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LIOUVILLIAN INTEGRATION AND BERNOULLI FOLIATIONS

D. CERVEAU AND P. SAD

Abstract. Analytic foliations in the 2-dimensional complex projective space
with algebraic invariant curves are studied when the holonomy groups of these
curves are solvable. It is shown that such a condition leads to the existence
of a Liouville type first integral, and, under “generic” extra conditions, it is
proven that these foliations can be defined by Bernoulli equations.

Introduction

This paper is devoted to the study of ordinary differential equations (O.D.E.’s)
y′ = R(x, y) where R is a rational function in the complex variables (x, y). There
are many contributions in this area—the most famous contributors are Cauchy,
Darboux, Briot-Bouquet, Boutroux, Hermite, Jacobi, Liouville, Painlevé, Poincaré,
Malmquist and many others—and recently some results appeared with new points
of view: local and global theory of dynamical systems, and differential fields theory.
In this paper we want to give a bridge between these two approaches and to give
also a tentative answer to the following question:

Why in classical books are only such O.D.E.’s as the linear, Bernoulli and Riccati
(particular) equations considered?

To the (O.D.E.) E : y′ = R(x, y) can be associated a polynomial Pfaffian form
ωE in the affine space C2:

ωE := Adx+B dy, g.c.d. (A,B) = 1, with R = −A/B and A,B ∈ C[x, y].

Note that ωE is well defined up to a multiplicative constant.
The singularities of ωE are the points of the set Sing ωE (or SingE) defined

by A = B = 0. The set C2 − SingE is naturally foliated by ωE : the leaves
are the solutions of ωE = 0; at a generic point (x0, y0) the local leaf L(x0, y0)
passing by (x0, y0) is the graph of the local solution y(x) of E with the initial
condition y(x0) = y0. To describe this foliation it is often convenient to construct
a reasonable compactification ME of C2 − SingE with an holomorphic extension
of our foliation with singularities; in general this compactification appears as a
ruled surface. In the classical books concerning elementary theory of O.D.E.’s, the
strategy is quasi universal (for example see traditional books as Ince, Valiron or
Petrovski). It is important to have in mind this folklore which gives some examples
of compactifications ME.

1. Equations with separated variables: E : y′ = −P1(x)/P2(y), Pi ∈ C(t).
The rational form α = P1(x)dx+ P2(y)dy is closed and can be integrated by using
the standard decomposition of rational functions; we obtain a first integral F of our
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equation in an elementary extension of C(x, y) (see §5 below), F =
∑
λi log νi + v

with ui and v in C(x, y), λi ∈ C. The Pfaffian form ωE is equal to

ωE = q1(x).q2(y).α, qi ∈ C[t] are the denominators of the Pi’s,

and ωE has the integrating factor f = q1.q2:

d

(
ωE

f

)
= 0 or equivalently dωE =

df

f
∧ ωE .

Note that the closed rational 1-form η has simple poles with integral residues.
For this type of equation it is natural to consider the compactification PC(1) ×
PC(1) = ME. Note also that the foliation FE induced by E on ME is transversal to
the natural fibrations by horizontal (resp. vertical) lines except along some special
horizontal (resp. vertical) lines which are the closures of particular leaves of FE .

2. Homogeneous equations: E : y′ = f( y
x), f ∈ C(t). In this case Valiron (and

others) says: put t = y/x, and in the new coordinates “c’est une équation à variable
séparée qui peut s’écrire:

dx

x
=

dt

f(t)− t
”;

here the adapted compactificationME is obtained by blowing up a point (the origin
in the affine chart C2) in the projective space CP(2). This space is naturally a
fibration (with fibers isomorphic to CP(1)) and the foliation FE is transversal to
the fibers except for a finite number of them which are, as above, the closures
of particular leaves of FE. As previously the Pfaffian form ωE has a rational
integrating factor and an elementary first integral.

3. Linear and Bernouilli equations. Linear equations are of type E : y′ +
A(x)y + B(x) = 0 for A,B ∈ C(t); the compactification of C2 by CP(1)×CP(1)
is well adapted; note that the change of variables y 7→ 1

y in the vertical fibers gives
us the new equation:

−y′ + yA(x) + y2B(x) = 0

which is a special type of Riccati equation. The foliation induced by E in CP(1)×
CP(1) is transversal to the vertical fibration except along a finite set of lines (the
poles of A and B). The differential form in the affine space C2 is of the type

ωE = c(x)dy + (a(x)y + b(x))dx, a, b, c ∈ C[x],

and in general ωE has no rational integrating factor, as in the previous cases. But
if we try to compute such an f we see that:

dωE =
(
dc

dx
− a

)
dx ∧ dy =

(
dc

dx
− a

)
.c−1dx ∧ ωE

and the closed rational form η = ( dc
dx − a)c−1.dx satisfies:

dωE = η ∧ ωE , dη = 0.(∗)

If we write η = dF
F , with F = errλ1

1 · · · rλp
p , r, ri ∈ C(x), λi ∈ C, we see that F

is an elementary (multivalued) integrating factor of ωE; in general the λi’s are not
integers.
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Bernouilli equations E : y′ +A(x).y +B(x).yn = 0, n ∈ N and A,B ∈ C(x).
If n ∈ {0, 1, 2} we are in the previous cases; if it is not the case, E appears as a
ramification (put Y = y1−n) of a linear equation and as a consequence there exists
a closed rational form η satisfying (∗) and E has an elementary first integral.

4. General Riccati equation. Classical books end the elementary study of
O.D.E.’s by the Riccati equationE : y′+A(x)y2+B(x)y+C(x) = 0, A,B,C ∈ C[x].

Valiron says: “Liouville a montré qu’elle ne s’intègre pas en général. . .” The
natural compactification here is CP(1)×CP(1) and the above affirmation can be
justified by using differential Galois theory applied to the linear differential equation
of second order associated to E; this equation is constructed by introducing a new
variable z defined by y = − z′

zA . We shall make all this precise by using Singer’s
results.

5. Elementary and Liouvillian extensions. We consider K0 = C(x, y) as a
differential field with the set of derivations ∆ = ( ∂

∂x ,
∂
∂y ); an elementary extension

K of K0 is a differential field obtained as follows; there exists a tower of differential
fields (Ki,∆i), i = 1, . . . , n, such that:

1. K0 ⊂ K1 ⊂ · · · ⊂ Kn = K.
2. ∆i|Ki−1 = ∆i−1 so we note ∆i = ( ∂

∂x ,
∂
∂y ).

3. The field of constants C(Ki) = {f ∈ Ki, δf = 0 ∀δ ∈ ∆i} = C(K0) = C.
4. Ki = Ki−1(ti) where ti is one of the following 3 types:

4.a. ti is algebraic over Ki−1,
4.b. there exists a ∈ Ki−1 s.t. δ(ti) = δ(a)

a , ∀δ ∈ ∆,
4.c. there exists a ∈ Ki−1 s.t. δ(ti)

ti
= δa, ∀δ ∈ ∆.

Remark. If f is an element in K, by construction f can be seen as an analytic
function on a certain open set Uf on C2.

Condition 4.b says that we add the logarithm of a certain element in Ki−1 and
4.c that we add the exponential of an element.

Now we say that the differential fieldK is a Liouvillian extension ofK0 = C(x, y)
if K verifies conditions 1, 2, 3, 4.a, or 4.c or

4.b′ ∀δ ∈ ∆ there exists aδ ∈ Ki−1 such that δ(ti) = aδ.
The condition 4.b′ permits us to add the primitive of a closed differential form

a dx+ b dy, ∂b
∂x = ∂a

∂y , with coefficients a and b in Ki−1.
Note that an elementary extension is Liouvillian, but the converse is not true.
In the same way we can define elementary and Liouvillian extensions of (C(x), ∂

∂x ).
We introduce now the two following definitions:

Definition 1. We say that E : y′ = R(x, y), R ∈ C(x, y), has a Liouvillian solution
if there exist a Liouvillian extension (L, ∂

∂x ) of (C(x), ∂
∂x ) and an element l ∈ L

satisfying ∂l
∂x = R(x, l).

Definition 2. E : y′ = R(x, y) = −A(x, y)/B(x, y) has a Liouvillian (resp. el-
ementary) first integral if there exist a Liouvillian (resp. elementary) extension
(K, ( ∂

∂x ,
∂
∂y )) of C(x, y) and an element f ∈ K such that

ωE ∧ df = 0, i.e. if ωE = Adx+B dy, A
∂f

∂y
−B

∂f

∂x
= 0.

We now present some results of Singer (see [13]):
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Theorem 1. Suppose E : y′ = R(x, y) has a Liouvillian first integral. Then there
exists a closed rational 1-form η such that dωE = η ∧ ωE. Conversely if such an η
exists then E has a Liouvillian first integral.

Recall that a rational closed 1-form η is of the following type [4]:

η =
p∑

j=1

λj
dPj

Pj
+ d

(
H

Pn1
1 · · ·Pnp

p

)
, ni ∈ N, λi ∈ C∗, H, Pj ∈ C[x, y].

The algebraic curves Pj = 0 are the poles of η and the λj ’s are the residues of η
along Pj = 0:

λj =
1

2πi

∫
γj

η

where γj are small circles around Pj = 0. As a consequence the elementary function
F = eH/(P

n1
1 ···P np

p )Pλ1
1 · · ·Pλp

p is an integrating factor of ωE .
In fact Singer also proves

Theorem 2. Suppose that E : y′ = R(x, y) has a Liouvillian solution l. Then
either l is algebraic in C(x) (and there exists an algebraic curve Γ—which coincides
in an open set with the graph of l—such that Γ is the closure of a leaf of FE) or E
has a Liouvillian first integral.

For elementary first integrals we have (see [10]):

Theorem 3 (Prelle-Singer). If E has an elementary first integral, it has a super
elementary first integral, that is, of type

∑
µi logPi+Q, µi ∈ C, Pi and Q algebraic

over C[x, y].

Let us explain the objective of this paper. Firstly, we start with a dynamical
condition on the foliation in CP (2) associated to the O.D.E.; namely, there exists a
leaf whose closure is an algebraic curve and whose holonomy group is a nonabelian
solvable one. This means that the group is a ramification of a subgroup of Moebius
transformations. We raise then the problem of classification of these foliations,
which is a natural question since we already know its answer when the holonomy
group is abelian. Now the dynamical condition translates to the same condition of
Singer’s theorem, namely dωE = η ∧ ωE ; a subsequent analysis leads to the strong
conclusion (in the generic case) that we are in the presence of a Bernoulli equation.
We think this is the reason why such an equation predominates in classical books.

Before ending the Introduction, let us say a word about Liouville’s statement of
“generic nonintegrability” of Riccati equations E : y′+A(x)y2 +B(x)y+C(x) = 0,
A,B,C ∈ C(x). Write ωE = p(x)dy + (a(x)y2 + b(x)y + c(x))dx, a, b, c, p ∈ C[x]
and suppose now that there exists a closed rational form η such that:

dωE = η ∧ ωE.

By Theorem 2, this hypothesis is satisfied if E has a Liouvillian solution. Note
that each irreducible component of the divisor of poles of η is a separatrix for the
foliation FE associated to ωE. The classical differential Galois theory applied to
some adapted second order linear O.D.E. (see above) shows that in general E does
not have algebraic solutions (see Kaplansky [7]). This fact can be proved (see [7])
also by direct computation (overdeterminated systems) or by geometric arguments
involving Tits’ alternative [14] and the realization of finitely generated subgroup of
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the Moebius group as holonomy groups of Riccati equations [8]. This implies that
generically the poles of η are vertical lines x = xi so that

η =
p∑

i=1

λi
dx

x− xi
+ d

H∏
(x− xi)ni

, H ∈ C[x, y], ni ∈ N, λi ∈ C∗.

Direct computation of dωE and condition (∗) implies:

dωE =
(
∂p

∂x
− 2ya− b

)
dx

p
∧ ωE =

(∑ λi

x− xi
+

∂

∂x

(
H∏

(x− xi)ni

))
p(x)

− ∂H

∂y

(∏
(x− xi)ni · (a(x)y2 + b(x)y + c(x))

)
and since H is polynomial ∂H

∂y = 0 if a 6= 0. But this implies a = 0; contradiction.
So we obtain:

If the Riccati equation y′ = a(x)y2+b(x)y+c(x)
p(x) , a, b, c, p ∈ C[x], has a Liouvillian

solution then it has a solution which is algebraic over C[x]. And generically Riccati
equations don’t have algebraic solutions.

This fact is well known, but it is interesting to recall it because as we said the
condition (∗) has a dynamic interpretation.

1. Solvable holonomy groups and foliations

Let us consider a holomorphic foliation F in CP (2) of degree ν ∈ N, ν ≥ 2, such
that:

(i) there exists a smooth algebraic separatrix S ⊂ CP (2), along which F has
simple singularities p0, . . . , pm, one of them at least hyperbolic (by a simple
singularity it is meant a local expression as xdy − λydx + h.o.t. = 0; when
λ /∈ R+ ∪ {0} we say that the singularity is hyperbolic).

(ii) The holonomy group H of S \ {p0, . . . , pm} is a solvable group.
The group H can be described according to the following two possibilities.
– H is an abelian group. Since it contains a hyperbolic attractor by hypothesis,
H can be made linear in some appropriate coordinate and therefore it is
possible to construct a Darboux integral for F (see [1]).

– H is a nonabelian group. We define for p ∈ N:

H1 =
{
z 7→ az

1 + bz
, a ∈ C∗, b ∈ C

}
,

Hp =
{
z 7→ az

(1 + bz)1/p
, a ∈ C∗, b ∈ C, (1)1/p = 1

}
.

Then H is holomorphically conjugated to a subgroup of Hp for some p ∈ N
(see [5]); we say that p ∈ N is the ramification order of H (by the way, we
remark that any subgroup of Hp is solvable).

Let us give two examples.
(i) Riccati foliations: the algebraic separatrix is a projective line L which

we regard as the line at infinity of CP (2). In affine coordinates (z, w) ∈ C2 the
foliation F1 of degree ν ∈ N is defined by ω = 0, where

ω = fν−2(z, w)(z dw − w dz) + p(z, w)
ν∑

k=0

λk
d(w − akz)
w − akz

;
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here fν−2 is a homogeneous polynomial of degree ν − 2 (ν ≥ 2)

p(z, w) =
ν∏

k=0

(w − akz),

ν∑
k=0

λk = 1, λk 6= 0, aj 6= ak if j 6= k.

The origin (0, 0) ∈ C2 is a dicritical singularity, contained in the separatrices Lk :
w− akz = 0, k = 0, . . . , ν. There is also another separatrix L as the line at infinity,
whose intersections with L0, . . . , Lν , are the singularities of F1|L, and the holonomy
group H of L \ SingF1 is a subgroup of H1. In order to see this, we change the
affine coordinates to have L as the horizontal straight line {y = 0} and the new line
at infinity not invariant for F1. Then F1 is given by the equation

p(x)dy − (P (x)y2 +Q(x)y)dx = 0(∗)
where p(x) = p(1, x), P (x) = fν−2(1, x), Q(x) = p(x)

∑ν
k=0

λk

x−ak
. Besides L, the

other separatrices are the vertical lines Lk = {x− ak = 0}, k = 0, . . . , ν, and the
points (ak, 0), k = 0, . . . , ν, are the singularities of F1|L. Since (∗) defines a foliation
of C×C transversal to the vertical lines (except for the separatrices), we see that
H is a subgroup of H1.

(ii) Bernoulli foliations: Let us fix affine coordinates (x, y) ∈ C2 and consider
the Riccati foliation F1

p(x)dy − (P (x)y2 +Q(x)y)dx = 0,

where p, P andQ are polynomials as before. If φ denotes the rational transformation
of CP (2):

(x, y) 7→ φ(x, y) = (x, yp), p ∈ N,

the foliation Fp = φ∗F1 is given by

p.p(x)dy − (P (x)yp+1 +Q(x)y)dx = 0.

The holonomy group of L \ SingFp is a p-ramification of a subgroup of H1, and
therefore it is a subgroup of Hp.

It is an open problem to classify the foliations in CP (2) which have an invariant
algebraic curve whose holonomy group is solvable. We study here the “generic”
case, although the techniques employed seem to be useful in general. There are
also interesting results in [11].

2. Transverse affine structures

It is well known (see [12] for example) that a foliation defined by a differential 1-
form Ω = 0 satisfying dΩ = N ∧Ω for some closed 1-form N is naturally associated
to a transverse affine structure. This fact is used here with some adaptations to be
explained now; they are necessary since we deal with meromorphic 1-forms.

Let F be a holomorphic foliation in CP (2), π : C3 \ {(0, 0, 0)} → CP (2) be
the canonical projection. It can be proved that the foliation π∗F is defined by an
equation Ω = 0 where Ω is a homogeneous polynomial 1-form of some degree ν+1 ∈
N such that iR(Ω) = 0 (R is the radial vector field in C3). In affine coordinates
(x, y) ∈ C2, the foliation F is defined by a polynomial 1-form (of degree ν+1) ω = 0;
the relation π∗1ω = X−(ν+2)Ω holds, where π1(X,Y, Z) = (Y X−1, ZX−1) = (x, y).
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A meromorphic 1-form ξ =
∑l

j=1 aj
dPj

Pj
, where P1, . . . , Pl are irreducible homo-

geneous polynomials such that ξ ∧ Ω = 0 is said to be a Darboux integral of Ω;
ξ is projective since iR(Ω) = 0 and ξ ∧ Ω = 0 imply iR(ξ) = 0. We remark that
iR(ξ) = 0 is equivalent to

∑l
j=1 aj deg(Pj) = 0.

Let A be the set of meromorphic 1-forms in C3 of the type
∑l

j=1 λj
dPj

Pj
, where Pj

are irreducible homogeneous polynomials in C3. When Ω has no Darboux integral,
there exists at most one N ∈ A such that dΩ = N ∧ Ω. In fact, if N1,N2 ∈ A and
dΩ = Nj ∧ Ω for j = 1, 2, then (N1 −N2) ∧ Ω = 0 so N1 = N2.

Now we recall the situation we had in the previous section; the foliation F in
CP (2) has a smooth algebraic separatrix S with simple singularities whose holo-
nomy group is conjugated to a non abelian subgroup of Hp. The following basic
result is due to A. Lins Neto (see Appendix).

Theorem 1. There exists an unique N ∈ A such that dΩ = N∧Ω. More precisely,

N = (p+ 1)
dP

P
+
∑

j

[ResCj (N )]
dPj

Pj
,

where π−1(S) = P−1(0), Cj = P−1
j (0) are the separatrices of the foliation given by

Ω = 0; P and Pj are homogeneous polynomials and

(p+ 1) degP +
∑

j

[ResCj (η)] degPj = ν + 2.

In fact, this theorem is proven directly in CP (2), yielding the following conclu-
sion (affine coordinates (x, y) ∈ C2 are fixed as above, P (x, y) = P (1, x, y), P j(x, y)
= Pj(1, x, y), π−1(Cj) = Cj):

1) there exists a closed meromorphic 1-form η in CP (2) such that dω = η ∧ω, η
can be written as η = (p+1)dP

P
+
∑

j ResCj
(η)dP

P j
, so that π∗1η = N−(ν+2)dX

X

2) ResL(η) = −(ν+ 2),ResCj
(η) = ResCj (N ) = 1− p indq(F , S), where L is the

line at infinity (supposed to be not invariant for the foliation), q is any of the
singularities in Cj ∩ S and indq(F , S) is the index defined in [2].

A statement like this in CP (2) is more useful, although η depends on the affine
coordinate system. Once we have the 1-form η we proceed as follows to associate
to F a transverse affine structure:

(a) in CP (2) \ L ≈ C2, outside singularities and separatrices of F : we
cover this region R by open sets U ⊂ C2 where F|U is equivalent to the
trivial foliation

⋃
t∈ΓU

D× {t}, where ΓU is a transverse section to F . Then
η = dgU for some g ∈ OU . Let fU := egU , so that η = f−1

U dfU . It follows that

d(f−1
U ω) = −f−2

U dfU ∧ ω + f−1
U dω = −f−2

U dfU ∧ ω + f−1
U dω

= −f−1
U (f−1

U dfU ∧ ω) + f−1
U dω = −f−1

U η ∧ ω + f−1
U dω

= −f−1
U dω + f−1

U dω = 0

and so f−1
U ω = dtU for some tU ∈ OU .

On the other hand, if U1 ∩U2 6= 0 we have f−1
U1
dfU1 = f−1

U2
dfU2 ; therefore fU2f

−1
U2

=
cU1U2 ∈ C∗ (we may assume all the intersections to be connected). Since ω =
f−1

U1
dtU1 = f−1

U2
dtU2 we get cU1U2dtU2 = dtU1 and tU1 = cU1U2tU2 +dU1U2 in U1∩U2,
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where dU1U2 ∈ C. The collection {(tU ,ΓU )}U is the transverse affine structure for
F|R
(b) in L, outside singularities and separatrices of F : let us use the affine

coordinates (u, v) ∈ C2 where u = x−1, v = x−1y; then F is defined by the
polynomial equation ω̃ = 0, ω̃ = u−(ν+2)ω. From the theorem stated above
we may write dω̃ = η̃ ∧ ω̃, η̃ being an appropriate meromorphic 1-form. The
relation dω = (η̃ − (ν + 2)u−1du) ∧ ω follows easily, and we repeat the same
argument as in (a). We put η̃ = h̃−1dh̃ in U (h̃ ∈ O∗

U ) and fU := u−(ν+2)h̃,
so that f−1

U ω = h̃−1ω̃ is holomorphic and d(f−1
U ω) = 0, f−1

U dfU = η; tU is
defined to satisfy f−1

U ω = dtU
(c) in S, outside the singularities of F : let s ∈ S be a regular point of

F , Γs a transverse section. We may choose a coordinate ỹ ∈ Γs such that
η = (p + 1)dỹ

ỹ = d(ỹp+1)
ỹp+1 in a neighborhood U of s ∈ S where F is triv-

ial; we put fU := ỹp+1, so ỹp(p+1)ω is a closed meromorphic 1-form. Let
Γ(1)

s ,Γ(2)
s be the complements in γs of two opposite half lines reiθ0 , rei(θ0+π),

0 ≤ r ≤ r0, and U (1), U (2) be obtained by saturating Γ(1)
s ,Γ(2)

s by F|U .
We introduce tU(1) , tU(2) in order to have ỹ−(p+1)ω = dtU(1) in U (1) and
ỹ−(p+1)ω = dtU(2) in U (2), and add to our collection of affine coordinates
the elements {tU(1) ,Γ(1)

s }s∈S , {tU(2) ,Γ(2)
s }s∈S . These coordinates have a spe-

cial property that will be important for us. Since ω = g(ỹ)dỹ in U , for some
g ∈ OU , from ỹ−(p+1)ω = dtU(j) we get, restricting ỹ to Γ(j)

s , that

tU(j) (ỹ) = aj + ỹ−p[ĝ(ỹ) + ỹpbj log ỹ],

for some ĝ ∈ O∗
Γs

, aj , bj ∈ C, j = 1, 2.

It follows that the restriction of tU(j) , j = 1, 2, to any sector in Γ(j)
s with vertex at

s ∈ S and small angle (< 2π
p ) is injective.

The class of affine coordinates introduced in (c) control the way the other coor-
dinates that come from (a) and (b) approach S.

Let N ⊂ CP (2) be the set where the construction in (a) and (b) applies, and Ñ
its universal covering space, α : Ñ → N the associated projection. The foliation
α∗F has a holomorphic first integral F (“multiform first integral for F”) defined
as follows:

(i) we cover Ñ by the open sets {α−1(U)}U , U as in (a), (b) and (c), and consider
the transverse affine structure given by

{(α−1(U), tU ◦ α)}U = {(Ũj , tŨj
)}j ;

(ii) we fix a component of α−1(U0) with the corresponding point of α−1(U0) with
the corresponding point of α−1(p0) (p0 ∈ U0), also denoted by U0 and p0

in order to simplify the notation. Let p̃ ∈ Ñ and ηp0p̃ be a curve which
joins p0 to p̃. Then we cover ηp0p̃ by a sequence U0 = Ũ0, Ũ1, . . . , Ũn such
that Ũj ∩ Ũn 6= φ, j = 0, . . . , n − 1. We define F |Ũ1

= cŨ0Ũ1
tŨ1

+ dŨ0Ũ1
,

F |Ũ2
= cŨ0,Ũ1

(cŨ1Ũ2
tŨ2

+ dŨ1Ũ2
) + dŨ0Ũ1

, . . . etc.
It is easily seen that the definition depends on ηp0p̃ and on the sequence chosen

to cover it (once we have fixed Ũ0).
In the sequel we will fix Ũ0 = U0 as one of the components of α−1(U0) such that

U0 ∩ S 6= φ (see (c) above).
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We present now an application of the existence of the transverse affine structure
such as constructed before. Let s0 ∈ S be a regular point of F , s0 ∈ ∂U0 and
γ1, γ2 be two closed curves in π1(S1 = S \ {p0, . . . , pm}, s0), where p0, . . . , pm are
the singularities of F along S. Let also h1, h2 be the germs of holomorphic diffeo-
morphisms associated to γ1, γ2 as elements of the holonomy group H of S1 defined
in a section Γs0 to S.

Theorem 2. If γ1 ∗ γ2 = γ2 ∗ γ1 in π1(N, s0), then h2 ◦ h1 = h1 ◦ h2 in H.

Proof. Let γ = γ1 ∗ γ2 ∗ γ−1
1 ∗ γ−1

2 and h 6= h−1
2 ◦ h−1

1 ◦ h2 ◦ h1. We assume that
h 6= id. Then there exists y ∈ Γs0 such that the sequence {hl(y)}l∈N goes to 0 ∈ Γs0

as l →∞ and the elements of this sequence are contained in a sector of small angle
centered at 0 ∈ C (since h is tangent to Id). Now we define a first integral F
starting from an open set U0 as in (c) and p0 = y, according to the construction
given above. For n ∈ N, we lift γn = γ ∗ · · · ∗ γ (n times) to the leaf of F passing
through y and get γn ⊂ N close to S which joins y to hn(y). When we go up to the
covering space Ñ , α−1(γn) joins y to some point ỹn ∈ α−1(hn(y)); since γ = 1 as
an element of π1(N, s0), this point belongs to U0 ∀n ∈ N, so that we may take ηyỹn

inside U0; therefore we need only to use U0 to cover ηyỹn , which implies F = tU0 in
U0.

Since F (y) = F (hl(y))∀l ∈ N, it follows that tU0(y) = tU0(h
l(y))∀l ∈ N, contra-

dicting the injectivity of tU0 in sectors of angle < 2π
p .

3. Partial classification

Let us consider again the examples of §1, and make a few remarks about the
singularities of the foliations F1 and Fp (these foliations are presented in affine
coordinates (x, y) ∈ C2).

In the case of example (i), we may assume that all singularities of Fi|L are simple;
it is enough to choose λk /∈ R+ ∪ {0}, k = 0, . . . , ν. The same occurs in example
(ii) with relation to the singularities (ak, 0), k = 0, . . . , ν. Now, if

∑ν
k=0 λk = 1, the

point at infinity of L is a dicritical singularity of Fp, p ≥ 2, although it is a regular
point of F1. Examples with only simple singularities can be found if we demand
1−∑ν

k=0 λk /∈ R+ ∪ {0} and deg(P ) + p < ν, as an easy computation shows. The
line at infinity will be also a separatrix of Fp, and deg(Fp) = ν + 1 (Fp|L has ν + 1
simple singularities).

In all cases it is important to observe that the intersection point of the vertical
separatrices is a dicritical singularity of Fp (again an easy computation). Also, this
point is not a nodal point for the union of straight lines which are separatrices.
Each of the theorems to be stated below emphasizes one of these aspects.

Remark. A dicritical singularity, after a blowing-up, gives rise to a foliation for
which the divisor is not invariant.

Let B be the set of foliations in CP (2), with some fixed degree ν ∈ N, ν ≥ 2,
such that:

1) any F ∈ B admits some smooth invariant algebraic curve S which contains
only simple singularities of F , one at least being hyperbolic, and whose holo-
nomy group is a non abelian solvable group;

2) if q, q̃ ∈ S are different singularities of F , then the indices indq(F , S) and
indq̃(F , S) are different numbers.
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From Theorem 1, we know that in convenient affine coordinates (x, y) ∈ C2 there
exists a closed meromorphic 1-form η such that dω = η∧ω, where ω = 0 represents
the foliation F ∈ B. Furthermore, the separatrices of F which pass through the
singularities of F|S are algebraic curves because they are lines of poles of η; if C is
one of these separatrices, then

ResC(η) = 1− p indq(F , S),

where q ∈ S is any of the singularities in C ∩S and p ∈ N is the ramification index
associated to the solvable group. Now 2) ensures that #C ∩S = 1, or equivalently,
S and the separatrices of its singularities are all straight lines. Let L(F) denote the
union of these straight lines, transversal to S. If L(F) contains only singular points
of nodal type, the fundamental group of CP (2) \ L(F) is an abelian group (this
is a particular case of Deligne’s Theorem, see [6]). From Theorem 2 we conclude
that the holonomy group of S is abelian, what is not the case (see Remark at §5).
Therefore L(F) contains at least a singular point which is not of nodal type.

Remark. The existence of singular points of L(F) which are not of nodal type
follows also from the results of [3].

Theorem 3. Let F ∈ B and assume that any straight line in L(F) contains at
most a singular point of L(F) which is not of nodal type. Then F is a Bernoulli
foliation.

Let us define B̃ ⊂ B adding an extra condition:

3) there are no relations of the type p
∑

k εk indqk
(F , S) = n, where n ∈ {−ν,

−(ν − 1), . . . , 0, . . . , ν − 1, ν}, εk = 0 or εk = 1, 3 ≤∑k εk < ν + 1.

Since S is a straight line, we may choose affine coordinates such that S becomes
the line at infinity and ω = ω0+· · ·+ων−1+ων , where ωj , 0 ≤ j ≤ ν, are polynomial
homogeneous 1-forms and

ων = (y − a0x) · · · (y − aνx)
ν∑

k=0

λk
d(y − akx)
y − akx

.

The singularities q0, . . . , qν of F|S are the intersections of {u− akx = 0} with S,
0 ≤ k ≤ ν, and indqk

(F , S) = λk, 0 ≤ k ≤ ν.

Theorem 4. Let F ∈ B̃ and assume that the singularities of F along L(F) are
simple or dicritical singularities. Then F is a Bernoulli foliation.

The reader should notice that Theorem 3 deals with the number of singular
points of L(F) which are not of nodal type, whereas the hypothesis of Theorem
4 associates more closely these points to the foliation. Clearly singular points of
L(F) which are not of nodal type cannot be simple singularities of F .

The main point in proving both theorems is to show that all straight lines in L(F)
meet together at the same point. Once this is done, the following argument finishes
the proofs. Let S = {y = 0}, q0, . . . , qν be the singularities of F|S and C0, . . . , Cν

their separatrices, where Ck = {x− qk = 0}, k = 0, . . . , ν (since C0, . . . , Cν meet at
the same point, it is easy to pick up coordinates where they are all vertical lines).
Therefore we may write η = (p+ 1)dy

y +
∑ν

k=0 µk
dx

x−qk
, where µk = ResCk

(η). Let



LIOUVILLIAN INTEGRATION AND BERNOULLI FOLIATIONS 3075

ω = P dy −Qdx = 0 represent F . We have:

dω = (Px +Qy)dx ∧ dy,

η ∧ ω =

[
(p+ 1)

Q

y
+ P

ν∑
k=0

µk

x− qk

]
dx ∧ dy

so that Px +Qy = (p+ 1)Q
y + P

∑ν
k=0

µk

x−qk
.

We see at once, since P is a polynomial, that P (x, y) = c(x− q0) · · · (x− qν), for
some c ∈ C∗ (remember that degP ≤ ν + 1).

It follows that Qy − (p+ 1)Q
y = R(x), where R is a polynomial and so Q(x, y) =

y
p

∫
R(x) + yp+1B(x), for some polynomial B.

4. Proof of Theorem 3

Let C0, . . . , Cν be the separatrices of F ∈ B transversal to S, and suppose
C0, . . . , Cµ contain singular points of L(F) which are not of nodal type. We dis-
tribute these straight lines in classes F0, . . . , Fl such that in each Fj , 0 ≤ j ≤ l,
all straight lines meet at the same point; we have then a partition of the set
{C0, . . . , Cµ}, by hypothesis. Finally we consider the classes Fl+1, . . . , Fl containing
each a single line taken among Cµ+1, . . . , C0.

Let N = CP (2) \ C0 ∪ · · · ∪ Cν and s0 ∈ S ∩ N ; we take small circles γ′k ⊂ S
around each point qk and join s0 ∈ S to points q′0, . . . , q′ν contained in these circles,

in such a way that the arcs
_

s0q
′
k ∗ γ′k ∗

_

q′ks0, 0 ≤ k ≤ ν, are generators for π1(N, s0)
(there are possibly other relations besides the obvious one γ0 ∗ · · · ∗ γν = 1).

Claim. If qk, qk′ belong to straight lines in different classes, then γk ∗ γk′ = γk′ ∗ γk

as elements of π1(N, s0).

This is obvious when qk, qk′ and Ck ∩ Ck′ belong to some small neighborhood
of Ck ∩ Ck′ disjoint from the other straight lines in L(F) (the fundamental group
of the complement of Ck ∪ Ck′ in this neighborhood is isomorphic to Z × Z). In
general, the configuration of lines in L(F) can be brought to this particular one
through an isotopy of CP (2) starting with the identity (see also [6]).

As a consequence of this claim, we cannot have more than one class in our
partition, that is, l = 1, and therefore the separatrices C0, . . . , Cν meet together
at the same point. In fact, suppose for simplicity we have two classes F0, F1.
We fix a straight line C ∈ F0, to which it is associated a local diffeomorphism
h0 ∈ Hol(S \ {q0, . . . , qν}, s0). The elements of Hol(S \ {q0, . . . , qν}, s0) associated
to the lines in F1 commute with h0, by Theorem 2. It follows, since they belong to
a subgroup of Hp, that they commute among themselves. Reverting the argument,
the elements of Hol(S \ {q0, . . . , qν}, s0) which correspond to straight lines in F1

commute, and also commute with any element that comes from the lines in F0.
Therefore Hol(S \ {q0, . . . , qν}, s0) is abelian, contradiction.

5. Proof of Theorem 4

We already know that there must exist some singular point p ∈ L(F) which
is not of nodal type; as a singularity of F , this point is necessarily a dicritical
singularity. Let us take affine coordinates such that p = (0, 0) and S is the line at
infinity; also, if ω = 0 represents F , then ω = ωm + · · · + ων , where ωm, . . . , ων

are homogeneous polynomial 1-forms of degree m, . . . , ν, with m ≥ 1. Let us
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suppose that C0, . . . , Cl contain p ∈ CP (2) and Cj = f−1
j (0) = {y − αjx = 0},

0 ≤ j ≤ l, and the other lines Cl+1, . . . , Cν are given by fj = y − αjx− βj , βj 6= 0,
l+1 ≤ j ≤ ν. Then η0 =

∑ν
t=0 µk

dfk

fk
; we define η0 =

∑l
k=0 µk

dfk

fk
. From dω = η∧ω

we get dωm = η0 ∧ ωm. Putting ωm = A(x, y)dx + B(x, y)dy, where A and B are
homogeneous polynomials of degree m ∈ N:

ωm = xm[A(1, t)dx+B(1, t)d(tx)]

= xm[(A(1, t) + tB(1, t))dx+B(1, t)x dt]

= xm+1B(1, t)dt,

because (0, 0) is a dicritical singularity. Therefore

(m+ 1)B(1, t)xm dx ∧ dt =
l∑

k=0

µk
d((t− αk)x)
(t− αk)x

∧ (xm+1B(1, t)dt)

=

(
l∑

k=0

µk

)
xmB(1, t)dx ∧ dt,

so that
∑l

k=0 µk = m+ 1.
But µk = 1 − pλk, so (l + 1)− p

∑l
k=0 λk = m+ 1 and p

∑l
k=0 λk = l −m. We

conclude from condition (3) that l = ν.

Remarks.

(1) We pointed out earlier that when the algebraic separatrix S ⊂ CP (2) has
abelian holonomy group (also the singularities of F along S are simple and one
of them is hyperbolic), a meromorphic integrating factor f can be constructed
for the polynomial 1-form ω that defines F . It follows immediately that dω =
η∧ω where η = df

f and ω = P0 · · ·Pm

∑m
j=0 µj

dPj

Pj
, where P0 = 0, . . . , Pm = 0

are the equations for S and its separatrices (see [1]). The multivalued function
Pµ0

0 · · ·Pµm
m is a Darboux integral for F .

The (dynamical) hypothesis “there exists a (transcendental) leaf which accumu-
lates only on the algebraic set P0 · · ·Pm = 0” guarantees the commutativity of the
holonomy group of S.

(2) We proved that the holonomy group of S is an abelian group when there
exists a meromorphic closed 1-form η such that dω = η ∧ ω and (η)∞ is a
normal crossings divisor.

(3) Let us write η =
∑m

j=0 λj
dPj

Pj
(dω = η ∧ ω).

Proposition. If λ0 ∈ {2, 3, . . .} the holonomy group of S = {P0 = 0} is solvable;
if λ0 /∈ {2, 3, . . .} it is abelian.

Proof. Assume first that λ0 ∈ N∗. Let us consider the affine transversal structure
associated to F (the notation is the same as before); let also s0 ∈ S be a regular
point of F . There exists a neighborhood of s0, U = D×Γ (D ⊂ S is a disc, Γ 3 s0
is transversal to S), where η = d(yλ0 )

yλ0
for some appropriate coordinate y ∈ Γ,

y(s0) = 0. When y ∈ Γ is restricted to a sector V of vertex s0, one has 1
yλ0 ω = dtV

for some tV ∈ OD×V . Along Γ, ω = a(y)dy, a ∈ OΓ, a(0) 6= 0.
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Case 1. λ0 ∈ {2, 3, . . .}. Let h ∈ H0, the subgroup of elements of H which are
tangent to the identity. Since h is associated to the lifting of a closed curve in S
with s0 ∈ S as base point, we have

tV (y) = AtV (h(y)) +B, A ∈ C∗, B ∈ C,(∗)
whenever h(V ) ⊂ V . Differentiating (∗):

dtV (y)
dy

= A
dtV
dy

(h(y)).h′(y),

or
a(y)
yλ0

= A
a(h(y))
h(y)λ0

· h′(y),
so that

A =
a(y)

a(h(y))

(
h(y)
y

)λ0

· 1
h′(y)

.

Letting y → 0 yields A = 1.

The conclusion is: in the sector V , h is given by the translation tV 7→ TV −B.
We want to prove that H0 is abelian. Suppose that h, h̃ ∈ H0 are such that

h1 = [h, h̃] 6= id. The sequence h2 = [h, h1], . . . , hn = [h, hn−1], . . . has increasing
orders of tangency with the identity, so that we may eventually find hn with an
invariant sector V ′ ⊂ V (hn(V ′) ⊂ V ′); in V ′ we have hn(tV ) = tV −B′ for tV ∈ V ′,
so that [h, hn] = id, contradiction.

Case 2. λ0 = 1. We have that tV (y) = c log y + b(y), for some b ∈ OΓ, c 6= 0, so
that

c log y + b(y) = A[c log h(y) + b(y)] +B

follows in some sector V invariant for h ∈ H0(h(V ) ⊂ V ). Therefore c log y −
Ac log h(y) = b(y) − Ab(h(y)) − B is holomorphic at 0 ∈ C, yielding A = 1 and
B = 0. Since tV is injective when the angle of V at s0 ∈ Γ is small, we conclude
that h(y) ≡ y.

Case 3. λ0 = −m, m ∈ N∗. Since tV ∈ OΓ in this case, (∗) applied to h ∈ H0

implies that A = 1 and B = 0. Again the injectivity of tV when V has small angle
at s0 ∈ Γ leads to h(y) ≡ y.

Finally we assume that λ0 /∈ R. From (∗) we have a(y)
yλ0 = Aa(h(y))

h(y)λ0 h
′(y), which

implies that (h(y)
y )λ0 = Aa(h(y))

a(y) h′(y). The function (h(y)
y )λ0 would have a holo-

morphic extension to y = 0, unless h(y) ≡ y.
(4) Let F ∈ B (see §3) and F ′ be a foliation close to F such that the straight line

S is invariant for F and F ′, contains ν+1 singularities and has solvable holonomy.
Then it is easily seen that all the conditions of Theorem 3 (or Theorem 4) are still
valid for F ′.

Appendix

We prove here Theorem 1 for the reader’s convenience. We fix affine coordinates
(x, y) ∈ C2 such that L∞ = CP (2)\C2 is not invariant, S∩L∞, Sing(F)∩S ⊂ C2.
As we said before, the holonomy group H of S \ Sing(F) is conjugated, according
to [5], to a subgroup H ⊆ Hp, for some p ∈ N. As a matter of fact, H depends on
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the transversal section to S as we choose to define it, but we take for granted that
H is fixed once and for all.

The idea of the proof is to construct the 1-form η in a neighborhood of S; then
by Levi’s theorem (see [1]) it extends to CP (2) as a meromorphic 1-form. There
are several cases to be considered.

(1) Let s ∈ S \Sing(F), s /∈ L∞. We take Γ,Γ′ transverse sections to S contained
in a neighborhood of s ∈ S, and z, z′ ∈ C complex coordinates for Γ,Γ′ which
conjugate HΓ and HΓ′ to H . It is easy to see that z′ = az

p
√

1+bzp for some

a 6= 0, b ∈ C, so we have dz′
(z′)p+1 = 1

ap
dz

zp+1 .

Since we can represent locally F as z−(p+1)dz = 0 or (z′)−(p+1)dz′ = 0, there exist
meromorphic functions h, h′ defined in a neighborhood of s ∈ C satisfying

ω = h
dz

zp+1
= h′

dz′

(z′)p+1
.

It follows that h′ = aph and dh′
h′ = dh

h , and we may define η := dh
h = dh′

h′ . We have
then

dω = dh ∧ dz

zp+1
=
dh

h
∧
(
h
dz

zp+1

)
= η ∧ ω.

In this way we define η in a neighborhood of (S \ Sing(F))∩C2. The problem now
is to extend η to Sing(F|S) and to S ∩ L∞.

(2) Let pj ∈ S ∩ Sing(F); we assume that locally pj = (0, 0) and ω = x dy −
λy dx+ h.o.t., S = {y = 0}. In fact, when λ /∈ R, or λ ∈ R− but λ /∈ Q− we
may assume that ω = x dy − λy dx (since the local holonomy h of S around
pj belongs to Hp it can be made linear in some appropriate coordinate; by
[9], ω can be also made linear).

Let us take a transverse section Γ to S close to pj; for simplicity we assume that
Γ = {(1, y0); y0 ∈ C}.

Claim. If z ∈ Γ conjugates HΓ to H, then

z =
αy0

p
√

1 + βyp
0

, for some α 6= 0, β ∈ C.

In order to prove the claim, we follow the diagram; here z = ξ(y0) (ξ is to be
determined!),

h(z) =
e2πiλz

p
√

1 + ζzp
, z̃ = π(z) = zp, h̃(z̃) =

(e2πiλ)pz̃

1 + βz̃
,

l̃(u) = (e2πiλ)pu, l(y0) = e2πiλ.y0, u = M(z̃),
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where M is the Moebius transformation, (M ′(0) = 1) which conjugates h̃ to l̃.

y0 ∈ C l
//

ξ

��

C

ξ

��

z ∈ C
h

//

π

��

C

π

��

z̃ ∈ C
h̃

//

M

��

C

M

��

u ∈ C
l̃

// C

We have then l̃ ◦M ◦ π ◦ ξ = M ◦ π ◦ ξ ◦ l, or

(e2πiλ)p.M(ξ(y0)p) = M(ξ(e2πiλy0)p).

If θ := e2πiλ, f(y0) := ξ(y0)p, we get

θp.M(f(y0)) = M(f(θy0)) or θpf̂(y0) = f̂(θy0),

where f̂ := M ◦ f .
A computation using power series (and the fact that θ is not a root of unity)

yields f̂(y) = αpyp
0 for some α 6= 0, and so ξ(y0)p = αpyp

0
1+βyp

0
. The claim is proved.

As a consequence we get
dz

zp+1
=

1
αp

dy0

yp+1
0

.

But y0 = yx−λ is the equation for the leaf of ω = 0 which passes through (1, y0),
so that dy0 = x−λ−1ω, and then

dz

zp+1
=

1
αpyp+1x−λp+1

ω.

It follows that

η =
d(αpyp+1x−λp+1)
αpyp+1x−λp+1

= (p+ 1)
dy

y
+ (1− λp)

dx

x

in a neighborhood of Γ; one sees that η extends to pj = (0, 0) as (p+1)dy
y +(1−λp)dx

x .

(3) Now let ω = x dy − λy dx + h.o.t., pj = (0, 0) ∈ Sing(F), S = {y = 0}
and λ ∈ Q− (λ 6= 0). We study first the case where ω can be made linear
in some coordinate system; in order to simplify the notation we write ω =
x dy + m

n y dx. The same steps as in (2) lead to the equation

θpf̂(y0) = f̂(θy0),

but θ is a root of unity (θn = 1).
Again power series methods give

f̂(y0) =
∞∑

j=0

ajy
p+jn
0 = αpyp

0ψ(y0),

where α 6= 0 and ψ(y0) = ϕ(yn
0 ) for some holomorphic function ϕ defined at 0 ∈ C,

ϕ(0) 6= 0.
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Therefore

zp =
αpyp

0ψ(y0)
1 + βyp

0ψ(y0)

and

dz

zp+1
=

1
αp

(
1

yp+1
0 ψ(y0)

+
ψ′(y0)
yp
0ψ(y0)2

)
dy0.

Since y0 = yxm/n along the leaves of ω = 0, we find that

dz

zp+1
=

1
αp

(
1

yp+1
0 ψ

+
ψ′

yp
0ψ

2

)
xm/n−1ω,

so

η = (p+ 1)
dy

y
+
(
1 +

m

n
p
) dx
x

+
dg

g
,

where

g(x, y) =
ψ2(yxm/n)

ψ(yxm/n) + yxm/nψ′(yxm/n)
.

From ψ(y0) = ϕ(yn
0 ) it follows easily that g is a holomorphic function without

zeroes; the conclusion is that η can be extended to pj as a meromorphic 1-form,
and the polar set is {x = 0} ∪ {y = 0}.

(4) Suppose now that ω = x dy − λy dx + h.o.t., λ ∈ Q−, S = {y = 0} cannot
be made linear at pj = (0, 0). By hypothesis, the local holonomy map h of S
around pj , defined at a section Γ ∩ S is conjugated to a map T ∈ Hp, with
T ′(0) = α = e2πiλ; there T covers T̃ ∈ H, T̃ (0) = αp. If αp 6= 1, T̃ can be
made linear in some coordinate, and consequently the same holds for T and h;
by a theorem of [9], ω = 0 can also be made linear in some coordinate system,
contradiction. It follows that αp = 1, or λ = m

p . Assuming T : y0 7→ αy0
p
√

1−yp
0
,

and noticing that the equation (∗) px dy + my(1 + i
2πx

myp)dx = 0 has also
T as the local holonomy map around (0, 0), we conclude again by [9] that
ω = 0 is conjugated to (∗). We write then ω = px dy + my(1 + i

2πx
myp)dx

for simplicity. We have then the following situation: on one hand, h = T in
the section Γ = {(1, y0), y0 ∈ C}. On the other hand, the coordinate z ∈ C
along Γ that comes from (1) conjugates h to an element of H ⊂ Hp which,
modulo a conjugation in Hp, can be assumed to be also T . Therefore, if
z = ξ(y0), we have that ξ belongs to the centralizer of T , so by [5] we have
that ξ ∈ Hp : z = ξ(y0) = α̃y0

p
√

1−βyp
0
. We finish the argument as in (2).

(5) There remains to be analyzed only the extension of η to S ∩ L∞ = {p0}.
This is very simple, since we can give affine coordinates u = 1

x , v = y
x where

p0 = (0, 0), S = {V = 0} and L∞ = {u = 0}. F is represented by ω̃ = 0
when uν+2ω = ω̃. From the previous construction we can write dω̃ = η̃ ∧ ω̃,
and therefore η = η̃ − (ν + 2)du

u . The 1-form η can be extended to p0 as
η̃ − (ν + 2)du

u .
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