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SELF-SIMILAR MEASURES
AND INTERSECTIONS OF CANTOR SETS

YUVAL PERES AND BORIS SOLOMYAK

ABSTRACT. It is natural to expect that the arithmetic sum of two Cantor sets
should have positive Lebesgue measure if the sum of their dimensions exceeds
1, but there are many known counterexamples, e.g. when both sets are the

middle-a Cantor set and o € (%, %) We show that for any compact set K
and for a.e. a € (0,1), the arithmetic sum of K and the middle-a Cantor set
does indeed have positive Lebesgue measure when the sum of their Hausdorff
dimensions exceeds 1. In this case we also determine the essential supremum,
as the translation parameter t varies, of the dimension of the intersection of
K + t with the middle-a Cantor set.

We also establish a new property of the infinite Bernoulli convolutions 1/§
(the distributions of random series > 7 ) +A", where the signs are chosen
independently with probabilities (p,1 —p)). Let 1 < ¢1 < g2 < 2. For p # %

1

near 5 and for a.e. A in some nonempty interval, Vf is absolutely continuous

and its density is in L91 but not in L92. We also answer a question of Kahane
concerning the Fourier transform of 1/>1\/2,

1. INTRODUCTION AND MAIN RESULTS

In this paper we consider one-parameter families of homogeneous Cantor sets,
and determine the measure-theoretic properties of their sums and intersections
for typical values of the parameter. We also obtain new results on the densities of
infinite Bernoulli convolutions. In all previous works we know where absolute conti-
nuity of a parametrized family of measures for almost all parameters is established
(e.g., Erdés [6], Kaufman [13], Mattila [18], Solomyak [25], Peres and Solomyak
[23]) this is done by proving the existence of densities in L?; a novel feature of the
present work is that almost sure absolute continuity is established in cases where
the densities are only in L? for certain q < 2.

Let us first indicate our results for the special case of the sets

(1) IC)\z{(l—/\)ian/\”: a,ne{(),l}}.
n=0

(It is easily checked that IC) is the middle-a Cantor set for @« = 1 — 2\.) Let
K C R be any compact set. We show that for a.e. A € (0,1/2) such that the sum
of Hausdorff dimensions dimgy K + dimg Ky is greater than 1:

1. the arithmetic sum K + K has positive Lebesgue measure (see Theorem 1.1);
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2. if K has positive Hausdorff measure in its dimension, then the equality
(2) dimgy[(K 4+ t) N Ky\] = dimyg K + dimg £ — 1

holds for a set of parameters ¢t of positive Lebesgue measure (see Theorem
1.2).

The proofs of Theorems 1.1-1.2 rely on techniques developed by Mattila [19],
Ch. 9-10, to prove projection and intersection theorems. Our situation is different
since the dependence on the parameter A is nonlinear, but appropriate estimates of
power series allow us to handle this. For the simplest application of this technique
in a nonlinear setting, see Peres and Solomyak [23].

Next, to illustrate our results on self-similar measures, we consider the special
case of the infinite Bernoulli convolutions v3. For each \,p € (0,1), the measure
v} is defined as the distribution of the random series

®) Y
n=0

where the signs are chosen independently at random with probabilities (p, 1 — p).
The symmetric case p = 1/2 has received the most attention, ever since the work
of Erdés [5], [6]. For p # 1/2 near 1/2, Corollary 1.4 below reveals an interesting
phenomenon: 14 is singular for all A < pP(1 — p)' =7, and is absolutely continuous
for a.e. A > pP(1 — p)'~P; moreover, for any ¢; < ¢z in [1,2] there is an interval
I(q1,q2) such that for Lebesgue-a.e. A € I(q1,¢2), the density of 14 is in the space
L% but not in L?. See Theorems 1.3 and 4.1 for more general statements. These
generalizations allow us to answer a question of Kahane [12] on the rate of decay
of the Fourier transform of v,/*; see Corollary 1.6.

Background. Palis and Takens [22] and the references therein show that the struc-
ture of arithmetic sums of Cantor sets is relevant to natural questions in smooth
dynamics. Palis and Takens asked about the structure of the sums K, + K and
conjectured that “typically” they have either zero Lebesgue measure or non-empty
interior. Solomyak [27] showed that for each v € (0,1/2), the set K, + KC\ has
positive Lebesgue measure for a.e. A € (0,1/2) such that dimy K, + dimpg Ky > 1.
Theorem 1.1 extends this to more general sums of Cantor sets, where one of the
summands is arbitrary.

Questions about arithmetic sums and differences of Cantor sets can be expressed
using intersections of their translates, since F — K = {t e R: (K +t)NF # (}.
When the intersection (K + t) N F is nonempty, it is natural to inquire about its
dimension. A classical result of Marstrand [17] implies that for any two compact
sets K, F CR

(4) dimy (K +t)NF) < dimyg(K x F) —1 for Lebesgue-a.e. t € R.

(See Theorem 8.1 in Falconer [7], or Mattila [19], 13.12.) If one of K and F is
a middle-o  Cantor set (and more generally, if its Hausdorff dimension equals its
upper Minkowski dimension), then dimy (K X F) = dimpg(K) + dimg(F); see
Mattila [19], 8.10.

Without further assumptions on K and F' the inequality (4) can be strict; indeed
Mattila [19], 13.18, exhibits two compact sets K, F' C R of Hausdorff dimension 1
such that (K +t) N F is either empty or a single point for every ¢ € R. Hawkes
[10] showed that when K, F' are both the middle-third Cantor set, the left-hand
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side of (4) equals Blif;g for a.e. t € [-1,1], so the inequality in (4) is strict for
a.e. t € R; Hawkes’ result was extended by Kenyon and Peres [16] to other Cantor
sets defined via expansions in integer bases. Theorem 1.2 indicates that such a
“dimension drop” (for a.e. translate) is exceptional when one of K, F is fixed and
the other is chosen from a one-parameter family of homogeneous Cantor sets.

Erdés [5], [6] studied the symmetric infinite Bernoulli convolutions v,’* defined
as the distribution of the random series (3) with p = 1/2.

For A < 1/2 the measure v,’* is supported on a Cantor set, but for A € [1/2,1)
its closed support is an interval. Extending a classical result of Erdds [6], Solomyak
[25] proved that for a.e. A € (1/2,1) the measure v,/* is absolutely continuous and
has a density in L? (see Peres and Solomyak [23] for a shorter proof). Here we
study more general one-parameter families of measures, where the transition from
singularity to having an L2-density can be more gradual.

Statement of results. Consider the family of homogeneous self-similar sets in R,

CA:{Z;%(AW; xj(/\)eD()\)}, for A€ (0,1),

where D(A) = {d1(A\), ... ,dm(N)} is a set of digits depending on A, with d;(\) €
C10,1]. “Self-similar” means that Cy is a union of m rescaled copies of itself, and
“homogeneous” means that the similarity ratio A is the same for all copies. The
Cantor set Ky corresponds to m = 2 and the digits di(A\) = 0 and da(\) =1 — A.
Say that the strong separation condition holds for A € (0,1) if

(5) [di(A) + ACA] N [d;(A) + ACA] =0 for i j.

An easily checked sufficient condition for (5) is A(b+ 1) < 1, where

(A - 4
© b= S“p{ () — di(V)

The strong separation condition implies dimg Cy =

’ : Ae0,1], 4,5,k 1 <m, k;«él} < 00.

logm
log(1/A
Theorem 1.1. Suppose that K is a compact set on the real line and J C (0,1) is

an interval such that the family {C\} satisfies the strong separation condition (5)
for all A\ € J. Then

(a) for a.e. X € J such that dimy K 4+ dimpy Cy < 1, we have
dimgy (K 4 Cy) = dimy K + dimpy Cy;

(b) for a.e. X € J such that dimpyg K + dimpg Cy > 1, the set K 4+ Cy has positive
Lebesgue measure.

)<1,so/\<m_1.

Let £ denote Lebesgue measure on R. In the case when dimy K +dimg Cy > 1,
Theorem 1.1(b) implies that for almost every A we have £(Cy— K) > 0. This means
that there exists a set Ay with £(Ay) > 0, such that (K +t)NCy # 0 for t € Ay.
The next theorem gives much more accurate information about these intersections.
Denote by H*(K) the a-dimensional Hausdorff measure of the set K.

Theorem 1.2. Suppose K C R is compact with H*(K) > 0, and J C (0,1) is an
interval such that the family Cy satisfies the strong separation condition (5) for all
A € J. Then for a.e. A € J such that o+ dimgy Cy > 1, there exists a set Ay of
positive Lebesgue measure such that

(7) dimg[(K +t)NCy] > a+dimygCyr—1  for t € Ay.
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FIGURE 1. The (v, A)-plane: on the structure of K, + ICy

If a =dimpy K (which means that K has positive Hausdorff measure in its dimen-
sion), then the inequality (7) becomes an equality for a.e. t € Aj.

Example: The Cantor sets K. The situation for the Cantor sets K, is illus-
trated in Figure 1. The region labelled S is where 10;(2%/2” + loé?gl/g/\) =dimy £, +
dimpg Ky < 1, so dimg (K, + ) < 1. Theorem 1.1(a) says that in this region
for a.e. point on each horizontal line, (and so by symmetry, every vertical line),
dimyg (KCy + Ky) = dimy K + dimg K. The region L is where ﬁl—_'% > 1.
Then by the Gap Lemma of Newhouse [21], the set I, + Ky is an interval. In the
region R, Theorem 1.1(b) says that for a.e. point (on each horizontal and vertical
line) the sum XC, + /Cy has positive Lebesgue measure. (This special case was origi-
nally obtained by Solomyak [27] using the Fourier transform, rather than the more
direct method based on differentiation of measures employed here.)

Theorem 1.2 implies that for a.e. point (v,\) € RU L, the set of translation
parameters ¢ such that (2) holds with K = K, has positive Lebesgue measure.

The words “for almost every A\” cannot be omitted in Theorems 1.1 and 1.2.
Indeed, it is well-known that the sum Ky +/Cy is a Cantor set of Hausdorff dimension
10;0(% for A < 1/3. Thus, on the diagonal v = X € (0,1/3), the Hausdorff
dimension is lower than that given by Theorem 1.1. Some other exceptions were
obtained by Keane and Smorodinsky [14]; see Solomyak [27].

We derive Theorem 1.1(b) from a criterion for absolute continuity of the con-
volution of a self-similar measure and an arbitrary measure satisfying a Frostman
condition (Theorem 2.1 below). Self-similar measures have been studied extensively
in their own right (see, e.g., Hutchinson [11] and Strichartz [28]). Given a prob-
ability vector p = (p1,...,pm) and the digit set D = {d;(A\)},, the self-similar
measure vy = vx(D,p) on R may be defined as the unique probability measure
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which satisfies
(8) = pilmoS),
i=1

where S;(x) = Az+d;(\) (see Hutchinson [11]). Alternatively, consider the sequence

space 2 = {1,... ,m}z+ with the Bernoulli product measure p = pZ+ on it, and
the map ITy : @ — R given by

(9) I (w) = Z o, VN

7=0
Then Cy =II,(€2) and
(10) v(D,p) = poTiy .

In the special case when C) = Ky and p is Bernoulli (1/2,1/2), this is the usual
Cantor-Lebesgue measure.

Note that the strong separation condition (5) on an interval J is equivalent to
the property:

A= I\ (w) —IIx(7) has no zeroson J for w # 7.

Next we consider self-similar measures vy without assuming strong separation. Say
that the transversality condition holds on an interval J C (0,1) if

(11) A+ I\ (w) —x(7) has no double zeros on J for w # 7.

Here a “double zero” for f means Ag such that f(Ag) = f'(Ao) = 0 (so it includes
zeros of higher order as well). An equivalent way to state the transversality condi-
tion is to say that the graphs of the functions A — II(w) and A — II)(7) defined
on J intersect transversally (if at all).

If a measure v is absolutely continuous (with respect to Lebesgue measure £),

then dd% will denote its Radon-Nikodym derivative, referred to as its density.

Theorem 1.3. Suppose that J C (0,1) is an interval such that the family {II,}
satisfies the transversality condition (11) on J.

(a) The self-similar measure vy is absolutely continuous for a.e. X > [[i~, p¥
such that A € J, and singular for all X < []i~, p?".

(b) Let g € (1,2]. Then for a.e. X\ > [p] + ---—i—p?n]ql_l such that X\ € J, the
measure vy is absolutely continuous with a density in L.

(¢) For any q>1 and all A € (0,1), if vy is absolutely continuous with respect to

Lebesgue measure and its density %> is in LI(R), then A > [p{+-- 4p 7T

In Section 5 we discuss how to verify transversality. An easily checked sufficient
condition for transversality is A\(vVb+ 1) < 1, where b is given by (6). This is useful
only for m > 2; the case m = 2 is discussed below. The singularity assertion in part
(a) is straightforward, and is included only for comparison. Observe that if vy (D, p)
is absolutely continuous with bounded density, then necessarily A > max p;.

Example: The case of two digits. Let m = 2. Then, up to an affine change
of variable, we can assume that D = {£1}, so vx(D,p) is the distribution of the
random series -, +A", where the signs are chosen independently with proba-
bilities p = (p,1 — p). In this case we denote vy (D, p) simply by 4. We will see
in Corollary 5.2 that the transversality condition holds for A € [0,0.64]. Thus, for
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p € [0.17,0.83] Theorem 1.3(a) implies absolute continuity of v§ for a.e. A in some
interval. Sometimes one can go up to A = 1 using additional considerations. In
Solomyak [25] this is done for p = £. Here we extend this to p in a neighborhood
of 1/2:

Corollary 1.4. Let m = 2 and p € [1/3,2/3]. Then v} is absolutely continuous
for a.e. X € [pP(1—p)~P 1), and has LI-density for a.e. A € [(p?+ (1 —p)q)ﬁ, 1),
where q € (1,2].

Remarks. 1. The interval [1/3,2/3] in this corollary can be enlarged with more
work, but another new idea is needed to extend the corollary to all p € (0, 1).

2. The measure 1/} is known to be singular if A is a reciprocal of a PV-number
(an algebraic integer whose conjugates lie inside the unit disk). This was proved
by Erdds [5] for p = 1/2, and his proof works for all p € (0, 1).

Example: D = {—1,0,1} and p = (%,%,%). Denote by nx = va(D,p) the
corresponding self-similar measure. It is easy to see that 7, is the convolution
square of the measure V;\/ %, The density of 1, when it exists, solves a functional
equation known as the “Schilling equation”, see e.g. Borwein and Girgensohn [3]
and Baron, Simon and Volkmann [1]. Derfel and Schilling [4] noted that the result
mentioned above, that v,/* has a density in L? for a.e. A € (3, 1), implies that the
convolution square 7, has a continuous density for a.e. A € (%, 1).

Corollary 1.5. The measure ny is absolutely continuous for a.e. X € (ﬁ, 1) and

singular for all A < ﬁ Forallg>1and A < \; = (271 —|—2-4_q)q+1 the measure

nx cannot have a density in LY, but ny has an L?-density for a.e. X € [A;, 1) provided
that g € (1,2].

The Fourier transform of v,’* and a question of Kahane. Kahane [12] con-

sidered the Fourier transform vy*(u) = []°, cos(A\"u) of v}/* and the function

—

g(\) = sup{B|ry*(v) = O(u=P)} which measures the rate of decay of this trans-

form. In Question 3 (p. 121) of that paper, Kahane asked whether g(\) = gllg’ggf for
a.e. A € (0,1). The following corollary implies a negative answer to Kahane’s ques-
tion, and yields some positive information as well. It shows that the generalizations

considered in Theorem 1.3 are useful even if one only cares about l/i/ 2,

Corollary 1.6. Let n > 1 and denote 5\,1 = (273)2_2". The Fourier transform
vy/?() is in L*™(R) for a.e. A € (An, 1) and is not in L**(R) for all A < A,.

—

Taking n = 2, we see that v,/* ¢ L* for all A < 3/8, while the a.e. formula for

g(\) suggested by Kahane would require V;\/z to be in L* for a.e. A > 1/4.

The rest of the paper is organized as follows. In Section 2 we derive Theorem
1.1 from a more general theorem on absolute continuity of convolutions. This
convolution result is also used in the proof of Theorem 1.2 concerning intersections,
given in Section 3. A generalization of Theorem 1.3 on densities of self-similar
measures is established in Section 4, which can be read independently of Sections
2-3. In Section 5 we explain how to check the transversality condition (11), and
use it to prove corollaries 1.4 — 1.6. We conclude in Section 6 with some remarks
and open problems.
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2. ABSOLUTELY CONTINUOUS CONVOLUTIONS AND PROOF OF THEOREM 1.1

Part (a) of Theorem 1.1 is easier to prove than part (b). Part (b) is proved by
convolving a Frostman measure 7 on K with the self-similar measure vy (D, p) on
Cx, where p = (1/m, ... ,1/m).

This scheme leads naturally to a more general set-up: Let 1 be a finite measure
on the real line R with compact support such that for some « € (0, 1), the Frostman
condition is satisfied:

(12) n[B.(z)] < Cr* for x € R and 7> 0.

Recall the map ITj defined in (9). For w and 7 in 2 denote |wAT| = min{i : w; # 75 }.
Let p be a probability measure on §2 such that for some s € (0, 1],

(13) (X w{(w,7): lwAT| =k} <Cm™",
and consider the projected measure
(14) vy =pollyt.

Theorem 2.1. Suppose that the strong separation condition (5) holds for all X\ in
an open interval J, and that the conditions (12) and (13) hold. Then the measure
n % vy is absolutely continuous and has a density in L? for a.e. X € J such that

slogm

o+ 710g(1//\) > 1.

Theorem 1.1(b) will follow by letting 1 be a Frostman measure on K (see Mattila
[19], 8.8) and taking p Bernoulli with p = (1/m,...,1/m), so that (13) holds with
s=1.

We start by introducing some notation. For two sequences w and 7 in § let
(15) Gur(N) =Ih(w) ~ (1) = D (d, (V) = dr, W)N.

J=|wAT|

Let I = [Ao, A1] C J be a closed interval. Since the strong separation condition (5)
holds for X\ € I, there exists d; > 0 such that

(16) Yw, 7€, (wo#710) = |pu(N)]>0r for Ael.

Indeed, the absolute value in (16) represents the distance between a point in d,,, +
ACy and a point in dr, + ACy.

The proofs of Theorems 1.1, 1.2 and 2.1 rely on the derivative of ¢,, -(A) being
nonzero for all w # 7 such that |w A 7| is sufficiently large. Denote

G = max{|d;(N)|: j<m, Ae€]0,1]},
G = max{|d;(\)]: j<m, Xe€[0,1]}
and let
(17) Nr =467 (GM(A = A) 2+ G M1 = )7H] +1,

where §; comes from (16).
Lemma 2.2. For ¢ = ¢, and k = |w A 7| > N1 we have
|§'(N)| > (1/2)kd N for Ne I
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Proof. Let ¢(A) = 3272, ¢;(A)M . We have

BN = Y 6N D G =R WV DOV
j=k j=k

j=k+1

2 RATHD SN | = WD 565k (NN = AR D k(X
j=0 =t =

Since ¢r(A) # 0, it follows from (16) that ‘Z;io ¢j+k(/\))\j‘ > 4;. Together with

the inequalities [¢;(\)] < 2G and [¢}(A)] < 2G’, this implies for A € I = [Ao, A1]
that

/ > k—1 k— 12 k2 /
o'V > kAFTIe — A G(l_/\) - Gl_A
2GA 2G'\
> ARl [k& - L ! }
= T a=x2 a-xn)
> (1/2)ko AL
since 250 + 29X < Ny6r/2 < kdr/2 by (17). 0

Lemma 2.3. Let I = [M\o, \1] C J and assume that k = |w A 7| > Ny, where N is
given by (17). Then:

(a) There exists Cy such that for all y,z € R,
E{)\ el ly—z+¢u-(N)| < r} < Cymin{1,7);"}.
(b) There exists Cy such that

C
(18) [bur (N < N Jor AeT =[N0, M)
(c) For any B € (0,1) there exists Cs = C5(8) such that
CA; kP or all y,z
/ly—z+¢w,f(x>|—ﬁdxs o for el 0
I By —2|7P  if |y—z| > CaAk.

Proof. (a) Let ¢(A) = ¢ -(A) and consider ¥(\) = y — z + ¢(A). We need to
estimate the length of A, = {A € T : |¢(N)] < r}. By Lemma 2.2, [¢/(\)] =
|¢'(N)| > (1/2)k6r A5 for A € T, s0 A, is at most a single interval by monotonicity
of ¢, and
2r 4r
L(A) < < .
(4-) (1/2)kS A1 7 6rAE

The inequality £(A;) <1 is obvious.

(b) Using the definition of G and summing a geometric series gives |@y, r(A)] <
2GNE(1 — N)71 < 2GA¥(1 — \p)7! for A\ € I, so setting Coy = 4G(1 — A\;) 7! yields
(18).

(c) Since 8 < 1, the first inequality is a consequence of part (a), where the
distribution function of the integrand was bounded. The second inequality follows
from (b). O
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Proof of Theorem 1.1(a). The estimate dimpy (K +C,) < dimy K +dimpg Cy is well-
known, so we only need to get the lower bound. Recall that dimgy Cy = 1;;5—%-
Fix an arbitrary o, < dimyg K and let a € (o, dimpg K). Suppose that A\g € J

satisfies a, + =8 M~ < 1. Then we can find \; > Ao so that I = [A\g, \1] C J,

log(1/Xo0)
logm
19 o, — <1,
1) =T Tog1/A)
and
(20) Blog(1/Xo) — alog(l/A1) < logm.

Since a < dimy K, there is a measure n on K satisfying the Frostman condition
(12), see e.g. Mattila [19], Ch.8. Let u be the Bernoulli measure on 2 which assigns
equal probability 1/m to each symbol. To apply the preceding lemmas, we need
to restrict the measure y to a fixed cylinder set W of the order Ny given by (17).
Consider the measure o) given by

ox = plw o II; L.

The convolution 7 * oy is supported on K +IIx(W) C K +Cy, and we want to show
that

= z—v|P * o)) (T * o)) (v 0.
@) T [ [ [ el b e o)@) dn o)) ar <

Using the definition of convolution and then making a change of variable, we get

— AN - ZI -3 T / - Z/ >
Jo= /,/K/C/K CA|(y+y) (24 20|77 dox(y") dn(y) dox(2) dn(z) dA

= [ ) = G ) de) dnto) ) dn(z) an

By Fubini’s Theorem and (15),
(22

)
T[] [16=2)+ om0 dxdute) dute) antw dnte).

Since (1 x p){(w,7) : [t Au| = k} < m™F, the energy bounds in Lemma 2.3(c) yield

gee[[ 1 X N X s i) dnts)

ki |y—z|<Ca)F ki |y—z|>Cak

= O(Il +IQ).
First we estimate Z7. By (12),

—Bk,__— —Bk._—kyka
T =Y N mFm xn){(y.2) « ly— 2 < CoAF} < O A P mEabe
k>0 k>0

Condition (20) implies )\gﬁm_lx\‘f‘ < 1, so Iy < oo. Next, setting k(y,z) =

log(C5 '|ly—=])

Tog A1 , we get

T <O // ly — 2| Pm W2 dn(y) dn(z)
K2
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and
ly — 2 Pm W) = Oy — 2| Ply — 2| WA = Oy — 2|7

Now, since a, < v, condition (12) implies

//K2 ly — 2| =% dn(y) dn(z) < oo;

see e.g. Mattila [19], Ch.8. Thus Z; < oo and (21) is established. Therefore n * o
has finite (-energy for Lebesgue-a.e. A € I; hence for all such A we have

logm
di K+Cy\) 28>0+ ——;
img(K+C\) >0>a« +log(1/)\)
see e.g. Mattila [19], Ch.8. Letting «. tend to dimy K completes the proof of
Theorem 1.1(a). |

Proof of Theorem 2.1 (which implies Theorem 1.1(b)). We are given a finite mea-
sure 7 on R satisfying the Frostman condition (12). The measure p on € is arbitrary
satisfying (13), and vy = po Tl '. Let Ao € J be such that a + %ﬁ/f—o) > 1. One
can find A1 > Ag so that (16) holds on I = [A\g, \1], and

log(Agm?
> og( om).

2
(23) log A1

It suffices to prove that the convolution 1 * vy has a density in L? for a.e. A € [ =
[Ao, A1]-

As in the proof of Theorem 1.1(a), we restrict u to a cylinder set W of order Ny,
where N is given by (17), and let oy = p|w oII; '. Since v, is a linear combination
of m™1 translated copies of oy, if % o) has a density in L? then so does 1 * vy.
Consider the lower density of % oy,

D(n*oy,x) = liml%nf (2r) " (n * o) [Br ()],
where B.(z) =[x — r,x + r]. As in Mattila [19], 9.7, if
I = / D(n*ox,z)d(n*oy)(z) < oo,
R

then D(n x oy, x) is finite for (n x o)-a.e. ¥, and 1 * o) has a density in L?. Thus,
it is enough to show that

S::/jAd/\<oo.
I

By Fatou’s Lemma,

S§<8 = Hlﬂionf (2r)t /I/R(n x o)) [Br(x)] d(n * ox)(z) dX.

Using the definition of convolution and making a change of variable, we obtain
(24)
S = liminf (2r)~! // / (n* o) [Br(y + Iy (w))] du(w) dn(y) dA.
10 1JRJwW
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Next, denoting by 14 the indicator function of a set A,

(0 ) (B (y + Ty ()] = /R 15, (e (o) () 7 % 73) ()

=/ / 1i(zr): 24100 (7)€ By (y+T1x (W)} (2, T) dua(T) dn(2),
rRJW

Substituting this into (24) and reversing the order of integration yields
(25)
S1 = liminf (27‘)_1/ / / / LAy, z,w,7))du(T) dn(z) du(w) dn(y),
10 RJW JRJW

where

Ay, z,w0,7) i={A €11 |(y +1Ix(w)) = (z +1Ia(7))| < 7}

(26) ={xel: ly—z+¢u (N <r}.

Split the integral in (25) according to the distance between y and z:

/R/W/R/W LA (y, z,w,7))
N //{|y—z|<2r} //W2 +//{y—z22r} //W2 =11 +1o.

To complete the proof, it is sufficient to show that 7; < Cr and Zy < Cr. By
Lemma 2.3(a), (12) and (13),

(27)

I, <C@2r)* Z min{1,7A; ¥ }m k.
k=N

Therefore, setting k, = 1&%7 we get

I, <C@2r)” Z Ay PR 4 Z mks
k<k. k>k.

Recall that the strong separation condition (5) implies \g < 1/m, so Ay Ym=s > 1.
Summing the geometric series and using e = 1 we obtain

(28) T, < Crom=Fkrs,

Since a — %skr =a+ h)sgla% > 1, for 7 < 1 we have r*m =% < 7 and (28)
implies Z; < C'r.
It remains to estimate Zo, the second integral in (27). If CoA¥ < |y — 2|, then by

(18), |fuw,r(N)] < |y — 2|/2, and |y — z 4+ ¢u,r(N)| > |y — 2|/2. When |y — 2| > 2r

—1
this implies that the set A,.(y, z,w, T) is empty. Denote r(y, z) = W. We
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1>

IN

obtain from Lemma 2.3(a) and (13), keeping in mind that Agm® < 1:
R?

[]. 3 matm ) dnte)

k<r(y,z)

IN

OT/ R (Aom®)~*W2) dn(y) dn(z)

_log(Agm*®)
= Cr / / ly — 2|55 dn(y) dn(2).

But logk();—“)\?) < a by (23), so Zo < C"r by (12), and the proof of Theorem 2.1 is

complete. O

3. INTERSECTING TRANSLATES

Proof of Theorem 1.2. Since H*(K) > 0, there is a Frostman measure n on K
satisfying (12). Let 7(E) = n(—F). As in the proof of Theorem 1.1(a), x is now
the Bernoulli measure on €2 which assigns equal probability 1/m to each symbol.
Let vy = po H;l. Then (13) holds with s = 1, so by Theorem 2.1, 7 * vy is
absolutely continuous with respect to £ for a.e.

logm
A = : ——>17.
eJ { eJ a+1og(1//\)> }

We will show that for Lebesgue-a.e. A € J' and (7] x vy )-a.e. t € R,

logm

log(1/A)

Define the set Ay to be the set of ¢ such that (29) holds. For Lebesgue-a.e. A € J’
this set must have positive Lebesgue measure if it has full (7 * vy )-measure; indeed
it will follow that A) contains Lebesgue a.e. ¢, where the density of % v, is positive.
This will yield the statement of Theorem 1.2. If the set of “bad” A € J' (where Ay
does not have full (77 * v, )-measure) had positive Lebesgue measure, it would have
a point of density; see Mattila [19], 2.14. To rule that out it is enough to prove
that for any Ao € J’ and any v such that

(29) dimy[(K +t)NC\] > a+

logm

PRSI O g /A)

there exists Ay > Ag such that
(30)
dimg[(K+t)NC\]>~v—1 for L-ae. A€l =[N, 1] and (7 *vy)-a.e. t.

Fix v € (1,7*). One can choose A\; > Ag so that (16) holds and

_ log(Aom)

1
(31) log Ay

v —1.

Denote
li ={(z,2') €R*: o/ =z +1t}.
As in Mattila [19], 13.12, we have
dimg[(K 4+ t) NCx] = dimg[(K x Cx) N1
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The plan is to show that for L-a.e. A € I, the conditional measure of n x vy on
(K x Cy) Nl; has finite (v — 1)-energy for (77 % vy)-a.e. t. This will imply (30). In
fact, as in Theorem 1.1 we will work with a restricted measure o) = p|w o H;l,
where W is a cylinder of order N; given by (17). Thus (30) will be proved for
(7% ox)-a.e. t € R. However, since W can be any cylinder and since vy is the sum
of measures o corresponding to all cylinders of order Ny, the full strength of (30)
will follow.

The first step is to define the conditional measure. This can be done as in Mattila
[19], Ch.10: for L-a.e. t € R there exists a non-negative Radon measure 6; 5 on
(K x Cy) Ny, such that for all g € Cf (R?),

(32)
/It ot/ B ') = timen) [ [ ey ) () o)

We are going to show that
(33)

J = // / ||(y,y/) (272/)”1_’)’ dé’t,)\(y7yl) d9t7)\(Z,ZI) dt d\ < 0,
IJR S Iy
where

(v, y') = (2,2 = ly = y'| + |2 = 2'|.

Inequality (33) will imply that for a.e. A € I and a.e. t € R, the measure 0; ) is
either zero or positive with finite (v — 1)-energy. Now recall that by Theorem 2.1
the measure 7 % oy is absolutely continuous for a.e. A € I. For such A, by the
definition of convolution we have for L-a.e. t € R

d(ﬁ * UA) ~ /
———() = lim(2r)” // dij(y) dox(y')
dx ”0 {ly.y"): ly/+y—t|<r}

= lim(2r)~ // dn(y) dU,\(yl) = 6‘1&7)\(115)7
Tlo vy'): |y —y—t|<r}

using (32). Thus, 6 » is positive for (7] * ox)-a.e. t € R, as desired.

It remains to establish (33). Any lower semicontinuous function g : R? — [0, 00)
is an increasing limit of a sequence of continuous functions, so we get from (32)
that

/l o(0,9) (3, y') < Timind (2r)" / / o(u,v) dn()dox(y').

t {(w,v"): |y’ —y—t|<r}

Taking g(y,y") = ||(y,¥') — (2,2)||'~7 and applying Fatou’s Lemma and Fubini’s
Theorem, we get

7 < timnf (2r)" ///l// ') — (2, 2117 dn(y) dox (')

{(y,"): |y —y—t|<r}
X db a(z,2") dt dA

_hmlnf 2r)” /// / /|| (y,9) — (z, )"

KXxCy {t Iy —Yy— t‘<r}
X dO \(z, 2") dt dn(y) dox(y') dX.
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To the two innermost integrals we apply the inequality (10.6) from Mattila [19]:
for any Borel set B and lower semicontinuous function h,

/ h(z,2") dOy (2, 2") dt < // Wz, 2") dn(z) dox(2).
B Jl; {(z,2"): 2’—2€B}

Using h(z,2') = ||(y,y') — (z,2)||['7™ and B={t: |y —y —t| <r}, we get

jghlﬁ%‘lf@”_lfl// // 1(w,3') — (2 2]

KExCx {(z2): |(y'—y)—(z'—2)|<r}
x dn(z) dox (") dn(y) doa(y') dX.

Next we change variables, and apply Fubini’s Theorem:

g <tmpten™ [[ ][ Gy—els i) -men

x A\ dju(r) dyu(w) dif(y) dn(2).
where A, = A, (y, z,7,w) was defined in (26). By Lemma 2.3(a),

L(A,) < Cymin{1,7)\; "},
and (16) implies |1\ (w) — I\ (7)| > 67A\k. We obtain

/ < E(Ar(y,z,r,w)) < len{lvr/\ak}
A (=2l 482671 7 (Jy = 2[+ A6~

Next we write

el 1] 1) [f=mem
x2S Jwe S <o Jwe S i esizen S Jwe

and show that Z; < Cr and Zo < Cr. The rest of the proof repeats that of Theorem
2.1 almost identically. We estimate the denominator as follows:

_ ARG=D) if ly — 2| < 2r;
_ )\k v—1 > 0 ; Yy )
(ly =21+ %) ly =27t if Jy — 2| > 2r.

Thus, by (12), since (u x p){(w,7): |wAT| =k} <m™F,

o0

I, < C@2r)” Z min{l,r)\o_k}/\lg(l_wm_k.
k=N
Then, splitting the sum at k ~ % as in the proof of Theorem 2.1, we get

Ty < Cre(A\y Tm™h) o 3o .
Taking logarithms and using « + loggi—% > «y, we see that 7; < Cr.
To estimate Zo we observe that when |y — z| > 2r, the set A, (y, z, T, w) is empty

1
unless A\¥ > |y — z|/Cs, where Cy > 0 is from (18). Denote x(y, 2) = W.
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Then
7, < // S eagtly — 2 dn(y) dn(2)
K? k<r(y,z)
< or / (o) ™)y — 217 dy(y) di(z)
K2

log(Agm)
B // ly — 2" 777 R di(y) di(z)

By (31) and (12), the last integral converges, so Zo < C”r. We have shown (33),
so the proof of Theorem 1.2 is complete. O

4. DENSITIES IN L9: PROOF OF THEOREM 1.3

In this section we prove a generalization of Theorem 1.3. In order to formulate
it, we need the notion of the L9-dimension of a measure p on the product space
Q (see e.g. Strichartz [28] for the definition of L? dimensions of a measure in R™).
A cylinder set of order kisaset {weQ: w;=u;,i=0,1,...,k—1} for some
u = uguy ...uk—1 with u; € {1,... ,m}. Denote by Wy the family of all cylinder
sets of order k. Define for ¢ > 1:

1
(34) Dy(p) = 1 lim inf

The quantity Ds(p) is sometimes called the correlation dimension; it can be
expressed as follows:

— log pu
Do) =t Il ogm

where pp = (u x ) {(w,7) : JwAT| > k}.

Theorem 4.1. Let p be a finite measure on Q) and vy a family of measures on
R defined by (14). Let J C (0,1) be an open interval on which 11y satisfies the
transversality condition (11).

(a) Let q € (1,2]. Then for Lebesgue-a.e. A € J such that X > m~ Pt the
measure vy is absolutely continuous with a density in L.
(b) For any g > 1 and all X € (0,1), if vy is absolutely continuous, then

‘ZﬂeLQ(R) = A>m P,
X

(c) Suppose that p is shift-invariant and ergodic. Denote by h(u) the entropy of
w with respect to the shift. Then the measure vy is absolutely continuous for
a.e. A > e MW such that \ € J, and singular for all X\ < e="#),

Proof. (a) Let I = [\, 1] be a subinterval of .J, such that \g > m~Pa(#), Set
a = q—1; we have a € (0,1] by assumption. We are going to prove that

S —// (v, )" dvy(z) dX < o0,

D(vy,x) = hr?iionf (2r) " tuA[ B, ().

where
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Then by Mattila [19], 2.12, the measure vy is absolutely continuous for a.e. A € I.
For such A we will have D(vy,z) = % and dvy(z) = dd% dzx, so dd% € LYR) for
a.e. A el

First we apply Fatou’s Lemma and then make a change of variable to obtain

S < liminf(2r)~ // (vA|B )Y dvy(x) dA

rl0

= hmmf 2r)~ // (VA [Br(IT (w))])* du(w) dA.

Next we reverse the order of integration and use Holder’s inequality fI fe <
C([, f)> for a € (0,1] and f > 0, to get

§ < Climint(2r) ™ /Q < /1 o2 [Bo (T ()] dA)a dp(w).
We have
/IVA[BT(H,\(W))] dx = /I/RlBr(Hk(w)) dvy d\

//1{7: Ty (w) Ty (7)<} AR (T) dA
I1JQ

/ £(®,(w, 7)) du(7),
Q

where
O (w,7)={Ael: [IIx(w)—I(r)] <r}.
Thus,
(35) S < Chmllnf (2r)~ / (/ L(P(w,T))du(r )) dp(w).

Lemma 4.2. There exists C > 0 such that for all w and T in €,
L(®r(w, 7)) < Crag M
Proof. Let k = |w A 7|. We have

Gur(N) = Ta(w) = TIA(7) = A* D " b; (AN
j=0

where b;(\) € D(A) — D(A) and bo()) # 0. Let ¢(\) = 3772, bj(A)N. If we show
that

(36) L{Nel: (N <p}<Cp

for p > 0, the lemma will follow by taking p = Ay Fr. The class of all functions
1 (corresponding to all possible choices of b;(A) € D(A) — D(A) with by(X) # 0)

is compact in C1(I). Then it follows easily from the transversality condition (11)
that for some € > 0, depending on I only,

(37) WV <e = W) >e
If p > € then (36) holds with C' = 1/e. Otherwise,
Ael: g <ppcVei={rel: [N <€}
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The property (37) implies that ¥, is a union of intervals of monotonicity for #. In
each of these intervals, the portion where [)(A)| < p has Lebesgue measure at most
2p/e. On the other hand, [¢)'(A)| has a uniform upper bound on I, so each of these
intervals (except maybe the first and the last one) has length > ¢/C’. Thus, their
number is certainly less that C'/e, and so L{\ € T : |[Yp(N\)| < p} < (C'/€)(2p/e).
This proves (36). O

Let us continue with the proof of part (a). By Lemma 4.2, we get from (35):

S < Clim inf(2r)_°‘/ </ 7“/\0_‘“)/\7| du(7)> du(w).
rl0 o \Jo

Denote by W, the cylinder set {T € Q: 7; = wj, j < k} of order k. Clearly,
{reQ: wAT| =k} C W,y for k> 1. We have

S < C’/ <1+Z/\Ekuww>k> du(w).
Q

k=1
Now apply the inequality (> b;)* < > b% for b; > 0 and « € (0, 1], to get

1+/ka_lAgka(uWw,k)a du(w)l

= Ci+Cy Y > A uw)et!

k=1 WeWw

- Cﬁ(}zixg‘“(q‘” S (W)

k=1 Wewy

S

IN

C

Let 6 > 0 be such that
(38) Ao > m~(Palr)=d)
By the definition of Dy (u), for k sufficiently large,

Z (UW)? < m—k(Dq(M)—5)(q—l)7
Wewy

so we obtain
(1, —(Dy(—8)) D
SOty (Agtm Pal-9) .
k=0

The series converges by (38), and the proof of part (a) is complete.
(b) Now ¢ € (1,00). Suppose that vy is absolutely continuous with a density
s in L9(R). Then

q

dvx dx < 0.

T

(39) Jim (2r) /R (a[By (@) da = /

r—0 R

This follows from the Hardy-Littlewood Maximal Theorem, or see Hardy and Lit-
tlewood [9], Th.22, for an elementary proof. We have for k > 0:

vy = E vy, where v\ = plw oIl
Wewy
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Observe that each measure v} is supported on the set IIy(W). Let Iy be the
smallest interval containing IIy(W). It is clear that L(Iw) = aAF for W € W,
where a = diam IT(92). Set r = a\*. Then

WIB,(z)] = vV (R) = uW  for x € Iy;

hence
/ WV B ()T dx > aXF (uW)4.
R
Using the inequality (3° ;)7 > > bf for b; > 0, we obtain

(2r) 0 /R (AB@))1ds > (20301 Y /R (WY (B ()7 d

WeWwWg
> (2a)7INTRa NP Z (uW)?
Wewy
= o Y (e
Wewy

This, together with (39), implies
Z (uW)? < O\ a—Dk
Wewy

Taking logarithms, dividing by —klogm and taking lim inf, yields
Dy(p) = log A/(—logm).

Hence A > m~Pa(#) | ag desired.
(c) For w € Q, denote by Wy (w) the cylinder of order k containing w. The
Shannon-McMillan-Breiman Theorem asserts that

(40) Jim %log(uWk(w)) = —h(n) ae. [y]

By Egorov’s theorem, for any € > 0 there is a subset Q¢ of 2 such that pu(Q.) > 1—e¢
and the convergence in (40) is uniform on .. Denote by pu. the restriction of
wto Q.. By (34), Dy(pe) > M for all ¢ > 1, so part (a) implies that the

logm

measure uJI;l is absolutely continuous for a.e. \ € J greater than e "(#). Letting
€ — 0 proves the absolute continuity assertion of part (c). It remains to prove the
singularity assertion. Billingsley [2] used the Shannon-McMillan-Breiman Theorem
to deduce that the Hausdorff dimension of the measure p equals h(u)/logm. Here
dimg p = inf{dimyg X C Q: p(X) = 1} and the space Q is equipped with the
metric d(w,7) = m~1“ 7. The map IT : Q — R is Holder:

log(1/))

_ < |[wAT| _ « — o\ /)
I\ (w) — II\(7)] < CA Cld(w,7)]*,  where « Tog

Thus,
(41) dimg vy < (1/a)dimyg p = h(p)/log(1/)N).

If A < e~ ") then dimpy vy < 1, so vy is singular. O
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Remarks. (i) In part (c), a variation of the proof shows that for a.e. A < e~"(*) in
the transversality interval J, the inequality in (41) is actually an equality.

(ii) The assumption in (c¢) that p is invariant and ergodic can be relaxed; it
suffices that the limiting relation (40) holds p-a.e. (and the limit there could be
replaced by a limsup.)

Proof of Theorem 1.3. Recall that p is a Bernoulli measure on 2 with weights
(p1,...,pm). The entropy of u is h(p) = — >\, pilogp;, and direct calculation
shows that

m~Pa) — [p‘{ .. _|_p;1n]1/(q—1)

(the expression following the liminf in (34) is independent of k). Thus the theorem
follows immediately from Theorem 4.1. O

5. CHECKING TRANSVERSALITY, AND PROOF OF COROLLARIES 1.4-1.6.

The transversality condition (11) is used in part (a) of Theorem 4.1. It also arises
in the study of self-similar sets (Pollicott and Simon [24], Solomyak [25], [26]).
Recall that D = {d1(A),... ,dmn(N)} is a set of digits depending on A € (0,1)
with d; € C'[0,1]. Let us assume also that dj(\) — d;()\) is bounded away from
zero for k # [, so that
(42)
di(A) = d;(A)
b=0b(D)=sup< | —H—L=%
) p{ di(A) — di(A)

Setting k = |w A 7|, we can write

‘: A€ [0,1], i,j,k,lgm,k#l}<oo.

N

) — T () = M (A ) — dry () {14 dewEA;—dw(A)
1

du, (A) — d7p (X)

Jj=
Transversality means absence of double zeros for all functions II)(w) — IIy(7). A

sufficient condition for this is the absence of double zeros for power series of the
form

(43) glx) =1+ gna", with g, € [-b,b].
n=1

Let
y(b) =inf{\ > 0: Jg of the form (43) such that g(\) = ¢’(\) = 0}.

Then transversality holds on (0,y(b)). It turns out that y(b) can be estimated
rather easily, using the following extension of a lemma from Peres and Solomyak
[23]. We include the brief proof for completeness.

Lemma 5.1. Let b > 1. Suppose that for some k = k(b) > 1 and v = v(b) € R
there exists a function

k—1 S
fo(z) =1 —be”—i—’yxk—i— Z ba"
n=1 n=k+1
such that for some xp € (0,1)
folxp) >0  and  fi(zp) <O.

Then y(b) > xy.
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Proof. Since f; has at most one zero on (0, 1), it easily follows that f;(x) > ¢ and
fi(x) < =6 for all z € [0, xp]. (Consider separately the cases k =1 and k > 1).
Let g(x) be a power series of the form (43) and consider h(z) = g(x) — fio(x).
Then (43) and the definition of f, imply that h(x) = 2221 ciw' =Y 02, et where
¢i>0andl=k—1orl=k. Thus for any z € [0, x],

g(r)<d = hx)<0 = h(r)<0 = ¢'(z)<-4,

where the middle implication is a consequence of one coefficient sign change of h.
Hence g has no double zeros in [0, 2], and the lemma follows from the definition of

y(b). O

Corollary 5.2. The transversality condition holds on the interval (0,y(b)), where
b is defined in (42) and

(i) y(1) > 0.64, y(2) =05, y(3)> 0.415;

(ii) y(b) > 1+ VD) for all b>1 and y(b) = (14+Vb)"! for b>3+ V8.

Proof. (i) Let f1(z) =1— 2 —2? — 23+ 0.12* + > 7 2™, Then f1(0.64) > 0 and
f1(0.64) < 0, so y(1) > 0.64 by Lemma 5.1. The function fo(z) =1 — 2z — 22 +
223+, 22" satisfies fo(z) > 0, fi(z) < 0 for z € (0,0.5), and has a double zero
at 0.5; hence y(2) = 0.5. The function f3(z) =1— 3z —0.72% + Y~ . 32" satisfies
f3(0.415) > 0 and f4(0.415) < 0; hence y(3) > 0.415. We found the functions f;
and f3 using Mathematica.

(ii) The inequality y(b) > (1 + vb)~! follows from the proof of Lemma 1 in
Pollicott and Simon [24]. Alternatively, let fy(z) = 1 — (1 4+ 2Vb)x + 300, bx™. Tt
is easy to check that f5(2) > 0 and f;(z) < 0 for z € (0, (14 vb)"!), so Lemma 5.1
implies the desired estimate. Furthermore, (14+v/b)~! is a double zero for f;; hence
y(b) = (14 vb)~! provided 1 + 2v/b < b (so that all coefficients are not greater
than b in modulus), which is equivalent to b > 3 + V8. (|

In the opposite direction, it is known that the whole interval (27/2,1) is filled
with double zeros of power series with coefficients —1,0,1 (see Solomyak [26]), so
the transversality condition for m = 2 does not hold there. In Solomyak [25] it is
shown that A = 0.682328.. ., the positive root of 2% + 2 = 1, is also a double zero
of such a series.

Proof of Corollary 1.4. To deduce the statement from Theorem 1.3, we must verify
the transversality condition. Since m = 2, we have b(D) = 1 in (42), so transver-
sality holds on (0,0.64) by Corollary 5.2(i). For p € [1/3,2/3] and ¢ < 2 we have
7+ (1—p)7T < p?+ (1—p)2 < (1/3)2+ (2/3)2 = 5/9 < 0.64, so it remains to
show that 1} has a density in L? for a.e. A € (0.64,1).

Writing Y £A" = Y £(A2)" + A3 +(A\?)", we see that

(44) 7% (u) = DLa ()P (hu).

If f, has an L?-density, then by Plancherel’s Theorem e L?*(R); hence 7} €
L*(R) and v} has continuous density. Thus, if we show that v} has an L?-density
for a.e. X € [p? + (1 — p)2, /p? + (1 — p)?], the result will follow by repeating the
same argument. Since p € [1/3,2/3], it suffices to cover (0.64,/5/9).

Consider the convolution 14 /4. This is a self-similar measure corresponding to
the digit set D = {—2,0,2}, with probabilities (p?, 2p(1 — p), (1 — p)?). We have
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the following implications:

ABR) cp2 & Todel? = Peld = Pecl? = du—pﬁeLQ
dx AT A v dx ’
using (44) in the third implication. For 1 1 we have b(D) = 2, so by Corollary
5.2(i), transversality holds on (0,1/2). By Theorem 4.1, the convolution 1§ % 1{
has an L2-density for a.e. A € (p* + 4p?(1 — p)? + (1 — p)*,1/2). One can check
that p* +4p%(1 — p)2 + (1 — p)* is maximal when p = 1/3, so this interval contains
(11/27,1/2). We conclude that 1} has an L2-density for a.e. A € (1/11/27, 1/v/2).
Since /11/27 < 0.64, we have covered (0,1/v/2).

Finally, consider v x 1§ % 1. This is a self-similar measure with the digit set
{-3,—1,1,3} and probabilities (p?, 3p*(1 — p), 3p(1 —p)?, (1 —p)3). As above,
one can argue that if v * 1§ 1§ has L>-density, then 1}, ,, has L*-density as well.
Transversality now holds on (0,y(3)) D (0,0.415) by Corollary 5.2(i), and after a
computation, we obtain that v} has L-density for a.e. A € ((245/729)3,0.415%).

Since (245/729)F < 1/v/2 and 0.4153 > 1/5/9, we are done. O

Proof of Corollary 1.5. As mentioned in the introduction, for A € (1/2,1) the den-
sity of ny is continuous. To see that transversality holds for A € (0,1/2), recall
that the digit set defining ny is D = {—1,0,1},s0 b =b(D) = 2 and y(b) =1/2 by
Lemma 5.2(i). |

—

Proof of Corollary 1.6. For a.e. A € (1/2,1) we already know that v,/* is in L2,
so we may restrict attention to A € (0,1/2). The nth convolution power of v,/* is
a self-similar measure assigning binomial probabilities (2)2_" for k=0,...,n to
the n 4+ 1 digits {—n,2 — n,... ,n}. The sum of squares of these probabilities is
precisely :\n = (27:1)2_2”. It follows from Theorem 1.3 that the Fourier transform

of the nth convolution power of v\/* is not in L? if A < An, but is in L2 for a.e.
A € (An,y(n)), where y(n) is estimated in Corollary 5.2. Using Stirling’s formula
with remainder, or directly by induction, it is easily verified that y(n 4+ 1) > A,
for all n. > 2. This implies that the intervals (A,,y(n)) for n > 2 form a cover of

(0,1/2), and the proof is complete. |

6. CONCLUDING REMARKS AND UNSOLVED PROBLEMS

1. The study of arithmetic differences and sums of Cantor sets has been moti-
vated by a question of Palis and Takens whether it is true, at least generically or
typically, that if the difference of two affine Cantor sets has positive Lebesgue mea-
sure, it must have non-empty interior. This problem remains open even for middle-
a Cantor sets, although some information is contained in the work of Mendes and
Oliveira [20]. An important step was the formulation by Keane and Smorodinsky
of a simpler problem involving a self-similar Cantor set defined by a nonstandard
digit set (see Keane, Smorodinsky and Solomyak [15], Pollicott and Simon [24]).

2. If in Theorem 2.1 one could show that the convolution considered there
typically has a continuous density, this would yield a positive answer to Palis and
Takens’ question, at least for middle-a Cantor sets.

3. Is the transversality condition assumed in Theorems 1.3 and 4.1 really needed?
It is certainly used in our proofs, but perhaps it could be removed by a more careful
study of double zeros for the relevant power series.
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4. As mentioned in the introduction, each of the exceptional sets (which have
Lebesgue measure 0) of parameters A in Theorems 1.1-1.3, is certainly nonempty;
are these sets countable?

In Theorem 1.1(a) it can be shown that the dimension of the exceptional set
in certain closed subintervals is strictly less than 1 (analogously to estimates of
Pollicott and Simon [24]); in the other results of this paper such dimension estimates
seem harder to establish, and it would be particularly interesting to obtain such
estimates in Corollary 1.4.

5. This question concerns the middle-a sets defined in (1). Is it true that for
a.e. pair (v, A) such that dimgy ICy 4+ dimg KOy > 1, the inequality

dimH[(IC,Y + t) N IC)\] < dimg Icry +dimg Iy — 1

holds for all t € R?

This is analogous to a conjecture of Furstenberg [8] concerning pairs of Cantor
sets in [0, 1] that are invariant under multiplication mod 1 by different (multiplica-
tively independent) integers.
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