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SELF-DUALITY OPERATORS ON
ODD DIMENSIONAL MANIFOLDS

HOUHONG FAN

Abstract. In this paper we construct a new elliptic operator associated to
any nowhere zero vector field on an odd-dimensional manifold and study its
index theory. It turns out this operator has several geometric applications
to conformal vector fields, self-dual vector fields, locally free S1-actions and
transversal hypersurfaces of these vector fields in an odd-dimensional man-
ifold. In particular, we reveal a non-stable phenomena about the existence
of conformal vector fields and self-dual vector fields in odd dimensions above
3. This is in sharp contrast to the stable phenomena about the existence of
nowhere zero vector fields in odd dimensions. Besides these applications, the
index formula of this new operator also gives the formulas for the dimensions
of self-duality cohomology groups and for the virtual dimensions of the moduli
spaces of anti-self-dual connections on 5-cobordisms, which are introduced in
author’s previous papers.

Introduction

It is well-known that topology of smooth 4-manifolds is more complicated than
topology of higher dimensional smooth manifolds. However the topology of a
smooth 4-manifold often can be captured by the topology of a line field on a much
simpler smooth 5-manifold. For example, any exotic 4-space can be naturally rep-
resented by a smooth line field on the standard Euclidean 5-space R5 (Arnold [1]).
(An exotic 4-space is a smooth 4-manifold which is homeomorphic but not diffeo-
morphic to the standard Euclidean 4-space R4.) This idea can also be applied to
closed smooth 4-manifolds. In [12] we observe that such a representation of an
exotic 4-space by a smooth line field is “faithful”, which means that if there is a
diffeomorphism of R5 sending a representative line field of one exotic 4-space to a
representative line field of another exotic 4-space, then two exotic 4-spaces must
be diffeomorphic. This observation motivates us to make the following definition.
A smooth 4-space is a pair (M, L) where L is a smooth line field on a smooth 5-
manifold M . Two smooth 4-spaces (M, L) and (M ′, L′) are diffeomorphic if there
is a diffeomorphism from M onto M ′ taking L to L′. By this notion it is natural to
ask how to extend theories on smooth 4-manifolds to smooth 4-spaces. This sug-
gests many interesting research topics. In addition it is perhaps more appropriate
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to study deformations of smooth structures of smooth 4-spaces rather than those
of smooth 4-manifolds alone.

The gauge theory on smooth 4-manifolds is one of the most profound theories.
How can the gauge theory on smooth 4-manifolds be extended to smooth 4-spaces ?
In [11] and [12] we proposed the self-dual Yang-Mills-type gauge theory and its dual
Seiberg-Witten-type theory on smooth 5-manifolds with a smooth line field, that is,
smooth 4-spaces. The linear models of these two non-linear theories are essentially
a new operator which we are going to construct and study in this paper. We call
this operator the self-duality operator, for it can be regarded as an analogue of the
self-duality operator in the gauge theory on smooth 4-manifolds. Since we find our
construction of the self-duality operator works quite well in any odd dimension ≥ 3,
we are not going to restrict our studies only to dimension 5 in this paper.

To make the reading of this paper more pleasant, in Section 1 we discuss many
applications of the self-duality operators to self-dual vector fields, nearly-self-dual
vector fields and conformal vector fields. We first recall the notion of a self-dual
vector field from [10] and generalize this to the notion of a nearly-self-dual vector
field (see Definitions 1.1 and 5.1). Any conformal vector field on an odd-dimensional
manifold is self-dual. Then we state a main theorem about the non-stable phenom-
ena for the existence of nearly-self-dual vector fields in odd dimensions above 3,
which is in sharp contrast to the stable phenomena for the existence of nowhere
zero vector fields in odd dimensions (see Theorems 1.5 and 1.7 and Proposition 1.6).
This result follows from the necessary conditions we find for the existence of nearly-
self-dual vector fields on an odd-dimensional manifold (see Theorems 1.10, 1.11 and
1.15). In addition we obtain several topological inequalities about transversal hy-
persurfaces of nearly-self-dual vector fields (see Theorems 1.16, 1.17 and 5.7). The
proofs of all these results are presented in the final section.

In Section 2 we construct the self-duality operator associated to a line field on
an odd-dimensional manifold (see Definition 2.3). Then we state the index formula
for the self-duality operator with an elliptic boundary condition when the manifold
is compact with boundary and the line field is transverse to the boundary (see
Theorem 2.9). The proof of this formula is postponed to the final section. This
index formula has several other significant applications besides those discussed in
Section 1. It yields the formulas for the virtual dimension of the moduli space of
anti-self-dual connections on a 5-cobordism in [11], and the virtual dimension of
the moduli space of Seiberg-Witten-type monopoles on a 5-cobordism in [12] (see
Corollaries 2.11 and 2.12). In Section 3, we give an application of the index formula
to a general nowhere zero vector field (see Corollary 3.1).

In Section 4 we define the self-duality cohomology groups associated to a gen-
eral line field on a compact odd-dimensional manifold and get many topological
inequalities about the dimensions of these self-duality cohomology groups. In Sec-
tion 5 we focus our attention to nearly-self-dual vector fields again. By using the
index formula of self-duality operator we get formulas for all the dimensions of
the self-duality cohomology groups associated to a nearly-self-dual vector field (see
Theorem 5.6). In the final section we present all the postponed proofs.

We want to emphasize that the line fields in all sections except Sections 1 and 5
are general ones. Sections 1 and 5 concern the applications of self-duality operators
to nearly-self-dual line fields. Finally note that this paper is the published version
of the author’s preprint “Self-dual vector fields on odd dimensional manifolds”.
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1. Applications to nearly-self-dual line fields I

In this section we first discuss the applications of self-duality operators to nearly-
self-dual line fields. Let L be a smooth tangent line field on a smooth (2m + 1)-
manifold M . Define

Q∗ def
= {ω ∈ T ∗M |〈ω, L〉 = 0}.(1.1)

Then Q∗ is a real 2m-dimensional subbundle of T ∗M . A fiberwise Riemannian
metric gq on Q∗ and an orientation on Q∗ determine an operator

∗q :
j∧

Q∗ →
2m−j∧

Q∗(1.2)

by α ∧ ∗qβ = gq(α, β)vol(gq) for any α, β ∈ ∧j
Q∗, where vol(gq) is the oriented

volume element of gq.
Let LV denote the Lie derivative with respect to a vector V . For any section V

of the line field L, define

ΓV
def
= LV ∗q − ∗q LV :

m∧
Q∗ →

m∧
Q∗.(1.3)

The following definition is a special case of ([10], Definition 6.6).

Definition 1.1. A tangent line field L on a smooth (2m+1)-manifold M is called
self-dual if it is smooth and there is a smooth fiberwise Riemannian metric gq on Q∗

and an orientation on Q∗ such that ΓV
def
= LV ∗q−∗q LV = 0 on sections of

∧m
Q∗

for any smooth section V of L. Such a metric gq on Q∗ is called L-compatible.
A vector field is called self-dual if it is smooth, nowhere zero and the line field
generated by the vector field is self-dual.

The vanishing of ΓV means that the operator ∗q commutes with the Lie derivative
LV , that is, all self-dual sections of

∧m Q∗ are preserved by the flow generated by
V . This is the reason why we call such a line field self-dual. Note that ΓV is a
zero-th order operator on M , that is, ΓV (fω) = fΓV ω for any smooth function f
and any smooth section ω of

∧m Q∗ over M . In addition ΓfV = fΓV on
∧m Q∗

for any function f and section V of L over M .
In fact what we need is a notion of a nearly-self-dual vector field, which requires

the commutativity of ∗q and LV only on certain smooth sections of
∧m

Q∗. But
the definition technically gets more involved, so we defer it to Definition 5.1. For
this section we only need to know

Lemma 1.2. (1) Any self-dual line field is nearly self-dual.
(2) If a vector field V is self-dual (nearly-self-dual resp.) over an open subset O

then fV is self-dual (nearly-self-dual resp.) over O for any nowhere zero smooth
function f over O.

The first assertion is obvious by Definitions 1.1 and 5.1. The second assertion
follows from the fact that V and fV generate the same line field over O. Recall that
a vector field V is conformal if V is nowhere zero, smooth and the 1-dimensional
foliation generated by V is conformal. Any Riemannian vector field is conformal.
The vector field induced by a locally free smooth S1-action is Riemannian. (See
Vaisman [21] and Appendix A by Y. Carriere in Molino [17] or Section 6 of [10].)

Lemma 1.3. If a vector field on an odd-dimensional orientable manifold is con-
formal, then it is self-dual.



3676 HOUHONG FAN

For the proof of this fact see ([10], Remark 6.8). For a (2m + 1)-manifold M
and a subspace K ⊂ M , the half-characteristic and relative half-characteristic are
respectively defined as

χ 1
2
(M) =

m−1∑
j=0

(−1)jbj(M), χ 1
2
(M, K) =

m−1∑
j=0

(−1)jbj(M, K).(1.4)

Here bj(M) denotes the j-th Betti number of M and bj(M, K) denotes the j-th
relative Betti number of (M, K). Note that χ 1

2
is different from the Kervaire semi-

characteristic.

Definition 1.4. A vector field on a smooth compact manifold with boundary is
called proper if it is smooth, nowhere zero and transverse to the boundary.

Now we can state a main result in this paper.

Theorem 1.5. Let M be a compact, connected oriented smooth (2m+1)-manifold
with nonempty boundary ∂M and dimM ≥ 5. Let Y be a closed connected oriented
smooth (2m+1)-manifold such that χ 1

2
(Y ) < 1 in the case m is odd and χ 1

2
(Y ) > 1

in the case m is even. Then for all sufficiently large k, M]kY doesn’t admit any
nearly-self-dual proper vector field.

This theorem should be compared with the following result.

Proposition 1.6. Let M be a compact, connected oriented smooth (2m + 1)-
manifold with nonempty boundary ∂M , and let N be the union of some bound-
ary components of M (N may be empty). Suppose that χ(N) = χ(∂M −N). Then
for any given closed oriented smooth (2m+1)-manifold Y , the connected sum M]Y
always admits a proper vector field which is outward on N and inward on ∂M−N .

Thus in odd dimensions the existence of a proper vector field is a stable phe-
nomena. But by contrast, Theorem 1.5 reveals that in all odd dimensions ≥ 5 the
existence of a proper nearly-self-dual vector field is a non-stable phenomena.

Theorem 1.5 follows from Theorems 1.10 and 1.11 and Lemma 1.8. Proposition
1.6 follows from the fact that the condition χ(N) = χ(∂M − N) in Theorem 1.12
depends only on the boundary. Theorem 1.5 also can be applied to a closed odd-
dimensional manifold.

Theorem 1.7. Let M be a closed, connected oriented smooth (2m+1)-manifold of
dimM ≥ 5. Let Y be as in Theorem 1.5. Then for all sufficiently large k, M]kY
doesn’t admit any nearly-self-dual vector field which is transverse to a smoothly
imbedded closed 2m-manifold C in M , and in particular, M]kY doesn’t admit any
locally free smooth S1-action which is transverse to a smoothly imbedded closed
2m-manifold C in M .

Indeed if such a nearly-self-dual vector field existed, then we could cut M along
C and got a situation in contradiction to Theorem 1.5. (A locally free smooth
S1-action transverse to C just means that the vector field induced by it is so.)

It should be emphasized that there is a qualitative difference between the invari-
ants χ 1

2
(M, K) and χ(M, K). For an odd-dimensional compact oriented smooth

manifold M with boundary ∂M and K ⊂ ∂M ,

χ(M, K) =
1
2
χ(∂M)− χ(K),(1.5)
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which depends only on the boundary ∂M . Thus χ(M, K) remains unchanged when
M is replaced by M]kY for any closed oriented manifold Y of the same dimension.
However, χ 1

2
(M, K) is changed in general if we do so in odd dimensions ≥ 5.

Lemma 1.8. Let M be a compact connected oriented (2m+1)-manifold. Let Y be
a closed connected oriented (2m + 1)-manifold. Then

χ 1
2
(M]kY ) = χ 1

2
(M) + k(χ 1

2
(Y )− 1).(1.6)

Examples of Y with χ 1
2
(Y ) 6= 1:

(1) Let Σn denote an oriented rational homology n-sphere, that is, a closed
oriented smooth n-manifold such that Hj(Σn, Q) = Hj(Sn, Q) for all j. Some
examples are n-spheres, exotic n-spheres, odd-dimensional real projective spaces,
lens spaces, oriented quotients of any homotopy n-sphere by a free action of a finite
group. For any 2m + 1 ≥ 7, 1 ≤ j ≤ m− 1, we have

χ 1
2
(Σj × Σ2m−j+1) = 1 + (−1)j.(1.7)

Note that Sj × S2m−j+1 for j ≥ 2 is simply-connected. So the operation of the
connected sum with Sj × S2m−j+1 for j ≥ 2 preserves the fundamental group.

(2) For any 2m-manifold V we have

χ 1
2
(S1 × V ) = (−1)m−1bm−1(V ).(1.8)

Thus χ 1
2
(S1×V ) 6= 1 unless m is odd and bm−1(V ) = 1. For example, for 2m+1 ≥ 5

and 4k + 1 ≥ 5, we have

χ 1
2
(S1 × Σ2m) = χ 1

2
(S1 × CP 2k) = 0.(1.9)

Now we state the following main theorem about necessary conditions for the
existence of a nearly-self-dual proper vector field. It will be proved in the final
section by using self-duality cohomology groups. Let N c def

= ∂M − N and Kc def
=

∂M −K.

Theorem 1.9. Let M be a compact connected oriented smooth (2m + 1)-manifold
M with nonempty boundary and N be the union of some components of ∂M . Sup-
pose M admits a nearly-self-dual proper vector field outward on N and inward on
∂M −N . Then

(−1)mχ 1
2
(M, K) ≤ (−1)m

4
[χ(∂M)− 2χ(K)]− 1

2
|σ(N ∩K) + σ(N c ∩Kc)|.

(1.10)

for any union K of components of ∂M such that K 6= ∂M . Here the signature σ
is with respect to the outward orientation. In particular, we have

(−1)mχ 1
2
(M) ≤ (−1)m

4
χ(∂M)− 1

2
|σ(N)|.(1.11)

For convenience in applications, we restate Theorem 1.9 separately in the case
of odd m and in the case of even m.

Theorem 1.10. Let M be a compact connected orientable smooth (4k+3)-manifold
M with nonempty boundary and with integer k ≥ 0. Suppose M admits a nearly-
self-dual proper vector field V . Then

χ 1
2
(M, K) ≥ 1

4
χ(∂M)− 1

2
χ(K)(1.12)
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for any union K of boundary components of M such that K 6= ∂M . In particular,

χ 1
2
(M) ≥ 1

4
χ(∂M).(1.13)

Theorem 1.11. Let M be a compact connected oriented smooth (4k +1)-manifold
M with nonempty boundary and with integer k ≥ 1. Suppose M admits a nearly-
self-dual proper vector field V which is outward on N and inward on ∂M−N , where
N is a union of some boundary components of M ( N may be empty). Then

χ 1
2
(M, K) ≤ 1

4
χ(∂M)− 1

2
χ(K)− 1

2
|σ(N ∩K) + σ(N c ∩Kc)|(1.14)

for any union K of boundary components of M such that K 6= ∂M . In particular,

χ 1
2
(M) ≤ 1

4
χ(∂M)− 1

2
|σ(N)|(1.15)

Note that the right sides of the inequalities in Theorems 1.9, 1.10 and 1.11 depend
only on the boundary ∂M , while the left sides depend on the whole manifold M .

To make comparisons, we recall the classical Hopf Theorem (in its simplest
version) states that there is a nowhere zero smooth vector field on a closed smooth
manifold M if and only if χ(M) = 0. The following is the relative version of this
theorem.

Theorem 1.12 (Relative Hopf Theorem). Let M be a compact connected oriented
smooth n-manifold with boundary ∂M . Let N be the union of some boundary com-
ponents of M ( N may be empty). Then there is a proper vector field which is
outward on N and inward on ∂M − N if and only if χ(M, N) = 0. In the case
dimM is odd, χ(M, N) = 0 is equivalent to χ(N) = χ(∂M −N).

This relative version can be proved in the same way as the original Hopf Theorem
on closed smooth manifolds. (1) The sum of indices of isolated singularities of vector
fields outward on N and inward on ∂M − N is independent of such vector fields.
(This follows from the facts that the indices are degrees of the Gauss maps and
degrees of maps are homotopy invariant.) (2) There is a Morse function on M
which is 0 on N and 1 on ∂M − N . The index of the gradient vector field of
the Morse function at a critical point is (−1)λ where λ is the Morse index of the
critical point. The sum of them is χ(M, N). For the converse statement, take
any vector field which points outward on N and inward on ∂M −N and has only
isolated singularities. First move all the isolated singularities into a coordinate chart
by a one-parameter of diffeomorphisms which preserve a collar of ∂M . Secondly
perturb the vector field so that all indices are either +1 or −1. Thirdly join two
singularities of degrees +1 and −1 by disjoint arcs. (In dimension 2, use an easy
surgery to achieve this.) Finally isotope the vector field near the arc to make both
singularities disappear. For details of these steps see (Hirsch [14], pp. 136-137, p.
161).

The second statement in Theorem 1.12 follows from the fact that χ(M) =
1
2χ(∂M) for any odd-dimensional compact oriented smooth manifold M with
boundary ∂M .

Remark 1.13. (1) If one regards a nearly-self-dual (or self-dual) vector field as a
geometric structure in odd dimensions, just as one regards a nondegenerate closed
2-form as a symplectic structure in even dimensions, then one may compare the
non-stable phenomena of the existence of nearly-self-dual proper vector fields in
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odd dimensions ≥ 5 with the non-stable phenomena in the differential topology in
dimension 4. For example, the connected sum of two closed smooth 4-manifolds
with b2

+ > 1 doesn’t admit any Kähler structure (a theorem of Donaldson, [9]). In
fact, such a connected sum doesn’t even admit any symplectic structure (a theorem
of Taubes, [20]). These results in dimension 4 are proved by using the (anti-self-
dual) Yang-Mills equation and the Seiberg-Witten equation, which linearizations
are essentially the self-duality operator in dimension 4 (and the Dirac operator).
Our proof for Theorem 1.5 is based on an analogue of the self-duality operator in
odd dimensions. Of course, the Yang-Mills equation and Seiberg-Witten equation
are much deeper than their linearized equations. On the other hand, the Yang-
Mills equation and Seiberg-Witten equation in dimension 4 have been generalized
to dimension 5 in [11] and [12]. The consequences of these nonlinear equations on
5-manifolds remain to be investigated further.

(2) For any contact structure on an odd-dimensional smooth manifold, there is
a naturally associated vector field, which is called the characteristic vector field of
the contact structure. The characteristic vector field of any K-contact structure is
Riemannian. A special class of K-contact structures are so-called Sasakian struc-
tures, which are regarded as the odd-dimensional analogue of Kähler structures
in even dimensions. Much work has been done about the relations between the
underlying topology and Sasakian structures and K-contact structures. (See Blair
[6], pp.64-80.) It is natural to hope these studies can be extended to self-dual con-
tact structures, that is, the contact structures whose characteristic vector fields are
self-dual.

(3) In the case (M ; N0, N1) is an oriented compact smooth rational homology
h-cobordism triad, i.e., Hj(M, Ni; Q) = 0 for i = 0, 1 and all j, then all inequalities
in Theorems 1.10 and 1.11 are satisfied with N = N1. Indeed in such a case we
have bj(M) = bj(N1) = bj(N0) for all j and thus χ 1

2
(M, N1) = χ 1

2
(M, N0) =

0 and χ(N1) = χ(N0) = 1
2χ(∂M). Moreover when dimM = 4k + 3, we have

χ 1
2
(M) = 1

4χ(∂M) + 1
2b2k+1(N). When dimM = 4k + 1, we have χ 1

2
(M) =

1
4χ(∂M)− 1

2b2k(N) ≤ 1
4χ(∂M)− 1

2 |σ(N)|. Due to this fact, it is natural to ask

Question 1.14. Is there any obstruction for the existence of a nearly-self-dual
proper vector field V on a compact oriented smooth odd-dimensional h-cobordism
such that V is outward on one boundary component and inward on the other
boundary component ?

Of course, if (M ; N0, N1) is an oriented compact smooth s-cobordism triad of
dimension > 5, then the s-cobordism Theorem implies that it is a smooth product,
and therefore there is an obvious self-dual vector field as required. The most inter-
esting cases are probably in dimensions 3 and 5, for the relation of this problem to
low-dimensional topology may turn out to be important.

When dimM = 3, V being self-dual is equivalent to V being conformal, and
is also equivalent to the fact that V is transversely holomorphic. Transversely
holomorphic vector fields which are transverse to some codimension-one foliation
on a closed oriented 3-manifold are classified by Brunella and Ghys [7].

In this paper we can deduce the following result about nearly-self-dual vector
fields on 3-manifolds from Theorem 5.6. Its full proof will be presented in the final
section.
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Theorem 1.15. Let M be a compact connected orientable 3-manifold with k > 0
many boundary components. If k 6= 2 and one of the boundary components of M is
not torus, then M doesn’t admit any nearly-self-dual proper vector field.

As an example of Theorem 1.15, a compact connected orientable 3-manifold M
with three boundary components S2, S2 and T 2 (a torus) always admits a proper
vector field which is outward on one S2 and inward on the other S2 and T 2. But
it never admits any nearly-self-dual proper vector field.

In dimension 4, the Yang-Mills equation and the Seiberg-Witten equation can be
applied to get lower bounds for the genus of smoothly imbedded surfaces in smooth
4-manifolds. (Kronheimer and Mrowka [15], [16], Morgan, Szabo and Taubes [18].)
The self-duality operator in odd-dimensions can also be applied to get lower bounds
of middle-dimensional Betti numbers and b±-invariants of a smoothly imbedded
codimension-one closed manifold which is transverse to a self-dual proper vector
field.

Recall for any closed oriented 2m-manifold K with even m, bm
+ (K) ( bm

− (K)
resp. ) is the dimension of maximal positive ( negative resp. ) subspace for the
intersection form on Hm(K). For any closed oriented 2m-manifold K with odd m,

bm
± (K)

def
= 1

2bm(K). The following theorem follows immediately from Theorem 5.7,
which will be proved by using self-duality cohomology groups. (See Remark 5.8.)

Theorem 1.16. Let M be a compact connected oriented smooth (2m+1)-manifold
with nonempty boundary and with a nearly-self-dual proper vector field V and in-
teger m ≥ 1. Let C be a smoothly imbedded closed 2m-manifold in M which is
transverse to V , and let C be so oriented that V ∧ orientation of C agrees with
the orientation of M . Let N denote the union of components where V is outward.
Suppose either (1) C is a part of the boundary of M or (2) V is self-dual. Then we
have

bm
± (C) ≥ (−1)mχ 1

2
(M, ∂M) +

(−1)m

4
[χ(∂M)± 2σ(N)].(1.16)

Here N and ∂M takes the outward orientation induced from the orientation of M .

Theorems 1.9 and 1.16 can be applied to a closed odd-dimensional manifold.
Recall for any closed oriented 2m-manifold C we have

χ±(C)
def
=

1
2
[χ(C)± σ(C)].(1.17)

Let −C denote C with the opposite orientation.

Theorem 1.17. Let M be a closed, connected oriented smooth (2m + 1)-manifold
M with a nearly-self-dual vector field V and integer m ≥ 1. Let C be a smoothly
imbedded connected closed 2m-manifold in M which is transverse to V , and let C
be so oriented that V ∧ orientation of C agrees with the orientation of M .

(1) In the case C doesn’t separate M , we can cut M along C and get a manifold
M̂ such that ∂M̂ = C t −C. Then we have

(−1)mχ±(C) ≥ (−1)mχ 1
2
(M̂),(1.18)

0 ≥ (−1)mχ 1
2
(M̂, C),(1.19)

0 ≥ (−1)mχ 1
2
(M̂,−C),(1.20)
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bm
± (C) +

(−1)m+1

2
χ±(C) ≥ (−1)mχ 1

2
(M̂, C t −C).(1.21)

(2) In the case C separates M , we can cut M along C and get a manifold M1

with ∂M1 = C where V is outward, and another manifold M2 with ∂M2 = −C
where V is inward. Then for i = 1, 2, we have

χ(C) = 0, σ(C) = 0,(1.22)

0 ≥ (−1)mχ 1
2
(Mi),(1.23)

bm(C)
2

≥ (−1)mχ 1
2
(Mi, C).(1.24)

Proof. Inequality (1.18) follows from (1.11) applied to M̂ with N = C and (1.17).
Inequality (1.19) ( (1.20) resp. ) follows from (1.10) applied to M̂ with N = C and
K = C ( K = −C resp. ). Inequality (1.21) follows from (1.16) applied to M̂ and
(1.17).

For (1.22), χ(C) = 0 follows from Theorem 1.12. σ(C) = 0 since C bounds
M1. Inequality (1.23) follows from (1.11) applied to Mi and (1.22) and (1.17).
Inequality (1.24) follows from (1.16) applied to Mi and (1.22), where we note that
0 = σ(C) = bm

+ (C) − bm
− (C) implies bm

+ (C) = bm
− (C) = bm(C)

2 .

Note that the left sides of (1.18), (1.21) and (1.24) depend only on C, but the
right sides of (1.18), (1.19), (1.20), (1.21), (1.23) and (1.24) depend on the whole
M .

2. The self-duality operator of a general line field

Let L be any given smooth tangent line field on a smooth (2m+1)-manifold M .
Recall (1.1) for the definition of Q∗. It can be canonically identified as the dual
of the intrinsic quotient bundle TM/L in the following way. Let [Y ] denote the

equivalent class of Y in TM/L for Y ∈ TM . Because the paring 〈ω, [Y ]〉 def
= 〈ω, Y 〉

is well-defined for any ω ∈ Q∗, it induces an identification Q∗ with HomR(TM/L, R)
in the obvious way. In the theory of foliations, one usually use the intrinsic quotient
bundle. However, in this paper we would like to regard Q∗ as a subbundle of T ∗M
so that the whole calculus of differential forms is at our disposal.

Definition 2.1. Let M be an orientable smooth (2m + 1)-manifold. By the term
data (L, g, oq) on M , we mean that L is a smooth orientable tangent line field on
M , g is a smooth Riemannian metric on M , and oq is an orientation on the dual

codimension-one cotangent plane field Q∗ def
= L⊥ over M , where ⊥ is with respect

to the paring of a vector and covector.

For a given data (L, g, oq), let gq
def
= g|Q∗ , which is a smooth fiberwise Rie-

mannian metric on Q∗. An orientation on Q∗ and a metric on Q∗ are called a
quotient-orientation and a quotient-metric respectively.

Let L∗ be the g-orthogonal complement of Q∗ in T ∗M . It is a cotangent line field.
Let gl

def
= g|L∗ , which is a smooth fiberwise Riemannian metric on L∗. Obviously

we have gl ⊕ gq = g and the following orthogonal decomposition:

T ∗M = L∗ ⊕Q∗(2.1)

A section of
∧j

Q∗ is called a quotient j-form.
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Choose an orientation o on M . Then the orientation ol on L∗ is defined by
ol ∧ oq = o. It induces a unique orientation of L by requiring that 〈ν, V 〉 > 0 for
any positively oriented nowhere zero sections ν of L∗ and V of L. This orientation
on L is still denoted as ol.

For the sake of brevity we make the following convention throughout this paper.

Convention 2.2. m is a positive integer ≥ 1. When m is odd, all forms are
complex forms; Ωj(M) is the space of sections of

∧j
T ∗c M where T ∗c M

def
= C ⊗R

T ∗M ; Ωj
q(M) is the space of sections of

∧j Q∗
c where Q∗

c
def
= C⊗RQ∗; E is a complex

vector bundle over M ; Ωj(E) is the space of sections of
∧j

T ∗c M⊗C E; Ωj
q(E) is the

space of sections of
∧j

Q∗
c ⊗C E; dim means complex dimensions; Hj(M) means

Hj(M, C); and s is a nonzero complex number.
When m is even, all forms are real forms; Ωj(M) is the space of sections of∧j
T ∗M ; Ωj

q(M) is the space of sections of
∧j

Q∗; E is a real or complex vector
bundle over M ; Ωj(E) is the space of sections of

∧j
T ∗M ⊗R E; Ωj

q(E) is the space
of sections of

∧j
Q∗ ⊗R E; dim means real dimensions; Hj(M) means Hj(M, R);

and s is a nonzero real or complex number according to the bundle E is real or
complex.

To make notations simpler, we omit mention of E in the notations such as
dimHm

+ (A, K) when the bundle E is fixed in our discussions. All forms and metrics
in this paper are smooth, here the word “smooth” means class Ck where k is
sufficiently large.

For those readers who have read [10], it should be reminded that the notations in
this paper are different from those in [10]. The correspondence is as follows: L, L∗,
ol, gl, Q∗, oq, gq and ΓV in this paper correspond to H , H∗, oh, gh, L∗, ol, gl and
TV in [10] respectively; quotient-metrics, quotient-orientations and quotient-forms
in this paper correspond to level-metrics, level-orientations and level-forms in [10]
respectively. We change notations of [10] because it seems more appropriate to use
L to denote a tangent line field and Q∗ to denote the dual cotangent plane field of
L, since Q∗ can be canonically identified as the dual of the intrinsic quotient bundle
TM/L of L as mentioned in the beginning of this section.

Now from (2.1) we have

j∧
T ∗M = L∗ ∧

j−1∧
Q∗ ⊕

j∧
Q∗,

Ωj(M) = L∗ ∧ Ωj−1
q (M)⊕ Ωj

q(M),

Ωj(E) = L∗ ∧ Ωj−1
q (E)⊕ Ωj

q(E),

(2.2)

where L∗ denotes the space of all smooth sections of L∗. Let πl be the projection
to the first factor and πq be the projection to the second factor.

Recall (1.2) that a fiberwise Riemannian metric gq on Q∗ and an orientation oq

on Q∗ induce the quotient-star operator

∗q :
j∧

Q∗ →
2m−j∧

Q∗.

When m is even we have ∗2
q = 1 on

∧m
Q∗. When m is odd we have ∗2

q = −1 on∧m
Q∗. In such a case, we let Q∗

c = C⊗RQ∗ and identify Q∗ as R⊗RQ∗ by the map
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which sends α to 1⊗α. Also we shall write c⊗α briefly as cα for α ∈ Q∗ and c ∈ C.
Q∗

c has an obvious complex structure J defined as J(α) = iα and J(iα) = −α for

α ∈ Q∗. We can extend ∗q complex-linearly to
∧j

Q∗
c

def
= C⊗R

∧j
Q∗ for all j. The

Hermitian quotient-metric gc
q on Q∗

c is defined as

α ∧ ∗qβ = gc
q(α, β)vol(gq),

where β is the complex conjugate of β with respect to the complex structure J .
Since ∗q extends complex-linearly, we still have ∗2

q = −1 on
∧m Q∗

c .
Let

∧m
± Q∗ be the ±1-eigenbundle of ∗q for even m, and let

∧m
± Q∗

c be the ±i-
eigenbundle of ∗q for odd m.

Let Ωm
± (M) be the space of sections of

∧m
± Q∗ when m is even, and be the space

of sections
∧m
± Q∗

c when m is odd.
Let Ωm

± (E) be the space of sections of
∧m
± Q∗ ⊗R E when m is even, and be the

space of sections
∧m
± Q∗

c ⊗C E when m is odd.
Then we have the following orthogonal decompositions

m∧
Q∗ =

m∧
+

Q∗ ⊕
m∧
−

Q∗ if m is even,

m∧
Q∗

c =
m∧
+

Q∗
c ⊕

m∧
−

Q∗
c if m is odd,

Ωm
q (M) = Ωm

+ (M)⊕ Ωm
− (M),

Ωm
q (E) = Ωm

+ (E)⊕ Ωm
− (E).

(2.3)

Here note that Ωm
q (M) and Ωm

q (E) have been defined in Convention 2.2. The
sections of

∧m
+ Q∗ and

∧m
+ Q∗

c are called self-dual quotient m-forms, and those of∧m
− Q∗ and

∧m
− Q∗

c called anti-self-dual quotient m-forms. Let π+
q and π−q denote

the projection to the first and second factor in (2.3) respectively. Define

Ωm
++(E)

def
= L∗ ∧ Ωm−1

q (E)⊕ Ωm
+ (E),

Ωm+1
+ (E)

def
= L∗ ∧ Ωm

+ (E).
(2.4)

Let π++ be the projection from Ωm(E) to Ωm
++(E). Let π+ be the projection from

Ωm+1(E) to Ωm+1
+ (E). (Note the notational difference between the terms π+ and

π+
q .) Define

d++
A

def
= π++dA, d+

A

def
= π+dA.(2.5)

Now we want to introduce a parameter s into these operators. The reason to
introduce the parameter s is as follows. Computations show that when |s|2 = 2
the symbol of the self-duality operator in Definition 2.3 defines a Clifford module
structure. (See Proposition 6.6 and Lemma 6.7.) But in relevant papers [11] and
[12] where we need to quote results from this paper, we find it is more natural to
work with s = 1. So we would like to work with a general nonzero parameter s in
this paper and define

d++s
A

def
= lsd

++
A , d+s

A

def
= d+

Ahs,(2.6)
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where ls and hs are automorphisms of Ωm
++(E) given by ls(θ + α) = θ + sα and

hs(θ + α) = sθ + α, where θ ∈ L∗ ∧Ωm−1
q (E), α ∈ Ωm

+ (M), and s is a nonzero real
or complex number. Obviously we have lshs = hsls = s on Ωm

++(E).
Given a Riemannian or Hermitian fiberwise metric on E, we can define formal

adjoints (d++s
A )∗ and (d+s

A )∗ in the usual fashion. It is easy to see

(d++s
A )∗ = d∗Als̄, (d+s

A )∗ = hs̄π
++d∗A,(2.7)

where s is the conjugate of s.
Now we are ready to construct the self-duality operator. Let

Ωod
+ (E)

def
=

m−3
2∑

j=0

Ω2j+1(E)⊕ Ωm
++(E) for odd m;(2.8)

Ωev
+ (E)

def
=

m−1
2∑

j=0

Ω2j(E)⊕ Ωm+1
+ (E) for odd m;(2.9)

Ωod
+ (E)

def
=

m−2
2∑

j=0

Ω2j+1(E) ⊕ Ωm+1
+ (E) for even m;(2.10)

Ωev
+ (E)

def
=

m−2
2∑

j=0

Ω2j(E)⊕ Ωm
++(E) for even m.(2.11)

Let ωj denote forms of degree j. All forms of negative degree are defined to be
zero.

Definition 2.3. Let M be a smooth orientable (2m+1)-manifold. The self-duality
operator TA, associated to data (L, g, oq) in Definition 2.1 and a connection A on
a vector bundle E, is defined as

TA : Ωod
+ (E) → Ωev

+ (E),

TA(

m−3
2∑

j=0

ω2j+1 + ωm) =

m−3
2∑

j=0

(dAω2j−1 + d∗Aω2j+1)

+ dAωm−2 + (d++s
A )∗ωm + d+s

A ωm for odd m;

TA(

m−2
2∑

j=0

ω2j+1 + ωm+1) =

m−2
2∑

j=0

(dAω2j−1 + d∗Aω2j+1)

+ d++s
A ωm−1 + (d+s

A )∗ωm+1 for even m.

It is easy to see its formal adjoint is

T ∗A : Ωev
+ (E) → Ωod

+ (E),

T ∗A(

m−1
2∑

j=0

ω2j + ωm+1) =

m−3
2∑

j=0

(dAω2j + d∗Aω2j+2)

+ d++s
A ωm−1 + (d+s

A )∗ωm+1 for odd m,
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T ∗A(

m−2
2∑

j=0

ω2j + ωm) =

m−4
2∑

j=0

(dAω2j + d∗Aω2j+2)

+ dAωm−2 + (d++s
A )∗ωm + d+s

A ωm for even m.

Define T = TA for dA = d, when we replace E by M in the above.

Remark 2.4. Although we use ol to define TA in Definitions 2.3, the ol and −ol give
the same TA because ∗ appears twice in d∗A. Thus the ol is not a piece of data for
the definition of TA.

For both even m and odd m, let

Ωtotal
+ (E) def=

m−1⊕
j=0

Ωj(E)⊕ Ωm
++(E)⊕ Ωm+1

+ (E),(2.12)

TA
def
= TA ⊕ T ∗A : Ωtotal

+ (E) → Ωtotal
+ (E).(2.13)

Explicitly,

TA(
m−1∑
j=0

ωj + ωm + ωm+1)

=
m−2∑
j=0

(dAωj−1 + d∗Aωj+1) + dAωm−2 + (d++s
A )∗ωm

+ d++s
A ωm−1 + (d+s

A )∗ωm+1 + d+s
A ωm

=
m−2∑
j=0

(dAωj−1 + d∗Aωj+1) + dAωm−2 + d∗Als̄ωm

+ lsπ
++dAωm−1 + hs̄π

++d∗Aωm+1 + π+dAhsωm.

A Riemannian metric g is called L-admissible if L ⊥g ∂M with respect to g.

Lemma 2.5. If a tangent line field L on a smooth manifold M is smooth and trans-
verse to ∂M at any point of ∂M , then L-admissible smooth Riemannian metrics
always exist on M .

Indeed, we can choose a smooth Riemannian metric g∂M on the boundary ∂M
and a smooth fiberwise Riemannian metric gl on L over M . Then for any extension
metric of g∂M ⊕ gl|∂M over M we have L ⊥g ∂M .

Now let K be the union of some connected components of ∂M . (It may be
empty.) For any data (L, g, oq) such that L ⊥g ∂M , define the boundary operator
b as follows:

b = πq on K , b = πl on ∂M −K.(2.14)

The boundary condition on forms ω ∈ Ωtotal
+ (E) is

bω = 0 on ∂M .(2.15)

By using Green’s formula, one can easily prove that the boundary operator b on
Ωtotal

+ (E) is self-adjoint, in the sense that (TAω, η) = (ω, T ∗Aη) for any ω ∈ Ωod
+ (E)

and η ∈ Ωev
+ (E) such that bω = 0 on ∂M and bη = 0 on ∂M . We shall review
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the definition of C − R+ − R− ellipticity in the final section. (Here C is the field
of complex numbers. R+ and R− are the set of positive and negative real numbers
respectively.)

Theorem 2.6. Let TA be the self-duality operator in Definition 2.3 and let b be
the boundary operator in (2.14). Then (TA ⊕ T ∗A, b) is C − R+ − R−-elliptic and
(TA ⊕ T ∗A)b is self-adjoint for any nonzero number s.

Theorem 2.6 will be proved in the final section. Now define

Hod
+ (A, K)

def
= Ker(TA)b, Hev

+ (A, K)
def
= Ker(T ∗A)b

∼= CokerTA,

bod
+ (A, K)

def
= dimHod

+ (A, K), bev
+ (A, K)

def
= dimHev

+ (A, K).
(2.16)

Here recall that dim refers to complex dimensions when m is odd and to real
dimensions when m is even. Let

Ind(TA)b
def
= bod

+ (A, K)− bev
+ (A, K)(2.17)

for a data (L, gq, oq) as in Definition 2.1 such that H ⊥g ∂M and (E, A).

Convention 2.7. In this paper when dA = d we replace the term A by M , A|K
by K, and TA by T in all suitable notations. When K is empty we omit mention
of the term K. When the quotient orientation oq changes to its opposite −oq, we
change + signs to − signs in all the corresponding notations.

The most basic formula we obtain in this paper is the index formula for Ind(TA)b.
It has many applications we shall discuss in the subsequent sections. For the state-
ment of this index formula we need to review some notations on even-dimensional
manifolds. Let N be a connected, oriented closed Riemannian 2m-manifold with
orientation oN and let A1 be a smooth connection on a real or complex vector bun-
dle E1 over N . When m is odd, a complex m-form ω over N is called self-dual if
∗Nω = iω. When m is even, a real m-form ω over N is called self-dual if ∗Nω = ω.
Let Ωm

+ (N, E1) be the space of E1-valued complex (real resp.) self-dual m-forms
when m is odd (even resp.). Let Ωj(N, E1) be the space of E1-valued complex (real
resp.) j-forms when m is odd (even resp.). Define

bj(A1)
def
= dim(Ker dA1 ∩Ker d∗A1

) in Ωj(N, E1) for 0 ≤ j ≤ m− 2,

bm−1
+ (A1)

def
= dim(Ker π+

q dA1 ∩Ker d∗A1
) in Ωm−1(N, E1),

bm
+ (A1)

def
= dimKer d∗A1

in Ωm
+ (N, E1).

(2.18)

Convention 2.8. When dA1 = d, we replace the term A1 by N . When the orien-
tation of N changes to the opposite, we change + signs to − signs.

Next we need to make clear about the difference between the oq-orientation and
the outward orientation oout on ∂M . The oq-orientation of ∂M is induced by the
orientation oq on L and T∗(∂M) = L|∂M . It is well-defined as long as the quotient-
orientation oq on L is given, even if M is not oriented. The outward orientation
oout of ∂M is defined by requiring that at points of ∂M the outward normal vector
eout ∧ oout = oM , the orientation of M .
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Let K be the union of some components of ∂M and A be a connection over M .
The restriction of A to K is denoted as A|K . Define

χ+
oq

(A|K) =
m−1∑
j=0

(−1)jbj(A|K) + (−1)mbm
+ (A|K),(2.19)

χ−oq
(A|K) =

m−1∑
j=0

(−1)jbj(A|K) + (−1)mbm
− (A|K),(2.20)

χ+
oq

(K) =
m−1∑
j=0

(−1)jbj(K) + (−1)mbm
+ (K),(2.21)

χ−oq
(K) =

m−1∑
j=0

(−1)jbj(K) + (−1)mbm
− (K),(2.22)

where + and − are with respect to the oq-orientation on K. They make sense even
if M is not oriented. Note that

χ+
oq

(K) =
1
2
(χ(K) + σoq (K)), χ−oq

(K) =
1
2
(χ(K)− σoq (K)),(2.23)

where χ denotes the Euler characteristic and σoq (K) denotes the signature of K
with the oq-orientation. If m is even, then σoq (K) = bm

+ (K)− bm
−(K), where bm

+ (K)
( bm− (K) resp.) is the dimension of maximal positive (negative resp.) subspace of
the intersection form on Hm(K) where K takes the oq-orientation. If m is odd,
then σoq (K) = 0 and bm

± (K) = 1
2bm(K), which is independent of orientations of K.

Thus

χ±oq
(K) =

1
2
χ(K) for odd m.(2.24)

Theorem 2.9. Let M be a compact orientable smooth (2m + 1)-manifold with
nonempty boundary ∂M . Let TA be the self-duality operator in Definition 2.3 asso-
ciated to any given data (L, g, oq) and any (E, A) and any nonzero number s such
that L ⊥g ∂M . Let b be the boundary operator in (2.14). Then for all m ≥ 1 we
have

Ind(TA)b =
1
2
[χ+

oq
(A|K)− χ+

oq
(A|∂M−K)],(2.25)

Ind Tb =
1
2
[χ+

oq
(K)− χ+

oq
(∂M −K)].(2.26)

In particular for odd m ≥ 1 we have

Ind Tb =
1
4
[χ(K)− χ(∂M −K)].(2.27)

Recall that we use T to denote TA when dA = d. (2.25) becomes (2.26) when
dA = d. Theorem 2.9 will be proved in the final section by using an index theorem
([13], Theorem 1.9.3). Before we are going to discuss the special cases and applica-
tions of it, we want to say something more about χ+

oq
(A|K). When M is oriented,
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we let

χ+(A|K)
def
=

m−1∑
j=0

(−1)jbj(A|K) + (−1)mbm
+ (A|K),

χ−(A|K)
def
=

m−1∑
j=0

(−1)jbj(A|K) + (−1)mbm
− (A|K),

(2.28)

where + and − are with respect to the outnormal orientation oout on K. To
illustrate the difference between χ+

oq
(A|K) and χ+(A|K), consider the product case

M = N × [0, 1], where N is an oriented closed Riemannian 2m-manifold with
orientation oN and [0, 1] is oriented upward. Since oq = oN = oout on N × {1} and
oq = oN = −oout on N × {0}, we have χ+

oq
(A|∂M ) = 2χ+(A|N ), but χ+(A|∂M ) =

χ+(A|N ) + χ−(A|N ).
Now we discuss the index formulas (2.25), (2.26) and (2.27) in the cases of 3-

manifolds and 5-manifolds.
Let M be a compact orientable 3-manifold with boundary, and let A be a U(r)-

connection on a U(r)-bundle E over M . Let N be a connected component of ∂M .
The metric gq|N and the orientation oq on Q∗|N = T ∗N give a complex structure on
N by J = −∗q on T ∗N . Let D denote A|N for a moment. Then

∧1
+ Q∗

c |N = T 0,1N

and π+
q dD = ∂D. Thus the Riemann-Roch Theorem gives

χ+
oq

(A|N ) = dimKer∂D − dimCoker∂D = c1(E|N ) + r(1 − g(N)).

For the union K of some components of ∂M , let c1(E|K) and g(K) be the sum of
c1(E|N ) and g(N) over all components N of K respectively.

Corollary 2.10. Let (M, L, g, oq, TA, b, s) be as in Theorem 2.9 such that dimM =
3 and A is a U(r)-connection on a U(r)-bundle E over M . Then

Ind(TA)b =
1
2
c1(E|K)− 1

2
c1(E|∂M−K)

+
1
2
r[b0(K)− g(K)− b0(∂M −K) + g(∂M −K)].

(2.29)

Now suppose M is a compact orientable smooth 5-manifold with boundary. Let
G be a compact semi-simple Lie group, A be a G-connection on a principal G-
bundle P over M , and adP be the adjoint bundle of Lie algebras associated to
the P . By (2.19), −χ+

oq
(A|N ) is just the virtual dimension of the moduli space of

irreducible anti-self-dual G-connections on P |N , where N is with oq-orientation.
Thus (Atiyah, Hitchin and Singer [5], Theorem 6.1) gives

−χ+
oq

(A|N ) = −p1(adP |N )− 1
2
dimG[χ(N) + σoq (N)](2.30)

For the union K of some components of ∂M , let p1(adP |K), c2(E|K) and p1(E|K)
be the sum of p1(adP |N ), c2(E|N ) and p1(E|N ) over all components N of K. We
have

Corollary 2.11. Let (M, L, g, oq, TA, b, s) be as in Theorem 2.9 such that dimM =
5 and A is a connection on a principal G-bundle P over M , where G is a compact
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semi-simple group. Then

Ind(TA)b =− 1
2
p1(adP |∂M−K) +

1
2
p1(adP |K)

− 1
4
dimG[χ(∂M −K) + σoq (∂M −K)− χ(K)− σoq (K)].

(2.31)

In particular if G = SU(2) and E is the complex bundle associated to P and the
standard representation C2 of SU(2), then

Ind(TA)b =4c2(E|∂M−K)− 4c2(E|K)

− 3
4
[χ(∂M −K) + σoq (∂M −K)− χ(K)− σoq (K)].

(2.32)

If G = SO(3) and E is the real bundle associated to P and the standard repre-
sentation R3 of SO(3), then

Ind(TA)b =− p1(E|∂M−K) + p1(E|K)

− 3
4
[χ(∂M −K) + σoq (∂M −K)− χ(K)− σoq (K)].

(2.33)

Corollary 2.12. If (M ; N0, N1) is a compact connected oriented smooth 5-dimen-
sional rational homology h-cobordism triad such that ∂M = N1 t N0 as oriented
manifolds and the L points outward on N1 and inward on N0,

Ind(TA)b = −p1(adP |N1)−
1
2
dimG[χ(N1) + σ(N1)].(2.34)

Indeed, oq = oout on N1 and oq = −oout on N0. Thus σoq (∂M) = σ(N1) −
σ(N0) = 2σ(N1) and p1(adP |∂M ) = 2p1(adP |N1). Note also that since (M ; N0, N1)
is a rational homology h-cobordism, we have χ(∂M) = χ(N0) + χ(N1) = 2χ(N1).

Remark 2.13. Ind(TA)b is the virtual dimension of the moduli space of anti-self-
dual G-connections on P over M studied in [11]. In the situation as in Corol-
lary 2.12, it is the same as the dimension of the moduli space of anti-self-dual
G-connections on P |N1 over the 4-manifold N1, which is the basic object in the
Donaldson theory of 4-manifolds. It should be important to study the degree of
the restriction mapping from the moduli space of P over M to the moduli space of
P |N1 over N1.

3. An application to nowhere zero vector fields

An immediate consequence of the index formula in Theorem 2.9 is as follows.

Corollary 3.1. Let M be a compact oriented smooth (2m + 1)-manifold with
nonempty boundary ∂M and N be the union of some components of ∂M . If M
admits a nowhere zero smooth vector field pointing outward on N and inward on
∂M −N , then χ(N) ≡ χ(∂M −N) (mod 4).

Proof. Give an orientation on M and let N be the union of the boundary compo-
nents of M where L points outward. Let Kc def

= ∂M − K and N c def
= ∂M − N .

Then oq = oout on N and oq = −oout on ∂M −N . Thus we have σoq (N) = σ(N) =
σoq (N c). Note that σ(N) + σ(N c) = σ(∂M) = 0. So we have

σ(N ∩Kc) + σ(N c ∩Kc) + σ(N ∩K) + σ(N c ∩K) = 0.

Since

σoq (K
c) = σ(N ∩Kc)− σ(N c ∩Kc), σoq (K) = σ(N ∩K)− σ(N c ∩K),
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we have σoq (K)− σoq (Kc) = 2σ(N ∩K) + 2σ(N c ∩Kc). So by (2.23) we get
1
2
(χ+

oq
(K)− χ+

oq
(Kc)) =

1
4
[χ(K)− χ(Kc) + 2σ(N ∩K) + 2σ(N c ∩Kc)].(3.1)

Note that χ(K) − χ(Kc) = 2χ(K) − χ(∂M), χ(K) ≡ σ(K) (mod 2) and χ(N) ≡
σ(N) (mod 2). Therefore when mod 4, the following identity holds:

0 ≡ 2χ(K)− χ(∂M) + 2σ(N ∩K) + 2σ(N c ∩Kc)

≡ 2σ(K)− 2σ(N c ∩Kc) + 2σ(N ∩K)− χ(∂M)

≡ 2σ(N ∩Kc) + 2σ(N ∩K)− χ(∂M)

= 2σ(N)− χ(∂M) ≡ χ(N)− χ(∂M −N).

According to Theorem 2.9, the right side of (3.1) must be an integer. Thus we have
χ(N) ≡ χ(∂M −N) (mod 4).

Corollary 3.1 can be regarded as “mod 4” version of the necessity part of Relative
Hopf Theorem 1.12 in odd-dimensions, which we shall discuss in Section 3. While
the classical proof of Relative Hopf Theorem 1.12 uses essentially homology theory,
the proof of Corollary 3.1 in this paper only uses index theory. This is similar to
the method in (Atiyah [2]).

4. The self-duality cohomology groups of a general line field

Definition 4.1. Let 0 ≤ j ≤ m− 2. Define
Hj(A, K) as the space of ω ∈ Ker dA ∩Ker d∗A ⊂ Ωj(E) with bω = 0 on ∂M ,
Hm−1

+ (A, K) as the space of ω ∈ Ker d++s
A ∩ Ker d∗A ⊂ Ωm−1(E) with bω = 0

on ∂M ,
Hm

+s(A, K) as the space of ω ∈ Ker d+s
A ∩ Ker(d++s

A )∗ ⊂ Ωm
++(E) with bω = 0

on ∂M ,
Hm+1

+ (A, K) as the space of ω ∈ Ker(d+s
A )∗ ⊂ Ωm+1

+ (E) with bω = 0 on ∂M .
They are called the self-duality cohomology groups associated to (L, g, oq, ol).

Let bj(A, K), bm−1
+ (A, K), bm

+s(A, K) and bm+1
+ (A, K) be dimHj(A, K),

dimHm−1
+ (A, K), dimHm

+s(A, K) and dimHm+1
+ (A, K) respectively.

Since d++s
A = lsd

++
A and (d+s

A )∗ = hs̄π
++d∗A, we see that Hm−1

+ (A, K) and
Hm+1

+ (A, K) are independent of s.

Condition 4.2. In the case m = 2, assume d++
A dA = 0 on Ω0(E). In the case

m ≥ 3, assume FA = 0. In the case m = 1, A can be any connection.

Note that Condition 4.2 clearly holds if A is a flat connection, in particular if
dA = d.

If Condition 4.2 holds, then by using the Green’s formula, we have dAω2j−1 ⊥
d∗Aω2j+1, dAω2j ⊥ d∗Aω2j+2 and dAωm−2 ⊥ (d++s

A )∗ωm for those j’s in Defini-
tion 2.3. Moreover, d++s

A ωm−1 = 0 and (d+s
A )∗ωm+1 = 0 trivially imply that

d++s
A ωm−1 + (d+s

A )∗ωm+1 = 0. (Note that the converse is not necessarily true in
general.) Therefore according to (2.16) and Definitions 2.3 and 4.1, we can have

Proposition 4.3. If dA = d or Condition 4.2 holds, then:
In the case m is odd, we have

Hod
+ (A, K) =

m−3
2∑

j=0

H2j+1(A, K)⊕Hm
+s(A, K),(4.1)
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Hev
+ (A, K) ⊃

m−3
2∑

j=0

H2j(A, K)⊕Hm−1
+ (A, K)⊕Hm+1

+ (A, K),(4.2)

bod
+ (A, K) =

m−3
2∑

j=0

b2j+1(A, K) + bm
+s(A, K),(4.3)

bev
+ (A, K) ≥

m−3
2∑

j=0

b2j(A, K) + bm−1
+ (A, K) + bm+1

+ (A, K).(4.4)

In the case of m is even, we have

Hev
+ (A, K) =

m−2
2∑

j=0

H2j(A, K)⊕Hm
+s(A, K),(4.5)

Hod
+ (A, K) ⊃

m−4
2∑

j=0

H2j+1(A, K)⊕Hm−1
+ (A, K)⊕Hm+1

+ (A, K),(4.6)

bev
+ (A, K) =

m−2
2∑

j=0

b2j(A, K)⊕ bm
+s(A, K),(4.7)

bod
+ (A, K) ≥

m−4
2∑

j=0

b2j+1(A, K)⊕ bm−1
+ (A, K)⊕ bm+1

+ (A, K).(4.8)

The inequalities in Proposition 4.3 become equalities under the following condi-
tion, which is stronger than Condition 4.2.

Condition 4.4. In the case m = 1, we assume d+s
A d++s

A = 0 on Ω0(E). In the case
m = 2, we assume d++s

A dA = 0 on Ω0(E) and d+s
A d++s

A = 0 on Ω1(E). In the case
m ≥ 3, we assume FA = 0 and d+s

A d++s
A = 0 on Ωm−1(E). In addition we assume

L ⊥g ∂M .

If Condition 4.4 holds, we can easily show that dAωm−2 ⊥ (d++s
A )∗ωm in Defini-

tion 2.3, and thus dAωm−2+(d++s
A )∗ωm = 0 imply dAωm−2 = 0 and (d++s

A )∗ωm = 0.
Therefore, we get

Proposition 4.5. If Condition 4.4 holds, then the ⊃’s and ≥’s in Proposition 4.3
become equal signs, and for all m ≥ 1 the following identity holds

Ind(TA)b =
m−2∑
j=0

(−1)j+1bj(A, K) + (−1)mbm−1
+ (A, K)

+ (−1)m+1bm
+ (A, K) + (−1)mbm+1

+ (A, K).

(4.9)

By Theorem 2.6, (TA)b is a Fredholm operator for all nonzero numbers s. In-
dices of Fredholm operators are deformation invariant. Thus under Condition 4.4,
bm
+s(A, K) is independent of s, and can be denoted as bm

+ (A, K).
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Theorem 4.6. Let M be a compact connected orientable smooth (2m+1)-manifold
with nonempty boundary with data (L, g, oq) such that L ⊥g ∂M . Let K be the union
of some components of ∂M . Then

(1) For any m ≥ 1, we have

Hm−1
+ (M, K) ∼= Hm−1(M, K), bm−1

+ (M, K) = bm−1(M, K).(4.10)

In the case m is odd, we further have

Hod
+ (M, K) =

m−3
2∑

j=0

H2j+1(M, K)⊕Hm
+s(A, K),(4.11)

Hev
+ (M, K) ⊃

m−1
2∑

j=0

H2j(M, K)⊕Hm+1
+ (M, K),(4.12)

bod
+ (M, K) =

m−3
2∑

j=0

b2j+1(M, K) + bm
+s(M, K),(4.13)

bev
+ (M, K) ≥

m−1
2∑

j=0

b2j(M, K) + bm+1
+ (M, K),(4.14)

bod
+ (M, K) = bev

+ (M, K) +
1
4
[χ(K)− χ(∂M −K)].(4.15)

In the case m is even, we further have

Hev
+ (M, K) =

m−2
2∑

j=0

H2j(M, K)⊕Hm
+s(M, K),(4.16)

Hod
+ (M, K) ⊃

m−2
2∑

j=0

H2j+1(M, K)⊕Hm+1
+ (M, K),(4.17)

bev
+ (M, K) =

m−2
2∑

j=0

b2j(M, K) + bm
+s(M, K),(4.18)

bod
+ (M, K) ≥

m−2
2∑

j=0

b2j+1(M, K) + bm+1
+ (M, K),(4.19)

bev
+ (M, K) = bod

+ (M, K)− 1
2
[χ+

oq
(K)− χ+

oq
(∂M −K)].(4.20)

(2) In the case K 6= ∂M , for any m ≥ 1 we have

Hm+1
+ (M, K) = 0, bm+1(M, K) = 0.(4.21)
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Proof. According to ([10], Corollary 7.7), we have

Hm+1
+ (M, K) = 0 and bm+1

+ (M, K) = 0

in the case K 6= ∂M . According to ([10], Corollary 7.5), we have Hm−1
+ (M, K) =

Hm−1(M, K) ∼= Hm−1(M, K) and bm−1
+ (M, K) = bm−1(M, K) for any K. Then we

can apply IndTb
def
= bod

+ (M, K)− bev
+ (M, K) and Theorem 2.9 and Proposition 4.3

to complete the proof.

By (4.13), (4.14) and (4.15) in the case of odd m and (4.18), (4.19) and (4.20)
in the case of even m and (4.21), we have

Corollary 4.7. Let (M, L, oq, g, K) be as in Theorem 4.6. If K 6= ∂M , then

bm
+s(M, K) ≥ χ 1

2
(M, K) +

1
4
[χ(K)− χ(∂M −K)] for odd m,(4.22)

bm
+s(M, K) ≥ −χ 1

2
(M, K)− 1

2
[χ+

oq
(K)− χ+

oq
(∂M −K)] for even m.(4.23)

5. Applications to nearly-self-dual line fields II

First we need to give the definition of a nearly-self-dual line field.

Definition 5.1. A tangent line field L on a smooth (2m+1)-manifold M is called
nearly-self-dual if it is smooth and there is a smooth fiberwise Riemannian metric
gq on Q∗ and an orientation on Q∗ such that ΓV

def
= LV ∗q − ∗q LV = 0 on

d−q Ωm−1(M) ∪ d+
q Ωm−1(M) for any smooth section V of L and for a splitting

TM = L⊕Q with Q tangent to ∂M . Such a metric gq on Q∗ is called L-compatible.
A vector field is called nearly-self-dual if it is nowhere zero, smooth and the line
field generated by the vector field is nearly-self-dual. Here d±q = π±q πqd.

Definition 5.2. A smooth Riemannian metric g on a smooth (2m + 1)-manifold
M with a nearly-self-dual (self-dual resp.) line field L is called L-compatible if (1)

L ⊥g ∂M at any point of ∂M and (2) the induced metric gq
def
= g|Q∗ on Q∗ over

M is L-compatible in the sense of Definition 5.1 (Definition 1.1 resp.).

Note that when ∂M is empty the condition (1) is automatically satisfied.

Lemma 5.3. If a tangent line field L on a smooth (2m+1)-manifold M is nearly-
self-dual (self-dual resp.) and transverse to ∂M at any point of ∂M , then L-
compatible smooth Riemannian metrics always exist on M .

Proof. For nearly-self-dual case it is clear. We only need to prove for self-dual case.
According to Lemma 2.5, there is a smooth Riemannian metric g′ on M such that
L ⊥g′ ∂M at any point of ∂M . Let L∗

def
= (Q∗)⊥g′ , the g′-orthogonal complement

of Q∗ in T ∗M . Then T ∗M = L∗ ⊕ Q∗. Define g
def
= g′|L∗ ⊕ gq, where gq is a

L-compatible smooth fiberwise Riemannian metric on Q∗ in Definition 1.1. This g
is L-compatible, which is proved as follows. We only need to prove L ⊥g ∂M . For
any vector Y ∈ TM , let Yg ( Yg′ resp. ) denote the covector dual to Y with respect
to the metric g ( g′ resp. ).

Let V ∈ L|∂M and W ∈ T (∂M) at the same point in ∂M . By (1.1) and V ∈ L
we have 0 = 〈V, Q∗〉 = g(Vg, Q

∗). Thus Vg ∈ (Q∗)⊥g = L∗.
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Since W ∈ T (∂M) ⊥g′ L, we have 0 = g′(W, L) = 〈Wg′ , L〉 and thus Wg′ ∈ Q∗ =
(L∗)⊥g′ by (1.1) and definition of L∗. Thus 0 = g′(Wg′ , L

∗) = 〈W, L∗〉 = g(Wg, L
∗).

So Wg ∈ (L∗)⊥g , and therefore 0 = g(Vg, Wg) = g(V, W ) since Vg ∈ L∗, shown in
the above.

As usual let iV denote the interior contraction by vector field V . Define

OAV

def
= iV dA, FAV

def
= iV FA, dAq = πqdA, d±Aq

= π±q dAq .(5.1)

When dA = d we omit mention of A. Now we quote a formula from [10]. It can
also be directly checked.

Proposition 5.4 ([10], Proposition 3.4). Let m be any integer ≥ 1. Let A be any
connection on a real or complex vector bundle E. Then

d+s
A d++s

A ω = sτ ∧ [
ε

2
ΓV d−Aq

ω + π+
q (FAV ∧ α) + π+

q (FAq ∧ β)](5.2)

for all ω ∈ Ωm−1(E|U ), where V is a section of L over U , τ is a section of L∗ over
U such that 〈τ, V 〉 = 1, ω = τ ∧ β + α with β ∈ Ωm−2

q (E|U ) and α ∈ Ωm−1
q (E|U ),

ε = 1 for even m and ε = −i for odd m.

Note that when m = 1, π+
q (FAq ∧ β) = 0 always holds, for β ∈ Ωm−2

q (E|U ) = 0.
When m = 2, π+

q (FAq ∧ β) = (π+
q FAq )β, since β is a E|U -valued function.

Since FA = 0, FAV = 0 and FAq = 0 for dA = d, by Proposition 5.4, we see that
the conditions in Definition 5.1 imply Condition 4.4 for dA = d, and therefore we
get the following theorem (cf. [10], Theorems 1.3 and 2.2):

Theorem 5.5. If a tangent line field L on a smooth (2m+1)-manifold M is nearly-
self-dual, then for any L-compatible metric gq on Q∗ and any orientation oq on Q∗

and any nonzero s, the following complex is well-defined

0 → Ω0(M) d→ · · · d→ Ωm−1(M) d++s→ Ωm
++(M) d+s→ Ωm+1

+ (M) → 0.(5.3)

Complex (5.3) and its generalizations are the main subjects first studied in [10].

Theorem 5.6. Let M be a compact connected orientable smooth (2m+1)-manifold
with nonempty boundary and with data (L, g, oq) such that L is nearly-self-dual and
transverse to ∂M and g is L-compatible. Then bm

±s(M, K) are independent of s,
and thus can be denoted as bm± (M, K). Moreover all ≥’s and ⊃’s in Theorem 4.6
and 4.7 become equal. Explicitly for all m:

(1) In the case K 6= ∂M , we have

bm−1
± (M, K) = bm−1(M, K),(5.4)

bm+1
± (M, K) = 0,(5.5)

bm
± (M, K) = (−1)m+1χ 1

2
(M, K) +

(−1)m+1

2
[χ±oq

(K)− χ±oq
(∂M −K)].(5.6)

(2) In the case K = ∂M , we have

bm−1
± (M, ∂M) = bm−1(M, ∂M),(5.7)

bm
± (M, ∂M)− bm+1

± (M, ∂M) = (−1)m+1χ 1
2
(M, ∂M) +

(−1)m+1

2
χ±oq

(∂M).(5.8)
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Proof. Since the conditions in Definition 5.1 imply Condition 4.4 for dA = d, we
can use the conclusion of Proposition 4.5 for dA = d. Also, the conditions in
Definition 5.1 imply the conditions of Theorem 4.6 and Corollary 4.7. In addition,
([10], Corollary 7.5) gives that bm−1

+ (M, K) = bm−1(M, K) for all K, including
the case K = ∂M . Thus all these together imply the above formulas about the
dimensions of the self-duality cohomology groups.

Theorem 5.7. Let (M, V, C, N) be the same as in Theorem 1.16. Then we have

bm
± (C) ≥ (−1)mχ 1

2
(M, ∂M) +

(−1)m

4
[χ(∂M)± 2σ(N)] + bm

+ (M, ∂M),(5.9)

where bm
+ (M, ∂M) is with respect to some 〈V 〉-compatible smooth Riemannian met-

ric g on M .

Proof. Since L ⊥g C in the case (1) or LV ∗q = ∗qLV on ∧mQ∗ in the case (2), we
can use ([10], Corollary 7.10) to get

bm+1
± (M, ∂M) ≤ bm

± (C).(5.10)

Using notations in Theorem 5.6, we have χ±oq
(∂M) = 1

2 (χ(∂M) ± 2σ(N)). Then
(5.8) and (5.10) yield (5.9).

Remark 5.8. Note that Theorem 1.16 follows directly from Theorem 5.7 and Lemma
5.3 and the fact that bm

+ (M, ∂M) ≥ 0.

The Relative Hopf Theorem 1.12 applied to a 3-manifold yields the following
result about existence of proper vector fields on a 3-manifold.

Proposition 5.9. Let M be a compact connected oriented 3-manifold with k many
boundary components.

(1) In the case k = 1, M admits a proper vector field if and only if ∂M is a
torus.

(2) In the case k = 2, let N0 and N1 be two boundary components of M . Then
M admits a proper vector field which is outward on N0 and inward on N1 if and
only if g(N0) = g(N1). M admits a proper vector field outward (or inward) on both
N0 and N1 if and only if g(N0) + g(N1) = 2.

(3) In the case k ≥ 3, M admits a proper vector field if and only if there is a
union N of boundary components of M such that χ(N) = 1

2χ(∂M).

When dimM = 3, (5.8) gives

b2
+(M, ∂M) = b1

+(M, ∂M)− 1
4
χ(∂M).(5.11)

This and Proposition 5.9 give a lot of information on b2
+(M, ∂M) and b1

+(M, ∂M).

Proposition 5.10. Let (M, L, g, oq) be as in Theorem 5.6 with dimM = 3 and let
k be the number of boundary components of M . In the case k = 2, we let N1 and
N0 be two boundary components of M , arranged so that g(N0) ≤ g(N1). Then one
of the following cases must hold:

(1) k 6= 2, b2
+(M, ∂M) = b1

+(M, ∂M) = 0 or 1.
(2) k = 2, g(N0) = g(N1), b2

+(M, ∂M) = b1
+(M, ∂M)+g(N1)−1, b1

+(M, ∂M) =
0 or 1, and V is outward on one boundary component and inward on the other
boundary component.

(3) k = 2, g(N0) = 0, g(N1) = 2, b2
+(M, ∂M) = b1

+(M, ∂M) = 0, and V is
outward (or inward) on N1 and N0.
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(4) k = 2, g(N0) = g(N1) = 1, b2
+(M, ∂M) = b1

+(M, ∂M) = 0 or 1, and V is
outward (or inward) on N1 and N0.

Proof. Let N be a boundary component of M . Since L ⊥g N and V is nearly-self-
dual, we can use ([10], Corollary 7.10) to get

b2
+(M, ∂M) ≤ b1

+(N).(5.12)

Recall that b1±(N) = g(N) for closed oriented 2-manifold N .
If k 6= 2, then by Theorem 1.15, we have 1 = g(N) ≥ b2

+(M, ∂M) = b1
+(M, ∂M)

≥ 0.
Now suppose k = 2. In the case where V points outward on N1 and inward on

N0, we have g(N0) = g(N1) and χ(∂M) = 4−4g(N1). Thus g(N1) ≥ b2
+(M, ∂M) =

b1
+(M, ∂M)− 1

4 (4− 4g(N1)) ≥ g(N1)− 1. This gives the claim (2).
In the case where V points outward (inward) on N1 and N0, we have g(N0) +

g(N1) = 2 and χ(∂M) = 0. Thus g(N0) ≥ b2
+(M, ∂M) = b1

+(M, ∂M). Since
g(N0) + g(N1) = 2 and g(N0) ≤ g(N1), we have g(N0) = 0 or 1, which yields the
claims (3) and (4).

6. Proofs of Theorems 1.9, 1.15, 2.9 and 2.6

In this section we shall present in order all the proofs of Theorems 1.9, 1.15, 2.9
and 2.6.

I. Proof of Theorem 1.9 and Theorem 1.15.
By applying Lemma 5.3 and (5.6) and (3.1), we have

0 ≤ bm
+ (M, K) = (−1)m+1χ 1

2
(M, K)

+ (−1)m+1 1
4
[χ(K)− χ(Kc) + 2σ(N ∩K) + 2σ(N c ∩Kc)],

0 ≤ bm
− (M, K) = (−1)m+1χ 1

2
(M, K)

+ (−1)m+1 1
4
[χ(K)− χ(Kc)− 2σ(N ∩K)− 2σ(N c ∩Kc)].

Since χ(K)− χ(Kc) = −χ(∂M) + 2χ(K), we get (1.10) and thus complete the
proof of Theorem 1.9.

Now we are going to prove Theorem 1.15. Suppose M admitted a nearly-self-dual
proper vector field. When k = 1, ∂M had to be a torus according to Proposition 5.9.
This contradicts to the assumption. Suppose k ≥ 3. Recall (5.6). Since m = 1,
we have χ 1

2
(M, K) = 0, χ 1

2
(M, Kc) = 0 and σ of any boundary component of M

is zero. THus (5.6) yields 0 ≤ b1
+(M, K) = χ(K) − χ(Kc). Switching K and Kc,

we get that χ(K) = χ(Kc) holds for any nonempty union K of components of ∂M
such that K 6= ∂M . Let N0, N1, N2, . . . , Nk−1 be connected components of ∂M ,
k ≥ 3, and be arranged in order: χ0 ≤ χ1 ≤ . . . ≤ χk−1 ≤ 2, where χj = χ(Nj).

Since χ0 =
∑k−1

j=1 χj and χk−1 =
∑k−2

j=0 χj, we get χ0 = χk−1. Thus χ0 = χj for
all j = 1, . . . , k − 1. Therefore χ0 = (k − 2)χ0. Since k 6= 2, we got 0 = χ0 = χj

for all j. This contradicts to the assumption.
II. Proof of Theorem 2.9.
First let us recall an index theorem from [13]. Let F1 and F2 be complex vector

bundles over M with dimF1 = dimF2. Let F ′1 and F ′2 be complex vector bundles
over ∂M with 2dimF ′i = dimFi, i = 1, 2. Let P : Γ(F1) → Γ(F2) be an elliptic first
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order differential operator with a zero-th order boundary operator B : Γ(F1|∂M ) →
Γ(F ′1). The operator

(P, B) : Dom(P ) → Rang(P )⊕Rang(B)

is given by (P, B)f = (Pf, B(f |∂M )). The operator

PB : {f ∈ Dom(P ), B(f |∂M ) = 0} → Rang(P )

is defined by PBf = Pf . If B is surjective then IndPB = Ind(P, B). Let P ∗

be the formal adjoint of P . The adjoint boundary operator B∗ : Γ(F2|∂M ) →
Γ(F ′2) is defined by the requirement that (Pf, f ′) = (f, P ∗f ′) when B(f |∂M ) = 0
and B∗(f ′|∂M ) = 0. Note P ⊕ P ∗ : Γ(F1 ⊕ F2) → Γ(F1 ⊕ F2) and B ⊕ B∗ :
Γ(F1 ⊕ F2|∂M ) → Γ(F ′1 ⊕ F ′2). The definitions of C − R+ − R− ellipticity will be
reviewed later.

Theorem 6.1 ([13], Theorem 1.9.3). If (P ⊕ P ∗, B ⊕B∗) is C−R+ −R−-elliptic
and (P ⊕ P ∗)B⊕B∗ is self-adjoint, then

IndPB =
∫

M

an(P )vol(M) +
∫

∂M

an−1(P, B)vol(∂M).

Moreover, (1) an(P ) = 0 if n = dimM is odd, and (2) an−1(P, B) is a scalar valued
local invariant defined on Y and depends functorially on a finite number of jets of
symbols of P and B on the boundary ∂M .

Note that an(P ) is the interior local invariant for the index of an elliptic operator
P on the double of M , and thus is zero if n is odd.

For the boundary operator (2.14), let K = K1 t · · · tKl and ∂M −K = N1 t
· · · tNl, where all Nj ’s and Kj’s are components of ∂M . Since dimM = 2m + 1 is
odd, Theorem 6.1 gives

Ind(TA)b =
∫

∂M

a2m(TA, b)vol(∂M)

=
h∑

j=1

∫
Nj

a2m(TA, πl)vol(Nj) +
l∑

k=1

∫
Kj

a2m(TA, πq)vol(Kj).
(6.1)

Thus we only need to determine∫
Nj

a2m(TA, πl)vol(Nj) and
∫

Kj

a2m(TA, πq)vol(Kj).

The key property of a2m(TA, b) is that it is scalar valued local invariant depends
functorially on a finite number of jets of symbols of TA and b on the boundary of
M . The operators TA and b in Definition 2.3 and (2.14) depend only on the data
(L, g, oq, A, E) and don’t depend on the orientation ol on L. (See Remark 2.4.)
Thus we have

Proposition 6.2. Given two sets of data (L, g, oq, A, E) and (L′, g′, o′q, A′, E′),
where g is L-admissible and g′ is L′-admissible. Suppose C and C′ are bound-
ary components of compact oriented (2m + 1)-manifolds M and M ′ respectively. If
there is an isometry φ from a collar of C in M onto a collar of C′ in M ′ such that
φ maps the data (L, g, oq, A, E) to the data (L′∗, g

′, o′q, A
′, E′), then a2m(TA, b) at

point y of C is the same as a2m(T ′A, b′) at point φ(y) of C ′ and∫
C

a2m(TA, b)vol(C) =
∫

C′
a2m(T ′A, b′)vol(C ′).
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We should emphasize that the above φ is permissible to map ol to either o′l or
−o′l.

Now we compute the index in the simplest case. Let N be a connected, oriented
closed 2m-manifold with orientation oN . Let M = N × [0, 1] with the obvious line

field L, i.e., the field of tangent lines of copies of [0, 1] in M . Q∗ def
= L⊥ is the

pull-back of T ∗N by the projection πN : M → N . The orientation on N gives an
orientation oq on Q∗.

Let M take the orientation oM = dt∧oN , where t ∈ [0, 1]. Then ∂M = N×{1}t
N × {0} gets the outward orientation oout by eout ∧ oout = oM = dt ∧ oN , where
eout is a covector field on ∂M pointing out of M . On N × {1} we have oq = oout.
On N × {0} we have oq = −oout. We can identify N × {1} with N by (x, 1) → x
and identify N × {0} with N− by (x, 0) → x, where N− is the oppositely oriented
N .

Let g0 be the product of a metric on N and the standard metric on [0, 1], and let
A1 be a smooth connection on a real or complex vector bundle E1 over N . The pull
back of A1 to the bundle E = π∗NE1 over M is called the pulled-back connection A

of A1 over N . dA = dA1 + ∂
∂tdt. For such an A, we have

πlFA = 0, FA = πqFA = FA1 .(6.2)

Let ∗N be the star operator on N . Recall that when m = 2, A1 is called an
anti-self-dual connection if ∗NFA1 = −FA1 .

Lemma 6.3. Suppose A1 is a flat smooth connection over N when m ≥ 3; A1

is an anti-self-dual smooth connection over N when m = 2; and A1 is any given
smooth connection when m = 1. Then the pulled-back connection A of A1 satisfies
Condition 4.4.

Proof. Since M = N× [0, 1], we can let τ = dt and V = ∂
∂t with t ∈ [0, 1]. Since g is

a product metric, we have ΓV
def
= LV ∗q−∗qLV = 0 on any quotient forms. By using

(6.2), we have FAV = 0. Then by using Proposition 5.4 we get d+s
A d++s

A = 0 for the
A. In addition, by using (6.2), we have d++s

A dA = lsd
++
A dA = ls(πlFA + π+

q FA) =
0.

It is not hard to compute bj
+(A, K) in this product case M = N × [0, 1] with the

pulled-back connection A of the connection A1 over N . To avoid repeating work
we here quote the results from ( [10], Sections 7 and 8) directly.

If K is empty, then b = πl on ∂M . By using ([10], Corollaries 8.6 and 8.11) for
the pulled-back A of the connection A1, we have

bj(A) = bj(A1), bm−1
+ (A) = bm−1

+ (A1), bm
+ (A) = bm

+ (A1), bm+1
+ (A) = 0

for 0 ≤ j ≤ m− 2. Therefore (4.9) yields

ind(TA)πl
= −χ+

oq
(A1),

where + refers to the oq-orientation on N × {1} = N , which is the same as the
given orientation on N . Now (6.1) implies

ind(TA)πl
=

∫
N

a2m(TA, πl)vol(N) +
∫

N−
a2m(TA, πl)vol(N−).
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Let φ be the isometry from N × (2
3 , 1] to N × [0, 1

3 ) by (x, t) → (x, 1 − t) which
preserves (L, g, oq, A). By using Proposition 6.2, we get

∫
N

a2m(TA, πl)vol(N) =
∫

N−
a2m(TA, πl)vol(N−) =

1
2
ind(TA)πl

= −1
2
χ+

oq
(A1).

(6.3)

Now let K = N × {1} = N . Thus b = πq on N × {1} = N and b = πl on
N × {0} = N−. By using ([10], Corollaries 8.6 and 8.11), we get

0 = bj(A, N) = bm−1
+ (A, N) = bm

+ (A, N) = bm+1
+ (A, N)

for all 0 ≤ j ≤ m− 2. Thus

ind(TA, πq) = 0.

By (4.9), (6.1) and (6.3), we get

∫
N

a2m(TA, πq)vol(N) = −
∫

N−
a2m(TA, πl)vol(N−) = −1

2
ind(TA)πl

=
1
2
χ+

oq
(A1).

(6.4)

Now by using Proposition 6.2 and (6.1), (6.3) and (6.4), we have

Ind(TA)b =
1
2
[χ+

oq
(A|K)− χ+

oq
(A|∂M−K)],(6.5)

in the case the restriction of g to a collar of each boundary component of M is
isometric to the product metric g0.

Because indices are deformation invariant, and because any two L-admissible
metrics g0 and g1 can be deformed to each other by L-admissible metrics tg0 +
(1 − t)g1 and any two connections on the same bundle can be deformed to each
other, we see that (6.5), which is the same as (2.25), holds for all data (L, g, oq)
such that g is L-admissible and any connection A on E. Thus the proof of Theorem
2.9 is completed.

III. Proof of Theorem 2.6.
First let us recall briefly the definition of C−R+−R− ellipticity of a first order

operator with a zero-th order boundary operator from ([13], Section 1.9). Let P be
a first order formally self-adjoint elliptic differential operator Γ(F ) → Γ(F ), where
F is a complex vector bundle over a manifold M with boundary ∂M and Γ(F ) is
the space of smooth sections of F . Let β be a zero-th order boundary operator
F |∂M → F ′ where F ′ is a complex vector bundle over ∂M with 2dimF ′ = dimF .
Let p(x, ξ) be the principal symbol of P at (x, ξ) where ξ is a covector at x ∈ M .
Near the boundary ∂M , x = (x0, x

′) where x′ is a point in ∂M and x0 is the
normal distance to the boundary ∂M , and ξ = (ξ0, ξ

′) according to the splitting
T ∗M = T ∗R⊕ T ∗(∂M) induced by the identification of a neighborhood of ∂M in
M with a collar [0, ε)×∂M for some ε > 0. This identification is induced by inward
normal geodesic flows. Thus

p(x, ξ) = p(x0, x
′, ξ0, ξ

′).

Consider the ordinary differential equation:

p(0, x′, ξ′,−i
d

dt
)f(t) = λf(t), limt→∞f(t) = 0,

where (ξ′, λ) 6= (0, 0) ∈ T ∗(∂M) × (C − R+ − R−). The boundary problem (P, β)
is called C− R+ − R− elliptic if (1) det(p(x, ξ) − λ) 6= 0 for all x ∈ M − ∂M and
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(ξ, λ) 6= (0, 0) ∈ T ∗M × (C− R+ − R−), and (2) there is a unique solution f(t) to
the above ordinary differential equation such that βf(0) = f ′ for any given f ′ ∈ F ′.

The symbol p(x, ξ) can be expressed uniquely as follows.

p(x, ξ) = p(x0, x
′, ξ0, ξ

′) = p0(x′)ξ0 + p(0, x′, 0, ξ′).

Define

τ(x′, ξ′, λ)
def
= ip0(x′)−1(p(x′, 0, ξ′, 0)− λ).(6.6)

Lemma 6.4 ([13], Lemma 1.9.4). If p(x, ξ) is self-adjoint and elliptic, then
τ(x′, ξ′, λ) has no eigenvalue of zero real part for (ξ′, λ) ∈ T ∗(∂M)× (C−R+−R−)
and (ξ′, λ) 6= (0, 0).

Therefore, over T ∗(∂M)×(C−R+−R−) there is a direct sum decomposition F =
F+(τ) ⊕ F−(τ), where F+(τ) (F−(τ) resp.) is fiberwisely spanned by eigenvectors
of τ(x′, ξ′, λ) with eigenvalues of positive (negative resp.) real parts.

Lemma 6.5 ([13], Lemma 1.9.5). Suppose P : Γ(F ) → Γ(F ) is a first order for-
mally self-adjoint elliptic differential operator with zero-th order boundary oper-
ator β : F |∂M → F ′. Then (1) (P, β) is C − R+ − R−-elliptic if and only if
β : F+(τ) → F ′ is an isomorphism for (ξ′, λ) 6= (0, 0) ∈ T ∗(∂M)× (C−R+−R−);

(2) Pβ is self-adjoint if and only if p0(x′)Kerβ is perpendicular to Kerβ in F
for x′ ∈ ∂M .

Now we are going to study the symbol of the self-duality operator TA ⊕ T ∗A in
Theorem 2.6. Since C−R+−R− ellipticity depends only on principal symbols, we
need only to prove Theorem 2.6 for dA = d. Recall that we use T to denote TA for
dA = d.

Let the symbol of T⊕T ∗ at (x, ξ) be denoted by σξ(T⊕T ∗), where ξ is a covector
at point x in M . For the sake of brevity, let

ξ◦ def
= −iσξ(T ⊕ T ∗).(6.7)

Recall that T ∗c M
def
= C ⊗R T ∗M and Q∗

c = C ⊗R Q∗. When m is odd, let∧m
++ T ∗c M

def
= L∗ ∧∧m−1

Q∗
c ⊕

∧m
+ Q∗

c and let
∧m+1

T ∗c M
def
= L∗ ∧∧m

+ Q∗
c . When

m is even, let
∧m

++ T ∗M
def
= L∗ ∧ ∧m−1

Q∗ ⊕ ∧m
+ Q∗ and let

∧m+1
T ∗M

def
=

L∗ ∧∧m
+ Q∗. Let

F
def
=

∑m−1
j=0

∧j
T ∗c M ⊕∧m

++ T ∗c M ⊕∧m+1
+ T ∗c M for odd m,

Fq
def
=

∑m−1
j=0

∧j
Q∗

c ⊕
∧m

+ Q∗
c for odd m,

F
def
= C⊗R (

∑m−1
j=0

∧j
T ∗M ⊕∧m

++ T ∗M ⊕ ∧m+1
+ T ∗M) for even m,

Fq
def
= C⊗R (

∑m−1
j=0

∧j
Q∗ ⊕∧m

+ Q∗) for even m.
Then F = L∗ ∧ Fq ⊕ Fq and ξ◦ : F → F . Let e0 be an oriented unit basis of L

over M and let (e1, . . . , e2m) be an oq-oriented gq-orthonormal basis of Q∗|U , where
U is an open neighborhood of x in M . Let J be an ordered subset of {1, . . . , 2m}
and eJ be the wedge of ej in the order of J where j runs through J . Let |J | be the
length of J .

Proposition 6.6. Let s be any nonzero complex number, 1 ≤ j < k ≤ 2m.
(1) When dimM = 3, let e1

s
def
=

√
2

|s| e
1 and e2

s
def
=

√
2
|s| e

2, then we have

(e0◦)2 = −1, (e1
s◦)2 = −1, (e2

s◦)2 = −1,
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e0 ◦ e1
s ◦+e1

s ◦ e0◦ = 0, e0 ◦ e2
s ◦+e2

s ◦ e0◦ = 0, e1
s ◦ e2

s ◦+e2
s ◦ e1

s◦ = 0.

(2) When dimM ≥ 3, we have

(e0◦)2 = −1, e0 ◦ ej ◦+ej ◦ e0◦ = 0 for any nonzero s;

(ej◦)2 = −1, ej ◦ ek ◦+ek ◦ ej◦ = 0 if |s|2 = 2.

(3) When dimM ≥ 5, we have

(ej◦)2 = −N2
j,s, ej ◦ ek ◦+ek ◦ ej◦ = Cjk,s for any nonzero s.

(4) For any nonzero s and all dimM ≥ 3, we have that e0◦ = e0∧ on Fq,
e0◦ = −ie0 on L∗ ∧Fq, e0◦ interchanges L∗ ∧Fq and Fq, and ej◦ preserves L∗∧Fq

and also preserves Fq for all 1 ≤ j ≤ 2m.

This proposition will be proved at the end of this section. Note the above (3)
means ξ◦ is a representation of the Clifford multiplication when |s|2 = 2.

Nj,s and Cjk,s are defined as follows. Let m ≥ 2 and 0 ≤ j ≤ 2m. Define
Gj = 〈e0 ∧ eJ , eJ : |J | = m− 1 and j 6∈ J〉 ⊕∧m

+ Q∗
c for odd m,

Gj = 〈e0 ∧ eJ , eJ : |J | = m− 1 and j 6∈ J〉 ⊕ C⊗R
∧m

+ Q∗ for even m.
Let G⊥j be the orthogonal complement of Gj in F |U . Define

Nj,s =
|s|√

2
on Gj , Nj,s = 1 on G⊥j .(6.8)

Let m ≥ 2 and 0 ≤ j < k ≤ 2m. Define
Gjk = 〈e0 ∧ ejR, e0 ∧ ekR, ejR, ekR : |R| = m− 2 and j, k 6∈ R 〉.
We define Cjk,s = 0 on G⊥jk. On Gjk, we define Cjk,s as the mapping:

ejR → (−1 +
|s|2
2

)ekR,

ekR → (
|s|2
2

− 1)ejR,

e0 ∧ ejR → (−1 +
|s|2
2

)e0 ∧ ekR,

e0 ∧ ekR → (
|s|2
2

− 1)e0 ∧ ejR.

(6.9)

Lemma 6.7. (1) If |s|2 = 2 then all Nj,s = 1 and Cjk,s = 0 on F |U for 0 ≤ j <
k ≤ 2m.

(2) Nj,s are positive definite real diagonal matrices with respect to the above basis
for Gj ⊕G⊥j = F |U for all 0 ≤ j ≤ 2m and any nonzero s.

(3) Cjk,s are real skew-symmetric matrices with respect to the above basis of
Gjk ⊕G⊥jk = F |U for all 0 ≤ j < k ≤ 2m and any nonzero s.

Lemma 6.8. If N is a positive definite Hermitian matrix and C a skew-Hermitian
matrix, then det(N + C) 6= 0.

Proof. If det(N + C) = 0, then there is a vector v 6= 0 such that Nv = −Cv. Since
N is Hermitian and C is skew-Hermitian, we have 〈Nv, v〉 = 〈v, Nv〉 = −〈v, Cv〉 =
〈Cv, v〉 = −〈Nv, v〉, and thus 〈Nv, v〉 = 0, which contradicts the fact that N is
positive definite.
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By applying Proposition 6.6, we can follow the same arguments for the C −
R+ − R− ellipticity of De Rham operator d + d∗ with the classical relative and
absolute boundary conditions. (See [13], pp.243-244.) In the following proof, when
dimM = 3, let e1 and e2 be replaced respectively by e1

s and e2
s and let all Nj,s = 1

and Cjk,s = 0. Let F ′ be Fq on K and L∗ ∧ Fq on ∂M − K. Our T ⊕ T ∗ is
obviously a first order formally self-adjoint operator. It has the symbol p(x, ξ) =
iξ◦ = ξ0ie

0 ◦+
∑2m

j=1 ξjie
j◦ where ξ = ξ0e

0 +
∑2m

j=1 ξje
j . Applying Proposition 6.6,

we get

p(x, ξ)2 = ξ2
0 +

2m∑
j=1

ξ2
j N2

j,s +
∑
j<k

ξjξkCjk,s,

where 0 ≤ j, k ≤ 2m. By Lemma 6.7, ξ2
0 +

∑2m
j=1 ξ2

j N2
j,s is a positive definite

Hermitian matrix for ξ 6= 0 and
∑

j<k ξjξkCjk,s is a skew-Hermitian matrix. Thus
by Lemma 6.8, det p(x, ξ)2 6= 0 for all ξ 6= 0 and T ⊕ T ∗ is elliptic.

Let ξ′ =
∑2m

j=1 ξje
j . According to (6.6), we have

τ(x′, ξ′, λ) = i(ie0◦)−1(
2m∑
j=1

ξjie
j ◦ −λ) = −iλq0 +

2m∑
j=1

ξjqj ,

where q0 = ie0 and qj = −ie0 ◦ ej◦ for 1 ≤ j ≤ 2m. Let τ denote τ(x′, ξ′, λ) in this
proof, and let α = 1 on L∗ ∧ Fq and α = −1 on Fq. Using (4) of Proposition 6.6,
we see that all qj interchanges L∗ ∧ Fq and Fq. Thus αqj = −qjα and ατ = −τα.
If µ is an eigenvalue for τ such that τ(ω) = µω with ω 6= 0, then −µ is also an
eigenvalue for τ , since τ(α(ω)) = −µα(ω). Lemma 6.4 states that any eigenvalue
of τ is not zero and has no zero real part. Thus dimF+(τ) = dimF−(τ) and
dimF+(τ) = dimF ′ = 1

2dimF . Therefore we need only to prove b|F+(τ) : F+(τ) →
F ′ is injective.

Since ker b = L∗ ∧Eq over K and ker b = Fq over ∂M −K, we have α = ±1 on
ker b. If ker b|F+(τ) = ker b∩F+(τ) were not zero, then there were ω 6= 0 such that
α(ω) = ±ω and τ(ω) = µω for some µ 6= 0. Using ατ = −τα, we get µω = −µω
and µ = 0, which is a contradiction. This completes the C − R+ − R− ellipticity
of (T ⊕ T ∗, b) by Lemma 6.5. Directly using (2.14) and using Green’s formula, one
can easily see that (T ⊕ T ∗, b) is self-adjoint. Thus the proof of Theorem 2.6 is
completed.

IV. Proof of Proposition 6.6.
The case of dimM = 3 is the simplest case. Recall e0 is an oriented unit basis of

L over M , and (e1, e2) is an oriented gq-orthonormal basis of Q∗|U where U is an
open subset of M . Since ∗qe

1 = e2 and ∗qe
2 = −e1, δ = e1− ie2 is a complex basis

for
∧1

+ Q∗
c |U and δ = e1 + ie2 is a complex basis for

∧1
−Q∗

c |U . Thus e1 = δ+δ
2 and

e1 = δ−δ
2i . Definition 2.3 applying to the case m = 1 yields that

ξ◦ : C⊕
1∧

++

T ∗c M ⊕
2∧
+

T ∗c M → C⊕
1∧

++

T ∗c M ⊕
2∧
+

T ∗c M,

ξ ◦ (ω0 + ω1 + ω2) = −iξls̄ω1 + lsπ
++(ξ ∧ ω0)− hs̄π

++(iξω2) + π+(ξ ∧ hsω1).
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e0◦ maps

e0 → −ie0 ls̄e
0 + π+(e0 ∧ hse

0) = −1,

δ → −ie0 ls̄δ + π+(e0 ∧ hsδ) = e0 ∧ δ,

1 → lsπ
++e0 = e0,

e0 ∧ δ → −hs̄ie0(e0 ∧ δ) = −δ.

e1◦ maps

e0 → −ie1 ls̄e
0 + π+(e1 ∧ hse

0) = −s

2
e0 ∧ δ,

δ → −ie1 ls̄δ + π+(e1 ∧ hsδ) = −s,

1 → lsπ
++e1 =

s

2
δ,

e0 ∧ δ → −hs̄ie1(e0 ∧ δ) = se0.

e2◦ maps

e0 → −ie2 ls̄e
0 + π+(e2 ∧ hse

0) =
s

2i
e0 ∧ δ,

δ → −ie2 ls̄δ + π+(e2 ∧ hsδ) = si,

1 → lsπ
++e2 = − s

2i
δ,

e0 ∧ δ → −hs̄ie2(e0 ∧ δ) = −ise0.

The claim (1) of Proposition 6.6 follows from the above tables. Now we prove
claims (1)-(4) of Proposition 6.6 for dimM ≥ 5. For an ordered subset J of
{1, . . . , 2m}, let ∗qJ be the ordered subset such that J ∗q J is an even permu-
tation of ordered {1, . . . , 2m}. Let ε = 1 if m is even and ε = −i if m is odd in this

proof. Thus ∗qe
J = e∗qJ and { δJ±

def
= e1J ± εe∗q(1J) for |J | = m− 1 and 1 6∈ J } is

an orthogonal basis of the same length for
∧m
± Q∗

c if m is odd, and for C⊗R
∧m
± Q∗

if m is even. By Definition 2.3, we see that ξ◦ : F → F is given by

ξ ◦ (
m−1∑
j=0

ωj + ωm + ωm+1) =
m−2∑
j=0

c(ξ)(ωj−1) + ξ ∧ ωm−2 − iξls̄ωm

+ lsπ
++(ξ ∧ ωm−1)− hs̄π

++(iξωm+1) + π+(ξ ∧ hsωm)

(6.10)

where c(ξ) = ξ ∧ −iξ is the usual Clifford multiplication. Thus ξ◦ = c(ξ) on∑m−2
j=0 T ∗c M .
We also have ξ◦ = c(ξ) on L∗ ∧ ∧m−2

Q∗
c . Indeed, let ωm−1 ∈ L∗ ∧ ∧m−2

Q∗,
then ξ ∧ ωm−1 ∈ L∗ ∧ ∧m−1 Q∗ on which lsπ

++ is identity. Thus ξ ◦ ωm−1 =
lsπ

++(ξ ∧ ωm−1)− iξωm−1 = ξ ∧ ωm−1 − iξωm−1 = c(ξ)ωm−1.
Therefore we need only to prove Proposition 6.6 for covectors in

∧m−1
Q∗

c ⊕∧m
++ T ∗c M⊕∧m+1

+ T ∗c M when m is odd and in
∧m−1 Q∗⊕∧m

++ T ∗M⊕∧m+1
+ T ∗M

when m is even. This space is L∗∧Hq⊕Hq, where Hq
def
=

∧m−1
Q∗

c ⊕
∧m

+ Q∗
c when

m is odd, and Hq
def
=

∧m−1
Q∗ ⊕∧m

+ Q∗ when m is even.
In the following tables, I, J , T , P , R , S are ordered subsets of {1, . . . , 2m} such

that
|I| = m− 1, |J | = m− 1 and 1 6∈ J , |P | = m− 1 and 1, 2 6∈ P ,
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|R| = m−2 and 1 6∈ R, |S| = m−2 and 1, 2 6∈ S, |W | = m−3 and 1, 2 6∈ W .
When |R| = 0 or |S| = 0 in the case m = 2, or |W | = 0 in the case m = 3,

we regard R, S and W as empty sets and define eempty = 1. When |W | = −1 in
the case m = 2, we delete the corresponding entry from the following tables. In
addition, in the following, L∗, Hq and F means L∗|U , Hq|U and F |U respectively.

On L∗ ∧Hq, e0◦ maps

e0 ∧ eI → π+(e0 ∧ hs(e0 ∧ eI))− ie0 ls̄(e0 ∧ eI) = −eI ,

e0 ∧ δJ
+ → −hs̄π

++ie0(e0 ∧ δJ
+) = −δJ

+.

On Hq, e0◦ maps

eI → lsπ
++(e0 ∧ eI)− ie0eI = e0 ∧ eI ,

δJ
+ → π+(e0 ∧ hsδ

J
+)− ie0 ls̄δ

J
+ = e0 ∧ δJ

+.

On L∗ ∧Hq, e1◦ maps

e0 ∧ e1R → π+(e1 ∧ hs(e0 ∧ e1R))− ie1 ls̄(e0 ∧ e1R) = eR,

e0 ∧ eJ → π+(e1 ∧ hs(e0 ∧ eJ))− ie1 ls̄(e0 ∧ eJ) = −sπ+(e0 ∧ e1J) =
−s

2
e0 ∧ δJ

+,

e0 ∧ δJ
+ → −hs̄π

++ie1(e0 ∧ δJ
+) = −hs̄π

++(−e0 ∧ eJ) = se0 ∧ eJ .

On Hq, e1◦ maps

e1R → lsπ
++(e1 ∧ e1R)− ie1e1R = −eR,

eJ → lsπ
++(e1 ∧ eJ)− ie1eJ =

s

2
δJ
+,

δJ
+ → π+(e1 ∧ hsδ

J
+)− ie1 ls̄δ

J
+ = π+(e1 ∧ εe∗q(1J))− s

1
2
eJ = −s

2
eJ .

The above tables imply (e0◦)2 = −1, e0 ◦ e1 ◦+e1 ◦ e0◦ = 0 and (e1◦)2 = −N2
1,s

for any nonzero s. By SO(2m)-symmetry of Q∗, we get e0 ◦ ej ◦+ej ◦ e0◦ = 0 and
(ej◦)2 = −N2

j,s for any nonzero s.
On Hq, e1◦ maps

e12W → lsπ
++(e1 ∧ e12W )− ie1e12W = −e2W ,

e1S → lsπ
++(e1 ∧ e1S)− ie1e1S = −eS ,

e2S → lsπ
++(e1 ∧ e2S)− ie1e2S =

s

2
δ2S
+ ,

eP → lsπ
++(e1 ∧ eP )− ie1eP =

s

2
δP
+ ,

δ2S
+ → π+(e1 ∧ hsδ

2S
+ )− ie1 ls̄δ

2S
+ = −se2S ,

δP
+ → π+(e1 ∧ hsδ

P
+)− ie1 ls̄δ

P
+ = −s

2
eP .

In the following, [∗q(1P )/2]
def
= x such that 2x = ∗q1P , that is, e1P2x =

vol(gq), and [∗q(2P )/1]
def
= y such that 1y = ∗q2P , that is, e2P1y = vol(gq). We

have [∗q(1P )/2] = −[∗q(2P )/1] since (−1)|P |e12Px = e1P2x = vol(gq) = e2P1y =
(−1)|P |+1e12Py.
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On Hq, e2◦ maps

e12W → lsπ
++(e2 ∧ e12W )− ie2(e1 ∧ e2W ) = e1W ,

e1S → lsπ
++(e2 ∧ e1S)− ie2e1S = −s

2
δ2S
+ ,

e2S → lsπ
++(e2 ∧ e2S)− ie2e2S = −eS,

eP → lsπ
++(e2 ∧ eP )− ie2eP = s

e2P + εe∗q(2P )

2

= sε
e∗q(2P ) + εe∗q∗q(2P )

2
= sεδ[∗q(2P )/1],

δ2S
+ → π+(e2 ∧ hsδ

2S
+ )− ie2 ls̄δ

2S
+ = π+(e1 ∧ εe∗q(12R))− s

1
2
e2S = −se1S ,

δP
+ → π+(e2 ∧ hsδ

P
+)− ie2 ls̄δ

P
+ = −sεie2

e1P + εe∗q(1P )

2
= −sεe[∗q(1P )/2].

On Hq, e1 ◦ e2◦ maps

e12W → −e2W → eW ,

e1S → −eS → −e2S,

e2S → s

2
δ2S
+ → 1

2
|s|2e1S,

eP → s

2
δP
+ → −1

2
|s|2εe[∗q(1P )/2],

δ2S
+ → se2S → seS ,

δP
+ → −1

2
seP → −1

2
|s|2εδ[∗q(2P )/1].

On Hq, e2 ◦ e1◦ maps
e12W → e1W → −eW ,

e1S → −s

2
δ2S
+ → 1

2
|s|2e2S ,

e2S → −eS → −e1S ,

eP → sεδ[∗q(2P )/1] → −1
2
|s|2εe[∗q(2P )/1],

δ2S
+ → se1S → −seS,

δP
+ → −1

2
sεe[∗q(1P )/2] → −1

2
|s|2εδ[∗q(1P )/2].

Recall e0◦ = e0∧ on Hq ⊂ Fq and e0 ◦ ej◦ = −ej ◦ e0 for all 0 ≤ j ≤ 2m. Thus
the above tables for e1◦e2◦ and e1◦e2◦ on Hq also give the corresponding tables for
e1 ◦ e2◦ and e1 ◦ e2◦ on L∗ ∧Hq. By these tables, we have e1 ◦ e2 ◦+e2 ◦ e1 = C12,s

on F . By SO(2m)-symmetry of Q∗ we get ej ◦ ek ◦ +ek ◦ ej = Cjk,s on F for
0 ≤ j < k ≤ 2m. The proof of Proposition 6.6 is completed.
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