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AN INDEX FOR PERIODIC ORBITS
OF LOCAL SEMIDYNAMICAL SYSTEMS

CHRISTIAN C. FENSKE

Abstract. We define an index of Fuller type counting the number of periodic
orbits of a semiflow on an ANR by a suitable approximation process.

Introduction

In this article it is our aim to define an index counting the periodic orbits of
a semiflow on an ANR. Historically, the first definition of an index counting the
periodic orbits of a smooth vectorfield on a finite dimensional manifold was given by
Fuller [Fu]. Fuller’s article already contains all relevant ideas for the analytical as
well as the topological approach to this problem. A purely analytical treatment via
bifurcation theory was given by Chow and Mallet-Paret [CMP]. In their article they
also indicated a way to generalize the index to an infinite dimensional situation,
viz., periodic solutions of functional differential equations. (To the present author’s
knowledge many readers of [CMP] have been puzzled by the question of why it
is sufficient in this paper to restrict the argument to period-doubling bifurcations.
The answer can be found in an article by Dancer and Toland [DT] in Theorem 2.8.
I am very grateful to J.F. Toland for pointing this out to me.)

In [F2] the author presented a topological approach. For later purposes we sketch
some details.

Definition 1. A local semiflow on a topological space X consists of an open set
D ⊂ X × [0,∞) and a continuous map Φ : D → X such that (with φtx = Φ(x, t))

i) X × {0} ⊂ D.
ii) For each x ∈ X there is an ωx ∈ (0,∞] such that (x, t) ∈ D iff 0 ≤ t < ωx.
iii) φ0x = x for x ∈ X .
iv) If (x, t) ∈ D and (φtx, s) ∈ D, then (x, t+ s) ∈ D and φt+sx = φt ◦ φsx.

When Φ is given, we will find it convenient to write D(Φ) := D. Let x ∈ X and
φtx = x for some t > 0. Then ωx = ∞, x is a periodic point , and t is a period of
x. If φtx = x for all t ≥ 0, then x is a rest point ; otherwise there is a minimal
p > 0 with φpx = x and t is a multiple of p. Then m(x, t) := t/p is called the
multiplicity of (x, t) and p(x) := p the minimal period . If γ is the orbit of x, we
write p(γ) := p(x) and m(γ, t) := t/p(γ).
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The simplest case occurs when X is open in Rn, U is open in X × [0,∞) with
clU ⊂ D(Φ) and P := P (Φ) := {(x, t) ∈ clU | φt = x} is a compact subset of
U . Call τ ∈ Hn(X × X,X × X \ ∆) the orientation and define g : U → X × X
by g(x, t) := (x, φtx). Then the homological index I(X,Φ, U) is defined to be the
image of τ under

H̄n(X ×X,X ×X \∆)
g∗−→ H̄n(U,U \ P ) ∼= Hc

1P
i∗−→ H1U

Here, H̄ is Alexander-Spanier cohomology, ∼= is Poincaré duality(cf. [M], p. 363),
and i : P → U is the inclusion. In [F2] it is explained how one may generalize
this result to the case where X is an ANR (cf. [H] for facts about ANR), Φ has a
compact attractor, and φt0 is locally compact for some t0 > 0. A reader who likes
fancy constructions may wish to describe I(X,Φ, U) in terms of Dold’s transfer;
this is spelt out in [Sr1].

The definition of I(X,Φ, U) suffers from a major drawback: namely if H1U = 0,
then the index will always be trivial. In [F3] we explained how to circumvent this
difficulty in the case of a functional differential equation with a C2 right hand side.
In this situation, one can define a numerical index i(X,Φ, U) ∈ Q due to the fact
that for functional differential equations a Kupka-Smale type result is available.
Assuming the right hand side to be C2 (in an infinite-dimensional Banach space),
however, rules out the most important applications in the case of (local semiflows
generated by) functional differential equations or parabolic semilinear equations,
since differentiability is a severe restriction in infinite dimensions. A first attempt
to circumvent this difficulty was undertaken by A.J.B. Potter who in [P1],[P2]
considered a class of semiflows in Banach spaces that are approximable by C2-
flows on finite-dimensional subspaces. This class contains many important cases
of functional-differential equations, but his definition of the Fuller index was not
completely satisfactory inasmuch as the index was not defined to be a rational
number but rather a sequence of rational numbers (due to the fact that it is not
clear that the indices of the approximating semiflows stabilize). In the present
article we intend to define a numerical index for periodic orbits on ANR without any
assumptions on differentiability. The idea is that the above definition of I(X,Φ, U)
works for arbitrary mappings which need not be a local semiflow. Note, however,
that although the index may be defined for “parametrized” mappings F : clU → X ,
the index will enjoy the properties listed below only in the case of local semiflows.
Cf. [Sr2], where it is shown that for any isolated component C of periodic orbits of
the Seifert flow on S3 there is an arbitrarily small perturbation of the Seifert flow
(as a parametrized mapping) which has no periodic point near C. Since the Fuller
index of C is easily computed to be nonzero, this would contradict the properties
of additivity and homotopy invariance if these properties could be extended to
the case of parametrized mappings. This shows that one has to exercise extreme
care when using a parametrized mapping in approximating a local semiflow. Our
idea here is to approximate Φ by a mapping F : clU → X such that P (F ) :=
{(x, t) ∈ clU | F (x, t) = t} consists of finitely many one-spheres which correspond
in a natural way to periodic orbits of Φ plus other components each of which
is contained in a contractible set. This approach, however, needs some care: A
brute force approach would approximate Φ by a smooth finite dimensional mapping
Ψ and then look for a regular value y of prX −Ψ near 0. Then, of course, one
would have that {(x, t)| Ψ(x, t) = x − y} consists of finitely many (homotopy-)
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one-spheres. These, however, need not have any relation to the original periodic
orbits, and there is no conceivable way to assign an orientation or a multiplicity to
these spheres. For example, one can imagine a semiflow Φ with P (Φ) = S1 × S1

such that the flowlines are parallel to the first factor, i.e., S1 × {a} with a ∈ S1.
But for the approximating F , P (F ) might well look like

⋃n
i=1{bi} × S1. So we

see that in constructing the approximation we should retain as much structure as
possible of the original periodic orbits. Of course, one will have the impression
that our construction is unnecessarily complicated (though in a subsequent paper
we intend to give an axiomatic description for the Fuller index) and there remains
the challenge to find a more conceptual approach to the definition of an index for
periodic orbits. Since the circle group S1 acts on P (Φ), it would be tempting to
look for an equivariant approximation, but it seems that this will not work since the
action of S1 cannot be extended over a neighbourhood of P (Φ). There is, however,
in [GN] an extremely interesting approach using algebraicK-theory and Hochschild
homology. Although in [GN] this approach is limited to the case of smooth flows
on closed oriented manifolds, it seems possible that it may be generalized to the
present situation.

1. The set-up

We shall deal with the following situation: X is an ANR, Ω ⊂ X × [0,∞) is
open, Φ is a local semiflow on X such that cl Ω ⊂ D(Φ) and such that clΦ(Ω) is
compact. We call P (Φ,Ω) := {(x, t) ∈ cl Ω| φtx = x}, and we assume that P (Φ,Ω)
is a compact subset of Ω. (In a later article we shall explain how to replace the
compactness condition on cl Φ(Ω) by the assumption that Φ possesses a compact
attractor plus some local compactness assumption.)

We say that an index is defined for triples (X,Φ,Ω) satisfying the above con-
ditions if to each such triple we can associate a rational number i(X,Φ,Ω) such
that:
(A) The index is additive, i.e.,

i(X,Φ,Ω) = i(X,Φ,Ω1) + i(X,Φ,Ω2)

if Ω is the disjoint union of open sets Ω1 and Ω2.
(H) The index is homotopy invariant : Assume that Ω ⊂ X× [0,∞)× [0, 1] is open

and that we have a continuous mapping

Ξ : cl Ω → X,

(x, t, α) 7→ Ξα(x, t)

where for each α ∈ [0, 1] Ξα is a local semiflow with cl Ωα ⊂ D(Ξα) where
Ωα = Ω ∩ (X × [0,∞) × {α}), Ξ(cl Ω) is a compact set and {(x, t, α) ∈
cl Ω| Ξ(x, t, α) = x} is a compact subset of Ω. Then

i(X,Ξ0,Ω0) = i(X,Ξ1,Ω1).

(N) The index is normalized: i(X,Φ,Ω) = i/m, if P consists of a single peri-
odic orbit γ of multiplicity m and i is the fixed point index of the Poincaré
mapping associated with γ (cf. [F1] for the definition of the Poincaré map-
ping for continuous semiflows on ANR). Equivalently, we could demand that
I(X,Φ, U) = i(X,Φ, U)[γ] where [γ] is the homology class in H1U represented
by the map τ 7→ φtτx on [0, 1] if (x, t) is a point on γ, t = mp(x), and U is a
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neighbourhood of Φ({x} × [0, t])× {t} such that [γ] represents a generator of
H1U .

2. The main result

Theorem. An index is defined for triples (X,Φ,Ω) where X is an ANR, Ω ⊂
X × [0,∞) is open, and Φ is a local semiflow on X such that cl Ω ⊂ D(Φ), cl Φ(Ω)
is compact and P := P (Φ,Ω) is a compact subset of Ω.

Proof. The proof consists of three main parts: First, we will “approximate” Φ
by a mapping on a suitable nerve (cf. [H] for definitions and facts about nerves,
realizations, and canonical projections) and define a numerical index for the ap-
proximating map. The second task will then be to show that this index depends
neither on the choice of nerve nor on the particular approximation. Finally, we will
have to verify properties (A), (H), and (N).

Part 1. We start by several reductions:

1.1. Since P is a compact subset of Ω, there are no rest points in Ω, so pr2 P is a
compact subset of (0,∞). So we may replace Ω by a neighbourhood of P such that
pr2 cl Ω is a compact subset of (0,∞). Let t− = inf pr2 cl Ω and t+ = sup pr2 clΩ.
Let p− := inf{p(x)| x ∈ pr1 P} and M := [t+/p−], so M is the greatest multiplicity
which can occur for a periodic orbit in Ω.

1.2. For each periodic point (x, t) of Φ in Ω choose a tube Tγ around γ :=
Φ({x}×[0, p(x)]). (In [F1] it is shown that for a periodic point x and neighbourhood
U of γ in X there are a neighbourhood V ⊂ U of γ and a set S containing x such
that for each y ∈ Σ := S ∩ V the map τ given by τ(y) := inf{s > 0| φsy ∈ S} is
defined and continuous and such that Φ(clV × [0, t+]) ⊂ U .) We then call Tγ := V
a tube around γ and S a section at x. Since we may choose an open set Ω′ with
P (Φ) ⊂ Ω′ ⊂ cl Ω′ ⊂ Ω and replace clΩ by pr−1

1 (
⋃

γ Tγ) ∩ cl Ω′, we may assume
that, for each (x, t) ∈ cl Ω, x is contained in a tube of a periodic point in P (Φ). We
let τ1 := τ and τm(y) := τ(Φ(y, τm−1(y))) as long as this is defined.

1.3. Choose a compact ANR Y with cl Φ(Ω) ⊂ Y and let U = (Y × [0,∞))∩Ω. This
is achieved as follows: EmbedX as a closed subset in a normed linear spaceE. Then
let O be a neighbourhood of X in E such that there is a retraction r : O → X .
By a result of [G] there is a compact ANR C such that cl Φ(Ω) ⊂ C ⊂ O. Let
Y := r(C).

1.4. Since we want the index to be additive, we may assume that Y is connected.
(Obviously, we may replace Y by its connected components which are again ANR.)

Part 2: Definition of the index. The main tool in the proof will be the con-
cept of convenient approximation: Before we introduce this concept, we fix some
notation. If α is a (locally finite) open cover of a space X , we denote by Nα the
nerve of α and, for U ∈ α, by 〈U〉α the vertex corresponding to U . Similarly,
if U1, . . . , Un ∈ α and

⋂n
i=1 Ui 6= ∅, then 〈U1, . . . , Un〉α denotes the simplex with

vertices 〈U1〉α , . . . , 〈Un〉α. By “simplex” we always mean “closed simplex” and by
st we denote the open star.

The idea in the proof is to construct a suitable covering α of Y by first covering
(a neighbourhood of) the periodic orbits of Φ by “tubes” and then the complement
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of this neighbourhood. Moreover, we include some “redundant” sets in the cover-
ing (namely, we choose an additional set in each maximal intersection) which will
provide us with enough space to perform our approximation. Then we choose a
canonical projection pα : Y → Nα which maps some of the periodic orbits homeo-
morphically into the one-skeleton of Nα and we choose a realization iα : Nα → Y
which is inverse to pα on this part of the one-skeleton. (A “realization” of Nα is
just a continuous mapping Nα → Y . In ANR-spaces, one has control over the size
of the images of the simplices of Nα under iα (cf. [H]).) A convenient approxima-
tion will then be an approximation to the mapping given by (x, t) 7→ pαφtiαx such
that the fixed point set {(x, t)|fα(x, t) = x} consists of the part of the one-skeleton
corresponding to the periodic orbits plus some components (the projection onto Nα

of) each of which is contained in a contractible subset of Nα. So we can hope that
these do not contribute to the index. The approximation itself is done by moving
points which are not on the part of the one-skeleton corresponding to the periodic
orbits into the direction of the vertices corresponding to the redundant sets of the
covering. The details are, however, fairly laborious and will be relegated to the
appendix.

Definition 2. Let Φ be as in Part 1. A convenient approximation for Φ consists
of

— a finite open cover α of Y with nerve Nα, canonical projection pα : Y → Nα,
and realization iα : Nα → Y such that I(Y,Φ, U) is defined and does not
depend on the choices involved in the definition (cf. [F2]) and

— a continuous mapping fα : cl j−1
α (U) → Nα which is homotopic to pαΦjα

on cl j−1
α (U) (where here and in what follows we write jα(x, t) := (iαx, t)

for x ∈ Nα and t ∈ R) via a homotopy H such that H(x, t) 6= x whenever
(iαx, t) ∈ ∂U and such that, for (x, t) ∈ j−1

α (U), fα(x, t) ∈ stσ if σ is the
minimal simplex in Nα with pαφtiαx ∈ σ.

Moreover, we require that the following conditions hold if we fix a euclidean metric
d on Nα:

1) a) α decomposes as α = α0 ∪ α∗ where α0 is a covering of Y and for each
maximal simplex σ of A0 := Nα0 there is a simplex of Nα consisting of σ and
a vertex 〈Uσ〉α with Uσ ∈ α∗ such that the following holds: if σ1, . . . , σm are
maximal simplices of A0, then 〈Uσ1〉α , . . . , 〈Uσm〉α form a simplex iff there is a
maximal simplex σ in A0 such that each σj meets σ.

b) If σ1, . . . , σm, and τ are maximal simplices in A0 and τ ′ is a face of τ such
that 〈Uσ1〉 , . . . , 〈Uσm〉 and τ ′ form a simplex, then 〈Uσ1〉 , . . . , 〈Uσm〉 and τ form a
simplex. Moreover, if E′ is the set of vertices of τ ′ and E is the set of vertices of τ ,
then

⋂m
i=1 Uσi ∩

⋂
〈V 〉∈E′ V =

⋂m
i=1 Uσi ∩

⋂
〈V 〉∈E V .

c) If σ is a simplex in Nα containing a vertex 〈W 〉α corresponding to W ∈ α∗

such that σ ∩A0 is either empty or a proper face in A0, then σ ∩ st 〈W 〉α does not
belong to the range of pα.

2) There are finitely many periodic orbits γ1, . . . , γs of Φ and a decomposi-
tion α0 = α1 ∪ α2 such that α1 decomposes into tubes around γ1, . . . , γs which
cover pr1 P and such that the closure of each element in α2 is disjoint from pr1 P
and such that, for j = 1, . . . , s, the following holds: if Γj denotes the union
of all W ∈ α1 which meet γj , then for a periodic point x ∈ Γj we have that
|p(x) − kp(γj)| < p−/(2M) for some positive integer k ≤ M . Moreover, γ1, . . . , γs

are mapped homeomorphically by pα into the 1-skeleton of A0 with iα being the
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inverse of pα|
⋃s

i=1 γi on γ′i = pα(γi). Finally, fα(x, t) = pαΦ(iαx, t) if x ∈ γ′j
for some j = 1, . . . , s and t is a period of x. We call γ1, . . . , γs (or γ′1, . . . , γ′s) the
distinguished orbits of fα.

3) Let Pα := {(x, t) ∈ j−1
α (U)| fα(x, t) = x}. For j = 1, . . . , s let Mj :=

{t| γj × {t} ⊂ P (Φ)}. If j ∈ {1, . . . , s} and t ∈ Mj , then Pα contains γ′j × {t} as
an isolated component, and the projection (onto Nα) of each other component is
contained in a contractible subset of Nα. In particular, γ′1, . . . , γ′s are isolated in
pr1 Pα.

4) Call A∗ the subcomplex of Nα containing all vertices 〈W 〉 with W ∈ α∗. Then
there are neighbourhoods W1, . . . ,Ws of γ′1, . . . , γ′s in Nα and a δ > 0 such that
d(fα(x, t′), A∗) < d(x,A∗) whenever (x, t′) ∈ ⋃

t∈Mj
[clWj × [t− δ, t+ δ]\ (γ′j×{t})]

for some j = 1, . . . , s.
5) If γ × {t} is isolated in P (Φ) and V is an isolating neighbourhood of γ′ × {t}

in j−1
α (U) (where γ′ = pα(γ)), then I(Y,Φ, j−1

α (V )) = jα∗I(Nα, fα, V ).

Observe that although it looks awkward, Condition 1) c) can easily be fulfilled
if we can fulfill 1) a) and b). Namely, we will choose the canonical projection in
a specific way as in ([Du], VIII.4 and 5): If X is a paracompact space (in fact,
a compact space would be sufficient for our purposes) and α is a locally finite
open cover of X (again a finite cover would suffice), choose a partition of unity,
(ψU )U∈α subordinated to α (i.e., for each U ∈ α the support of ψU is nonempty
and contained in U) and define pα : X → Nα by pα(x) =

∑
U∈α ψU (x) 〈U〉α.

Consider then a simplex Σ containing a vertex in A∗ and meeting A0 in a simplex
τ ′ = Σ∩A0 which is a proper face of a maximal simplex τ in A0. Then let y ∈ Σ\τ ′.
We claim that y /∈ pα(Y ). Since y /∈ τ ′, there is a vertex 〈Uσ〉, say, of Σ in A∗
such that y ∈ st 〈Uσ〉. By Condition 1) b) 〈Uσ〉, 〈Uτ 〉, and τ will then form a
simplex. Moreover, if E′ denotes the set of vertices of τ ′ and E the set of vertices
of τ , we have that Uσ ∩

⋂
〈V 〉∈E′ V ⊂ ⋂

〈V 〉∈E V . So if there were an x ∈ Y with
pα(x) = y, we would have that x ∈ Uσ∩

⋂
〈V 〉∈E′ V ⊂ ⋂

〈V 〉∈E V . But then x would
have positive barycentric coordinates with respect to the vertices of τ not in τ ′. In
addition, we observe that Σ cannot be a maximal simplex: Let 〈Uσ1〉 , . . . , 〈Uσm〉 be
the vertices of Σ in A∗. Then we claim that 〈Uσ1〉 , . . . , 〈Uσm〉, and τ form a simplex.
But this is obvious since

⋂m
i=1 Uσi ∩

⋂
〈V 〉∈E′ V 6= ∅ and hence by Property 1) b)⋂m

i=1 Uσi ∩
⋂
〈V 〉∈E V 6= ∅. If Σ is a simplex which does not meet A0, it is trivial

that Σ cannot be maximal (since α0 covers Y ) and that Σ cannot meet the range
of pα.

We shall prove in the appendix that there exists a convenient approximation, and
we shall now define the index i(Y,Φ, U) in terms of a convenient approximation.
Let γ1, . . . , γs be as in 2) in the definition and choose neighbourhoods with disjoint
closures, V1, . . . , Vs, of γ′1, . . . , γ′s in Nα and a positive δ < p−/2 such that for
j ∈ {1, . . . , s}

— γ′j is a deformation retract of Vj ;
— clVj × [t− δ, t+ δ] ⊂ j−1

α (U) for t ∈Mj := {τ | γj × {τ} ⊂ P (Φ)};
— clVj ⊂ st γ′j . Let x ∈ clVj and call σ the minimal simplex in γ′j with x ∈ stσ;

then fα(x, τ) ∈ stσ for |τ − t| ≤ δ. This is possible since Φ(γj ×R) = γj and
fα(x, t) = pαΦ(iαx, t) if x ∈ γ′j and t ∈Mj.

— i−1
α (Vj) ⊂ Γj .
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— d(fα(x, t′), A∗) < d(x,A∗) whenever

(x, t′) ∈
⋃

t∈Mj

[clVj × [t− δ, t+ δ] \ (γ′j × {t})].

Then let j = 1, . . . , s and t ∈Mj, define mj(t) = t/p(γj), and write the homological
index as I(Nα, fα, Vj × (t− δ, t+ δ)) = ct[γ′j ]. Then we define

indα(Y,Φ, U) =
s∑

j=1

∑
t∈Mj

ct
mj(t)

.

Part 3: The index does not depend on the choices involved in the defi-
nition.

3.1. We first consider the case where we have convenient approximations fα and f ′α
for the same pαΦjα. We choose γ1, . . . , γs as in 2) in the definition and neighbour-
hoods V1, . . . , Vs of γ′1 . . . , γ

′
s and a δ > 0 as above. We will now describe a homotopy

between fα and f ′α on clVj × [t − δ, t + δ] when t ∈ Mj. Then let x ∈ clVj and
|t−t′| ≤ δ. By assumption there is a minimal simplex σ in γ′j such that x ∈ stσ and
fα(x, t′), f ′α(x, t′) ∈ stσ. So either fα(x, t′) and f ′α(x, t′) belong to the same simplex
or to different simplices in stσ. Then let σ1 denote the maximal simplex contain-
ing p := fα(x, t′) and σ2 the maximal simplex containing q := f ′α(x, t′). Then σ1

and σ2 have a maximal common face τ and this face contains σ and 〈Uσ1 , Uσ2〉α.
We will then obtain the required homotopy by joining fα(x, t′) to f ′α(x, t′) by a
“broken line”: Let λ ∈ [0, 1]. If σ1 = σ2, we let `(p, q;λ) = (1 − λ)p + λq. If
σ1 6= σ2, we choose the unique point z ∈ τ such that d := d(p, z) + d(z, q) is mini-
mal, and we abbreviate d1 := d(p, z) and d2 := d(q, z). We then define `(p, q;λ) :=
(1−dλ/d1)p+dλ/d1 ·z if 0 ≤ λ ≤ d1/d and `(p, q;λ) := (1−λ)d/d2·z+(dλ−d1)/d2 ·q
if d1/d ≤ λ ≤ 1. We then define h : clVj × [t−δ, t+δ]× [0, 1] → Nα by h(x, t′, λ) :=
`(fα(x, t′), f ′α(x, t′);λ). Since d(fα(x, t′), A∗) < d(x,A∗) and d(f ′α(x, t′), A∗) <
d(x,A∗) for (x, t′) ∈ ∂(Vj × [t − δ, t + δ]) and since the common face τ of σ1

and σ2 contains points in A∗, we will also have that d(h(x, t′, λ), A∗) < d(x,A∗)
and consequently that h(x, t′, λ) 6= x for (x, t′) ∈ ∂(Vj × [t − δ, t + δ]). So we
have that I(Nα, fα, Vj × (t − δ, t + δ)) = I(Nα, f

′
α, Vj × (t − δ, t + δ)) due to the

homotopy invariance of the homological index. (A priori, we only have that both
indices have the same image in H1(Vj×(t−δ, t+δ)× [0, 1]), but since the inclusions
(x, t′) 7→ (x, t′, 0) and (x, t′) 7→ (x, t′, 1) induce isomorphisms this shows what we
need.)

3.2. Next we consider the case where we have different realizations iα, i′α : Nα → Y
and canonical projections: pα, p

′
α : Y → Nα. But pαΦjα and p′αΦj′α are homotopic

without fixed points on the boundary of cl j−1
α (U) and by our assumption pα and

p′α have to coincide on γ1, . . . , γs and iα and i′α have to coincide on γ′1, . . . , γ
′
s as

well. Since pαφtiαx = x for x ∈ γ′j and t ∈Mj , we may argue as in 3.1.

3.3. We now assume that there is a subcomplexK ofNα such that pα(Y ) ⊂ K. Call
β the covering {U ∈ α| 〈U〉 ∈ K}. We then must haveA0 ⊂ Nβ . We let β0 := β∩α0

and β∗ := β∩α∗. We use pα as a canonical projection pα : Y → Nβ and iβ := iα|Nβ.
Then let fβ be a convenient approximation. Choose a neighbourhood O of Nβ in
Nα and a deformation retraction r : O → Nβ and define fα(x, t) := fβ(rx, t) if
(rx, t) ∈ j−1

β (clU). Obviously, fα will be a convenient approximation. We then
choose neighbourhoods V1, . . . , Vs and a δ as in the definition of indβ(Y,Φ, U).
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By continuity there are neighbourhoods Ṽ1, . . . , Ṽs with Ṽj ⊂ r−1(Vj) such that
d(fα(x, t′), A∗) < d(x,A∗) whenever (x, t′) ∈ ∂(Ṽj × [t − δ, t + δ]) for t ∈ Mj . By
the property of weak commutativity (cf. [F2], Lemma 1) we have that

I(Nα, fα, Ṽj × [t− δ, t+ δ]) = j∗I(Nβ , fα, Vj × [t− δ, t+ δ])

= j∗I(Nβ , fβ, Vj × [t− δ, t+ δ])

(with j : j−1
β (U) → j−1

α (U) being the inclusion), so indα(Y,Φ, U) = indβ(Y,Φ, U).

3.4. Finally we have to deal with the case of two coverings α and β. If α = α0 ∪α∗
and β = β0∪β∗ are finite open coverings as in Condition 1 of Definition 2, we write
α0 = α1 ∪ α2 and β0 = β1 ∪ β2 as in Condition 2 where α1 decomposes into tubes
T1, . . . , Tr around distinguished orbits γ1, . . . , γr and, analogously, β1 = T ′

1∪· · ·∪T ′
s

with distinguished orbits γ1, . . . , γs. We will now form a covering κ which refines
both α and β such that the set of distinguished orbits of κ is {γ1, . . . , γr, γ

1, . . . , γs}.
Let these be numbered as γ1, . . . , γu with u ≥ r (so γr+1, . . . , γu are simply those
distinguished orbits γi which are not contained among γ1, . . . , γr). We choose tubes
T ′′

1 , . . . , T
′′
u around γ1, . . . , γu such that T ′′

i = Ti if i ≤ r and γi /∈ {γ1, . . . , γs} and
T ′′

i = T ′
i if r < i ≤ u, and, finally, T ′′

i = Ti∩T ′
k if i ≤ r and γi = γk. In the last case

we intersect the elements of α1 and β1 contained in Ti and T ′
k, respectively, with

T ′′
i , and we collect the elements of T ′′

1 , . . . , T
′′
u into κ1. We then let κ2 consist of all

nonempty intersections V ∩ V ′ with V ∈ α2 and V ′ ∈ β0 or V ∈ α0 and V ′ ∈ β2.
It is then obvious that κ0 := κ1 ∪ κ2 refines α0 and β0. If σ = 〈U1, . . . , Un〉 is a
maximal simplex of Nκ0 , we choose an open set U ′

σ ⊂ clU ′
σ ⊂

⋂n
i=1 Ui. If σ0 is a

maximal simplex of Nκ0 and σ1, . . . , σm are the maximal simplices which meet σ0,
then we let Uσ0 :=

⋃m
i=0 U

′
σi

. Call κ∗ the set of all Uσ corresponding to maximal
simplices of Nκ0 , and let κ = κ0 ∪ κ∗. Choose a simplicial map qκα : Nκ → Nα by
assigning to 〈U〉, if U ∈ κ0, a vertex 〈V 〉 where U ⊂ V ∈ α0. If σ = 〈U1, . . . , Un〉
is a maximal simplex of α0, there is a maximal simplex τ of Nκ0 containing the
vertices 〈U1〉 , . . . , 〈Um〉. We then map 〈Uτ 〉 to 〈Uσ〉. For the other vertices 〈U〉
corresponding to sets in κ∗ we choose an element V ∈ α0 with U ⊂ V and let
qκα(〈U〉κ) = 〈V 〉α. Moreover, we may use qκα ◦pκ as a canonical projection for Nα,
so, by 3.3, we may assume that qκα is surjective. But this means, in particular, that
we may assume that qκα maps the subcomplex containing the vertices corresponding
to elements in κ∗ onto A∗. So (by slightly changing and simplifying the notation) we
are reduced to the following situation: α = α0 ∪ α∗ and β = β0 ∪ β∗ are coverings
such that α refines β, α0 refines β0, and the simplicial map qαβ : Nα → Nβ

is surjective and maps A∗ onto B∗ where A∗ (B∗) is the subcomplex of Nα (Nβ)
containing the vertices in α∗ (β∗). Moreover, we may assume that the distinguished
orbits γ1, . . . , γs of fα may be arranged as γ1, . . . , γr, γr+1, . . . , γs where γ1, . . . , γr

are the distinguished orbits of fβ . In order to distinguish between the pαγj and
the pβγj we let γ′j := pαγj for j = 1, . . . , s and γ̂j := pβγj for j = 1, . . . , r. We now
view Nα and Nβ as subcomplexes of Nα∪β and denote by h : Nα∪β × [0, 1] → Nα∪β

the deformation retraction (cf. [F2]) such that h(·, 0) = id and h(·, 1) : Nα∪β → Nβ

is a retraction such that qαβ := h|Nα × {1}.
Let V1, . . . , Vs be neighbourhoods of γ′1, . . . , γ′s in Nα as in the definition of

indα(Y,Φ, U). Then V ′
1 = qαβ(V1), . . . , V ′

s = qαβ(Vs) are open in Nβ and we
may choose V1, . . . , Vr so small that we may use V ′

1 , . . . , V
′
r in the definition of

indβ(Y,Φ, U). We now intend to invoke the property of homotopy invariance for
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the index I(Y,Φ, U) on the open subset h(
⋃r

i=1 Vi × [0, 1]) of Nα∪β . In the appen-
dix describing the construction of a convenient approximation we will show how
to construct an approximation (not necessarily a convenient one) fαβ to the map
on cl j−1

α∪β(U) which is given by (h(x, τ), t) 7→ h(pαφtiα∪βh(x, τ), τ) for (x, t) ∈
cl j−1

α (U) and 0 ≤ τ ≤ 1. Here and in what follows we are somewhat sloppy in our
notation: of course, a point in Nβ need not be uniquely representable as h(x, 1) with
x ∈ Nα but we will always take care that all expressions are well-defined. Moreover,
we shall construct fαβ in such a way that fαβ| cl j−1

α (U) =: fα and fαβ | cl j−1
β (U) =:

fβ are convenient approximations to pαΦjα and pβΦjβ , respectively, such that
fαβ(x, t) 6= x whenever (x, t) ∈ cl j−1

α∪β(U) and x ∈ ∂h(
⋃s

i=1 Vi × [0, 1]). Call
Nt := h(Nα × {t}). For 0 ≤ t < 1, Nt is homeomorphic to Nα and it has an
obvious simplicial structure which is isomorphic to Nα. Moreover, by our as-
sumption, N1 = Nβ . Our construction of fαβ will satisfy fαβ(h(x, τ), t) ∈ Nτ

if (h(x, τ), t) ∈ j−1
α∪β(U). For 0 ≤ t ≤ 1 we denote by it : Nt → Nα∪β the inclusion

and we define again jt by jt(x, s) = (itx, s).
We now arrange γ1, . . . , γr, γr+1, . . . , γs as follows: Choose u ∈ {0, . . . , s − r}

such that, for i ∈ {1, . . . , u}, γ′r+i is mapped onto γ̂j for some j ∈ {1, . . . , r} under
qαβ . Then there are three possible cases:

a) j ≤ r and no γ′r+i (i ∈ {1, . . . , u}) is mapped onto γ̂j .
b) j ≤ r and γ′r+i is mapped onto γ̂j for some i ∈ {1, . . . , u}.
c) u < s− r, so there is a j > r+u, and γ′j is not mapped onto any of γ̂1, . . . , γ̂r.

Then let j ∈ {1, . . . , s} and γj × {t} ⊂ P (Φ). Let τ ∈ [0, 1]. In cases a) and c)
we let Wτ := h(Vj × {τ})× (t− δ, t+ δ). In case b) we may arrange our notation
in such a way that (precisely) γ′r+1, . . . , γ

′
r+v (with v ≤ u) are mapped onto γ̂j by

qαβ . In this case we let Wτ = h((Vj ∪
⋃v

i=1 Vr+i)× {τ})× (t− δ, t+ δ) and in each
of these cases we let W :=

⋃
τ∈[0,1]Wτ . If we choose ε > 0 small enough, we have

that

j1∗I(Nβ, fβ ,W1) = j1−ε∗I(N1−ε, fαβ ,W1−ε)

by continuity of the topological index and the property of weak commutativity.
Now we identify

⋃
τ∈[0,1−ε]Wτ with W0 × [0, 1− ε] and we define a “homotopy”

H :
⋃

τ∈[0,1−ε]

Wτ → Nα∪β,

(h(x, τ), t′) 7→ fαβ(h(x, τ), t′).

By the homotopy invariance of the topological index this shows that

j1−ε∗I(N1−ε, fαβ ,W1−ε) = j0∗I(Nα, fα,W0)

and so that

j1∗I(Nβ, fβ ,W1) = j0∗I(Nα, fα,W0).

We now have to relate the topological indices to the numerical indices. In case a)
it is obvious that indα(Y,Φ, j−1

α (Vj×(t−δ, t+δ))) = indβ(Y,Φ, j−1
β (V ′

j×(t−δ, t+δ))).
Similarly, in case c) we have that indα(Y,Φ, j−1

α (Vj×(t−δ, t+δ))) = 0 since qαβ maps
γ′j into the one-skeleton of Nβ, so qαβγ

′
j must contain points x with fβ(x, t) 6= x for

all t such that (iβx, t) ∈ U . In case b) we have to argue somewhat more carefully:
For each i ∈ {1, . . . , v} there must be a τr+i ∈ (t−δ, t+δ) such that fα(x, τr+i) = x
for x on γ′r+i. Since for these i we have that qαβγ

′
r+i = γ̂j , we must have that the
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γr+i are contained in Γj . Then let i ∈ {1, . . . , v}. We abbreviate m := m(γj , t),
mr+i := m(γr+i, τr+i), p := p(γj), pr+i := p(γr+i), and V := Vj ∪

⋃v
i=1 Vr+i. We

now write

I(Nα, fα, V × (t− δ, t+ δ)) = cj[γ′j ] +
v∑

i=1

cr+i[γ′r+i] and

I(Nβ , fβ, V
′
j × (t− δ, t+ δ)) = c[γ̂j ]

where for brevity we identify periodic orbits in Nα and Nβ with their images in
Nα∪β. By our definition of indα we have that

indα(Y,Φ, j−1
α (V × (t− δ, t+ δ))) =

cj
m

+
v∑

i=1

cr+i

mr+i

and

indβ(Y,Φ, j−1
β (V ′

j × (t− δ, t+ δ))) =
c

m
.

So we have to show that

cj
m

+
v∑

i=1

cr+i

mr+i
=

c

m
.

Equality of the topological indices yields that (upon applying qαβ∗ to I(Nα, fα, V ×
(t− δ, t+ δ)) ):

cj [γ̂j ] +
v∑

i=1

cr+iqαβ∗[γ
′
r+i] = c[γ̂j ].

Now we have that |τr+i − t| < δ. But τr+i = mr+ipr+i and t = mp and by our
definition of Γj and ε, |pr+i − kr+ip| < ε < p−/(2M) for some positive integer
kr+i < M , so we have that

|mr+ikr+i −m|p−mr+i|kr+ip− pr+i| ≤ |mr+i(pr+i − kr+ip) +mr+ikr+ip−mp|
= |mp−mr+ipr+i| = |τr+i − t| < δ

which shows that

|mr+ikr+i −m|p < δ +mr+i|pr+i − kr+ip| < δ +Mε.

But δ + Mε < p, since we have chosen δ < p−/2 and ε < p−/(2M). This implies
that |mr+ikr+i −m| < 1 which is possible only if m = mr+ikr+i. This means that
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we must have, for i = 1, . . . , v, that kr+i[γ̂j ] = qαβ∗[γ
′
i]. So we see that

cj +
v∑

i=1

cr+ikr+i = c and consequently,

cj
m

+
v∑

i=1

cr+i

mr+i
=
cj
m

+
v∑

i=1

cr+ikr+i

mr+ikr+i

=
cj
m

+
1
m

v∑
i=1

cr+ikr+i

=
1
m

(cj +
v∑

i=1

cr+ikr+i)

=
c

m

which is what we wanted to prove. So we have independence from the covering,
and so, finally, that the index is well–defined. We denote the index by i(Y,Φ, U).

Part 4: Verification of the properties of an index. Since the additivity
and normalization property are trivially satisfied, it remains for us to establish
homotopy invariance.

Let U ⊂ Y × [0,∞)× [0, 1] be open and consider a continuous map

Ξ : clU → Y,

(x, t, λ) 7→ Ξλ(x, t)

where for each λ ∈ [0, 1], Ξλ is a local semiflow with D(Ξλ) ⊂ clUλ and such that
Ξ(x, t, λ) 6= x whenever (x, t, λ) ∈ ∂U . We have to show that λ 7→ i(Y,Ξλ, Uλ) is
locally constant. Then let λ ∈ [0, 1]. We choose a δ > 0 and a neighbourhood V of
{(x, t)| Ξ(x, t, λ) = x} such that {(x, t)| Ξ(x, t, µ) = x} ⊂ V if |λ−µ| < δ. We then
choose a convenient approximation Fλ

α for Ξλ with distinguished orbits γ1, . . . , γr.
By reducing δ if necessary we choose for j ∈ {1, . . . , r} a tube Tj × (λ − δ, λ + δ)
around γj×{λ} for the local semiflow Ξ′ given by (x, t, µ) 7→ (Ξ(x, t, µ), µ) where Tj

is a tube around γj for Ξλ and such that Tj×{λ}may serve asWj in Condition 4) of
the definition of a convenient approximation. If γj×{t(j)i } ⊂ P (Ξλ) for j = 1, . . . , r,
i = 1, . . . , kj , we let θ := 1

4 min{|t(j)i − t
(j)
l | |1 ≤ i < l ≤ k}. By further reducing δ

if necessary, we may assume that for |λ − µ| < δ and (x, t) ∈ P (Ξµ) with x ∈ Tj

we have that |t − t
(j)
i | < θ for some i ∈ {1, . . . , kj}. Then let |λ − µ| < δ. For

definiteness, we assume that µ > λ. If for some j ∈ {1, . . . , r} there is no periodic
point of Ξµ in Tj × {µ}, this means that I(Nα, F

λ
α , Tj × (t− δ, t+ δ)) = 0 since γ′j

can be removed by a small deformation.
So we choose an s ≤ r such that for j ∈ {1, . . . , s} there is a periodic orbit Γµ for

Ξµ in Tj×{µ} and for j ∈ {s+1, . . . , r} there is no such orbit. Then we extend Fλ
α

over Y × [λ, µ]: Let Σ be a section of Ξ′ at xj ∈ γj×{λ}. Choose y ∈ Σ∩(Γj×{µ}).
If τ(y) = p(y), we may assume that pα maps Γj homeomorphically onto γ′j . If
p(y) = τ1(y) + · · ·+ τm(y) for some m > 1, we have that pα|Γj : Γj → γ′j is an m-
fold covering. In this case we say that the minimal period of Γj is roughly m times
the minimal period of γj . For ν ∈ [λ, µ] we define qα((x, ν)) := (pαx, ν). For y ∈ Nα

we let i′α map γ′j × {µ} homeomorphically onto Γj × {µ} such that qα ◦ i′α = id,
and then we extend i′α as a full realization over Nα × [λ, µ]. (Strictly speaking,
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Nα × [λ, µ] is not a simplicial complex, but it is obviously triangulable.) We may
then extend Fα over Nα × [λ, µ] in such a way that Fα|Nα × {µ} is a convenient
approximation to Ξµ (with the exception that Condition 2) in the definition of
a convenient approximation has to be modified as indicated above). Moreover,
the construction of a convenient approximation will show that for ν ∈ (λ, µ) the
projection onto Nα of the set P ν

α := {(x, t)| Fα(x, t, ν) = (x, ν)} is contained in Tj

or in some contractible set. By the homotopy invariance for the topological index
I(Y,Φ, U) we have that

I(Nα, F
λ
α , Tj × (t(j)i − δ, t

(j)
i + δ)) = I(Nα, F

µ
α , Tj × (t(j)i − δ, t

(j)
i + δ)).

Let j ∈ {1, . . . , r}, i ∈ {1, . . . , ki}, let t := t
(j)
i , and assume that Γj × {t′} ⊂ P (Ξµ)

for some |t − t′| < θ. If there is no such t′, then both sides of the last equation
are zero. If I(Nα, F

λ
α , Tj × (t− δ, t+ δ)) = ct[γj ] and m(γj , t) =: mt, then γj × {t}

contributes ct/mt to i(Y,Ξλ, U) and we have that I(Nα, F
µ
α , Tj × (t′ − δ, t′ + δ)) =

ct[γj ]. If the minimal period of Γj is roughly m times the minimal period of γj , we
have that [Γj ] = m[γj ] and m ·m(Γj , t

′) = mt. So we have that

I(Nα, F
µ
α , Tj × (t′ − δ, t′ + δ)) =

ct
m

[Γj ]

and Γj contributes ct/[m · m(Γj , t
′)] to i(Y,Ξµ, U). This shows that the index is

locally constant. So our index is well-defined and enjoys the required properties.

3. Appendix: Existence of a convenient approximation

It still remains for us to establish the existence of arbitrarily fine convenient
approximations and to indicate the necessary modifications in order to justify the
arguments we used in proving independence from the covering and homotopy in-
variance.

Proposition. Let Y be a compact connected ANR, U open in Y × [0,∞) and Φ a
local semiflow on Y such that clU ⊂ D(Φ) and P := P (Φ, U) ⊂ U . Let β′ be an
open cover of Y . Then there exist a finite open refinement α of β′ and a convenient
approximation fα : j−1

α (U) → Nα.

Proof. We choose a finite open refinement κ of β′ such that I(Nα, pαΦjα, j−1
α (U)) is

defined and independent from the choices involved if α refines κ. More precisely: In
[F2] it is shown that we may choose κ so fine that I(Nα, pαΦjα, j−1

α (U)) is defined
and depends neither on α nor on pα or iα provided iα has mesh κ. Choose a finite
open cover β such that each partial realization i : K → Y of a finite simplici-
al complex K which has mesh β extends to a full realization I : K → Y which
has mesh κ. (This is possible since Y is an ANR — cf. [H], IV, Theorem 4.1.)
Choose a finite open star refinement β∗ of β. Now let γ be a periodic orbit of Φ in
pr1 P with tube Tγ and section S(γ) at x ∈ γ. We then choose a positive integer
N such that for i = 0, . . . , N − 1 we have that {φsx| i

N p(x) ≤ s ≤ i+1
N p(x)} is

contained in an element of β∗. Then we choose a neighbourhood W (γ) of γ such
that for each periodic point x ∈ W (γ) there is a positive integer k ≤ M such that
|p(x) − kp(γ)| < p−/(2M). This will ensure that the first part of Condition 2)
in the definition of a convenient approximation holds true. Moreover, we choose
W (γ) so small that there are a retraction rγ : W (γ) → γ and an ε > 0 such
that the following holds: Let T ′

0 := T ′
N := Φ({x} × ((p(x) − ε, 0] ∪ [0, p(x)

N + ε)))
and T ′

i := Φ({x} × ( i
N p(x) − ε, i+1

N p(x) + ε)) for i = 1, . . . , N − 1. Then, for
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i = 0, . . . , N , each of the sets Ti(γ) := r−1(T ′
i ) is contained in an element of β∗ and

Ti(γ) ∩ Tj(γ) 6= ∅ only if |i− j| ≤ 1. Call T (γ) := T (x) :=
⋃N−1

i=0 Ti(γ).
We now select γ1, . . . , γs in pr1 P and points xi ∈ γi such that T (x1), . . . , T (xs)

cover pr1 P . In order to simplify our notation we may assume that we may use the
same N for T (x1), . . . , T (xs). By reducing the size of the T (xi) we may further
assume that γi ∩ T (xj) = ∅ whenever i 6= j. Then there are neighbourhoods
U ′

i ⊂ clU ′
i ⊂ Ui ⊂ clUi ⊂ T (xi) of γi such that the U ′

i still cover pr1 P . We
then select disjoint neighbourhoods V ′

i ⊂ clV ′
i ⊂ Vi ⊂ clVi ⊂ U ′

i of γi such that
Φ(clV ′

i × [0, t+]) ⊂ Vi and call rj := rγj | Vj .
The set pr1 P is then covered by α1 := {Ti(xj)| j = 1, . . . , s, i = 0, . . . , N − 1}.

We now select a finite open cover α2 of Y \ ⋃s
j=1 Uj consisting of open subsets of

Y \⋃s
j=1 clU ′

j such that the following holds:

1. If V ∈ α2, then there is a W ∈ β∗ such that W ∩ pr1 P = ∅ and stα2 V ⊂W .
2. If V ∈ α2 and U ∩ pr−1

1 V 6= ∅, then V ∩ pr1 P = ∅.
3. If V ∈ α2 and U ∩ pr−1

1 V 6= ∅, then Φ(stV × [t−, t+]) ∩ stα2 V = ∅.
Let α0 be the cover of Y which consists of α1 and α2. For each maximal simplex

σ = 〈U1, . . . , Un〉 of A0 we choose an open set U ′
σ ⊂ clU ′

σ ⊂
⋂n

i=1 Ui such that clU ′
σ

does not meet
⋃s

j=1 Vj . If σ0 is a maximal simplex of A0 and σ1, . . . , σm are the
maximal simplices in A0 which meet σ0, we let Uσ0 :=

⋃m
i=0 U

′
σi

. Call α∗ the set of
all Uσ corresponding to maximal simplices σ of A0, let α := α0 ∪ α∗, and denote
by A∗ the subcomplex of Nα containing all 〈Uσ〉. α will then be a refinement of β.
With this choice of covering we can satisfy Conditions 1) a) – c): If σ1, . . . , σm are
maximal simplices in A0 each of which meets the maximal simplex σ0 of A0, then
each Uσi contains U ′

σ0
; hence

⋂m
i=0 Uσi 6= ∅. Conversely, assume that

⋂m
i=1 Uσi 6= ∅.

Now each Uσi is a disjoint union of sets U ′
σj

, so there must be a maximal simplex σ
in A0 such that U ′

σ ⊂ Uσi for i = 1, . . . ,m. By our construction, this means that σ
meets σi. This establishes 1) a). As to 1) b) we retain the notation of that condition.
The assumption is that ∅ 6= ⋂

〈V 〉∈E′ V . But each Uσi is made up of pieces (viz.,
the U ′

σj
) which are contained in a maximal intersection. So this can happen only if⋂m

i=1 Uσi meets the (maximal) intersection
⋂
〈V 〉∈E V and

⋂
〈V 〉∈E′ V =

⋂
〈V 〉∈E V .

Finally, we have seen already that we can fulfill 1) c) whenever we can fulfill 1) a)
and b).

We will now construct a canonical projection pα : Y → Nα which maps γ1, . . . , γs

homeomorphically into the one-skeleton of A0. Then let y ∈ Vj . As before, we
fix the standard euclidean metric d on Nα. If rjy = φtxj with 0 ≤ t ≤ p(xj),
write t = (λ + i)p(xj)/N with 0 ≤ λ ≤ 1 and 0 ≤ i ≤ N − 1 and let p′α(y) :=
(1−λ) 〈Ti(xj)〉α+λ 〈Ti+1(xj)〉α . This defines a canonical projection p′α :

⋃s
j=1 Vj →

Nα. Denote by p′′α : Y → Nα any canonical projection constructed as in [Du], (cf.
supra, loc. cit.) and choose a continuous function λ : Y → [0, 1] such λ|⋃s

j=1 V
′
j = 0

and λ|⋂s
j=1(Y \Vj) = 1. If x ∈ Vj , we have that p′αx and p′′αx belong to a common

simplex, so we define pα(x) := (1 − λ(x))p′α(x) + λ(x)p′′α(x). On
⋂s

j=1(Y \ Vj)
we let, of course, pα := p′′α. Obviously, pα maps each γj homeomorphically onto
γ′j := pα(γj) (observe that pα| γj = p′α). On the other hand, we now define
iα : Nα → Y in the following way: First, for i = 1, . . . , N − 1, j = 1, . . . , s,
and 0 ≤ λ ≤ 1 we map (1 − λ) 〈Ti(xj)〉α + λ 〈Ti+1(xj)〉α to Φ(xj ,

i+λ
N p(xj)). For

other vertices 〈U〉α ∈ A0 we map 〈U〉α to an arbitrary point of U . If σ is a
maximal simplex of Nα, we map 〈Uσ〉α to a point of Uσ. So we have a partial map
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iα : Nα → Y which has mesh β and we extend this partial map to a full realization
iα : Nα → Y of mesh κ. So all requirements of Condition 2) are fulfilled. As we
have explained in the discussion after the definition of a convenient covering this
choice of covering and canonical projection will also satisfy Condition 1).

For (x, t) ∈ j−1
α (clU) we define ψtx := pαφtiαx. Choose neighbourhoods D ⊂

clD ⊂ B of A∗ such that B ∩ {ψtx| (x, t) ∈ j−1
α (clU)} = ∅ which is possible since

A∗ does not meet the range of pα. Now let

ν1 := inf{d(x, ψtx)| (iαx, t) ∈ clU and iα(x) ∈ Y \
s⋃

j=1

Uj}

and

ν := min{ν1, d(A∗, Nα \D), inf{d(x, ψtx)| (iαx, t) ∈ ∂U}}.
For x ∈ Nα we denote by ε(x) the maximal distance d(x, v) where v is a vertex of
a simplex containing x. Obviously, ε is continuous. Then let d(x, y) < ε(x). Then
either y belongs to the same simplex as x or y must belong to a simplex sharing a
face with a simplex containing x, since ε(x) <

√
2 and the diameter of a simplex

having more than one point is
√

2. We then let δ0 := min{ν, ε(x)| x ∈ Nα \D}.
The next lemma describes a uniform way to move points inNα\D in the direction

of the “redundant” vertices:

Lemma. There is a continuous function ζ : Nα \ D × [ δ0
16 ,

3δ0
8 ] → Nα such that

(with ζs(x) := ζ(x, s)) we have that, for x ∈ Nα \D and s ∈ [ δ0
16 ,

3δ0
8 ],

a) d(x, ζs(x)) = s.
b) d(ζs(x), A∗) < d(x,A∗).
c) If x ∈ A0 belongs to a face of a simplex σ in Nα which is not maximal, then

ζs(x) /∈ σ for s ∈ ( δ0
16 ,

3δ0
8 ], but ζs(x) belongs to a maximal simplex containing

x.

Proof. In a first step, we construct an auxiliary map η : A0 → Nα which we will later
use as ζδ0/16 on A0. We proceed by induction. Let 〈V 〉α ∈ A0. If 〈V 〉α is a common
vertex of the maximal simplices σ1, . . . , σm of A0 (m = 1 possible), we denote by
b the barycenter of 〈Uσ1 , . . . , Uσm〉α and choose η(〈V 〉α) as the point on [〈V 〉α , b]
which is at distance δ0/16 from 〈V 〉α. Since we have fulfilled Condition 1) b) in
Definition 2, η(x) will then be a point on a proper face. Suppose then that η
is defined on the boundary of a simplex σ in A0 which is a common face of the
maximal simplices Σ1, . . . ,Σm of A0 such that, for x on the boundary of σ, η(x)
is a point on a proper face of a simplex containing σ and 〈UΣ1 , . . . , UΣm〉α with
d(x, η(x)) = δ0/16 and d(η(x), A∗) < d(x,A∗). Call b the barycenter of σ and
B the barycenter of 〈UΣ1 , . . . , UΣm〉α. Then let x be an interior point of σ. If
x = b, define η(b) as the unique point on the straight line segment [b, B] which is at
distance δ0/16 from b. If x 6= b, write x = (1− λ)y + λb with 0 < λ < 1 and y on a
face of σ. We then let ξ = (1− λ)η(y) + λη(b) which makes sense by the induction
hypothesis. We then define η(x) as the point x+µ(ξ−x) which is at distance δ0/16
from x. Again by Condition 1) b) in Definition 2, η(x) is a point on a proper face
if σ is not a maximal simplex of A0. We now define ζs(x) if x ∈ Nα \D \ A0 and
0 < s ≤ 3δ0/8. If x belongs to a simplex τ which is not maximal we will define
ζs(x) in such a way that ζs(x) is an interior point of a maximal simplex of Nα.
Choose a maximal simplex σ which has τ as a face. Choose a point z ∈ τ which
is not on a face of τ such that z ∈ ∂D and choose an interior point z′ ∈ σ such
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that d(z′, A∗) < d(z, A) and d(z, z′) = 3δ0/8. Now there are a point y ∈ τ ∩ A0

and a λ ∈ (0, 1) such that x = (1 − λ)y + λz. Let x′ = (1 − λ)η(y) + λz′. We
then define ζs(x) as the point x+ µ(x′ − x) which is at distance s from x. We now
define ζs(x) for x ∈ A0 and δ0/16 ≤ s ≤ 3δ0/8. If s = δ0/16, we let ζs(x) = η(x).
If δ0/16 < s ≤ 3δ0/8, we choose t > 0 in such a way that ζs(x) := ζt(η(x)) is
at distance s from x. Finally, we extend ζs over the interior points of maximal
simplices: if σ is a maximal simplex with barycenter b, we define ζs(b) to be the
point on [b, 〈Uσ〉] which is at distance s from b. If x 6= b is an interior point of σ,
we write x = (1 − λ)y + λb with 0 < λ < 1 and y on the boundary of σ. We then
let ξ = `(ζs(y), ζs(b);λ) where ` is defined as in 3.1. Call τ the maximal simplex
containing ζs(y) (so either τ = σ or τ is adjacent to σ). Then we define ζs(x) to be
the point on [ξ, (1− λ) 〈Uτ 〉α + λ 〈Uσ〉α] which is at distance s from x.

Remark. For later purposes we sketch a modification of the construction of ζ in the
situation of section 3.4 in the proof of the theorem. So we assume that α and β are
as in 3.4. If we can find functions ζ0 for Nα and ζ1 for Nβ as in the lemma such
that for (x, s) ∈ Nα × [ δ0

16 ,
3δ0
8 ] we have that ζ0

s (x) and ζ1
s (qαβx) are contained in a

common simplex of Nα∪β, we may define ζs(x, t) := (1− t)ζ0
s (x) + tζ1

s (qαβ(x)). So
we start by fixing functions η0 for A0 and η1 for B0 := {〈W 〉 | W ∈ β0} as in the
proof of the lemma. If x ∈ A0 and if η0(x) belongs to a simplex τ , then η1(qαβx)
belongs to a simplex containing qαβ(τ). There is only one point in the definition
of ζ where we made an arbitrary choice, namely if x ∈ Nα \ A0 \ D belongs to a
simplex τ which is not maximal. There are then two cases: either there is a maximal
simplex σ ⊃ τ such that qαβ(τ) is a proper face of qαβ(σ). Then we choose ζ0

s (x)
to be an interior point of σ and ζ1

s (qαβx) as an interior point of a maximal simplex
σ′ ⊃ qαβ(σ). Or, for all maximal simplices σ ⊃ τ we have that qαβ(σ) = qαβ(τ). In
this case, we choose a maximal simplex σ ⊃ τ and a maximal simplex σ′ ⊃ qαβ(τ)
and then ζ0

s (x) and ζ1
s (qαβx) as interior points of σ and σ′, respectively. In both

cases, ζ0
s (x) and ζ1

s (qαβx) will lie in a common simplex of Nα∪β . After we have
exercised this choice ζ0 and ζ1 are completely determined by the above proof.

We now fix a function ζ for Nα as in the lemma. With the aid of ζ we will now
define a convenient approximation for ψ on j−1

α (clU). Then let (x, t) ∈ j−1
α (clU)

and define ρ(x, t) := d(x, ψtx).
1. First, if ρ(x, t) is large enough, we simply use the given ψt: If ρ(x, t) ≥ δ0/8,

we let fα(x, t) := ψtx. We then have that fα(x, t) = ψtx if x ∈ D (by our choice of
ν and hence of δ0) or if x /∈ ⋃s

j=1Wj or if (x, t) ∈ ∂j−1
α (U).

2. If ρ(x, t) is very small, we use ζ to move ψtx towards A∗ in such a way that we
avoid the point x and that periodic points on the distinguished orbits are not moved
at all: We choose a continuous function λ : Nα → [0, δ0/4] such that λ(x) = 0 iff
x ∈ ⋃s

j=1 γ
′
j . Then we choose a continuous function Λ : j−1

α (clU) → [0, 1] such that
Λ(x, t) = 0 iff ρ(x, t) ≥ δ0/8 and Λ(x, t) = 1 iff ρ(x, t) ≤ δ0/16. If ρ(x, t) ≤ δ0/16,
we let fα(x, t) = ζρ(x,t)+λ(x)(ψtx). If x ∈ A0, we can have fα(x, t) = x only if
ρ(x, t) = 0 (hence ψtx = x) and λ(x) = 0, so x ∈ ⋃s

j=1 γ
′
j . But then ψtx = x

only if t is a period of x. If x /∈ A0, we have that d(x, fα(x, t)) ≥ ρ(x, t) +
λ(x) − ρ(x, t) = λ(x) > 0. Moreover, x is on the sphere of radius ρ(x, t) around
ψtx, so d(ζρ(x,t)+λ(x)(ψtx), A∗) < d(x,A∗). Since fα(x, t) = x for x ∈ ⋃s

j=1 γ
′
j

and t a period of x, there are a neighbourhood Wj of x and a δ > 0 such that
ρ(x, t) < δ0/16 if x ∈ Wj and |t − t′| < δ for a period t of x. This shows that we
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can fulfill Condition 4). Condition 5) holds by our choice of α and the definition of
I(Y,Φ, j−1

α (V )).
Finally, we have to deal with the difficult situation where δ0/16 ≤ ρ(x, t) ≤ δ0/8.

If x ∈ A0, we simply move the point ψtx to ζρ(x,t)+λ(x)(ψtx) on the line joining
these points:

3. If x ∈ A0 and ρ(x, t) ≤ δ0/8, we have that ψtx and ζρ(x,t)+λ(x)(ψtx)
belong to the same simplex, so we may define fα(x, t) := (1 − Λ(x, t))ψtx +
Λ(x, t)ζρ(x,t)+λ(x)(ψtx). For ρ(x, t) = δ0/8 we have that Λ(x, t) = 0, hence fα(x, t)
= ψtx, and for ρ(x, t) ≤ δ0/16 we have that Λ(x, t) = 1, so the definition agrees
with the one given above. As before, we can have fα(x, t) = x only if Λ(x, t) = 0
(but then fα(x, t) = ψtx and ρ(x, t) ≥ δ0/8) or if ρ(x, t) + λ(x) = 0 but this is the
situation we discussed in 2).

At this stage of the proof we observe that for j = 1, . . . , s and t ∈ Mj we have
that γ′j×{t} is isolated in Pα provided we define fα in a continuous way: If x ∈ A0,
we have that fα(x, t) = x only if x is on some γ′j and t ∈ Mj . So there are a
neighbourhood Ωj of γ′j and a δj > 0 such that ρ(x, s) < δ0/16 if x ∈ clΩj and
|t−s| ≤ δj for some t ∈Mj . If x ∈ A0∩cl Ωj and |t−s| ≥ δj for all t ∈Mj , we have
that fα(x, s) 6= x by our construction in 1), 2), and 3). So there is a neighbourhood
Ω′

j ⊂ Ωj of γ′j such that fα(x, s) 6= x whenever x ∈ cl Ω′
j and |t − s| ≥ δj for all

t ∈ Mj . Now fα(x, s) 6= x whenever x ∈ A0 \
⋃s

j=1 γ
′
j and (x, s) ∈ cl j−1

α (U), so
there is a neighbourhood V ′ of A0 \

⋃s
j=1 cl Ω′

j such that fα(x, s) 6= x whenever
x ∈ V ′ and (x, s) ∈ cl j−1

α (U). But then there is a neighbourhood V of A0 such
that fα(x, t) = x for x ∈ V only if x is on some γ′j and t ∈ Mj. This shows that
the γ′j × {t} are isolated components of Pα. We will now define fα in such a way
that fα(x, t) 6= x if x /∈ A0 and if the intersection of A0 and the minimal simplex
σ containing x is either empty or a proper face in A0. If we succeed in doing so,
Condition 3) will be satisfied since we will have that fα(x, t) = x for x /∈ A0 can
happen only if the minimal simplex σ containing x has vertices both in A0 and in
A∗ and σ ∩A0 is maximal in A0. But this obviously implies that each component
of these x is contained in a contractible set. So let x /∈ A0 be such that the minimal
simplex containing x meets A0 in a proper face. We then draw a small sphere
around x and join ψtx to the nearest point on this sphere; then we move on a great
circle to the point which is nearest to ζρ(x,t)+λ(x)(ψtx), and then again linearly to
this last point.

4. Let δ0/16 ≤ ρ(x, t) ≤ δ0/8, x /∈ A0 and assume that the intersection with A0

of the minimal simplex σ containing x is either empty or a proper face. As before,
we have that x 6= ζρ(x,t)+λ(x)(ψtx). Call µ(x) the point in A0 which is nearest to x
(so µ(x) ∈ σ). We let

r(x, t) := min{d(x,A0), ρ(x, t), d(ψtx, µ(x)), d(x, ζρ(x,t)+λ(x)(ψtx))}.

So, under the present assumptions, we have that r(x, t) = 0 iff ψtx = µ(x). Note
that Condition c) in the lemma implies ζρ(x,t)+λ(x)(µ(x)) /∈ σ if ρ(x, t) + λ(x) >
δ0/16 since we have already seen that σ cannot be maximal. Since we are dealing
with the case ρ(x, t) ≥ δ0/16 we can have ρ(x, t) + λ(x) = δ0/16 only if ρ(x, t) =
δ0/16 and λ(x) = 0. But then fα(x, t) has already been defined in 2. Define ` as
in 3.1 and let

θ(x, t) := min{d(x, `(ψtx, ζρ(x,t)+λ(x)(ψtx);λ))| 0 ≤ λ ≤ 1}.
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So r(x, t) = 0 implies θ(x, t) > 0. If r(x, t) ≤ θ(x, t), we let

fα(x, t) := `(ψtx, ζρ(x,t)+λ(x)(ψtx); Λ(x, t)).

If 0 ≤ θ(x, t) ≤ r(x, t)/2, we call ψ′tx the point `(ψtx, x;λ) with 0 ≤ λ < 1 and
d(x, ψ′tx) = r(x, t) and ψ′′t x the point `(x, ζρ(x,t)+λ(x)(ψtx);λ) with 0 < λ ≤ 1 and
d(x, ψ′′t x) = r(x, t). Call x′ the point on [x, µ(x)] with d(x, x′) = r(x, t) and let
δ(x, t) := d(ψtx, ψ

′
tx), δ

′(x, t) := d(ψ′tx, ψ
′′
t x), δ

′′(x, t) := d(ψ′′t x, ζρ(x,t)+λ(x)(ψtx)),
and D(x, t) := δ(x, t)+ δ′(x, t)+ δ′′(x, t). Then we join ψtx linearly to ψ′tx as Λ in-
creases from 0 to δ(x, t)/D(x, t). Then we use the Λ-interval [δ(x, t)/D(x, t), (δ(x, t)
+ δ′(x, t))/D(x, t)] to join ψ′tx to ψ′′t x on a great circle, where we define a path on a
great circle as follows: If x′, y, z belong to the same simplex as x or to an adjacent
one, if r := d(x, x′) = d(x, y) = d(x, z) and if y 6= x′ and z 6= x′, we denote, for
0 ≤ λ ≤ 1, by gcx,x′(y, z;λ) the point w with d(x,w) = r such that the broken
line from x′ to w meets the broken line from y to z in `(y, z;λ). Finally, we use
the Λ-interval [(δ(x, t)+δ′(x, t))/D(x, t), 1] to join ψ′′t x linearly to ζρ(x,t)+λ(x)(ψtx).
Formally, and more precisely:

fα(x, t) :=



`(ψtx, ψ
′
tx;

D(x,t)
δ(x,t) Λ(x, t)), if 0 ≤ Λ(x, t) ≤ δ(x,t)

D(x,t) ,

gcx,x′(ψ′tx, ψ
′′
t x;

D(x,t)
δ′(x,t)Λ(x, t)− δ(x,t)

δ′(x,t) ),

if δ(x,t)
D(x,t) ≤ Λ(x, t) ≤ δ(x,t)+δ′(x,t)

D(x,t) ,

`(ψ′′t x, ζρ(x,t)+λ(x)(ψtx);
D(x,t)
δ′′(x,t)Λ(x, t)− δ(x,t)+δ′(x,t)

δ′′(x,t) ),

if δ(x,t)+δ′(x,t)
D(x,t) ≤ Λ(x, t) ≤ 1.

If, finally, r(x, t)/2 ≤ θ(x, t) ≤ r(x, t), we define fα(x, t) in the following way: Call

λ− := min{λ > 0| d(x, `(ψtx, ζρ(x,t)+λ(x)(ψtx);λ)) = r(x)}
and

λ+ := max{λ > 0| d(x, `(ψtx, ζρ(x,t)+λ(x)(ψtx);λ)) = r(x)},
let ψ̄tx := `(ψtx, ζρ(x,t)+λ(x)(ψtx);λ−) and ¯̄ψtx := `(ψtx, ζρ(x,t)+λ(x)(ψtx);λ+) and

let ψ̂tx := gcx,x′(ψ′tx, ψ̄tx;
2θ(x,t)
r(x,t) − 1) and ˆ̂

ψtx := gcx,x′(ψ′′t x,
¯̄ψtx, ;

2θ(x,t)
r(x,t) − 1).

Then we let

δ(x, t) := d(ψtx, ψ̂tx), δ′(x, t) := d(ψ̂tx,
ˆ̂
ψtx), δ′′(x, t) := d( ˆ̂

ψtx, ζρ(x,t)+λ(x)(ψtx)),

and D(x, t) := δ(x, t) + δ′(x, t) + δ′′(x, t) and define fα(x, t) by the same formula

as above where we replace ψ′tx by ψ̂tx and ψ′′t x by ˆ̂
ψtx. Obviously, we will then

have fα(x, t) 6= x in this situation. If ρ(x, t) = δ0/16, we have that Λ(x, t) = 1,
and hence fα(x, t) = ζρ(x,t)+λ(x)(ψtx); so the definition agrees with the one given in
2). If ρ(x, t) = δ0/8, we have that Λ(x, t) = 0, so fα(x, t) = ψtx; so our definition
agrees with the one in 1). If θ(x, t) = r(x, t)/2, we have that ψ̂tx = ψ′tx and
ˆ̂
ψtx = ψ′′t x; so the definitions for 0 ≤ θ(x, t) ≤ r(x, t)/2 and r(x, t)/2 ≤ θ(x, t) ≤
r(x, t) agree in this case. If θ(x, t) = r(x, t), we have that λ− = λ+ =: λ0, and

so ψ̂tx = ψ̄tx = ¯̄ψtx = ˆ̂
ψtx = `(ψtx, ζρ(x,t)+λ(x)(ψtx);λ0). But then δ′(x, t) = 0,

and fα(x, t) = `(ψtx, ζρ(x,t)+λ(x)(ψtx); Λ(x; t)). Moreover, as d(x,A0) tends to 0,
we have that r(x, t) tends to 0 which shows that we have defined fα in a continuous
manner.

5. Finally, in order to complete the construction of fα, we extend fα in an
arbitrary continuous way over the remaining simplices — for example, we could use
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the same procedure as in 4) if we replace great circles by straight lines if the points
in question are collinear. Of course, we will then not have that fα(x, t) 6= x but
this wasn’t required in the proof.

There still remains a minor point: We still have to show that we may choose
a convenient approximation so as to fulfill the additional requirements in part 3.4
in the proof of the theorem. So we assume the situation of 3.4 and we retain
the notation of that section. We will sketch the construction of an approximation
fαβ to the map (x, τ, t) 7→ h(pαφtiα∪βh(x, τ), τ) =: ψt(x, τ) for (x, t) ∈ cl j−1

α (U)
and 0 ≤ τ ≤ 1. We choose again a neighbourhood D of the subcomplex of Nα∪β

containing all vertices corresponding to elements of α∗∪β∗ and we choose a function
ζ as in the supplementing remark after the lemma such that ζs(h(x, τ)) ∈ Nτ if
x ∈ Nα \D, 0 ≤ τ ≤ 1, and δ0/16 ≤ s ≤ 3δ0/8. We choose the numbering of the
distinguished orbits as in Part 4, and we define δ(x), δ0, and ρ(x, t) for the mapping
ψt just defined as above. If ρ(x, t) ≥ δ0/8, we let fαβ(x, τ, t) = ψt(x, τ). Also, if
x ∈ γ′j for j ∈ {1, . . . , r + u} and t a period of x, we let fαβ(x, τ, t) = ψt(x, τ). For
j ∈ {r + u + 1, . . . , s} and x ∈ γ′j we let fαβ(x, 0, t) = ψt(x, 0). For the remaining
points we then proceed exactly as in the proof of the existence of a convenient
approximation arranging things in such a way that fαβ(h(x, τ), t) ∈ Nτ . This is
possible since ψt(x, τ) ∈ Nτ and ζs(h(x, τ)) ∈ Nτ if x ∈ Nα \D, 0 ≤ τ ≤ 1, and
δ0/16 ≤ s ≤ 3δ0/8. Whenever x is required to be in a simplex σ, we replace this by
the condition that h(x, τ) be in a simplex σ of Nτ (by giving Nτ the structure of
Nα for 0 ≤ τ < 1). Moreover, in the construction of the convenient approximation
we had to choose a nearest point µ(x) in A0. If we insist on choosing µ(x) ∈ Nτ

for x ∈ Nτ the construction of a convenient approximation will consist in joining
points in Nτ by straight line segments or great circles, so that fαβ(h(x, τ)) ∈ Nτ as
was required in 3.4. This finishes the construction of a convenient approximation.

In concluding, I would like to express my gratitude to the Jagiellonian University
of Cracow and in particular to Professors Mrozek, Pelczar and Srzednicki for their
kind hospitality when I started working on this problem.
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