). Hence the following
diagram of equivariant K-homology groups is commutative:

(7) K¢y L k6 (Br(an))

KZ(N) K¢(Br(N)).

*

(fN)«
—5

Let Djs be the equivariant signature operator on M. Then D), defines an element
[Dy] in KE(M), which is in K§ (M) for the even dimensional M and in K (M)
otherwise. Although the identity h.(fn)«([Dn]) = (fam)«([Dan]) is not true in
general, in view of (7), one may still expect that this identity holds for some special
cases. More generally, given a G-equivariant commutative diagram

(8) M

where Y is a G-space, h is a G-pseudo-equivalence, and ¢ and 1 are G-equivariant
maps, one conjectures the following:

ENCy ([RoW2)). (fy)s@«([Du]) = (fy)«u([Dy]) in KZ(Br(Y)), provided
K& (Br(Y)) is finitely generated over the representation ring R(G) of G.

Rosenberg and Weinberger have proved this conjecture for Y a complete Rie-
mannian manifold of nonpositive curvature, provided K&(Y) is a finitely generated
module over R(G). The condition on K&(Y) plays an important role in [RoW2],
due to the lack of the equivariant Mishchenko symmetric signature for general com-
pact Lie group actions and other technical difficulties. The unsolved problem in
this case is to remove the condition on K&(Y') and to prove the existence of the
equivariant maps ¢ and 1 in (8) for a general manifold M. On the other hand, it is
desirable to verify ENCy for those Y whose universal coverings are equivariantly
isomorphic to the geometric realizations of Euclidean buildings, since Euclidean
buildings are natural analogues of complete Riemannian manifolds of nonpositive
curvature. The recent work of Kasparov-Skandalis [KaS] on Euclidean buildings
enables us to verify ENCy for such Y. The goal of this section is to carry out the
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proof of the equivariant Novikov conjecture for the above mentioned Y by using
Theorem 1 in Section 3. Meanwhile, we will also get rid of the assumption on
K& (Y). The existence of the G-maps ¢ and 1/ in (8) will be considered in Section
6.

We now recall the definition of Euclidean buildings (cf. [Bro] [KaS] [Tits] for
more details). Let X be a simplicial complex of dimension n and B its geometric
realization. X can be considered as a set of its faces, X = Jj<j<, X*. X is said
to be typed if there is a map 6 : XY — {0,1,... ,n} such that for every simplex
x € X, the images under 6 of the vertices of x are pairwise different. 6 is called
a type of X. There is a typed simplicial complex X; associated with a given sim-
plicial complex X of dimension n such that X; and X have the same geometric
realization. We use the notation that chambers are the simplices of dimension n;
walls are the simplices of dimension n — 1, and apartments are subcomplexes of X
determined by the Weyl system.

Definition 4. (X, B) is called a Euclidean building if

(i) B has a metric such that the apartments are affinely isometric to the Euclidean
space R";

(ii) any pair of simplices of X is contained in an apartment;

(iii) the intersection S NS" of any two apartments S and S’ is convex and there
is a simplicial isometry j : S — S’ such that j is the identity map on S N S" and
preserves the type, i.e., 0(j(z)) = 0(z),Vx € S;

(iv) for any two chambers o and ¢’ of an apartment S there is a type-preserving
simplicial isometry j : S — S mapping o to o’.

This definition of a Euclidean building is slightly different from the one in [Tits].
In fact, every Bruhat-Tits Euclidean building is a Euclidean building in the above
sense.

Example 2. (a) Let F' be a field with a discrete valuation and SL,,(F) the group
of n x n matrices over F' with determinant 1. Then we can associate with SL, (F)
a Euclidean building. In particular, this building for SLy(Q) is a tree [Bro].

(b) The universal covering space of a complete Riemannian manifold of nonpos-
itive curvature can be considered as a geometric realization of some topological
building [BuS]. For more examples of Euclidean buildings we refer to [Bro].

Note that the geometric realization B of a Euclidean building X is contractible
[Bro]. Let I'g be a discrete group which acts properly and freely on the build-
ing (X, B) by type-permuting isometries. Here the action of Ty is called type-
permuting if there is a group homomorphism 7 : I'y — S,,, the permutation group
of {0,1,...,n}, such that 0(g(z)) = 7(g9)0(z),Vg € T'g,z € X. The action is
called type-preserving if 7(g) = I,Vg € T'o. Then the universal covering space of
Y = B/Ty is B. We assume that G acts on Y by isometries via a homomorphism of
G into Tsom(Y'), the isometry group of Y, such that the lifting of the G-action to B
is type-permuting. More precisely, there is a locally compact group I' in Isom(DB)
such that I" is a group extension of I'o by G, 1 - T'g = I' = G — 1, and I" acts on B
by type-permuting isometries. The importance of I" is that C*(T") is strongly Morita
equivalent to the semidirect product C;¥(w(Y)) x G of C}(w(Y)) and G [RoW2],
where C*(T") (resp., C(n(Y))) is the reduced group (resp., groupoid) C*-algebra
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of T (resp., 7(Y)). Hence
KS(CHr(Y)) = Ku(C (r(Y)) % G) = K.(CE(T)).

To consider the ENCYy for Y = B/Ty, we need a non-Hausdorff smooth manifold
Mx associated with (X, B). Let us first give the following general definition.

Definition 5. We call (U;, Usj, ¢ij)i jes a I-atlas if it satisfies the following:

(i) I' acts on the index set J and U; such that g(U;) = Ugyy,i € J,g € T

(ii) each U; is a Hausdorff smooth manifold,;

(ili) Uy = U;, and for 4, j € J,U;; is an open subset in Uj;

(iv) wij : Uji — Uy; is a diffeomorphism such that ¢; = Iy, and ¢;;(gz) =
gpij(x),g €T

We may associate a manifold My to a I'-atlas (U;, Uij, ¢ij)i,jes by taking My to
be the quotient of the disjoint union of U;,7 € J, by the equivalent relation “x ~
©Dij ()", x € Uji. My is in general non-Hausdorff. As one can easily check, My is
Hausdorft iff the maps (r, s) : U;; — U; x U; given by r(z) = z and s(z) = r(pji(z))
for x € U;; are proper.

The non-Hausdorff manifold Mx associated to the building (X, B) can be defined
as follows. Let E be the affine Euclidean space E = {t = (to,...,t,) € R"*1 :
Sitoti=1}and X ={t € E : t = (to,... ,tn),t; > 0,Vi}. Since ¥ is a convex
set in E, we can define a continuous map ¢ : F — E by the formula ||g(t) —t|| =
inf{||t — s|| : s € }. For a subset O of {0,1,...,n} let Fp be the face of ¥ defined
by Fo ={te X :t= (to,...,tn) : 7 € O if t; # 0}. Denote by Qo the interior
in E of ¢7'(Fp). Obviously, Fy = Qp = 0. Let U, = E,x € X, U, = Qo (zny)
for x #y in X and ¢,y = I. Then {U,,Us y, Yo y}eyex is a I'-atlas. We define
Myx = U/ ~, where U° stands for the disjoint union of the U,,z € X. My is a
non-Hausdorff smooth I'-manifold endowed with a I'-invariant Riemannian metric,
since its tangent bundle is trivial. Indeed, fibers of the tangent bundle of My are
the space of tangent vectors to E. The crucial property of Mx is that Mx is I'-
equivariantly homotopy equivalent to B (cf. [KaS], Lemma 4.8), i.e., there are I'-
equivariant maps f1 : Mx — B and fs : B — My such that fifs and fof; are I'-
equivariantly homotopic to the identity maps, respectively. We have the diagram

fa

9) B

ol

s
Y = B/T, ﬁ—“\f Yx = Mx /Ty,
J3

where P is the natural projection; f3 and f4 are defined by the commutativity of the
diagram. Then Y is G-equivariantly homotopy equivalent to Yx via the maps f3
and f4. The advantage of introducing Yx is that one can use various K K-theoretic
information about non-Hausdorff special manifolds. We now reduce ENCy to the
following problems:

(1) to construct an injective map 8 : K&(Y) — K&(C*(n(Y)));

(2) to show the G-pseudo-equivalence of 3(p«([Da]))-

To define the map S, let us assume that G has a fixed point in Y. This condition
is not necessary for the construction of 3, but it will be needed in Proposition 3
below. So we use it here as well to simplify the discussion. Thus G acts on the
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fundamental group I'g of Y, and I' = I'g x G, a semidirect product of I'g and
G. By Theorem 2.5 of [RoW2], K&(C*(n(Y))) = K&(C#(Ty)). Let V be the G-
Cy(To)-bundle over Y whose fiber V,, at y € Y is the C*-algebra C}(T'y), namely,
V =B xr, C*(To). V is a flat G-C*(T'g)-bundle. Note that the restriction of V' to
a G-compact subset Z C Y yields a G-C*(T'p)-bundle over Z, and hence defines an
element [37] in K§(C*(Z) ® C*(Tg)). Let 3 be the homomorphism from K&(Z)
to K&¢(C*(Tp)) given by the Kasparov product with [3z]. The map 3} respects
the inductive limit and gives rise to a map

B KSW) = I K9(Z) = K9(Cr(To)),

Furthermore, let U be the completion of the space of all continuous sections of
V with compact support in Y, and ¢(f) = fIy,f € C(Y). Then (U, ¢,0) is a
Kasparov G-C(Y)-A ® C(Y)-module with A = C*(T'y), and defines an element
[By] € KKE(C(Y),A® C(Y)) (cf. [Kas]). We can consider [3z] as a restriction of
[By] to W C Yx.

We are now going to interpret § as a map coming from a Dirac element on My .
To this aim, we need a new G-C*-algebra C*(U). Let C*(U) be the G-C*-algebra
of the groupoid U = |, ¢ x Us,y associated with the covering {Us, Uy, y, I}4,yex
of Mx. C*(U) is the completion of Ce(U) = @, , ¢ x Cc(Us,y) With the norm given
by [[f|| = sup{||fsll,s € Mx} for f =D, , fa,y in Cc(U), and || fs]| is the operator
norm on Hy = I2({x € X;s € U,}), since f defines a finite rank operator fs on
H, by (es, fs(ey)) = f(z,y,8) = fz,y(s). The product of C*(U) is the convolution
given by (f1f2)z,y = 2, f1,2,2f2,2,y for fi = @zy fiwy in Ce(U). As pointed out in
[KaS], C*(U) is independent of the covering of My up to Morita equivalence. Let
Cx(U) = C*(U)QCUff(E), where ClLiff(E) is the Clifford algebra associated with
the positive quadratic form of E; i.e., it is the C*-algebra generated by E subject
to the relations £ = £*,£2 = ||€]]2, £ € E.

Lemma 16 ([KaS]). Let (X, B) be a locally finite Fuclidean building and Mx its
associated non-Hausdorff manifold.

(a) Let p be a trivial map from Mx to a fized point. Then pi defines a Gysin
element pr € KKY(C(U),C) which is called the Dirac element Dx.

(b) There is an element nx € KK (C,C#(U)) such that

Dx ®cnx = Icx ) € KK'(CE(U), CE(U)).

With the above preparation, we can prove the following injectivity of the assem-
bly map 8.

Proposition 3. Let (X, B) be a locally finite Euclidean building and Ty a finitely
generated discrete group acting on (X, B) properly and freely by type permuting
isometries. Suppose G is a compact Lie group acting on' Y = B/I'y by isometries
with a fired point. Then B: KE(Y) — K&(C*(Ty)) is injective.
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Proof. As shown by Kasparov ([Kas], Theorems 4.10,6.6 and 6.7), in view of [KaS],
we have that the map [ is the composite

Poincaré duality

K& (Yx) =0 KAGU/T)
Grccn-JP:lg Thm. K.(C:HU/Ty) x G)
Morita;:equi\" K*(O: (U) X F)

PR K(CrD) = KE(CH (V) = KE(CHT),
where I' = Ty x G and j' is the reduction map ([Kas], Theorem 3.11), j'[Dx] €
KK(C:U) xT,Cx(T)). This is similar to those in [RoW2] for manifolds of non-
positive curvature. The Morita equivalence above follows from the fact that by
Theorem 1 of [CMW] and Theorem 3.13 of [Kas],

K. (CXU/Ty) x G) ~ K, (CX(U)™ x G)
OB 1 (CHU) % To) % Q) ~ K.(CHU) % T).
The Poincaré duality follows from Theorem 6.8 of [KaS] and the fact that, by (9),
the non-Hausdorff manifold Yx = Mx /Ty and Y are G-equivariantly homotopy
equivalent. By Lemma 16, j*[Dx] ®c=(r) iTnx] = Ic+wyxr- We obtain that 3 is
injective. O

We should point out that the condition on the fixed point of G in Proposition 3
is only to guarantee the Morita equivalence in the above proof. Another extremal
case is when G acts freely on (X, B). By the proof of Proposition 3 and Theorem
3.13 of [Kas], the Morita equivalence holds also for this case.

We now prove the homotopy invariance of the higher equivariant signature for
groups acting on Euclidean buildings. Note that the action of a locally compact
group on a Euclidean building is given by a homomorphism from the group to the
isometry group of the building.

Theorem 5. Let (X, B) ba a locally finite Euclidean building, Ty a discrete group
acting on (X, B) properly and freely by type permuting isometries. Suppose that the
compact Lie group G acts on' Y = B/Ty by isometries with a fized point. Then for
every G-equivariant commutative diagram (8), ¢.([Dar]) = ¥« ([Dn]).-

Proof. By Proposition 3, we know that 8 : K& (Y) — K&(C(T')) is injective. It
is thus sufficient to show that B(p.([Dar])) = B(w«([Dn])). Hence, the problem
reduces to the G-pseudo-equivalence of the invariant 3(¢.([Das])). In view of the
construction of 5 above, the K K-index theorem [RoW1] shows that

G — 8ig(Dy~(vy) = Bl ([Dm))),

where V is the G-C?(T'g)-bundle over Y constructed in the definition of 5. Theorem
1 implies that G-Sig(D,-(v)) is a G-pseudo-equivalence invariant. |

Now Theorem 3 follows immediately from Theorem 5.

Proof of Theorem 8. TakeI'o = {1}. Then G acts on B. In view of the Bruhat-Tits
fixed-point theorem ([Bro], p.157), G has a fixed point. Hence Theorem 5 is appli-
cable. In fact, when T'yo = {1}, the Morita-equivalence is trivial and Proposition 3
is true without the condition on the fixed point. O
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Combining Theorem 1 with the proof above (cf. also [RoW2]), we can remove
the finite generation condition on K&(Y') over R(G) in the Rosenberg-Weinberger
theorem. The finite generation condition of K& (Y) enables one to reduce the
compact group action to the finite group action using the McClure theorem.

Theorem 6. Let Y be a complete Riemannian G-manifold of nonpositive curva-
ture in the commutative diagram (8). Suppose G has a fized point in Y. Then

¢:([Da]) = ¥ ([Dn]) in KZ(Y).

In particular, if Y is a complete simply connected Riemannian G-manifold of
nonpositive curvature , then by the Cartan theorem (cf. [Bro], p. 157), G has a
fixed point in Y. Hence the condition on the fixed point in Theorem 6 is satisfied
in this case.

6. EXISTENCE OF EQUIVARIANT MAPS

In this section we will prove Theorem 4, which is about the existence of the
equivariant maps in (8). In [KoS] Korevaar and Schoen proved the existence of a
T'p-equivariant map from M to a metric space W of nonpositive curvature, where
I is a finitely generated discrete group acting on M and W by isometries (cf. also
[GrS]). We want to extend their theorem to the I'-equivariant case, where T is the
extension of I'g by the compact Lie group G,

1-Ty—-T—>G—1.

In our situation, we take T'o = 71 (M) and

I'= {8y = (g9.%) € G x Diff(M) : mptpg = gmas},

where 7y : M — M is the natural projection. g is called a lifting of g € G to M.
Any two liftings of g differ by an element of I'g. I' is a locally compact group and
acts on M via ¢,. Let p: T — Isom(W) be a continuous homomorphism, where
the isometry group Isom (W) of W is endowed with a compact-open topology. We
thus have an action of I' on W via p.

Recall that a complete metric space W is of nonpositive curvature (cf., for in-
stance, [KoS]) if: 1) W is a length space, i.e., the distance d(z,y) of any two points
x and y in W can be realized as the length of a rectifiable curve connecting z
to y (those distance-realizing curves are called geodesics); 2) for any three points
x,y,zin W, let vgy, vy, and v,, be three geodesics connecting these three points,
respectively. If § is the midpoint on v, i.e., d(y,7) = %d(y, z) = d(g, z), then

_ 1 1 1
dQ(l',y) < §d2($,y) + §d2(x,z) - Zd2(yuz)

A locally compact metric space of nonpositive curvature must be simply connected.
We now want to prove Theorem 4.

Proof of Theorem 4. Step 1. Existence. The proof is to extend the argument for
[o-equivariant maps [KoS] to our case. Let My be a compact fundamental domain
of T in M such that the boundary of My has zero measure. M is a union of all
“YMOFY € Iy, up to a zero measure set. Fix a point go € W and define a map f
from I" to W as

f(ﬁg) = P(ﬂg)%-



2180 DONGGENG GONG

Obviously, f is a I'-equivariant map. Let u be the Riemannian volume measure on
M which is the lifting of a Riemannian volume measure on M. For 2 € M, denote
by B(z, 1) the unit ball in M centered at z. Define a measure e on I' by setting

p(B(w,1) N By(Mo))
sz 6 = dMG g),
o) = = B0 )
where pg is the normalized Haar measure on G. For g € G, let
Ty ={By €T : By = (9,%,), %, is a lifting of g to M}.
Then I'y ~ I'y. Using the fact that, for a fixed g € G,

u(Ba, )N | By(Mo)) = n(B(a, 1)),
Bg€ly

we have that du, is a probability measure on I'. Furthermore, one can easily check
that du, is -equivariant, i.e., duﬁq/(z)(ﬂg/ﬁg) = dp(By). Consider the integral

=LﬁwmmmmqumM

where d(f(8y),q) is the distance between f(8,) and ¢ in W. Clearly, this integral
is well defined (see (10), below). By Lemma 2.5.1 of [KoS], there exists a unique
point f, in W, called the center of mass of f, that minimizes the integral I,.(q).
We claim that f, is T-equivariant in z, namely, fﬁg(m) = p(By)(fz)- Indeed, by the
-equivariance of dp,, we have that I, (»)(¢) = I:(8; '(¢)). The uniqueness of the
center of mass implies the claim.

We define a map u: M — W by u(z) = f,. u is [-equivariant.

Step 2. Continuity. Let € M and I'y = {8, € T : u(B,(Mo) N B(z,1)) # 0}. By
the I'-equivariance of w, it is sufficient to check the continuity of u at x in an e-
neighborhood of M, (e > 0 very small). We first prove that there exists a constant
k > 0 such that for all 3, € I,

(10) d(f(Bg), q0) < k-

Indeed, let g € G, By = (g,%4) € T'y, and {71, - , 7} be a finite set of generators
of I'g. Then there is a constant k;, > 0 such that for every lifting 1/1; of g with
By = (9,v,) € T, ¢y, differs from ¢, only by a v € Ty and the word length || of
« with respect to the above finite set of generators is less than k;. By the covering
property of the projection I' — I'/T\y ~ G and the continuity of p, for any ¢’ € G
very close to g, we can choose a lifting 14 of g’ to M, By = (¢',¢g) € 'z, such
that d(B, (Mo), B,(Mo)) < €4 for some constant e, > 0. Thus for any other lifting
Yy of g, By = (g's4y,) € Ty, ¥y, differs from 1y by a o' € T'g with |7/ < k.
This is true for ¢’ € Uy, where U, is a small neighborhood of g in G. We have

d(f(By)s q0) d(p(Bg' ) 0 90)

< d(qo, p(By) ' q0) + d(v' 90, q0)
< d(f(Bg),q0) + kg Jax d(vjq0,q0)
<

ng(f(ﬁg), qO) =+ k!] 11212.1)( d(rYJqu QO),
<j<r

for some constant ¢, > 0 depending only on g € G. Here we have used the fact
that p(08y) is an isometry on W. Since G is compact, we can use a finite number
of Ugs to cover G. This proves (10). Hence, it follows that for B, € Tz, f(5,)
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lies in a convex ball B(go,k) C W. Proposition 2.5.4 of [KoS] then shows that
u(z) € B(qo, k). We get

(11) d(u(z), f(Bg)) < 2.
Now for y € M very close to z, we get by a direct computation that

/F At (4) — dpiy ()]
. / / 1B 1) 08, (%)  p(Blu.1) 0 5,(7)
G g

WBE1) B el)
Scw|x_y|7

for some constant ¢, > 0 depending only on z. This together with (11) and Propo-
sition 2.5.2 of [KoS] proves that

d*(u(z),uly)) < 2d(U(9€)7U(y))/Fd(f(v)aU(x))lduw(W)—duy(v)l
kezd(u(z), u(y))|z —yl.

Hence, u is continuous. O

Let Ty = p(T'g) be discrete. Take Y = W/I'} in (8). Then G acts on Y via the
homomorphism p. By pushing down the I'-equivariant map in Theorem 4, we get

IN

Corollary 1. With the condition of Theorem 4, assume further that Ty = p(Tg) is
discrete. If Y = W/T, then there exists a G-equivariant map ¢ from M to Y.

Corollary 1 is applicable to the case where W is the geometric realization of
a Euclidean building. Another special case of Theorem 4 is when M is simply
connected. Then I' = G acts on W via p. We conclude that there is a G-map from
M to W in this case. See also [RoW2] for other special cases of Theorem 4.

Finally, we want to draw a conclusion on the equivariant Novikov conjecture of
Baum-Connes-Higson [BCH]. Let H be a Lie group and W an oriented Riemannian
manifold with a smooth, proper orientation-preserving H-action such that W/H
is compact. Here the properness is in the sense of [BCH]. There is a universal
classifying space EH for the spaces with proper H-actions. Thus, we have an
H-map from W to EH. The equivariant Novikov conjecture of [BCH] is that the
H-equivariant signature H-Sig(W) of W is an H-pseudo-equivalence invariant after
injecting into KX (EH). In the situation of Theorem 5, we have a G-map from Y’
to EG = {pt}. Taking H = G and W = M, we get

Corollary 2. With the condition of Theorem 5, the equivariant Novikov conjecture
of [BCH] is true, namely, G-Sig(M) is a G-pseudo-equivalence invariant in KE (pt).

The argument of the present paper could be used to consider the above conjecture
for more general cases.
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