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LIOUVILLIAN INTEGRATION AND BERNOULLI FOLIATIONS

D. CERVEAU AND P. SAD

ABSTRACT. Analytic foliations in the 2-dimensional complex projective space
with algebraic invariant curves are studied when the holonomy groups of these
curves are solvable. It is shown that such a condition leads to the existence
of a Liouville type first integral, and, under “generic” extra conditions, it is
proven that these foliations can be defined by Bernoulli equations.

INTRODUCTION

This paper is devoted to the study of ordinary differential equations (O.D.E.’s)
y" = R(x,y) where R is a rational function in the complex variables (x,y). There
are many contributions in this area—the most famous contributors are Cauchy,
Darboux, Briot-Bouquet, Boutroux, Hermite, Jacobi, Liouville, Painlevé, Poincaré,
Malmquist and many others—and recently some results appeared with new points
of view: local and global theory of dynamical systems, and differential fields theory.
In this paper we want to give a bridge between these two approaches and to give
also a tentative answer to the following question:

Why in classical books are only such O.D.E.’s as the linear, Bernoulli and Riccati
(particular) equations considered?

To the (O.D.E.) E : y' = R(z,y) can be associated a polynomial Pfaffian form
wg in the affine space C2:

wg = Adx+ Bdy, gcd. (4,B)=1, with R=—-A/B and A, B € C|z, y].

Note that wg is well defined up to a multiplicative constant.

The singularities of wg are the points of the set Singwg (or Sing F) defined
by A = B = 0. The set C? — Sing F is naturally foliated by wg: the leaves
are the solutions of wy = 0; at a generic point (zg,yo) the local leaf L(z,yo)
passing by (zo,yo) is the graph of the local solution y(z) of E with the initial
condition y(xp) = yo. To describe this foliation it is often convenient to construct
a reasonable compactification Mg of C? — Sing E with an holomorphic extension
of our foliation with singularities; in general this compactification appears as a
ruled surface. In the classical books concerning elementary theory of O.D.E.’s; the
strategy is quasi universal (for example see traditional books as Ince, Valiron or
Petrovski). It is important to have in mind this folklore which gives some examples
of compactifications Mg.

1. Equations with separated variables: E: y = —Pi(z)/P:(y), P, € C(t).

The rational form « = Py (z)dx + P>(y)dy is closed and can be integrated by using
the standard decomposition of rational functions; we obtain a first integral F' of our
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equation in an elementary extension of C(z,y) (see §5 below), F =" \;logv; + v
with u; and v in C(z,y), A\; € C. The Pfaffian form wg is equal to

wg = q1(x).q2(y)., q; € CJ[t] are the denominators of the P;’s,

and wg has the integrating factor f = ¢;.q2:

d (W—E) = 0 or equivalently dwg = ﬁ AWE.
f f

Note that the closed rational 1-form 7 has simple poles with integral residues.

For this type of equation it is natural to consider the compactification PC(1) x

PC(1) = Mg. Note also that the foliation Fg induced by F on Mg is transversal to

the natural fibrations by horizontal (resp. vertical) lines except along some special

horizontal (resp. vertical) lines which are the closures of particular leaves of Fg.

2. Homogeneous equations: E:y' = f(£), f € C(t). In this case Valiron (and
others) says: put t = y/x, and in the new coordinates “c’est une équation & variable
séparée qui peut s’écrire:

dzr dt

r  ft)—t’
here the adapted compactification Mg is obtained by blowing up a point (the origin
in the affine chart C?) in the projective space CP(2). This space is naturally a
fibration (with fibers isomorphic to CP(1)) and the foliation Fg is transversal to
the fibers except for a finite number of them which are, as above, the closures
of particular leaves of Fg. As previously the Pfaffian form wg has a rational
integrating factor and an elementary first integral.

3. Linear and Bernouilli equations. Linear equations are of type F : 3’ +
A(x)y + B(z) = 0 for A, B € C(t); the compactification of C> by CP(1) x CP(1)
is well adapted; note that the change of variables y — % in the vertical fibers gives
us the new equation:

—y' +yA(x) +y*B(x) =0

which is a special type of Riccati equation. The foliation induced by E in CP(1) x
CP(1) is transversal to the vertical fibration except along a finite set of lines (the
poles of A and B). The differential form in the affine space C? is of the type

wg = c(z)dy + (a(x)y + b(z))dz, a,b,ce Clz],

and in general wg has no rational integrating factor, as in the previous cases. But
if we try to compute such an f we see that:

dwp = E—a, dr Ndy = E—a e ANwg
dx dx

and the closed rational form n = (2 — a)c™!.dz satisfies:
(*) dwg =nNwg, dn = 0.

If we write n = 4, with F = et -~~r2p, r,r; € C(x), \; € C, we see that F

is an elementary (multivalued) integrating factor of wg; in general the \;’s are not
integers.
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Bernouilli equations E : y' + A(z).y + B(z).y" =0, n € N and A,B € C(z).
If n € {0,1,2} we are in the previous cases; if it is not the case, F appears as a
ramification (put Y = y*~") of a linear equation and as a consequence there exists
a closed rational form n satisfying () and E has an elementary first integral.

4. General Riccati equation. Classical books end the elementary study of
0.D.E.’s by the Riccati equation E : ¢/ +A(z)y*+B(z)y+C(x) =0, A, B,C € C[x].

Valiron says: “Liouville a montré qu’elle ne s’integre pas en général...” The
natural compactification here is CP(1) x CP(1) and the above affirmation can be
justified by using differential Galois theory applied to the linear differential equation
of second order associated to F; this equation is constructed by introducing a new
variable z defined by y = —%. We shall make all this precise by using Singer’s
results.

5. Elementary and Liouvillian extensions. We consider Ky = C(x,y) as a
differential field with the set of derivations A = (66—1, a%)? an elementary extension

K of Ky is a differential field obtained as follows; there exists a tower of differential
fields (K;, A;), i =1,...,n, such that:
1. KnckK;c---CcK, =K.
2. Ajlk,_, = Aj_1 so we note A; = (£, a%)'
3. The field of constants C(K;) = {f € K;,6f =0Vé € A;} = C(K,) = C.
4. K; = K;_1(t;) where t; is one of the following 3 types:
4.a. t; is algebraic over K;_1,
4.b. there exists a € K;_1 s.t. 6(t;) = @,Vé €A,

4.c. there exists a € K;_1 s.t. 6(;‘) = da,Vé € A.

Remark. If f is an element in K, by construction f can be seen as an analytic
function on a certain open set Uy on C2.

Condition 4.b says that we add the logarithm of a certain element in K,;_; and
4.c that we add the exponential of an element.

Now we say that the differential field K is a Liouvillian extension of Ky = C(z, y)
if K verifies conditions 1, 2, 3, 4.a, or 4.c or

4.1’ V§ € A there exists as € K;_1 such that §(¢;) = as.

The condition 4.b’ permits us to add the primitive of a closed differential form
adr +bdy, % = g—‘;, with coefficients a and b in K;_1.

Note that an elementary extension is Liouvillian, but the converse is not true.

In the same way we can define elementary and Liouvillian extensions of (C(z), a%).
We introduce now the two following definitions:
Definition 1. We say that E : y' = R(z,y), R € C(x,y), has a Liouvillian solution
if there exist a Liouvillian extension (L, a%) of (C(x), a%) and an element [ € L

satisfying % = R(z,1).

Definition 2. E : ' = R(z,y) = —A(z,y)/B(x,y) has a Liouvillian (resp. el-
ementary) first integral if there exist a Liouvillian (resp. elementary) extension
(K, (Z,2)) of C(z,y) and an element f € K such that

9z’ dy
wp ANdf =0, ie. if wg = Adx + Bdy, g—B%:O
dy Or

We now present some results of Singer (see [13]):
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Theorem 1. Suppose E : y' = R(z,y) has a Liouvillian first integral. Then there
exists a closed rational 1-form n such that dwgp = n A wg. Conversely if such an n
ezists then E has a Liouvillian first integral.
Recall that a rational closed 1-form 7 is of the following type [4]:
P
dP; H
= N—L +d| = |, i €N\, € C* H, P; € Clx, y].
N Z JpjJr (plnl...P;p> n j € Cla,y)
j=1
The algebraic curves P; = 0 are the poles of n and the A;’s are the residues of n
along P; = 0:
1
A= —
7o )"
where 7; are small circles around P; = 0. As a consequence the elementary function
F = H/ (PP P)plf\l o -Pg\’) is an integrating factor of wg.
In fact Singer also proves

Theorem 2. Suppose that E : y' = R(x,y) has a Liouvillian solution 1. Then
either 1 is algebraic in C(x) (and there exists an algebraic curve T—which coincides
in an open set with the graph of l—such that ' is the closure of a leaf of Fg) or E
has a Liouvillian first integral.

For elementary first integrals we have (see [10]):

Theorem 3 (Prelle-Singer). If E has an elementary first integral, it has a super
elementary first integral, that is, of type > p;log P+ Q, u; € C, P; and Q algebraic
over Clx, y].

Let us explain the objective of this paper. Firstly, we start with a dynamical
condition on the foliation in CP(2) associated to the O.D.E.; namely, there exists a
leaf whose closure is an algebraic curve and whose holonomy group is a nonabelian
solvable one. This means that the group is a ramification of a subgroup of Moebius
transformations. We raise then the problem of classification of these foliations,
which is a natural question since we already know its answer when the holonomy
group is abelian. Now the dynamical condition translates to the same condition of
Singer’s theorem, namely dwg = n A wg; a subsequent analysis leads to the strong
conclusion (in the generic case) that we are in the presence of a Bernoulli equation.
We think this is the reason why such an equation predominates in classical books.

Before ending the Introduction, let us say a word about Liouville’s statement of
“generic nonintegrability” of Riccati equations E : y' + A(x)y? + B(z)y + C(x) = 0,
A,B,C € C(z). Write wg = p(x)dy + (a(z)y® + b(z)y + c(z))dz, a,b,c,p € Clz]
and suppose now that there exists a closed rational form 7 such that:

dwgp =nAwg.

By Theorem 2, this hypothesis is satisfied if E has a Liouvillian solution. Note
that each irreducible component of the divisor of poles of 7 is a separatrix for the
foliation Fg associated to wg. The classical differential Galois theory applied to
some adapted second order linear O.D.E. (see above) shows that in general E does
not have algebraic solutions (see Kaplansky [7]). This fact can be proved (see [7])
also by direct computation (overdeterminated systems) or by geometric arguments
involving Tits’ alternative [14] and the realization of finitely generated subgroup of
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the Moebius group as holonomy groups of Riccati equations [8]. This implies that
generically the poles of n are vertical lines x = x; so that

P
dx H

= i d , HeC(Clz, ,ieN,)\ieC*.

(PP A e sk

Direct computation of dwg and condition (*) implies:

dp dz A 0 H
= (Z _92ga—b) = - N O
dwg (ax ya b) » NwEg (Zx—xl +8x <H(x—xl)"b>)p(x)
—_— — A\, 2
5y (L@ =20 (a@)y? + b(w)y + )
and since H is polynomial %—5 = 0 if a # 0. But this implies a = 0; contradiction.

So we obtain:
If the Riccati equation y' =

a(w)y2+b((w))y+0(w)
p(x
solution then it has a solution which is algebraic over Clz]. And generically Riccati

equations don’t have algebraic solutions.
This fact is well known, but it is interesting to recall it because as we said the
condition (*) has a dynamic interpretation.

,a,b,c,p € C[z], has a Liouvillian

1. SOLVABLE HOLONOMY GROUPS AND FOLIATIONS

Let us consider a holomorphic foliation F in CP(2) of degree v € N, v > 2, such
that:

(i) there exists a smooth algebraic separatrix S C CP(2), along which F has
simple singularities po, ..., pm, one of them at least hyperbolic (by a simple
singularity it is meant a local expression as xdy — Aydx + h.o.t. = 0; when
A ¢ Ry U {0} we say that the singularity is hyperbolic).

(ii) The holonomy group H of S\ {po,...,pm} is a solvable group.

The group H can be described according to the following two possibilities.

— 'H is an abelian group. Since it contains a hyperbolic attractor by hypothesis,
‘H can be made linear in some appropriate coordinate and therefore it is
possible to construct a Darboux integral for F (see [1]).

— H is a nonabelian group. We define for p € N:

az
H, — , " aeC*beC
! {Z 1+bz’a b }’

H, = {W Wﬂw*vbec,uwp:l}'

Then H is holomorphically conjugated to a subgroup of H,, for some p € N
(see [5]); we say that p € N is the ramification order of H (by the way, we
remark that any subgroup of H,, is solvable).

Let us give two examples.

(i) Riccati foliations: the algebraic separatrix is a projective line L which
we regard as the line at infinity of CP(2). In affine coordinates (z,w) € C? the
foliation F7 of degree v € N is defined by w = 0, where

"L d(w — arz)
w= fr_a(z,w)(zdw—wdz) + p(z,w) Z Ap——=;
k=0 w — apz
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here f,_o is a homogeneous polynomial of degree v — 2 (v > 2)
v

p(z,w) = [ (w - ax2),

k=0

v

S Ae=1A #0,0; # ax if j # k.

k=0
The origin (0,0) € C? is a dicritical singularity, contained in the separatrices Ly,
w—agz=0,k=0,...,v. There is also another separatrix L as the line at infinity,
whose intersections with Lo, . .., L,, are the singularities of 71|, and the holonomy
group H of L\ Sing F; is a subgroup of H;. In order to see this, we change the
affine coordinates to have L as the horizontal straight line {y = 0} and the new line
at infinity not invariant for F;. Then F; is given by the equation

(+) p(x)dy — (P(x)y® + Q(z)y)dz =0

where p(z) = p(1,z), P(z) = fu—2(1,2), Q(z) = p(x) >i_, wi—’;k Besides L, the
other separatrices are the vertical lines Ly = {& —ax, =0}, k = 0,...,v, and the
points (ax,0), k =0,...,v, are the singularities of 71[.. Since (x) defines a foliation

of C x C transversal to the vertical lines (except for the separatrices), we see that
‘H is a subgroup of Hj.

(ii) Bernoulli foliations: Let us fix affine coordinates (x,y) € C? and consider
the Riccati foliation F

p(x)dy — (P(z)y® + Q(z)y)dz = 0,

where p, P and @ are polynomials as before. If ¢ denotes the rational transformation
of CP(2):

(z,y) = o(x,y) = (z,9"), peN,
the foliation F, = ¢*F; is given by

p-p(x)dy — (P(x)y"** + Q(z)y)dx = 0.
The holonomy group of L \ Sing F, is a p-ramification of a subgroup of Hy, and
therefore it is a subgroup of H,,.

It is an open problem to classify the foliations in CP(2) which have an invariant
algebraic curve whose holonomy group is solvable. We study here the “generic”
case, although the techniques employed seem to be useful in general. There are
also interesting results in [11].

2. TRANSVERSE AFFINE STRUCTURES

It is well known (see [12] for example) that a foliation defined by a differential 1-
form Q = 0 satisfying dQ = A AQ for some closed 1-form A is naturally associated
to a transverse affine structure. This fact is used here with some adaptations to be
explained now; they are necessary since we deal with meromorphic 1-forms.

Let F be a holomorphic foliation in CP(2), = : C3\ {(0,0,0)} — CP(2) be
the canonical projection. It can be proved that the foliation 7*F is defined by an
equation {2 = 0 where € is a homogeneous polynomial 1-form of some degree v+1 €
N such that ig(2) = 0 (R is the radial vector field in C3). In affine coordinates
(z,y) € C?, the foliation JF is defined by a polynomial 1-form (of degree v+1) w = 0;
the relation 77w = X ~#*+2Q holds, where 7, (X,Y,Z) = (YX 1, ZX 1) = (z,y).
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. l dpP; . .
A meromorphic 1-form £ = Zj*l a;—5*, where Py, ..., P, are irreducible homo-
- J

geneous polynomials such that £ A 0 = 0 is said to be a Darboux integral of €Q;
¢ is projective since ig(2) = 0 and £ A Q = 0 imply ir(§) = 0. We remark that
ir(€) = 0 is equivalent to 22:1 a; deg(P;) = 0.

Let A be the set of meromorphic 1-forms in C? of the type Zé‘:l Aj %, where P;
are irreducible homogeneous polynomials in C3. When €2 has no Darboux integral,
there exists at most one N € A such that dQ = N A Q. In fact, if N7, N5 € A and
dS) Z./\G A Q fOI‘j = 1,2, then (Nl _NQ)/\Q:OSONl ZNQ.

Now we recall the situation we had in the previous section; the foliation F in
CP(2) has a smooth algebraic separatrix S with simple singularities whose holo-
nomy group is conjugated to a non abelian subgroup of H,. The following basic
result is due to A. Lins Neto (see Appendix).

Theorem 1. There exists an unique N' € A such that dQ = N'AQ. More precisely,

dP dP;
N = (p + 1)? + Z[RQSC]. (N)]?J,

J
where 7=1(S) = P71(0), C; = Pj_l(()) are the separatrices of the foliation given by
Q =0; P and P; are homogeneous polynomials and

(p+1)deg P + Z[Rescj (n)] deg P; = v + 2.
J
In fact, this theorem is proven directly in CP(2), yielding the following conclu-
sion (affine coordinates (z,y) € C? are fixed as above, P(z,y) = P(1,z,y), Pj(z,y)
= P(1,2,y),7(C;) = Cj):
1) there exists a closed meromorphic 1-form 1 in CP(2) such that dw =nAw, n
can be written as = (p+1)%+zj Resg, (n)%f, so that 7{n = N —(v+2) %
2) Resp(n) = —(v+2),Resg, (n) = Resc; (V) = 1 —pindy(F, S), where L is the
line at infinity (supposed to be not invariant for the foliation), ¢ is any of the
singularities in C; NS and indy(F, S) is the index defined in [2].

A statement like this in CP(2) is more useful, although 7 depends on the affine
coordinate system. Once we have the 1-form n we proceed as follows to associate
to F a transverse affine structure:

(a) in CP(2) \ L ~ C?, outside singularities and separatrices of F: we
cover this region R by open sets U C C? where Fl|y is equivalent to the
trivial foliation |J,cr, D X% {t}, where I'y is a transverse section to F. Then

n = dgy for some g € Op. Let fy := €9, so that n = f;;'dfy. It follows that
d(f;'w) = —fi2dfv Aw + fildw = — f72dfu Aw + fldw
= —fot(fgltdfu Aw) + frtdw = —fr'n Aw + frtdw
= —fyltdw+ frldw =0

and so fglw = dty for some ty € Op.

On the other hand, if Uy N Uy # 0 we have f;;'dfu, = fydfu,; therefore fu, f;} =
cv,u, € C* (we may assume all the intersections to be connected). Since w =
leldtUl = f[};dt[b we get cy, v, dtU2 = dtUl and ty, = cu,Ustu, +dU1U2 in U NUs,
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where dy,u, € C. The collection {(ty,T'v)}u is the transverse affine structure for

Flr
(b)

It follows that the restriction of ¢y, 7 = 1,2, to any sector in I'y

in L, outside singularities and separatrices of F: let us use the affine
coordinates (u,v) € C? where u = 7%, v = 27 1y; then F is defined by the
polynomial equation @ = 0,& = u~#*+?w. From the theorem stated above
we may write do = ) A ©, 1) being an appropriate meromorphic 1-form. The
relation dw = (7] — (v + 2)u~'du) A w follows easily, and we repeat the same
argument as in (a). We put 77 = h~*dh in U (h € Of;) and fy := u=#*2h,
so that f;'w = h~'@ is holomorphic and d(f;'w) = 0, fi dfu = n; tu is
defined to satisfy f,jlw =dty

in S, outside the singularities of F: let s € S be a regular point of
F, I'y a transverse section. We may choose a coordinate y§ € I'y such that

n=((p+ 1)% = 2070 iy a neighborhood U of s € S where F is triv-

gp+1

ial; we put fy := gP*!, so P®+tDw is a closed meromorphic 1-form. Let
1“2”, 1"(52) be the complements in 7y, of two opposite half lines reio rei(fo+m)
0 <7 <7y and UD,UP be obtained by saturating Y @ by Flu.
We introduce tya), % in order to have g—@“)w = dtya) in UM and
7PtV = dtye in U@, and add to our collection of affine coordinates
the elements {tU<1),F§1)}s€5, {tU<2>,Fg2)}S€5. These coordinates have a spe-
cial property that will be important for us. Since w = ¢(§)dg in U, for some
g € Oy, from §~PTDy = dt;;) we get, restricting 7 to ng), that

tuw (9) = a; +§7"[g(9) + §°b; log g,
for some g € Ot _, a;,b; € C, j =1,2.

) with vertex at

s € S and small angle (< 27”) is ingective.

The class of affine coordinates introduced in (c) control the way the other coor-
dinates that come from (a) and (b) approach S.

Let N C CP(2) be the set where the construction in (a) and (b) applies, and N
its universal covering space, « : N — N the associated projection. The foliation
a*F has a holomorphic first integral F (“multiform first integral for F”) defined
as follows:

(i)

(i)

we cover N by the open sets {a~1(U)}y, U as in (a), (b) and (c), and consider
the transverse affine structure given by

{( 1 (U), ty 0 a)}v = {(Tj, tg, )}

we fix a component of a~*(Uy) with the corresponding point of a~1(Uy) with
the corresponding point of a~1(pg) (po € Up), also denoted by Uy and pg

in order to simplify the notation. Let p € N and n,,5 be a curve which

joins pg to p. Then we cover n,,5 by a sequence Uy = Uy, Uy, .. .,ﬁn such
that U; NU, # ¢, j = 0,...,n — 1. We define F|g = cg 5 t5 + 5,5,
F|[72 = Cg,.0h (Cﬁﬂjztﬁz + dﬁﬂ}z) + dﬁoﬁﬁ ... etc.

It is easily seen that the definition depends on 7,,5 and on the sequence chosen

to cover it (once we have fixed Up).

_ In the sequel we will fix Uy = Uy as one of the components of a~*(Up) such that
UoNS # ¢ (see (c) above).
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We present now an application of the existence of the transverse affine structure
such as constructed before. Let sg € S be a regular point of F, sg € 0Up and
v1,72 be two closed curves in m1(S1 = S\ {po,.-.,Pm},S0), where po,...,pm are
the singularities of F along S. Let also hi, he be the germs of holomorphic diffeo-
morphisms associated to 1,72 as elements of the holonomy group H of S; defined
in a section I'y, to S.

Theorem 2. If y1 % y3 =2 *y1 in w1 (N, 8g), then ha o hy = hy o hg in H.

Proof. Let v = 1 % y2 * 71_1 * 72_1 and h # h;l o hl_1 o hg o h;. We assume that
h # id. Then there exists § € Ty, such that the sequence {h!(y)}ien goes to 0 € T'y,
as [ — oo and the elements of this sequence are contained in a sector of small angle
centered at 0 € C (since h is tangent to Id). Now we define a first integral F
starting from an open set Uy as in (c¢) and pg = g, according to the construction
given above. For n € N, we lift v = v % --- %y (n times) to the leaf of F passing
through 7 and get 3™ C N close to S which joins 7 to A" (7). When we go up to the
covering space N, a1 (3™) joins ¥ to some point 7, € a1 (h™(7)); since v = 1 as
an element of w1 (IV, so), this point belongs to Uy Vn € N, so that we may take 7y,
inside Uyp; therefore we need only to use Uy to cover 7y, , which implies F' = ty, in
Uyp.
Since F(y) = F(h'(7))VI € N, it follows that ¢y, () = ty, (h'(7))Vl € N, contra-
dicting the injectivity of ty, in sectors of angle < 2?”. O

3. PARTIAL CLASSIFICATION

Let us consider again the examples of §1, and make a few remarks about the
singularities of the foliations F1 and F, (these foliations are presented in affine
coordinates (z,y) € C?).

In the case of example (i), we may assume that all singularities of 7|1, are simple;
it is enough to choose Ay ¢ Ry U {0}, £k =0,...,v. The same occurs in example
(ii) with relation to the singularities (a,0), K =0,...,v. Now,if >, Ax = 1, the
point at infinity of L is a dicritical singularity of F,, p > 2, although it is a regular
point of F;. Examples with only simple singularities can be found if we demand
1—=Y7_ oM ¢ Ry U{0} and deg(P) + p < v, as an easy computation shows. The
line at infinity will be also a separatrix of F,, and deg(F,) =v+1 (Fp|r hasv+1
simple singularities).

In all cases it is important to observe that the intersection point of the vertical
separatrices is a dicritical singularity of F, (again an easy computation). Also, this
point is not a nodal point for the union of straight lines which are separatrices.
Each of the theorems to be stated below emphasizes one of these aspects.

Remark. A dicritical singularity, after a blowing-up, gives rise to a foliation for
which the divisor is not invariant.

Let B be the set of foliations in CP(2), with some fixed degree v € N,v > 2
such that:

1) any F € B admits some smooth invariant algebraic curve S which contains
only simple singularities of F, one at least being hyperbolic, and whose holo-
nomy group is a non abelian solvable group;

2) if ¢,g € S are different singularities of F, then the indices ind,(F,S) and
ind4(F, S) are different numbers.



3074 D. CERVEAU AND P. SAD

From Theorem 1, we know that in convenient affine coordinates (z,y) € C? there
exists a closed meromorphic 1-form 7 such that dw = n Aw, where w = 0 represents
the foliation F € B. Furthermore, the separatrices of F which pass through the
singularities of F|g are algebraic curves because they are lines of poles of n; if C' is
one of these separatrices, then

Resc(n) =1 —pindy(F, S),

where ¢ € S is any of the singularities in C'NS and p € N is the ramification index
associated to the solvable group. Now 2) ensures that #C' NS = 1, or equivalently,
S and the separatrices of its singularities are all straight lines. Let £(F) denote the
union of these straight lines, transversal to S. If £(F) contains only singular points
of nodal type, the fundamental group of CP(2) \ L(F) is an abelian group (this
is a particular case of Deligne’s Theorem, see [6]). From Theorem 2 we conclude
that the holonomy group of S is abelian, what is not the case (see Remark at §5).
Therefore £(F) contains at least a singular point which is not of nodal type.

Remark. The existence of singular points of £(F) which are not of nodal type
follows also from the results of [3].

Theorem 3. Let F € B and assume that any straight line in L(F) contains at
most a singular point of L(F) which is not of nodal type. Then F is a Bernoulli
foliation.

Let us define B C B adding an extra condition:

3) there are no relations of the type p), exindg, (F,S) = n, where n € {-v,
—(v—=1),...,0,...,v—1v},ep=0o0reg, =1,3< >, ep <v+1

Since S is a straight line, we may choose affine coordinates such that S becomes
the line at infinity and w = wo+- - -4+w,—1+w,, where w;, 0 < j < v, are polynomial
homogeneous 1-forms and

- d(y — arx)
wy, = (y—aopz)---(y — al,x)Z)\km.
k=0
The singularities qo, ..., q, of F|s are the intersections of {u — arz = 0} with S,
0<k<v,and indg (F,S) =X, 0 <k <w.

Theorem 4. Let F € B and assume that the singularities of F along L(F) are
simple or dicritical singularities. Then F is a Bernoulli foliation.

The reader should notice that Theorem 3 deals with the number of singular
points of £(F) which are not of nodal type, whereas the hypothesis of Theorem
4 associates more closely these points to the foliation. Clearly singular points of
L(F) which are not of nodal type cannot be simple singularities of F.

The main point in proving both theorems is to show that all straight lines in £(F)
meet together at the same point. Once this is done, the following argument finishes
the proofs. Let S = {y =0}, qo,...,q, be the singularities of F|s and Cy,...,C,
their separatrices, where C, = {x — g1, =0}, k =0, ..., v (since Cy,...,C, meet at
the same point, it is easy to pick up coordinates where they are all vertical lines).

Therefore we may write n = (p + 1)% + 3o uk%, where u, = Resg, (). Let
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w = Pdy — Qdx = 0 represent F. We have:

dw = (Py + Qy)dx A dy,
NAw= (p—f—l)g—i-PZL dx A dy
Y o T T 4k

so that P, + Q, = (p + 1)% +PY i o 5—&%'

We see at once, since P is a polynomial, that P(z,y) = c(z —qo) - - - (x — qu), for
some ¢ € C* (remember that deg P < v+ 1).

It follows that Q, — (p+ 1)% = R(z), where R is a polynomial and so Q(z,y) =

Y [ R(x) +y?*'B(z), for some polynomial B. O

4. PROOF OF THEOREM 3

Let Cy,...,C, be the separatrices of F € B transversal to S, and suppose
Co, . .., Cy contain singular points of £(F) which are not of nodal type. We dis-
tribute these straight lines in classes Fp,..., F7 such that in each F}, 0 < j < 1,
all straight lines meet at the same point; we have then a partition of the set
{Co, ..., Cg}, by hypothesis. Finally we consider the classes Fy 1, ..., ] containing

each a single line taken among Czy1, ..., Co.
Let N =CP(2)\CoU---UC, and sy € SN N; we take small circles v, C S
around each point g and join sg € S to points ¢, . .., ¢, contained in these circles,

in such a way that the arcs soqj, * 7}, * ¢1.50, 0 < k < v, are generators for m1 (N, s¢)
(there are possibly other relations besides the obvious one g * -« - %y, = 1).

Claim. If qi, qir belong to straight lines in different classes, then v * Y = Y * Vi
as elements of m1 (N, sg).

This is obvious when g, g» and Cx N Cx belong to some small neighborhood
of C; N Cy disjoint from the other straight lines in £(F) (the fundamental group
of the complement of Cy U Cys in this neighborhood is isomorphic to Z x Z). In
general, the configuration of lines in £(F) can be brought to this particular one
through an isotopy of CP(2) starting with the identity (see also [6]).

As a consequence of this claim, we cannot have more than one class in our
partition, that is, [ = 1, and therefore the separatrices Cy,...,C, meet together
at the same point. In fact, suppose for simplicity we have two classes Fp, F}.
We fix a straight line C' € Fj, to which it is associated a local diffeomorphism
ho € Hol(S'\ {qo,---,aq,},80). The elements of Hol(S \ {qo,.-.,q.}, s0) associated
to the lines in F; commute with hg, by Theorem 2. It follows, since they belong to
a subgroup of H,, that they commute among themselves. Reverting the argument,
the elements of Hol(S \ {qo,--.,qv},s0) which correspond to straight lines in Fj
commute, and also commute with any element that comes from the lines in Fj.
Therefore Hol(S \ {qo,---,q.}, So) is abelian, contradiction. |

5. PROOF OF THEOREM 4

We already know that there must exist some singular point p € L(F) which
is not of nodal type; as a singularity of F, this point is necessarily a dicritical
singularity. Let us take affine coordinates such that p = (0,0) and S is the line at
infinity; also, if w = 0 represents F, then w = wy, + -+ + w,, where wy,,...,w,
are homogeneous polynomial 1-forms of degree m,...,v, with m > 1. Let us
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suppose that Cyp,...,C; contain p € CP(2) and C; = fj_l(O) = {y — ajz = 0},
0 < j <1, and the other lines Cj11,...,C, are given by f; =y — ajx — 85, 5; # 0,
I+1<j<wv. Thenn =Y, ,uk‘%f; we define 19 = Zi@:o ukdf—:. From dw = nAw
we get dwp, = 1o A wi,. Putting w, = A(x,y)dx + B(z,y)dy, where A and B are
homogeneous polynomials of degree m € N:

wm = xM[A(L, t)dx + B(1, t)d(tx)]
=a™[(A(1,t) + tB(1,t))dx + B(1,t)x di]
™ B(1,t)dt,

because (0,0) is a dicritical singularity. Therefore

(m+1)B(1,t)a™ dx Adt = Zu Ef—ak )/\(a:mHB(l,t)dt)
—ap)z

<Z uk> 2™ B(1,t)dx A dt,

so that Z;ZO wr =m + 1.
But pr =1 —pAg, so (1+1) —pZZZO)\k =m+1 andeiC:O)\k =l—m. We
conclude from condition (3) that [ = v. |

Remarks.

(1) We pointed out earlier that when the algebraic separatrix S C CP(2) has
abelian holonomy group (also the singularities of F along S are simple and one
of them is hyperbolic), a meromorphic integrating factor f can be constructed
for the polynomial 1-form w that defines F. It follows immediately that dw =
r]/\wwheren— andw =Py Pp E;o jp,wherePO—O W Pn=0
are the equations for S and its separatrices (see [1 ]) The multlvalued function
P} ... Pim is a Darboux integral for F.

The (dynamical) hypothesis “there exists a (transcendental) leaf which accumu-
lates only on the algebraic set Py - - - P, = 0” guarantees the commutativity of the
holonomy group of S.

(2) We proved that the holonomy group of S is an abelian group when there
exists a meromorphic closed 1-form 7 such that dv = n Aw and ()« is a
normal crossings divisor.

(3) Let us write n = >-7" )\jd??' (dw =nAw).

Proposition. If A\g € {2,3,...} the holonomy group of S = {Py = 0} is solvable;
if Ao ¢ {2,3,...} it is abelian.

Proof. Assume first that Ay € N*. Let us consider the affine transversal structure
associated to F (the notation is the same as before); let also sg € S be a regular
point of F. There exists a ncighborhood of so, U=DxT (D C Sisadisc, "> s

is transversal to S), where n = d(y

) for some appropriate coordlnate y €I,
y(so) = 0. When y € I is restricted to a sector V of vertex sg, one has oW = dty

for some ty € Opxy. Along T, w = a(y)dy, a € Or, a(0) # 0.
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Case 1. Ao € {2,3,...}. Let h € Hy, the subgroup of elements of H which are
tangent to the identity. Since h is associated to the lifting of a closed curve in S
with sg € S as base point, we have

whenever h(V) C V. Differentiating (x):
dtv (y) - Adt_‘/

i a (h(y))-B'(y),
aly) _ alh(y)
y)\o _Ah(y)AO h(y),
so that
_aly) (kN 1
4 a(h(y»( y) W)

Letting y — 0 yields A = 1.

The conclusion is: in the sector V, h is given by the translation ty — Ty — B.

We want to prove that Ho is abelian. Suppose that h,h € H, are such that
hy = [h,h] # id. The sequence hy = [k, h1],..., hy = [h, hn_1],... has increasing
orders of tangency with the identity, so that we may eventually find h,, with an
invariant sector V! C V' (h,, (V') C V’); in V' we have h,,(ty) =ty — B’ for ty € V’,
so that [h, h,] = id, contradiction.

Case 2. \g = 1. We have that ty (y) = clogy + b(y), for some b € Or, ¢ # 0, so
that

clogy + b(y) = Alclog h(y) + b(y)] + B

follows in some sector V invariant for h € Ho(h(V) C V). Therefore clogy —
Aclogh(y) = b(y) — Ab(h(y)) — B is holomorphic at 0 € C, yielding A = 1 and
B = 0. Since ty is injective when the angle of V' at sy € I' is small, we conclude
that h(y) = y.

Case 3. \g = —m, m € N*. Since ty € Or in this case, (x) applied to h € Hy
implies that A =1 and B = 0. Again the injectivity of ¢y when V' has small angle
at so € I' leads to h(y) = v.

Finally we assume that Ao ¢ R. From (x) we have % —= A%h'(y), which

0
implies that (%)A0 = A%h’ (y). The function (%)AO would have a holo-

<
—

morphic extension to y = 0, unless h(y) = y.

(4) Let F € B (see §3) and F’ be a foliation close to F such that the straight line
S is invariant for F and F’, contains v + 1 singularities and has solvable holonomy.
Then it is easily seen that all the conditions of Theorem 3 (or Theorem 4) are still
valid for F'.

APPENDIX

We prove here Theorem 1 for the reader’s convenience. We fix affine coordinates
(x,y) € C? such that Lo, = CP(2)\ C? is not invariant, SN L, Sing(F)NS C C2.
As we said before, the holonomy group H of S\ Sing(F) is conjugated, according
to [5], to a subgroup H C H,,, for some p € N. As a matter of fact, H depends on
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the transversal section to S as we choose to define it, but we take for granted that
H is fixed once and for all.

The idea of the proof is to construct the 1-form 7 in a neighborhood of S; then
by Levi’s theorem (see [1]) it extends to CP(2) as a meromorphic 1-form. There
are several cases to be considered.

(1) Let s € S\ Sing(F), s ¢ Loo. We take I', " transverse sections to S contained
in a neighborhood of s € S, and z, 2z’ € C complex coordinates for I', I which

conjugate Hr and Hr to H. It is easy to see that 2/ = Tt for some

dz’ 1 d
a;éO,bEC, Sowehave(z,)%:a—pzp%.

Since we can represent locally F as z~(P*1dz = 0 or (2/)~®+1dz" = 0, there exist
meromorphic functions h, h’ defined in a neighborhood of s € C satisfying

dz , dZ

It follows that A’ = a?h and dh—h,l = %, and we may define 7 := % = dhh,l. We have
then

dz dh dz
dw:dh/\zp_Irl 27/\ <th+1) =nAw.

In this way we define 1 in a neighborhood of (S'\ Sing(F)) N C2. The problem now
is to extend 7 to Sing(F|s) and to SN Lu.

(2) Let p; € SN Sing(F); we assume that locally p; = (0,0) and w = zdy —
Aydx+ h.ot., S={y=0} Infact, when A\ ¢ R,or A € R_ but A ¢ Q_ we
may assume that w = xdy — Ay dz (since the local holonomy h of S around
p; belongs to Hj, it can be made linear in some appropriate coordinate; by
[9], w can be also made linear).

Let us take a transverse section I' to S close to p;; for simplicity we assume that
I'={(L,5);y0 € C}.

Claim. If z € T conjugates Hr to H, then

p= 290 for some a # 0, 3 € C.

Y1+ B8

In order to prove the claim, we follow the diagram; here z = £(yo) (£ is to be
determined!),
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where M is the Moebius transformation, (M’(0) = 1) which conjugates h to L.

yOGCl—>C

3 3

Vv Vv

ueC [—> é
We have then ZoMoﬂ'of:Moﬂ'ogol, or
(2P M (E(yo)”) = M(E(*™ Ayo)?).
If 0 := e*™, f(yo) := &(yo)?, we get
67.M(f(y0)) = M(f(Byo)) or 67 f(yo) = f(Byo).

wheref:: Mo f.
A computation using power series (and the fact that 6 is not a root of unity)
aPyg

yields f y) = aPyP for some o # 0, and so &(yg)P = >
0 1+Bys

. The claim is proved.
As a consequence we get

dz 1 dyg

Pl gp  pF1T
z « Yo

But yg = yz~*

so that dyg = =

is the equation for the leaf of w = 0 which passes through (1, yo),
—A=1y, and then

dz 1

= w.
2pt+l apyp+1$_)\P+l

It follows that

d(apyp+1x_’\p+1)

= aPyptig—ap+l (p+1

dy dx
21— )=
)t (=7
in a neighborhood of I'; one sees that 7 extends to p; = (0,0) as (p—f—l)%—f—(l—/\p)df.

(3) Now let w = zdy — Aydx + h.ot., p; = (0,0) € Sing(F), S = {y = 0}
and A € Q_ (A # 0). We study first the case where w can be made linear
in some coordinate system; in order to simplify the notation we write w =
rdy + Zydx. The same steps as in (2) lead to the equation

6" f(yo) = f(6y0),
but 6 is a root of unity (™ = 1).
Again power series methods give

Flyo) =D aul ™" = aPyfis(vo),
=0

where a # 0 and ¥(yo) = ¢(yg) for some holomorphic function ¢ defined at 0 € C,
¢(0) # 0.
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Therefore
o ")
1+ Bypt (o)
and

dz 1 1 ¥ (yo)
- dyo.
Zptl ap <yé’+1¢(y0) " y§¢(yo)2> .

Since yo = yz™/™ along the leaves of w = 0, we find that

SO

dz 1 1 ’@[/ m/n—1
—=————+ x w,
at o <y€+1w yW)

where

¥ (yz™/™)

g(w,y) =

From 9(yo) = ¢(yg) it follows easily that g is a holomorphic function without
zeroes; the conclusion is that n can be extended to p; as a meromorphic 1-form,
and the polar set is {z = 0} U {y = 0}.

(4)

Suppose now that w = zdy — A\ydx + h.o.t., A € Q_, S = {y = 0} cannot
be made linear at p; = (0,0). By hypothesis, the local holonomy map h of S
around p;, defined at a section I' N S is conjugated to a map 7' € H,,, with
T'(0) = o = €™, there T covers T € H, T(0) = o®. If a? # 1, T can be
made linear in some coordinate, and consequently the same holds for T" and h;
by a theorem of [9], w = 0 can also be made linear in some coordinate system,
contradiction. It follows that o =1, or A = . Assuming T : yo {/%O_yéﬂ

and noticing that the equation (x) prdy + my(1 + s=2™yP)dz = 0 has also
T as the local holonomy map around (0,0), we conclude again by [9] that
w = 0 is conjugated to (x). We write then w = pzdy + my(1 + #xmyp)dx
for simplicity. We have then the following situation: on one hand, h = T in
the section I' = {(1,y0), yo € C}. On the other hand, the coordinate z € C
along I' that comes from (1) conjugates h to an element of H C H, which,
modulo a conjugation in H,, can be assumed to be also 7. Therefore, if
z = &(yo), we have that £ belongs to the centralizer of T, so by [5] we have
that £ € H, : 2z = £(yo) = —22%— . We finish the argument as in (2).

R/1-pyf
There remains to be analyzed only the extension of n to SN Lo = {Dy}-
This is very simple, since we can give affine coordinates u = %, v = £ where
Do = (0,0), S = {V =0} and Lo = {u = 0}. F is represented by @ = 0
when v*T2w = @. From the previous construction we can write do = 7j A @,
and therefore n = 771 — (v + 2)d—u“. The 1-form n can be extended to Py as

i — (v +2)%. O
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