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THE STRUCTURE OF INDECOMPOSABLE INJECTIVES
IN GENERIC REPRESENTATION THEORY

GEOFFREY M. L. POWELL

ABSTRACT. This paper considers the structure of the injective objects Iy;, in
the category F of functors between Fa-vector spaces. A co-Weyl object Jy is
defined, for each simple functor F’ in F. A functor is defined to be J-good if it
admits a finite filtration of which the quotients are co-Weyl objects. Properties
of J-good functors are considered and it is shown that the indecomposable
injectives in F are J-good. A finiteness result for proper sub-functors of co-
Weyl objects is proven, using the polynomial filtration of the shift functor
A : F — F. This research is motivated by the Artinian conjecture due to
Kuhn, Lannes and Schwartz.

1. INTRODUCTION

The purpose of this paper is to study the structure of the indecomposable in-
jective objects in the category F of functors £ — £, where £ is the category of
F-vector spaces and £ the full sub-category of finite dimensional spaces. The field
F is taken to be a finite field and, for the purposes of this introduction and for
some of the main results, this is taken to be Fo, the prime field with two elements.
Kuhn has termed F the category of generic representations in his sequence of pa-
pers [K1, K2, K3]. The special interest of this category of functors in the finite field
case follows from the link with the category of unstable modules over the Steenrod
algebra. A review of the category F is presented in Section 2, to which the reader
is referred for any unexplained terminology.

The paper shows that a high degree of understanding of the structure of the
indecomposable injective functors in F is obtained by concentrating on certain
smaller building blocks, which the author has named co- Weyl objects, by analogy
with the theory of highest weight categories, introduced by Cline, Parshall and
Scott in [CPS]. It is readily seen that F does not have the structure of a highest
weight category; however, many of the features of such a category may be recovered
by new techniques.

The simple functors in F correspond to simple GL,(F) modules, as n varies.
A co-Weyl object is associated to each simple functor: if F) is a simple functor
indexed by A, then the corresponding co-Weyl object is written as Jy. This is the
largest analytic functor such that Jy has simple socle Fy and Jy(F") = F)(F"),
where n is the smallest integer such that F)(F™) # 0.
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A functor F' € F is said to be J-good if it has a finite filtration of which the
quotients are co-Weyl objects. The justification for interest in such functors is
provided by the first important result of this paper, which is proved in Section 4;
it may be regarded as saying that the co-Weyl objects are the building blocks for
the category F.

Theorem 1. The indecomposable injective functors in F are J-good.

The proof of this result deserves some comment; recall (see Section 2) that Iy
denotes a standard injective in F, that M,, is the category of End(F™)-modules
and that GL,, denotes the category of Aut(F")-modules, which may be considered
as a full sub-category of M,,. The evaluation functor E,, : F — M,,, ( F'— F(F™))
admits a right adjoint R, : M,, — F. The functor R,, is not exact; however, it
is shown in Section 2 that the restriction of R, to GL, is exact. This is the key
step in the proof that the functors Iy are J-good, since it may be shown that
Jx = R, (S)), where n is the least integer such that F\(F™) is non-zero and Sy is
the simple GL,-module F)(F™).

The proof of the theorem then requires the use of certain properties of the cate-
gory of J-good functors, in particular that a direct summand of a J-good functor
is again J-good. The proof of this result requires an estimate of the size of co-Weyl
functors. This is achieved by using the next key ingredient of the paper, derived
from the study of the polynomial filtration of the shift functor A : F — F, which
was introduced in [P]. This gives a collection of functors V,,, which are linked by
natural surjections V, —— @n_ﬂ. These functors have some good properties; in
particular, they preserve injections and surjections, although they are not exact.
This paper shows that the concept of V,-nilpotence is important: a functor F is
said to be @n-nilpotent if there exists an integer k such that (@n)kF = 0. This pro-
vides the required estimate of the size of a co-Weyl object: if Jyx = R, (S)), where
S is a simple GL,,-module, then Jy is not @n—nilpotent, whereas @nﬂ Jy =0.

The theorem may be used to show that the Cartan invariants dim Homg (1, 1,,)
in the category F determine the multiplicity of co-Weyl functors in J-good fil-
trations of the indecomposable injectives. In particular, this gives a proof of the
following result:

Corollary 2. The Cartan matriz for F[M,] determines the Cartan matriz for
FIGL,].

In addition, the author has determined an homological characterization of J-
good functors, based on the fact that the indecomposable injectives in F are J-
good. This was inspired by results in algebraic group theory related to the notion
of good filtration dimensions (see for example [FP] or [J]). In the statement of
the result below (and throughout the paper) Vj represents the F-vector space of
dimension d and Iy, is the associated injective.

Theorem 3. An analytic functor F with finite socle is J-good if and only if there
is an integer d such that F' has an injective resolution 0 — F — I®, in which each
I is a finite direct sum @ Iy, .

This result is proved in Section 5 and plays a pivotal role in the paper; it implies
immediately that the tensor product of J-good functors is J-good and also that the
difference functor of a J-good functor is J-good. This shows that V,Jy occurs as
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a quotient of a J-good functor, namely AJy. This is a major input into Proposi-
tion 6.0.4, which shows that V,,.Jy 2 Jy (except in one special case), when n is the
least integer such that Jy(F™) # 0.

This makes the following result striking; it appears as Theorem 6.0.1. The author
regards this as the most important result of the paper, since it yields considerable
information about the structure of the injectives in F.

Theorem 4. Suppose that Jy is a co-Weyl functor induced from a simple GLy-
module. If F — Jx is a proper sub-functor, then F' is V,,-nilpotent.

The author has termed this result the Simplicity Theorem, since it implies that
Jy is a simple object in the abelian category F./ V., — Nil of analytic functors
localized away from the full sub-category of V,-nilpotent functors. In a future
paper, the author will exploit this theorem to show how this implies certain results
about extension groups in F, which have interesting corollaries for the category of
unstable modules over the Steenrod algebra.

Section 7 briefly discusses the category B of Boolean algebra valued functors,
motivated by the fact that these correspond (under the work of [HLS]) to unstable
algebras over the Steenrod algebra. It is shown that:

Theorem 5. If K € B/ has finite socle, then K is J-good as a functor in F.

This result shows that many of the functors in F which arise from the cohomology
of a space are J-good; the hypothesis essentially restricts us to the study of algebras
of finite transcendence degree, which take finite-dimensional values.

1.1. Remarks on the odd prime case. Most of the results discussed above may
be extended to the odd primary case, namely the case where F = [F,,, where p is an
odd prime. The essential change is that now one uses the fact that V(,_1y, Iy, = Iy,

and @(p—l)n—&-l]—vn =0.

1.2. Concerning the Artinian conjecture. In this section, the implication of
the results of this paper for the study of the conjecture of the title is explained;
again it is supposed that F is the field Fo. Recall that F is an abelian category; an
object ' € F is said to be Artinian if every descending sequence of sub-functors of
F stabilizes. The following has been conjectured; it appears in print in [K1] and
is attributed largely to Lionel Schwartz, in conjunction with Nick Kuhn and Jean
Lannes.

The Artinian conjecture: The functors Iy, are Artinian. a

An affirmative resolution of this conjecture would have the consequence that an an-
alytic functor F' with finite socle would have an injective resolution 0 — F' — I°®, in
which each I* has finite socle. The calculation of the extension groups Extz(—, —)
is related to the study of Mac Lane cohomology with coefficients in twisted bi-
functors of coefficients (see [FLS]) and with topological Hochschild cohomology;
therefore the knowledge of such a finiteness result for injective resolutions would
imply finiteness results for these theories, at least when the underlying ring is a
finite field.

A stronger formulation of the conjecture may be given, using the following termi-
nology. A functor F' is said to be simple Artinian of type 0 if it is a simple functor;
F is Artinian of type n if it has a finite filtration of which the sub-quotients are
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simple Artinian of type n. Finally, F' is simple Artinian of type n if every proper
sub-functor of F' is Artinian of type n — 1.

The strong Artinian conjecture: The functors Iy, are Artinian of type n. [

This conjecture is known to be true for the functors Iy, for any finite field F. For
F = Fs, the only other case known is Iz, which was shown by the author to be
Artinian of type two, in [PS]. The results of this paper, together with the methods
of [PS] lead us to propose:

The very strong Artinian conjecture: If Sy is a simple GL,,-module, then the
associated co-Weyl object Jy = R, S) is simple Artinian of type n. O

It is not difficult to deduce that the very strong conjecture would imply the strong
conjecture. The simplicity theorem of this paper implies the following reduction:

Proposition 1.2.1. The very strong Artinian conjecture holds for all Jy induced
from simple GLy,-modules if and only if the strong Artinian conjecture holds for
Iy, _, and every sub-functor of Iy, which is V,-nilpotent is Artinian of type n — 1.

This is of interest, since the largest sub-functor F of Iy, with (V,,)!F = 0 is the
kernel of an explicit map

Iy, — Iv,,,,

which is induced by an element F[hom(V,,, V;,++)] which is described in [P]. It follows
that the very strong Artinian conjecture may be reduced to studying certain explicit
‘small’ sub-functors of Iy,

2. THE CATEGORY F

2.1. Review of the category F. The category F is abelian, with structure in-
duced from the abelian category £ of F-vector spaces. In particular, a sequence
F — G — H of functors is short exact if and only if it is short exact when evaluated
on any finite dimensional vector space. The usual definitions of simple object and
composition series are taken. The classification of the simple objects is reviewed in
Section 2.3. Good references for this material are the papers [K1, K2, K3], together
with the first half of the book by Lionel Schwartz [S].

The category F is equipped with a duality functor, D : F — F°P, which gener-
alizes the notion of transpose duality in representation theory. This is defined by
DF(V) := F(V*)*, where the % denotes the vector space dual. If F takes finite
dimensional values, then it follows that there is a natural isomorphism DDF = F.

A functor F' € F is said to be finite if it has a finite composition series and is
said to be analytic if it is the colimit of its finite sub-objects. The full sub-category
of F with objects which are the analytic functors is denoted by F,, and is termed
the category of analytic functors.

The category F has enough injectives and projectives; the standard projective
Py is defined by Py (F") = Flhom(V,F")], where V is a finite dimensional vector
space. Up to isomorphism, this is determined by the representing property:

Homg(Py, F) = F(V),

naturally in the functor F'. The standard injective Iy may be defined as the dual
D Py of the projective. Explicitly, this means that:

IV (Fn) — Fhom(V,Fn *)
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Again, up to isomorphism, this is determined by a co-representing property, which
is dual to that given above. From this discussion it is clear that:

Homg(Iv, Iw) = Flhom(V, W)],

so that one may regard I_ as a covariant functor from £; to F.

The injective functors Iy are analytic, whereas Py is not analytic in general. In
fact, Py splits as F & ]5\\/ and ]5\\/ has no finite sub-objects.

The category F is equipped with the shift functor A : F — F, which is defined
on objects by AF(V ) = F(V &F). This functor is right adjoint to the functor
— ® Pp. The functor A splits naturally as A = A @ id, where the splitting is given
by the natural split injection F'(V) — F(V @ F); the functor A is known as the
difference functor.

An important concept in F is that of the polynomial degree of a functor, which
has been studied since the work of Eilenberg and Mac Lane [EM]. The definition
of a polynomial functor taken here uses the difference functor. Namely, a functor
F is said to be polynomial of degree < d if A“t1F = (0. The full sub-category of
polynomial functors of degree < d is denoted by Fy. The inclusion Fy — F admits
a left adjoint ¢4 : F — F4 and a right adjoint pg : F — F4. These are related by a
natural isomorphism DggzF = pyDF.

The shift functor A admits a polynomial filtration, which was introduced in [P].
This may be illustrated by observing that there is an isomorphism:

Ay ~FV @ 1y.

Here FV" may be regarded as the free F-Boolean algebra on a vector space basis of
V and is a constant functor. This admits the usual notion of a polynomial filtration,
which induces a filtration of ALy .

Formally, one may define the functor [prA] to be the right adjoint to the functor
— ® qi Pr; by convention take [p_ 1A] = 0. It is useful to study the quotients V, for
s > 0 and sub-quotients V¢ defined below:

Definition 2.1.1. Suppose s > 0.
1 .= A/perA)
s = [psA]/[ps—14]. O
The functors V, : F — F are the natural functors to be considering, although
it can be useful in applications to use the functors Vs. One should observe that
Vl identifies with the difference functor A; moreover, there are natural surjections

Ve —— VS+1, for each s. The essential properties of these functors are summarized
below:

Theorem 2.1.2. [P]

1. The functors Vs preserve injections, surjections and direct sums.

2. If F is an analytic functor with finite socle then V4 F is an analytic functor

with finite socle.

The functor V Iy is injective.

4. If F = Fy, then Vily 2 A*(V)Q Iy; if g : V. — W is a map of vector
spaces which induces [g] : Iv — Iy, then Vg identifies with A*(g) ® [g] :
As(g) ® Iy — AS(W) & Iy .

et
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2.2. Recollements in F. Throughout this paper, M, denotes the category of
left M,, = End(F")-modules and GL,, is the category of left GL,-modules, where
GL,, is the group Aut(F™). The canonical inclusion Aut(F") C End(F™) induces an
inclusion F[GL,] — F[M,], which is split by the ring map F[M,,] — F[GL,] which
sends singular endomorphisms to zero and automorphisms to themselves.

Kuhn has stressed in [K2] that a fundamental tool for studying the link between
the representation theory of the above rings is the recollement diagram:

l7171
—

in en_
gL, 5> M, "=} M,_1,

Tn—1
—

in which e,—1 : M,, — M,,_; is induced by a projection e,_; € End(V;,) onto
F*—1, via M — e,_1 M. The functor I,_; is the left adjoint to e,_1 and 7,1 is
the right adjoint to e,,—1. These functors are given on objects N € M,,_1 by
ln_1N :=Flhom(F" ' F")] @, _, N,
Tn_1 N := Homyy, , (Flhom(F™, F"~1)], N).
There are related recollement diagrams for the category F; write E, : F — M,

for the evaluation functor '+ F(F") and F"*? for the kernel of E,,, which is the
full sub-category of functors F' with F(F™) = 0. There is a recollement diagram:

Ly
ki

Frl - F I M,
Rn

where L,, and R, are given by
L, M := PVn Qm,, M,
R, M := Homyp, (Flhom(—,V,)], M).

These functors are related via the duality functor, restricted to a functor D : M,, —
MZP. which identifies with transpose duality:

DL,M=R, DM.

The right adjoint to the inclusion F**! = Ker E,, — F is also used throughout
the paper; this is denoted by k, : F — F"! and is defined on objects by k, (F) :=
ker {F — R, E,F}, where the map is the unit of the (E,, R, )-adjunction.

The functor E, : F — M, restricts to the category F™ to give a functor which

factorizes as F" — GL, = M, so that E, |z~ may be regarded as a functor
E, : F" — GL,, which fits into the restricted recollement diagram:

Ly,
En
Frit— I gL,
R’Vl
in
The important fact about the above functors is given by

Proposition 2.2.1. The functors Ry, L, : GL, — F" are exact.
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Proof. Using the duality relation between L, and R,, it suffices to prove that the
functor L, : GL, — F™ is exact. Recall that a GL,-module is regarded as an
object in M,, by using the functor 4, : GL,, — M,,, so that M is regarded as an
F[End V,,] module via the canonical map F[End V;,] — F[GL,]. Also, by definition,
L, M is isomorphic to the functor Flhom(V,,, —)] ®gnav, M.

Since singular endomorphisms act trivially upon M, this identifies with the func-
tor F[inj(Vs, —)] ®cr, M, where inj(V,,, W) denotes the set of injections from
V.. to W and F[inj(V,,,—)] is given the structure of a functor by regarding it
as a quotient of Flhom(V,,,—)]. Now, as a right GL,-set, inj(V,, W) identifies
as Gr, (W) x GL,, the free GL,-set, where Gr, (W) is the Grassmannian of n-
dimensional planes in W. Hence, F[inj(V,,, W)] is free as a right GL,-module,
namely F[inj(V,,, W)] = F[Gr,,(W)]QF[GL,]. (Note that this is not intended to be
an isomorphism of End(W)-modules.)

In particular, this gives that

L, M(W) 2 F[inj(V,, W)]|®cL,m ZF[Gr,(W)] @ M,

as vector spaces. The functor F[Gr,(W)] ® — is exact for each W, as a functor
GL, — &, so that the functor L,, is exact, as required, since exactness is only
checked at the level of vector spaces. O

Remark 2.2.2. It must be stressed that the functors R,,, L,; M,, — F are not exact.
The simplest example of this is given by taking F = F5 and studying the Ms-module
S2(F?), where S? is the second symmetric power. This module decomposes via the
short exact sequence A?(F?) — S%(F?) — A'(F?), which is a non-trivial extension.

It is not difficult to show that Ro(S?(F?)) = T, where Iy = F @1 is the complete
direct sum decomposition of Ir. Moreover, Ro(A(F?)) = Al. However, Ro(A?(F?))
is not isomorphic to I/A', as is shown in Example 3.1.2. O

2.3. Review of the simple functors and indecomposable injectives. This
section recalls briefly the representation theory of GL,, which underlies this paper,
together with its connection with the category F. A p-regular partition of length
s is taken to be a sequence of integers A = (A1 > A2 > ... > Ay > 0), where
Ai > Aitp, wherever this makes sense. If IF is a prime field of characteristic p, the
simple GL,-modules are indexed by the p-regular partitions with Ay = n. The
simple module Sy indexed by A is the unique top composition factor of the Weyl
module W, € A* = AM @ ... ® A, where A* denotes the k** exterior power of
the natural representation of GL,,.

The simple functors in F are indexed over all p-regular partitions, A; if A\ = n,
then the simple functor F is defined as the image of the natural map L, S\ —
R, Sy, which is adjoint to the inverse of the unit of the (L,,, F,)-adjunction (which
is an isomorphism, since this is a recollement situtation). The simple functors F
are self-dual under the operator D : F — F°P namely DF)\ = F) as functors,
which corresponds to a similar statement for the simple GL,-modules.

The indecomposable injectives in F are therefore indexed by the p-regular par-
titions. The injective envelope of the functor F) is written as I). Recall that
Endg(Iy) 2 F[End V], so that, if dim V =n = A\, I 2 exly, where e) is some
primitive idempotent in F[End V]. There is an associated primitive idempotent in
F[GL,], nx, taken so that F[GL,]nx is the projective cover of Sy (which is also an
injective envelope of Sy). The embedding F[GL,] — F[M,] allows one to regard
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7y as an idempotent in F[M,]; it is no longer primitive but, up to conjugacy, it is
expressible as a sum:

= extex,
where \ is the p-regular partition Ay — 1 > ... > Ay — 1 > 0; this was established
in [HK]. This decomposition of 1) corresponds to a direct sum decomposition:

mly =1, ¢ Ix.
The following functors are also of interest:

Definition 2.3.1.

1. Write f‘Z for the functor k,_1 Iy, € F™. This is the largest sub-functor of
Iy, which is zero when evaluated on F"~1.
2. If X is a p-regular partition with Ay = n, then set I, := k,_11,. O

It is useful to have another characterization of the functors T\Z, which is given by
using the functors R,,. Recall that F[GL,] is regarded as an object in M,, via the
algebra map F[M,] — F[GL,]. The duality functor D : F — F°P restricts to a
duality functor D : M,, — MZP; there is a natural isomorphism in M,,:

DF|GL,) = F|GLy].

To prove this, it is sufficient to look at the GL,-action; DF[GL,] is isomorphic to
F&Ln with the transpose action. The latter space has a basis given by the maps Oy,
for g € GL,,, which are defined by z +— 0 if x # g and g — 1. GL,, acts transitively
on this basis (regarded as a set), hence F&X» is a free permutation module, thus is
isomorphic to F[GL,,].

Proposition 2.3.2.

1. Iy, is isomorphic to R, (F[GL,]).

2. End#(Iy,) 2 F[GL,)] as rings.

3. If X is a p-regular partition indexing a simple GLy-module S\ and Py is the
projective cover of Sy, then jj\ >~ R, (Py).

Proof. The injective Iy, is isomorphic to R,,(DF[M,]). The map F[M,,] — F[GL,]
in M,, dualizes to F[GL,] — DF[M,], which induces an injection R, (F[GL,]) —
Iy, ; hence it is sufficient to show that R, F[GL,] has the correct universal property.

It is clear that R,F[GL,] € F", so consider Homz(G, R, F[GL,]), where G €
F™. Using the adjunction (E,, R,), this is isomorphic to Homj;, (G(F"), F[GL,]),
which identifies by duality with Homy,, (F[GL,], DG(F™)). Since DG(F™) neces-
sarily belongs to GL,, C M, this is isomorphic to DG(F™), which establishes the
required universal property.

In particular, this argument establishes an isomorphism of vector spaces

End(Iy,) = F|GLy,).

There is an injection of rings F[GL,] — Endy:(fo), given by restriction of the
action of F[GL,] C F[M,] on Iy, . Hence, the above is an isomorphism of rings.
Finally, it is formal that j‘\/; is injective in F" and splits as a direct sum of
functors I». This splitting is achieved by using primitive idempotents 7y € F[GL,,];
then Py = F[GLy,]nx and I = UAT\Z- The stated isomorphism follows by standard
arguments. O
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3. Co-WEYL OBJECTS AND J-GOOD FILTRATIONS
The fundamental objects of study in this paper may now be defined:

Definition 3.0.1. Suppose that A is a p-regular partition with A\; = n. The as-
sociated co-Weyl object Jy is defined to be Jy := R, S\, where R,, is the functor
gL, - FrcCF. O

It should be observed immediately that Jy is an analytic functor, with simple
socle F)\ and that Jy embeds in Iy, . This may be seen by considering the in-
clusion Sy — F[GL,] of GL,-modules, which yields an injection Jy = R,Sy —
R,(F[GL,]) = Iy.. As Iy, is a sub-functor of Iy, , this shows that J, embeds in
Iy, . Moreover, by definition E, Jy = Sy; it follows that Jy has a simple socle F},
since the factors of the socle of Iy, are detected by E,.

The definition of the functor R, then ensures that Jy may be characterized up
to isomorphism as being the largest sub-functor F' of Iy, such that E,F = Sj.
(The last property implies that F,,_1F = 0.) The following should be noted:

Lemma 3.0.2.
L. If A is a p-regular partition with \y = n, then J\ = Ry Ey Jx, for any k > n.
2. J\ & HOInGLn(S)\,IVn),

Example 3.0.3. There are two basic examples of co-Weyl functors with which one
should be familiar, working over the field F = Fs; we consider those induced from
simple GL,-modules, for some n.

1. By choice of indexing S,y = A"(F") = F is the trivial GL,-module. In
this case J,) will be denoted by D(n); this is due to a relation with the
Dickson invariants; namely D(n) may be seen to be isomorphic to the functor
(K/:)GL", where GL,, acts naturally as endomorphisms of j‘\/:

2. Write (n) for the ‘triangular partition’ n >n —1> ... > 1> 0 of length n.
The module S, is the Steinberg module for GL,, and is (up to isomorphism)
the only simple module which is projective. The corresponding functor Ji,)
is usually written as L(n) and is an injective functor. (The notation derives
from a length filtration of certain modules over the Steenrod algebra, which
motivated its use in topology [MP]). This is (up to isomorphism) the unique
co-Weyl functor induced from a simple G L,-module which is injective.

One should note that, for n = 1, there are isomorphisms L(1) =7 D(1). O

One could also choose to study the ‘Weyl objects’ DJy which are the duals of
the co-Weyl objects. These are isomorphic to L, Sy, for suitable n. However, these
functors are never analytic, for n > 0; one should be aware that a choice has been
made here to work with the category of analytic functors.

3.1. Non V-nilpotence of Jy. An important initial step in the arguments of this
paper is given by using the functors Vj to give an approximation to the size of the
functors J), for varying A;. It is assumed throughout this section that F = Fs.

Recall from [P] that a functor is said to be V-nilpotent if there exists some
integer N so that (V)N F = 0; the full sub-category of Vj-nilpotent functors is
thick [P]. Now, ViIy, = 0 if k > n (by the work of [P]), so that it follows that
Vidy = 0 for k > A, since V, preserves injections. The key result is:

Proposition 3.1.1. The functor Jy, with \y = n, is not @n—nilpotent.
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Proof. This relies upon studying the auxiliary functor 7, which is defined by
setting
j)\ = HOIIIGL” (S)\, Ivn).

The surjection Py —— Sy induces an inclusion Jy — I\@& I = Iy, (see Section2).

There are non-trivial GL,-maps F[GL,] — S\ — F[GL,] which induce maps
Iy, — Jx — Iy, . The composite o is non-trivial and is induced by an element of the
group ring F[GL,], regarded as a sub-ring of F[M,] = End(Iy, ). Theorem 2.1.2
shows that V,o = o, so that (V,)!o is non-zero for all + > 0. Tt follows that
(V)t Ty is non-zero for all t > 0, so that Jy is not V,-nilpotent.

There is an exact sequence of functors with G L,,-action:

0— j‘\/: -1y, =1y, | ® Fhom(Fn"V"’l),
where the second map is induced by composition
hom(F",V,,_1) x hom(V,,_1, —) — hom(F", —).

Applying the functor Homegy,, (Sx, —) to the exact sequence yields an exact se-
quence:

(1) 0—=Jx—=>Ih—Q—0
where ) is a sub-functor of a finite direct sum of functors Iy, ,. Thus, Jy is a
sub-functor of 7, and ~the cokernel Jy/Jy is @n-nilpotent. (More precisely, the
cokernel is zero under Vi)

The category of V,-nilpotent functors is shown to be thick in [P]. Thus, the

short exact sequence 1, in which @ is V,-nilpotent and 7y is not V,-nilpotent
shows that Jy is not V,-nilpotent. |

Example 3.1.2. As an immediate application of this result, consider the functor
D(2) = Ry(A*(F?)) which arises in Remark 2.2.2. The proposition shows that D(2)
is not Va-nilpotent; this proves the claimed non-exactness, since the functor I/A*

is a quotient of Ir and is therefore @g—nilpotent, since V3 preserves surjections and
Va Iy = 0. |

Similarly, one has the following;:

Corollary 3.1.3. Suppose that X is a p-regular partition with Ay = n. The co- Weyl
functor Jy is not a sub-quotient of a finite direct sum @y ;o Ivi, with k < n.

Proof. The functor V,, preserves injections and surjections; since V,Jy # 0 and
Vi (Bsinite Ivi) = 0, the result follows. |

3.2. J-good filtrations. The material of this section is analogous to the notions
used in the study of highest weight categories, as introduced by Cline, Parhsall and
Scott. A brief review of this material is contained in Chapter 4 of [M]. The concept
of a J-good filtration corresponds to that of a V-good filtration (for a different V!)
in the setting of highest weight categories. Alternatively, this may be related to the
study of good filtrations in algebraic group theory, as discussed in Section 4 of [J,
Part 11].

Definition 3.2.1. A functor F' is J-good if it admits a finite filtration 0 = Fy C
Fy C ... C Fy = F such that each Fy/F}_1 is non-zero and isomorphic to some co-
Weyl functor Jyx). The integer N is termed the J-length of F' and such a filtration
is said to be J-good. O
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There is an evident notion of a DJ-good functor; namely G is DJ-good if it
takes finite dimensional values and DG is J-good.

A J-good functor F is said to be J"-good if it is isomorphic to R, M, where M
is a GL,-module and R, is the functor R, : GL,, — F™ C F. The full sub-category
of J"-good functors is denoted here by J™. The functor R, : GL,, — F™ factors
through J™, since R, |gc, is exact; in fact one has:

Proposition 3.2.2. The functors F,, : J" = GL, : R, induce an equivalence of
categories.

Proof. This is clear at the level of objects. For the morphisms, use the adjunction
isomorphism and the isomorphism E,, R, M = M to deduce that Homz (R, M, R,,N)
= HOmGLn(EanM, N) = HOHlGLn(M, N) O

The defining property of the functors Jy establishes the following result:

Lemma 3.2.3. Suppose that pu, A are p-regular partitions, with \y =n. If F is an
analytic functor with E,(F) = 0, then Extx(F,Jy) = 0. In particular, if p1 > i,
then Extx(J,, Jy) = 0.

This lemma allows one to re-order any J-good filtration so that the largest co-
Weyl objects are at the bottom; recall that k,, : F — F"*1 is the right adjoint to
the inclusion F"*1 < F. If F is an analytic functor with a finite socle, there exists
t so that k;(F) = 0. In this case, one may form the following natural filtration:

(2) 0=Fk(F)ChkirFC...CkoF CF.

Combining Lemma 3.2.3 with Proposition 2.2.1, one may conclude the following
result:

Proposition 3.2.4. An analytic functor F' with finite socle is J-good if and only
if each functor ksF/ksy1 F in the filtration (2) is J-good. This holds if and only if
ksF/ksi1F = Re1 1M for some GLgsy1-module M.

There is another related result:

Proposition 3.2.5. An analytic functor F' with finite socle is J-good if and only
if one of the following conditions hold:

1. Es_1F =0, for some s > 0, the functor ksF' is J-good and the sequence
ksF'— F — R,EF

is short exact.
2. For all s, the unit ' — RsEF 1is surjective.

Proof. The first statement is clear: if E5_1F = 0, then EF should be regarded as
an object in GL; C M. Since Rslg., is an exact functor, it follows that RsEF' is
J?®-good. By hypothesis, ks F is J-good, so that the result follows.

Consider the second statement; suppose that F' is an analytic functor with finite
socle and that the unit maps F' — RsE F are surjective, for every s. By the first
part of the proposition, it will suffice to show that the maps ki F' — Ryi1Epi1kie F
are surjective for every ¢, since this will allow a decreasing induction on t¢.

To prove this, form the commutative diagram:

ktF — F — RtEtF

! ! L
0 —- RiBakil! — R Bep ! — R By RIEF
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The top row is a short exact sequence, by the hypothesis and the definition of the
functor k;, whereas the bottom row is exact (not necessarily short exact), by the left
exactness of R;+1. The vertical arrows are the units of the (E;11, Ri+1)-adjunction.

Observe that R;11 Fy 1 Ry EyF is naturally isomorphic to Ry E F, so that the unit
map ¢ is the identity, up to isomorphism. Hence, the bottom row is a short exact
sequence. Now, the hypothesis shows that ' — R,y Fyy1F is a surjection; since ¢
is an isomorphism, an easy diagram chase shows that the map k. F' — R4 B 1k F
is surjective. This completes the proof that F' is J-good.

It is left as an exercise to show that, if F' is a J-good functor, then all the natural
maps F' — RsEsF are surjective. O

The basic facts about J-good functors are summarized as:

Theorem 3.2.6.

1. Suppose that FF — G — H is a short exact sequence of analytic functors; if
any two of the functors are J-good, then so is the third.

2. If F® H is a J-good functor, then so are both F and H.

3. If F, G are J-good sub-functors of an analytic functor H with finite socle, then
FNG and F 4+ G are both J-good.

4. If H is an analytic functor with finite socle, then there is a well-defined maz-
imal J-good sub-functor J(H) — H.

Proof. Part 1: It is clear that, if F — G — H is a short exact sequence, with F, H
J-good functors, then G is a J-good functor. Hence it remains to consider the case
F,G J-good and the case G, H J-good.

Case 1: Suppose that F,G are J-good and choose ¢ minimal so that k.G = 0.
By the left exactness of k¢, it follows that k;F' = 0. Now write @) for the quotient
ki 1G/ks_1 F, which is J'-good, by Proposition 3.2.4, since the functors k;_1G,
k;_1G are both J*-good. The universal property of the cokernel induces a canonical
map @ — H; I claim that this map is an injection. The kernel ker{@ — H} injects
in F/k;—1F, by standard arguments. By the definition of k;_1 F, F/k;—1 F embeds
in a finite direct sum @g, ;. Iv,_,; since Homg(Q, Iy, ,) is zero by construction,
this implies that the kernel of Q — H is zero.

Now consider the commutative diagram, in which the rows and columns are short
exact sequences:

kt—lF — kt—lG - Q

l l !
F — G — H
i i !

F/kt_lF — G/kt_lG — H/Q

Now, H is J-good if H/Q is J-good, since @ is J-good. This allows one to perform
an induction upon the J-length of G, since the hypotheses ensure that F/k;_1 F
and G/ki—1G are both J-good and the J-length of G/k;—1G is less than that of
G. The induction is started by the case G = 0.

Case 2: G,H both J-good. This result is proved by an induction upon the
J-length of G, the initial case being G = 0, which is trivial. Now choose s so that
ksG =0 and ks—1G # 0. It follows that H embeds in a finite direct sum of Iy, ’s,
since H is J-good and Jy, for A\; > s cannot occur as a sub-quotient of G (which
embeds in a finite direct sum @y ;. Iv, ), by Proposition 3.2.4.
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For the inductive step, there is some J,, with 1y = s, which embeds in G; by
the defining properties of J,, and the choice of s, the composite map J, — G — H
is either injective or trivial.

In the first case, there is a short exact sequence F — G/J, — H/J,. In the
second, the map J, — G factors through F' and there is a short exact sequence
F/J, — G/J, — H. In both cases, this forms the basis of the inductive step, since
the J-length of G/J, is less than that of G. (Observe in the second case that F' is
J-good if and only if F/J, is J-good.)

Statement 2 may be regarded as an application of Proposition 3.2.5, and is left
as an exercise.

To prove the third statement, observe that there is a short exact sequence F' N
G — F & G — F + G. This means that we may consider F'N G as a sub-functor of
F & G; moreover, it suffices to show that F N G is J-good.

This may be proved by an induction on the J-length of FF&G. Choose ¢ maximal
so that k;—1F = 0 = k;—1G and suppose (without loss of generality) that kF # 0.
Now, there is some A with A\; = ¢ so that J) embeds in F', since F' is J-good.

By choice of ¢, any map F)\ — F' extends uniquely to a map Jy — F' and the
same fact holds for G. Suppose that the factor F) € soc F' lies in F NG, then J)y
embeds in F' N G. Consider the embedding (F N G)/Jx — (F/Jy) @ (G/Jy) and
conclude that (F'NG)/Jy is J-good, by the induction on the J-length of the direct
sum.

Otherwise, there is an embedding (F/Jx\)NG — (F/J))®G and the result again
follows by an induction on the J-length of the direct sum.

The final statement is an application of the third statement; J(F') is defined as
the sum of all the J-good sub-functors of F. (It is not difficult to show that there
are only finitely many J-good sub-functors of an analytic functor F' with a finite
socle.) O

4. THE INDECOMPOSABLE INJECTIVES IN F ARE J-GOOD

The purpose of this section is to prove that the indecomposable injective functors
in F are J-good. This has an important application to the Cartan matrices of F[M,]
and F[GL,].

Theorem 4.0.1. The indecomposable injective functors in F are J-good.
The proof of the theorem given here relies on the following result:
Lemma 4.0.2. The natural map induced by composition,

hom(F", V) Xguqen) hom(W, F") — hom(W, V)

is an injection. The image identifies with hom<, (W, V'), the set of morphisms of
rank < n.

Proof. The proof is by induction upon n; the case n = 0 is trivial; to carry out
the inductive step, consider the set S, = hom(F",V) xgpqee») hom(W,F") and
fix an idempotent e € End(F"), which is a projection onto F*~!. Suppose that
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e factors as F" -5 F=1 < F" and observe that there is a natural isomorphism
eEnd(F")e & End(F"~1).

There is an inclusion S,_1 = hom(F"~*, V) Xpg,qn-1) hom(W,F"~1) — S,
which is induced by the maps p : F* —— F*~! and i : F*~! — F”. I claim that
the complement identifies (as a set) with T := inj(F", V) X ¢, surj(W,F"), where
inj(—, —) denotes the set of injections and surj(—, —) denotes the set of surjections.
Here, T is regarded as a sub-set of S;, in the evident way.

To see this, suppose that («, 5) € hom(F™, V) x hom(W,F") represents an ele-
ment in S,, which is not in 7. Thus, either « is not injective or ( is not surjective.
Suppose that « is not injective, then there exists v € hom(F™, V') and r € End(F™)
so that o = ver. Hence, («, ) is equivalent to (yer,8) ~ (ve,er[3), using the fact
that e? = e; thus (o, 8) represents an element in S,,_;. A similar argument works
if £ is not surjective.

Hence S,, identifies with S,,_; II T'; by induction the composition map S,—1 —
hom(W, V) is injective, whereas the composition map restricted to T' may easily
be shown to be injective, by the uniqueness of the factorization of a map of rank
n through F”, up to elements of Aut(F"). Conclude that the composition map
Sp — hom(W, V) is injective. Finally, it is clear that the image of this map is the
set hom<,, (W, V) of maps of rank < n. O

Proof of Theorem 4.0.1. To prove the result, it suffices to show that the functors
Iy, are J-good for all n, by Theorem 3.2.6. This is achieved by using the criterion
of Proposition 3.2.5. For typographical reasons, it is easiest to dualize and study
the projective functors Py, so that the criterion becomes:

e The functor Py is DJ-good if and only if the maps L,FE,Py — Py are
injective for each n > 0.

One has F,, Py = Flhom(W,F™)], so that

LnEn Py = Flhom(F", —)] ®gnq(en) Flhom(W,F")];
this is isomorphic to F[hom(F", —) X gpg¢en)hom(W,F")]. The map L, E,, Py — Pw
identifies with the composition map.

Thus, one may appeal to the lemma above, which shows that the composi-
tion map hom(F", V) Xguqn) hom(W,F") — hom(W, V) is injective, for all V.

Hence, the same is true after ‘linearization’ by F[—], so that the result is estab-
lished. The map L, E,Pw — Pw identifies with the inclusion Flhom<, (W, —)] —
F[hom(W, —)]. |

Remark 4.0.3. Essentially, one is analysing the filtration of Py given by the sub-
functors Flhom<, (W, —)]; a similar analysis appears in [K4]. It is more direct to
prove the theorem by showing that the quotients

Flhome,, (W, V)]/Flhomz,, (V, )]
are J-good. |

Notation 4.0.4. Write fu(F') for the dimension dim Homz(F, I,,), which is equal to
the number of composition factors of F), in F'. The partitions may be ordered (for
example by a lexicographical ordering) so that A < p if A\; < p;. Then one may
consider the following matrices of coefficients:

1. #u(Iy): the Cartan matrix for the category F.
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2. #u(Jy): the multiplicity matrix for the functor J,.
3. (axy): the J-good decomposition matrix, which is defined by the equation:

I)\ = a)\l/’]l/a

which indicates that Iy has a J-good filtration in which J) occurs with mul-
tiplicity aix, - O

The defining properties of the co-Weyl objects mean that the matrices fu(J,)
and (ay,) have special forms. The matrix fu(J,) is triangular, with 1’s on the
diagonal. Namely:

[0 ifpu <viand p#v,
ﬁM(JV)_{ 1 if,u:I/.

The reader is encouraged to write down the block form of this matrix.

Similarly, Proposition 3.2.4 implies that ay, = 0 if ;1 > A;. Moreover, the
coefficients ay, for Ay = v; = n identify with the Cartan matrix C), for the finite
group algebra F[GL,], by the same result. Again, the reader is encouraged to
picture the block form of this matrix.

These matrices are related by the equation:

(3) ﬁM(I)\) = a}\VﬁM(JV)

in which a summation over v is implicit.
This equation shows that the matrix fu(l)) is determined by the other two
matrices; an important fact is that the converse is true:

Proposition 4.0.5. The Cartan invariants {u(Iy) determine the matrices fu(J,)
and (ay).

Proof. Prove by induction on n that:

Hypothesis stage n: The matrix fu(Iy) determines (ay,) for Aj,v1 < n and
fu(J,) for vy < n.

The induction starts at n = 0, where the statement is trivial to establish. For the
inductive step, suppose that the hypothesis holds for n and start by determining
the coefficients #u(J,) for v1 = n. Equation (3), when A\; = n, may be rewritten as

> Catp(ly) = tu(In) = Y ansfiu(Je),

vi=n r1<n

where C), = ay, for v; = n identifies with the Cartan matrix for F[GL,,], which
is invertible [CR, Theorem 18.25]. The inductive hypothesis implies that the coef-
ficients C'y, and all terms on the right hand side are known, hence this equation
determines the coefficients fu(J, ).

Now determine the coefficients (a, ) for A1, 1 < n+1 as follows. The coefficients
gu(J,) are known for py,v4 < n + 1, by the special form of this matrix, which has
blocks which are identity matrices on the diagonal. Since the matrix is triangular,
it is also invertible; hence, the matrix equation

fu(Iy) = axfip(Jy)

determines (o) in the given range.
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This completes the proof of the inductive step. O
It is worth noting that the above result has established the corollary below.

Corollary 4.0.6. The Cartan matriz for F[M,] determines the Cartan matriz for
F[GL,).

4.1. Example of a J-good filtration. We may consider the Grothendieck group
of J-good functors; namely, form the free abelian group (GJ)oF, which is generated
by symbols [Jy], where A\ ranges over all p-regular partitions. If G is a J-good
functor, then write [G] for the element of (GJ)oF which is given inductively as
follows: if F — G — H is a short exact sequence of J-good functors, then set
[G] = [F] + [H]. The results of Section 5 imply that this may be given a ring
structure by the tensor product of functors.

Working in (GJ)oF, when F = Fa, the above is illustrated by the study of Iy,.
Recall that the simple functors F), with A; < 3, are the following:

Fo) =F,
Fy =AY, Foy = A%, F3y = A® (the exterior power functors),
Fea1y, Fison (functors induced from Steinberg modules),

Fs9), Fizny-
The work of [PS] shows that Iy, decomposes as
~ 2 2
I, 2Fo I @ I35 @ I3].
I(3,1) is isomorphic to the co-Weyl module .J(5 1), which is usually written as L(2),
whereas [(1 is usually written as I. There is a decomposition of L9y as [I(2)] =
2[D(2)]+[I]. To calculate the J-good filtration of Iy;, one uses the inductive method
of Corollary 4.0.6, starting with the following Cartan matrix for F[Mj3] (Table 1),
which was taken from [HHS, Theorem 4.2].

TABLE 1

o @®» 21 2 21 G2 61 3
(0) 1
(1) 1 1 1
(2,1) 1 1 1
(2) 1 3 2 3
(3,2,1) 1
(3,2) 1 4 3 1
(3,1) 1 2 3 6 3
(3) 1 3 1 3 5

Now, the algorithm may be applied— the details are left to the reader as an ex-
ercise; one calculates the results displayed in Table 2, in which the boxed terms
correspond to the Cartan matrix for F[GLs].

4.2. Ext groups for Jt-good functors. Using the fact that the injective inde-
composable functors in F are J-good, we may now describe Ezt groups between
Jt-good functors.
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TABLE 2
Joy Jeny Joy [Jeen) Jeo Jen Je )
I32,1) 1
I3 1 3 2 1
Iis) 12 2 31
Is) 1 2 1 1 2

Lemma 4.2.1. Suppose that F —— G is a surjection between J-good functors and
that F — RyE.F is an embedding, then the map ki1 F — ki(—1G is a surjection.

Proof. The hypothesis ensures that G embeds in R; F;G, since the J-factors of G
are J-factors of F' and the largest J-factors always occur at the bottom of a J-good
filtration. Reduce to the case that k,—1 F = 0, by observing that k;_1 F k;—1G are
both J*-good functors, so that the image H of the map k1 F — k;_1G is J-good;
thus one can reduce to studying the induced surjection F/k;—1 F — G/H. Now,
F/ki_1F embeds in @y ;. Iv,_,; conclude by Corollary 3.1.3 that G/H does not
contain a sub-functor J,, with py; = t. It follows immediately that H = k;_1G,
establishing the result. O

Proposition 4.2.2. Suppose that F,G are Jt-good functors, isomorphic respec-
tively to ReM and RyN, for M, N € GL;. Then Extx(F,G) = Extgy, (M, N).

Proof. By Proposition 3.2.2, it is sufficient to show that there is an isomorphism:
Extx(F,G) = Ext’.(F,G). Consider a minimal injective resolution of G in F,
0 — G — I*. It is not difficult to show that each I* embeds in a finite direct sum
@ Iy,. Moreover, since ki1 is a right adjoint, k;—17°® is a complex of injectives
in Ft. Since J? is a full sub-category of F¢, it suffices to show that the complex
0— G — ki_11°® is exact.

This is established by using the fact that each functor I* is J-good. The injective
resolution breaks into a Yoneda product of short exact sequences Z,, — I" — Z,, 11,
in which the functors Z,, are J-good, since the category of J-good functors is thick.
The lemma applies to show that the sequences k;_1 7, — k11" — ky_17Z,+1 are
all short exact. O

5. A HOMOLOGICAL CHARACTERIZATION OF J-GOOD FUNCTORS

The purpose of this section is to give a homological characterization of a J-good
functor. The main result is:

Theorem 5.0.1. An analytic functor F with finite socle is J-good if and only if it
admits an injective resolution 0 — F' — I® such that there exists an integer d so
that each I¥ embeds in a finite direct sum @g .. Iv, -

Suppose that F' is an analytic functor with a finite socle; there is a minimal N
so that F embeds in Ry EnF (equivalently, ky F = 0). Write this N as emb F,
standing for embedding dimension of F. It is clear that emb F < N if and only if
F embeds in a finite direct sum @y ;. Iy -

By Theorem 3.2.6, there is a well-defined notion of a maximal J-good functor
J(F) of an analytic functor F' with finite socle. This allows one to take the following
definition:
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Definition 5.0.2. If F is not a J-good functor, then write d;(F) := emb F/J(F).
(]

The proof of the main result of this section uses the interplay between d;(F')
and emb F' in injective resolutions of functors. The crucial step is the following:

Lemma 5.0.3. Suppose that F is an analytic functor with finite socle and Ip is
the injective envelope of F. If F is not J-good, then dj(Irp/F) > dj(F).

Proof. Consider the embedding F' <— Ip; by hypothesis, the functor F' is not J-
good, so that dj(F') = n, for some n > 0. Now, using the fact that I is J-good, we
may consider the J-good functor G = k,(Ir) = ker {Ip — R,E,Ir}. Take F to
be the functor F':= F 4+ G. It is clear that J(F') = G+ J(F), so that it follows that
d;(F) = ds(F). Moreover, a similar reasoning shows that d;(Ip/F) = dj(Ip/F),
using the choice of n.

Hence, it suffices to prove the result for F. By construction, Ir/G embeds in a
finite direct sum Py, ;. Iv,,. Moreover, by the choice of n, there is an embedding
Jx — Ir/G, for some A with A\; = n, so that the composite Jy — Ip/G — IF/F
is non-trivial.

This implies, by the defining property of Jy, that soc(Ir/F) contains a compo-
sition factor F,,, with v1 > n, which lies in the image of the above map. Thus, to
prove the result, it suffices to show that J, does not embed in Ir/ F. This follows
by applying Corollary 3.1.3, since Ip/ F is a quotient of I /G, which embeds in
Bpiive [, s 50 that Ir/F is a sub-quotient of @y, .. Iv;, - O

Proof of Theorem 5.0.1. If F is J-good, then F embeds in a finite direct sum
I° = @g, i Iw, where dim(W) = emb F. The functor I°/F is J-good, by Theo-
rem 3.2.6, with finite socle and emb(I°/F) < emb F. Thus, an inductive argument
shows that, if F'is J-good, then F' has an injective resolution of the form given.

For the converse, suppose that F' is an analytic functor which admits an injective
resolution of the form given; thus, we may assume that F' has a minimal injective
resolution:

0F—-I1">1'— . .. >T1F— ..
where each I* has finite socle and emb I*¥ < d, for some fixed d.

Write Z,1 for the image of I"™ — I"t1, so that I"*! is the injective envelope
of Zpy1 =2 1"/Z,. In particular, emb I"*! = emb(I"/Z,,).

Now, suppose that F' is not J-good; then, since there are short exact sequences
Zy — I — Z,+1, Theorem 3.2.6 shows that each Z,, is not J-good, since I™ is
J-good by Theorem 4.0.1. This means that Lemma 5.0.3 may be applied, showing
that d;(I"/Z,) > dj(Z,). In particular, since I"/Z,, = Z,,1, this shows that
d;(Zy) is not bounded as n increases.

Now, if F'is an analytic functor with finite socle, Proposition 3.2.4 implies that
emb F' > dj(F'). Hence, the above argument shows that emb(Z,,) is not bounded.
Since I™ is the injective envelope of Z,,, it follows that emb I™ is not bounded,
which is a contradiction. O

)

The form of the injective resolution of a J-good functor F' is determined by an
injective resolution of EzF as an Mg-module, if d is sufficiently large:

Proposition 5.0.4. Suppose that F' is a J-good functor with emb F =d. If n > d
and J* is an injective resolution of E, F in M,,, then R, J® is an injective resolution
of F.
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An important corollary to the theorem is that this allows one to show that certain
constructions between J-good functors give J-good functors:

Corollary 5.0.5.

1. If F,G are J-good functors then F ® G is J-good.
2. If F'is a J-good functor then AF is J-good.

Proof. The first statement follows by tensoring injective resolutions of F, G which
are of the form supplied by Theorem 5.0.1. Since Iy,, ® Iy, is isomorphic to Iy, .,
the result then follows by a second application of Theorem 5.0.1.

For the second statement, one applies A to an injective resolution of F, as
supplied by the theorem. Since A is an exact functor and Aly, is a finite direct
sum of Iy, ’s, the result follows, as before. O

Recall that (GJ)oF is taken to denote the Grothendieck group of J-good func-
tors. This abelian group has a product which is induced by the tensor product;
namely [F].[G] = [F ® G], which gives (GJ)oF a ring structure. The additive
identity is [0], whereas the multiplicative identity is [F].

Remark 5.0.6. The author intends to study the structure of this ring in a future
paper; at present this is not determined.

5.1. Example. The example below continues the study of the structure of Iy,
when F = Fy, started in Section 4. The reader is referred to this section for the list
of simple functors Fy with A; < 3. The above results show that the functor D(2)®1
is J-good and it is a sub-functor of Iy, . It may be studied in the Grothendieck ring
(GJ)oF; one must find the multiplicity of each co-Weyl object.

Notation 5.1.1. If F € F, then write [F] ~ Y ax[Fy], for positive integers ay, if
there is equality in the Grothendieck ring GoF, modulo factors F), with 1 > 4. O

To perform the calculation it is necessary to calculate (up to the relation ~) the
functors F\ ® F), for the simple functors appearing above. This may be done, giving
the following:

[A' @A’ ~ A%+ [Fo)
[A2® A%~ 2[Fgn]+ (A%
A @A] =[N @A ~ [Fay

A @A)~ [Fa)]

A3@ A% ~ [AF]
A ®@Fsnl ~ [Fianl+2[Fsz2)
(A © Fsyl ~ A1+ [Fea)
A’ © Fsyl ~ [Fe)

For this, a number of techniques are used. For the tensor product of two exterior
powers, use of the functor Vs is invaluable. For the remaining cases, one may
study the GLz-module obtained by evaluating on F3; the given decompositions
then become clear. One concludes, by ‘subtracting’ the composition factors which
occur in J(gy and Jig 1), that:

[D(2) @ 1] = [J2)] + [J2,1)] + 2[J(3)] + 3[J3,1)] + 3[J(3,2)] + [J3,2,1)]-
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6. PROOF OF THE SIMPLICITY THEOREM

This section is devoted to the proof of the theorem below; throughout the section,
[F is taken to be Fa, the prime field with two elements. Recall that an analytic
functor F is said to be V,,-nilpotent if there is some k so that (V,,)*F = 0.

Theorem 6.0.1. Suppose that F = Fy and that A is a 2-regular partition with
A1 =mn. If F is a proper sub-functor of Jy then F is V,-nilpotent.

The result is established by proving the stronger result:

Proposition 6.0.2. Suppose that Jy is as above. If f: Jx — G is a non-trivial
map, then there exists an integer k so that (V,)k f is injective.

Proof of Theorem 6.0.1 (Assuming Proposition 6.0.2). If F is a proper sub-functor
of Jy then one may form the quotient map Jy — Jy/F, which is non-trivial, by the
hypothesis. Thus, Proposition 6.0.2 shows that there exists some & so that (@n)kf
is injective. Consider the sequence of maps:

(ﬁn)kF - (@n)k‘])\ - (@n)k(JA/F)

The first map is injective, since V,, preserves injections, and the second map is
injective by the choice of k. However, the composite is zero, so that it follows that

(V,)FF =0, as required. O

The proof of Proposition 6.0.2 is facilitated by calculating V,,Jx. This may be done,
using the understanding of J-good functors which has already been established.

Lemma 6.0.3. If A is a 2-regular partition with \i = n and X # (n), then
an)\(Fn_l) =0.

Proof. Recall that Jy(F") & F)(F") and consider the short exact sequence Fy —
Jx — Jx/Fx. Applying V,, yields a short exact sequence
@nF,\ — @nJA — O,

in which C is a quotient of A(Jy/F\). Since (Jr/Fy)(F"™) = 0, it follows that
A(Jy/F\)(F*~1) = 0, which gives C(F"~!) = 0. Hence

Va1 =V, Py (")
the latter is zero, by the results of [P] on the action of V,, on simple functors, unless
A = (n), in which case it is F5(F"~1). |
Proposition 6.0.4. Suppose that A is a 2-regular partition with \y = n. If A =
(n), then Jyny = L(n) and Vy,L(n) = L(n) ® L(n — 1). Otherwise V,,Jx = Jx.
The proof uses the following lemma, which follows from Corollary 3.1.3:

Lemma 6.0.5. Suppose that Jy, for \y = n, is a sub-quotient of a sub-functor F
of Iy, ; then this sub-quotient Jy occurs as a sub-quotient of kn,_1F C Iy,

Proof of Proposition 6.0.4. One starts by establishing that Jy is a sub-functor of
V. Recall that, by construction, Vi is a quotient of AJy, which is J-good,
by Corollary 5.0.5. Also, AJy(F"~2) = 0, so that AJy only has J-factors of the
form J,, with 14 € {n,n — 1}. Hence, AJ, occurs as an extension

K — AJy— H,



STRUCTURE OF INDECOMPOSABLE INJECTIVES 4187

in which K is J"-good and H is J" !-good. Since V., Ja is not @"—nilpotent, it
follows from Corollary 3.1.3 that the map K — @nJ \ is non-trivial, since otherwise
@nJ,\ would be the quotient of a @n—nilpotent functor. Now @nJ,\ embeds in
Jx C I @ Iy, so that the basic properties of the co-Weyl objects show that J) is
a sub-functor of V,Jy. It remains to show that the inclusion J) <— @nJ,\ is an
isomorphism (in the case A # (n)).

Consider the short exact sequence Jy — Iy — @, in which all the functors are
J-good. Applying Vi gives a sequence (not necessarily exact in the middle):

Vidy = I\ @ Ix —— V,Qx.

Since Jy C V,.Jy, the second map factors through (I»/Jx) @ I.

Now, Q» is a sub-functor of @y ;o v, ., so that VaQy is a sub-functor of
@Dsinite Ivi, . ; hence, Lemma 6.0.5 may be applied. If J,, (for p1 = n) is a J-factor
of @ with multiplicity 3,, then it follows that J, occurs as a sub-quotient of
kn_l(@nQA) with multiplicity 5.

I claim that the induced map INA /I — @HQ A is injective; write G for the image
of this map, which is J-good, since the image of any map from a J™-good functor
to Pgpite Ivi, is J-good.

To prove injectivity, pass to the quotient map (I,\/I:\) — (V,,Q2)/G. The do-
main is a sub-functor of @y ... Iv,_,, hence does not contain a sub-quotient J,,,
when p1 = n. Thus, G must contain J, with multiplicity 3,. Now, by definition,
B, is equal to the multiplicity of J, in IN,\ /Jx, so this establishes the claim.

Finally, since V,Jx embeds in I~A, by Lemma 6.0.3, and the map INA/JA — VaQax
is injective, it follows that Jy = @nJ \, as required. O

Proof of Proposition 6.0.2. The case A # (n) is treated; the remaining case is ob-
tained by a straightforward adaptation of the argument.

Reduce to considering maps g : Jx — Iy with dim(W) > n as follows; if
f : Jy — G is a non-trivial map then there exists a map G — Iy so that the
composite Jy — G — Iy is non-trivial, since the image of f is an analytic functor.
Moreover, one can take dim(W) > n, by the defining properties of Jy.

One may fix a standard inclusion ¢y of Jy in Iy, as follows; namely, take ¢ to be
the composite Jy — f‘Z — Iy, where the first map is induced from a surjection
F[GL,] — S\ of GL,-modules by applying the functor HomGLn(—j\Z). Proposi-
tion 6.0.4 shows that V,,Jy = Jy (since A # (n)); an application of Theorem 2.1.2
shows that the map @n (tA) may be identified with ¢y.

Form an extension of g along the map Jy & Iy, using the injectivity of Iy .
This gives a commutative diagram:

L
Jy —— IVn

N

Iy .

Any map ¢ € Homgz(Iy, , Iw') may be decomposed uniquely as follows, using the
isomorphism Homz(Iy,, Iyy) = Flhom(V,,, W)]. Namely, take the decomposition
hom(V;,, W) = homc,,(V,,, W) Il rank,, (V,,, W). The set rank,,(V,,, W) decomposes
as the union of free right G L, -sets, with one orbit for each n-plane in W; the set of
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n-planes in W is written as Gr, (W), corresponding to the Grassmannian. Then, if
¢ € Homg(Iy, , Iw), one may write

»=¢o+ Z O,

TEGry, (W)

where ¢ € Flhom«,,(V,,, W)] and each ¢, is the sum of rank n maps which are in
the conjugacy class of 7. The importance of this approach is shown by the following
facts, which follow from the defining properties of Jy:

1. ¢¢ is zero when restricted to J).
2. A map ¢, : Iy, — I is either injective or zero when restricted to J.

The second point follows by observing that a map ¢, may be factored as Iy, —
Iy, — Iy, in which the second map is an injection.
Define the A-length of a map ¢ : Iy, — Iy (with respect to ¢)) to be the number

of m € Grp(W) such that Jy 2 Iy, it Iy is non-zero (hence injective).

The proof of the proposition is by induction on the A-length of ¢. If ¢ has \-
length 1, where g = ¢|;,, then g is necessarily injective, so that it suffices to take
k=0.

For the inductive step, suppose that the A-length of ¢ is greater than one and
consider the map V,¢ : Iy, = V,Iy, — A"(W)® Iy = V,(Iy). This map

identifies with
Z Vi ® ¢7T7
TE€Gr, (W)

where v, € A"(W) is the image under A™(w) of the non-zero vector in A™(F™).
Since the A-length of ¢ is greater than one, there are 0,7 € Gr, (W) so that
dstx and ¢riy are both injective. Since o, 7 are distinct planes in W, the vectors
v, and v, are distinct; more particularly, there is a surjection W —— F" so that
A™(B)vs # 0 and A"(B)v, = 0.
Now, consider the map A"(8) @ Iy : A"(W) ® Iy — Iy, which fits into the
commutative diagram:

DN
J)\ _— IVn

P
Vg lVN

A"(W) @ Iy —— Iy .

By construction, ¢ = ZweGrn(W)\A"(ﬂ)v,,:l ¢r; by the choice of 3 it follows that
the A-length of v satisfies 1 < A\ — length ¢ < A — length ¢. Hence, by induction,
there is a k so that (V,)*1 is injective. Applying (V,)* to the above diagram
shows that (V,,)**1g is injective, which is the required result. O

Recall that there is a unique non-trivial map Jy < I.

Corollary 6.0.6. Suppose that Iy L Ggisa map so that the composite g : Jy —
I\ — G is non-trivial. There exists a k so that (V,,)* f is injective.

Proof. We may assume that A # (n), since Ix = L(n) = Ji,, in this case. Propo-
sition 6.0.2 implies that there is a k so that (V,,)¥~1g is injective; now (V,)* g
factors through (V,,)*~1I\ = I & I and (V,,)*~! of the inclusion J, — I, must
identify with the unique inclusion Jy < I, & I5. It follows that (V,)F"1f is

injective when restricted to Iy.
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To complete the proof, observe that V,, of the inclusion Iy — Iy @ I5 is the
identity on I @ I5. It follows immediately that (V,)Ef is injective. O

6.1. Consequences of the simplicity theorem. The full sub-category V,,—Nil
C F., of functors which are nilpotent under V,, is shown to be thick in [P]; thus,
one may study the category localized away from the @n-nilpotent functors. For
the purposes of this paper, write C,, for the category Vn—Nil, regarded as a full
sub-category of F,,.

Recall the construction of the quotient category F,,/Cy,, as described in [G]. The
objects in the category are the same as those of F,: namely the analytic functors,
whereas, for X,Y € Ob F,:

Homg, )¢, (X,Y) = X/li{/r/l_) Homz (X', Y/Y'),

where the limit is taken over those X’ C X and Y’ C Y such that X/X’ and Y’
are objects in C, (ie they are V,-nilpotent). The work of [G, Chapter 3] shows
that F,/C, is an abelian category; moreover, an object S in the quotient category
is simple if and only if whenever A < S is an inclusion in F,, either A is in C,, or
the cokernel of A — S is in C,.

Proposition 6.1.1.

1. The functors Jy, where Ay = n, are simple objects in the quotient category
Fo/Cn-

2. If \i = p1 = n, then Jy and J,, are isomorphic in F,,/C,, if and only if A = p.

3. The endomorphism ring of Jx, Endg, ¢, (Jx) is F.

Proof. The first statement is a straightforward corollary to Theorem 6.0.1. To
prove the second, consider a non-zero map in F,/C, between Jy and Jyu. This is

represented by a map F 4, Ju/G, where F' C Jy, G C J, and where both Jy/F
and G are V,-nilpotent.

Theorem 6.0.1 implies immediately that F' = Jy, using the fact that Jy is not
@—nilpotent and the category C,, is thick. Now apply Proposition 6.0.2 to consider
the maps f : Jyx — J,/G and the natural surjection J, — J,/G; conclude that
there exists k > 0 so that both (V,)*f : (V,)F I\ — (V,)F(J,/G) is injective and
(Vn)*(J,/G) is isomorphic to (V,)¥J,. Since (V,,)*FJ, always embeds in I, ® I,
it follows that (V,,)* f induces an injection (V,,)¥.Jy < I, ® I; Jy is a sub-functor
of (V,,)FJy, so that it follows that A = p.

Finally, in the case that A = p, if p : Jy —— J)/G denotes the natural surjection,
then an adaptation of the above argument shows that (V,,)* f identifies with (V,,)¥p
for k sufficiently large. Thus, (V,,)*(f — p) is zero, which implies that f = p, by
Proposition 6.0.2. The natural surjections Jy — Jx/G, as G varies amongst proper
sub-functors of Jy all represent the same homomorphism in the localized category.
This completes the proof of the result. O

Remark 6.1.2. These simple objects in F,,/C,, are far from being the only simple
objects in the quotient category. For example, the results of [P1] construct a non-
finite family of simple objects in the category F,/Cy, which occur as sub-functors
of T ® A? as t varies. O
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7. BOOLEAN ALGEBRAS AND MODULE STRUCTURES

The purpose of this section is to show that many J-good functors arise naturally;
let B denote the category of F-Boolean algebras. B is equivalent to the opposite of
the category PS of profinite sets: if B is an F-Boolean algebra, then write spec B
for the set of algebra maps Alg(B,F). This is a profinite set, since B is the colimit of
its finitely-generated sub-algebras. There is a natural isomorphism FSPe¢ B where
this is the set of continuous set maps from Spec B to F.

Write BEs for the category of functors £y — B; this is regarded as a sub-category
of F, namely the category of Boolean algebra valued functors. This category is of
fundamental interest due to the connection with the study of unstable algebras over
the Steenrod algebra, as established by [HLS, Part II].

There is an equivalence of categories between B/ and Func{c‘,’;p — PS}. Sup-
pose that v : €3 — PS is such a functor; the associated functor in F is given by
V— (),

There is an elegant translation of the notion of transcendence degree for an
algebra to the category B/, which is established in [HLS]. For the purposes of this
paper, the following restricted notion is sufficient.

Definition 7.0.1. A functor K € B¢/ which takes finite-dimensional values has
transcendence degree < d if K = R4(F®), for some finite right End(Vy)-set S. Equiv-
alently, K is represented by the functor £7 — PS: V = S Xgpq(v,) hom(V, Vy). O

Example 7.0.2. Examples of Boolean algebra functors of transcendence degree
< d have already appeared in this paper; the functors Iga, Iza @ F and D(d) @ F
may all be regarded as such functors.

Ira is represented by the right End(Vy)-set hom(F?, V), where the End(Vy)-
action is the transpose of the usual action on hom(F?, V;). F @ Ipa is represented
by the End(V;)-set which is obtained by collapsing all the singular endomorphisms
to a point in the above set. Hence, this identifies with * IT GLg4, with an End(Vy)-
action which is induced by the above quotient. Finally, F @ D(d) is represented by
the smallest possible non-trivial End(Vy)-set, namely Xy = o II 1, where ¢ is a
sub End(V;)-set. |

The functor Iya is injective in the category B¢/ and is determined by the repre-
senting property that follows: if v is a functor £7” which represents K € B¢, then
Hom e, (K, Ia) = y(F? *).

This allows the statement of the main result of this section:

Theorem 7.0.3. Suppose that K € BEs takes finite-dimensional values and has
finite transcendence degree, then K is J-good as a functor in F.

Proof. The proof is by induction upon d, the transcendence degree of K. The case
d = 0 is easy, since the functor is then a constant functor (with Boolean algebra
structure) and is therefore J-good. The first step in the proof is to observe that we
may reduce to the case K (0) = F and perform the induction on such functors.

Suppose that the result holds for L € B¢/, with L(0) = F and the transcendence
degree of L is less than d and consider K with transcendence degree exactly d.
Hence, there is some minimal k < d so that K (F¥) # K(0).
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In the case that k = d and the End(V;)-set representing K is S, then F¥ = FaFS
as an End(Vy)-module, where every singular endomorphism acts trivially on FS.
Hence Ry(F®) =2 F @ Ry(F5) is J-good, by Proposition 2.2.1.

This allows an induction on the number of elements in .S: as hypothesis, suppose
that the theorem is proved for all K induced from End(V;)-sets with strictly fewer
than NV elements. The initial stage of the induction is the trivial case when N = 1.

Now suppose that |S| = N and consider the number k defined above; the case
k = d is covered by the previous discussion. If k < d, then there is a non-trivial
map in B¢/, a : K — Ip., which allows one to perform the inductive step on N.

The kernel L of « is a functorial Boolean algebra ideal, so that F& L is naturally
an object in BJ“{. Since the map « is of the form R4(F¥) — Ry(hom(F* V})), it
follows that F @& L = R4(FT), for some End(Vy)-set T with |T'| < |S|, using the
left exactness of Ry. Hence, by the inductive hypothesis, F & L (and hence L) is
J-good.

The image A of the map a : K — Iy is a Boolean algebra valued functor; it
is a standard argument (essentially by Yoneda’s lemma) to show that A C Ipx has
transcendence degree < k, Thus, by induction, A is J-good, using the fact that
k < d. Tt follows that K is J-good, completing the induction upon N and thus the
induction upon d. O

This theorem provides us with evidence that J-good functors occur naturally in
the study of the category F, since the Boolean algebra valued functors have an
importance stressed by [HLS].

The following result may be compared with the results of Henn, [H], who works
entirely within the category of unstable modules over the Steenrod algebra, in a
more general situation.

Corollary 7.0.4. Every object K € BEs which takes finite-dimensional values and
which has finite transcendence degree < d has an injective resolution 0 — K — I°®,
in which each I® is a direct summand of a finite direct sum @ Iy, .

Proof. This follows directly by combining Theorem 7.0.3 with the easier implication
of Theorem 5.0.1. O

Example 7.0.5. Consider the Dickson algebra functor D(n) := (Ig»)%L». This
is a Boolean algebra valued functor which may be seen to be represented by the
End(V,)-set hom(F™, V,¥)/GL,. This set is filtered by the rank of the maps (as an
End(V},)-set). The set of points represented by a map of rank k is

ranky (F*, V*)/GL,,

which identifies with Gry(V,*), the set of k-planes in V,*. This corresponds to the
fact that the functor D(n)/F admits a unique .J-good filtration, in which D(k)
occurs once, for 1 < k < n. The factor F = D(0) occurs as a direct summand of
the functor D(n). O

7.1. Module structures for the Jy. Throughout this section, it is supposed that
F = Fo, the prime field with two elements. In this case, A™(F") is isomorphic to the
trivial GL,-module F; thus, for any simple GL,,-module S}, there is an isomorphism
in GL,, A"(F")® Sy = Sx. Recall that the co-Weyl object Jy is defined as R, (Jy);
it follows that there is a unique non-trivial map R, (A"(F")) ® R, (Sx) — R,(S)),
by using the (E,, R,)-adjunction and the fact that E, commutes with the tensor
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product. This argument extends to show that this unique non-trivial map, which
identifies as a map py : D(n) ® Jy — Jy fits into a commutative diagram:

D)@ Dm) @y "M D)o Jy
pn®Jx l l 22N
D(n) @ Jy 2 Ix;

this shows that Jy is a D(n)-module, in an obvious sense, since the product D(n)®
D(n) — D(n) is the restriction of the Boolean algebra structure on F & D(n). This
product may also be described as the restriction of the product on Iy, .

One may consider the composite D(n) ® Jy — Iy, ® Iy, — Iy, , induced by
inclusions of D(n) and Jy into Iy, and where Iy, ® Iy, — Iy, is the product on
Iy, . Tt is clear that {D(n) ® Jy}(F") = Sy; this implies that the above map factors
through some map Jy — Iy, . Hence, the above discussion has proved:

Proposition 7.1.1. Suppose that Sy is a simple GLy-module. The multiplication
on Iy, restricts to a map D(n) @ Jx — Jx, which is a map of D(n)-modules.

Corollary 7.1.2. Suppose that Sy is a simple GLy-module. There is a canonical
surjection D(n) @ Fx —— Jj.

Proof. There is certainly a unique non-trivial map given by the above constructions
D(n) ® F\ — Jy, so that it is sufficient here to show that this map is surjective.
Since the image is a sub-functor of Jy, Theorem 6.0.1 shows that it is sufficient to
show that the image is not nilpotent under the action of V,,. This is shown by using
the description of this map given above and the fact that the product map induces
an injection Iy, (V) ® Iy, (W) — Iy, (V & W). Hence, the following composite is
injective:
D(n) (V)@ Fx(W) — (D(n) @ F\)(Va& W) — Iy, (Ve Ww).

This allows one to deduce that the image is not V,-nilpotent, since D(n) is not
nilpotent. Essentially, one applies (V,,)? with respect to a splitting of V as V’ &
IF?. |

Remark 7.1.3. The above results show that the structure of the co-Weyl functor
Jy induced from Sy is intimately related to the structure of D(n). This is further
evidence that the functor D(n) plays a fundamental role in the category F.
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