TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 350, Number 10, October 1998, Pages 3837-3901
S 0002-9947(98)02279-X

A NONLINEAR FOKKER-PLANCK EQUATION
MODELLING THE APPROACH TO THERMAL EQUILIBRIUM
IN A HOMOGENEOUS PLASMA
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ABSTRACT. This work deals with the problem consisting in the equation

of 1.0 ,4,0f 9
1) E_FE[QD (a'i'f-i-f)}, when z € (0,00),t > 0,
together with no-flux conditions at z = 0 and z = +o0, i.e.
1o]
(2) x4(8—f+f+f2):0 as ©—0 or z— +o0.
T

Such a problem arises as a kinetic approximation to describe the evolution
of the radiation distribution f(z,t) in a homogeneous plasma when radiation
interacts with matter via Compton scattering. We shall prove that there exist
solutions of (1), (2) which develop singularities near * = 0 in a finite time,
regardless of how small the initial number of photons N(0) = f0+°° z2f(z,0)dz
is. The nature of such singularities is then analyzed in detail. In particular, we
show that the flux condition (2) is lost at = 0 when the singularity unfolds.
The corresponding blow-up pattern is shown to be asymptotically of a shock
wave type. In rescaled variables, it consists in an imploding travelling wave
solution of the Burgers equation near x = 0, that matches a suitable diffusive
profile away from the shock. Finally, we also show that, on replacing (2) near
x = 0 as determined by the manner of blow-up, such solutions can be continued
for all times after the onset of the singularity.

INTRODUCTION

We are concerned in this work with the study of the equation

ﬂ_ii 4% 2
at—anx[x (8:z:+f+f)]’ when =z € (0,00),t > 0,

together with the following initial and boundary conditions. At t = 0 we shall
require that

(1.1b) f(z,0)=F(z), for 0<z<oo,

(1.1 a)

where F' is a given continuous, nonnegative and bounded function such that

(I.1¢) /000 2 F(z)dz < co.
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Finally, as boundary conditions we will impose the vanishing of the corresponding
flux as x — 0 and x — oo, i.e.,

(1.1d) x4<%+f+f2>—>0, as r—0 or z— 0.

Problem (1.1) has been proposed by Kompaneets (cf. [K]) to describe the evolu-
tion of the radiation distribution f(z,t) in a homogeneous plasma when radiation
interacts with matter via Compton scattering. In that context the space coordi-
nate x represents a momentum coordinate and ¢ denotes time. More precisely, an
equation which includes (1.1a) as a particular case (cf. (1.2) below) is obtained in
[K] as a leading term for the corresponding Boltzmann equation under the crucial
assumption that the scattering cross section is of the classical Thomson type, as
represented by the coefficient a(z) = x* in (1.1a). The complete approximating
equation obtained in [K] reads as follows

o) 0 0
& = 2w e oo - D).

The second term on the right in (1.2a) accounts for the Bremsstrahlung effects.
Here o is the emission-absorption rate, which is taken to be of the form

(1.2 a)

X

(1.2 b) o(zx) = Ex_ge_%Ko(z),

where € > 0 is a small parameter and K is the zero order modified Bessel function.
As to the term fy = fo(x) in (1.2a), it is obtained by setting © = 0 in the expression
for the Bose-Einstein distribution

1
(13) f,u(z) = m, where 1% > 0.

A question which naturally arises is that of determining the asymptotic behaviour
of solutions of the problem (1.2),(1.1b),(1.1c) and (1.1d). A first step in this
direction was taken by Caflisch and Levermore in [CL], under the assumption that
Bremsstrahlung effects are negligible. This accounts for setting o = 0 in (1.2a),
thus reducing such an equation to (1.1a). An interesting feature of such a simplified
case is that the quantity

N(t) = /OOO 22 f(x, t)dz,

which represents the total number of photons at time ¢, is actually constant in time.
In view of (1.1c), one then has

(1.4) N(f)E/OOOfo(;v,t)dx:/Ooox2F(x)dx:N(O) < 0.
On the other hand, if we define the entropy function

(15 SO = [+ G+ P

we can readily check that it satisfies

(1.6) 95(t) >0

ot
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along the solutions of (1.1). An additional fact to be taken into account is that
For any > 0, f, given in (1.3) is a stationary solution of (1.1a).

Moreover N(f,) is decreasing as a function of p, and in particular

2

one has that for all >0, N(f,) <N(fo)= / de.
o \&"—
Taking into account (1.4),(1.6) and (1.7), a possible scenario for the long-time
asymptotics of (1.1) was proposed in [CL] that may be summarized as follows. If

F in (1.1) is such that

(1.7)

N(F) = /OOO 22 F(z)dx < N(fo),

then, asymptotically as ¢ — o0, the corresponding solution of (1.1) approaches the
Bose-Einstein distribution in (1.3), whose total number of photons coincides with
that of F. In other words, the parameter p in (1.3) has to be selected so that

N(fu) = N(F).

If on the other hand N(F) > N(fo), the numerical analysis in [CL] suggests that
the equilibrium radiation should asymptotically decouple in the following manner

(1.8) f(z,t) ~ fo(z) + (N(F) = N(fo))z 26(z), for 0<z <oo,t>1,

where 6(z) denotes Dirac’s delta centered at the origin. One should then have
asymptotic condensation at the state of zero energy, and the above result would
illustrate a way of approaching a Bose-Einstein condensate.

At this juncture, it is worth mentioning that the analysis carried out in [CL]
requires that near the origin solutions satisfy an estimate of the form

(1.9) f(xﬂf)g@ for 0<ax<l, t>0,
x

for some continuous and nonnegative function ¢(t). Notice that Bose-Einstein dis-
tributions do satisfy (1.9) with ¢ = 1. The results in [CL] can then be rephrased
as stating that Bose-Einstein condensation would be achieved for those solutions of
(1.1) with large photon number for which the bound (1.9) holds.

We prove in this paper that problem (1.1) has solutions for which (1.9) fails to
hold after a finite time. As a matter of fact, we shall construct solutions for which
not only (1.9), but also the flux condition (1.1d) break down near z = 0 in finite
time. More precisely, the following result is obtained.

Theorem 1. There exist smooth nonnegative functions F for which problem (1.1)
has a solution defined in a time interval (0,T), with 0 < T < oo, and such that
(1.1d) no longer holds at © =0 when t =T.

It is interesting to observe that such solutions can be uniquely continued for
all times after such blow-up occurs. To prove such a result, we make use of the
following.

Theorem 2. Consider problem (P) consisting of (1.1a) — (1.1c) together with the
boundary conditions
There exists A >0 such that

(1.10 a) A
flz,t) < —, for xe€(0,1),andt >0,
T
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(1.10 b) lim (x4(8—f+f+f2)) =0.

Tr—>00 6;U

Then, if F satisfies the decay assumption

(1.11) lim z'F(z) =0,

xr—>00

problem (P) has a unique global solution. Moreover, in such a case,

(1.12) lim z'f(z,t) =0 forall t>0
We finally proceed to analyze in detail the manner of blow-up near z = 0 for a
particular class of solutions. Namely, we obtain

Theorem 3. For any given positive constants C and T, there exists a function F
satisfying (1.1¢) for which problem (1.1) has a unique solution for times 0 <t < T,
and such that the following properties hold:

(1.13) lim (T —t)2f(z(T—t),t)={ 22 7%
t—T" 0 if0<z<C,

where convergence is uniform on compact subsets of (C,4+00) and (0, C) respectively,
and

(1.14) hmox?f(x,T) =,

xr —
for some positive constant C' that depends on F'.

A point that we want to stress herein is the onset of a discontinuity in (1.13). Ac-
tually, an interesting feature of the blow-up mechanism for (1.1) is the development
of a Burgers-type shock structure for f(z,t) near z = C with width O((T'—t)?) when
measured in the z-variable. The detailed structure of the corresponding boundary
layer will be described later in the corresponding section.

We wish to point out that our analysis does not preclude the existence of solutions
satisfying (1.9). It will be apparent from our approach that we can obtain global
solutions for which (1.9) holds if we start from initial values lying below one of the
Bose-Einstein distributions given in (1.3). We expect, however, that any solution
with large enough initial photon number will blow-up near = 0 in finite time, and
we intend to address this question elsewhere. In view of the blow-up phenomenon
described herein, one may wonder whether such a fact would still occur when (1.1a)
is replaced by (1.2a), i.e. Bremsstrahlung effects are retained. The answer to
that question is negative. The corresponding argument, however, involves a rather
technical boundary layer analysis, and will be explained elsewhere.

We conclude this Introduction by describing the plan of this paper. To begin
with, we prove Theorem 1 in Section 2 below. We then prove Theorem 2 in Section
3. Having done that, we proceed with the proof of Theorem 3. In view of the
technicalities which are involved, we have thought it convenient to explain first the
formal arguments leading to the construction of such solutions by means of matched
asymptotic expansions. This is done in Section 4. A rigorous proof of Theorem 3
is then presented in the final Section 5.
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2. THE PROOF OF THEOREM 1: EXISTENCE

We begin this section by proving local existence of solutions to the problem
(1.1a) — (1.1d) for some initial data. We then show that condition (1.9) may fail to
hold after a finite time, even for distributions corresponding to an arbitrarily small
initial photon number. A detailed analysis of blow-up patterns for a particular class
of solutions will be postponed to Sections 4 and 5.

Here and henceforth, we shall find it convenient to work with different versions
of (1.1) obtained under suitable changes of variables. For instance, if we set

(2.1) p=et, 22f(a,t) = ehu(y,b),
a quick check reveals that (1.1a) is transformed into

2.2

( v)t = vyy + vy — 20+ 20° + 2vv, + €Y (3v +v,), for y € (—oo,+00),t > 0.
We then readily see that (2.2) has supersolutions ©(y,t) of the form

at—by

(2.3 a) v(y, t;a,b) =v(y,t) = {g::m—;;: f(f: yy <Zyz<?;t>>0('),
where C1 is an arbitrary positive constant and yg, a, b, Co are constants satisfying
(2.3 b) b>3, a> max(b2 —b—2,2¢% —2), and Cre %0 = Che Vo,
Our starting point is the following.
Lemma 2.1. For every initial data F such that xF(x) is bounded and satisfies

(2.4) 0 <zF(x) <v(logz,0), for x€R,

for some supersolution T, there is a classical global solution f of (1.1a) such that
(1) For all t > 0,

Cre®z™% if logz > yo,

(2.5 a) :z:f(:c,t)g{ ' / logz 2 g

Coe®z=1 if logz < yo.

(2) There exist to > 0 and a positive constant C' such that

(2.5 b) xf(z,t) < C  for all x € (0,+00),t € [0, o).
(8) For all t € (0,t0),
(2.5¢)

lim 2(f(2) + f7(2) + fo(2)) =0, lim 2% (f(z) + f*(2) + fu(z)) =0.

r — +o0

Proof. By using the change of variables (2.1) we are led to consider equation (2.2)
with bounded initial condition vo(y) = eVF(e¥) € L>*(R). In order to prove
existence of a solution we first replace equation (2.2) by

(2.6) Unt = Unyy + Uny — 20n 4 200 (Vn) + 20000y + ©n(y) (Bvn + vny).
where the functions v, and ¢, are smooth and nonnegative, and such that

e® if |z] <mn,
n\%) =
#n(z) et Af |zl >4,
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and
22 if |z| < n,
Yn(z) =

(n+1)? if |z >n+1.

A quick check reveals that the functions T given in (2.3) are supersolutions of (2.6)
for every n > 1. By classical results, we now have that for any bounded initial
data v, equation (2.6) has a unique local classical solution v,, € C((0,T},); L (R).
Moreover, by hypothesis vg < (-, 0) for some supersolution given in (2.3). There-
fore, by the maximum principle we deduce that v, < ©. This shows that the

sequence {v,} is uniformly bounded in LfgC(R x RT). By standard parabolic reg-

ularity, the sequence is then bounded in C%!(R x R*). Therefore there exist a
subsequence, still denoted by {v,}, and a function v € C%1(R x RT) such that
{vn} converges to v uniformly on every compact subset of R x R*. Moreover, v
is a classical solution of (2.2) and satisfies v < 7 on R x R*. This shows (1) of
Lemma 2.1.

Using the integral equation asociated to (2.6) it is easy to show that, provided
vy, exists,

[[on (8)]]o0 §||vo||oo+/0 ((t = 5)712 +2)|vn(s)]|cds

+ /Ot((t — s)—1/2+2)||vn(s)||iods—|—/0t((t — 5) 724 4)||eY v, ()] |sods.

Since

e¥ou, if y < yo,

eyvn 78 S
(y ) {Oleat—(b—l)y if y > o,

we deduce that

[on (8)]]oo SllvollooJr/0 ((t = 5)72 +2)[Jvn(s)l|oods

t — )12 vn(s)||%ds
+/0<(t )12 4 2) o (s)]od

t
e / ((t = )72 4 4)|[on(5)|oods + Cy / (t — 5)71/2 4 4)eds.
0 0
Observe now that for every value of ||vg||o there is a solution p(t) of the equation
t

p(t) = [ltoloo + / ((t— )72 4+ 2)p(s)ds + / (t— 5)71/2 4+ 2)p(s)ds

eYo t —5)"/2 s)ds 1 t —5)"/2 e*®ds
+ /O«t ) +4>p<>d+c/0(<t )7V2 4 d)esds,
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defined for 0 < ¢ < ¢y, for some positive and finite ¢y depending on ||vg||eo. More-
over,

len(®)lloo — p(£))* < / (£ — 5772 4 2)([lon(s)] oo — pls))*ds
+ / (t— )72+ 2)((on(s)|[2 — p2(s)) " ds
e / (£ — )72 4 ) ([lon(®)]loo — pls))*ds
< (=972 £ 2ol — ol ds
0
.y / (£ — )72 4 2)([Jon(s)|oo — pls))*ds

+ey°/ ((t =)+ 4)(|Jon(s)l|oo — p(s)) " ds,
0

where 7, = max(||va || Lo (r+ xR)s [Pl (0,0/2))- By Gronwall’s inequality we de-
duce that v, (y,t) < p(t) for all y in R and for every ¢ € [0, /2], and by passing
to the limit, so is v. This shows (2) in Lemma 2.1.
On the other hand, since v is uniformly bounded on R x [0, t], we deduce that
(2.7) lim  (e®v(y,t) + e*o(y,t) =0
Yy — —00
uniformly for ¢ € [0, to], whence

(2.8) z@0x4(f(x,t) + f2(x,1)) = 0.

Using the boundedness of v and standard regularity results, we find that the solu-
tions of (2.2) satisfy

lvy] < Cs for & <t <tp,

whence

C
(2.9) |fe] < = for 6 <t <to.
x
Moreover, observe that, by the form of the supersolution T given in (2.3a),

02 eat

(210) f(1'7t) < be for x> 1,
so that, since b > 3,
(2.11) lim z'(f + f?) =0.

To control the term f, in (1.1d) we argue as follows. For any R > 1, we define
gr(z,t) = R*f(x + R,t)
so that gg satisfies the equation

dg 19 1,09 9°
2.12 —_— = R)* (=— —|.
(2.12) o wrRos TR (G, 9t Rl
By (2.10), we have that gg(z,t) — 0 as R — oo uniformly on sets where |z| <1
and 0 < t < T. On the other hand, in such regions, (2.11) can be viewed as a

diffusion equation having a diffusion coefficient D(z, R) = O(R?) for R > 1. If
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we assume for a moment that D(z, R) = R?, then we could absorb this coefficient
by defining a new time scale s = R*. We would then have that gr(x,s) — 0 as
R — oo, uniformly on sets |z| < 1 and 0 < s < R?T. Classical regularity theory
then yields

0
|£| —0, as R—
ox
uniformly on sets |#| < 1/2 and 1 < s < R?T. Hence
0 1
(2.13) |£ = o(x—4) as T — 00,

uniformly on sets 5 <t < T'. Putting together (2.11) and (2.13), we see that (1.1d)
holds as # — oo under our current assumptions. The case D(z, R) = O(R?) for
large R follows by recalling (cf. [A]) that fundamental solutions of the heat equation
provide upper and lower bounds for fundamental solutions of parabolic equations

of the type
wp =y (i (@, )ug,);
4,
provided that

NEP <D ai (@, )€€ < AJEP,

for some positive constants A > A > 0 and any vector £ = (£1,---,&n). From
this we obtain (1.1d) when £ — oo via standard representation formulas for the
solutions of (2.12). |

We next prove the following singularity result for solutions of (1.1a) — (1.1d).
Lemma 2.2. For every e > 0, there exists initial data Fr satisfying (2.4) such that
the corresponding solution f. of (1.1) given by Lemma 2.1 satisfies
(2.14) / 22 fo(x,t)dr =¢  for all t>0,

0

whereas, if we set

Gp(t) = /Olwﬂff(ilf,t)d%

then
For any (B such that 2 < 3 < 3 there exists t,. = t.(08, F:) < oo at which

2.15
(2.15) Gg3(t) becomes unbounded.

Notice that this result implies that, regardless of how small the initial number
of photons is, we may find radiation distributions for which (1.9) ceases to hold in
a finite time. Notice also that (2.15) is compatible with the bound (1.10a) required
for global existence in Theorem 2.

Proof. Let f(x,t) be any of the solutions obtained in Lemma 2.1. Clearly one has

N(f) = OOfo(x,t)dx = - v(y,t)e*dy
(2.16) /0 /_Oo

o0
S/ By, t)e*¥dy < oc.
0
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In view of our choice of supersolution in (2.3), we also have
(2.17) / P2 (2, t)de = / v (y,t)ePVdy < oo,
0 —oo

provided that 2 < § < 2b. We now claim that the solutions just obtained are such
that the function

(2.18) Gg(t) = /00 2P 2 (x,t)de = /+°0 eB=Vv2(y t)dy
0 —00

cannot exist for all t > 0 if 2 < § < 3. In order to show this we argue as follows.
Set « = —1=k+r, where 0 < k < min(1,r), and define

®,.(y) = M\ exp(—ry/1 + y?),
where )\, > 0 is selected so that
+oo
(2.19) / P, (y)edy = 1.

We next consider a smooth, nonnegative cut-off function ¢ such that 0 < ¢ < 1,
o(x) =11if |z] <1, ¢(x) = 0 if |z] > 3 and |¢'| < 1. We then define a sequence

¢n, through the relation ¢,(z) = ¢(x/n) for n = 1,2,--- . To proceed further we
rewrite (2.2) in the form
(2.20) v = (ekyvy)y ™M 4+ (1 — k)v, — 20+ 20% + (v?), + e¥(3v + vy).

We now multiply both sides of (2.20) by e*¥¢,, (y)®,(y) and integrate over the whole
line. Dropping the subscript n for convenience, a routine computation gives us

(2.21)

% v®, pe"Vdy = / v (eky(<b¢)y)y dy + (k — 1)/ vd)ycbrekydy
R R R

+(k—1)/ v¢¢ryekydy+[k(k—1)—2]/ v®,. ¢ dy

R R

—|—(2—k)/ vaDrd)ekydy—/ v2<br¢yekydy—/ UQ<I>Ty¢ekydy
R R R

+B—-k— 1]/ v®,peF DV gy — / v®,. ¢, eV gy — / vp®,., eV dy.
R R R
On the other hand, one readily sees that
(2.22) Q! > —rd,, O+ kD, > —r(k+1)P,.

Taking this into account, we deduce that

/RU (eky(q)r(b)y)y dy > /R (¢yy¢r + 20,0y + k(by@r) vekydy
(2.23 a)

—r(k+ 1)/ v®, eV dy,
R

and
(2.23 b)

2
(2—k) / V2D, peM dy — / V2P, 0" Vdy > (2 —k — 1) ( / v<I>T¢ekydy> ,
R R R
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where we have also made use of (2.19) to derive the last inequality above. Plugging
(2.23) into (2.21), we derive

(2.24a)
d 2
- ’U(I)T(bekydy >c(r, k)/ ’U(I)T(bekydy +2-(k+r1) (/ U(Drgbekydy)
dt Jr R R
+(2—(k+7)) / v®,pe* VY dy + T, (1),
R
where c(r, k) = k% — k(1 + 2r) — 2, and
U, (1) :/ (Gyy @y + 20,0y, + kpy @, )M dy + (k — 1)/ 0B, b, M dy
R R
— / v2<br(byekydy — / v¢r¢ye(k+1)ydy.
R R

Notice that we have kept the subscript n in the left of (2.24b) to stress the depen-
dence on n. As a matter of fact, we use this dependence to observe that

(2.24b)

If/ v2®,.eMdy s finite for any ¢ > 0, then
(2.25) R
forallt >0, lim ¥,(¢t)=0.

n—-mo0

Statement (2.25) follows at once by letting n — oo in (2.24b) and using the
dominated convergence theorem. On the other hand, we also have

0 0
(2.26) HIEI}OO (a /l:tv@r(bnekydy) = E AU@Tekydy.
It then follows that, letting n — oo in (2.24),

2
(2.27) g/ v®,.eMdy > ¢(r, k)/ v®,.e"dy + (2 —k — 1) (/ v@rekydy> ,

R
provided that the assumption in (2.25) holds. Analysis of the differential inequality
(2.25) readily shows that I(t) = [g v®,e*¥dy would blow-up in finite time if I(0) =
fR vo®,e*dy is selected large enough, which contradicts (2.25). We have thus
shown that the quantity fR v2®,.eF¥dy cannot be global in time. To be more precise,
the result actually obtained is the following:

0
(2.28) The function J(t) = / v2eP~DYdy  cannot be global in time.

—oco
To derive (2.28) we merely observe that e ™"V 1TV +ky o o +k)y — eoy for —y > 1
and e~ "V IV TRy o= ("=k)Y for ¢ > 1, whence

/ V2P, e dy < Cl/ v2e” =Ry gy
0 0

o0
< Cg/ e_2by2_(T_k)ydy < 00,
0
for some positive constants C; and Cs.

We conclude the proof by observing that the quantity Gs(t) may blow-up in
finite time even if the initial number of photons is arbitrarily small. To wit, we
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take y € (%, 2) and define

vo(y) =

e Y if —A<y<-B<O0,
0 otherwise,

and proceed to compare the quantities

Il(t):/ v2®,.eMdy and Ig(t):/ voe?¥dy.
R R

A straightforward computation shows that
—B —B —(2—v)B
L(t) = / =My gy < / ey = e
_A —oo 2—vy
Now, if B is large enough, A,e "V1T¥* > €"¥ /2 provided that y < —B. We therefore
have
L =\, / kye_r 14y dy
(2y—a)A
> e~ 21ytayg £ 7 (] L e (@r-a)(A-B)y
—2/ o LG )
Therefore, if we select A — B > § > 0, we eventually obtain
lim I; = oo, Blim I, =0,

whereupon the result follows. O

3. A GLOBAL EXISTENCE RESULT. UNIQUENESS

In this section we give the proof of Theorem 2 and of the uniqueness statement in
Theorem 1. We begin by proving the existence of global solutions for the problem
consisting of (1.1a) — (1.1c) and (1.10). It is now convenient to use the auxiliary
variable

u(z,t) = 2% f(x,t).
A quick check shows that (1.1a) — (1.1c) is then rewritten in the form

(3.1a) up = (2%uy — 22u + 2%u +u?),, for x € (0,+00),t >0,
(3.1b) u(z,0) = 22F(z), for 2 € (0,+00),
(3.1¢) (z*uy — 2zu + 2*u + u?) — 0 when 2 —0 and 2 — 0.

Together with (3.1) we shall also consider the following problem
(3.2 a) ur = (on (2% Uy — 220 + 2%u +u?),, for x € (0,400),t >0,

(3.2 b) u(z,0) = 22F(z), for € (0,+00),

(3.2 ¢) u(0,t) =0, for >0,
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where, for n =1,2,--- | ¢, is a C* function such that ¢/, > 0 and
1 1
i < —
m U F oy

pn(2) = z if <z<n,

S|

2n if z > 2n.

By standard results, for every n there is a unique global, classical solution w, to
problem (3.2). We now derive suitable bounds on the sequence u,,. To this end, let
us consider the following two auxiliary equations

(3.3) N+ f+ ) =0, z€(0,00),

(3.4) 220n () + 22 (pn(2?) — 2 f + 2t f + 2 P =, 2 € (0,00),

where « is a positive parameter. For n large enough, it is easy to construct super-
solutions f, of (3.3) and (3.4) of the form

g

B —, if 0<z <,
(3.5) Tale) =1
$—4, if x > 1,

with § sufficiently large. Therefore, for any initial data F' satisfying the hypothesis
of Theorem 2 there exists one of these supersolutions f, such that

(3.6) F(z) < fo(x), forallx >0, provided that [ is large enough.

Moreover, we claim that if we define

(3.7) Up(z) = x27a(x),
we then have
(3.8) Un(z,t) <Ty(z), forallz >0andt>0.

Indeed, by (3.6), (3.8) clearly holds at t = 0, as well as at = 0 for any ¢ > 0.
Since u,, given by (3.7) is a stationary supersolution of (3.2a), (3.8) follows from
the maximum principle. We now deduce from (3.8) that the sequence {u,}nen
is bounded in L>*(R x R™). By classical parabolic regularity, we then have that
{tn }nen is actually bounded in C?1(RxR*). Therefore there exist a subsequence,
still denoted by {u, }nen, and a function v € C*1(R x R¥), such that {u, }nen
converges to u uniformly on every compact subset of R x R*. Moreover, the
function w is a classical solution of (3.1a) — (3.1b) and is such that

(3.9) u(z,t) < x%f,(z), forallz >0andt> 0.
In particular, by (3.5), we have that f(z,t) = 27 %u(z, t), satisfies

C
(3.10) fla,t) < x—; for 0<z<1,
and
3.11 flz,t) < %, for z>1,
1’4

for some given constants C; and Cy. In order to see that the function f(z,t) defined
above is a solution of the problem (P), we need yet to show that condition (1.1d)
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is satisfied as £ — oco. To this end, given R > 0, we consider the function h(z,t)
that is a solution to

oh 1 0, 0h 9

E—F%[ZE (%—Fh"—h)], when .T,E(R,OO),t>O,
o Co

h(m,O):x—4, for = > R, h(R,t):x—4, for ¢>0,

where o € (0,C3/2) is a constant. Observe first of all that the existence of such a
function h follows by a slight modification of the existence proof for the function
f = 7~ 2u given above. On the other hand, since by (1.11) z*F(x) — 0 as 2 — oo,
we deduce that for any given o € (0,C2/2), f(z,0) = F(z) < h(z,0) foreveryz > R
if R is large enough. Moreover, by (3.11), f(R,t) < h(R,t) for every ¢t > 0. By
the maximum principle we deduce that, for R sufficiently large, f(z,t) < h(x,t) for
every x > R and t > 0.

Now set
(3.12) w(z,t) = x*h(x,t).
Then w satisfies
ow 5 0 4w w?
(3.13 a) sz—z(ww———k +—4), for x> R,t>0,
(3.13 b) w(z,0) =0, for x> R,
(3.13 ¢) w(R,t) = Cq, for t>0.

We next give an estimate of the behaviour of w as x — oo, uniformly in ¢. For
this purpose we construct a supersolution of (3.13) which will be larger than w for
R large enough. To this end we consider the solution w of the following problem

4
(3.14 a) W+ (1 - ;)w:2a for >R,
(3.14 b) w(R) = Ca,
which is explicitly given by
(3.15) w(z) = 026_(1_R)(%)4 + 201:46_””/ s~ 1esds.
R

This function is such that lim, —. o w(z) = 20. If we now set @(z) = 20+ 22, then
a simple calculation shows that

4
o+ (1- E)w< 20, forallx > R.

Since w(R) = 20 + 2C3/R < C2 = w(R) if R is large enough, we deduce by
comparison that

2
w(x) > 20 + %, for all z > R.

But this implies that w is a supersolution of (3.13), since

0 4w w? 0 w? 2ww!  4w?
2 2 2
x@x(ww T w x4)_x_8(20+ﬁ) x(?—?)
2w 2w
2
=2"—(20-—w+ —) <0.
T $4( o—w . )
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Using (3.13b) and (3.13c) we deduce that, if R is large enough,
w(z,t) <w(z), forallx>Randt>0.

Now, from (3.15), we have

gt f(x,t) <w(z,t) < C’Qe_(r_R)(R) +20e "z 4/ s esds.
R
Next, from (3.15) we also have

x

2 f(x,t) < Che™ @ R)( )4 +20’6_$CE4/ s teds;
R R

hence

lim 2% f(z,t) = 20.

Tr — 00

This implies in fact that

lim 2% f(z,t) =0,

Tr — 00

uniformly in ¢ > 0. The same argument as in Section 2 proves then that we also
have

lim x4ﬂ =0
T — 00 r
uniformly on sets ¢ > . This shows that f satisfies (1.1d) as 2 — oo and con-
cludes the proof of the existence part in Theorem 2.
Let us prove uniqueness now. To this end we argue by contradiction, assuming
that there exist two solutions of problem (P), f; and fs, such that fi(z,0) =

fa(z,0) = F(x). We then set g = f1 — fo, so that g satisfies

ag 0
3t " ox

Now let {£,}nen be a sequence of C* nonnegative functions such that &, (z) = 0 if
x<1/2n, &, (x) =1 for x > 1/n and &, > 0 for all z > 0. Take also an arbitrary
function ¢(t) € C§°(R) such that o(t) is nonnegative and has support contained
in the half line ¢ > 0. We then multiply both sides of (3.16) by &, (z)¢(t)sgn™g,
where sgn™g = 1 when g is positive and sgn*g = 0 elsewhere. A quick computation

reveals that
| etar [ gt
0

:/ dt/ &n(a'gl)ad
(3.17) +/0 go(t)dt/ En(2tg™)pdx

Y e dt/ @ (f1 + f2)g™))ade

(3.16) (2% (9s + g+ 9(fi+ f2))) forz>O0andt> 0.
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=/ dt/ En(@ ((Fo + f2)g™))ede

—/ dt/€ ((f1 + f2)g™))de <0,

One then has

I,

w

(3.18)

and similarly,

(3.19) I, <0.

On the other hand,
0

:/000 go(t)dt/o (z*¢)) gt da

00 1/n
z/ tp(t)dt/ (z€! + 423¢ g T da.
0 1

/2n

Since [£],| < Cn and |¢//| < Cn?, for some generic constant C' > 0, (1.10a) we then
have by

11
2l gt < Ca'n’gT(z,t) < CxPgT(x,t) < C, forallz e (% E)’

and, in the same way,

1 1
x3|§;|g+(x,t) < Cx3n9+(x,t) < Cx2g+(x,t) <C, forallze (2—, —).
n’'n

Therefore,
(3.20) I, —0, as n— o0,

and so, for every ¢ € C§°, nonnegative with compact support in ¢ > 0,

/ ) p(t)dt( / N &nr’gTdr), <0
0 0

2 00
ot

whence
$2(f1 — f2)+d$ S 0
and thus f; = fs.

End of the proof of Theorem 1. We take up here the notation in Lemma 2.1, and
observe that by assumption the initial data F' satisfies

C

F(m)beT

for some b > 3, so that *F(x) — 0 as  — +o0. Therefore, the uniqueness result
in Theorem 2 can be applied to the solution v constructed therein that satisfies
(1.11a) and (1.11b). |

4. SINGULARITY PROFILES: MATCHED ASYMPTOTIC EXPANSIONS

We explain in this section how the existence of the solutions described in Theorem
3 is derived in a formal way.
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1.1. Preliminary steps. Our starting point is the change of variables (2.1),
which transforms (1.1a) into (2.2). A first important remark is that as y — —oo,
the dominant terms in (2.2) are

(4.1) vy = Vyy + vy — 20+ 207 + 200, for y € (—o0,+00) and t > 0.

Moreover, a dominated balance argument reveals that when v > 1, the dynamics
of (4.1) is encoded in the simplified equation

(4.2) Vg = Vyy + 200, + 207

We shall therefore consider our rescaled equation (2.2) as a sort of perturbation of
(4.2) above. It has been shown in [AE] that (4.2) has solutions which blow-up in fi-
nite time. By this we mean that there exist T' > 0 and sequences {y, }neN, {tn }nen
such that lim,, . . yn = ¥yo, wWith —oc0 < yo < 400, lim,__ t, = T and
limy, —, 00 ¥(Yn, tn) = 00. It was also proved in [AE] that, if blow-up occurs for
a solution v(y,t) of (4.2) such that v(y,0) decays exponentially fast as y — 400,
then the singularity must unfold at y = —oo. The dynamics of the singularity
generation should be driven by the equation

(4.3) v = 2vv, + 202

Indeed, dominance of vy, and 2vv, would lead to a flow described by the Burgers
equation, which does not develop singularities at all. On the other hand, should
the terms vy, and v? prevail in (4.2), one would be led to a scenario described by
the semilinear equation

v = vyy + 207

This case is now well understood (cf. for instance [HV1], [V1]). In particular,
it is known that when v(y,0) decays mildly as y — Fo00, blow-up always occurs
in a bounded space region. Since we are looking for a convection-driven blow-up
occurring at y = —oo in our case, we have to exclude this last possibility of our
current discussion. Finally, if all three terms on the right of (4.2) were of the
same order near blow-up, a quick dimensional analysis would yield that v should
be bounded.

A question that naturally arises is the manner of blow-up for equation (4.3).
This problem has been considered in [NT]. The authors construct therein solu-
tions of (4.3) for the corresponding Riemann problem which exhibit a shock A(t)
propagating to the left in the form

A(t) ~ log(1 — %).

Near such a shock, a singularity unfolds that satisfies
1
t) = 0(=—).
o(t) = O(—)

Taking these facts into account, it seems natural to rescale again as follows
(44) v yat) = (T_t)_1¢(§aT)a gzy_log(T_t)vT: _1Og(T_t)

2.4) is transformed into the following equation

In this way,
Gr = 7T (Pec + b — 20) + (20— 1)(¢ + &) + e (3 + )

(4.5) _
=e Tgee + (20 — 1) (¢ + ) + h(E,7),
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0.5

FIGURE 1

for —oco < £ < oo and —logT < 7 < oo, where
h(E ) = e (¢ — 20) + € 2T (30 + ).

For definiteness, in what follows we shall normalize the blow-up time by taking
T = 1. Tt seems sensible to expect that, as 7 — 0o, solutions of (4.5) will converge
towards suitable solutions of the associated stationary equation, namely

(4.6) (2¢ —1)(¢ + ¢¢) = 0.

Notice that (4.6) allows for discontinuous solutions, provided that some balance
conditions are met at the corresponding jumps. Summing up our previous remarks,
we may now state a first requirement to be met by our solutions:

We shall look for solutions of (1.1) which blow up at ¢ = 1, and that satisfy
the following property: When rescaled by means of (2.3) and (2.4), the scaled
function ¢(&,7) converges as 7 — oo to a bounded solution of (4.6) which may
have a nonempty set S of discontinuity points. At any & € S, we shall require the
following Rankine-Hugoniot conditions to hold:

(4.7) [0 — ¢l = (¢*(67) — (€F)) — (#*(67) — 9(€7)) =0,

where, as customary, ¢(§7) = lim, _, ¢+ ¢(r) and ¢({7) = lim, _, ¢~ ¢(r), and an
entropy condition

(4.8)  ¢'(&) > —C, in the sense of measures, for some positive constant C.

One example of such a solution of (4.6) is given in Figure 1.

In other words, as 7 — 0o we expect ¢(§,T) to converge towards a suitable
entropic solution of (4.6) due to the vanishing diffusivity in (4.5). Such functions will
therefore provide the final blow-up patterns for the solutions referred to in Theorem
1. It is therefore natural to ask how such limit profiles could be characterized.
We shall address this question under the assumption that the discontinuity set S
consists of a finite number of points only

(49) S:{Slaé-?a 75]\7}
A solution ¢(€) of (4.6) - (4.9) is then determined by specifying the set of points
T1,T2, - ,Tn+1 Where ¢(z;) = 1/2. Indeed, away from such points, ¢(§) is of

exponential type, i.e., ¢ = Ce~¢ in every continuity interval (£;,&.1). Note that
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in Figure 1, x; has been selected so that ¢(0) = 1. For definiteness we shall retain
this assumption for the rest of the paper. Condition (4.8) now reads

(4.10) 6] >0 at =&, i=1,2--,N.
In turn, (4.7) yields
(4.11) e~ 5 =3 —BE) i=12 N

4.2. Shock-induced instability of the final profiles. When looking for time-
dependent solutions of (1.1) which behave as indicated above, an important feature
to be reckoned with is the unstable character of the blow-up patterns ¢. By this we
refer to a property shared by many blow-up problems, that stems from the fact that
slight changes in the initial values give rise to variations in the value of the blow-up
time as well as in the location of the blow-up points (cf. for instance [HV2] for an
analysis of these facts for a semilinear heat equation). One of the main features
of this paper is that in the case under examination here, this type of instability
is related to the existence of shocks for the hyperbolic part of (4.5). To be more
precise, let ¢ be the solution of (4.6) given by

1o e Cre ¢ ifE>0,
(4.12) P = Coe™¢  ifE<O.

In this case the shock condition reads
1 1

(413) Ch — 5 = 5 —Cy, C1 > O,
Consider now the solution of the equation
(4.14) Or = (20 —1)(¢+ ¢¢), for &€ (0,00),7>0,

with the following perturbation of ¢ as initial data
Cre”s  if € > \0),
Cre™c  if € < X(0).
with A(0) a fixed arbitrary positive constant. Let A(7) be the point such that
¢(A(1),7) = 1/2. The Rankine-Hugoniot condition now reads
dA

(4.16) —= =6 (M), )+ 6(A(7),7) — 1

= Cle_)‘(T) + CQG_A(T) —1.

(4.15) $(¢,0) = {

Using Taylor’s theorem, we obtain

_I O = AF) + Co(1 = A7) — 1

(4.17) dr
= —(C1 4 Co) (1),

or equivalently

(4.18) % ~ (7).

An exponential instability would then arise for arbitrarily small perturbations of
the stationary solution ¢.
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FIGURE 2

4.3. The asymptotics away from the shocks. While the dynamics of (4.5)
is basically driven by the hyperbolic equation (4.14), there are two regions where
diffusive effects are important. One of these is obviously the neighborhood of the
unfolding shocks. The other one is the region where the factor (2¢ — 1) in (4.6)

vanishes and 5/ < 0. In fact, these last points are very important in determining the
asymptotic profile. This can be seen from an analysis of the characteristic curves
of the equation obtained by linearizing in (4.14) around ¢, namely

(4.19) G, = (26 — 1)(G + G¢).

Indeed, if ¢ is as in (4.12) with C; = 1 and Cy = 0, the characteristics of (4.19)

are as depicted in Figure 2. In this figure ¢(z1) = %. This clearly shows that

perturbations propagate from a neighborhood of £ = z;, where diffusive effects
need to be understood. To this end, we again fix an index ¢ and introduce a new
variable A, given by

(4.20) A= (& —x;)e™/2
We now linearize around ¢ by setting
(4.21) oA T) = ¢z + Ae™T/2T) — b + NeT/?).

A straightforward computation reveals that ¢ solves
(4.22)

Or =PAx — g)«p)\ + 6_7(555 + 55 —20)+ (26 — 1) + eT/QtpA((Za —1)+ X2

+2e72ppn + 207 + (67T Ppx — 2677 ) + 265G+ 5 (3p + €7/ %))

=i — %/\so,\ e (Bee + b —20) + (26 — (@ + €7 0x) + g1 (A, 7),
where
g1 T) = Apx + 207 + 267 2005 — 2e T + e 20,
+ 272G L 7T (30 + 7/ %py)

To take proper account of the third and fourth terms in the right of (4.22), we set
(4.23) (A7) =€ T ¢1(8) + (A7),
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where ¢1(&) solves
(4.24) 1+ (agg +$g —2¢) + (26 — 1)(¢1 + ¢1¢) = 0.
In other words, we are replacing (4.21) by
(4.25)  Plas + e T2 T) = Glas + Ae T e T hy (@ + Ae T/ + (N, 7).
It turns out that v satisfies the equation
3
(426) ¢T = d])\)\ - 5/\¢>\ + g(AvT) = Ad} + g(A,’T),
where
1
g\, 1) = 6_27(;5155 — 5/\6_37/292515 + 6_2792515 + Ahy + e 2y
+ 2@2 + 267/23090>\ + 26—27’+§a+ 6_2T+E(3(,0+ eT/2gp,\).

Equation (4.26) can be seen as a semilinear evolution equation in a suitable function
space, which is selected in view of the spectral properties of the operator A. This
last is easily seen to be a self-adjoint operator in the space L2 (R) given by

LHR) = (£ € Lig(R): [ |f0)fe "/ ar < oo},
R
The corresponding domain D(A) is seen to coincide with the space
Hi(R) ={f € L,.(R); [, f" and f” belong to L,(R)}.

Clearly, L2 (R) is a Hilbert space when endowed with the norm

2 _ _ 2 —r2/4d,r'
112 = (. 1) /R|f<r>| e

A quick check reveals that A has eigenvalues {\;} given by

3k
(4.27 a) )‘k:_7’ k=0,1,2,---.
The corresponding eigenfunctions, which can be written in terms of rescaled Her-
mite polynomials, will be denoted by

(4.27 b) Lo, L1(A), L2 (A), -
where Lg is constant, L1 (X) = a1 A, and the Ly’s satisfy the normalization condition
[|Lk|| =1 for every k. It is then natural to expand v as a Fourier series
(4.28) YA T) = Z ar(T) Lk (A).
k=0

The coefficients {ax(7)} are to be determined by substituting (4.28) in (4.26). If
g(\, 7) in that equation consists of lower order terms, as it will be proved, we readily
obtain that for 7 > 1,

ao(T) ~ ag for some constant ag,
(4.29) a1 (1) ~ Ce™37/2 for some constant C,

ar(t) = o(e™3™/?), uniformly on bounded sets of .
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Combining (4.29) and (4.25), we arrive at
(4:30) D(xi + XeT/2 ) ~p(wi + NeTT/2) e Ty (w4 AeTT/?)
. +ao+ C/\e—37/2 +O(€_37/2),

uniformly for A on bounded subsets of R and 7 > 1. For definiteness, we shall
assume in what follows that ¢ = 1, so that the function ¢ in Figure 1 is such that

o6)=e78, for 0<€&<E,
and thus, z1 = log?2. In that case, integrating the equation (4.24), we obtain

(4.31) $1(€) = e~ €77 4 (1 — e~ (E771)),

where Cp is an arbitrary constant. When A remains bounded, A = O(1), and for
large enough 7, i.e. at points &, 7 where |{ — 21| = |)\|e_T/2 < 1, one then has
(4.32) $1(8) ~ (14 C1) = Ae™7/2,

with C1 = Cy/(1 — Cp). In view of (4.30) and (4.32), the following expansion holds
(4.33) D6, T) ~ag+e S+ (1+C e —e 2N Cem3/2)
’ =ag+e ¢+ (1+Cre ™+ Coe37/2),

for |¢ — 21| = [Me™7/2, with A = O(1) and 7 > 1. Away from the smoothed shock,
which we have assumed to occur near £ = 0, we expect for ¢ an expansion such as

BET) = B(E) + ¢ B (€) + -+

—e S 4e (e ET)) L Cp(1 —e Ty ot
It is important to notice then that (4.33) can be matched to (4.34) provided that
(4.35) ap=0 in (4.33).

(4.34)

As a matter of fact, if ag # 0, we could still remain close to a shifted version of ¢,
but not to ¢ itself.

To describe the structure of the diffusive boundary layers introduced by the
term e~ "¢¢¢ in equation (4.5) near the unfolding shocks, we take a fixed index 4

and define an inner variable as follows
(4.36) n=(§—&)e"
Then (4.5) transforms into
€ r = Py + (20 — 1)y + €77 ((2¢ — 1)¢ — ndy + )
— 24 eI (36 + e 7T hy).

It then seems natural to expect that the dynamics near £ = &; will be asymptotically
described by a Burgers-type mechanism. Namely, for || = O(1) and 7 > 1, we
expect ¢(&, T) to behave as the solution of

(4.37)

(438 a) ¢7777 + (2¢ - 1)92677 = 07 for ne (—OO, —|—OO), T > 07
with boundary conditions
(4.38 b) ¢(n) — Li= (&) as n— —o0,

(4.38 ¢) ¢(n) — Ly = ¢(&) as n— +oo.
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The solution of (4.38) is explicitly given by
L, + Lle—(Lr—Ll)(n—no)

(4.39 a) () = 1+ e ELr—L)(n—m0)
where
(4.39 b) L.+L;=1.

Notice that there are two free parameters in (4.39), say L, and 79. These cannot
be fixed yet, since they have to be selected by imposing a suitable matching with
the region located away from the smoothed shocks. Let us now turn our attention
to that region.

4.4. Matching the regions close to and away from the smoothed shocks.
We now address the question of the compatibility of the asymptotic representations
given in (4.34) an in (4.39). In particular, we can think of (4.34) as an outer
expansion to be matched with an inner one near ¢ = 0. In terms of the variable
n = &e” defined in (4.36) (remember that we have assumed that £, = 0), (4.34) can
be rewritten in the form

(4.40) ¢(n,7)~1—me ™"+ (2—Chle " +o(e™T), forn>0,n=o0(e), 7> 1.

As to the corresponding condition for 17 < 0, we may just assume that

(4.41) o(n,7)=0(e"T), forn<0,n=o(e), 7> 1.
As an inner expansion, in (4.37) we shall try
(4.42) ¢(n,7) = do(n) +e "o (n) + -+,
where
b0 L is such that

(4.43) T 1t e ()
do(n) —1 as n-—o00, ¢o(n)—0 as n— —o0.

Notice that since ¢p given in (4.39) depends on two arbitrary constants, (4.43)
still leaves one parameter free, say 7o, in the definition of ¢g. Plugging (4.42) into
(4.37) and retaining leading order terms, we readily see that ¢; has to satisfy the
equation

Gun + (260 — 1)y + 20,0 = —((2¢0 — 1)¢0 — nébo,, + Po,,)
—((2¢0 — 1)¢o + do,, — (n — 1m0)P0,, — M0P0,,)
= Fi(n —no) + noFa(n — o).
Let us describe in detail the behaviour of the solutions of (4.44). To begin with,
consider the homogeneous equation

(4.45) G + (290 — 1)y, + 2¢5¢ = 0.

This is nothing but the linearization around the solution ¢g of the equation (4.38a).
On the other hand, as we already noticed, the set of solutions of such an equation
consists of the following two-parameter family

a+ (1 —a)e (2a=Dn-b)
14 e-CaD—b)

(4.44)

o(n; a,b) =
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where a represents the height of ¢ as n— o0 (so that (1 — a) corresponds to
the height as n— —o00), and b is a translation parameter, so that ¢(n;a,b) =
o(n —b,a,0). It then turns out that

_ 09| _ 142 —ble” (170 — 7207
(4.46 a) $11(n) = 9 L (1+e=(n=0))2
and
¢ e—(n—b)
4.46 b = a7 =1 L (=2
( ) ¢1,2(n) | T A re oy

are two independent solutions of (4.45). A direct computation then shows that

(4.47 a) $11(n)—1 as n—4o0; ¢$p11——1 as n— —o0,

(4.47 b) ¢12(n) ~e" 7P as p— to0,
. P12 ~ (170 a5 7 —> —00.

As a next step we now describe the asymptotics of those solutions ¢ of (4.44) such
that ¢(0) = ¢'(0) = 0. In view of the explicit form of the right hand side in (4.44)
and since the equation is linear, we have ¢(1,70) = ¢1(n—10) +1002(n—10), Where
¢, satisfies (4.44) with nonhomogeneous term F; for i = 1,2. Using the variation
of constants formula, we readily obtain

_ {—(n—no)I‘1 as 17— 400,

¢1(n —no) ~ v as - oo,

_ I'y as n— +o0,
¢2(77—770)N{

Y2 a8 1 —— =09,

where I'1; I's, 71 and 72 are fixed constants independent of 7. It then turns out
that the general solution ¢, of (4.44) satisfies

(4.48 a) P1(n,m0) ~C1+0(e™) = (n—mo) +T1+Tamy as n— oo,

(4.48 b) #1(n,m0) ~ —C14+O0(e") + 71 +y2m0  as n— —0o0,

where C] is an arbitrary constant. From (4.42) and (4.48) we obtain that the inner
expansion for ¢ has the form

(4.49 a) o(n,7)~14e 7 (Cy +T1+Tang — (n—mp)) as n— +oo,

(4.49 b) o(n, 1) ~e T (=C1 + 71 +v2m0) as n— —o0,
Finally, matching (4.49) with (4.40) requires that

(4.50 a) C1 = + 7210,

(4.50 b) 2 Co=Cy+T1 +10(T +2+ 1),

and this gives the values of the constants C; and 7. Observe that at this stage the
constant Cy remains free. In order to fix its value the next term in the asymptotic
expansion is needed in the same way as we have done to determine the value of 7.

It might thus appear as if our problem had already been solved, at least at
the current formal level. Indeed, we now have a candidate for our limit pattern.
This consists of a Burgers-type profile near the smoothed shocks, given by ¢(&, 7)
satisfying (4.42)-(4.44), which connects points far away from &; with ¢(€, 7) given by
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(4.34). Once such a global representation ¢(¢, 7) has been obtained, a natural way
to prove the existence of our solutions would be to start from a profile close enough
to such a function ¢(&,7) at, say, 7 = 7o, and then show that the corresponding
solution of (4.5) would converge to ¢ as 7 — 0o, where ¢ is the function specified
in (4.12).

As it turns out, however, the proposed profile ¢(&, 7) has yet to be modified, due
to a strong instability that is inherent to the problem, but that has been overlooked
in the previous argument. In order to show the instability of the unfolding shocks,
let us start with initial data as depicted in Figure 1 with a shock at £ = 0. It will
be better to use an expansion of ¢ in the form

(4.51) ¢(n,7) = ¢o(n—g(7)) + e TP (n—g(7)) + -
with n = £e™, and where g(7) is such that
1
d)(g(T)aT) = 53
so that
$o(0) =
o (0) =
To the leading order, equation (4.37) reads
e T = ¢7m + (2¢ - 1)¢n + e_T((2¢ - 1)¢ - 77¢n + ¢n)7

)

, forallk=1,2,---.

S N~

whence
(4.52) —9' (7)o = 1 + (260 — 1)@} + 26001 + (260 — 1)do — 1y + Bp-
Now let us call T the solution of the problem

W" () + 2¢0(n — g(7)) = HW' (1) + 2¢4(n — g(7))W (1)

+ ((2¢0(n — g(1)) = D)do(n — g(7)) — no(n — g(7)) + ¢p(n — g(7))) = 0,
W(0)=0, W(n) =o(l), as n— —oo.

It is straightforward to see that
W(n) =-n+Cx asn— +o0,
for some given constant Cy,. On the other hand, let V' be the solution of
V() + 2¢0(n) = V' (n) + 266V (1) = ¢o(n),
V(0)=0, V(n)=o(l) as n— —o0,
We can then write
¢1(n—g(7)) = W(n,7) =g (NV(n = g(7)) + C(7)¢1.1(n — 9(7)),

where the last term in the right hand side is a solution of the homogeneous equation
(4.45), and C(7) is a constant which may possibly depend on 7. In view of the
definition of W it is natural to split W as follows

(4.53) W(n,7)=g(m)V(n—g(r)) + R(n— g(7)),
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where R is a solution of
R"(n) + (2¢0(n) — 1)R'(n) + 264(n) R(n),
= —((2¢0(n) — D)o (n) — nd(n) + ¢o(n)),
R(0)=0, R(n)=o0(1) as n— —oc.
Summing all these things up, we may represent ¢; in the form
¢1(n—g(r)) == g'(T)V(n - g(7)) + R(n — g(7))
+ Ci(T)d1a(n—g(7)) +9(T)V(n—g(7)) +--- .

Taking into account the behaviour of the auxiliary functions V, ¢1,; and R, we
obtain the following behaviours at £oo

0—Che ™ as n— —00,
¢(n,7) ~ L+ e 7 {=g'(1)V(+00) = (n = g(7)) + Coc + C1 + g(7)V (c0)}

as n§— oo.

We now have to match these conditions with the outer expansion given by (4.40).
This gives C; = 0 and

(4.54) —g'(T)V (400) + g(7) + Cso + g(7)V (+00) = (2 — Ch).
Now let us determine V' (4-00). To this end we first remark that the function
1-c¢c
¢C(n) - (1 _ 20)6_(1_0)77 + 1
satisfies
OL + (2¢c — 1)@, + cd = 0,
1
6:0) =5, Guln)—0, as 5 —cx.
Therefore
a¢c " 6¢CI / a(bc / /
2, — 1 2 = ¢\ —cql,
b (200 )5t 2005 = —gl el
P =0; 2o —0, asn— oo D)1, asy—oo
By the definition of V' we see that
9.
Vin) =-— o=
() e =0
and so V(400) = 1. Finally, the position of the unfolding shock g(7) satisfies
(4.55) g(1) =2g(1) + Coo — (2 = Cp)

and exhibits an exponential instability. This renders the matching of the inner
solution with the outer solution impossible unless we select the positions of the
smoothed shock A(7) where ¢(A(7),7) = 1/2 in a suitable way so as to cancel the
exponential growth in (4.55). More precisely, we need to impose the requirement

9(7'0) = —/ 6_25(000 -2+ Co)ds = %(Coo — 24 00)6_270.

70

Summing up, we are led to restate our basic goal in the following form
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We look for solutions of (1.1) that blow-up at ¢ = 1 and converge (in rescaled
variables) to a given function ¢ as 7 = — log(1—t) — co. To this end, we start from
a profile ¢(&, 1) described as follows. There will be N points T; where ¢(Z;, 79) =
1/2 and ¢¢ (T, 70) < 0, and N points A (7),- - -, An(7) such that ¢(\;(70), 70) = 1/2
and ¢¢(Ai(70),70) > 0. The function ¢(&, 79) will be exponentially small in & when
& — —o0, and points T; (resp. A;(70)) will be selected close enough to points x;
(resp. to points &;) in the corresponding function ¢(¢). The dynamics of the desired
solutions proceeds as follows. On intervals (A\;(7), Aix1(7)), ¢(£,T) approaches a
travelling wave solution ¢(n — ¢(7), 7), where ¢(7) varies slowly in time. Away from
such intervals, ¢(&, 7) is described by expansions of the type (4.34).

5. PROOF OF THE EXISTENCE OF BLOWING UP SOLUTIONS

This section is devoted to the proof of Theorem 3. To this end, we will make
use of a topological argument which has some analogies with those described for
instance in [HV2], [HV3] and [V2], where various singularity mechanisms for para-
bolic equations have been analyzed.

5.1. General description of the proof. To begin with, we take a fixed solution
¢ of (4.6) — (4.8) (cf. Figure 1). Such a function is uniquely determined by giving
the set of points 1 < zo < -+ < xy where 5(;101) = 1/2. These in turn define the
location of the N discontinuity points &y,&1, -+ ,En—1 where we have

_ 1 1 —
Y2,
BeH) - 1= 5 =)
As in Section 4, we take 2 such that ¢(0) = 1 for simplicity.

5.1.1. A suitable functional frame. For given positive constants M, 7, 71 with 7 >
To, we now introduce a space of smooth, nonnegative functions A(M; 1y, 1) defined
by the following conditions. For a function ¢(&, 1) to belong to A(M; 19, 71), we

require the existence of N curves {\1(7), \2(7), -, An(7)} of class C*! such that,
for every i = 1,--- , N and for all 7 € [rp, 1],
(51) |/\Z(T)—§Z| S Me_T,
1
(5.2) P(Ai(T),7) = 2
(5.3) dc(Mi(7),7) > 0.

The functions A;(7) represent the location of the unfolding shocks. Moreover, these
functions A;(7) would move slowly, as required by the following condition

d\;
dr

Away from the curves {\;(7)}, the functions in the class will remain exponentially
close to ¢. More precisely, let ¢1 be given in (4.34). We now require that

(5.5)
|66 7) = D) = e TPr(§)] < Me AL+ | — aife™?)
for all £ € (&_1,&) such that max(§;_ +2Me™ 7,6 — M) < &< & —2Me™™
fori=1,---,N and for all £ € ({y +2Me ™7, 2zy).

(5.4) |

| < Me™".
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Near the smoothed shocks, we only require the solution to be bounded as follows

(5.6)
o€, 7) <M for all £ such that | — &| < 2Me™" for some i, and all 7 € 79, 71].

We have yet to make precise the expected behaviours for ¢ — +o00. These are
required to be as follows:

For all £ > 2z and for all 7 € [r9, 7] :

(5.7) Me=¢ if&<7—M,
< —
d)({aT) = | Me27— 3¢ 1f§ > — M.
(5.8) G(E,7) < Me™™ forallé < —2Me™" and all 7 € |19, 71].

It is clear that for any fixed M > 1 and 79 > 0 the set A(M; 79, 71) is not empty.
If we take a function ¢¢(¢) € A(M/2;79,71) and consider the Cauchy problem
consisting of (4.5) for 7 > 7 with initial condition ¢(&,70) = ¢o(§), standard
continuous dependence results yield that the corresponding solution ¢ (&, 7) remains
in A(M; 79, 71) provided that 71 — 7 is small enough. We shall assume in the sequel
that such a solution ¢(€, 7) is given, and prove that, if ¢ (€) is selected in a suitable
way, and if M and 79 are large enough, the function ¢(&, ) will actually remain
in the interior of this class, say, ¢(&,7) € A(M/2;79,71), regardless of how large
the difference (71 — 79) may be. This will eventually allow us to extend such a
solution as 7 — oo, thus obtaining the global existence of ¢ in A(M; 7y, +00) and
the required converge to ¢. As a matter of fact, one considers ¢q as depending on
2N + 1 parameters

¢0(§) :(bo(g;'rﬂao‘lv'“ ,CYN,kl,"' akN)

and show that our purposes may be achieved by selecting 79, a1, -+ ,an, k1, --kn
in a suitable way.

5.1.2. Admisible Initial Data. For the sake of definiteness we shall only consider
in detail the simplest case N = 1, & = 0 and 7 = log2. The case of a general
solution ¢ can be treated similarly with only minor modifications. We therefore
select as ¢ the following solution of (4.6)

_ e”t if £€>0,
(8 = {0 if ¢€>0.

We shall consider functions ¢y depending on 3 parameters

(5.9) $0(§) = do(§, 10, v, k).

Once we have defined the space A(M; 719, 71) we now describe the set of functions
which will be “admissible” initial data. This is done by prescribing in a precise
way the behaviour of these functions near the points z; = log2 and & = 0. Let
us fix {(-) to be a regular nonnegative function of compact support in the interval
(0,2M) and equal to one in some open subset U containing 7. The function ¢q is
an admissible initial data if for some 71 > 79, ¢ € A(M/2;79,71) and moreover the
following requirements are satisfied.
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The behaviour away from the smoothed shocks. There exists a real number « such
that for all 7 satisfying 21 + re~™/2 € U we have
do(x1 +re”™/2) = §(xy 4+ re” /%) — e 0h (21 + re”™/2) + al(xy + re”/2).

The behaviour near the smoothed shock & = 0. There exist real numbers 1 = 179(79)
and ¢(79) satisfying

1 —c(T
C(TO) + 56(1 (10))m0 —

with |no(m9)] — 0 as 79 — 400, and such that

. 1-— C(’To)
(&) = 7 T e(e(ro)—D((E—A(70))e™ —10)

for £ € V, a small neighborhood of zero. Observe that one necesarily has that
le(10)] — 0 as 79 — +00. On the other hand, by definition

1 _C(TQ) - l

9o\ (10)) = T a—emom = 3

We shall set k = A(79).

Observe that since ¢ € A(M/2;79,71) for some 71 > 79, we have in particular
that ¢g satisfies (5.7). Therefore, by Theorem 2, the corresponding initial data F’
given by 2F(z) = ¢p(logx) is such that the equation (1.1a) has a unique global
solution f satisfying (1.11a), (1.11b) and (1.13) for all ¢ > 0.

5.1.3. Main steps in the proof. The following are the essential ingredients in our
approach.

STEP ONE. Suppose that we choose any admisible initial data defined above, and
the solution ¢(&, 7) belongs to the set A(M; 79, 71). If, moreover,

Lo, k;m) = / U(r, Tl)e_rz/‘ldr =0,
R

where
U(r,7) = go(w1 +re” /%) = plar +re”7/?) — e Ty (w1 +re” ),
then the curve A(7) satisfies the ODE
ar _
dr

for some positive constant C' independent of M, € = e(19) — 0 as 70 — +00, and
some function h(7) = O(e™7) for 7> 1.

A1)+ Ce™ ™ + eh(r)

STEP TWO. Assume that ¢ € A(M;79,71) and
I, ksm) = / U(r,m)e”" /dr =0,
R

lo(a, k;m) = Mmo) + €77 / e 29(C + eh(o))do = 0.

To

Then ¢(¢,7) € A(M/2;70,71).
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DEGREE ARGUMENT. Let us denote by ¢(&,7;a, k) the solution with any
admisible initial data at 7 = 79 determined by the parameters o and k. For 19 < 7y
we define a subset of R?

U(to,71) = {(a, k); 6(§, 7300 k) € A(M;70,71)}-

By continuous dependence on the initial data, the set U (79, 1) is open in R%. We
now consider the application ¢ defined by

Lo, k1) = {l1(a, k;7), la (e, k;7) }

By our choice of the initial data, ¢ is C°° with respect to «, k and 7. We next
denote by d(¢,U (o, 7);0) the topological degree of the mapping £(-,-;7) in the set
U (19, 7) at the value 0. Since o = 0,k = 0 is the only point of U(7, 1) where
l(a, k;710) = 0, one then has that d(¢,U(79,70);0) = 1. The idea is then to prove
that for every 7 > 19, U(70,7) # 0 and d(¢,U(70,7);0) = 1. This is deduced from
the continuity of ¢ and the fact that ¢ cannot vanish at the boundary of U(r, 7),
which follows from step two. This allows us to extend ¢(&, T; a, k) as 7 — oo, thus
obtaining the global existence of ¢ in A(M; 7, +00) and the required convergence
to ¢.

We next proceed to implement the plan just described.

5.2. Selecting the initial value away from the smoothed shocks. The
purpose of this subsection is to determine how the coefficient « in the initial data
has to be taken. As in Subsection 4.3, we rescale the variable £ near x; by setting

(5.10) A= (€ —z1)e™2
We then define
(5.11) e\, 1) = d(x1 + e /2, T) — ¢(x1 + )\6_7/2)

As we noticed in Section 4, ¢ satisfies (4.22). Let us denote by ¢ a smooth
positive cut-off function of compact support contained in (0,2M), which is equal
to one in (4, M) for some small positive §. We set

(5.12)

(A T) = (<p()\, T)—e TPy (x1 + Ae_T/Q)) C(xy+Xe7/2), forall X € R.
As described in 5.1.2, at 7 = 19 we pick the initial data ¢y such that
(5.13) (A 7o) = al(z1 + e ™/?),

where « is a real constant. Observe that this choice means that the initial data ¢q
satisfies

P0(€,70) = @(§) + ¢1(¢) + @
for £ in (J, M'). We then prove

Lemma 5.1. Let p(\, ) be the solution of (4.22) in the interval 1o, 11| with initial
data (A, 70) given by (5.13). Suppose the constant « is such that

(514 ) <L07 Q/J()\u T1)> = 07
where Ly is defined in (4.27b). Then
(5.15) a=0(e?™),
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and YA\, 7) given in (5.12) is such that, for every positive constant A, there exists
e = ¢e(m0) with lim,, —, o &(70) = 0 such that

(5.16) [\, 1) < ee™2 for all X € (A, A) and all T € [19, 1]

Proof. In view of (4.22), it turns out that 1) satisfies the following equation

(5.17 a) Yr = Par — g)ﬂb}\ +g(\,7) forall A € Rand T € |1, 7],
where
(5.17 b)
0Js
g\ T) = Ji(AT) + a()\ ),

Ji (A, T) = +e 2 (dree + 3d1e) + e TTEBdy + die)C
+ 26_2T + 2@1# _ E2C/e‘r/2
A2 A
+ 1/){76_7 + 56_7/2 — 27T 37 FHE
+e T (p1 + dre) — e 2Tre 7 2xo(eTeT/2)} Iy (N, T)

/2

= {o(e™T)e/2N\% + eT/QEQC T2y %e—f/z/\2¢ 4263/ 2ere T
and v is given by
Y\ T) = (‘P()\, ) — e T®y (31 + /\e_T/2)) :
On the other hand, the operator
AY = oy + 200

is the generator of an analytical semigroup S(7) on the space L2 (R) defined in
Section 4. In fact, if G(z, ) is the heat kernel, G(xz,t) = (47t)~ /2 exp(— 2L I —), and
u(z,t) = (G(t) * vy), then v(y, s) = u(e™3%/%y,1 — e=3%) solves

v
— —Av=0.
ds v
Moreover, since the first eigenvalue of A is 0, for every s > 0 we have
lo(s)I] < lfvoll-

By standard results, the solution v of (5.17) can be written in the form
(5.18) YA, 7) = S(T — 70)¢ (-, 70) / S(t —s)g(-, s)ds.

Due to the spectral properties of the operator A, we may represent 1 in the following
way

(5.19) (A7) = a(r)Lr(N)
k=0
Suppose now that the constant « is such that (¢(\,71), Lo) = 0, or equivalently
/ (d(z1 + A" ™2 1) —g(x1 + Ae /2 ) — e T (a1 + Ae R 7))
(5.20) Jr

e_>‘2/4C(x1 + X" /2 1)d)\ = 0.
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On taking the scalar product with Ly in (5.18) we obtain

ao(70) = —/ﬁ<5(71 —5)g(+,8), Lo)ds.

To

We now claim that

(5.21) / (S(r — 8)g(-+5), Lo)ds = O(e=27).
In order to show this, we observe that
522
9J
|/ (11— 8)g(+,8), Lo)ds| = |/ (11— s) Jl(-,s)—l—a—/\Q( s), Lo)ds|
0
< [ ). Str = o)Ealds + [ 18— )52 .9). Lo
TO TO
m J
< [ hneolias [ 152 ds

T1 T1 o 3
< [[J1(-, 8)||ds + e T (————)"?||a(9)l|ds = ) + .
1 — e—3(s—70)

70 70

To estimate the ||-|| norm of each of these terms, we observe that by construction the
function ¢(x; + Ae~7/?) is different from zero only in the region where (5.5) holds.
This implies that for all A € R and all 7 > 7y we have [1)(\, 7)| < C(M)e~37/2 and
|¢| < C(M)e=37/2, for some positive constant C'(M) independent of 75. This is
actually sufficient to prove (5.21). This can be seen by noticing that the functions
J;(A, s) given in (5.17b) are the sum of different terms. For the sake of brevity
we do not estimate all of these. We analyze just one. Namely, we consider the
following term appearing in Jo

T1 S 3
[ e ey lole e AN,

. 1— 6—3(5—7'0)

By (5.5),
Ul = [ o s)Pe ¥
R
< C(M)e /2 / AZ(L 4 [A)Ze Y/ ax,
R

whence

1 58— T 3
-39 1/2 -7\, T/212
| ) ot e s

T1 PR 3
< / 6_3441(m)1/26_5/2C(M)6_35/2d8 < C(M)e—27'g
0 —e S— T
Similar estimates hold for all the remaining terms in J; and Jo, whereupon (5.21)
follows. To proceed further and prove (5.16), we split (5.19) as follows
V(A7) = ao(T)Lo + R(\, 7).

The term R(-,-) is the projection of ¢ on the set orthogonal to the first eigenspace
of Ain L2(R). Therefore, it satisfies the equation

R, = AR+g(\ 1)
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where g is the projection of g. Then, for every 7 in [7g, 7],
ROW7) = S(r — )R, m0)(\) + / S(r — $)g(- 8)ds = Ry + Ro.
To
Now, since the second eigenvalue of A is —3/2, we deduce that

1Ry < / 15(r — )g(-,)lds < / 3912 g,(., ) ||uds.

0

Using the estimates on ||g|| as before, we finally obtain
| Ra|| < C/ e 3T=8)/2g=25 45 < Ce™37/2e70/2 for all T € [ry, 1]
To

On the other hand,

|Ry(7)|| < e 3702 R(-, 70)|| < e 3702 b (-, 7o) |
_ Ce—S(T—TQ)/Za — Ce—3(T—TQ)/20(e—2T0)
< 06_37/28_7-0/2.

This provides a bound for R(A,7) in L2 (R X [0, 71]), which in turn gives an
estimate in L{S (R x (19, 71] by standard parabolic regularity. In particular, one
has that

For any 6 > 0 and any A > 0 there exists C' > 0 such that

5.23
(5.23) IR\, 7)| < Ce™37/2e7™0/2 for\ € (—A,A) and 7 € [r9 + 6,71,

which yields (5.16) for 7 € [19+J, 71]. In order to prove (5.16) for T near 79, we use
the available estimate on the initial data, as well as the continuous dependence of
the solution on its initial value. More precisely, we have

(524) IR m0)lloe < [0 70)l oo = (mo)lI¢(21 +-e77/%)]|o < Ce™?™.

On the other hand, by continuous dependence, for all positive constants A > 0 and
for all 7y there exists d; > 0 such that for all 7 € [1p, 70+ 1) and every A € (—A, A)
we have

(5.25) [N, T) = (A, 70| < e,
Then, if we write
(526) o= min(&l, 7'0/6),

we deduce that for all 7 € [r9, 70+ 0) and A € (—A, A)

|1/1()\7T)| < 06_270 = 6_37/206—27'0+3T/2

(527) < 6—37'/206—27'0-1-3(7'0-1-5)/2 < 618—37'/26—7'0/47

where we have used (5.26) in the last inequality. Putting together (5.23) and (5.27),
we obtain the result. O

Lemma 5.1 shows that if ¢g satisfies (5.6) with constant M, and the initial data
is suitably selected, the solution ¢ satisfies the estimate in (5.6), still with same
constant M, in the region where ¢ — 2, = O(e~"/?) for 7 € [r9, 71]. We now extend
(5.16) up to regions where £ > 72/2e~7. To this end we prove
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Lemma 5.2. Let ¢ as in the statement of Lemma 5.1. Then, for all 7 € [0, 7]
and for all & such that 7'2—26_7 <¢&E< M,

(5.28) [6(§,7) — @(§) —e T (§)] <ee”T,

where € = e(19) — 0 as 790 — 0.

Proof. We shall proceed by means of a comparison argument. Let us consider the
case where € € (0,z1), the case where £ € (z1, M) being similar. To this end we
define a function H as follows

(5.29) P& 7) = d(&) —e Th1(§) = H(E, 7).
Then H satisfies
H,=e "He + (20 — 1)He + (20 — 1)H + 2(H* + HH)
(5.30) + e T{He — 2H + 261 (H + He)} + € 7 (h1ee + d1e — 2¢1)
+ e 720 4 27"y + 3H + Hy)
for 7 € [r09,71] and for £ € R. We shall consider this equation on an interval
(2Me~7,x; — Re™"/?). Observe that, by (5.6),
(5.31) |[H(2Me™7,7)| < Me™™ for all 7 € |19, 1]
Using Lemma 5.1, we see that for every R > 0 there exists € > 0 such that
|H(xy — Re™™/2,7)| < ee™3/2 forall 7 € [rg, 7],

and € — 00 as Tg — 00.

(5.32)

The function H is then a solution of (5.30) on (2Me™", 2, — Re™"/?) with bound-
ary conditions (5.31), (5.32). We now produce sub- and supersolutions of the bound-
ary value problem (5.30) — (5.32) on the interval (0,z; — Re™7/2). To this end, we
first exhibit sub- and supersolutions H and H of the reduced problem

(5.33) L(H)=H, —e "Hee — (26 — 1)He — (290 — 1)H =0,

with boundary conditions (5.32). Then, in a second step, we check that for the aux-

iliary function thus derived, the terms of the equation (5.30) which are not retained

in (5.33) are of lower order when 7o > 1 and then H and H are respectivelly sub-

and supersolutions of (5.30) if 7y is large enough. We just describe the construction

of the positive supersolution, since the negative subsolution is similarly arrived at.
By our choice of ¢, we are thus led to consider the equation

(5.34) H, = e "Hee + (27 — 1)He 4 (2¢7¢ — 1) H,
on the interval (2Me™", 21 — Re~7/2) with boundary conditions
|H(2Me ", 7)| < Me™7, |H(zy — Re™™/?,7)| < ee /2.
The supersolution is obtained by setting
H(&, 1) = Hi(&7) + Ha(€,7),

where H;(¢,7) = 2ce77(2e7¢ — 1) + f1(€,7), f1(€,7) = e737/2g(€), g is a solution
of
3

—59—(26_5—1)(9’4—9):3, g~—2 asé—ux],
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and
Hy(&,7) = 2MeiMe e s8¢ p(¢),

h being a nonnegative cut-off function with support in the interval (0,1/10), equal
to 1 on (0,1/20), and such that 0 < h < 1 everywhere. In order to check that
such a function is actually a supersolution of equation (5.34), a simple computation
shows that

L(H) = L(H,) + L(H>)
- 6—3*/2{—39 — (27 —1)(g+9g) —dee ™2 —e7T]|¢" ||}

MM oA (ShE)e + (5 — 2 () + 2 I ()},

where § is a positive constant depending only on the choice of h. On the other
hand, it is easily seen that

3 £ e—217
— _Ze7E(2 — £8)2 = 4
06 = —5e = [ G
whence
e Tlg" ()| < Ce T log(xy — &) < Cre™, forall € (0,21 — Re™"/?),
for some positive constant C. Therefore, if 7y is sufficiently large,
L(H) > %e‘*” —2MeiMe50¢" > 2¢737/2,
Moreover, Hs is nonnegative, and concerning Hy, for every & € (0,21 — Re~7/?) we
have
Hy(§,7) = 2ee77(2e78 = 1) +e7572g(€) > e 7*(R — ||g]|o0),

which is positive if R is sufficiently large. Then, for R > 1, H is nonnegative. As
to the boundary values of H, we have

H(2Me™7,7) > 2Me™",

H(zy — Re™™/?) > Ree™37/2 —2¢737/2 = ¢737/2(¢R — 2).

The function H is then a supersolution of (5.34) on (2Me™",z; — Re™7/2) for R
large enough, and satisfies the boundary conditions (5.31) — (5.32).

We now claim that H is a supersolution of the whole equation (5.30). Indeed,
all the terms neglected in (5.30) to obtain (5.34) are O(e™2") when evaluated for
the function H. Therefore, if 7y is sufficiently large,

L(H) > 2e737/2
on the interval (2Me~7,x; — Re~7/?). This concludes the proof of Lemma 5.2. O
We next show

Lemma 5.3. Let ¢ be as in Lemma 5.2. Then, if 19 is sufficiently large,

2
(5.35) (&, )| <ee™™  forall < —%6_7 and T € [10, T1],

where € = e(19) — 0 as 7o — oo.
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Proof. The proof will also proceed by means of a comparison argument. We consider

again the function H defined by (5.29), namely ¢(,7) — (&) —e "1 (§) = H(E, 1),
which satisfies equation (5.30) on the region £ < —2Me™", 7 € [r9,71]. As in the
proof of Lemma 5.2, it is easily checked that the following function is a supersolution

)2
(5.36) H=(1 —e_T)_ﬁe_af*f’) + e3¢ h(E),

where a and (8 are such that 4a < 1 and 2a > (3, and where h is a nonnegative cut-
off function with support on (—1/8,0), equal to one on (—1/16,0) and satisfying
0 < h <1 everywhere. If we again define

E(H) = HT - €_Tﬁ55 + Hg + H,
a routine calculation then gives

E(F) = (1 — 6_7)_6_16_76_a% <2a _ ﬁ + (a _ 4&)@)

1—e7

+3e8 (SG+ome+h - ).

It is then clear that for large 79, L(H) > 0 for § < —2Me™7 and 7 € [r,71]. The
same argument as in the previous lemma shows that in fact H is a supersolution
of the complete equation (5.30). Moreover,

H(—2Me ™", 7) > e M.

Now we want to apply the comparison principle to the functions H and H. The
only difficulty is that we have to do it in the unbounded domain

Q={(&71);7 €[10,71],€ € (—0o0,—2Me™")}.

Let us then consider the sequence of functions H, defined as the unique solutions
of equation (5.30) for 7 € [r9,71], £ € (—n,0) with initial data H(¢,0) and with
boundary conditions

H,(-n,7) =0, H,(0,7)=H(0,7).

Using the uniqueness result in Theorem 2, as well as the supersolutions constructed
in Section 3, it is straightforward to check that H, — H pointwise as n — 0o. On
the other hand, by the maximum principle, H,, < H on the set

Q, ={(&7);7 € [T0,71],§ € (—n, —2Me™7)}.

Passing to the limit as n — 0o, we deduce that H < H for 7 € [r9,71] and ¢ <
—2Me~7. A similar construction gives a subsolution and the symmetric bound
from below, whereupon Lemma 5.3 follows. O

We also have
Lemma 5.4. For all £ > M and all T € [19,71],
Me™¢ ife <1—M,

e < {Me?T-3£ ife>7— M.
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Proof. When the inverse of the change of variable defined in (4.4) is performed, we
obtain the function

zfo(x) = ¢(log ).

By our choice of the initial data ¢o, we have, for some of the supersolutions fo of
(1.1a) defined in (3.5), fo(z) < f,(z). Then, the corresponding solution f(x,t) of
(1.1a) with initial data fo(z) satisfies

fla,t) < folx)

for all t > 0 and all = € (0,00). Therefore a solution ¢ of (4.5) with initial data at
T = 19 equal to ¢g exists for all 7 > 79 and is bounded from above by the function

Be ¢ if €<,
Be?T 3 if £ > 7.

ba(6) = e o (e7Tef) < {

Lemma 5.4 then follows by taking M > £. O

5.3. The region near the smoothed shocks. In the previous subsection we
obtained an estimate of ¢ in the regions |¢| > 72e77/2, £ > x1 and £ < —7%e77 /2.
We shall now bound ¢ in the region |¢| < 72e~7/2. For that purpose we consider
the auxiliary function

(5.37) U(z,0) =9, 1), 2z=(E—A1))e", oc=¢€".

Observe that estimating ¥ in the region where |z| < 72 will provide, just by chang-
ing variables, an estimate on ¢ in the region [ —\(7)| < 72e~7. Since by assumption
¢ € A(M;719,71), we may suppose that |A\(7)] < Me~". Therefore we will have a
suitable bound on ¢ in the region |¢] < (72 — M)e™", and thus in particular in the
region |¢| < 72¢77 /2 as required.

In order to obtain the desired bounds, the following technical construction will
be used. Let T be any fixed value in the interval (79,71 ), and let us define the new
variables

(5.38) n=E-AT)e” and  Q(n,7) =& 7)),
for 7 such that 7 < 7 < 71. The function ® satisfies the equation
€T = Oy + (22 - )¢y + €77 ((20 - 1)@ — 1P, + Dy)

5.39 _ .
( ) —|—26_2T(I)+6_3T€)‘(T)+776 (3‘1)+€T(I)77)

for £ € R, 7 > 19. We want to estimate ® in this new variable, in a region around
the smoothed discontinuity point & = 0. To this end, equation (5.39) is to be
complemented with suitable boundary conditions. First of all, by our previous
choice of ¢ we have

278 + Cp(1 —2e7%) if € >0,

91(8) = {02 ife <0,

for some constants Cp and Cy. We have just seen that for || > 72¢77/2 and
T € (70,71) We have

(€, 7) = d(§) — e Tp1(8)] < e,
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where € = ¢(79) is given in Lemma 5.2. Therefore, for every 7 € (79, 71)
6(6,7) = d() — e Thr(E)] See™T +[pr(§leTTL — ™
<ee” "+ [[1]loce 7L — €T

Hence,

(6, 7) — B(€) — e Tp1(€)] < 2ee7,
for 7 € (19, 71) and 7 € (T, 71) such that
(5.40) [91locle™ ™ =1 <e.
On the other hand, since we assume that ¢ € A(M; 79,71 ), we have by (5.1) that
IAN(F)] < Me™7. Therefore, for 7 > 7 satisfying

- M
(5.41) e T < 772

we certainly have that if || > 72 then |¢| > 72¢77 /2. Since
B =1-E6+0(%) =1~ (A7) +ne™7) + O(€?)
for £ > 72¢77/2, then

B(6) =1~ (A7) +ne”7) + O(re™™"),

whereas ¢(¢) = 0 if € < —72e77/2. On the other hand, ¢;(¢) = C; + O(7%e™7)
when & > 72¢77/2, and ¢(¢) = C if € < —72¢77/2. Therefore, for any 7 > 7 such
that (5.40) and (5.41) hold, ® satisfies

(5.42a) |®(n,7) =14+ (ANT)+ne™ ") —Cre™ 7| <ee™ ™ for n> 712,

(5.42Db) |®(n,7) — Cae™ 7| <ee™ for n<—7%

In the interior region where n € (—72,72), so far we have only an estimate arising
from the fact that function ¢ belongs to A(M; 719, 71), namely 0 < &(n,7) < M.
However, we can easily obtain estimates on the spatial derivative ®,, in the following
way. Set

(5.43 a) (n,7) = ¥(n,e),

and write 0 = €7, 09 = €’° and o1 = ™. Then v satisfies
Yo = '@/17777 + (277[] - 1)77[]77 + e_T((m/J - 1)¢ - mbn + wn)

(5.43 b) T
+2e7 ) 4 e 3T AT HNe 3y +e"y).

Moreover, 0 < ¢» < M on the interval [—72,72]. Therefore, by classical parabolic
regularity we deduce that for every p > 1 there exists C,, > 0 such that || < CM
on (—72,72) whenever o1 > o > poy. We can then rewrite equation (5.43b) in the

following way

_ C
(5.44) Vo = by + (20— Dby — 0™ gy + O(=—).
On the other hand, conditions (5.40) and (5.41) now give
M
(5.45) [é1llocls =5/ < &5, = < - log”s.
s
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We then deduce from (5.42) that, for every s and $ in (0p,01) such that s >
S satisfying (5.45), and for all o € (3,s), the function v satisfies the following
boundary conditions

(5.46) (o) — 1+ (s(logs) + 1)~ D) <25 for n=logs,
S S S

C
(5.47) [(n,s) — ?2| < 22 for n=—log”s.

Returning to the function ¥(z, o) in (5.37), we have that, for all { € R and 7, 7
as before,

5.480) W (z,0) = ¥(n,0)] = [6((§ — A(T))eT, o) — d((§ — A(T))e”, o)
(5.48a < C(M)M(7) = AF)|e” < C(M)(r — 7).

Therefore, if
€
4 Tl —
(5.48 b) T T_loC(M)’
we deduce that

(5.48 c) [¥(z,0) = ¥(n,0)| < 35

In order to proceed further with our comparison arguments, we need an estimate
on ¢(n, o) at n = 0 (which is just the function ¢ near the point A\(7)). By definition,
we know that for each 7 € [rg, 71] there is a single point, namely £ = A(7), where
d(A(1),7) = 1/2 and ¢¢(A(7),7) > 0. In the n variable we then have that ®(n,7) =
1/2 at n = A(1), where A(7) = (A(7) — A(T))e”. This value is unique, and A(T) =
0. Moreover, by hypothesis (see condition (5.5) of the definition of A(M; 1, 71)),
|[d\/dr| < Me™7 for every T € (19, 71). Therefore, using the fact that

dA  d\
- = EeT +e"(A\(1) = A7),
we see that
dA dA dr = 3 M
— == | <M+M1—e""To ' <1+ —)—.
% =g 3o S (M ML= e < (1 e
By the mean value theorem we deduce at once that
Mo —3
M) < (14— )Mo=l o o>
lorllec”™ 3
and
1 3 C(M)M|o — 3|
UJO,U - < 1+ — .
ST TV
Therefore, if s, satisfy (5.45), and

|s — 3] < Cpes,
(5.49) o min(l1ll 1
(l[61]loo +€)10C(M) " [|61] oo

)
we have

1
(5.50) [(0,0) — §| <e forall o€ (35s).

We now proceed to improve the estimates on ¥ in the region |z| < log*s. We
begin with the following lemma.
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Lemma 5.5. Let U be the function defined above. Then for every s € (oo, 01) such
that s > og + 2 log2 09,
U(z,8) <1+¢e for anyz € (0,log”s),
and
U(z,8) > —1—¢ for anyz € (—log®s,0).
Proof. Let us fix an arbitrary s satisfying the hypothesis of the lemma and define
5 > o0y as follows
S+ 2log’s =s.

A routine calculation shows that s and s satisfy conditions (5.45) and (5.49) if oy
is sufficiently large. We are going to produce a supersolution of (5.44), (5.46) and
(5.50) on the interval (0, log® s). A similar construction gives a subsolution of (5.44),
(5.47) and (5.50) on (—log®s,0), and these two auxiliary functions will provide
the estimate in the lemma. We look for a supersolution of the form v (n, o) =
Knyo? 5+ g(n, o), for o € [3, 5], where K is a positive constant satisfying

log? s

Ky =0(Cuy ) forall o€ 3,4

o
Observe that Kjs can be selected arbitrarily small by taking oo (or equivalently
70) large enough. The function g has to satisfy

2
o
9o 2 gy + (2Km— +29 — 1)gy.
Since 2K 02 /5 > 0, it is enough for g to be such that g, < 0 and

9o = Gy + (29 - 1)977~

Let us define ¢g(n,0) = ¢(n — o — ~,0), where « is a sufficiently large positive
constant, to be fixed later, and n — o = r. Then ¢ is required to satisfy Burgers
equation

Yo = Prr + 20p;.
As it is well known, this can be solved explicitly by means of the Cole-Hopf trans-

formation ¢ = VV‘{}, where W now solves the heat equation W, — W,.,. = 0. In order

to obtain our supersolution, let us take as initial value for ¢ the function

") M if r<o,
)=
0 1+e if >0,

with M > M and &’ = £/3. The initial value for W is then
Wo(r) eMr if r<o,
o(r) = ,
L T )

The function W(r, o) is given explicitly by the formula

lr—=2|?

W(r7o):(47m)_%/ e~ 10 Wy(z)dz.

R
In order to make explicit the behaviour of the function ¢ in the region where
r+o € (0, log? s), we perform the following change of variables

W(r,o) = e G(r, o),
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where G solves
Gy = Grr +2(1 + )G, + (14 €')%G.
Therefore we can write G as

G(r,0) = eV (r +2(1 + &)o, 0),

with
Ho(z) = {e(ﬁ_(l’Ls,))z if z<0,
1 it z>0.
Hence
W(r,o) = eWteV st [ (r £ 2(1 + €)o, 0),
and
o= =04+ IIj:[IZ((: : 22((114_rF 5));,75)) |

Observe that ¢ is a monotone increasing diffusive wave which propagates with speed
—2(1+ ¢€’) and connects the value M at —oo to the value 1 + ¢’ at +o0.
The function g is then given by

H.(n+2(1+¢)o—0—7,0)
Hn+21+¢)o—0o—7,0)’

g(n,0)=pn—0o—r,0)=010+¢)+

and g is thus a diffusive travelling wave with speed —1 — 2. We now choose v large
enough so as to have

g(n,3) > M for ne(0,log?s).
By construction g > (1 4 ¢’), whereas by (5.47) — (5.50)
¥(0,0) <1+¢, Y(log®s,o) <1+¢.
We then deduce by comparison that
(n,0) > ¥(n,0),

for n € (0,log” s) and for o € (3, s]. We can then select the constant v so that

— log2 S
< (1+42¢ log®s) forall o >3 :
P(n,0) < (1+2¢') on (0,log”s) fora R
Finally, we observe that if 7y is large enough,
log? s log? s
2log?s =
%8 8 e T Ty 0e/3
and thus
— 2e 9
¥(n,s) < (1+ ?) on (0,log”s).
Lemma 5.4 follows now by using (5.48). O

We now give a lower bound on the function ¥
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Lemma 5.6. Let U be the function defined in (5.37). Then, for all s > op +

1 4
) ].Og 0o

1
U(z,s) > 3~ 2¢  for alln € (0,log” s)
and
1
U(z,s) < —3 +2¢  for alln € (—log?s,0).

Proof. For every s satisfying the hypothesis of the lemma let 5 € [o¢, s] be defined
by

1
5+—log's=s.
e

As before, if 79 is sufficiently large, s and § satisfy (5.46) and (5.49). Therefore we
have the estimates

$(0,0) >

— €,

N =

br0) =1 e,

for all o € [3, s]. We now construct in detail a subsolution of (5.44) on (0,log? s); a
similar construction gives a supersolution on (—log?(3),0). We look for a function
of the form

¥(n,0) = —Karlog = + (1, 0)
for o € [3, s], where Ky is a positive constant such that
Ky =0(Cuy).
To this end we now need h to satisfy
hggmm+@h—1—2KMbg%—a*mmr
By selecting h monotone increasing, we will have

KMbg%mn>0

Moreover, if 7y is large enough, s and § satisfy
(5.51) [2K s log%| + o~ log? s| < /4,

and it will be enough for h to be such that

he < hpy+ (2h — (14 ¢€))hy,.
Let h be the solution of

h, :hnn for n>0,0 > 5,

1

h(0,0) = 3¢ for ¢ >3,

h(n,35) =0 for n>0.
This function is explicitly given by

—n__
1 2 2Vo—s 6_52 de

h(n,o) = (5 —e)(1 - 7/
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It is readily seen that for every o >3, h(-,0) is a monotone decreasing function of
7. This implies that h < 1/2 — ¢ for all > 0, and therefore

hy < Dy, + (2h— (1 +¢€))h,
on (0,72). This shows that
o
1/1(7770) > h(nu U) - KM ].Og g
for n € (0,7%) and o € [5, s]. On the other hand, a direct computation shows that
if

2
4 e‘m

< T =
TS T
then
1 2e 1 3e
h >(z—9)l-—=)==z— —.
h(n.0) 2 (5=~ =g = 5~ 5
Observe now that if 7y is sufficiently large, then
me? 74 4
—_— —5) = — >
A0 ) = 27
and therefore
1 3e
h >_- =

Using (5.51), we obtain

1 7
¥(n, s) > h(n, s) —KMlogi > 3~ Zg for all n e (0772).
5

And finally the lemma follows by using (5.48c). O O
We improve this lower estimate in the next result.

Lemma 5.7. Let U be as in the previous lemma. Then there is a positive constant
R = R(e) such that
U(z,8) >1—2¢ for any z € (R,log” s)
and
U(z,5) < —1+42¢ for any z € (—log®s, —R),
for every s € (09,01) satisfying
s> 09+ %621og400+ 211%2820'

Proof. Fix any s satisfying the hypothesis in the lemma, and let 5 > % log* o
be such that

_ 210g2§
T irse
As in the proof of our previous result, if 7 is sufficiently large, § and s satisfy
conditions (5.46) and (5.49). By (5.42) and (5.50) the function ¢ then satisfies the
following boundary conditions on (0, 72)

¥(0,0) >

— &
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and
P(r? o) >1—¢
for all o € [3,s]. On the other hand, by Lemma 5.5 we have

P(n,o) > % —2¢ for o€ [5,s] ne(0,7?).

We now construct a subsolution of (5.44) on (0,log?s). A similar construction gives
a supersolution on (—log?(3),0). As before, we shall look for a function of the form

b(n,0) = ~Karlog 2 + h(n, o)

with Kjs a positive constant such that —Kj; = O(Cypy). As before we need h to
satisfy

ho < hyy + (2h — 1 — 2Ky log = — o 'n)hy.
3
By selecting h monotone increasing we will have

Ku log(%)hn > 0.

Moreover, if 79 is large enough, then s and s obviously satisfy (5.51), and it will be
enough for h to satisfy

(5.52) ho = hyy + (2h — (1 + ).

We shall look for travelling wave solutions h(n, o) = G(n—c(oc —3) —v) with ¢ < 0,
~ large enough, and G such that

(5.53) —cG'=G"+(2G - (1+¢))G".

The general solution of (5.53) can be written as

ab 4 BeB=m
6 + e(B—a)n

where 6 is an arbitrary constant and o and 3 are such that a4+ 3 =1+¢ —c. We
first require that

(5.54) G(n) =

)

1
(5.55) B=1—¢ and a:§—4£.
Then, necessarily,
1
(5.56) c=—5= 4e.

With this choice of parameters, the solution G satisfies
1
lim G(n)=1-c¢, lim G(n) =< —4e.

n—> +oo n— —00 2
We now fix the constant 6 by requiring that G(0) = £ — 2¢, i.e. § = 1==. Routine
calculations give G(n9) = 1/2 — 3¢, with
= 2 log 1-¢ .
14 6¢ 144

o
We then define
(5.57) h(n,o) =G(n —~—c(oc—73))
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with v = —no + 72. By construction, h satisfies (5.52), h, > 0 and h(n,0) <1—e¢.
Moreover, at c =35

1 1
h(n.5) = G(n =) < 5 =3 < 5~ 2 <9(1,5) forall ne(0,7%)
(by our choice of 19). On the other hand, if o > § is such that
(5.58) —c(0—3) <,
then at n = 0 we have
- 1
h(0,0) =G(—y—c¢c(c —3) < 3 2e.

Therefore, we deduce by comparison that ¥(n, o) > h(n,o) —e/4 for all n in (0, 72)
and all o € [3, s] satisfying (5.58). Since T < 7, we have —c(s —5) < ~, and then

G(n5) = ¥(n,5) = hin.s) = 7 for ne (0,7).

Finally, observe that if, say, n > —2loge, then
3e

G(n) 21—?-

Therefore, we have
€ _
1/’(7%5) > h(nvs) - Z = G(T]+770 _T2+T2) -
provided that

>1—"Te/4,

n> —2loge —ny + 7% — 72
Observe finally that if 7 is sufficiently large, 7% — 72 < 1. This follows from
(1—7) < e~ 7, or, in terms of the variable s,
log?s a1 1
—— <evi=1+—0+---,
s Vs
which certainly holds for s sufficiently large. Using (5.48¢), the lemma follows with
R(e) given by

|| @

2 1—¢

(5.59) R(e) = —2loge — T 6e log e

+ 1.

|

We next improve the estimate for ¥ on the interval (—R(e), R(g)). In order to
state our next result, consider the travelling wave solutions of the equation

(5.60) Zs = Zyy+ (22 —7)2Zy

where 7 is a free parameter. These are of the form Z(n,s) = H(np — ¢(s — 3)) for
some constant ¢, where H satisfies the equation

B2 + 516(51—52)(77—770)
1+ eBr—=B2)(n—mo) ’

(5.62) fr+fe=v—c PiPf2=c,

and 79 is an arbitrary integration constant. Observe that if §; > (2 then
lim H(n) = pf, lim H(n) = Ba.
7 — 00 n— —0o0

(5.61) H(n) = Hi-p, 9,60 =
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Notice also that for every constant ¢ € (0,v/2) we can choose 81 = v —¢, B2 =0
and 1o = (log(y — 2¢))/(v — ¢) so that H(0) = 1/2. When v = 1 this solution will
be denoted by H.. We can now state the following lemma.

Lemma 5.8. Let U be the function given in (5.37) and R = R(g) be the constant
given by Lemma 5.6. Then there is a 0 = o(e) such that, for every s € [og,01]
satisfying

2
(5.63) s> 00+ 2 log* o9 + log? o9 + o(e),
v
we have
(5.64) |U(z,0) — Ho(z)| <12¢  for all z € (—R, R),

where Hy is the unique solution of (5.61), with ¢ = 0,7 = 1 such that Hy(0) = 1/2.

Proof. The proof is based again on a comparison argument in a time interval [3, s],
where s is any fixed time of (0g, o1) satisfying (5.63). The conditions on § will be
imposed as we proceed with the proof. We begin by taking s such that

2
5€ (o0 +—5 log? oo + log? 09, 5)
e

and such that conditions (5.46) and (5.49) are fulfilled. We then consider the
following auxiliary function ¢ on the region n € (0, R), o € [8, s]

— o
b(n,0) = Kalog(<) +g(n, 0)
where K is a constant such that Ky = O(Cyy). As before, if 79 is picked suffi-
ciently large we have

|Karlog =| <

wl | Q
1o

and therefore, in order for 1 to be a supersolution, we only need g to satisfy

(5.65 a) 9o = 9gm + (29— (1 —¢))gy, on (0,R),

(5.65 b) gn >0, on (0,R).

Moreover, we also need the following boundary and initial conditions to hold
(5.66) ¥(n,5) < g(n,5) for ne(0,R),

¥(0,0) < g(0,0), ¥(R,s) <g(R,s).
By the choice of s and 3, (5.48), and Lemma 5.4, we have
PY(R,0) <1+e, w(O,U)S%-i-E
for every o € [3,s|. Therefore, we are interested in solutions of (5.65) such that
(5.67) g(R,0)=1+¢, ¢(0,0)= % +e.

Given any initial data g(n,s), problem (5.65a), (5.67) obviously has a unique classi-
cal global solution on (0, R). Moreover, if g(n,7) is monotone increasing on (0, R),
then the solution g(+, o) is monotone increasing on (0, R) for all times by the max-
imum principle. By the estimates obtained on ¢ and 1, when o is in (09, 01) it
is possible to construct a monotone increasing function g satisfying g(0) =&+ 1/2
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and g(R) = 14¢, and such that for all o in (0g, 01) one has ¥ (n,o) < g on (0,40c0).
We take that function as initial value, i.e. we set

9(n,5) = g(n)-

We are interested in the behaviour of that solution as ¢ increases. This can be
easily described, since we have a Lyapunov functional which is strictly decaying
along the trajectories of the solutions. Indeed, let H* be the stationary solution of
(5.61) with vy =1 — /2 and the boundary conditions (5.62)

(B1—PB2)(n+n0)
4o\ _ P2t Bie
(5.68 a) H™(n) = 1 + e(Bi1—B2)(n—no)

where 31, 82 and 79 are such that
1
(5.68 b) 51+52=1—§, HY(0)= 5+ and H'(R)=1+e.

Since H™ is monotone increasing, we necesarily have 3; > 1+ ¢, and thus fs <
—3¢/2. Tt is easy to check that the values of 8, and 7y are related as follows
1 201 — 1+ 3¢ 1 231 + 3¢
= og( ) = log(
251—14—5/2 2031 —1—2¢ 261—14—8/2 51—1—8
Consider then the functional

R
J(o) = / (g(n,0) — H* ()" dn.

It follows from Kato’s inequality that J'(s) < 0. Standard results on the asymptotic
behaviour of parabolic equations on bounded domains then give

im_{lg(-) — H ()| = 0.

7o ) > 0.

In particular, there exists a o(¢) such that if ¢ > 5+ o(e) then
(5.69) l9(n.s) = H* ()| <5 for0 <y <R,

We next observe that, by (5.63), it is possible to have o € [3,s] satisfying o >
5+0(g). Actually, it is enough to have s—5 > o(¢) or, equivalently, 7—7 > 20(¢)e ™.
Since o(e) only depends on ¢, R, and the initial data g, but not on s nor 3, this
holds if 7y is sufficiently large. Similarly, one can construct a subsolution

¥(n.0) = —Kar log(Z) + h(n, o),

where h satisfies the following initial boundary value problem

he = hyy + (2h — (1 4+¢))h,, on (0,R),
hy, >0, on (0,R),

h(n,3) = h <9(n,5),

(5.70) h(0,0) = % —¢e, h(R,0)=1-c¢.

The function h is constructed in a similar way to g. It is monotone increasing in
(00,01), h(0) = —e +1/2, h(R) = 1 — ¢, and is such that for all o € (0g,01),
¥(n,o) > h on the interval (0, R). By the same argument as before there is a
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positive time, which without any loss of generality we can choose equal to o(e),
such that if 0 > o(¢), then

(5.71) |h(n,0) — H™(n)] < for 0 <n <R,

1™

where H™ is the stationary solution of (5.61) with v = 1 4 ¢/2 and the boundary
conditions (5.70). In order to estimate the diference |¢(n, o) — Ho(n)| we point out
that
g
W(n,0) = Ho(n) < Karlog = +g(n,0) = H*(n) + H* (1) — Ho
and

¥(n.0) ~ Ho(n) = ~Karlog = + h(n.0) = H™ (1) + H™ (n) — Ho.

By (5.56), if 0 — 5 > o(e), then

and therefore
[Karlog = + g(n,0) = H* (n)] <
On the other hand, under the same conditions
|~ K log =+ h(n.0) — H™(n)| <
Hence

lvb(n, o) — Ho(n)| < % +max(|Ho(n) — H™ (n)],[Ho(n) — H™ (1))

Now let us estimate the difference |H* (1)) — Ho(n)|. By definition, Ho(n) = ﬁ
Recalling our choice of H* in (5.68a), it is easy to check that the values of 3; and
1o are such that 81 > 1+4¢, B2 < —3¢/2 and

l4e— (1 — By —€/2) + BrePr=F2)(H+m0) - (1— B1 —/2) + BreBr—B2)R

1 + e(B1—B2)(R+m0) - 1+ e(Pr1—B2)R ’
whence
eR(1 :Raz—il— 3e/2 S8 >14e,
and
14 5¢/2

—-1< .
e < Py <e+ oR _ 1

Using (5.59), it now turns out that

5 3
€<ﬁ1—1§§7 —3€§ﬂ2§§-
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We then have

—(B1—=B2)(n+m0)
+ . _ p1 + Poe . 1
H™ (n) = Ho(n) = 1 + e—(B1=B2)(n+m0) 1+e "
B1 + Boe~ (Br=B2)(n+m0) 1
- ( 1+ e—Bi=Ba)n+mo) 1+ e—(ﬂl—ﬁz)(n+no)>

1 1
+ (1 4 e—(Bi—=B2)(n+no) 1+ e—n)
< (Br — 1) = B2) + (e7" — e~ (Br=P2)(mtmo)y
By the mean value theorem,

le™ — e~ (Br=B2)(mtmo) | — |(y — (By — Ba)(n + o)) |e~ (PrHI=P)(Br1=F2)(n+m0))

for some p € (0,1), and, since 81 — B2 > 0 and 7y > 0,

le™ — e~ (Br=P2)(mtmo) | < (n(B) — 1) — Bo(n + no) e~ (PrTA=p)(nFm0))
11
< (supze™®)(fr —1—Fa) < e
x>0 e

Arguing in the same way with H~, we obtain, for every n € (0, R),
11
1 () — Holo)| < e,
and, taking advantage of (5.48), the lemma follows. |

Lemma 5.8 allows us to linearize equation (5.43b) around a particular travelling
wave solution of the equation (5.60), but we need to be careful when choosing the
speed c of the travelling wave in order to be able to fulfill the appropriate boundary
conditions. To this end we shall make use of some auxiliary functions. Let W(n)
be the solution of

w + (2H0 — 1)WI + QH(I) = _((2H0 — 1)H0 — 7’]H(l) + H(l))
1—ne” "
(5.72) e o0 R,
W(0) =0, W(n) =o(l) as n— —oo,
W(n)=n+Cx as n— +o0.

By using the variation of constants formula, it turns out that problem (5.72) has
a unique solution for a suitable value of the constant C,. Let Q(n) be defined as
the solution of the problem

Q"+ (2Ho — 1)Q' +2H)Q = —H) on R,
Q(0) =0, Q(—o0)=0.

The existence and uniqueness of such a solution is clear by linear ODE theory.
Indeed, the general solution of the equation can be written in the form

Q=0Qp+Ci¢11+ Cat1 2,

where @), is a particular solution and ¢1,1, ¢1,2 are two independent solutions of
the homogeneous equation defined in (4.44), namely,

(5.73)

14 2ne™ " —e=27 bra = e "
A+em2 27 (Q4en?

b1 =
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Therefore every solution @ is determined by its values at 0 and —oo. This in turn
fixes the value

(5.74) I =Q(+).
Actually,
e "—1—ne "
Q) = Tt ene
and I'1 = —1. We now prove

Lemma 5.9. Let Hoqcny,a be the solution of
—cH'=H"+ (2H —-1)H" on R,
(5.75)
H(—o0) = a, H(+o0)=1—-¢c—q,
as given in (5.62), and define
A = |af* + [ef* + [nof.
Then

(5:76)  Holn) = Ho—eQ —mobr — adny + O(rma | AM21(1 4 ),
in the region

(lal+le)ln* <1 and || <1,  A~e™™ and |y~ 72
Proof. The function H, is given by

(1 —Cc— a) —+ ae(2a+c_1)(77_770)

Hc(n) = 1+ eCate—D(—m)

Using Taylor’s expansion, we get

1+ne " e 9
H.(n) = Hy — — — -2 O A(1
(n) 0—cQ —noP12 — ad1 C(1+8_n)2 (1+e—’7 (1+1n[%))
e~
= Hy — - - 0] AY2(1 2.
0—cQ —nop12 — apr1 + (1 e (1+nl7))
The lemma follows. O

As a next step, we establish

Lemma 5.10. There exist a positive constant C = C(M, ), independent of s, such
that, for s € (0g,01) satisfying

2
82> 200+ — log? o + log? oo + o(e)o,
TEe

we have
(5.77)

(=, s) — Ho() — WE)

log s

—c(8)Q(z) — K(s)p1.1(2)]| < C’T if |z < log? s,

where c(s) and K(s) are given in (5.79) below.
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2
Te?

Proof. Let us take s € (09, 01) and select 5§ > o¢ + log* og +1og? ¢ + o(g) such

that

logs

u(log s — logs) = =

Clearly, if og is sufficiently large, s and § satisfy the conditions (5.46) and (5.49).
On the other hand, simple calculus arguments show first that

lim 5= Se“(s_g) =1
og— 400 S ’

and moreover that if og is large enough there is a positive constant C' such that

S:§ < Clogs'

S s
Observe that the first of these two properties implies that, for o( suficiently large,

s—5> 20,—us—3)
=2

Then we will have s — s > m for any positive constant m such that 2m < gge™".
In particular, we can assume s — S to be arbitrarily large if we take oy sufficiently
large. We then define

(5.78) Z(n,0) = ¢(n,0) — Ho(n) — —c(5)Q(n) — K(s)p1.1(n),

and proceed to select the constants ¢(5) and K (5). This can be done by looking at
the values of the right hand side in (5.76) at the points n = + log® s. Since s and 3
satisfy (5.46) and (5.49) if oq is large enough, we have by (5.47)

1 2
¢ (log? s, 0) — (1—/\(10gs)—|—%)+ o8 S| < §’

g S

Cz 3e

|¢(10g2 5,0)— —| < —,
S S

Win)

for o € [3, s]. On the other hand, as we have seen,
W (log?(s)) — og®(s) — Coc| + [Ho(log? 5) — 1|s
+ |Q(log?(s)) + 1]s + |¢1.1(log?(s)) — 1|s = o(1) as s — +o0,
W (—log®(s))| + [Ho(—log” s)|s + |Q(~ log*(s))|s
+ |p1.1(—log?(s)) +1|s = o(1) as s — +o0.
We now take ¢(s) and K (s) such that
Cs ci C

(579) K+ —=0, CZ/\(IOgS)———F;.O—K
S S S

With this choice of ¢(s) and K (s) we have, for every o € [3, 5],
4
(5.80a) 1Z(£1log? s, 0)| < f
whereas by (5.49)
C'(M)(oc -3 1
(-3, 1
5 4s
On the other hand, we claim that if o¢ is sufficiently large, then

(5.81) |Z(n,0)| <15e on (—log®s,log?s), for o € [3,s].

(5.80 b) 1Z(0,0)] <
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In order to prove (5.81), we remark that for every n € (—R, R)

121,001 < [000,0) ~ Ho(| + 17— e()Q(n) — K(s)61.(n)
< i(m.0) — ¥(z,0)| + [¥(z,0) ~ Ho(z)| + | Hol2) — Ho(n)
1D ()Q0m)  K()ona ()]

We then conclude by using (5.48c), (5.76) and the behaviour of W, @ and ®4; at
+o0.
For |n| > R we write

12000 < 1(01.0) — He(o)| + [Ho() — Ho — Q|+ 1" 4K [na )]

By our choice of 5, Lemma 5.3 and Lemma 5.5 we have that, for every n € (R, log? s)
and n € (—log®s, —R),
3e
1/)(7770) € (1 - 3314_5)
and
1-c

Hc(n) € ((1 _ 26)8_(1_C)R + 1 71 - C).

We then can choose o¢ and R so large that ¢(s) < £/8 and

e >1- <
(1—2c)e=(1=OR 1 — 8

From this we deduce that
00, )~ Ho(n)] < 2=
On the other hand, by Lemma 5.9
|He(n) — Ho — cQ| < cK <

)

=M

for o¢ large enough. Finally,
|W(77)

o
and (5.81) follows. Using this estimate, Z satisfies the following equation

(5.82 a)
¢ "Zy = Zyy + (2Ho — 1) 2, + 2Ho, Z + 227, + 2¢" "W Z,,

+2W, Ze™T + e T(4HoZ + 222 — Z —nZy + Zy) + O(e737/?),

log? s + Cwo
s

|+ [Kl[¢11(n)] <2 + [K(s)l;

with initial and boundary conditions

(5.82 b) |Z(n,5)] < 15e for any 7 € (—log® s, +log” s),

2
(5.82 ¢) 1Z(%log? 5,0)| < f for o € (3, 5) .

Moreover, by (5.81) and classical parabolic estimates, we also obtain that, for some
positive constant C|

| Zy| + 1 Zny| + 27| < Ce for ne (—log2 s,log2 s) ando € (8, s).
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Then, since

W, e~ 4 4e THy + 2Ze™ T = O(e”*7/0),

27 TW —e""nte T = 0(6_5?/6),
equation (5.82a) can be rewritten as
e " Zy =Zyy + (2Ho — 1)Z, + Z(2H, + O(e="7/%))
(5.83) + Z,(2Z 4+ O(e7°7/%)) + O(e737/?)

In order to prove Lemma 5.10. we provide a supersolution of (5.83), (5.82b) (5.82c)
using two kinds of auxiliary functions. These are as follows
(1) A function Z;(n), solving

7" + (2Hy — 1) 7! +2H!Zy = —v, on (0, +00),
(5.84 a) { 1"+ (2Ho - 1)Z3 021 o ( )

Z1(0)=1, Z;(0)=0.
where + is a sufficiently large positive constant. It can be easily checked that
|Z1] < C(1+4mn) for 0<n< +oo.
(2) A function Z5 defined as follows
(584 b) ZY 4+ (2Ho — 1 +20e) Zy + 2H, Zy = —puZs  for 0 <n <log”s,
Z5(0) = ¢, Zy(log*s) = 1.

where 1 = (log s)~*.
It is easily seen that, when ¢ — 0 and u = 0, Zz approaches A(s)®q 1, where
A(s) — 1 as s — 4-00. Notice that Zj > 0 on (0,log® s). Define

(5.85) Z(n,0) =521 (n) + e Zy(n).
Clearly, Z satisfies
e " Zr > Zyy+ (2Hy — 1= 2))Z, + 2Hy , Z.
On the other hand, so long as % < e~#@=3) holds, one has
(5.86) Z(n,0) < Z(n,0) for 0<n<log’s.
Since Z(n,3) < Z(n,3) for n € (0,log? s), it follows from maximum principle that

(5.87) Z(n,s) > Z(n,s) for 0<n<log’s.

Assume now in addition that (s —3)/3 < 2e7#(=%), In view of (5.85) and (5.87),
we now have

log s

Z(n,s) < C(M,e) for 0 < n <log*s,
whereupon the result follows. O

Next we prove
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Lemma 5.11. There is a positive constant A(e) such that, for every s € [og,01]
satisfying

2 8
(5.88) s> 200+ — log* oo + log? 0g + (&) + log og + — log o
TE g0

and for all |z| <log®s, one has

(5.89)
|W(2,8) — Ho(z) — —c(s)Q(2) — K(s)p1,1(2) — W(0,8)d1,1(2)] < M,

S

where ¢(s) and K(s) are given in (5.79).
Proof. We fix s satisfying (5.88) and select 5 so that

2
(5.90) 5> 200+ P log? oo + log? o9 + o(e)
and
_ . 8,
(5.91) logs + =logs = log s.
5

If o is suficiently large, (5.46) and (5.49) hold. We then consider the function
Z(n,o) obtained in the proof of the previous lemma. By (5.77) and (5.83), Z

satisfies
1
(5.92) Zy = Zyy + (2Hy — 1)Z,) + 2H{ Z + O(——

53/2)
for o € [3,s] and |z| < R/(e, s). Let us define
Z=52"7 1,

where Z is a solution of

Zg = Zny+ (2Ho = 1)Z, + 2HyZ + O(1),  Z(n,5) =0,
and
Co = Cnn + (2H0 - 1)<n + ZH(/)C + 0(1)7
((n,0) = Z(n,0), for |n| =1log’s,
C(m,3)=2(n,35), for |n|< 10g2 8
The function Z can be bounded from above and from below by the sum of one
function of the family defined in (5.84a) and another of the family defined in (5.84b),

and can then be estimated as in the proof of the previous lemma. On the other
hand, if we write

C(ﬁ? U) = W(nv 0)¢171 (77)7
then W satisfies

/

W, = Wy + QﬁWn + (2Hy — )W, = W,y — th(g)Wn,
1,1
where we have used the fact that ¢f; + (2Ho — 1)¢} ; + 2Hg¢11 = 0. Setting

g =W, we easily check that ¢ is such that

_ o4
Go = Gy — (W(D)@)y,  a(n,5) = 22 — 776

(5.93) la(n,o)| < =2, it |n| = log?s;
lq(n, 5] < Balogse™ i) < log? s,

s
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The differential equation in (5.93) has a two parameter family of particular solu-
tions. These are

N3

);

q1(n,0) = e~ Teh(
as well as the stationary solutions
n
gz = (th(35)a2)" =0,
200)=1,  ¢5(0)=0.

It is easy to check that solutions of (5.93) satisfy n¢s(n) > 0 on R and ga(n) ~ Kel”
as |n| — 4oo for some given positive constant K. We now define

(5.94)

1 Lig_z _ 2
7(n,0) = Z[Awe 1V eh() log" 5 + Zaa(n)],

where k = k(r) = 1+ 1/2r. By linearity, g is still a solution of the equation in
(5.92). On the other hand

Inl
2

(1) For all € (—log®s,log?s), (n,3) > A logk?2§ . We then have g(n,s) >
q(n,3), provided that logs > C’ﬁ/%f—MMs—%.

Rl
(2) If |y = log® s, then g(1,0) > Z=q2(n) > 5= = q(n, o).
By comparison we thus deduce that

lg(n, 5)] <q(n, s).
Integrating this inequality gives

n

[W(n,o) —W(0,0)| < [A’Me_%("_g)e% log" 5+ Ceel],

®| | =

whence
1 _l(g_g) _Inl -
€)= W (0,0)é1a ()] < = [Ahe 4 e F loghs 4 o]
for every o € [3, s]. In particular, using our choice of 3,

_lip_3) —lnl —
C(n,8) = W(0,8)d11(n)] < =[Ahye” T De™ 2 log" 5 + (]

®l| =

and the lemma follows. O

Remark. Observe that the function W (0, o) considered above is such that
w(0,35) =(0,5) = 0.

The estimates that we have obtained so far are valid for any initial data ¢ €
A(M; 19, 71), but they only hold true after some small time delay o > p(0p). In our
next result we show that for suitable initial data, these estimates also hold true for
o > 0g.

Lemma 5.12. Assume that ¢ € A(M;1,71). Suppose that near the point & = 0,
the nitial data (&, 10) is taken to be one of the waves defined by (5.62). Then if
7o 1s sufficiently large, (5.77) and (5.89) hold for all T € [19,71].
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Proof. As we have seen in the previous lemmas, there is a positive p(9) such that
(5.77) and (5.89) are satisfied provided that o is large enough and o € [p(7), o1].
The only thing which remains to be checked is that if we choose the initial data as
in the statement of the lemma, then estimates (5.77) and (5.89) are also true for
7 € [70, p(70)]. Observe that the estimates obtained in Lemmata 5.1-5.4 hold true
for all 7 € [0, 71]. Moreover, let us choose ¢(79) such that

(1 = ¢(n0))

T 14 eletro-D(z—m0)’

(595) \I/(Zv UO) = Hc(To)J)mO(z)

in the region |z| < 273. We now select 7o sufficiently small in the following way.
By Lemma 5.9,

(W (z,00) — Ho(2)| = [He(re),n0,0(2) — Ho(z)]
e
< o
< le(m) Q1 + ol 6142 + O
in the region |c(7o)||n|* <1 and |no| < 1, where A = |c(70)|? + |no|?. Therefore,
for every € > 0, there exists a positive constant § such that if |ng| < § and 79 is
sufficiently large, then

AL+ [nl?)

|U(z,00) — Ho(2)| <e/2

for all i in (—278,273). We are now in a position to apply the same arguments as
in the proofs of Lemmata 5.10 and 5.11 to the function ¥(z, s) on the time interval
[70, p(70)] and deduce that first (5.77) and then (5.89) hold true on [og, p(cg)]. O

As a next step we obtain an estimate of the speed of the curves A(7).

Lemma 5.13. Assume that ¢ € A(M;79,71) is a solution of (4.5) corresponding
to admissible initial data such as those described before. Then there exist a constant
Cy and a function g = g(7) such that, for all T € [0, 71],

d\ B
(5.96) e A7)+ Cre™ T + eg(T),
o(r) = O(e™).

Proof. Fix any § < s such that s —5 < e. We consider again the function v defined
by

¢, 7) =¢(m,0), n=(E-AT)e", o=e".
By Lemmata 5.10 and 5.11,
[¥(1,5) = He(s)no().0(n) + €W (n) + W(0,5)¢11(n)] <
Moreover, v satisfies the equation (5.43b), which we can write in the form
Vo = ny + (20 — )by +e77((2¢0 — 1) — by + ) + O(e™?7)

uniformly on |n| < 10°. We now claim that

®l | ™

(B9 (5) = Hegsmeopoln — (s ) + L 4 0fee),

In order to prove this claim we define the auxiliary function

R(nv 0) = ’@[1(77; U) — HC(E)WO(g),O(n — C(E)(S _ E)) + W(W)

ag
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By the definition of R and the remark above,

R(n,5) = O(e2).

Moreover by Lemma 5.8 and the fact that 7 —7 < 7e~" we have, uniformly on, say,
Inl <1/2,

cnll»—t

[Ho(n) — Hes),no(s),0(n — ¢(5)(s = 5))|
< [Ho(n) — Ho(n — ¢(5)(s =)
+|H0( ( )( )) c(s) no( 5)0( C(?)(S—E)”

< ¢(3)(s = 3)|Hg| + ¢(3)|Q] +10(5)|d1.2] + O(e™>7)

< Ope T+ Clhylr — 7| < Cryre™ ™.
Therefore

|R(n,0)| < Cpre™ .
Writing (5.43b) in terms of R we now obtain
Ry =Ry, + (2H —1)R, +2H'R+ e "W"(n)
(5.98) +(2H —1)e”"W'(n) + 2H'e W
+e T[(2H - 1)H —nH' + H'] + O(Cye™ ™),

where H stands for H,es) ,(),0- Observe that if we replace H by Hp in (5.98) we
only introduce an error of order at most O(e~27) that can be accounted for to give

Ry = Ry + (2Ho — 1)R, + 2H{R + e "W"(n) + (2Ho — 1)e”"W'(n) + 2H\e "W
+e T[(2Ho — 1)Ho — nHg + Hy] + O(Care™™7)
= Ryy + (2Ho — 1) Ry + 2HyR + O(Care™?7),
where we have used the definition of W. Therefore R satisfies the following problem
(5.99)
R, = Ry + (2Hy — )R, + 2H R+ O(Cpre™?7) for o € [5,5], |n| <1/2,
R(n,0) = O(Cpe™ ™) for o €[5,s], |n| <1/2,
R(n,3) = O(ee™7) for |n| <1/2
Moreover, by parabolic regularity we also have
(5.100) [Ry(0,3)| + [Ry (1,5)] + | R (1,5)] = O(ee ™).

on the same region. Let x be a C? function of compact support such that x(n) = 0
if |n| > 1, x(n) =1if |n| < 1/2, and define

R(n,o) = x(n)R(n, o).
A routine calculation shows that R satisfies
Ro = Ryy + (2Ho — 1)R,, + 2H)R — 2X'R,, — X"R
— (2Hy — 1)X'R + xO(Cpre™ 7).

Since this equation is linear, we may estimate R as follows. Write R = R1+R2+R3.
Then the last term, Rg, is such that

RSU = O(OM6_2?)3 R3(O) = 07

(5.101)
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and therefore it can be bounded in modulus by the solution Rz = K (o —3)e ™27

of
Rs, = Ky (Me™7), R3(3) =0,
with Ky, suficiently large. The second function, Ra, is the solution of
Ray = Ray, + (2Ho — 1)Ra, + 2H Ry — 2R, X' — Rx” — (2Ho — 1)RX/,

(5.101) Ra(n3) = 0

and therefore |Rz| < Ry, where Ry solves

(5.102)
Rs, = Ray, + (2Ho — 1)Ra,, + 2H(Ra + 2|RyX'| + |RX"| + [(2Ho — 1)RX/|,
Ry(n,3) = 0.

This is a linear equation with constant coefficients, whose solution is given by

7%@J%=[<LG@—ﬁm—3FWWMWA

where we have set F(n,0) = 2[R, x| +|Rx"| +|(2Ho — 1)RX'|, and where G is the
Green function of the linear operator with nonconstant coefficients

RQO- = EQUU + (2H0 — 1)E277 + 2H6R2.
It is known (cf. [A]) that there exist positive constants a and 7 such that

1 ln=m?
Gn—T,p—3) <H(p—35) T * s .

Hence

= 7 =1 _qlnm? o
[Ra(n, o)) Sv/ /(p—S) Ze” "o F(1, p)didp.
s JR
By construction, F() is zero if [7| < 1/2 or [fj] > 1. Therefore, if |n| < 1/4 we
deduce that

j— _ [ea B ‘_‘2
|Ra(n, o) < vCrme™" / / (p— 5)_%6 G- dndp
5 Ja<hi<t

g

S ’YCMB_F/ (p_g)_%eﬂ;il?) dﬁ
s

< COpe (0 — E)%e_‘““*f) .

This implies that, uniformly on o € [3, s] and |n| < 1/4,
|Ra| < |Rs| < Caree™7,
whence, by parabolic regularity, for o € (3, s) and |n| < 1/4,

(5.103) Raol + [Rags| < Crrce™.

Moreover, since |Ra(n,3)| < Ra(n,3), we also have

R
(5.104) Roo(n5) < lim 22009) _ ¢

5 0—38§
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The term R; will be estimated in a slightly different way. Recall that R4 satisfies
Ris = Rigy + (2Ho — 1 —2x")R1, + (2Hy)Ry for all o € [5,s] and |n| < 1/4,
IR1(1,3)| + |Rupy(n,5)] + [R1,(n,3)] < Cee™™ for all |n| < 1/4,

1 —
Ri(£=,0) =0(Cpe™ "), foro €[5, 9]

2
Therefore, by parabolic regularity we have
(5.105) |R1| + |R177| + |R17777| +|Ri,| < Cpree™™

uniformly on ¢ € [3, s] and || < 1/4. We deduce from (5.102)-(5.105) that
|R| + |Ro| + |Roo| + |Ro| < Cryee™"

uniformly for o € [8, s] and |n| < 1/4. Remember now that \(7) is the unique point
such that ¢(£,7) = 1/2 and ¢¢(§,7) < 0. By classical regularity theory, the curve
& = X(7) is well defined for 7 — 7 small. Therefore, for all o € [3, s], one has that
Y((A(T) = A(T))o,0) = 1/2 and, therefore,

He(sno(5),0((M7) = M(T))e™ = c(3)(e” — €7)) + e TW((M1) = A(T))e")

1

+ R((A\(1) = X(T))e",e") = 3

On differentiating with respect to 7, we obtain

(A(T)e™ + (A7) = A(F))e” = e(5)eT) Hy (5 g (57,0 (A(T) = AMT))e™ — c(5)(e” —€7))
— e TW(AT) = A@))eT) + e T(A(T)e” + (A(T) = AM)e )W (A7) = A(T))eT)
+ "Ry (A7) = A@))e™,€7) + (A(T)e™ 4+ (A(T) = A(T))e")Ro((A(T) — A(T))e™, €e7)
=0.
Taking 7 = 7, we deduce that
(A(T)e™ = e(8)e™) H () 1 (5).0(0) — € "W (0) + A(r) W' (0)
+ "Ry (0,e7) + A(1)e" Rp(0,e™) = 0,
whence
c(s) e~ "W (0) — A(T)W'(0) — €" R, (0, €e7)
A+ Ry(0,7) | e (L+ Ry(0, e HL, o (0)

=c(s)+CieT T+ O0(ee ™) = A7) + Cre™7 + O(ee™ 7).

A(r) =

As a consequence of the previous lemma we have

Corollary 5.14. Assume that ¢ € A(M;70,71) is a solution of (4.5) with initial
data ¢(&,70) given as before. Suppose that

li(ao, ko, 1) = (Lo, ¥(\,11)) =0,

where (Lo, (X, 11)) is defined in (5.14) and ko = A(70), and let Cy and g be given
as in the previous lemma. Then, if

T1

(5.106) lo(owo, kosm) = ko +e7 7 / e™27(Cy 4 eg(0))do = 0,

7o



A NONLINEAR FOKKER-PLANCK EQUATION 3895

there exists a positive constant C, independent of M, such that for all T € |19, 1]
(5.107) A7) < Ce™.

Proof. Let us integrate (5.96) between 7y and 7, to obtain

T

A7) = A(m0)e" " + eT/ e 27(Cy +eg(0))do.

7o

Suppose now that A(p) is such that

T1

A(mp)e™ +/ e 27(Cy +eg(0))do =0,
7o
or equivalently
A(r) = —e™ / " =200y + eg(0))dor
To
We have then that for every 7 € [r9, 71]

A(r) = 7 / "2 (Cy + eg(0))do — / " =29 (Cy + 2g(0))do)

0 To
Cy +eglo) _,

:/ e 27(Cy +eg(0))do < 5 e ",

and the lemma follows. O

Remark. Observe that if kg is such that (5.106) holds, then, for M large enough,
the condition (5.1) of the definition of A(M;79, 1) is fulfilled in all the interval
[T0, 1] with the constant M replaced (for instance) by M/2.

As a consequence of Lemmata 5.1 to 5.13 and Corollary 5.14, we have the fol-
lowing

Proposition 5.15. Assume that M > 0 is sufficiently large and € is small enough.
Let ¢ be a solution of (4.5) with initial data ¢(&, 7o) given as before and such that

P&, 7) € A(M;70,71)
for T € 1o, 71] with 7, > 179 > 1. If
l1(aw, ko) = (Lo, (A, 71)) =0

and

T1

lg(ao, ko) = ko + €_TO/ 6_20(01 + Eg(a))do =0,

7o

then

o€, 1) e A(M/2;79,71).
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5.4. Existence of singularity-forming solutions the topological argument.
For every given 79 and 71 with 79 < 7, let us consider the subset U(m,71) of
R? consisting of the pairs (ap, ko) for which the solution of equation (4.5) with
initial data determined by («o, ko) belongs to A(M;7g,71). We shall denote this
solution by ¢(&, T; ap, ko). By classical continuous dependence results for parabolic
equations, the set U(7g,71) is an open subset of R?. Let /R3> — R? be the
mapping defined by

é(OL, k? T) = (ll(aa k? T)7 lQ (Oé, k? T))
By our choice of the initial data the application ¢ is C*° with respect to «, k
and 7. We next denote by d(¢,U(p,7);0) the topological degree of the mapping

0(+;7) in the set U(7o,7) at the value 0. It is clear that there exists a unique point
(a0, ko) € U(70,70) such that £(ao, ko, 70) = 0, which is ag = kg = 0. Therefore,

(5.108) d(l,U(19,70);0) = 1.
Moreover,
o o
%(07 077-0) > O? ok (Oa 077-0) - 07
812 aZQ
Z20,0:m9) =0, Z2(0,057) = 1.
da (07077-0) O? ok (07077-0)

Then, by the implicit function theorem, there is a small neighbourough of (0,0, 79)
in which the set of points where the function / is zero is given by a parametrised con-
tinuous curve {(a(p), k(p), p)} pe[ro,po]- On the other hand, by the above mentioned
continuous dependence, if 7y —7¢ is sufficiently small the solutions ¢(&, 7, a(p), k(p))
(with initial data determined by («(p), k(p))) belong to A(M; 19, 71). This implies
that if 7, — 79 is sufficiently small, then

(5.109) d(l,U(r9,m);0) = 1.
We now claim that (5.109) holds for all 7 > 7¢, provided that
(5.110) U(To,7) # 0.

Suppose on the contrary that there exists a first time 7o > 79 when (5.109) fails
but (5.110) holds true. Then there must be a point

(04 k) S (9[/{(7'0, ’7'2),
where £(a, k; 72) = 0. Since (a, k) € OU(70, 72), the solution ¢(&, 7; a, k) belongs to
A(M; 79, 72). But then, using Proposition 5.15, we deduce that ¢ € A(M/2; 19, 72)
and therefore that («, k) € U(7o, m2), which is a contradiction.
We further observe that, if 7y is sufficiently large,
U(To,T) #0 for any T > 7.
In order to check this, we define
7 = sup{r; U(mo,7) # 0}.

We already know that 7% > 7. Assume now that 7* < co. By (5.109) and (5.110)
we may select a sequence of times {7,,} increasing to 7*, and a sequence {(a,, k,)}
such that £(au,, kn; ) = 0 and (o, kn) € U(T0, 7). Since U(0, Tn+1) C U(T0, Tn),
the sequence {(ay,k,)} is bounded. Therefore a subsequence, still denoted by
{(an, kn)}, exists which converges to some point (a*, k*). By continuity of ¢ we
still have ¢(a*, k*;7*) = 0. By Proposition 5.15, the solution ¢(&, 7, a*, k*) belongs
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to A(M; 79, 7*) and so, by continuous dependence, belongs to A(M; 1o, 7* + §) for
some § > 0 sufficiently small. But this contradicts the definition of 7*.

We may now detail the argument leading to the existence of the solutions referred
to in Theorem 3. We take a sequence {7,} such that 71 > 79 and 7, — 0 as
n — oo. For every n, as we have seen, U(79,7,) # 0 and

d(l,U(r9,Tn);0) = 1.

Let (an,kn) € U(70,7s) be such that €(,, kn;7,) = 0, and denote by ¢,, the
solution ¢ (&, T, an, ky ). By Proposition 5.15 we have

(5.111) On € A(M/219,7,) for all n> 1.

Since on the other hand the sequence {(ay,ky)} is bounded, there exist a subse-
quence, still denoted by {(ay, k,)}, and a pair (@, ko) such that

(67%% —>ao, kn—>k0

Let us consider the solution ¢(¢, 7; @o, ko). By continuous dependence on the initial
data we have, for fixed m > 1,

nh—r>noo ¢n(€77—) = ¢(£’T;aO’EO)

uniformly for £ € R and 7 € [r9,7]. By (5.111), for every n > m, ¢, €
A(M/2; 79, Ty); and then, passing to the limit as n — oo, we obtain ¢(&,7; @o, ko)
€ A(M/2;79,7m) C A(M; 719, Tm) for every m > 1. This shows that ¢(&, 7; @, ko)
is actually the desired solution of (4.5). In particular, since ¢(¢, 7; @, ko) belongs
to A(M/2;79,7) for all 7 > 79, we deduce that Lemma 5.2 and Lemma 5.3 hold
for 7 > 79. Writing (5.28) and (5.35) in terms of the original variables then gives
(1.13).

5.5. Analysis of the external region. We deal now with the question of ob-
taining the asymptotic estimate (1.14) for the global solution constructed in the
previous sections. To this end we observe that, in terms of the variables £, 7 and ¢
introduced in (4.4), it is sufficient to obtain

|66, 7) — ¢ < e(m)e”s,

uniformly on 7 > 7, £ € (21,7 — 71 + 221), where lim,, _, ., &(71) = 0, since in the
original variables this means |22 f(z,t) — 1| < e(r1) uniformly for ¢t € (1 —e™™,1)
and x € (2(1 —t),e?*17). From the estimates obtained in Subsections 5.1-5.4, we
easily deduce that for all 71 > 7y and all positive constant L there is an e(71) such
that

(5.112)  |p(&,7) —e S(1+2e77)| < e(r)e”™ forall €€ (zy,L) andT > Ty,
with e(11) — 0 as 73 — oo. Therefore
(5.113) |p(&,7) —e S| <e(m)e forall €€ (xy,L) andT >7.

We need to extend this estimate to a larger region containing & € (1,7 — 71 + 2x1).
To this end, let us introduce the function W given by

(5.114) P& ) = (&) + e Td1(§) + W(E 7).
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A straightforward computation shows that W satisfies
W, = e T (Wee + We —2W) + (29 — 1)(W + W) + 2W (W + W)
(5.115) 4+ 2¢1e7 (W 4+ We) + e 2T BW + We) + e 2726 4 277 ¢1)
+ e 7 (Pree + dre — 2601).
By (5.112) we easily check that, for 7 > 7 and € € (z1, L),
(5.116) (W, 1) <e(m)e .

On the other hand, since the solution ¢ belongs to A(M;1y,7) for every 7 > 19,
one has

(5.117) [W(E,7)| < Me™™ forall £€R and 7> 7.
In order to obtain a better estimate of W, let us write

(5.118) W, t)=ce " +p+G,

where the function ¢ is the solution of

(5.119 ) {@TZB_T—(@—F@O for £€>0 and 7> 7,
P&, 1) =po(§) for >0,
and ¢ is a nonnegative, monotone increasing smooth function such that
(5.119 b) wo(§) +e(m)e ™ >W(, ), for £€R.
Due to (5.117), we may choose g in the following form
0 if &< Co,
(5120) Pol€) = { [
with (o > 227 being a sufficiently large fixed value. Setting
pazy  PET=TTAE ) ()8 = T5(0.9)
with s=e ™™ —e™"7, 0=(£—(o)— (T1—11),
we readily see that
Zs = 200

and therefore
(E—¢Q—(r—71)

1 e
P(7) = me_(T_Tl) / e e_T2S00(f — 747 — QTW)CZT.

oo

On the other hand, G satisfies
G, = e T(Gee + Ge — 2G) + (26 — 1)(G + G¢) + 26177 (G + G¢)

+ e 2TTE(3G + Ge) + 2G(G + Ge) + 2(se™™ + ¢)(G + Ge)
(5.122) +Gee ™+ o+ ) +20(ce™T + ¢ + ) + J1(€,7),
with

J1(€,7) = e T (pe — 2¢) +2(ce™T + ) (e 4 p + @g) — 2ee7 2T
(5.123) +2p1e” (€™ + @+ pe) + e 2T (3ee™T 4 3 + ¢)
+e (20 + 2677 01) + €7 (Yree + d1e — 201).
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By the estimates that we have already obtained, there exists a positive constant
Cyr, depending on M, such that, for every 7 > 79 and all £ € R,

0.J1
L e+ 15

On the other hand, using the explicit expression of ¢, we see that there exists a
positive constant Cjs such that for all 7 and £ € R

6(€)(p(&,7) + ¢e(€,7))| < Crre™".
Finally, let us define the function H by
(5.125) G(§7) = H(ET) — 2e¢1(§)e™,
so that H satisfies
H, =e "(Hee + He — 2H) + (26 — 1)(H + He) — 2¢1e” " (H + Hy)
+ e FTE(3H + He) + (267 + 2 — dere™™ + 2H)(H + Hy)
+ H(—4dee "¢y —dedie™ " +ee” T + o+ o¢)
+26(p + @) + (6, 7) + a(€,7),
where the term J; is now given by
Jo(&,7) = e T (2edeTT — 2edie T +depre”T) — 2¢1e” T (2edre” T + 2edie )
— e T (Gege™T 4 2eheTT) 4+ (2677 + 20 — dedre ) (2ee T py + 2e¢e™T)
+2ece” "p1(ee”T 4+ o+ pe),

(5.124) |J1(&,7)] +| ( ,T)| < Crre™ .

(5.126)

and satisfies an estimate similar to (5.124) for some positive constant Cps. One
readily sees that

H(zy,7) < 2¢||p1]loce™, for 7>,
H(t — 11+ 221,7) < 2¢||¢1]||ce”™, for 7>,
H(¢, 1) < 2e||d1]loce™™ for a1 <& <7 —71 + 227
Consider now the solution H of the following linear hyperbolic problem
H, =020 1)(H+He)+ Kye™® for 1y <€<7—1 +221,7 > 70,
(5.127) H(¢,71) = 2||¢1]|ecce™™ for @y <& <7 — 7y + 211,
H(zy,7) = H(T — 71 + 221, 7) = 2¢]||¢1]|oce™ for 7> 11,
where K s is taken such that
(J1(&,7) + J2(€,7)e*” < Ky, for 7> 1.

Notice that such a choice is possible since J; and Jo satisfy (5.124). We first
claim that there exists a positive constant (1) such that, for every 7 > 7 and
¢ € (x1,7— 11 + 221), we have

(5.128) [H(¢,7)| <E(m)e .

This follows by integrating the equation along characteristics. Moreover, differen-
tiating in the equation satisfied by H and using again the estimate (5.124) for J;
and Ja, we deduce that there exists d(71) > 0 such that

(5.129) [He(& )+ [Hee(§,7)| < 0(ma)e™”
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for all 7 > 7 and € € (x1,7 — 71 + 221), with 6(71) — 0 as 71 — oo. It then
turns out that H is a supersolution of (5.20) and thus, by a standard comparison
argument, for every 7 > 7 and £ € (x1,7 — 71 4+ 221) we have

H<z(m)e”

One can obtain a lower estimate in a similar way by using a suitable subsolution.
We deduce from this argument that

[H(E )| <E(m)e”
for every 7 > 71 and € € (z1,7 — 71 + 221). This in turn implies that
W, 7)| <ee” +p+E(m)e 7,

in the same region. Now, for 7 > 27, and £ € (x1,7 — 71 + 221), we have

_ 2z3—-C¢o

—(t—71) —
ple,m) < / T e g (2my — 2r/e T — e 2 )dr
_ 2x1-6o
ge‘f{ /\/ﬁ ‘Tzdr}

_T{ [e—T1 — ¢—271 6_%}
\/— Co — 221

as 71 — 400 and whenever (y > 2x1. Observe that if we set

K e~ T1 — 6_2T1 < 1*211)2
«7(7’17M) = M e 4(e~T1 — *271)
Qﬁ CQ - 221?1

we have, for all fixed M,
lim ~(m,M)=0.

T — 00
By substituting this in (5.109) we obtain
@&, 7) —e 5| < e TTR1(E) + y(m, M)e T
e ([[P1]]oo + (11, M))etT
< e (D1 [oc + (71, M))e T,
whereupon the result follows with
e(r) = ([[@1]]oo + (1, M))e™mH20,
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