TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 351, Number 1, January 1999, Pages 353-362
S 0002-9947(99)02192-3

SCRAMBLED SETS OF CONTINUOUS MAPS OF
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ABSTRACT. Let K be a 1-dimensional simplicial complex in R3 without iso-
lated vertexes, X = |K| be the polyhedron of K with the metric dx induced
by K, and f: X — X be a continuous map. In this paper we prove that if K
is finite, then the interior of every scrambled set of f in X is empty. We also
show that if K is an infinite complex, then there exist continuous maps from
X to itself having scrambled sets with nonempty interiors, and if X = R or
R, then there exist C'°° maps of X with the whole space X being a scrambled
set.

1. INTRODUCTION

Chaotic behavior is a manifestation of the complexity of nonlinear dynamical sys-
tems. There are some distinct definitions given by different authors. The following
definition of chaos mainly stems from Li and Yorke [11].

Definition 1.1. Let (X,d) be a metric space, and f : X — X be a continuous
map. A subset S of X containing at least two points is called a scrambled set of f
if for any x,y € S with = # v,

(1.1) liﬂsolip d(f"(z), f"(y)) >0,
and
(1.2) lim inf d(f"(2), f"(y)) = 0.

f is said to be chaotic (in the sense of Li and Yorke) if f has an uncountable
scrambled set.

Remark 1.2. Let P(f) denote the set of all periodic points of f. In Definition 1.1,
we do not insist that
(1.3) limsup d(f"(x), " (p)) > 0

n—oo

holds for any € S and any p € P(f) because condition (1.3) is not important. In
fact, if (1.1) and (1.2) hold for any z,y € S with x # y, then the set

(1.4) {z € S:limsupd(f™(x), f*(p)) =0 for some p e P(f)}

n—oo
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contains at most one point. Also we do not insist that S N P(f) = 0 because if
(1.2) holds, then S N P(f) also contains at most one point (see (ii) of Lemma 2.1
below).

Let I be a compact interval. For the case X = I, Li and Yorke in [11] first
showed that if f : I — I has a periodic point of period 3, then it is chaotic, i.e.
“period three implies chaos”. Kuchta and Smital in [9] indicated that if f: T — T
has a two point scrambled set, then it has an uncountable scrambled set. In [5]-[§],
[12], [13] and [15], scrambled sets of some maps were further discussed from the
point of view of measure.

In this paper we will consider the case of X being a 1-dimensional polyhedron.
The tree is a particular kind of 1-dimensional polyhedron. In [1], [2], [3] and [10],
the sets of periods of periodic orbits and the topological entropies of tree maps
were discussed. Now we will study scrambled sets of continuous maps for general
1-dimensional polyhedra from the point of view of topology. Our main result is the
following theorem.

Theorem A. Let K be a finite 1-dimensional simplicial complex in R® without
isolated vertexes, and let X = |K| be the polyhedron of K. Suppose f : X — X is a
continuous map. Then the interior of any scrambled set of fin X is empty.

In addition, we will show that if K is an infinite 1-dimensional complex, then
Theorem A is not true. Particularly, if K is a triangulation of R or Ry, i.e., if X is
the real line R or the real half-line Ry, then there exist C*° maps from X to itself
with the whole space X being a scrambled set.

2. SOME ELEMENTARY PROPERTIES OF SCRAMBLED SETS

Let (X,d) be a metric space, and f : X — X be a continuous map. A point
x € X is called an eventually periodic point of f if there are integers n > m > 0
such that f"(z) = f™(z). If m = 0, i.e. f"(z) = xz, then z is called a periodic
point.

The following lemma will be useful, of which the proof is easy and is omitted.

Lemma 2.1. Let S be a scrambled set of f: X — X. Then
(i) f1S is an ingection.
i) There is at most one eventually periodic point of f in S.
iii) For any integer n > 0, f™(S) is also a scrambled set of f.
) Let 8" C X contain at least two points. If f(S") C S and f|S’ is injective,
then S’ is also a scrambled set of f.
(v) If [ is uniformly continuous, then S is also a scrambled set of f™ for any
integer n > 0.

Definition 2.2. Let (X,d) and (X', d’) be two metric spaces, and h : X — X’ be
a homeomorphism. h is called a uniform homeomorphism if both h and h~! are
uniformly continuous. X and X’ are said to be uniformly homeomorphic if there
exists a uniform homeomorphism h : X — X'.

Obviously, every homeomorphism between two compact metric spaces must be
a uniform homeomorphism, and we have

Lemma 2.3. Leth : X — Y be a uniform homeomorphism, and S C X, T = h(S5).
Suppose f : X — X is a continuous map, and g = hofoh™'. Then T is a scrambled
set of g if and only if S is a scrambled set of f.
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3. SCRAMBLED SETS OF CONTINUOUS MAPS
OF 1-DIMENSIONAL POLYHEDRA

Let K be a 1-dimensional simplicial complex in R3. Every 0-dimensional simplex
of K is called a vertex, and every 1-dimensional simplex of K is called an edge.
Denote by Ky the set of all vertexes of K. Let X = |K| be the polyhedron of K
(see [4]). Define the metric dx on X as follows:

(i) If points  and y lie on the same edge E, the two vertexes of E are u and v,
and z = ru+ (1 —7r)v,y = su+ (1 —s)v for some r, s € [0,1], then dg (x,y) = |r—s|.

(ii) If there is a connected subcomplex K’ of K such that {z,y} C |K’|, then

n
di (z,y) = min { ZdK(xi_l,xi) : (%o, 1, ..., ;) 18 a sequence of points
i=1

in X with xo=2, z, =y, and x;—7 and =z; lying

on the same edge of K for izl,...,n}.

(iii) If there is no connected subcomplex K’ of K such that {z,y} C |K’'|, then
Remark 3.1. In order to avoid that the case dg(x,y) = oo arises, we can give
another metric d% on X by

/ | arctgdi(z,y), if drx(z,y) < oo
dg(z,y) = { 1, if dy(z,y) = oco.
However, it is easy to see that the identical map id : (X, dx) — (X, d%) is a uniform
homeomorphism. Thus, for convenience, we use dx rather than d’.

Remark 3.2. If for any bounded subset B of R?, the number of the simplexes of K
intersecting B is finite, then the topology on X induced by dx coincides with that
as subspace of the Euclidean space R>.

Recall that an arc is a space homeomorphic to the unit interval [0,1]. Let A C X

be an arc. Denote by 0A the two endpoints of A, and write A = A — JA. Let
2 and y be two points on arc A. Denote by Alx,y] the subarc of A from z to
y. If Alx,y] is a straight line segment, then it is simply written as [z,y], and put
(z,y] = [z,y] — {z}, (z,y) = (z,y] — {y}. Let u and v be the two endpoints of A.
We denote by (A;u,v) the directed arc A from u to v. In addition, we denote by
[(A) the length of arc A under metric dg.

Lemma 3.3. Let (A;u,v) be a directed arc on X = |K|. Suppose {u,v}NKy=
Then there is a unique sequence (wg,w1,- - ,wy,) of vertexes of K with n >
satisfying the following four conditions:

=

(i) Fori=1,2,---,n, [w;—1,w;] is an edge of K.
(i) u € [w,w1), v € (Wp—1,wy].
(i) If n=1, then u € [wo,v] and A = [u,v]. If n > 1, then
n—1
A = [u,wi] U (U [wi—1,w;]) U [wp—1,v].
i=2
(iv) wy #w; for1<i<j<n-—1.
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Lemma 3.3 is evident. The sequence (wg,ws, - ,w,) in Lemma 3.3 will be
called the carrier sequence of the directed arc (A;u,v) and we write CS(A;u,v) =
(T.U(),’Ujl, e awn)-

Theorem A. Let K be a finite 1-dimensional simplicial complex in R® without
isolated vertexes, and let X = |K| be the polyhedron of K. Suppose f : X — X is a
continuous map. Then the interior of any scrambled set of fin X is empty.

Proof. If not, there is a scrambled set S of f having a nonempty interior in X.
Then S contains an arc L. By (ii) of Lemma 2.1, we may assume that L contains
no eventually periodic points of f. By (i) of Lemma 2.1, f*(L) is also an arc in
X(k=1,2,---). Let the two endpoints of L be 2’ and y’. By Definition 1.1, we
have limsupy,_, . di(f*(z'), f¥(y')) > 0. Thus Y2 1(f*(L)) = co. This implies
that f#(L) N f™(L) # @ for some integers u > m > 0. Write A’ = f™(L). Take
u,v € A’ such that v = f#~™(u) and [(A’[u,v]) achieves the minimum. Let
A = A'lu,v], and g = f*~™. By (iii) and (v) of Lemma 2.1 we know that A C A’
is a scrambled set of g. Write Ay = g*(A) and uy = ¢g¥(u) for k = 0,1,--- . Then
v = g(u) = uy. It follows from (i) of Lemma 2.1 that Ay is an arc and the two
endpoints of Ay are uy and ugy1. Since AN P(g) = 0, we have

(3.1) A; ¢ Aj, for any nonnegative integers ¢ # j.
From (3.1) we get the following

Claim 1. Let k > 0. If there exist edges E and E’ of K such that A; C E and
Agy1 C F', then Ap N Agy1 = {ugy1}, and E = E' if up1 ¢ K.

Since Ky is a finite set and A contains no eventually periodic points of g, there
is a kg > 0 such that ux ¢ Ky for all k& > ko. Noting limsup,_, [(Ax) > 0, by
(3.1) and Claim 1 we have

Claim 2. Write Zg = {k : k > ko + 2, and Ay N Ky # 0}. Then Zj is an infinite
set.

By (iv) of Lemma 3.3, the number of carrier sequences of all directed arcs in X
is finite. Hence there exist integers a and b € Zy with |a — b > 3 such that

(3.2) CS(Ag;ua, tgr1) = CS(Ap; up, upt1),
(3.3) CS(Aat1; Uat1; Uat2) = CS(Apt1; Upt1, Upt2)-
Suppose the carrier sequence CS(Ag; g, Uat1) 18 (vo,v1, -+ ,v,). Then n > 2. By

(3.2), we have u, € (vg,up) or up € (vg,u,). By the symmetry, we may assume
that

(3.4) Ug € (vo, up).

It follows from (3.4), (3.2) and (3.1) that up € (uq,v1), and ugt1 € (Vn—1, Up+1),
Upt1 € (Uat1,Vn). We now claim

(3.5) 9([ta; w]) = [vat1, upsa]-

In fact, if (3.5) does not hold, then g([uq, up]) is an arc in X with endpoints u,41 and
up+1 which does not intersect (uqy1, up+1). Noting Agr1 = 9(Aa) = 9([ta, up)) U
g(Aufup, ugr1]) is an arc and g|A, is injective, we have

(3.6) 9(Aafup, uat1]) C [Ups1,Uat1), and ugt2 € (Upt1, Uas1)-
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FIGURE 3.1

By (3.6) and (3.3) we get

CS(Q([Um Ub]);ua+1, Ub+1) = CS(Aa-l-l;ua-l-la Ua+2)
= CS(Apt1; ubt1, ubt2) = CS(g([Uat1, ubt1]); Uata, upt2)

= (v’rmvn—lawla e 7wm7vn7vn—l)7 for some {w17 U 7wm} - KO'

(see Fig. 3.1). This implies that there is a point € (ug+1,up+1) such that
9([tas1,x]) = [Ugt2,vn—1] and g(x) = v,_1, and hence there is a fixed point p of
g in (uqy1, ). However, (uqy1,2) C [tat1,upt1] C Aps1, which contains no fixed
points of g. This leads to a contradiction. Thus (3.5) must hold.

From (3.5) and (i) of Lemma 2.1 it is easy to see that, for sufficiently small
e >0, glup+e(vy —up)) € (Upt1,vn) — Ap. Thus we have up + e(vy — up) ¢ Ap—1
and hence

(3.7) [ua, ub] C Ap_1.
There are two cases to consider:

Case 1. b > a. In this case, let Q = UZ:a Ag. By (3.5) and (3.7) we can easily
verify that g(Q) = Q. Let S' = {e*™ : t € R} be the unit circle in the complex
plane, and d be the usual metric on S'. Take a sequence t, < tar1 < - < 1y
of real numbers such that t,_; < t, +1 < ty < top1 + 1. Put zp = €27 for
k=a,a+1,---,b Let Cp = {e2™ : t) <t <tpy1}fork=a+1,--- ,b—2,b—1,
and let Cp = {€®™ : t, <t < tq41 + 1} (see Fig. 3.2). Then C; is an arc on
St(j=a+1,---,b). Fork=a+1,---,b—1, choose a homeomorphism hy, : Cj, —
Ay, such that hy(zi) = ug, hi(zp+1) = ug+1, and hp—1(24) = u,. Choose again a
homeomorphism hy : Cp — Ap[up, uagt1] such that hy(zp) = up, hp(2a+1) = Uat1-
Define a projection h : S* — Q by h|Cy = hy for k = a + 1,--- ,b. Then h is
continuous, and h(S') = Q. Define ¢ : St — St by

@|Ck=h,;ilogohk, for k=a+1,---,b—2;

@|Ch-1[2p-1,24] = hy " 0 g0 hy—1|Ch_1[2p-1, 2a);

@|Cy-1(za, 2] = b}y © g0 hi1|Ch1za, 2);
©lCy = h;-il—l ogohy.
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Za+2

Zp-2

FIGURE 3.2

Then ¢ is also continuous, and h o ¢ = go h. We say that ¢ is the lift of g|Q
relative to the projection h, or relative to the sequence (hgt1,hat2, - ,hy) of
homeomorphisms. Note that ¢ : S* — S! is both injective and surjective. Thus ¢
is a homeomorphism.

¢ has no periodic points because g|@ has no periodic points and h oy = go h.
This implies that the rotation number of ¢ is irrational. If ¢ has wandering points,
then we know (for example, see [14, Chap.1]) that the wandering set W () of ¢ is
an open set dense in S'. Let z and w be two different points on the same connected
component of W(p) N Cyy1. Then limy_o d(¢*(2), p*(w)) = 0 (see [14]). Since
S is compact, h : S' — @Q is uniformly continuous. Thus

Jim dic(g" (h()), g* (h(w)) = lim dic(h(*(2)), hle* () = 0.

This implies that the points h(z) and h(w)(# h(z)) of Aq41 can not lie in the same
scrambled set of g. However, as indicated above, A is a scrambled set of g, and
hence A1 = g®t1(A) is also a scrambled set. This reduces to a contradiction.

Therefore, ¢ has no wandering points. Thus ¢ is topologically conjugate to an
irrational rotation of S!, i.e. there exist an irrational number ¢ and an orientation
preserving homeomorphism 7 : S' — S! such that

(3.8) N ten(e?™ ) = 2™t for any t € R.

Let ¢ =n~tpn: S — S and € = hy : S* — Q. Then ¢ is a continuous surjection,
and

(3.9) o =gok.

For any given positive number r, if there exists s € R such that & (62”(8+T)) =
£(e®™%), then it follows from (3.8) and (3.9) that

§(€2ﬂi(s+kc+r)) _ gwk (627ri(s+r)) — gké-(e%ri(s-i-r))

3.10 ) . )
( ) _ gké-(GQﬂ"LS) _ €¢k (627715) — 5(62ﬂz(s+kc))
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holds for all k = 0,1,---. Since the point set {>7(stk¢) . = 0,1,---} is dense in
S1, by (3.10) and the continuity of ¢ we have
(3.11) £(e2™ M) = £(e?™), for any t € R.

Let T = {r : r € (0,1], and there exists s = s(r) € R such that &(e2™(+t7)) =
£(e?™)}. Then T is evidently a nonempty closed set in (0,1]. Let rq = infT.
Then ro > 0 since £|n~1(Cyy1) is a homeomorphism from n~1(Cyy1) to Agy1 C Q.
It is easy to see that there is an integer ¢ > 1 such that ro = 1/¢. By (3.11) and
the definition of 7o we know that, for any ¢, ¢ € R, £(e™t) = £(e*™*') if and only
if (' —t) is an integer. Thus we can define ¢ : S* — @ by

C(e2™) = 5(62”“/‘1), for any t e R.

Obviously, this ¢ is injective, surjective and continuous. Hence ¢ is a homeomor-
phism. Define w : S — S! by
w(e?™) = 2™t for any t € R.
Then ¢ ow = £. Define ¥ : ST — S! by
W(e2mity = 2mi(tHae) - for any t € R.

Then ¥ ow = w o . Therefore, we have the following commutative diagram.

St A > S
k Sl v » Sl %
¢ U U ¢
3 3
St Ld > S1
e ﬁ 9lQ k} 5

Thus (Yw = (wy = &Y = g€ = glw, and hence ( o ¥ = g o ( because w is
a surjection. This implies that g|@ and ¥ are topologically conjugate. Since the
irrational rotation ¥ has no scrambled set, by Lemma 2.3, g|@ also has no scrambled
set. However, as indicated above, A,11(C Q) is a scrambled set of g. This is still
a contradiction.

Case 2. a > b. Analogous to Case 1, Case 2 also leads to a contradiction.
Thus, the interior of any scrambled set of f in X must be empty. Theorem A is
proven. O

If complex K is not finite, then Theorem A is not true. In fact, we have

Theorem 3.1. Let K be an infinite 1-dimensional simplicial complex in R3, and let
X = |K]| be the polyhedron of K with the metric dx. Then there exists a continuous
map f: X — X which has a scrambled set containing a nonempty interior in X.

Proof. If K has isolated vertexes, take an edge E of K, and let fo : E — FE be
a continuous map which has an uncountable scrambled set Sy. Suppose the set
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of isolated vertexes of K is V. Choose a continuous map g : X — E such that
glx) =x for all x € E,g(V) C Sy, and g|V is injective. Let f = foyo g, and let
S =5S0UV —g(V). Then S is an uncountable scrambled set of f, the interior of S
in X contains V', and is nonempty.

Now we assume that K has no isolated vertexes. Then K has infinitely many
edges. Take countably infinitely many edges Eo, E1, Fa,--- of K with E; # Ej for
1 # j such that one of the following two conditions holds:

(C.1) If K has infinitely many connected components, then for any 0 < i <
j < oo, E; and E; belong to different components of K.

(C.2) If K has only finitely many connected components, then all of Ey, E1, Ea,
-+« belong to the same component of K.

For n = 0,1,2,---, suppose 0F,, = {vn,w,}. Let x, = (2u, + wy)/3,yn =
(Un + 2w,)/3, and A,, = [x,,ys]. Denote by J the open interval (0,1). For any
rational number r € J, write u,(r) = (1 — r)x, + ry,. Put

W ={(a,b,r,8):a,b,r,s are all rational numbers,
and0<a<b<l, 0<r<s<l}.

Then W is a countable set in J4(C R*). Arrange all points in W to be an infinite
sequence. Assume the sequence is

W:{(anabnarn,sn)I?’L:O71,2’...}.

For n = 1,2,3,---, choose a homeomorphism g, : Ag — A,, such that g,(z¢) =
Ty I (Y0) = Yn, In(uo(an)) = un(ry), and gn(uo(bn)) = un(sn), and then define
the homeomorphism h,, : A, — A,41 by hp = gnr1 09, ' Let hg = g1 : Ag — A;.
Put Xo = U,~, An. Define fo: Xo — Xo by fo|An = hy for n =0,1,2,---. Then

it is easy to see that Ag is a scrambled set of fj.

If condition (C.1) holds, suppose the connected component of K containing E,, is
K™ and Y, = |K™|, (n=0,1,2,---). Obviously, we can construct a continuous
map f : X — X such that f|Xo = fo,f(Yn) = Epy1 for n = 0,1,2,---, and

f(z) =z for any z € X —J,—, Yy. Clearly, Ay is still a scrambled set of f.

If condition (C.2) holds, put X1 = X — (J,—, En, and X5 = Xo U X;. Define
fa: Xo — Xo by fo|Xo = fo, and fo(2) = z for any z € X;. Then f; is continuous.
Evidently, fo can be extented to be a continuous map f : X — X, and Ay is also
a scrambled set of this f.

Note that Ag is a nonempty open set in X. Theorem 3.1 is proven. O

4. TOTALLY CHAOTIC CONTINUOUS MAPS OF THE REAL LINE

In the proof of Theorem 3.1 we construct a continuous map f : X — X, which
has a scrambled set with a nonempty interior in X. But this f is not a totally
chaotic map defined as follows.

Definition 4.1. Let (X, d) be a metric space. A continuous map f : X — X is
called totally chaotic if the whole space X is a scrambled set of f.

What metric space X can admit a totally chaotic map? This is an interesting
problem. In this section we will consider the real line R and the real half-line
Ry =[0,00), which can be regarded as the polyhadra of the infinite 1-dimensional
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simplicial complexes K (R) and K (R ), respectively, where
K(R) ={n,[n,n+1]:n is an integer},

K(Ry) ={n,[n,n+1]:n is a nonnegative integer}.
We have the following theorem.

Theorem 4.2. There exists a totally chaotic continuous map f : R — R, which
satisfies that f(Ry) C Ry, and f|R4+ is also a totally chaotic map.

Proof. Let cg,c1,co,- -+ be a given infinite sequence of positive numbers with ¢ <
1/2 for every even number k > 0. We first choose a C* map fo : R — R such that

(0.1) fo(0) =1, fo(x) > for any x <0, and lim,_, _ fo(z) = —oc;

(0.2) fi(x) =1—cp for any x > 1 and fj(z) > 0 for all x € R, where fi(x) is
the derivative of fo(z);

(03) 1—co< fo(z)<lforO<z<]l.

The equation fo(z) = x has a unique root. Suppose this root is ag. Then
aop > 2. Obviously, there is an integer ny > 2 such that f°([—1,1]) C [ao — 1, ao).
Let eg = ap — fi'°(1). Then 0 < ¢gp < 1.

Next, we take a C*° map f; : R — R such that

(1.1)  fi(x) = fo(z) for any x < ag — €9, and f1(z) > z for all x € R;

(1.2)  the derivative fi(z) =1+ ¢1 for any x > ag;

(1.3)  fl(z) < fi(x) <14 ¢ for ag —ep < x < ag.

Evidently, there is an integer ny > ng such that f{''(—ag) > 2ag, and the
derivative d(f]"* (z))/dxz > 2 for all x € [—ag, ag]. Let a1 = f{"*(ag). Then a1 > 2ay.
Put 1 = gp.

Now we choose again a C*° map fo : R — R such that

(2.1)  fo(x) = fi(z) for any = < ay + 1;

(2.2) fi(x) =1—cy for any x > a1 + 2;

(23) 1—co< fi(z)<l4cforai+1<z<ar+2.

It is easy to see that the equation fs(x) = x has a unique root. Suppose this
root is as. Then as > a; + 1. Clearly, there is an integer mo > nj such that

2"2([—a1,a1]) (@ [CLQ — 2_2,a2). Let e9 = ag — anZ(a,l). Then 0 < g5 < 272,

Continuing this process, for every positive integer k = 1,2,3,---, we can choose
a C>* map fr : R — R and take a positive integer n; and two positive numbers
ar, € satisfying the following conditions:

(a) If k>1is odd, then

(k.l.a)  fr(z) = fe—1(x) for all x < ap—1 —eg—1, and fr_1(x) > x for all x € R;

(k.2.a) the derivative fj(z) =1+ ¢ for all x > ap_1;

(k3.a) fi_i(x) < filx) <1+cg for ag—1 —ep—1 < & < ag—1;

(k.d.a) ng >ng_1, fi*(—ak—1) > 2ax_1, and the derivative d(f'* (x))/dz > 2*
for all x € [—ag—_1,ar—1];

(k.5.a) ap = f]?k (a,k_l) > 2ap_1, and e = €p_1.

(b) If k> 2 is even, then

(k.1.b)  fr(x) = fr—1(x) for all x < ap—1 + 1;

(k2.b) fi(z)=1—c¢p forall z > ap_1 + 2;

(k3.b) 1—cp < fl(x) <l4ck—qforar1+1l<z<ar_1+2

(k.4.b) the equation fi(z) = x has a unique root, and ay is this root, ap >

(k.5.b)  np > np_1, and fi*([—ar—1,ar-1]) C [ar — 27k ay);
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(k.6.b) €k = ap — ]?k (ak_l) € (0, 2_k].

From these conditions we know that there exists a limit function f = limg_ o f
with f(z) = fr(z) for z < ar — . Thus f: R — R is a C* map. For any given
u,v € R with u # v, take a positive integer j > 1 such that {u,v} C [—aj,a;].
Then by (k.4.a) we have | f™* (u) — f™ (v)| > 2¥|u — v| for every odd k > j, and by
(k.5.b) we have |f™ (u) — f™ (v)| < 27 for every even k > j. This implies that

likminf|fk(u) — f*(w)| =0, and limsup|f¥(u) — f*(v)| = .
s k

Hence f is totally chaotic.
Noting that f(x) > x for any « € R, we have f(Ry) C R4. Therefore, f|Ry is
also totally chaotic. Theorem 4.2 is proven. O

Remark 4.3. Let f : R — R be as in the proof of Theorem 4.2. Then f is a C*
diffeomorphism. For any n > 2, define F,, : R® — R" by

Fn(x17x27 e ,.’En) = (f(xl)a f(xQ)u o 7f($n))7 for any (1'1,1'2, e 7xn) S Rn
It is easy to see that F), is also a C*° diffeomorphism, and F,, is totally chaotic.
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