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TESSELLATIONS OF SOLVMANIFOLDS

DAVE WITTE

Abstract. Let A be a closed subgroup of a connected, solvable Lie group G,
such that the homogeneous space A\G is simply connected. As a special case
of a theorem of C. T. C. Wall, it is known that every tessellation A\G/Γ of
A\G is finitely covered by a compact homogeneous space G′/Γ′. We prove that
the covering map can be taken to be very well behaved — a “crossed” affine
map. This establishes a connection between the geometry of the tessellation
and the geometry of the homogeneous space. In particular, we see that every
geometrically-defined flow on A\G/Γ that has a dense orbit is covered by a
natural flow on G′/Γ′.

1. Introduction

Let G be a transitive group of diffeomorphisms of a manifold M . (For our
purposes, the most important case is when M = Rn.) The choice of a particular
group G endows M with the structure of a homogeneous space. (In other words,
the choice of a particular group G represents the choice of a particular geometric
structure on M , in the sense of Klein’s Erlangen Program.) We always assume
that G is a finite-dimensional Lie group, and that G is connected (or, at the worst,
that G has only finitely many connected components). It is well known that M is
G-equivariantly diffeomorphic to a coset space A\G (or to G/A, if one prefers to
have G act on the left) [V, Lem. 2.9.2, p. 76].

In this paper, G is usually solvable, in which case the pair (M,G) is said to be a
solvmanifold. More simply, we usually refer to M as a solvmanifold, with the choice
of a particular solvable group G being understood.

Now assume M = Rn. If Γ is a properly discontinuous subgroup of G, such
that Rn/Γ is compact, then we may refer to Rn/Γ as a tessellation, because the
Γ-translates of a fundamental domain tessellate Rn. If G is solvable, then Rn/Γ is
said to be a solvtessellation. Note that a tessellation Rn/Γ is a manifold if Γ acts
freely on Rn. Because Γ has a torsion-free subgroup of finite index [R, Lem. 4.6,
p. 57], it follows that every solvtessellation has a finite branched cover that is a
manifold. (Hence, every tessellation is an “orbifold” [M, Appendix A].)

One may study tessellations of solvmanifolds other than Rn, but the most im-
portant case is where the solvmanifold is simply connected. Then, because every
simply connected solvmanifold is diffeomorphic to Rn (cf. [M1, Prop. 11.2]), there
is no real loss in restricting attention to Rn.
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The homeomorphism types of solvtessellations are understood (modulo finite
covers), because of fundamental work of C. T. C. Wall [Wa, §15B] on aspherical
manifolds with polycyclic fundamental group. Namely, Wall’s work implies that
some finite (branched) cover of Rn/Γ is homeomorphic to a homogeneous space
(more precisely, a solvmanifold). (The lecture notes of Farrell and Jones [FJ]
provide a survey of related work in surgery theory.) In other words, there is a
finite group F of diffeomorphisms of some solvmanifold G′/Γ′, such that Rn/Γ ≈
(G′/Γ′)/F . If F acts freely, this means that Rn/Γ is an “infrasolvmanifold.”

Theorem 1.1 (Wall, cf. [Wa, §15B] or [FJ, Theorem 2.16]). Let Γ be a properly
discontinuous subgroup of a connected, solvable Lie group G that acts transitively
on Rn. If Rn/Γ is compact, then there is some discrete subgroup Γ′ of some simply
connected, solvable Lie group G′, such that some finite branched cover of Rn/Γ is
homeomorphic to G′/Γ′.

Another way of stating the theorem is that, to construct a representative of
every homeomorphism class of solvtessellations of Rn, modulo finite covers, there
is no need to consider groups G of any dimension other than n. Furthermore, the
representation of G as a group of diffeomorphisms of Rn can be taken to be the
action of G on itself by right multiplication.

The assumption that G is solvable cannot be eliminated from the theorem.
For example, to construct a compact n-manifold of constant negative curvature,
one takes G to be the group of orientation-preserving isometries of hyperbolic n-
space Hn (that is, G ∼= SO(1, n)). The dimension of G is then n(n+ 1)/2, which is
much larger than n.

Because Wall’s proof is topological, it does not seem to show any connection
between the geometry of Rn/Γ and that of G′/Γ′. (Indeed, Wall’s statement of the
theorem applies in a much more general setting, where the manifolds involved have
no a priori geometric structure.) In the present paper, we give an algebraic proof
of the theorem, thus exhibiting the precise relationship between the geometry of
the two spaces.

Ideally, one might hope that some covering map π from G′/Γ′ to Rn/Γ would
respect the geometry, in the sense that every local isometry of G′/Γ′ would push
down, via π, to a local isometry of Rn/Γ. Since the geometry of Rn/Γ is represented
by the group G, and the geometry of G′/Γ′ is represented by the group G′, this
can be restated more precisely by saying that, ideally, there would be a group
homomorphism φ : G′ → G, such that

(xg)π̃ = xπ̃ · gφ,

for every x and g in G′, where π̃ is the lift of π to a map G′ → Rn of the universal
covers. This is equivalent to saying that, ideally, π would be an affine map.

Definition 1.2. For any choice of a basepoint x0 ∈ Rn, the action of G on Rn

provides a continuous map G → Rn : g 7→ x0g. Then, if φ : G′ → G is any group
homomorphism, we have a composite map

φ′ : G′
φ−−−−→ G

g 7→x0g−−−−→ Rn,

which is an affine map. If, in addition, (Γ′)φ ⊂ Γ, then φ′ induces a well-defined
map φ′′ : G′/Γ′ → Rn/Γ, and φ′′ is also called an affine map.

Unfortunately, it is not always possible to arrange for the covering map G′/Γ′ →
Rn/Γ to be affine. (For example, Figure 4.1 shows a solvtessellation that is homeo-
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morphic to the ordinary 2-torus T2, but does not have the geometric structure of
any solvmanifold.) Thus, in some cases, the covering map must distort the geom-
etry. It turns out that the obstructions arise from certain “rotations” associated
to G, that is, from certain elements in compact, abelian groups of automorphisms
of G. To eliminate the obstructions, we add on more rotations to G, in order to
cancel the ones that are causing the difficulty. Thus, instead of a homomorphism
from G′ into G, we deal with a homomorphism from G′ into the semidirect product
T n G, for some compact, abelian subgroup T of AutG. This leads to “crossed
homomorphisms” and the corresponding “crossed affine maps.”

Definition 1.3 (cf. [CE, p. 168]). Let G and G′ be groups. A function φ : G′ → G
is a crossed homomorphism if there is some homomorphism σ : G′ → AutG, such
that the function

σ × φ : G′ → AutGnG : g 7→ (
gσ, gφ

)
is a homomorphism. It is easy to check that σ × φ is a homomorphism iff

(gh)φ = (gφ)hσ

hφ, ∀g, h ∈ G′.
In particular, every homomorphism is a crossed homomorphism, with σ being the
trivial homomorphism (hσ = e).

For a subgroup Γ′ of G′, we say that a crossed homomorphism φ is Γ′-equivariant
if

(gγ)φ = gφγφ,

for every g ∈ G′ and γ ∈ Γ′. In other words, the associated homomorphism σ : G′ →
AutG is trivial on Γ′, that is, (Γ′)σ = e. In particular, every homomorphism is
Γ′-equivariant, for every subgroup Γ′.

We now generalize the definition of an affine map, by allowing crossed homo-
morphisms, instead of only allowing homomorphisms. The catch is that, to ensure
that a map from G′/Γ′ to Rn/Γ is well defined, we assume Γ′-equivariance.

Definition 1.4 (cf. Definition 1.3). For any choice of a basepoint x0 ∈ Rn, the
action of G on Rn provides a continuous map G→ Rn : g 7→ x0g. Then, if φ : G′ →
G is any crossed homomorphism, we have a composite map

φ′ : G′
φ−−−−→ G

g 7→x0g−−−−→ Rn,

which is a crossed affine map. If, in addition, (Γ′)φ ⊂ Γ, and φ is Γ′-equivariant,
then φ′ induces a well-defined map φ′′ : G′/Γ′ → Rn/Γ, and φ′′ is also called a
crossed affine map.

Main Theorem 7.2′. Let Γ be a properly discontinuous subgroup of a connected,
transitive, solvable Lie group of diffeomorphisms of Rn. If Rn/Γ is compact, then
there is some discrete subgroup Γ′ of some simply connected, solvable Lie group G′,
and a crossed affine map φ : G′/Γ′ → Rn/Γ, such that φ is a covering map, with
finite fibers.

A more explicit description of the crossed affine map φ appears in Section 7.
Crossed affine maps are C∞. (In fact, they are real analytic [V, Thm. 2.11.2,

p. 93].) Hence, we have the following corollary.
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Corollary 1.5. Let Γ be a properly discontinuous subgroup of a connected, transi-
tive, solvable Lie group of diffeomorphisms of Rn. If Rn/Γ is compact, then there
is some discrete subgroup Γ′ of some simply connected, solvable Lie group G′, such
that some finite cover of Rn/Γ is real-analytically diffeomorphic to G′/Γ′.

G. D. Mostow [M1, Thm. A], [R, Thm. 3.6, p. 50] proved that compact solv-
manifolds with isomorphic fundamental groups are diffeomorphic. (In fact, they
are real-analytically diffeomorphic [W2].) Hence, we have the following corollary.

Corollary 1.6. Let Γ and Γ′ be properly discontinuous subgroups of connected,
solvable Lie groups G and G′ that act transitively (and real analytically) on Rn.
Assume Rn/Γ and Rn/Γ′ are compact. If Γ and Γ′ are isomorphic, then some finite
cover of Rn/Γ is (real analytically)diffeomorphic to a finite cover of Rn/Γ′.

Definition 1.7. The geometric structure of a homogeneous space can be used to
construct natural dynamical systems [AGH]. Namely, each one-parameter subgroup
of G defines an action of R on the homogeneous space, which is to say that each
one-parameter subgroup of G defines a flow on the homogeneous space. If G is
solvable, this flow is called a solvflow. (In the general case, some authors call this
a “G-induced” flow.)

The geometric structure of a tessellation Rn/Γ can also be used to construct
natural dynamical systems, in a slightly different way. Let v be a tangent vector
to Rn at 0. If v is invariant under G0, the isotropy group of 0 in G, then the G-
translates of v form a well-defined, G-invariant vector field χ on Rn. (This means
χ is invariant under the group that defines the geometric structure on Rn, so we
say that χ is a geometric vector field on Rn.) Being G-invariant, the vector field
χ is Γ-invariant, so χ pushes down to a well-defined vector field on the tessellation
Rn/Γ, and we call this a geometric vector field on Rn/Γ. The flow generated by a
geometric vector field is called a geometric flow on Rn/Γ. It may be the case that
0 is the only G0-invariant tangent vector at 0, in which case this construction is
not interesting, but there are important examples, such as the geodesic flow on the
unit tangent bundle of a surface of constant negative curvature.

A diffeomorphism may transform a geometric flow into something terrible, but
crossed affine maps, as in the Main Theorem, are well behaved. Thus, we have the
following corollary.

Corollary 8.1′. If a geometric flow on a solvtessellation has a dense orbit, then
the flow is finitely covered by a solvflow.

Therefore, the extensive theory of solvflows [AGH], [A1], [A2], [BM] can be
applied to the study of geometric flows on solvtessellations. For example, we have
the following consequences.

Corollary 8.2′. If a geometric flow on a solvtessellation has no nonconstant, C∞,
invariant functions, then the flow is ergodic, and is finitely covered by an ergodic
solvflow.

Corollary 8.3′. Every L2 eigenfunction of any ergodic geometric flow on any solv-
tessellation is equal to a C∞ function (a.e.).

Corollary 8.4′. A geometric flow on a solvtessellation Rn/Γ is minimal (that is,
every orbit is dense) if and only if (1) the flow has a dense orbit, and (2) the
fundamental group Γ is virtually nilpotent.
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The Main Theorem can be viewed as an analogue for tessellations of solvmani-
folds of the following classical theorem of Bieberbach on tessellations of Euclidean
space.

Theorem 1.8 (Bieberbach). Let Γ be a properly discontinuous group of Euclidean
isometries of Rn. If Rn/Γ is compact, then some finite cover of Rn/Γ is isometric
to a flat n-torus.

Bieberbach’s conclusion is usually stated differently: there is a finite-index sub-
group Γ′ of Γ that consists entirely of translations [C, Thm. I.3.1, p. 17]. This
implies that Γ′ is contained in the group B of all translations, and B/Γ′ is com-
pact, so, in terms of the following definition, we may say that Γ′ has a syndetic hull
in G.

Definition 1.9 (cf. [FG, p. 6]). Let Γ be a closed subgroup of a connected Lie
group G. A syndetic hull of Γ in G is a connected subgroup B of G containing Γ,
such that B/Γ is compact.

The group of translations is simply transitive on Rn, so we see that Bieberbach
proved the following condition, in the case where G is the group of Euclidean rigid
motions.

Bieberbach Condition 1.10. If Γ is a properly discontinuous subgroup of G,
such that Rn/Γ is compact, then some finite-index subgroup Γ′ of Γ has a syndetic
hull B, such that B acts simply transitively on Rn.

The Bieberbach Condition implies that Rn/Γ′ is diffeomorphic to the compact
homogeneous spaceB/Γ′ (see 2.3), so it implies the conclusion of the Main Theorem.

It is easy to prove the Bieberbach Condition if G is nilpotent (see 3.8). (In fact,
there is no need to pass to a finite-index subgroup of Γ in this case.) Unfortu-
nately, the Bieberbach Condition can fail for a general solvable group G, because
there are examples where no syndetic hull exists (see Example 4.24 and Figure 4.1).
(However, Proposition 6.1 shows that the syndetic hull is transitive, if it exists.)
Therefore, in our proof of the Main Theorem, we replace G with a related group G∆

in which some finite-index subgroup Γ′ does have a syndetic hull B∆. (The con-
struction of G∆ is based on the “nilshadow” invented by L. Auslander and R. Toli-
mieri [AT].) The proof is then completed by showing that Rn/Γ′ is diffeomorphic
to B∆/Γ′.

The outline of the paper is as follows.
§2. Preliminaries from Lie Theory
§3. Tessellations of nilmanifolds
§4. Background from the theory of real algebraic groups
§5. The nilshadow map
§6. The syndetic hull is transitive
§7. Proof of the main theorem
§8. Geometric flows on solvtessellations
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2. Preliminaries from Lie Theory

We assume familiarity with the basic theory of Lie groups, including the Lie
algebra, the exponential map, the adjoint representation, semidirect products, and
homogeneous spaces, as found in standard texts, such as [Ho] and [V].

Notation 2.1. A lower-case greek letter (such as σ, π, τ , or φ) always denotes a
function. An upper-case roman letter denotes a group or set. A lower-case roman
letter denotes an element of a group, except that the letters from the middle of the
alphabet (i, j, k, l, m, n) denote integers. We often write functions as superscripts.
For example, xσ means the same thing as σ(x). Writing a group element as a
superscript denotes conjugation, that is, ab = b−1ab.

The following basic lemma will be used to restate the Main Theorem, and other
statements of the introduction, in a group-theoretic form that is more convenient
for proofs.

Lemma 2.2 ([V, Lem. 2.9.2, p. 76]). Suppose G is a transitive group of diffeomor-
phisms of Rn, and let A = G0 be the isotropy group of 0 in G. Then Rn is G-
equivariantly diffeomorphic to A\G.

If G is simply transitive, then G0 is trivial, so we have the following corollary.

Corollary 2.3. If G is a simply transitive group of diffeomorphisms of Rn, then
Rn is G-equivariantly diffeomorphic to G. Therefore, for every subgroup Γ of G,
the quotient Rn/Γ is diffeomorphic to the homogeneous space G/Γ.

In the same spirit, the following result translates the definition of geometric flows
into the more amenable language of group theory. It is based on the observation
that multiplication on the left commutes with multiplication on the right.

Proposition 2.4. Let A\G/Γ be a tessellation. If X is a connected Lie subgroup
of G that contains A as a codimension-one, normal subgroup, then the action of
X/A on A\G/Γ is a (well-defined) geometric flow. Conversely, every geometric
flow on A\G/Γ arises in this way.

We now recall some basic properties of maximal compact subgroups. Most of
these results were proved by Iwasawa [I1], [I2].

Proposition 2.5 ([I1, Thm. 6], [Ho, Thm. XV.3.1, pp. 180–181]). Every compact
subgroup of a connected Lie group G is contained in a maximal compact subgroup,
and all maximal compact subgroups of G are conjugate.

Theorem 2.6 ([I1, Thm. 6], [Ho, Thm. XV.3.1, pp. 180–181]). If K is a maximal
compact subgroup of a connected Lie group G, then G is homeomorphic to the
cartesian product K × Rn, for some n. In particular, K is connected, and G is
simply connected if and only if K is simply connected.

Proposition 2.7 (cf. [Ho, Thm. XIII.1.3, p. 144]). If G is a compact, connected,
solvable Lie group, then G is abelian. Hence, G ∼= Tn, for some n.

Corollary 2.8. A connected, solvable Lie group G is simply connected iff G has
no nontrivial compact subgroups.

Definition 2.9 ([V, p. 244]). The nilradical of a Lie group G, denoted nilG, is the
unique maximal connected, nilpotent, normal subgroup of G.
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Lemma 2.10 (cf. [I2, Satz 5]). If G is a connected Lie group, then nilG has a
unique maximal compact subgroup K, and K ⊂ Z(G). In other words, every com-
pact subgroup of nilG is normal (indeed, central) in G.

Lemma 2.11 ([W2, §2]). Let A be a closed subgroup of a connected, solvable Lie
group G. Then A\G is simply connected iff (1) A contains a maximal compact
subgroup of G, and (2) A is connected.

The following simple lemma is often used when we need to show that a sub-
group B acts transitively on a homogeneous space A\G. It allows us to simplify
the problem by replacing G and A with smaller subgroups H and A ∩H .

Lemma 2.12. Let A, B, and H be closed subgroups of a connected Lie group G.
If B ⊂ H and AH = G, then the natural inclusion of (A ∩ H)\H in A\G is a
B-equivariant homeomorphism. In particular:

1. B is transitive on (A ∩H)\H iff B is transitive on A\G;
2. (A ∩H)\H/B is homeomorphic to A\G/B;
3. AB = G iff (A ∩H)B = H;
4. every double coset AgB is closed iff every double coset (A ∩H)hB is closed;

and
5. A\G/B is compact iff (A ∩H)\H/B is compact.

Furthermore, if A\G is simply connected and H is connected, then A ∩H is con-
nected.

We close the section by recalling three basic results on solvable groups.

Lemma 2.13 ([Ho, Thm. XII.2.2, p. 137]). Every connected subgroup of a simply
connected, solvable Lie group G is closed and simply connected.

Lemma 2.14 (cf. [V, Cor. 3.8.4, p. 207]). If G is a connected, solvable Lie group,
then G/ nilG is abelian. In other words, [G,G] ⊂ nilG.

Lemma 2.15. If G is a simply connected Lie group, then nilG is simply connected.

Proof. From [V, Thm. 3.18.13, p. 244], we see that nilG is contained in a simply
connected, solvable subgroup of G, so nilG is simply connected (see 2.13).

3. Tessellations of Nilmanifolds

This section presents a proof of the Bieberbach Condition (1.10), the Main The-
orem, and Corollary 8.1, in the case where G is nilpotent. The proofs are quite
short, and the statements of the results (3.8, 3.9, and 3.11) do not require tech-
nicalities such as finite-index subgroups, finite covers, or crossed affine maps. We
begin by showing that syndetic hulls are transitive (3.1 and 3.2), and perhaps sim-
ply transitive (3.4). We then note that a syndetic hull always exists (3.6 and 3.7),
and deduce the Bieberbach Condition (3.8). The other results (3.9) and (3.11) are
easy consequences.

Proposition 3.1. Let A\G be a simply connected homogeneous space of a con-
nected, nilpotent Lie group G, and let B be a connected subgroup of G, such that
A\G/B is compact. Then AB = G.

Proof. We may assume B is a proper subgroup of G. Because G is nilpotent, this
implies B is a proper subgroup of NG(B) [Ha, Cor. 10.3.1, p. 154] and NG(B) is
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connected [Bou, Prop. III.16, p. 348]. Therefore, by induction on the codimension
of B, we have A ·NG(B) = G. Thus, by Lemma 2.12, we may assume G = NG(B),
which means B is normal in G. Then AB is a subgroup of G, and (AB)\G is
simply connected, because A\G is simply connected and B is connected (see 2.11).
Therefore, (AB)\G is homeomorphic to Rn, for some n (cf. [M1, Prop. 11.2]).
On the other hand, we know (AB)\G is compact, because A\G/B is compact.
Therefore, (AB)\G is trivial, which means AB = G.

Corollary 3.2. Let A and B be connected Lie subgroups of a simply connected,
nilpotent Lie group G. If A\G/B is compact, then AB = G.

Definition 3.3. A homogeneous space A\G of a Lie group G is faithful if the
action of G on A\G is faithful or, equivalently, if A contains no nontrivial, normal
subgroup of G. Because any such normal subgroup could be modded out, there is
usually no loss in assuming that a homogeneous space is faithful.

Theorem 3.4. Let A\G be a simply connected, faithful homogeneous space of a
connected, nilpotent Lie group G, and let Γ be a discrete subgroup of G that acts
properly on A\G, such that A\G/Γ is compact. If B is any syndetic hull of Γ in G,
then AB = G and A ∩B = e. In other words, B is simply transitive on A\G.

Proof. Since A\G/Γ is compact, we know that A\G/B is compact. Because B is
connected, this implies AB = G (see 3.1).

Because Γ acts properly on A\G, and Γ is cocompact in B, we know B acts
properly on A\G, so A ∩ B is compact. Therefore, A ∩ B ⊂ Z(G) (see 2.10), so
A ∩B / G. Because A\G is faithful, this implies A ∩B = e.

Remark 3.5. The conclusion of Theorem 3.4 can fail if A\G is not simply connected.
For example, let G be a nontrivial, compact, abelian group, and let A = B = Γ = e.
For a more dramatic example, in which no syndetic hull of Γ satisfies AB = G, let
G be the quotient of the Heisenberg group by a lattice subgroup of its center, let
A be a lattice in G, and let Γ = e. Then B must be compact, so B ⊂ Z(G).

Similarly, the conclusion can fail if A\G is not faithful. For example, let G be the
quotient of the Heisenberg group by a lattice subgroup of its center, let A = Z(G),
and let Γ be a lattice in G. Then G is the only syndetic hull of Γ, so A∩B = A 6= e.

Proposition 3.6. [R, Prop. 2.5, p. 31 and Thm. 3.1, p. 29]. Let Γ be a closed
subgroup of a simply connected, nilpotent Lie group G. Then Γ has a unique syndetic
hull in G.

Corollary 3.7. Let Γ be a closed subgroup of a connected, nilpotent Lie group G.
Then Γ has a syndetic hull in G, and has a unique maximal syndetic hull, which
contains the maximal compact subgroup of G.

Proof. Because G is nilpotent, it has a unique maximal compact subgroup K, and
K / G (see 2.10). Then G/K is simply connected (see 2.8), so the proposition
implies that ΓK/K has a unique syndetic hull B/K. The subgroup B is a syndetic
hull of Γ.

If B′ is any syndetic hull of Γ, then B′K/K is a syndetic hull of ΓK/K, so the
uniqueness of syndetic hulls in G/K implies B′K/K = B/K. Hence B′ ⊂ B, so B
is the unique maximal syndetic hull.

Theorem 3.8. Let G be a nilpotent, transitive group of diffeomorphisms of Rn.
(Assume that G is finite dimensional, and that G is connected.) Then a strong form
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of the Bieberbach Condition (1.10) holds. Namely, if Γ is a properly discontinuous
subgroup of G, such that Rn/Γ is compact, then Γ has a syndetic hull B, such that
B acts simply transitively on Rn.

Proof. Let B be a syndetic hull of Γ in G (see 3.7). The action of G is faithful, so
Theorem 3.4 asserts that B is simply transitive on Rn.

Theorem 3.9. Let Γ be a properly discontinuous subgroup of a connected, nilpotent
Lie group G that acts transitively on Rn. If Rn/Γ is compact, then there is some
discrete subgroup Γ′ of some Lie group G′, such that some affine map from G′/Γ′

to Rn/Γ is a diffeomorphism.

Proof. There is no harm in assuming that the action of G is faithful. Then, from
the Bieberbach Condition (3.8), we know Γ has a syndetic hull B that acts simply
transitively on Rn. Then the affine map from B/Γ to Rn/Γ that is induced by the
inclusion of B into G is a diffeomorphism (see 2.3).

Definition 3.10 ([AGH], [P]). As already mentioned in Definition 1.7, each one-
parameter subgroup of G defines a flow on any homogeneous space G/Γ of G. If G
is nilpotent, these flows are called nilflows.

Corollary 3.11. Every geometric flow on a niltessellation Rn/Γ is isomorphic to
a nilflow.

Proof. Let A = G0 be the isotropy group of 0 in G, so Rn is G-equivariantly
diffeomorphic to A\G (see 2.2). In accordance with Proposition 2.4, let X be a Lie
subgroup of G that contains A as a codimension-one, normal subgroup. There is
no harm in assuming that the homogeneous space A\G is faithful, in which case,
the Bieberbach Condition (3.8) asserts that Γ is contained in a subgroup B of G,
such that AB = G and A ∩ B = e. Then Lemma 3.12 implies that the action of
X/A on A\G/Γ is isomorphic to the action of X ∩B on B/Γ.

Lemma 3.12. Let A and Γ be closed subgroups of a Lie group G. Let X be a Lie
subgroup of G that contains A as a normal subgroup, and let B be a closed subgroup
of G containing Γ, such that AB = G. Then the left action of X/A on A\G/Γ is
naturally isomorphic to the left action of (X ∩B)/(A ∩B) on (A ∩B)\B/Γ.

Proof. Since Γ ⊂ B and AB = G, it is not difficult to see that the natural inclusion
of (A ∩ B)\B/Γ into A\G/Γ is a bijection. Clearly, it is (X ∩ B)-equivariant, so
the action of (X ∩ B)/(A ∩ B) on (A ∩ B)\B/Γ is isomorphic to the action of
(X ∩B)/(A ∩B) on A\G/Γ. Since A ⊂ X and AB = G, we have (X ∩B)A = X ,
so (X ∩ B)A/A = X/A. Therefore, the action of (X ∩ B)/(A ∩ B) on A\G/Γ is
isomorphic to the action of X/A on A\G/Γ.

4. Background from the Theory of Real Algebraic Groups

Our proofs employ some basic properties of algebraic groups over R, in the spirit
of [R, §P.2, pp. 7–11]. For general background on algebraic groups, see a text such
as [B2] or [Hu].

Definition 4.1 ([B2], [Hu]). A function f on GL(n,R) is regular if there is a poly-
nomial p in n2 + 1 variables, such that f(g) = p(gij , det g−1). A subgroup A of
GL(n,R) is said to be Zariski closed (or we may say that A is a real algebraic group)
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if A is an algebraic subvariety of GL(n,R). That is, A is the set of zeros of some
collection of regular functions on GL(n,R).

As a subset of Euclidean space Rn2
, a real algebraic group inherits a topology, in

which it is a smooth manifold. When necessary to avoid confusion with the Zariski
topology, we refer to this as the Euclidean topology.

Definition 4.2. A subgroup A of GL(n,R) is said to be almost Zariski closed (or
we may say that A is an almost algebraic group) if there is a Zariski closed sub-
group B of GL(n,R), such that B◦ ⊂ A ⊂ B, where B◦ is the identity component
of B in the Euclidean topology. The difference between being Zariski closed and
almost Zariski closed is slight, because B◦ always has finite index in B (see 4.15).

Definition 4.3 ([B2, §4 and §8]). A real algebraic group U is unipotent if every
element of U is unipotent. A real algebraic group T is a torus if T is abelian and
Zariski connected, and every element of T is semisimple. (For convenience, we often
also refer to the almost algebraic group T ◦ as a torus.) A torus T is R-split if every
element of T is diagonalizable over R.

Lemma 4.4 ([B2, Thm. 10.6, pp. 137–138]). Let G be a Zariski-connected, solv-
able real algebraic group. Then:

1. the set U of all unipotent elements of G is a normal subgroup, which is called
the unipotent radical of G;

2. for every maximal torus T of G, we have G = T n U ; and
3. G/U is abelian.

Lemma 4.5 ([B2, Prop. 8.15 and Ex. 8.16]). Let T be a Zariski closed torus. If
Tsplit is the maximal R-split subtorus of T , and Tcpct is the maximal compact
subtorus of T , then T = Tsplit · Tcpct, and Tsplit ∩ Tcpct is finite.

Example 4.6. The multiplicative group R# can be realized as a real algebraic
group (in fact, an R-split torus) via the embedding

R# → GL(2,R) : x 7→
(
x 0
0 1/x

)
.

The subgroup R+ of positive reals, being the identity component of R#, is almost
Zariski closed, but it is not Zariski closed.

In general, any Zariski-connected, solvable real algebraic group B has a decom-
position B = (TsplitTcpct) n U . With the identification

Tsplit = R# × R# × · · · × R#,

we have

B =
(
(R# × R# × · · · × R#)Tcpct

)
n U,

and then

B◦ =
(
(R+ × R+ × · · · × R+)× Tcpct

)
n U.

Definition 4.7. The almost-Zariski closure A of a subgroup A of an almost alge-
braic group is the unique smallest almost-Zariski closed subgroup that contains A.

In particular, if A is a subgroup of a connected Lie group G, we use AdGA
to denote the almost-Zariski closure of AdGA in the real algebraic group Aut(G),
where G is the Lie algebra of G.
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4A. The action of the adjoint group. If G is simply connected, it is a basic
fact of Lie theory that every group of automorphisms of the Lie algebra G lifts to
a group of automorphisms of G [V, Cor. 2.7.6, p. 72]. If G is connected, but not
simply connected, then, unfortunately, there may be automorphisms of G that do
not lift to automorphisms of G. For example, Aut(Tn) = GL(n,Z) is not the full
group GL(n,R) of automorphisms of the Lie algebra Rn.

The following proposition shows that the group AdG does lift to a group of
automorphisms of G, even if G is not simply connected (see 4.8). Therefore, every
Lie subgroup S of AdG acts on G, so we may form the semidirect product S nG
of S with G. In our most important applications of this sort, G is solvable, and S
is a torus in AdG.

Proposition 4.8 ([W2, §3]). If G is a connected Lie group, then AdG acts on G,
and centralizes Z(G).

Lemma 4.9 ([W2, §3]). If G is a connected Lie subgroup of GL(n,R), then, for
every γ ∈ AdG, there is some g ∈ G, such that the action of γ on G is the same
as the action of g on G by conjugation.

Lemma 4.10 ([W2, §3]). Let A be a subgroup of a connected Lie group G. If nilG
is simply connected, then the centralizer of A in AdG is Zariski closed.

Corollary 4.11 ([W2, §3]). Let A be a connected Lie subgroup of a connected Lie
group G. Then the centralizer of A in AdG is Zariski closed.

Remark 4.12. The preceding two corollaries can fail if A is not connected and nilG
is not simply connected. For example, let Γ be a lattice in the Heisenberg group H ,
and let G = H/[Γ,Γ] and A = Γ/[Γ,Γ]. Then A centralizes A, but AdGA = AdG
does not.

Lemma 4.13 (cf. proof of [Z, Thm. 3.2.5, p. 42]). Let A be a connected Lie sub-
group of an almost algebraic group H. Then NH(A) is Zariski closed.

Corollary 4.14. Let A be a connected Lie subgroup of a connected Lie group G.
Then the normalizer of A in AdG is Zariski closed. In particular, AdGA normal-
izes A.

4B. Miscellaneous facts. For ease of reference, we record a number of well-
known, useful results on real algebraic groups.

Lemma 4.15 ([M2, Appendix]). Any almost algebraic group has only finitely many
connected components, in the Euclidean topology.

Lemma 4.16 (Chevalley [Ba, Thm. 16, p. 116]). Every compact subgroup of an al-
most algebraic group is Zariski closed.

Lemma 4.17 ([Hu, Cor. 7.4, p. 54]). If A and B are almost-Zariski closed sub-
groups of an almost algebraic group H, such that AB is a subgroup, then AB is
almost Zariski closed.

Lemma 4.18 ([Bou, Cor. I.5.3.7, p. 47]). Let A be a connected subgroup of a Lie
group G. Then A ⊂ nilG if and only if AdGA is unipotent. In particular, AdG nilG
is unipotent.

Lemma 4.19. Every connected Lie subgroup of a unipotent, almost algebraic group
is Zariski closed.
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Proof. Let A be a connected Lie subgroup of a unipotent, almost algebraic group U ,
and let U be the Lie algebra of U . Because U is unipotent, the exponential map
exp: U → U is an isomorphism of varieties [Ho, Thm. VIII.1.1, p. 107], so, because
the Lie algebra A of A is a subspace of U , hence Zariski closed, we know that
A = expA is Zariski closed.

Proposition 4.20 ([Ho, pf. of Thm. XVIII.3.2, p. 220]). If G is a connected, solv-
able Lie group, such that nilG is simply connected, then G has a faithful, finite-
dimensional representation ρ, such that ρ(nilG) is unipotent.

Lemma 4.21 ([B2, Thm. 19.2, p. 223]). In a connected, solvable, almost algebraic
group, all the maximal tori are conjugate.

Corollary 4.22. Let G be a connected, solvable Lie group. Then all the maximal
tori of AdG are conjugate under AdG.

Proof. Let T be a maximal torus of AdG, and letM = [T (AdG)]∩U , where U is the
unipotent radical of AdG. Then AdG ⊂ TM , and TM is Zariski closed (see 4.17),
so we must have TM = AdG. Thus, M = U , which means U ⊂ T (AdG), so
T (AdG) ⊃ TU = AdG. From the lemma, we know that all maximal tori of AdG
are conjugate to T under AdG, so this implies that all maximal tori of AdG are
conjugate to T under AdG.

Lemma 4.23. Let A be a subgroup of a connected, solvable Lie group G. If
AnilG = G, then AdGA contains a maximal torus of AdG.

Proof. Let S be a maximal torus of AdGA, and let T be a maximal torus of AdG
that contains S. Then AdG = T n U , where U is the unipotent radical of AdG.
Because A(nilG) = G and AdG nilG ⊂ U (see 4.18), we have AdGAU = AdG, so
SU = AdG. Therefore, S = T .

4C. Syndetic hulls. Every closed subgroup of a connected, nilpotent Lie group
has a syndetic hull (see 3.7), but this is not true for subgroups of solvable groups
(see 4.24). Therefore, it is very useful to have a result that guarantees the existence
of a syndetic hull in certain cases (see 4.25).

Example 4.24. Let us construct a tessellation whose fundamental group has no
syndetic hull. Fix a real number p with 0 < p < 1, and define a 4-parameter group
G = { γa,b,c,d |∈ R } of diffeomorphisms of R2 by

γa,b,c,d(x, y) = (x+ a, y + b+ p(c cos 2πx+ d sin 2πx)) .

Then {γa,b,0,0} is easily seen to be transitive on R2, so G is transitive. The subgroup
{γ0,b,c,d} is a codimension-one, abelian, normal subgroup, so G is solvable. (More
precisely, we have

G ∼= R n (R× R2),

where R centralizes R× (0, 0) and acts by rotation on 0× R2.) Let

Γ = { γm,n,n,0 ∈ G | m,n ∈ Z }.
For m,n ∈ Z, we have

γm,n,n,0(x, y) = (x+m, y + n (1 + p cos 2πx)) ,

so it is clear that Γ is a properly discontinuous subgroup of G, and that

{ (x, y) | 0 ≤ x ≤ 1, 0 ≤ y ≤ 1 + p cos 2πx }
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Figure 4.1. Γ-translates of a fundamental domain for the tessel-
lation of Example 4.24 (with p = 1/3)

is a fundamental domain for the action of Γ (see Figure 4.1), so R2/Γ is compact.
However, we claim that no finite-index subgroup of Γ has a syndetic hull in G. In

fact, no finite-index subgroup of Γ is contained in any connected, proper subgroup
of G. (Thus, every finite-index subgroup of Γ is “full” in G [M1], [CW].) To see this,
let B be a connected subgroup of G that contains a finite-index subgroup Γ′ of Γ.
Because nilG = {γ0,b,c,d}, we have Γ′ 6⊂ nilG, so (B nilG)/ nilG is a nontrivial,
connected subgroup of G/ nilG ∼= R. Hence B nilG = G, so, since AdG is a torus,
we have AdGB = AdG (see 4.23). Therefore, B / G (see 4.13), so

B ⊃ [B,G] ⊃ [Γ′, G] = {γ0,0,c,d}.
Now Γ′[Γ′, G]/[Γ′, G] ∼= Z2 is a lattice in G/[Γ′, G] ∼= R2, and so, because a syndetic
hull in R2 is unique (see 3.6), we conclude that B/[Γ′, G] = G/[Γ′, G]. Hence,
B = G, as claimed.

Proposition 4.25 ([W2, §5]). Let Γ be a discrete subgroup of a connected, solvable
Lie group G, and assume AdG Γ contains a maximal compact torus of AdG. Then
Γ has a syndetic hull in G. Furthermore, some finite-index subgroup of Γ has a
syndetic hull B in G, such that B/[B,B] is simply connected. Therefore, [B,B]
contains every compact subgroup of B.

Lemma 4.26. If A is a closed subgroup of a solvable Lie group G, and N is the
maximal syndetic hull of A ∩ nilG in nilG, then AdGA normalizes AN .

Proof. Replacing A with AN , we may assume A ∩ nilG is connected, and con-
tains the maximal compact subgroup K of nilG. Then, by modding out K, we
may assume nilG is simply connected (see 2.8). Hence, G has a faithful, finite-
dimensional representation that is unipotent on nilG (see 4.20), so we may assume
G ⊂ GL(n,R), and nilG is unipotent. Then A ∩ nilG is a connected subgroup
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of a unipotent group, so A ∩ nilG = A ∩ nilG (see 4.19). Therefore, because
[A,A] ⊂ A ∩ nilG (see 2.14), we have

[A,A] ⊂ [A,A] ⊂ A ∩ nilG = A ∩ nilG.

Therefore, [A,A] ⊂ A, so A normalizes A. Hence AdGA normalizes A (see 4.9).

4D. The Borel Density Theorem. The original theorem of Borel [B1] on Zariski
density of lattice subgroups applied only to lattices in semisimple groups, but the
result was generalized to all real algebraic groups by Dani [Da, Cor. 2.6]. Here, we
need only the following special case of this for solvable groups.

Theorem 4.27 (Borel Density Theorem [W1, Cor. 4.2]). Let Γ be a closed sub-
group of a connected, solvable Lie group G, such that G/Γ is compact. Then,
for every finite-dimensional representation ρ : G → GL(n,R), and every maximal
compact torus Tcpct of Gρ, we have Gρ = ΓρTcpct.

Corollary 4.28. Let Γ be a closed subgroup of a connected, solvable Lie group G,
such that AdG Γ contains a maximal compact torus of AdG. Then AdG Γ = AdGB,
for every syndetic hull B of Γ.

The assumption that G is solvable is not necessary in the following corollary, but
we have no need for the more general result.

Corollary 4.29. Let A and B be subgroups of a connected, solvable Lie group G.
If A\G/B is compact, then

AdGA AdG AdGB = AdG.

Furthermore, for every compact set K ⊂ AdG, there is a compact set

K1 ⊂ AdGA×G×AdGB

such that

∀s ∈ K, ∃(α, g, β) ∈ K1, such that s = α(Ad g)β.

Proof. Because A\G/B is compact, we know G/[AB(nilG)] is compact, so the
Borel Density Theorem (4.27) implies that

AdG
AdGA AdGB AdG nilG

is a compact torus. Let τ be the natural homomorphism from G into this torus.
On the one hand, Gτ is Zariski dense, hence dense (see 4.16). On the other hand,

Aτ = Bτ = (nilG)τ = e,

so the compactness of G/[AB(nilG)] implies Gτ is closed. Hence τ is surjective, so

AdGA AdGB AdG nilG AdG = AdG.

From Lemma 4.19, we know that AdG nilG = AdG nilG, so AdG nilG ⊂ AdG.
Hence, we conclude that

AdGA AdGB AdG = AdG.

Because AdG is normal in AdG (see 4.13), we may rewrite this as

AdGA AdG AdGB = AdG,

as desired.
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We now know that the map

AdGA×AdGB → AdG
AdG

is surjective. Because AdG/(AdG) is abelian (see 4.30), then it is easy to see that
the map is a submersion. Hence the map

AdGA×G×AdGB → AdG : (α, g, β) 7→ α(Ad g)β

is a submersion. Therefore, the map has continuous local sections (see 4.31), so
every compact subset of the range is the image of a compact subset of the domain,
as desired.

Lemma 4.30. If A is a connected, solvable Lie subgroup of an almost algebraic
group H, then A/A is abelian.

Proof. Let U be the unipotent radical of A. Then [A,A] ⊂ U (see 4.4), so [A,A]
is a subgroup of U . It is also connected, so [A,A] = [A,A] (see 4.19). Because
[A,A] ⊂ [A,A], we conclude that [A,A] ⊂ A, as desired.

Lemma 4.31 (cf. [D, Thm. 10.3.1, p. 273]). If X and Y are C∞ manifolds, and
φ : X → Y is a C∞ submersion, then, for every x ∈ X, there is a neighborhood U
of φ(x), and a C∞ map ψ : U → X, such that φ(ψ(y)) = y, for every y ∈ U . In
other words, φ has C∞ local sections.

5. The Nilshadow Map

Our proofs rely on the nilshadow construction, which was developed by Aus-
lander and Tolimieri [AT]. In this section, we state the basic facts we need. For
background and proofs, see [W2, §4].

Definition 5.1. Let G be a connected, solvable Lie group, and let Tcpct be a
maximal compact torus of AdG. There is a natural projection from AdG to Tcpct,
given by the splitting AdG = (Tsplit × Tcpct) n U , where Tsplit is any maximal R-
split torus and U is the unipotent radical. Define π : G→ Tcpct to be the composite
homomorphism

π : G Ad−−−−→ AdG
projection−−−−−−→ Tcpct.

Let S and S⊥ be almost complementary tori in Tcpct, by which we mean that
Tcpct = SS⊥, and S ∩ S⊥ is finite. Define T̃cpct = S × S⊥, which is a finite cover
of Tcpct. Assume that π lifts to a homomorphism π̃ : G → T̃cpct. (For example,
this is true if G is simply connected.) Define σ : G → S to be the composite
homomorphism

σ : G π̃−−−−→ T̃cpct
projection−−−−−−→ S

x 7→x−1−−−−→ S.

We define the nilshadow map ∆: G → S nG by ∆(g) = (gσ, g), where the action
of S on G is given by Lemma 4.8.

Warning: the nilshadow map is not a homomorphism (unless S is trivial). In
fact, a simple calculation shows that ∆ is a crossed homomorphism (see 1.3), with
respect to the homomorphism −σ. That is, (ab)∆ = (ab−σ

)∆b∆, where b−σ =
(b−1)σ.
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Assumption 5.2. For the remainder of this section, we assume G is a connected,
solvable Lie group, that choices of Tcpct, S, and S⊥ have been made, and that
the homomorphisms π and σ and the nilshadow map ∆ have been defined as in
Definition 5.1. (We assume that π lifts to a homomorphism π̃ : G→ T̃cpct.)

Lemma 5.3. The nilshadow map ∆ is a diffeomorphism onto its image. In par-
ticular, if G is simply connected, then G∆ is simply connected. If A is a connected
subset of G, then A∆ is a connected subset of G∆.

The following simple lemma is used to simplify calculations throughout the pa-
per.

Lemma 5.4. For all g ∈ G and x ∈ AdG, we have (gx)σ = gσ. In particular,
(abσ

)σ = aσ, for all a, b ∈ G.

Corollary 5.5. Let A be a subgroup of G. Then, for every s ∈ S, we have (A∆)s =
(As)∆. In particular, NS(A) = NS(A∆).

Corollary 5.6. Let A be a subgroup of G. Then A∆ is a subgroup of SnG iff Aσ

normalizes A.

Corollary 5.7. G∆ is a normal subgroup of S nG.

Corollary 5.8. If A is a connected subgroup of G such that Aσ ⊂ AdGA, then
A∆ is a subgroup of S nG.

The following proposition shows that the nilshadow construction has killed pre-
cisely the torus S.

Proposition 5.9. Let φ : AdG → Aut(G∆) be the homomorphism induced by the
action of G by conjugation on G∆. Then AdG

φ
contains AdG∆ as a normal

subgroup, and (S⊥)φ is a maximal compact torus of AdG∆.

The following technical result dictates our choice of S in our proof of the Main
Theorem (see §7).

Lemma 5.10. If A is a subgroup of G such that AdGA is connected, and Tcpct

contains a maximal compact torus of AdGA, then AdGA contains Aπ, so Aπ =
AdGA ∩ Tcpct. If, in addition, A is connected and

Aπ = (Aπ ∩ S)(Aπ ∩ S⊥),

then AdGA contains Aσ, so A∆ is a subgroup of G∆.

We now present a number of results showing that the structure of G∆ mirrors
some of the important structure of G.

Lemma 5.11. Let A and B be closed subgroups of G, such that A∆B∆ = G∆. If
S normalizes A, then AB = G.

Proof. Given any g ∈ G, there exist a ∈ A and b ∈ B such that

(gσ, g) = (aσ, a) · (bσ, b) =
(
(ab)σ, abσ

b
)
,

so g = abσ

b. Because bσ normalizes A, this implies g ∈ AB, as desired.

Corollary 5.12. Let A and B be closed subgroups of G, such that A∆B∆ = G∆.
If S normalizes B, and A∆ and B∆ are subgroups, then AB = G.
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Proof. Because A∆ and B∆ are subgroups, they are closed under inverses; so, by
taking inverses of the equation A∆B∆ = G∆, we obtain B∆A∆ = G∆. Then
Lemma 5.11 (with the roles of A and B reversed) asserts that BA = G. Taking
inverses again, we obtain AB = G.

Lemma 5.13. Let A be a closed subgroup of G, such that A∆ is a subgroup. If
A\G is simply connected, then (A∆)s\G∆ is simply connected, for every s ∈ S.

Proof. Since A\G is simply connected, we know that A is connected (see 2.11), so
(A∆)s is connected. ReplacingG by its universal cover, there is no harm in assuming
G is simply connected, which implies that G∆ is simply connected. Hence G∆ has
no nontrivial compact subgroups (see 2.8), so (A∆)s trivially contains the maximal
compact subgroup of G∆. Therefore, (A∆)s\G∆ is simply connected (see 2.11).

Proposition 5.14. Let A and B be closed subgroups of G, such that A\G/B is
compact. Then Aγ\(S nG)/B is compact, for every γ ∈ AdG.

Proof. Let NA and NB be the maximal syndetic hulls of A ∩ nilG and B ∩ nilG,
respectively, in nilG. Then AdGA normalizes ANA and AdGB normalizes BNB

(see 4.26). Since A and B are cocompact in ANA and BNB, there is no harm in
replacing A and B with ANA and BNB. Then AdGA normalizes A, and AdGB
normalizes B.

From Lemma 4.29, we know that there is a compact set

K1 ⊂ AdGA×G×AdGB,

such that

∀s ∈ S, ∃(α, g, β) ∈ K1, such that γs = α(Ad g)β.

By assumption, there is a compact set K ⊂ G such that AKB = G. Let

K =
⋃

(α,g,β)∈K1

(g−1K)β.

Then K is compact.
For every s ∈ S, there is some (α, g, β) ∈ K1, such that γs = αgβ, so we have

AγsKB = AαgβKB = AgβKB ⊃ Agβ(g−1K)βB =
(
Ag(g−1K)B

)β
= (g−1AKB)β = (g−1G)β = Gβ = G.

Therefore, for every s ∈ S, we have

sG = sAγsKB = AγsKB ⊂ AγSKB.
Therefore S n G = AγSKB. Since SK is compact, this implies Aγ\(S n G)/B is
compact, as desired.

Corollary 5.15. Let A and B be closed subgroups of G, such that A\G/B is com-
pact, and such that A∆ and B∆ are subgroups. Then (A∆)s\G∆/B∆ is compact,
for every s ∈ S.

Proof. From Proposition 5.14, we know that A\(SnG)/B is compact, which means
there is a compact set K such that AKB = SnG. Then, since A ⊂ A∆Aσ and B ⊂
BσB∆, we have A∆AσKBσB∆ = S nG, so A∆\(S nG)/B∆ is compact. There-
fore, the closed subset A∆\sG∆/B∆ is compact, which implies (A∆)s\G∆/B∆ is
compact.
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Lemma 5.16. Let A and B be closed subgroups of G, such that A\G/B is compact,
and such that A∆ and B∆ are subgroups. If the action of B on A\G is proper, then
the action of B∆ on (A∆)s\G∆ is proper, for every s ∈ S.

Proof. This is similar to the proofs of Proposition 5.14 and Corollary 5.15.

Step 1. B is proper on A\(S n G). It suffices to show, for every compact set
K0 ⊂ S nG, that K0AK0 ∩B is compact. Let K ⊂ G be a compact set such that
K0 ⊂ SK ∩KS. It suffices to show that SKAKS ∩B is compact.

Let NA and NB be the maximal syndetic hulls of A ∩ nilG and B ∩ nilG,
respectively, in nilG. Then AdGA normalizes ANA and AdGB normalizes BNB

(see 4.26). Since A and B are cocompact in ANA and BNB, there is no harm in
replacing A and B with ANA and BNB. Then AdGA normalizes A, and AdGB
normalizes B.

From Lemma 4.29, we know that there is a compact set

K1 ⊂ AdGA×G×AdGB,

such that

∀s ∈ S, ∃(α, g, β) ∈ K1, such that s = α(Ad g)β.

Let

K =
⋃

(α,g,β)∈K1

(g−1Kα ∪Kαg).

For any s ∈ S, there is some (α, g, β) ∈ K1 with s = α(Ad g)β, so we have

s−1KAKs = (g−1KαAαKαg)β ⊂ (KAK)β .

Since B ⊂ G, we have

SKAKS ∩B = (SKAKS ∩G) ∩B =

(⋃
s∈S

s−1KAKs

)
∩B

⊂
 ⋃

(α,g,β)∈K1

(KAK)β

 ∩B =
⋃

(α,g,β)∈K1

(KAK ∩B)β .
Since B is proper on A\G, KAK ∩ B is compact. Hence

⋃
(α,g,β)∈K1

(KAK ∩ B)β
is also compact.

Step 2. B∆ is proper on (A∆)s\G∆. Since both B and B∆ are cocompact in
BBσ, and B is proper on A\(S n G), we know that B∆ is proper on A\(S n G).
Then, since both A and A∆ are cocompact in AAσ , we know that B∆ is proper on
A∆\(SnG). Therefore, B∆ is proper on the closed subset A∆\sG∆, which implies
that B∆ is proper on (A∆)s\G∆.

Lemma 5.17. We have [G∆, G∆] ⊂ [G,G].

Proof. Since G∆ ⊂ T n G, and [T, T ] = e, it suffices to show [T,G] ⊂ [G,G]. Of
course, G centralizes G/[G,G], which is the same as saying that AdG centralizes
G/[G,G]. Therefore AdG centralizes G/[G,G] (cf. 4.10). Since G ⊂ AdG, this
implies T centralizes G/[G,G], which is the same as saying [T,G] ⊂ [G,G], as
desired.
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6. The Syndetic Hull is Transitive

Proposition 6.1. Let Γ be a properly discontinuous subgroup of a connected, solv-
able Lie group G that acts transitively on Rn. If Rn/Γ is compact, then every
syndetic hull of Γ is transitive on Rn.

If B is a syndetic hull of a properly discontinuous subgroup Γ, then B acts
properly, so all B-orbits are closed. Therefore, the preceding proposition is a con-
sequence of the following theorem, which is the main result of this section.

Theorem 6.2. Let B be a connected Lie subgroup of a connected, solvable Lie
group G that acts transitively on Rn. If Rn/B is compact, and every B-orbit is
closed, then B is transitive on Rn.

The following example shows that the assumption thatB-orbits are closed cannot
be eliminated from the theorem.

Example 6.3. Let G = R+ n Rn, where R+ acts by scalar multiplication, and Rn

acts by translations. Then Rn/R+ ≈ Sn−1∪{0} is compact, but B is not transitive.
In fact, B is very far from being transitive; there are uncountably many B-orbits.

Note that, in the preceding example, 0 is in the closure of every B-orbit. The
following conjecture asserts that all compact quotients share this behavior.

Conjecture 6.4. Let B be a connected Lie subgroup of a connected, solvable Lie
group G that acts transitively on Rn. If Rn/B is compact, then there is a unique
closed B-orbit on Rn, and the closure of every B-orbit contains this closed orbit.

For purposes of the proof, it is more convenient to state the theorem in the
following group-theoretic terms.

Theorem 6.2′. Let A\G be a simply connected homogeneous space of a connected,
solvable Lie group G. If B is a connected subgroup of G, such that A\G/B is
compact, and every B-orbit on A\G is closed, then B is transitive on A\G.

Theorem 6.2′′. Let A and B be connected subgroups of a connected, simply con-
nected, solvable Lie group G. If A\G/B is compact, and every double coset AgB is
closed, then AB = G.

Before beginning the proof, we state the following simple fact.

Lemma 6.5. Let A and H be subgroups of a semidirect product T n U . If T is
contained in both A and H then, letting UH = H ∩ U , we have H = T n UH and
A ∩H = T n (A ∩ UH).

Proof of Theorem 6.2′′. Let A and B be connected subgroups of a connected,
simply connected, solvable Lie group G, such that A\G/B is compact. To detour
around a technical difficulty that arises in Case 2 of the proof, we will not always
assume that every point in A\G/B is closed. Instead, we assume that either

1. AdG is R-split, and the closure of each point of A\G/B is a minimal closed
subset; or

2. every point of A\G/B is closed.
Under this weaker hypothesis, we show that G = AB.

For convenience, let U = nilG. Because G/U is abelian (see 2.14), we know
G/(AUB) is an abelian group. It is compact, because A\G/B is compact, and it
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is simply connected, because G is simply connected and AUB is connected (see
2.11 and 2.8). Therefore, G/AUB is trivial (see 2.7), that is, G = AUB. Hence, by
Lemma 2.12, we may assume UB = G. Similarly, we may also assume AU = G.

Let TA and TB be maximal tori in AdGA and AdGB, respectively. Since AU =
BU = G, we know that TA and TB are maximal tori in AdG (see 4.23). Then,
replacing B by a conjugate, we may assume TA = TB (see 4.22).

Case 1. AdG is R-split, and the closure of each point of A\G/B is a minimal
closed subset.

Step 1.1. Let UA = U∩A and UB = U∩B. We may assume there is a subgroup T
of G such that AdG T is a torus, and such that G = T n U and A = T n UA.
Furthermore, we may assume B = TB nUB, where TB = { t · tα | t ∈ T }, for some
homomorphism α : T → Z(G). Since TA and TB are equal, it is obvious that they
centralize each other, so we may form the semidirect product (TA × TB) n G, and
we may embed TA n A and TB n B as subgroups of (TA × TB) nG via the natural
embeddings (t, a) 7→ (t, e, a) and (t, b) 7→ (e, t, b), respectively. It is straightforward
to verify that the natural inclusion

A\G/B → (TA nA)\((TA × TB) nG
)
/(TB nB)

is a homeomorphism. Thus, there is no harm in replacingG, A, and B by (TA×TB)n
G, TA n A, and TB n B, respectively. Then, letting T = TA and α(t) = (t−1, t, e),
we have the desired conclusions.

Step 1.2. We may assume UAT
αUB is a codimension-one subgroup of U . First,

suppose Z(G)UB = U . Then UB is normalized by U . Since B = TB n UB, we also
know that UB is normalized by TB. Hence UB / G, so we can mod it out. Then
U = Z(G), from which it follows that G is nilpotent (in fact, G is abelian), so
Corollary 3.2 implies AB = G, which completes the proof of the theorem.

We may now assume Z(G)UB is a proper subgroup of U . Because U is nilpotent,
this implies that Z(G)UB[U,U ] is a proper subgroup of U [Ha, Cor. 10.3.3, p. 155],
so

Z(G)UB[U,U ]/[U,U ]

is a proper subgroup of the abelian group U/[U,U ]. It is T -invariant, so, because
AdG T is R-split, we see that Z(G)UB[U,U ]/[U,U ] is contained in a T -invariant,
codimension-one, connected subgroup M/[U,U ]. We may assume that M con-
tains UA, for otherwise the codimension of M implies UAM = U , from which it
follows that A(TM) = G, so, by Lemmas 2.12 and 6.5, we could replace G with
the proper subgroup TM . Now TM is closed, so A\(TM)/B is a closed subset
of A\G/B, so A\TM/B is compact. Therefore, by induction on dimG, we know
that AB = TM . By intersecting with M , we conclude that UAT

αUB = M .

Step 1.3. Let M = UAT
αUB. There is a T -invariant, one-parameter subgroup Y

complementary to M in U , and Y is not centralized by T . The existence of Y is
a consequence of the fact that AdG T is diagonalizable, and the fact that M is a
codimension-one, connected, T -invariant subgroup of U . Suppose T centralizes Y .
Then TM is normalized by T , M , and Y , so TM is normal in G. Since A,B ⊂ TM ,
and A\G/B is compact, this implies G/(TM) is compact. However, we know
G/(TM) ≈ Y ≈ R. This is a contradiction.
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Step 1.4. We have UAyT
αUB = My, for every y ∈ Y . Let

Y0 = { y ∈ Y | UAyT
αUB = My }.

We wish to show Y0 = Y . Because M / U , we have My = yM , so

Y0 = { y ∈ Y | Uy
AT

αUB = M }.
For every t ∈ T and y ∈ Y , we have

(Uy
AT

αUB)t = Uyt

A TαUB and M t = M,

so we conclude that Y0 is T -invariant. From the definition of M , we also know that
e ∈ Y0. We will show that Y0 is open. No proper, open subset of the real line
contains 0 and is invariant under multiplication by R+, so this implies Y0 = Y , as
desired.

Since U is a simply connected, nilpotent Lie group, it can be given the structure
of a unipotent real algebraic group [V, Thm. 3.6.6, p. 199], and every connected
subgroup of U is Zariski closed (see 4.19). Thus, the homogeneous space U =
(UAT

α)\U is an affine variety [B2, Cor. 6.9b, p. 99]. Define the map µ : Y UB → U
by (yu)µ = UAT

αyu. Then

Y0 = { y ∈ Y | yµUB = (UAT
α)\My }.

Since M / U , and UB ⊂ M , we have (yUB)µ ⊂ (UAT
α)\My, for every y ∈ Y , so,

because every UB-orbit on U is Zariski closed [B2, Prop. 4.10, p. 88], we have

Y0 =
{
y ∈ Y ∣∣ dim

(
yµUB

) ≥ dim
(
(UAT

α)\My
)}

=
{
y ∈ Y ∣∣ dimUB − dim

(
(UAT

α)y ∩ UB

) ≥ dim
(
(UAT

α)\M) }
=

{
y ∈ Y ∣∣ dimUB − dim

(
µ−1(yµ)

) ≥ dim
(
(UAT

α)\M)} .
Since dim

(
µ−1(yµ)

)
is an upper semicontinuous function of y [Hu, Prop. I.4.4,

p. 33], we conclude that Y0 is an open subset of Y , as desired.

Step 1.5. The double-coset space A\G/B is homeomorphic to the space of equiv-
alence classes of the equivalence relation on Y Tα defined by

y′z′ ∼ yz ⇔ ∃a ∈ A, ∃b ∈ B, such that y′z′ = ayzb.

From Step 1.4, we know that UAyT
αUB = My, for every y ∈ Y ; so UAY T

αUB = U ,
and hence AY TαB = G. Therefore, the map Y Tα → A\G/B : x 7→ AxB is
surjective. The conclusion follows.

The rest of the proof of Case 1 is a study of these equivalence classes.

Step 1.6. We have

y′z′ ∼ yz ⇔ ∃t ∈ T, ∃w ∈ Uy′
A UB ∩ Tα, such that y′ = yt and z′ = ztαw.(6.1.6a)

(⇒) Since A = T n UA and B = TB n UB, there exist a ∈ T , u ∈ UA, b ∈ TB,
and v ∈ UB, such that y′z′ = (au)yz(bv). We may write b = ttα for some t ∈ T . By
considering the equation y′z′ = (au)yz(bv) modulo U , we see that we must have
a = t−1, so

y′z′ = (au)yz(bv) = ytutyt

ztαv.

Considering this equation modulo M , we see that we must have y′ = yt, so z′ =
uty′ztαv. Therefore, uty′v ∈ Tα. Since T normalizes UA, we also have uty′v ∈
Uy′

A UB. Thus, letting w = uty′v, we obtain the desired conclusion.
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(⇐) Write w = uy′v, with u ∈ UA and v ∈ UB. Then, reversing the steps of the
preceding paragraph, we have y′z′ = (t−1u)yz(tTαv), so y′z′ ∼ yz.

Step 1.7. Let Z = Tα/CT (Y )α. Each equivalence class of ∼ is a union of
equivalence classes of the equivalence relation ∼T on Y Z defined by

y′z′ ∼T yz ⇔ ∃t ∈ T, such that y′ = yt and z′ = ztα.(6.1.7a)

Setting w = e in the RHS of (6.1.6a), we have

y′z′ ∼ yz ⇐ ∃t ∈ T, such that y′ = yt and z′ = ztα.(6.1.7b)

In particular, for any t ∈ CT (Y ), we see that yztα ∼ yz. Therefore, each ∼-
equivalence class is a union of cosets of CT (Y )α. That is, ∼ induces an equivalence
relation on Y Z, with the same equivalence classes. From (6.1.7b), we see that
g ∼T h⇒ g ∼ h, as desired.

Step 1.8. The subgroup Z is not one-dimensional. Suppose, for a contradiction,
that Z is one-dimensional. Then Y Z ≈ Y × Z can be identified with R2, and
the ∼T -equivalence classes are logarithmic curves (and the Z-axis), as illustrated
in Figure 6.1. It is not difficult to see that the space of ∼T -equivalence classes is
not compact. (For example, each equivalence class E in the right half-plane is the
boundary of two open subsets of the plane; let OE be the one these subsets that
contains the entire left half-plane. Then each OE is a union of equivalence classes,
and {OE} is an increasing chain of open sets whose union is the whole plane.)
Therefore, the ∼-equivalence classes cannot be the same as the ∼T -equivalence
classes; some of the ∼T -equivalence classes must be combined into a single ∼-
equivalence class. By comparing (6.1.6a) and (6.1.7a), and noting that {y = e}
is a single ∼T -equivalence class, so cannot be collapsed any further, we see that
there is some y 6= e such that Uy

AUB ∩Z 6= e. Because this intersection is a Zariski
closed subgroup, and Z is one-dimensional, then this intersection must be all of Z.
Thus, for every z ∈ Z, we have y ∼ yz. In terms of Figure 6.1, this means that
all of the points on the vertical line through y are in the same ∼-equivalence class,
which means that all of the ∼T -equivalence classes that meet this vertical line are
combined into a single ∼-equivalence class. It is clear from Figure 6.1 that this
implies the (open) half-plane containing y and bounded by the Z-axis is a single ∼-
equivalence class. The closure of this half-plane clearly contains the Z-axis, which
is a closed equivalence class. Thus, there is a non-closed point in A\G/B whose
closure contains a closed point. This contradicts our assumption that the closure
of every point is a minimal closed set.

Step 1.9. The final contradiction. Since CT (Y ) has codimension 1 in T , the
codimension of CT (Y )α in Tα must be ≤ 1, so dimZ ≤ 1. From Step 1.8, we know
dimZ 6= 1, so we conclude that Z is trivial. Then Y Z = Y ≈ R, and there are
precisely three ∼T -equivalence classes, namely R+, 0, and R−. The closure of R+

contains the closed point 0, so this contradicts our assumption that the closure of
every point is a minimal closed set. This completes the proof of Case 1.

Case 2. The general case. Let Tcpct be a maximal compact torus of TA, define
S = Tcpct and S⊥ = e, and let ∆: G→ Tcpct nG be the corresponding nilshadow
map, as described in Definition 5.1.

Since Tcpct ⊂ TA = TB, we know that Tcpct normalizes both A and B (see 4.13).
Therefore, A∆ and B∆ are subgroups of G∆ (see 5.6), and A∆\G∆/B∆ is compact
(see 5.15). Because S⊥ = e, we know that AdG∆ has no compact tori (see 5.9), so
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Y

Z

Figure 6.1. Equivalence classes of ∼T

AdG∆ is R-split. We now would like to invoke Case 1 to conclude that A∆B∆ =
G∆, for then Lemma 5.11 would imply AB = G, as desired. Thus, we now show
that the closure of each point in A∆\G∆/B∆ is a minimal closed subset, which is
sufficient to apply Case 1, and conclude that A∆B∆ = G∆, as desired. (It does not
seem to be obvious that all the double cosets A∆(gσ, g)B∆ are closed. This is the
technical difficulty mentioned at the beginning of the proof.)

Given g ∈ G, we wish to show that no nonempty, proper, closed subset of the
closure of A∆(gσ, g)B∆ is a union of double cosets. It suffices to show, for every
(hσ, h) in the closure of A∆(gσ, g)B∆, that the closure of A∆(hσ, h)B∆ contains
(gσ, g).

Step 2.1. There is some t ∈ Tcpct such that A∆(hσ, h)B∆ = A∆(gσ, g)tB∆.
There are sequences {an} ⊂ A and {bn} ∈ B such that (aσ

n, an)(gσ, g)(bσn, bn) →
(hσ, h), as n→∞. Since Tcpct is compact, we may assume aσ

n converges to some a∞,
and bσn converges to some b∞. We have

(hσ, h) .= (aσ
n, an)(gσ, g)(bσn, bn)

= (aσ
ng

σbσn, a
gσbσ

n
n gbσ

nbn)

=
(
aσ

ng
σbσn,

(
agσ

n gb
(bσ

n)−1

n

)bσ
n

)
.=
(
a∞gσb∞, (agσ

n gb
(bσ

n)−1

n )b∞).
Since AgB is closed, and Tcpct normalizes A and B, this means that h must be
of the form h = (a′gb′)b∞ , for some a′ ∈ A and b′ ∈ B. To simplify notation in
the following calculations, choose a ∈ A with agσ

= a′ and let b = (b′)b∞ . Then



3790 DAVE WITTE

h = agσb∞gb∞b. We have

a∞gσb∞ = hσ = (agσb∞gb∞b)σ = aσgσbσ,

so
(
a∞(aσ)−1

)(
b∞(bσ)−1

)
= e. Let t = b∞(bσ)−1, so t−1 = a∞(aσ)−1. Then

(hσ, h) = (a∞gσb∞, agσb∞gb∞b)
= (a∞, a)(gσ, g)(b∞, b)
= (t−1aσ, a)(gσ, g)(tbσ, b)
= (aσ, a)t(gσ, g)t(bσ, b)

∈ A∆(gσ, g)tB∆.

Step 2.2. The double coset of (hσ, h) contains (gσ, g) in its closure. We know
from Step 2.1 (and the choice of (hσ, h)) that the double coset of (gσ, g) contains
(gσ, g)t in its closure. Applying conjugation by tm, which is a homeomorphism
of A∆\G∆/B∆, to this statement, we conclude that the double coset of (gσ, g)tm

contains (gσ, g)tm+1
in its closure. By transitivity, then the double coset of (gσ, g)tm

contains (gσ, g)tn

in its closure, whenever m < n. Let m = 1. Since Tcpct is
compact, we can choose a sequence {ni} → ∞ such that tni → e. Passing to the
limit, we conclude that the double coset of (gσ, g)t contains (gσ, g) in its closure.
From Step 2.1, we know the double coset of (hσ, h) is the same as the double coset
of (gσ, g)t, so this is what we wanted to show.

7. Proof of the Main Theorem

For the proof of the Main Theorem, we do not need the subgroup X in the
following lemma, but we want it for the applications in Section 8.

Lemma 7.1. Let Γ, A, and X be Lie subgroups of a connected solvable Lie group G.
Assume A and X are connected, and A ⊂ X. Then there are

• a finite-index subgroup Γ′ of Γ;
• a maximal compact torus Tcpct of AdG;
• almost-complementary subtori S and S⊥ of Tcpct; and
• an element g0 of G;

such that
1. AdG Γ′ is connected;
2. S⊥ = AdG Γ′ ∩ Tcpct is a maximal compact torus of AdG Γ′;
3. (AdGAg0 ∩S)(AdGAg0 ∩S⊥) = AdGAg0 ∩ Tcpct is a maximal compact torus

of AdGAg0 ; and
4. (AdGXg0 ∩S)(AdGXg0 ∩S⊥) = AdGXg0 ∩Tcpct is a maximal compact torus

of AdGXg0 .

Proof. We know AdG Γ has only finitely many components (see 4.15), so there is a
finite-index subgroup Γ′ of Γ, such that AdG Γ′ is connected.

Let Tcpct be a maximal compact torus of AdG, containing a maximal compact
torus S⊥ of AdG Γ. Let TX be a maximal compact torus of AdGX that contains
a maximal compact torus TA of AdGA. There is some g0 ∈ G such that Tcpct

contains T g0
X (see 4.22). For simplicity, we may replace A and X with Ag0 and Xg0 ,

so we may assume g0 = e.
Let S⊥A be the identity component of AdGA ∩ S⊥, and let S⊥X be the identity

component of AdGX ∩ S⊥. Let SA be a subtorus of AdGA complementary to S⊥A
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in TA. Then SA ∩ S⊥ is finite, so there is a subtorus SX of TX that contains SA

and is almost complementary to S⊥X in TX . Then SX ∩ S⊥ is finite, so there is a
subtorus S of Tcpct that contains SX and is almost complementary to S⊥.

The statement of the following theorem does not assume G acts faithfully, be-
cause it may be necessary to pass to a finite cover in order to define the homomor-
phism π̃ for the nilshadow construction.

Main Theorem 7.2. Let Γ be a properly discontinuous subgroup of a connected,
solvable Lie group G that acts transitively and almost faithfully on Rn, such that
Rn/Γ is compact. Let A = Gx0 be the stabilizer of some point x0 ∈ Rn in G,
let X be a connected Lie subgroup of G containing A, and let Γ′, Tcpct, S, S⊥,
and g0 be as in the conclusion of Lemma 7.1. Assume the natural homomorphism
π : G → Tcpct lifts to a homomorphism π̃ : G → T̃cpct, where T̃cpct = S × S⊥, and
let

∆: G→ S nG : g 7→ (gσ, g)

be the corresponding nilshadow map (see Definition 5.1). Then some finite-index
subgroup Γ′′ of Γ′ has a syndetic hull B∆ in G∆, such that the crossed affine map

φ : B∆
∆−1|

B∆−−−−−→ G
g 7→x0g0g−−−−−−→ Rn

is a Γ′′-equivariant diffeomorphism from B∆ to Rn. Therefore, φ induces a crossed
affine map

φ′ : B∆/Γ′′ → Rn/Γ′′,

which is also a diffeomorphism.

Proof. By replacing x0 with x0g0, we may assume g0 = e. Then, from Lemmas
7.1(3) and 5.10, we know A∆ is a subgroup of G∆. From Lemmas 7.1(2) and 5.10,
we have (Γ′)π ⊂ S⊥; so, from the definition of σ, we know (Γ′)σ ⊂ S∩S⊥, so (Γ′)σ is
finite. Therefore, replacing Γ by a subgroup of finite index, we may assume Γσ = e.
Then we may identify Γ∆ with Γ. From 7.1(2), we know that AdG Γ contains S⊥.
Therefore, Proposition 5.9 implies that AdG∆ Γ contains a maximal compact torus
of AdG∆, so Proposition 4.25 implies that (some finite-index subgroup of) Γ has
a syndetic hull B∆ in G∆, such that [B∆, B∆] contains every compact subgroup
of B∆. Because Γσ = e, the crossed affine map φ is Γ-equivariant, so it only remains
to show that φ is a diffeomorphism.

We let

B = ∆−1(B∆) = { b ∈ G | (bσ, b) ∈ B∆ },
and define a map

ρ : B → A\G : b 7→ Ab.

(Warning: because ∆ may not be a homomorphism, B may not be a subgroup.)
Since A = Gx0 , we know that A\G is G-equivariantly diffeomorphic to Rn. Then,
because φ is the composition

φ : B∆ ∆−1−−−−→ B
ρ−−−−→ A\G ≈−−−−→ Rn,

it suffices to show that ρ is a diffeomorphism.

Step 1. Aσ normalizes A, so A∆ is a subgroup of G∆. This follows from Lemmas
7.1(3) and 5.10.
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Step 2. For every s ∈ S, we have (A∆)sB∆ = G∆, and the intersection (A∆)s ∩
B∆ is a maximal compact subgroup of B∆. First, note that (A∆)s\G∆/B∆ is
compact, because (A∆)s\G∆/Γ is compact (see 5.15) and Γ ⊂ B∆. Second, note
that B∆ is proper on (A∆)s\G∆, because Γ is proper on (A∆)s\G∆ (see 5.16) and
Γ is cocompact in B∆.

Therefore, from Corollary 6.2′, we know that (A∆)sB∆ = G∆. Then, since
(A∆)s\G∆ is simply connected (see 5.13), we know that

(
(A∆)s ∩ B∆

)\B∆ is
simply connected (see 2.12), so (A∆)s ∩B∆ contains a maximal compact subgroup
of B∆ (see 2.11). On the other hand, we know that (A∆)s∩B∆ is compact, because
B∆ acts properly. Therefore, (A∆)s∩B∆ is precisely a maximal compact subgroup
of B∆.

Step 3. B∆ is simply connected and, for every s ∈ S, we have (A∆)s ∩B∆ = e.
Since A∆ ∩ B∆ is compact (see Step 1), and [B∆, B∆] contains every compact
subgroup of B∆, we have A∆ ∩B∆ ⊂ [B∆, B∆]. Therefore

A∆ ∩B∆ ⊂ [B∆, B∆] ⊂ [G∆, G∆] ⊂ nilG

(see 5.17 and 2.14). Hence, A∆ ∩ B∆ is a normal subgroup of G (see 2.10). Since
A∆ ∩G ⊂ A, we also know that A∆ ∩B∆ ⊂ A. Then, since A\G is almost faithful,
this implies A∆ ∩ B∆ is finite. However, from Step 2, we know A∆ ∩ B∆ is a
maximal compact subgroup of B∆, so it is connected (see 2.6). Hence A∆ ∩B∆ is
trivial.

From Step 2 and the preceding paragraph, we know that some maximal compact
subgroup of B∆ is trivial. Hence B∆ is simply connected (see 2.6). Furthermore, it
must be the case that every maximal compact subgroup of B∆ is trivial (see 2.5),
so, from Step 2, we see that, for every s ∈ S, we have (A∆)s ∩B∆ = e, as desired.

Step 4. The map ρ is surjective. We wish to show AB = G. (This is more
complicated than the proof of Lemma 5.11, because B may not be a subgroup and
we do not know whether S normalizes A.) We know from Step 2 that A∆B∆ = G∆.
Therefore, given any g ∈ G, there exist a ∈ A and b ∈ B such that

(gσ, g) = (aσ, a) · (bσ, b) =
(
(ab)σ, abσ

b
)
,

so g = abσ

b and gσ = (ab)σ.
Assume, for the moment, that g ∈ kerσ. Then (ab)σ = gσ = e, so bσ = (aσ)−1 ∈

Aσ, so bσ normalizes A, which means abσ ∈ A. Therefore, g = abσ

b ∈ AB. Since
g ∈ kerσ is arbitrary, we conclude that kerσ ⊂ AB. Indeed, because A∆(B∆)s =
G∆ for every s ∈ S (cf. Step 2), the same proof shows that kerσ ⊂ ABs, for every
s ∈ S.

For an arbitrary g ∈ G, we have g = abσ

b. Since (abσ

)σ = aσ (see 5.4), we have
abσ ∈ a(kerσ), so this implies g ∈ a(kerσ)b. From the previous paragraph, we know
kerσ ⊂ ABbσ

, so there is some a1 ∈ A and some b1 ∈ B such that g = a(a1b
bσ

1 )b.
We have aa1 ∈ A, because A is a subgroup. We have

(bb
σ

1 b)
∆ = (bσ1 b

σ, bb
σ

1 b) = (bσ1 , b1)(b
σ, b) ∈ B∆,

because B∆ is a subgroup, so bb
σ

1 b ∈ B. Hence g ∈ AB, as desired.

Step 5. The map ρ is injective. Suppose ρ(b) = ρ(c), with b, c ∈ B. This means
Ab = Ac, so there is some a ∈ A with b = ac. Then

(bσ, b) =
(
(ac)σ, ac

)
= (aσ, a(cσ)−1

)(cσ, c) ∈ (A∆)(c
σ)−1

(cσ, c).
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Since (bσ, b), (cσ, c) ∈ B∆, then

(bσ, b)(cσ, c)−1 ∈ (A∆)(c
σ)−1 ∩B∆ = e,

from Step 3. Therefore, b∆ = c∆, so b = c, as desired.

Step 6. The inverse of ρ is C∞, so ρ is a diffeomorphism. It suffices to show
that ρ is a submersion (see 4.31). Thus, it suffices to show B is transverse to Ab,
for every b ∈ B. Because ∆: G → G∆ is a diffeomorphism, it suffices to show B∆

is transverse to (Ab)∆. We have

(Ab)∆ =
{ (

(ab)σ, ab
) ∣∣ a ∈ A} = { (aσ, a(bσ)−1

)(bσ, b) | a ∈ A }
= (A∆)(b

σ)−1 · (bσ, b),
and we have B∆ = B∆ · (bσ, b). From Step 2, we know (A∆)(b

σ)−1 · B∆ = G∆,
which implies (A∆)(b

σ)−1
is transverse to B∆, because these are subgroups. Hence

(Ab)∆ is transverse to B∆, as desired.

8. Geometric Flows on Solvtessellations

Corollary 8.1. If a geometric flow on a solvtessellation has a dense orbit, then
the flow is finitely covered by a solvflow.

Proof. Let A\G/Γ be a solvtessellation. In accordance with Proposition 2.4, let X
be a connected Lie subgroup of G that contains A as a codimension-one, normal
subgroup. We wish to show there is a finite-index subgroup Γ0 of Γ and a connected
Lie subgroup X1 and a discrete subgroup Γ1 of a connected, solvable Lie group G1,
such that the action of X/A on A\G/Γ0 is C∞-isomorphic to the action of X1 on
G1/Γ1.

Let Γ′, Tcpct, S, S⊥, and g0 be as in the conclusion of Lemma 7.1. Replacing G
by a finite cover, we may assume the natural homomorphism π : G→ Tcpct lifts to
a homomorphism π̃ : G→ T̃cpct, where T̃cpct = S × S⊥. Let

∆: G→ S nG : g 7→ (gσ, g)

be the corresponding nilshadow map (see Definition 5.1).
Main Theorem 7.2 shows that some finite-index subgroup Γ0 of Γ′ has a syndetic

hull B∆ in G∆, such that the crossed affine map

φ : B∆
∆−1|B∆−−−−−→ G

g 7→Ag0g−−−−−→ A\G
is a Γ0-equivariant diffeomorphism from B∆ to A\G, and that φ induces a diffeo-
morphism φ′ : B∆/Γ0 → A\G.

Step 1. S normalizes A and centralizes X/A. Because X has a dense orbit on
A\G/Γ, we know that XgΓ is dense in G, for some g ∈ G. Applying σ, and then
observing that Xσ is a subtorus of S, and Γσ is finite, we conclude that Xσ is dense
in S. Since Xσ ⊂ AdGX (see 5.10), this implies S ⊂ AdGX. Since X normalizes A
and centralizes X/A, we know that AdGX normalizes A and centralizes X/A (see
4.13 and 4.11), so we conclude that S does likewise.

Step 2. Let X1 = φ−1(A\X). Then X1 is a subgroup of B∆, and the action
of X/A on A\G/Γ0 is C∞-isomorphic to the action of X1 on B∆/Γ0. From Step 1,
we know S normalizes X , so X∆ is a subgroup of G∆ (see 5.6). It is not difficult
to see that X1 = X∆ ∩B∆, so we conclude that X1 is a subgroup of B∆.
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For any x∆ ∈ X1 and b∆ ∈ B∆, we have

(x∆b∆)φ = (xb−σ

b)∆
φ

(∆ is a crossed homomorphism)
= Axb−σ

b (definition of φ)
= Axb (Step 1)
= xAb (X normalizes A)
= x(b∆)φ (definition of φ).

Therefore, φ is an isomorphism from the action of X1 on B∆ to the action of X/A
on A\G, so φ′ is an isomorphism from the action of X1 on B∆/Γ0 to the action of
X/A on A\G/Γ0.

Corollary 8.2. If a geometric flow on a solvtessellation has no nonconstant, C∞,
invariant functions, then the flow is ergodic, and is finitely covered by an ergodic
solvflow.

Proof. In the notation of the proof of Corollary 8.1, if Xσ is not dense in S, then
there are many nonconstant, C∞ functions on S/XσΓσ. By precomposing with σ,
these yield nonconstant, C∞, invariant functions on A\G/Γ, contradicting our hy-
pothesis. Therefore, it must be the case that Xσ is dense in S. Then the proof
of Corollary 8.1 shows that the geometric flow is finitely covered by some solvflow.
Because quotients of ergodic flows are ergodic, it suffices to show that the solvflow
is ergodic.

Suppose that the solvflow is not ergodic. Then it has a nonconstant, C∞, invari-
ant function f [BM, Thm. 6.1]. By averaging f on the fibers of the projection to
A\G/Γ, we obtain a C∞, invariant function for the geometric flow. This average
may be a constant function, but, by composing f with a generic diffeomorphism of R
before averaging, we can obtain a nonconstant average. This is a contradiction.

Corollary 8.3. Every L2 eigenfunction of any ergodic geometric flow on any solv-
tessellation is equal to a C∞ function (a.e.).

Proof. From Corollary 8.2, we may assume the flow is a solvflow. Then every
eigenfunction factors through to an eigenfunction of the maximal Euclidean quotient
[BM, Thm. 6.2], which is isomorphic to a Kronecker flow [BM, Thm. 5.2]. The
eigenfunctions of a Kronecker flow are the group characters, which are C∞.

Corollary 8.4. A geometric flow on a solvtessellation Rn/Γ is minimal (that is,
every orbit is dense) if and only if (1) the flow has a dense orbit, and (2) the
fundamental group Γ is virtually nilpotent.

Proof. From Corollary 8.1, we know that the geometric flow on some finite cover
Rn/Γ1 of Rn/Γ is isomorphic to a solvflow on some solvmanifold G/Γ2.

(⇒) Because the flow on Rn/Γ is minimal, it is clear that no orbit closure in
Rn/Γ1 is contained in a compact subset of dimension less than n, so the same is
true of orbits in G/Γ2. Therefore, the proof of [A2, Thm. 7C] shows that Γ2 is
nilpotent. Since Γ1

∼= Γ2, we conclude that Γ1 is nilpotent.
(⇐) From Corollary 8.2, we know that the solvflow on G/Γ2 is ergodic, so the

solvflow is in general position. Furthermore, we may assume Γ1 is nilpotent, which
implies that G/Γ1 is homeomorphic to a nilmanifold, so G is class R [A2, Thm. 3.6].
Therefore, the solvflow is isomorphic to a nilflow [A2, Thm. 4.1], so it is minimal
[A2, §2].
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