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ABSTRACT. We define an index of Fuller type counting the number of periodic
orbits of a semiflow on an ANR by a suitable approximation process.

INTRODUCTION

In this article it is our aim to define an index counting the periodic orbits of
a semiflow on an ANR. Historically, the first definition of an index counting the
periodic orbits of a smooth vectorfield on a finite dimensional manifold was given by
Fuller [Fu]. Fuller’s article already contains all relevant ideas for the analytical as
well as the topological approach to this problem. A purely analytical treatment via
bifurcation theory was given by Chow and Mallet-Paret [CMP]. In their article they
also indicated a way to generalize the index to an infinite dimensional situation,
viz., periodic solutions of functional differential equations. (To the present author’s
knowledge many readers of [CMP] have been puzzled by the question of why it
is sufficient in this paper to restrict the argument to period-doubling bifurcations.
The answer can be found in an article by Dancer and Toland [DT] in Theorem 2.8.
I am very grateful to J.F. Toland for pointing this out to me.)

In [F2] the author presented a topological approach. For later purposes we sketch
some details.

Definition 1. A local semiflow on a topological space X consists of an open set
D C X x [0,00) and a continuous map ® : D — X such that (with ¢z = ®(x,t))
i) X x {0} CD.
ii) For each x € X there is an w, € (0, 00] such that (z,t) € D iff 0 <t < w,.
iii) ¢ox =z for z € X.
iv) If (z,t) € D and (¢x,s) € D, then (z,t +s) € D and ¢i1sx = ¢y © Psx.

When @ is given, we will find it convenient to write D(®) := D. Let x € X and
¢sx = x for some t > 0. Then w, = oo, x is a periodic point, and t is a period of
x. If ¢px = x for all t > 0, then x is a rest point; otherwise there is a minimal
p > 0 with ¢,z = x and ¢ is a multiple of p. Then m(x,t) := ¢/p is called the
multiplicity of (x,t) and p(z) := p the minimal period. If ~ is the orbit of x, we
write p(y) = p(x) and m(v,t) := t/p(7).
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The simplest case occurs when X is open in R™, U is open in X X [0,00) with
U € D(®) and P := P(®) := {(x,t) € clU| ¢; = x} is a compact subset of
U. Call T € H"(X x X, X x X \ A) the orientation and define g : U — X x X
by g(z,t) := (x,¢+x). Then the homological index I(X,®,U) is defined to be the
image of 7 under

AM(X x X, X x X\ A) 25 A™(U,U\ P) = HSP s H\U

Here, H is Alexander-Spanier cohomology, & is Poincaré duality(cf. [M], p. 363),
and i: P — U is the inclusion. In [F2] it is explained how one may generalize
this result to the case where X is an ANR (cf. [H] for facts about ANR), ® has a
compact attractor, and ¢, is locally compact for some to > 0. A reader who likes
fancy constructions may wish to describe I(X, ®,U) in terms of Dold’s transfer;
this is spelt out in [Srl].

The definition of I(X, ®, U) suffers from a major drawback: namely if H;U = 0,
then the index will always be trivial. In [F3] we explained how to circumvent this
difficulty in the case of a functional differential equation with a C? right hand side.
In this situation, one can define a numerical index (X, ®,U) € Q due to the fact
that for functional differential equations a Kupka-Smale type result is available.
Assuming the right hand side to be C? (in an infinite-dimensional Banach space),
however, rules out the most important applications in the case of (local semiflows
generated by) functional differential equations or parabolic semilinear equations,
since differentiability is a severe restriction in infinite dimensions. A first attempt
to circumvent this difficulty was undertaken by A.J.B. Potter who in [P1],[P2]
considered a class of semiflows in Banach spaces that are approximable by C?-
flows on finite-dimensional subspaces. This class contains many important cases
of functional-differential equations, but his definition of the Fuller index was not
completely satisfactory inasmuch as the index was not defined to be a rational
number but rather a sequence of rational numbers (due to the fact that it is not
clear that the indices of the approximating semiflows stabilize). In the present
article we intend to define a numerical index for periodic orbits on ANR without any
assumptions on differentiability. The idea is that the above definition of I(X, ®,U)
works for arbitrary mappings which need not be a local semiflow. Note, however,
that although the index may be defined for “parametrized” mappings F': clU — X,
the index will enjoy the properties listed below only in the case of local semiflows.
Cf. [Sr2], where it is shown that for any isolated component C' of periodic orbits of
the Seifert flow on S there is an arbitrarily small perturbation of the Seifert flow
(as a parametrized mapping) which has no periodic point near C. Since the Fuller
index of C' is easily computed to be nonzero, this would contradict the properties
of additivity and homotopy invariance if these properties could be extended to
the case of parametrized mappings. This shows that one has to exercise extreme
care when using a parametrized mapping in approximating a local semiflow. Our
idea here is to approximate ® by a mapping F : clU — X such that P(F) :=
{(z,t) € clU| F(z,t) = t} consists of finitely many one-spheres which correspond
in a natural way to periodic orbits of ® plus other components each of which
is contained in a contractible set. This approach, however, needs some care: A
brute force approach would approximate ® by a smooth finite dimensional mapping
¥ and then look for a regular value y of pry —W¥ near 0. Then, of course, one
would have that {(z,t)] ¥(x,t) = x — y} consists of finitely many (homotopy-)
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one-spheres. These, however, need not have any relation to the original periodic
orbits, and there is no conceivable way to assign an orientation or a multiplicity to
these spheres. For example, one can imagine a semiflow ® with P(®) = S! x S1
such that the flowlines are parallel to the first factor, i.e., S x {a} with a € S*.
But for the approximating F, P(F) might well look like [JI_,{b;} x S*. So we
see that in constructing the approximation we should retain as much structure as
possible of the original periodic orbits. Of course, one will have the impression
that our construction is unnecessarily complicated (though in a subsequent paper
we intend to give an axiomatic description for the Fuller index) and there remains
the challenge to find a more conceptual approach to the definition of an index for
periodic orbits. Since the circle group S* acts on P(®), it would be tempting to
look for an equivariant approximation, but it seems that this will not work since the
action of S cannot be extended over a neighbourhood of P(®). There is, however,
in [GN] an extremely interesting approach using algebraic K-theory and Hochschild
homology. Although in [GN] this approach is limited to the case of smooth flows
on closed oriented manifolds, it seems possible that it may be generalized to the
present situation.

1. THE SET-UP

We shall deal with the following situation: X is an ANR, Q C X x [0,00) is
open, ® is a local semiflow on X such that c1Q C D(®) and such that cl®(Q) is
compact. We call P(®,Q) := {(x,t) € clQ| ¢z = z}, and we assume that P(D, )
is a compact subset of 2. (In a later article we shall explain how to replace the
compactness condition on cl®(§2) by the assumption that ® possesses a compact
attractor plus some local compactness assumption.)

We say that an index is defined for triples (X, ®, ) satisfying the above con-
ditions if to each such triple we can associate a rational number (X, ®, Q) such
that:

(A) The index is additive, i.e.,
Z(Xa (1)7 Q) = Z(Xv (I)a Ql) + Z(Xv (I)a QQ)

if Q is the disjoint union of open sets 27 and s.
(H) The index is homotopy invariant: Assume that Q C X x [0, 00) x [0, 1] is open
and that we have a continuous mapping

Z:cdQ — X,
(x,t, @) — Z%(z, t)
where for each a € [0,1] E® is a local semiflow with c1Q® C D(E®) where

Q* = QN (X x [0,00) X {a}), E(clQ) is a compact set and {(z,t,a) €
cl Q| Z(z,t,a) = 2} is a compact subset of 2. Then

i(X,2°%,0% =4(X, 2 Q).

(N) The index is normalized: i(X,®,Q) = i/m, if P consists of a single peri-
odic orbit v of multiplicity m and i is the fixed point index of the Poincaré
mapping associated with v (cf. [F1] for the definition of the Poincaré map-
ping for continuous semiflows on ANR). Equivalently, we could demand that
I(X,®,U) =i(X, ®,U)[y] where [y] is the homology class in H,U represented
by the map 7 +— ¢¢-x on [0, 1] if (x,t) is a point on ~, t = mp(x), and U is a
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neighbourhood of ®({z} x [0,t]) x {t} such that [y] represents a generator of
HU.

2. THE MAIN RESULT

Theorem. An index is defined for triples (X, ®,Q) where X is an ANR, Q C
X x [0,00) is open, and ® is a local semiflow on X such that c1Q C D(P), clP(Q)
is compact and P := P(®,Q) is a compact subset of .

Proof. The proof consists of three main parts: First, we will “approximate” ®
by a mapping on a suitable nerve (cf. [H] for definitions and facts about nerves,
realizations, and canonical projections) and define a numerical index for the ap-
proximating map. The second task will then be to show that this index depends
neither on the choice of nerve nor on the particular approximation. Finally, we will
have to verify properties (A), (H), and (N).

Part 1. We start by several reductions:

1.1. Since P is a compact subset of €2, there are no rest points in €2, so pry P is a
compact subset of (0, 00). So we may replace Q2 by a neighbourhood of P such that
pry cl ) is a compact subset of (0,00). Let ¢t_ = inf pry clQ and ¢4 = sup pry cl €.
Let p_ := inf{p(x)| € pr; P} and M := [ty /p_], so M is the greatest multiplicity
which can occur for a periodic orbit in €.

1.2. For each periodic point (z,t) of ® in Q choose a tube T, around v :=
O({x} x[0,p(z)]). (In [F1] it is shown that for a periodic point 2 and neighbourhood
U of v in X there are a neighbourhood V' C U of v and a set S containing x such
that for each y € ¥ := SNV the map 7 given by 7(y) := inf{s > 0| ¢sy € S} is
defined and continuous and such that ®(clV x [0,¢4]) C U.) We then call T, :=V
a tube around v and S a section at x. Since we may choose an open set ' with
P(®) C @ C clQ C Q and replace clQ by prl_l(U,Y T,) NclQ, we may assume
that, for each (x,t) € cl, x is contained in a tube of a periodic point in P(®). We
let 71 := 7 and 7,,(y) := 7(P(y, Tm-1(y))) as long as this is defined.

1.3. Choose a compact ANR Y with cl®(£2) C Yand let U = (Y x [0, 00))NQ. This
is achieved as follows: Embed X as a closed subset in a normed linear space E. Then
let O be a neighbourhood of X in E such that there is a retraction r : O — X.
By a result of [G] there is a compact ANR C such that cl®(Q2) ¢ C C O. Let
Y :=r(C).

1.4. Since we want the index to be additive, we may assume that Y is connected.
(Obviously, we may replace Y by its connected components which are again ANR.)

Part 2: Definition of the index. The main tool in the proof will be the con-
cept of convenient approximation: Before we introduce this concept, we fix some
notation. If « is a (locally finite) open cover of a space X, we denote by N, the
nerve of a and, for U € «a, by (U), the vertex corresponding to U. Similarly,
if Ur,...,U, € @ and (;_, U; # 0, then (Uy,...,U,), denotes the simplex with
vertices (U1),,,...,(Un),. By “simplex” we always mean “closed simplex” and by
st we denote the open star.

The idea in the proof is to construct a suitable covering a of Y by first covering
(a neighbourhood of) the periodic orbits of ® by “tubes” and then the complement
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of this neighbourhood. Moreover, we include some “redundant” sets in the cover-
ing (namely, we choose an additional set in each maximal intersection) which will
provide us with enough space to perform our approximation. Then we choose a
canonical projection p, : Y — N, which maps some of the periodic orbits homeo-
morphically into the one-skeleton of N, and we choose a realization ¢, : N, — Y
which is inverse to p, on this part of the one-skeleton. (A “realization” of N, is
just a continuous mapping N, — Y. In ANR-spaces, one has control over the size
of the images of the simplices of N, under i, (cf. [H]).) A convenient approxima-
tion will then be an approximation to the mapping given by (x,t) — padiiaz such
that the fixed point set {(z,t)|fa(x,t) = x} consists of the part of the one-skeleton
corresponding to the periodic orbits plus some components (the projection onto N,
of) each of which is contained in a contractible subset of N,. So we can hope that
these do not contribute to the index. The approximation itself is done by moving
points which are not on the part of the one-skeleton corresponding to the periodic
orbits into the direction of the vertices corresponding to the redundant sets of the
covering. The details are, however, fairly laborious and will be relegated to the
appendix.

Definition 2. Let ® be as in Part 1. A convenient approximation for ® consists
of

— a finite open cover a of Y with nerve IV, canonical projection p, : Y — N,
and realization i, : N, — Y such that I(Y,®,U) is defined and does not
depend on the choices involved in the definition (cf. [F2]) and

— a continuous mapping f, : clj;(U) — N, which is homotopic to po®ja
on clj t(U) (where here and in what follows we write j,(z,t) = (iaz,t)
for x € N, and ¢ € R) via a homotopy H such that H(x,t) # x whenever
(iaz,t) € OU and such that, for (z,t) € jo1(U), fa(z,t) € sto if o is the
minimal simplex in N, with py¢iiax € 0.

Moreover, we require that the following conditions hold if we fix a euclidean metric
don Ng:

1) a) a decomposes as « = oy U a* where g is a covering of ¥ and for each
maximal simplex ¢ of Ay := N, there is a simplex of N, consisting of ¢ and
a vertex (U,), with U, € o such that the following holds: if o1,...,0,, are
maximal simplices of Ay, then (Us,), ..., (Us,.), form a simplex iff there is a
maximal simplex o in Ay such that each o; meets o.

b) If 01,...,0m, and T are maximal simplices in Ay and 7’ is a face of 7 such
that (Uy,),...,{Us, ) and 7/ form a simplex, then (Uy,,),..., (U, ) and 7 form a
simplex. Moreover, if E’ is the set of vertices of 7/ and F is the set of vertices of T,
then (2, Us, N ﬂ(V}eE’ V=NLUs0N ﬂ(v)eE V.

c) If o is a simplex in N, containing a vertex (W) corresponding to W € o
such that o N Ay is either empty or a proper face in Ay, then o Nst (W) does not
belong to the range of p,,.

2) There are finitely many periodic orbits 71,...,7s of ® and a decomposi-
tion ap = a1 U ay such that oy decomposes into tubes around ~1,...,7s which
cover pr; P and such that the closure of each element in ay is disjoint from pr; P
and such that, for j = 1,...,s, the following holds: if I'; denotes the union
of all W € oy which meet 7;, then for a periodic point z € I'; we have that
Ip(z) — kp(v;)| < p—/(2M) for some positive integer k < M. Moreover, 7y1,...,7s
are mapped homeomorphically by p, into the 1-skeleton of Ay with i, being the
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inverse of po| U;_; % on v = pa(vi). Finally, fo(z,t) = pa®(iaz,t) if x € v
for some j = 1,...,s and t is a period of z. We call v1,...,7s (or v1,...,7.) the
distinguished orbits of fq.

3) Let Py := {(z,t) € j;'(U)| falz,t) = z}. For j = 1,...,s let M; =
{tl v x {t} C P(®)}. If j € {1,...,s} and t € M, then P, contains 7} x {t} as
an isolated component, and the projection (onto N,) of each other component is
contained in a contractible subset of N,. In particular, 71,...,7, are isolated in
pry Ps.

4) Call A, the subcomplex of N, containing all vertices (W) with W € a*. Then
there are neighbourhoods Wy,..., W, of ~{,...,7%. in N, and a é > 0 such that
d(fa(x,1'), Ax) < d(z, Ay) whenever (z,t) € Uyepy, [l W) x [t — 0,8+ 6]\ (7] x {t})]
for some j=1,...,s.

5) If v x {t} is isolated in P(®) and V is an isolating neighbourhood of 7" x {t}
in jo1(U) (where 7' = pa(7)), then I(Y,®, ja (V) = juuI(Nay fa, V).

Observe that although it looks awkward, Condition 1) ¢) can easily be fulfilled
if we can fulfill 1) a) and b). Namely, we will choose the canonical projection in
a specific way as in ([Du], VIII.4 and 5): If X is a paracompact space (in fact,
a compact space would be sufficient for our purposes) and « is a locally finite
open cover of X (again a finite cover would suffice), choose a partition of unity,
(Yu)uea subordinated to « (i.e., for each U € « the support of 9y is nonempty
and contained in U) and define p, : X — No by pa(x) = > 1, %u(x) (U),-
Consider then a simplex ¥ containing a vertex in A, and meeting Ay in a simplex
7/ = ¥.NAp which is a proper face of a maximal simplex 7 in Ag. Then let y € 3\ 7'.
We claim that y ¢ po(Y). Since y ¢ 7/, there is a vertex (U,), say, of ¥ in A,
such that y € st(U,). By Condition 1) b) (U,), (U;), and 7 will then form a
simplex. Moreover, if E’ denotes the set of vertices of 7/ and E the set of vertices
of 7, we have that Us N (\yyep V C yyep V- So if there were an z € Y with
Pa(z) =y, we would have that « € Us N\ yyep V C (e V- But then z would
have positive barycentric coordinates with respect to the vertices of 7 not in 7. In
addition, we observe that ¥ cannot be a maximal simplex: Let (Uy,), ..., (Uy, ) be
the vertices of ¥ in A,. Then we claim that (Uy, ), ..., (Us,,), and 7 form a simplex.
But this is obvious since (;2) Us, N \yyepr V # 0 and hence by Property 1) b)
Nty Us, N NoyerpV # 0. If ¥ is a simplex which does not meet Ao, it is trivial
that ¥ cannot be maximal (since «g covers V) and that ¥ cannot meet the range
of pe.

We shall prove in the appendix that there exists a convenient approximation, and
we shall now define the index (Y, ®,U) in terms of a convenient approximation.
Let v1,...,7s be as in 2) in the definition and choose neighbourhoods with disjoint
closures, Vi,..., Vs, of 71,...,7., in N, and a positive § < p_/2 such that for
jed{l,...,s}

— 7} is a deformation retract of V;

— dVyx[t=6,t+6 Cj t(U)fort € M;:={r| v; x {r} C P(®)};

— clV; Cstv}. Let z € clV; and call o the minimal simplex in 7} with x € st o;
then fo(z,7) € sto for |1 —t| < 4. This is possible since ®(y; x R) = 7; and
fa(z,t) = pa®(inz,t) if z € 7} and t € M;.

— i '(V;) C Ty
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— d(fa(z,t'), Ay) < d(z, A,) whenever
(@,t) e |J [AV; x [t=6,t+ 0]\ (v x {t})].
teM;

Thenlet j =1,...,sand ¢t € M;, define m;(t) = t/p(7;), and write the homological
index as I(Na, fa, V; % (t = 6,t +0)) = c¢[v;]. Then we define

ind (Y, 9,0) =Y 3 mcf(t).

j=ltemM; 7

Part 3: The index does not depend on the choices involved in the defi-
nition.

3.1. We first consider the case where we have convenient approximations f, and f/,
for the same p,®j,. We choose v1,...,7s as in 2) in the definition and neighbour-
hoods Vi,...,Vsof v1...,7. and ad > 0 as above. We will now describe a homotopy
between f, and f), on clV; x [t — §,t + 0] when ¢t € M;. Then let z € clV; and
[t—t'| < 0. By assumption there is a minimal simplex o in 7} such that x € st o and
falz,t"), fl(x,t') € sto. So either f(z,t') and f/ (z,t") belong to the same simplex
or to different simplices in st o. Then let o1 denote the maximal simplex contain-
ing p := fao(x,t’) and o2 the maximal simplex containing ¢ := f/ (x,t'). Then oy
and o, have a maximal common face 7 and this face contains ¢ and (Uy,, Us,),, -
We will then obtain the required homotopy by joining f,(z,t') to f.(z,t') by a
“broken line”: Let X\ € [0,1]. If o1 = o9, we let £(p,q; \) = (1 — A\)p + A¢g. If
01 # 02, we choose the unique point z € 7 such that d := d(p, z) + d(z, ¢) is mini-
mal, and we abbreviate dy := d(p, z) and ds := d(g, z). We then define £(p, q; \) :=
(1—dX/dy)p+d\/dy-zif0 < A < dy/d and £(p, ¢; ) i= (1—\)d/do- 2+ (dA—dy) /do-q
if dy/d < XA < 1. We then define h : clV; x [t —0,t+ 6] x [0, 1] — Ny by h(z,t',\) :=
U folz, t"), fl(z,t'); N). Since d(fa(z,t'),As) < d(z,As) and d(f.(z,t'), As) <
d(z, Ay) for (z,t') € O(V; x [t — d,t + 0]) and since the common face 7 of o4
and oy contains points in A, we will also have that d(h(z,t',\), A.) < d(z, Ay)
and consequently that h(z,t’,\) # « for (z,t') € O(V; x [t — 6, + 6]). So we
have that I(Nq, fa,V; X (t = 0,t +0)) = I(Na, £, V; x (t — 6,t + 6)) due to the
homotopy invariance of the homological index. (A priori, we only have that both
indices have the same image in Hy (V; x (t—9,t+3J) x [0, 1]), but since the inclusions
(z,t") — (x,t',0) and (x,t') — (x,t',1) induce isomorphisms this shows what we
need.)

3.2. Next we consider the case where we have different realizations iy, i), : No — Y
and canonical projections: p,,pl, : Y — N,. But p,®j, and p,,®j/, are homotopic
without fixed points on the boundary of clj;(U) and by our assumption p, and
p,, have to coincide on 71, ...,vs and i, and i/, have to coincide on ~1,...,7, as
well. Since py¢tiqr = x for x € ”y} and t € M;, we may argue as in 3.1.

3.3. We now assume that there is a subcomplex K of N, such that p,(Y) C K. Call
3 the covering {U € a| (U) € K}. We then must have Ay C Ng. Welet Gy := BNayg
and 0% := BNa*. We use p, as a canonical projection p,, : Y — Ng and ig := i,|Ng.
Then let fz be a convenient approximation. Choose a neighbourhood O of Ng in
N, and a deformation retraction r : O — Ng and define f,(z,t) := fs(rz,t) if
(ra,t) € jgl(cl U). Obviously, f, will be a convenient approximation. We then
choose neighbourhoods Vi,...,V, and a ¢ as in the definition of indg(Y,®,U).
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By continuity there are neighbourhoods Vi,...,V, with f/J C r~1(V;) such that
d(fa(z,t'), As) < d(z, Ay) whenever (z,t') € O(V; x [t —d,t+ ]) for t € M;. By
the property of weak commutativity (cf. [F2], Lemma 1) we have that

I(Na, for Vi X [t = 6,t + 6]) = juI(Ng, fa, V; x [t = 6,t+ 0])
Zj*I(Nﬁ,fg,Vj X [t—57t+5])

(with j jgl(U) — jo}(U) being the inclusion), so ind, (Y, ®,U) = indg(Y, ®,U).

3.4. Finally we have to deal with the case of two coverings o and 3. If a = agUa*
and 0 = By US* are finite open coverings as in Condition 1 of Definition 2, we write
ap = a1 Uag and Gy = B U B2 as in Condition 2 where a; decomposes into tubes
Ti,...,T, around distinguished orbits 71, . .., 7, and, analogously, 8; = T{U---UT"
with distinguished orbits 4%, ..., v*. We will now form a covering x which refines
both o and 3 such that the set of distinguished orbits of  is {y1,..., V7% ..., 7}
Let these be numbered as v1,...,7, with u > r (so Y441, ..., 7. are simply those
distinguished orbits ¢ which are not contained among 71, .. .,7,). We choose tubes
Ty, ..., TV around ~i,...,7, such that T/ = T} if i <7 and 7; ¢ {¥},...,7°} and
T/ =T/ ifr <i<u,and, finally, T = T;NT}, if i <7 and 7; = v*. In the last case
we intersect the elements of oy and (1 contained in 7; and T, respectively, with
T/, and we collect the elements of 77, ..., T into k1. We then let k3 consist of all
nonempty intersections VNV’ with V € as and V' € By or V € ap and V' € (5.
It is then obvious that kg := k1 U ko refines o and By. If o = (Uy,...,U,) is a
maximal simplex of N,,, we choose an open set U, C clU., C (;_, U;. If o is a
maximal simplex of Ny, and o1, ..., 0 are the maximal simplices which meet oy,
then we let Uy, := J;~, U},. Call k* the set of all U, corresponding to maximal
simplices of N,,,, and let Kk = ko U k*. Choose a simplicial map gqxq : Ny — Ny by
assigning to (U), if U € kg, a vertex (V) where U C V € ag. If 0 = (Uy,...,Uy,)
is a maximal simplex of «p, there is a maximal simplex 7 of Ny, containing the
vertices (U1), ..., (Un). We then map (U.) to (U,). For the other vertices (U)
corresponding to sets in k* we choose an element V € «ag with U C V and let
4a((U),) = (V),. Moreover, we may use ¢.q Py as a canonical projection for N,
so, by 3.3, we may assume that g, is surjective. But this means, in particular, that
we may assume that ¢, maps the subcomplex containing the vertices corresponding
to elements in x* onto A,. So (by slightly changing and simplifying the notation) we
are reduced to the following situation: o = ag U o™ and 3 = Gy U §* are coverings
such that o refines 3, ag refines 3y, and the simplicial map g.g : No — Ng
is surjective and maps A* onto B* where A* (B*) is the subcomplex of N, (Ng)
containing the vertices in a* (8*). Moreover, we may assume that the distinguished
orbits 1, ...,7s of fo may be arranged as vi, ..., %Y, Vr41,---,7s Where y1,...,%
are the distinguished orbits of fg. In order to distinguish between the p,7y; and
the pgy; we let v :=pay; for j =1,...,s and 4; := pgy; for j =1,...,7. We now
view N, and Ny as subcomplexes of Noyp and denote by h : Noyg % [0, 1] — Naug
the deformation retraction (cf. [F2]) such that h(-,0) =id and h(-,1) : Noug — Ng
is a retraction such that gop := h|Ny x {1}.

Let Vi,..., Vs be neighbourhoods of ~1,...,7, in N, as in the definition of
indo(Y,®,U). Then V| = gag(V1),...,V] = ¢ap(Vs) are open in N and we
may choose Vi,...,V, so small that we may use V{,...,V/ in the definition of
indg(Y, ®,U). We now intend to invoke the property of homotopy invariance for
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the index I(Y,®,U) on the open subset h(|J;_, Vi x [0,1]) of Noug. In the appen-
dix describing the construction of a convenient approximation we will show how
to construct an approximation (not necessarily a convenient one) f,3 to the map
on clj;jﬁ(U) which is given by (h(z,7),t) — h(padiiaugh(z,T),7) for (z,t) €
clj 1 (U) and 0 < 7 < 1. Here and in what follows we are somewhat sloppy in our
notation: of course, a point in N need not be uniquely representable as h(z, 1) with
x € N, but we will always take care that all expressions are well-defined. Moreover,
we shall construct f,s in such a way that fug|clji ! (U) =: f, and fog cljg1 U) =:
fa are convenient approximations to po®j, and ps®js, respectively, such that
fap(z,t) # x whenever (z,t) € Clj;jﬁ(U) and z € Oh(U;_, Vi x [0,1]). Call
Ny = h(Ny x {t}). For 0 < ¢ < 1, N; is homeomorphic to N, and it has an
obvious simplicial structure which is isomorphic to N,. Moreover, by our as-
sumption, N1 = Ng. Our construction of f,g will satisty fag(h(z,7),t) € N,
if (h(z,7),t) € j;&Q(U). For 0 <t <1 we denote by i : Ny — Nqug the inclusion
and we define again j; by ji(x, s) = (iwz, ).

We now arrange 1, ..., %r, Yr+1,---,7s as follows: Choose u € {0,...,s — r}
such that, for ¢ € {1,...,u}, v}, is mapped onto %; for some j € {1,...,7} under
dag- Then there are three possible cases:

a) j <randmno~, ., (i €{l,...,u})is mapped onto ¥;.

b) j <rand v, ; is mapped onto 4; for some i € {1,...,u}.

¢) u < s—r,sothereisaj > r+u, and v} is not mapped onto any of 41, ..., .
Then let j € {1,...,s} and 7; x {t} C P(®). Let 7 € [0,1]. In cases a) and c)
we let Wr == h(V; x {7}) x (t — 0,t+ J). In case b) we may arrange our notation
in such a way that (precisely) 7;.,1,...,7 4, (With v < u) are mapped onto %; by
dap- In this case we let Wr = h((V; UU,_, Vigs) x {7}) X (t = 6, + §) and in each
of these cases we let W := UTG[O,l] W,. If we choose € > 0 small enough, we have
that

JI(Ng, f3, W1) = ji—e L(N1—¢, fap, Wi—c)

by continuity of the topological index and the property of weak commutativity.
Now we identify (U, ¢(g1_q Wr with Wy X [0,1 — €] and we define a “homotopy”

H: |J Wr— Naus
T7€[0,1—¢€]

(h(z,7),t) = fap(h(z,7),t).
By the homotopy invariance of the topological index this shows that
J1—ex I(N1—¢, fap; Wi—c) = jo. I (Na, fa, Wo)
and so that

jl*I(Nﬂvfﬂa Wl) - jO*I(NOH fOt?WO)'

We now have to relate the topological indices to the numerical indices. In case a)
it is obvious that inda (Y, @, jg ' (V; x (t—6,1+0))) = indg (Y, ®, jiz ' (V] x (t—0,1+0))).
Similarly, in case ¢) we have that ind, (Y, @, j5 ' (V; x (t—6, t+))) = 0 since go3 maps
7§ into the one-skeleton of Ng, so qa57§ must contain points « with fg(z,t) # « for
all t such that (igx,t) € U. In case b) we have to argue somewhat more carefully:
For each i € {1,...,v} there must be a 7,4, € (t—9,t+0) such that fo(x, 7r4i) =
for x on ~, ;. Since for these i we have that g,37,,; = 7, we must have that the
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Yr+i are contained in I';. Then let ¢ € {1,...,v}. We abbreviate m := m(~y;, 1),

Myti = M(Yrgis Trgi)s P = D(Vj)s Prgi = P(Yryi), and V := V; U, Vi We
now write

I(Na, fo, V X (t= 8,6+ 0)) = ¢;[vj] + Y _ erpily)y,] and
=1

I(Ng, fg, V] x (t = 6,t +0)) = c[4;]

where for brevity we identify periodic orbits in N, and Ng with their images in
Naug. By our definition of ind, we have that

indy (Y, ®, jo 1 (V x (t — 6,6 +0)) +Z Creti
My4j

and

indg (Y, @, 55" (V) < (t = 6,¢+9))) = —

So we have to show that

v
Cj Crig c
J 41

_+ - =

m m i m
i—1 41

Equality of the topological indices yields that (upon applying qag, to I(Na, fa,V X
(t—96,t+9))):
Cj Z Cr+idap, h/r—i-z] ;]
=1
Now we have that |7.4; —t| < 6. But 74, = m,4;pr+i and ¢ = mp and by our

definition of T'; and €, |pr4; — kryip| < € < p—/(2M) for some positive integer
kr4+i < M, so we have that

|mr+ikr+z‘ - m|P - mr+i|kr+ip - Pr+z‘| < |mr+i(]9r+z' — krtip) + myppikryip — mp|
= |mp - mr-‘ripr-i-il = |Tr+i - t| <9

which shows that
My pikrii —mlp <0+ Mmypyilpryi — kripl <0+ Me.

But § + Me < p, since we have chosen § < p_/2 and € < p_/(2M). This implies
that |m,.4ikr+; —m| < 1 which is possible only if m = m,.1;k,4;. This means that



AN INDEX FOR PERIODIC ORBITS 4983

we must have, for i = 1,...,v, that k. 4;[;] = qap,[7]]- So we see that
v
cj + Z Cr+ikryi; = ¢ and consequently,
i=1

v v
G Crdi G Criyikrii

mo = My M = Mgk

Cj 1 &
j
= = ik
mom
i

v
(Cj + Z Cr+ikr+i)
=1

Sle 3=

which is what we wanted to prove. So we have independence from the covering,
and so, finally, that the index is well-defined. We denote the index by (Y, ®,U).

Part 4: Verification of the properties of an index. Since the additivity
and normalization property are trivially satisfied, it remains for us to establish
homotopy invariance.

Let U CY % [0,00) X [0,1] be open and consider a continuous map

=:clU =Y,
(z,, ) = Bz, 1)

where for each A € [0, 1], Z* is a local semiflow with D(Z*) C clU* and such that
E(x,t,A\) # o whenever (z,t,\) € OU. We have to show that A — i(Y,Z* U?) is
locally constant. Then let A € [0,1]. We choose a d > 0 and a neighbourhood V' of
{(z,t)| E(x,t, \) = x} such that {(z,t)| Z(x,t,pu) =z} C V if |\ —pu| < §. We then
choose a convenient approximation F? for Z* with distinguished orbits 71, . .., ¥,
By reducing ¢ if necessary we choose for j € {1,...,r} a tube T; x (A — 6, A+ 0)
around y; x {\} for the local semiflow =’ given by (x,t, p) — (E(z,t, ), ) where Tj
is a tube around v; for Z* and such that T} x {\} may serve as W; in Condition 4) of
the definition of a convenient approximation. If v; x {tz(-J)} C PEMforj=1,...,r,
i=1,...,k;, welet 6 := %min{|tl(-]) - tl(J)| |1 <i <<k} By further reducing &
if necessary, we may assume that for |\ — p| < 6 and (z,t) € P(E') with z € Tj
we have that [t — tEJ)| < 0 for some ¢ € {1,...,k;}. Then let |A — pu| < §. For
definiteness, we assume that g > A. If for some j € {1,...,7} there is no periodic
point of = in T x {u}, this means that I(No, F3, Tj x (t — 6,t + ) = 0 since 7]
can be removed by a small deformation.

So we choose an s < r such that for j € {1,..., s} there is a periodic orbit I',, for
¢ in Tj x {u} and for j € {s+1,...,7} there is no such orbit. Then we extend F2
over Y x [\, pu]: Let X be a section of ' at z; € v; x {A}. Choosey € TN(T; x{p}).
If 7(y) = p(y), we may assume that p, maps I'; homeomorphically onto ;. If
p(y) =71(y) + -+ Tim(y) for some m > 1, we have that p,|I'; : I'; — 7} is an m-
fold covering. In this case we say that the minimal period of I'; is roughly m times
the minimal period of y;. For v € [A, ] we define go((z,v)) := (paz,v). Fory € N,
we let i;, map 7; x {u} homeomorphically onto I'; x {u} such that g, o i, = id,
and then we extend i/, as a full realization over N, x [A,u]. (Strictly speaking,
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Ny x [A, p] is not a simplicial complex, but it is obviously triangulable.) We may
then extend F, over N, x [\, u] in such a way that F,|N, x {u} is a convenient
approximation to =¥ (with the exception that Condition 2) in the definition of
a convenient approximation has to be modified as indicated above). Moreover,
the construction of a convenient approximation will show that for v € (A, u) the
projection onto N, of the set PY := {(z,t)| Fa(z,t,v) = (z,v)} is contained in Tj
or in some contractible set. By the homotopy invariance for the topological index
I(Y,®,U) we have that

I(Ng, FA Ty x (89 = 5,49 4 8)) = I(No, F*, Tj x (9 — 5,69 1 5)).

Let je{1,...,r},ie{l,...,ki}, let t := tgj), and assume that I'; x {t'} C P(2")
for some |t —t'| < 6. If there is no such #, then both sides of the last equation
are zero. If I(No, F2,Tj x (t — 6, +8)) = ci[y;] and m(v;,t) =: mq, then v; x {t}
contributes ¢;/m; to i(Y,Z*,U) and we have that I(N,, F#,T; x (' — 6, +6)) =
ct[y;]. If the minimal period of T'; is roughly m times the minimal period of v;, we
have that [I';] = m[y;] and m - m(I';,t') = m;. So we have that

I(No, 4Ty x (¢ = 6.t +3)) = 2[T}]

and I'; contributes ¢;/[m - m(I';,t")] to i(Y,Z*,U). This shows that the index is
locally constant. So our index is well-defined and enjoys the required properties.

3. APPENDIX: EXISTENCE OF A CONVENIENT APPROXIMATION

It still remains for us to establish the existence of arbitrarily fine convenient
approximations and to indicate the necessary modifications in order to justify the
arguments we used in proving independence from the covering and homotopy in-
variance.

Proposition. Let Y be a compact connected ANR, U open in'Y x [0,00) and ® a
local semiflow on'Y such that U C D(®) and P := P(®,U) C U. Let ' be an
open cover of Y. Then there exist a finite open refinement « of 3 and a convenient
approzimation fo : j5 1 (U) — Ng.

Proof. We choose a finite open refinement x of 3 such that I(Ng, pa®ja, j;  (U)) is
defined and independent from the choices involved if « refines k. More precisely: In
[F2] it is shown that we may choose & so fine that I(Ny, pa®ja, s (U)) is defined
and depends neither on « nor on p, or i, provided i, has mesh k. Choose a finite
open cover (3 such that each partial realization i : K — Y of a finite simplici-
al complex K which has mesh 3 extends to a full realization I : K — Y which
has mesh . (This is possible since ¥V is an ANR — cf. [H], IV, Theorem 4.1.)
Choose a finite open star refinement 3* of 3. Now let v be a periodic orbit of ® in
pry P with tube T, and section S(vy) at € 7. We then choose a positive integer
N such that for i = 0,...,N — 1 we have that {¢sz| Lp(z) < s < HElp(x)} is
contained in an element of §*. Then we choose a neighbourhood W («) of 7 such
that for each periodic point x € W (~) there is a positive integer £ < M such that
Ip(z) — kp(v)| < p—/(2M). This will ensure that the first part of Condition 2)
in the definition of a convenient approximation holds true. Moreover, we choose
W () so small that there are a retraction 7, : W(vy) — v and an ¢ > 0 such
that the following holds: Let Tj := Th := ®({z} x ((p(z) —€,0] U [0, % +¢)))
and T} := ®({z} x (&p(z) — €, %tp(z) +¢€)) for i = 1,...,N — 1. Then, for
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i=0,...,N, each of the sets T;(7) := r~(T7) is contained in an element of 3* and
T;(y) N Ty(v) # 0 only if [i — j| < 1. Call T(7) := T(z) == Uiy Ti()

We now select 71, ...,7s in pry P and points z; € 7; such that T'(x1),...,T(zs)
cover pr; P. In order to simplify our notation we may assume that we may use the
same N for T'(z1),...,T(xs). By reducing the size of the T'(z;) we may further
assume that v; N T'(xz;) = () whenever ¢ # j. Then there are neighbourhoods
Ul C clU} Cc U; C clU; C T(x;) of «; such that the U/ still cover pry P. We
then select disjoint neighbourhoods V; C clV/ C V; C clV; C U] of 4; such that
O(clV/ x [0,t4]) C Vi and call rj := 7 | Vj.

The set pr; P is then covered by a1 := {T;(z;)| j=1,...,s, it =0,...,N —1}.
We now select a finite open cover as of Y\ U;:l Uj consisting of open subsets of
Y\ Uj=; clUj such that the following holds:

1. If V € g, then there is a W € §* such that W Npr; P =0 and ste, V C W.
2. IfV €agand UNpryt V # 0, then VNpry P =0.
3. fV €agyand UNpry' V # 0, then ®(stV x [t_,t1]) Nsta, V = 0.

Let ag be the cover of Y which consists of a; and as. For each maximal simplex
o= (Ux,...,Uy) of Ay we choose an open set U, C clU/ C (., U; such that c1U,
does not meet szl V;i. If 0¢ is a maximal simplex of Ay and o1,...,0, are the
maximal simplices in Ag which meet o, we let Uy, := J;~, U... Call o the set of
all U, corresponding to maximal simplices o of Ag, let a := ag U a*, and denote
by A, the subcomplex of N, containing all (U,). a will then be a refinement of 3.
With this choice of covering we can satisfy Conditions 1) a) — ¢): If o1,...,0,, are
maximal simplices in Ay each of which meets the maximal simplex o of Ay, then
each Uy, contains U}, ; hence (", Uy, # 0. Conversely, assume that (", Uy, # 0.
Now each Uy, is a disjoint union of sets Ul’jj7 so there must be a maximal simplex o
in Ag such that U, C U,, for i =1,...,m. By our construction, this means that o
meets o;. This establishes 1) a). As to 1) b) we retain the notation of that condition.
The assumption is that () # (ycp V. But each U, is made up of pieces (viz.,
the U, ) which are contained in a maximal intersection. So this can happen only if
Niz; Us; meets the (maximal) intersection (e p V and Niyyep V =Npyer V-
Finally, we have seen already that we can fulfill 1) ¢) whenever we can fulfill 1) a)
and b).

We will now construct a canonical projection p,, : Y — N, which maps vy1,...,7s
homeomorphically into the one-skeleton of Ag. Then let y € V;. As before, we
fix the standard euclidean metric d on N,. If rjy = ¢wz; with 0 < t < p(z;),
write t = (A + i)p(x;)/N with 0 < A < 1land 0 <i < N —1 and let p(y) :=
(1=MN)(Ti(x)) o + A (Ti1(25)),, - This defines a canonical projection pl, : [ J5_, Vj —
N,. Denote by pl! : Y — N, any canonical projection constructed as in [Du], (cf.
supra, loc. cit.) and choose a continuous function A : Y — [0, 1] such A| szl Vi=0
and A|;_, (Y'\V}) = 1. If # € V}, we have that p,z and pj;z belong to a common
simplex, so we define pq(z) := (1 — A@))p,(z) + A(z)p(z). On N (Y \ V)
we let, of course, p, := pl. Obviously, p, maps each ~; homeomorphically onto
¥; = pa(v;) (observe that pa| v; = pj,). On the other hand, we now define
ia : No — Y in the following way: First, for i = 1,..., N —1, 7 = 1,...,s,
and 0 < A < 1 we map (1 — \) (Ty(z;)),, + A (Tix1(z;)),, to ®(z;, F2p(x;)). For
other vertices (U), € Ag we map (U), to an arbitrary point of U. If ¢ is a
maximal simplex of N, we map (U,), to a point of U,. So we have a partial map
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ia : No — Y which has mesh ¢ and we extend this partial map to a full realization
ia : No — Y of mesh k. So all requirements of Condition 2) are fulfilled. As we
have explained in the discussion after the definition of a convenient covering this
choice of covering and canonical projection will also satisfy Condition 1).

For (z,t) € j;'(clU) we define 142 := podriaw. Choose neighbourhoods D C
clD C B of A, such that BN {¢yx| (z,t) € j;*(clU)} = ) which is possible since
A, does not meet the range of p,. Now let

v1 = inf{d(z, y1x)| (iax,t) € U and iy(z) €Y\ U U;}
j=1

and
v :=min{vy,d(A., Ny \ D), inf{d(z,¥x)| (iqz,t) € OU}}.

For x € N, we denote by €(x) the maximal distance d(z,v) where v is a vertex of
a simplex containing x. Obviously, € is continuous. Then let d(z,y) < e(z). Then
either y belongs to the same simplex as x or y must belong to a simplex sharing a
face with a simplex containing z, since e(x) < v/2 and the diameter of a simplex
having more than one point is v/2. We then let &y := min{v, e(x)| z € N, \ D}.
The next lemma describes a uniform way to move points in N, \ D in the direction
of the “redundant” vertices:
Lemma. There is a continuous function ¢ : No \ D x [3%, 3%] — N, such that
(with Cs(x) == ((x,s)) we have that, for € N, \ D and s € [%%
a) d(z,(s(x)) = s.
b) d({s(x), As) < d(x, Ay).
c) If x € Ag belongs to a face of a simplex o in N, which is not mazimal, then

(s(x) ¢ o fors e (‘f—%, %], but (s(x) belongs to a mazimal simplex containing
x.

Proof. In afirst step, we construct an auxiliary map 1 : Ag — N, which we will later
use as (5,/16 on Ag. We proceed by induction. Let (V) € Ag. If (V) is a common
vertex of the maximal simplices o1, ...,0, of Ag (m = 1 possible), we denote by
b the barycenter of (Us,,...,Us,,), and choose n((V) ) as the point on [(V), ,b]
which is at distance do/16 from (V). Since we have fulfilled Condition 1) b) in
Definition 2, n(x) will then be a point on a proper face. Suppose then that 7
is defined on the boundary of a simplex ¢ in Ay which is a common face of the
maximal simplices X1, ...,%,, of Ay such that, for z on the boundary of o, n(x)
is a point on a proper face of a simplex containing ¢ and (Us,,...,Us,,), with
d(z,n(x)) = 00/16 and d(n(z), As) < d(x,As). Call b the barycenter of o and
B the barycenter of (Us,,...,Us,,),.- Then let  be an interior point of o. If
x = b, define 7(b) as the unique point on the straight line segment [b, B] which is at
distance dp/16 from b. If x # b, write z = (1 = A\)y + Ab with 0 < A < 1 and y on a
face of 0. We then let £ = (1 — A\)n(y) + An(b) which makes sense by the induction
hypothesis. We then define n(z) as the point x + (€ —x) which is at distance dp/16
from z. Again by Condition 1) b) in Definition 2, (x) is a point on a proper face
if o is not a maximal simplex of Ay. We now define (s(z) if z € N, \ D\ Ay and
0 < s < 3dp/8. If x belongs to a simplex 7 which is not maximal we will define
(s(z) in such a way that (s(x) is an interior point of a maximal simplex of N,.
Choose a maximal simplex ¢ which has 7 as a face. Choose a point z € 7 which
is not on a face of 7 such that z € D and choose an interior point z' € ¢ such
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that d(2', A,) < d(z,A) and d(z,z") = 300/8. Now there are a point y € 7N Ay
and a A € (0,1) such that z = (1 — Ny + Az. Let 2’ = (1 — Mn(y) + Az'. We
then define (s(x) as the point x + pu(z’ — x) which is at distance s from x. We now
define (s(x) for x € Ap and dp/16 < s < 3dp/8. If s = d0/16, we let {s(x) = n(x).
If 69/16 < s < 3dp/8, we choose t > 0 in such a way that (s(x) := ((n(x)) is
at distance s from x. Finally, we extend (s over the interior points of maximal
simplices: if o is a maximal simplex with barycenter b, we define (s(b) to be the
point on [b, (U,)] which is at distance s from b. If x # b is an interior point of o,
we write = (1 — X)y + Ab with 0 < A < 1 and y on the boundary of . We then
let & = £(¢s(y), Cs(b); A) where £ is defined as in 3.1. Call 7 the maximal simplex
containing (s(y) (so either 7 = o or 7 is adjacent to o). Then we define (;(z) to be
the point on [¢, (1 — \) (U;),, + A (Us),,] which is at distance s from z. O
Remark. For later purposes we sketch a modification of the construction of ¢ in the
situation of section 3.4 in the proof of the theorem. So we assume that o and 3 are
as in 3.4. If we can find functions ¢° for N, and ¢! for Ns as in the lemma such
that for (z,s) € No x [5, 220] we have that ¢?(z) and ¢! (gap®) are contained in a
common simplex of N,ug, we may define (s(x,t) := (1 — )% (x) + {1 (gap(x)). So
we start by fixing functions n° for Ag and n' for By := {(W)| W € o} as in the
proof of the lemma. If z € Ay and if n°(x) belongs to a simplex 7, then n'(gagz)
belongs to a simplex containing g,g(7). There is only one point in the definition
of ¢ where we made an arbitrary choice, namely if x € N, \ Ao \ D belongs to a
simplex 7 which is not maximal. There are then two cases: either there is a maximal
simplex o D 7 such that g,g(7) is a proper face of go5(c). Then we choose (2 (x)
to be an interior point of o and (! (gasx) as an interior point of a maximal simplex
0’ D gap(0). Or, for all maximal simplices ¢ D 7 we have that gng(0) = ¢ag(7). In
this case, we choose a maximal simplex ¢ D 7 and a maximal simplex ¢’ D gag(7)
and then (%(z) and (!(g.p) as interior points of o and ¢/, respectively. In both
cases, (?(z) and (!(gapz) will lie in a common simplex of N,ys. After we have
exercised this choice ¢? and ¢! are completely determined by the above proof.

We now fix a function ¢ for N, as in the lemma. With the aid of { we will now
define a convenient approximation for 1 on j;'(clU). Then let (z,t) € j; ' (clU)
and define p(z,t) := d(z,¢¥x).

1. First, if p(z,t) is large enough, we simply use the given o: If p(x,t) > 60/8,
we let fo(x,t) := ¥x. We then have that f,(x,t) = ¢yx if € D (by our choice of
v and hence of dg) or if z ¢ [ J;_, W or if (z,1) € 251 (U).

2. If p(x, t) is very small, we use ¢ to move 1,z towards A, in such a way that we
avoid the point x and that periodic points on the distinguished orbits are not moved
at all: We choose a continuous function A : N, — [0,d¢/4] such that A(z) = 0 iff
z € |Jj_, 7} Then we choose a continuous function A : Ja Y (clU) — [0,1] such that
Az, t) = 0 iff p(x,t) > §o/8 and A(z,t) = 1 iff p(x,t) < §p/16. If p(z,t) < §p/16,
we let fo(2,t) = Cozt)4r@)(Wex). If © € Ag, we can have fo(x,t) = x only if
p(x,t) = 0 (hence ¢y = x) and A(z) = 0, so x € |J;_, 7} But then ¢yz =
only if ¢t is a period of z. If z ¢ Aj, we have that d(z, fo(z,t)) > p(z,t) +
Ax) — p(x,t) = A(xz) > 0. Moreover, x is on the sphere of radius p(z,t) around
e, 50 d(Cp(a,t)4r(z) (Vex), Ax) < d(z, Ay). Since fo(z,t) = x for z € szl Y
and t a period of z, there are a neighbourhood W; of x and a § > 0 such that
p(z,t) < 60/16 if z € W; and [t — t'| < ¢ for a period ¢ of z. This shows that we
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can fulfill Condition 4). Condition 5) holds by our choice of o and the definition of
I(Y, @, ji ' (V).

Finally, we have to deal with the difficult situation where do/16 < p(z,t) < §p/8.
If # € A, we simply move the point ¥;2 t0 (y(z)4A(x) (1) on the line joining
these points:

3. If x € Ag and p(z,t) < 6o/8, we have that iz and (y(p,¢)4r() (Vi)
belong to the same simplex, so we may define fo(z,t) = (1 — Az, 1))z +
A2, 1)Cp(a,t)+2(2) (Yex). For p(x,t) = do/8 we have that A(z,t) = 0, hence fo(z,1)
= ¢z, and for p(z,t) < §p/16 we have that A(z,t) = 1, so the definition agrees
with the one given above. As before, we can have f,(x,t) = x only if A(z,t) =0
(but then f,(x,t) = ¢rx and p(x,t) > 00/8) or if p(x,t) + A(x) = 0 but this is the
situation we discussed in 2).

At this stage of the proof we observe that for j = 1,...,s and ¢t € M; we have
that 77 x {t} is isolated in P, provided we define f, in a continuous way: If z € Ao,
we have that f,(z,t) = z only if z is on some 'y;- and t € M;. So there are a
neighbourhood 2; of 7} and a §; > 0 such that p(z,s) < do/16 if x € clQ; and
[t—s| < 4; for some t € M;. If x € AgNeclQ; and |t —s| > §; for all t € M, we have
that f,(x,s) # x by our construction in 1), 2), and 3). So there is a neighbourhood
Q) C Q; of v} such that fo(z,s) # x whenever x € clQ} and [t — s| > d; for all
t € M;. Now fq(x,s) # x whenever z € Ag \ szl v} and (z,s) € cljz*(U), so
there is a neighbourhood V' of Ag \ Jj_, c1) such that fo(z,s) # = whenever
z € V' and (z,s) € clj;}(U). But then there is a neighbourhood V of Ay such
that fo(z,t) = x for € V only if x is on some 7} and ¢ € M;. This shows that
the 77 x {t} are isolated components of P,. We will now define f, in such a way
that fo(x,t) # x if x ¢ Ap and if the intersection of Ay and the minimal simplex
o containing z is either empty or a proper face in Ay. If we succeed in doing so,
Condition 3) will be satisfied since we will have that f,(z,t) = x for ¢ Ag can
happen only if the minimal simplex o containing x has vertices both in Ay and in
A, and o N Ag is maximal in Ap. But this obviously implies that each component
of these x is contained in a contractible set. So let ¢ Ap be such that the minimal
simplex containing x meets Ag in a proper face. We then draw a small sphere
around z and join 11z to the nearest point on this sphere; then we move on a great
circle to the point which is nearest to (,(z,¢)+a(x)(¥t2), and then again linearly to
this last point.

4. Let 60/16 < p(x,t) < 60/8, x ¢ Ag and assume that the intersection with Ag
of the minimal simplex ¢ containing z is either empty or a proper face. As before,
we have that & # (y(z,¢)4x(2) (¥ex). Call pu(x) the point in Ag which is nearest to =
(so p(x) € o). We let

r(x,t) := min{d(z, Ao), p(x, 1), d(Ysx, pu(x)), d(2, Cp(z,4)+2(x) (Y2)) }-

So, under the present assumptions, we have that r(x,t) = 0 iff ¢y = u(x). Note
that Condition c) in the lemma implies (. 4)4r@)(1(2)) ¢ o if p(x,t) + A(z) >
dp/16 since we have already seen that o cannot be maximal. Since we are dealing
with the case p(x,t) > §y/16 we can have p(x,t) + A(x) = 60/16 only if p(z,t) =
30/16 and A(z) = 0. But then f,(z,t) has already been defined in 2. Define ¢ as
in 3.1 and let

0(x,t) == min{d(z, (e, Cp(a,t)+A(2) (Yex); A))[ 0 <A < 1}
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So r(x,t) = 0 implies 0(z,t) > 0. If r(z,t) < 6(x,t), we let

fa ($, t) = é(ﬂ’t% Cp(ac,t)-l-)\(w) (1/%30); A($, t))

If 0 < O(x,t) < r(x,t)/2, we call Yz the point £(¢pyx, x;\) with 0 < A < 1 and
d(x, 1/)t13) = r(z,t) and ¢’z the point £(z, Cp(z,1)+A(x (1/),513) A) with 0 < A <1 and
d(x, ) z) = r(x,t). Call 2’ the point on [z, u(z)] w1th d(z,2') = r(x,t) and let

6( ) d(wt‘r "/Jt )7 5'(x,t) = d('@[];xuw;&/x)v 5/I(x7t) = d(wtlﬁlxvCp(r,t)+>\(z)(wtx))v

and D(z,t) := §(z,t) + &' (x,t) + 6" (x,t). Then we join 1yx linearly to 1,z as A in-

creases from 0 to 6(x,t)/D(x,t). Then we use the A-interval [6(z,t)/D(z,t), (§(x,t)

+6'(z,t))/D(z,t)] to join @[th to 1}z on a great circle, where we define a path on a

great circle as follows: If 2/, y, 2 belong to the same simplex as = or to an adjacent

one, if r := d(z,2’') = d(z,y) = d(z,2) and if y # 2’ and z # 2/, we denote, for

0 <A <1, bygc, ., (y,2;A) the point w with d(z,w) = r such that the broken

line from 2’ to w meets the broken line from y to z in £(y, 2;\). Finally, we use

the A-interval [(6(z,t) +0'(x,1))/D(z,t), 1] to join o}z linearly to (yz 4)4r(x) (Vi ).

Formally, and more precisely:

(wtx w, x ;;;A( OO0 < e
.o Oz, T 8 (z
Fala,t) = if D<($ft>) < Aw,t) < 7( g(;tg t),

D(z, S(x,t)+8 (x,
ﬂ(wélx Cp(:r t)+A(z) (¢tx)7 5”((:E ?)A(xu t) - %)7

if%</\( ) < 1.

If, finally, r(z,t)/2 < 6(x,t) < r(z,t), we define f,(z,t) in the following way: Call
A= min{A > 0] d(z, £(¥17, Cp(a,t)+a(x) (V27); X)) = 7(2)}

and
At = max{\ > 0] d(z, £(r2, Cpto )+ 7(2) (12); N)) = ()},

let 1/_)t117 = L(Yy, Cp (z t)+,\(m)(1/)t$)' _) and 7/%117 = L(Yy, Cp (z,t)+X(z) (¢rx); A+) and

let Py = 9C, o (V) @, Yy 2:)@95;)) — 1) and wtx = gc, . (Vi'x, 0i, ; Zre(ftt)) - 1).
Then we let

5(%, t) = d(ﬁ’t% 1Z)ifx)v 51(1;7 t) = d(r@[;taja 1[1,5213), 5”(173 t) = d(ijtaja Cp(m,t)-i-)\(w) (djtx))v
and D(x,t) := 6(z,t) + 6’'(z,t) + 6" (z,t) and define f,(z,t) by the same formula
as above where we replace 1x by ¢z and ¢z by 1yz. Obviously, we will then
have f,(x,t) # z in this situation. If p(x,t) = §p/16, we have that A(z,t) = 1,
and hence fo(,t) = Cy(z,0)+2(x) (¥t7); so the definition agrees with the one given in
2). If p(z,t) = 60/8, we have that A(z,t) =0, so fo(x,t) = ¥rx; so our definition
agrees with the one in 1). If 0(x,t) = r(x,t)/2, we have that ¢,z = ¢z and
Uy = p)x; so the definitions for 0 < 0(z,t) < r(x,t)/2 and r(x,t)/2 < 0(z,t) <
r(z,t) agree in this case. If 6(x,t) = r(x,t), we have that A\_ = Ay =: Ao, and
S0 Yyt = Yy = Py = Yy = (2, Cp(z,t)+2(2) (V2); Xo). But then §'(x,t) = 0,
and fo(x,t) = LY, (oo t)42(2) (Yex); A(25t)). Moreover, as d(x, Ag) tends to 0,
we have that r(x,t) tends to 0 which shows that we have defined f, in a continuous
manner.

5. Finally, in order to complete the construction of f,, we extend f, in an
arbitrary continuous way over the remaining simplices — for example, we could use
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the same procedure as in 4) if we replace great circles by straight lines if the points
in question are collinear. Of course, we will then not have that f,(z,t) # x but
this wasn’t required in the proof. O

There still remains a minor point: We still have to show that we may choose
a convenient approximation so as to fulfill the additional requirements in part 3.4
in the proof of the theorem. So we assume the situation of 3.4 and we retain
the notation of that section. We will sketch the construction of an approximation
fap to the map (z,7,t) — h(padriauph(z,7),7) =: Ye(z,7) for (z,t) € cljz (V)
and 0 < 7 < 1. We choose again a neighbourhood D of the subcomplex of N,ug
containing all vertices corresponding to elements of a* UB* and we choose a function
¢ as in the supplementing remark after the lemma such that (s(h(z,7)) € N, if
2 € No\D,0<7<1,and dy/16 < s < 3dp/8. We choose the numbering of the
distinguished orbits as in Part 4, and we define §(x), do, and p(x, t) for the mapping
¥ just defined as above. If p(z,t) > d0/8, we let fop(x,7,t) = ¥ (z, 7). Also, if
z €~ forj€{l,...,r+u} and t a period of z, we let fog(z,7,t) = ¥¢(x, 7). For
je{r+u+1,...,s} and x € v} we let fo5(x,0,t) = 1(x,0). For the remaining
points we then proceed exactly as in the proof of the existence of a convenient
approximation arranging things in such a way that fog(h(z,7),t) € N,. This is
possible since ¢(z,7) € N, and (s(h(z,7)) € N; if x € Ny \ D, 0 <7 <1, and
80/16 < s < 30p/8. Whenever z is required to be in a simplex o, we replace this by
the condition that h(x,7) be in a simplex o of N, (by giving N, the structure of
N, for 0 <7 < 1). Moreover, in the construction of the convenient approximation
we had to choose a nearest point p(z) in Ag. If we insist on choosing u(x) € N,
for x € N, the construction of a convenient approximation will consist in joining
points in N; by straight line segments or great circles, so that fog(h(z,7)) € N, as
was required in 3.4. This finishes the construction of a convenient approximation.

In concluding, I would like to express my gratitude to the Jagiellonian University
of Cracow and in particular to Professors Mrozek, Pelczar and Srzednicki for their
kind hospitality when I started working on this problem.
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