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ERGODIC SEQUENCES IN THE FOURIER-STIELTJES
ALGEBRA AND MEASURE ALGEBRA OF
A LOCALLY COMPACT GROUP

ANTHONY TO-MING LAU AND VIKTOR LOSERT

ABSTRACT. Let G be a locally compact group. Blum and Eisenberg proved
that if G is abelian, then a sequence of probability measures on G is strongly
ergodic if and only if the sequence converges weakly to the Haar measure on
the Bohr compactification of G. In this paper, we shall prove an extension of
Blum and Eisenberg’s Theorem for ergodic sequences in the Fourier-Stieltjes
algebra of G. We shall also give an improvement to Milnes and Paterson’s
more recent generalization of Blum and Eisenberg’s result to general locally
compact groups, and we answer a question of theirs on the existence of strongly
(or weakly) ergodic sequences of measures on G.

0. INTRODUCTION

Let G be a locally compact group and 7 be a continuous unitary representation
of G on a Hilbert space H. Let Hy denote the fixed point set of w in H, i.e.

Hy={¢€H; n(x){ =¢ forall zeG}.

A sequence {u,} of probability measures on G is called a strongly (resp. weakly)
ergodic sequence if for every representation m of G on a Hilbert space H and for
every £ € H, {m(pun)&} converges in norm (resp. weakly) to a member of Hy.
When G is abelian or compact, or G is a [Moore]-group (i.e. every irreducible
representation of G is finite dimensional), then every weakly ergodic sequence is
strongly ergodic. However, this is not true in general (see [8, Proposition 1 and
Proposition 5]).

In [1], Blum and Eisenberg proved that if G is a locally compact abelian group,
and {u,} is a sequence of probability measures on G, then the following are equiv-
alent:

(i) {pn} is strongly ergodic.

(ii) Fin(7) — 0 for all v € G\{1}.
(i) {pn} converges weakly to the Haar measure on the Bohr compactification of
G.
More recently Milnes and Paterson [8] obtained the following generalization of Blum
and Eisenberg’s result to general locally compact groups:
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Theorem A (Milnes and Paterson [8]). Let G be a second countable locally com-
pact group. Then the following statements about a sequence {un} of probability
measures in M(G) are equivalent:

(i) {pn} is a weakly ergodic sequence.
(ii) 7(sn) — O in the weak operator topology for every = € G\{1}.
(iil) i, converges to the unique invariant mean on B(G), the closure in C(G) of
the linear span of the set of coefficient functions of the irreducible represen-
tations of G.

(Here G denotes the set of irreducible continuous representations of G' which is
the same as the dual group of G when G is abelian.)

Let P1(G) denote the continuous positive definite functions ¢ on G such that
¢(e) = 1 (where e is the identity of G). When G is abelian, P;(G) corresponds to
the set of probability measures on the dual group G of G (by Bochner’s Theorem).
In this paper, we shall prove an extension of Blum and Eisenberg’s Theorem for
ergodic sequences in P;(G) (Theorems 3.1 and 3.3). We shall give an improve-
ment to condition (iii) of Theorem A by replacing “B;(G)” by the Fourier-Stieltjes
algebra “B(G)” for any G (Theorems 4.1 and 4.4) and remove the condition of
second countability (= separability in [8]) in Theorem A. We shall also show that
(Theorem 4.6) G is o-compact if and only if it has a strongly (or weakly) ergodic
sequence of measures. This completely answers a question in [8, p. 693].

A “strongly ergodic sequence” is called a “general summing sequence” by Blum
and Eisenberg in [1]. It was also introduced by Rindler under the name “unitarily
distributed sequences” in Def. 4 of [13] for point sequences and their Cesaro averages
and by Maxones and Rindler in [9] for sequences of measures.

1. SOME PRELIMINARIES

Throughout this paper, G denotes a locally compact group with a fixed left
Haar measure p. Integration with respect to p will be given by [ ---dz. Let C(G)
denote the Banach space of bounded continuous functions on G with the supre-
mum norm. Then G is amenable if there exists a positive linear functional ¢ on
C(G) of norm one such that ¢(¢,f) = ¢(f) for each a € G and f € C(G) where
(b f)(x) = f(az), = € G. Amenable groups include all solvable groups and all
compact groups. However, the free group on two generators is not amenable (see
[11] or [12] for more details).

Let C*(G) denote the completion of L'(G) with respect to the norm || f|. =
sup {||T¢||}, where the supremum is taken over all *-representations T' of L!(G) as
an algebra of bounded operators on a Hilbert space. Let P(G) denote the subset
of C(G) cousisting of all continuous positive definite functions on G, and let B(G)
be its linear span. Then B(G) (the Fourier-Stieltjes algebra of G) can be identified
with the dual of C*(G), and P(G) is precisely the set of positive linear functionals
on C*(G).

Let B(L?*(@)) be the algebra of bounded linear operators from L?(G) into L?(G)
and let VN(G) denote the weak operator topology closure of the linear span of
{p(a) : a € G}, where p(a)f(z) = f(a™'z), x € G, f € L*(G), in B(L*(G)).
Let A(G) denote the subalgebra of Cy(G) (continuous complex-valued functions
vanishing at infinity), consisting of all functions of the form hxk where h, k € L*(G)
and k(z) = k(z—1), 2 € G. Then each ¢ = h* k in A(G) can be regarded as an
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ultraweakly continuous functional on V. N(G) defined by
¢(T) = (Th,ky foreach T € VN(Q).

Furthermore, as shown by Eymard in [3, pp. 210, Theorem 3.10], each ultraweakly
continuous functional on VN(G) is of this form. Also A(G) with pointwise mul-
tiplication and the norm ||¢|| = sup {|¢(T)|}, where the supremum runs through
all T € VN(G) with ||T|| < 1, is a semisimple commutative Banach algebra with
spectrum G;  A(G) is called the Fourier algebra of G and it is an ideal of B(G).

There is a natural action of A(G) on VN(G) given by (¢ - T,v) = (T, ¢ - ) for
each ¢, v € A(G) and each T' € VN(G). A linear functional m on VN (G) is called
a topological invariant mean if

(i) T > 0 implies (m,T) > 0,

(ii) (m,I) =1 where I = p(e) denotes the identity operator, and

(ii) (m,¢-T) = ¢(e)(m,T) for ¢ € A(G).
As known, VN(G) always has a topological invariant mean. However V N(G) has
a unique topological invariant mean if and only if G is discrete (see [14, Theorem 1]
and [6, Corollary 4.11]).

Let C;(G) denote the norm closure of the linear span of {p(a); a € G}. Let
Bs(G) denote the linear span of Ps(G), where Ps(G) is the pointwise closure of
A(G) N P(G). Then B;s(G) can be identified with C;(G)* by the map 7(¢)(f) =
S {ot)f(t), t € G} for each f € £1(G) and ¢ € Bs(G) (see [3, Proposition 1.21]).
Furthermore Bs(G) with pointwise multiplication and dual norm is a commutative
Banach algebra. If m is topological invariant mean on VN (G), then m/ = restriction
of m to C§(G), is also a topological invariant mean on Cj(G). Furthermore, if m”
is another topological invariant mean on Cj(G), then m’ = m”, by commutativity
of B5(G). If G is amenable, then B(G) C Bs(G). In particular, each ¢ € B(G)
corresponds to a continuous linear functional on C}(G) defined by (¢, p(a)) =

~

¢(a), a € G. Also if G is abelian, then Cj(G) = AP(G), the space of continuous
almost periodic functions on G (see [5]).

2. SOME LEMMAS

Let G be a locally compact group, and M*(G) be the positive finite regular
Borel measures on G.

Lemma 2.1. Let p € M™*(G). For each ¢ € A(G), define Sy an operator on
Ly(G, ) by

Syh = ¢h, he Ly(G,p).

Then the mapping ¢ — Sy is a cyclic x-representation of A(G) as bounded operators
on La(G, ).

Proof. It is easy to see that ¢ — Sy is a %-representation as bounded operators
on Lo(G, ). Also the element 1 € Lo(G, p) is a cyclic vector for S, since we have
{Ss1; ¢ € A(Q)} = {¢; ¢ € A(G)}. Let f € Coo(G) (continuous function with
compact support); then there exists {¢,} C A(G) such that ||¢, — fllcc — 0. In
particular, ¢,, — f in the Lo-norm of Lo(G, p). The result now follows by density
of Coo(G) in Lo(G, p), and pu(G) < co. O



420 ANTHONY TO-MING LAU AND VIKTOR LOSERT

Lemma 2.2. Let {T, H} be a cyclic x-respresentation of A(G). There exists a mea-
sure p € MY(Q) such that T is unitarily equivalent to a representation S defined
by p as in Lemma 2.1.

Proof. Indeed, for any ¢ € A(G),

IT(O)llsp < 1llsp

(Il - llsp denotes the spectral-radius). Since A(G) is commutative, ||T(¢)|lsp =
operator norm in B(H) and ||¢|lsp = sup {|¢(z)| : = € G} (by semi-simplicity of
A(G), and the fact that the spectrum of A(G) is G). Hence

IT(D)]| < [|¢]lo-

In particular T extends to a #-representation of the C*-algebra Co(G) (by density
of A(G) in Cy(@G)). Let n € H be a cyclic vector of {T, H}. Then

f - <T(f)77777>7 f € CO(G)7

defines a positive linear functional on the C*-algebra Co(G). Let p € MT(G)
which represents this functional and S be the cyclic representation of A(G) as
defined in Lemma 2.1. Then T and S are unitarily equivalent. Indeed, define a
map W : {T(¢)n; ¢ € AG)} — {¢-1; ¢ € A(G)} C La(G, p) by W(T(d)n) = -1

Then (T'(¢)n,n) = [ ¢du = 0 whenever ¢ = 0 p-a.e. Hence W is well-defined.
Also

(@)T(¢)n,m) = (T(dd)n, m)

(T(¢)n, T(o)n) = (T~
:/ d(z)dp(x) = (¢, B).

Consequently W extends to a linear isometry from H onto L?(G,p). Finally, if
¥, ¢ € A(G), then

S@OW(T(W)n) =S(e)(¥-1) = ¢¢ -1

and

WT(6)(T(¥)n) = WT(dp)n = ¢¢ - 1.
Hence {S, L2(G, 1)} and {T, H} are unitarily equivalent. O

Assume that G is amenable. Then it is well known that A(G) has an approximate
identity bounded by 1. Let {T, H} be a *-representation of A(G) which is non-
degenerate. Next, we will show that for each ¢ € B(G), there is a unique bounded
linear operator 7(1)) on H such that

(i) TW)T(9) = T(¥¢) for all ¢ € A(G).
Uniqueness is clear from the fact that vectors of the form {T(¢)¢, ¢ € A(G), £ €

H?} span H. For existence, consider first the case when T is cyclic, and let & € H
be such that [T(A(G))&] = H. We claim that

(i) [T (@)l < [#[ [IT(#)€ol| for each ¢ € A(G).
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Indeed, let ¢ € A(G) be fixed. Choose a bounded approximate identity {¢,} in
A(G) such that [|1),|| < 1. Then

ITW)o |l =Tim | T(nd)eol
= lim [ T(v0)T(6)6o

<l T(0)Sl
< DI ()oll

(since any *-homomorphism from an involutive Banach algebra into a C*-algebra
is norm decreasing) as asserted.

Now it follows that the map T(¢)&y — T ()& (where ¢ € A(G)) extends
uniquely to an operator T'(1) on [T(A(G))&] = H having norm at most ||¢)||. The
relation T'(1))T(¢) = T(¥¢) holds on all vectors of the form T(0)&, 6 € A(G), so
it holds on H.

For a general non-degenerate x-representation T of A(G), we simply write T =
S @ T, each T, cyclic, and define T(¢)) = S @ Ta(v), ¢ € B(QG).

3. ERGODIC SEQUENCES IN B(G)

A sequence {¢n} in A(G) N Pi(G) is called strongly (respectively weakly) ergodic
if whenever {T, H} is a =-representation of A(G), ¢ € H, the sequence T'(¢,,)§
converges in the norm (resp. weak) topology to a member of the fixed point set:

Hy={¢eH, T(¢)¢ =¢ forall ¢ AG)NPi(G)}.

Theorem 3.1. Let G be a locally compact group. The following are equivalent for
a sequence {¢n} in A(G)N P(G) :

(i) {on} is strongly ergodic.
(i) {dn} is weakly ergodic.

)
(iii) For each g € G, g # e, ¢n(g) — 0.
)

(iv) For each T € C}(G), (¢n,T) — (m,T), where m is the unique topological
invariant mean on C§(G).

Proof. We first observe that (m, p(g)) = 0 for all g € G\{e}, and {(m,p(e)) = 1.
Indeed, if ¢ € A(G) N P1(G), then (m,p(g)) = (m,¢ - p(g)) = (m,¢(g)p(g)) =

¢(9)(m, p(g)) (note (¢ - p(g),¥) = (p(9), o¥) = d(9)¥(9) = &(9)(p(9),¥); hence
¢ - p(g) = ¢(g)p(g) ). Now if g # e, then there exists ¢ € A(G) N P1(G) such that

@(g) # 1 so (m, p(g)) = 0. Consequently, (iii) and (iv) are equivalent.

(i) = (ili). Consider, for g € G (fixed), the representation {T', H}, where
H=C, T(@I=o¢(gA\ If g # e, then Hr = {X; T(¢)A = X\, ¢ € A(G)N
PG} =X o(g)A = A, ¢ € A(G) N P1(G)} = {0}. Hence if g # e, then

by ergodicity of the sequence {¢,}.

(iii) = (i). We first assume that {T, H} is a cyclic *-representation of A(G). By
Lemma 2.2 there exists a measure y € MT(G) such that T is unitarily equivalent
to a representation S on Lo(G, i) as in Lemma 2.1. Hence we may assume that
T =25, and H = La(G, ).
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Let h € La(G, ). Then for each n, m,

T =TGP = [ (60— m) (o) G = oI ORE) dia).

The integrand converges pointwise to “0” as n,m — oo, and it is dominated by the
integrable function 4|h|?. Hence by the dominated convergence theorem

IT(¢n)h — T(¢pm)h||> — 0 as n,m — oo,

ie. {T(¢n)h} is Cauchy. Let f be the limit of T(¢,)h in Lo(G, p). Now if ¢ €
A(G) NP (G), h e LQ(G, u), then

IT(6) (T(bu)h) — T(én)h])? = / (6 6n — ) - (@ G —Bu) od

which again converges to zero as n — oo by the dominated convergence theorem.
So T(¢)f = f, i.e. fis a fixed point of {T, H}.

If {T, H} is any *-representation of A(G), then T'= {Ty, Ho} © > cr{Ta, Ha}
where {Ty, Ho} is the degenerate part of {T, H} and {T,, H,} is cyclic. The result
follows by applying the cyclic case to each {T,, H,} to obtain a fixed point f, € H,
of {T,,Hy}. Then f = (f,) is the limit of the sequence {T(¢,)h} in H, and
T(¢)f = f for all p € A(G) N P(G). O

Corollary 3.2. A locally compact group G is first countable if and only if A(G)
contains an ergodic sequence.

Proof. Let {U,} be a sequence of compact symmetric neighborhoods of the identity
of GG, such that

(i) Un | {e},

(ii) Uy - U, CUp-1.
For each n, let ¢, = ﬁ (1y, * 1y,). Then ¢, € A(G) N P1(G), and ¢n(g) —
0 for each g € G (g # e). Hence {¢,} is ergodic by Theorem 3.1. Conversely
if {¢,} is an ergodic sequence on A(G), then the topology on G defined by the
sequence of pseudometrics {d,, }, where d,,(z,y) = |pn(x) — ¢n(y)| is Hausdorff (by
Theorem 3.1(iii)) and hence must agree on any compact neighbourhood of z, « € G.
Consequently G is first countable. O

For G amenable, a sequence {¢,} in Pi(G) is called strongly (resp. weakly)
ergodic if whenever {T, H} is a non-degenerate #-representation of A(G), the se-

quence T(¢,)¢ converges in norm (resp. weakly) to a member of the fixed point
set:
Hy={¢ € H; T(¢) =¢ forall ¢ € AG)NP(G)}

where 7T is the unique extension of T to B(G) as defined earlier in Section 2.
Theorem 3.3. Let G be an amenable locally compact group. The following are
equivalent for a sequence {¢n} in Pi(G) :

(i) {on} is strongly ergodic.

(i1) {¢n} is weakly ergodic.
(iii) For each g € G, g # e, ¢n(g) — 0.

)

(iv) For each T € C¥(G), (¢n,T) — (m,T), where m is the unique topological
invariant mean on C§(G).



ERGODIC SEQUENCES IN THE FOURIER-STIELTJES ALGEBRA 423

Proof. Note that if m is a topological invariant mean on C3(G) (i.e. (m,¢-T) =
(m,T) for any ¢ € Pi(G) N A(G), T € C¥(@)), then (m,y-T) = (m,T), for
b€ Pi(G), T € Ci(G), where (T, ¢) = (T, ), for ¢ € A(G) : indeed, let 1, C
P(G)NA(G) be a bounded approximate identity for A(G). Then ||1,,-T—T|| — 0 for
allT € UC(G) = A(G)-VN(G) 2 C;(G). Hence (m,1-T) = lim,, (m, -1, - T) =
(m,T). So (iii) <= (iv) as in the proof of Theorem 3.1.

(i) < (ii) <= (iil): same as Theorem 3.1 (Note: the representation T'(¢)\ =
é(g)A, where ¢ € A(G) has a unique extension T to B(G), T(¢)A = ¢(g)A, for
¢ € B(G); similarly, the unique extension of S from A(G) to B(G) is Syh =

(]

oh, heL*G.p).)

4. ERGODIC SEQUENCES OF MEASURES

Let M (G) denote the space of finite regular Borel measures on G. We put (u, f) =
Jo f(t)du(t), for pe M(G), f e C(G) (in [8] this is denoted by f(f) ). If 7 is
a continuous unitary representation of G, let Py denote the orthogonal projection
from H™ onto the closed subspace H} of fixed points.

Theorem 4.1. Let G be a locally compact group. Then the following statements
about a sequence {un} of probability measures on G are equivalent:

(1) {un} is a weakly ergodic sequence.
(i) 7m(pn) — O in the weak operator topology for every m € G\{1}.
(iil) pn, — m in the weak*-topology (o(B(G)*, B(G))), where m is the unique
translation-invariant mean on B(QG).

Proof. (i)=(ii). Let w € G. Then 7 (pn) — P¢. But Py = 0 or I by irreducibility
of m. Hence if m # I, m(uyn) — 0 in the weak operator topology.

~

(i)=(iii). Let 7 € G, §&,m € H™ and ¢, (z) = (r(2)§,m), = € G. Then
(ins08) = [ 6, @)dino)

- [w@e ndun(s)
= (m(pn)ém) — 0 if 7#I

Let £(G) denote the extreme points of P;(G) . The above implies that (g, £y,¢) — 0
forany y € G, ¢ € E(G), ¢ # 1 where 1 denotes the constant one function on G.
We will show that (i, d) — (m, ) for all p € Pi(G).

Note that if ' is a locally convex space, and C' a compact subset of E, and f, a
sequence of continuous linear functionals on E which are uniformly bounded on C'
and converge to 0 on C, then convergence to 0 holds on the closed convex hull of C'
(see [15] or [10] for an elementary proof). This applies easily if G is discrete. In the
general case, slight complications arise: the set P;(G) is not weak*-compact, and
measures are in general not weak*-continuous on B(G). Nevertheless the method
of proof generalizes to this case:

If G is second countable, then the weak*-topology on the unit ball of B(G) is
metrizable. Then Py(G) (= intersection with the cone of positive definite func-
tions) is compact and convex; the extreme points of Py(G) are 0 and the extreme
points of Pi(G). Let ¢ € Pi(G). By Choquet’s theorem, there is a probability
measure ¢ concentrated on ext (Py(G)) representing ¢, i.e., for T € C*(G), we
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have
(T, ¢) = / (T,v) d®(y) forall xe€G.
Py (G)

Using a bounded approximate unit (v,,) in L'(G) C C*(G), it follows that the map
(x,v) = v(x) = lim (v, £,7y) is Borel measurable on G x Py(G) and by dominated
convergence that

o(x) = / ~v(z) d®(y) forall z € G,
Po(G)

in particular that 0 has weight zero (take x = e). Thus, ® is concentrated on £(G).
Hence if u € M(G), one gets by Fubini’s theorem

(1) = /g “ (v, 1) d@(7).

Hence if {p,} is a sequence of probability measures on G, satisfying (ii), it follows
from the Lebesgue dominated convergence theorem that (¢, pu,) — ®({1}), and
similarly (¢, (;pn) — ®({1}) for ¢ € P1(G), y € G. Consequently, 1, and £;py,
have the same limit on P;(G); hence u,, converges to the unique invariant mean m
on B(G).

For general G, if there is a weakly ergodic sequence of measures in M (G) (resp.
(ii) holds), then G has to be o-compact (see Theorem 4.6 and Remark 4.3).

If G is o-compact, and 7 is a cyclic representation of G on a Hilbert space H,
then H is separable, and hence the strong operator topology on B(H) is metrizable
on bounded sets. Consequently, the quotient group G/ Ker 7 is second countable,
and the above argument applies.

(ili)==(i). Let 7 be a continuous unitary representation of G. Then, by (iii),
{{m(pn)&,m)} converges for all £, € H™, and hence 7(u,) — T in the weak op-
erator topology for some 7" € B(H™). Clearly, (T'€,n) = (m, ¢f ), and since m is
translation-invariant, we have n(y)T =T = T'n(y) for ally € G. So, T = Py i.e.
7(pn) — Py in the weak operator topology for all 7. Hence (iii) holds. O

Lemma 4.2. If H is an open subgroup of G with G/H infinite, (u,) a weakly
ergodic sequence of measures, then pu,(H) — 0.

Proof. Let 7 be the regular representation on £2(G/H), & = 1g. Then (r(u), &) =
w(H). If G/H is infinite, it follows easily that ¢*(G/H)¢ = (0); hence u,(H) —
0. |
Remark 4.3. By a similar argument one shows that if the sequence (u,, ) satisfies (ii)
of Theorem 4.1, then the measures u,, cannot be concentrated on a subgroup H as
above: We have 1y € P;(G) and the set of ¢ € P;(G) for which ¢(z) =1 for x € H
is easily seen to be weak*-compact in B(G). Hence it has an extreme point ¢ # 1
and this is also an extreme point of P;(G). Thus we get 7 € G\{1}, &€ H™\{0}
with m(z)§ = & for x € H. If all p,, would be concentrated on H, we would get
m(un)€ = & for all n, contradicting (ii).

Theorem 4.4. Let G be a locally compact group. Then the following statements
about a sequence () of probability measures on G are equivalent:

(i) (pn) is a strongly ergodic sequence.

(il) 7(pn) — 0 in the strong operator topology for every m € é\{l}
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Proof. (i)==(ii) follows as in Theorem 4.1.

(il)==(i): Let (m, H) be a (continuous, unitary) representation of G, Py denotes
the orthogonal projection onto Hy. As in the proof of Theorem 4.1, (ii)==-(iii), we
may assume that H is separable, G second countable. Then C*(G) is separable. By
[16, Theorem IV.8.32] there exists a disintegration (7, H) = fré‘B(’lTv, H(v))dv(y) of
the representation (m, H) of C*(G) such that 7, is an irreducible representation of
C*(G) for almost all v. Each 7, defines a representation of G and, putting I'y = {~ :

7y = 1}, we have clearly Hy = flfi H(y)dv(y). For £ = fIfB E(y)dv(y) € H, we get
Pré = fﬁi E(y)dv(y). If u is a bounded measure on G, it follows as in [2, 18.7.4] that

n() = [ 7y (w)dv(v); hence w(1)é = [ my (1)€(7)dv(7). Since my (1n)E(y) — 0
for almost all v ¢ T'y, it follows as in the proof of Theorem 3.1, (iii)==(i), from

Lebesgue’s dominated convergence theorem that m(u, )€ — Pr&. O

Remark 4.5. The question of the existence of weakly ergodic sequences of measures
was stated as a problem in [8]. In fact, the case of separable groups G had already
been settled before in [7], Theorem 3: for the sequences (z,) constructed there,
n = % 2?21 0z, has the property that 7(u,) converges to Py in the strong
operator topology for any continuous representation of G on a Banach space B for
which all orbits {m(z)b: = € G} are relatively weakly compact. In particular, (u,,)

is even a strongly ergodic sequence. More generally, the following result holds:

Theorem 4.6. The following statements about a locally compact group G are equiv-
alent:

(i) There exists a strongly ergodic sequence of measures.
(ii) There exists a weakly ergodic sequence of measures.
(iii) G is o-compact.

Proof. (1)==-(ii) is trivial.

(ii)==(iii): See Lemma 4.2 (any sequence of finite measures is supported by a
countable union of compact sets, hence by an open o-compact subgroup).

(iii)=(i): By the Kakutani-Kodaira theorem, G has a compact normal sub-
group N such that G/N is metrizable. In particular, G/N is separable. Let A
be the normalized Haar measure on N and let M be a closed separable subgroup
of G such that G = M - N. Let (z,,) be a sequence in M satisfying the proper-
ties of [7], Theorem 3, mentioned above. Put p, = < Z;;l b6z, * A. We claim
that (py,) is strongly ergodic. Let (m, H) be a unitary representation of G. Put
Hyn ={6 € H: m(x)¢ = ¢ for all x € N}, similarly for Hy s, and denote the
orthogonal projections on these spaces by Py n resp. Py . Clearly, Py n = m(\).
Since N is normal, Hy n is a minvariant subspace; hence the same is true for

Hfl’N. This entails that Prx and Py s commute; hence Py = Py o Prn. By

assumption, (& Z;;l m(zy)) converges strongly to Py ar; hence (m(uy,)) converges

to Pf)MOPﬁN:Pf. (|

Examples. a) Let H be the Heisenberg group. If (uy,,) is a sequence of probability
measures, we claim that the following statements are equivalent:
(i) (un) is strongly ergodic.
(ii) (pn) is weakly ergodic.
(ifi) fin(y) — O for all v € H\{1}.
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Here H denotes the set of abelian continuous characters of H ,i.e. in this example
strong (or weak) ergodicity is uniquely determined by the projections of p, to H/Z,
where Z = [H, H] is the center of H.

Proof. We use the notation of [8], Proposition 6. Condition (iii) is clearly necessary,
since G describes the one-dimensional representations of G. Hence it is sufficient
to show that (iii) implies (i). We write H = R?® (as a set). Then the infinite
dimensional irreducible representations of H act on H™ = L2(R) by

(m(x)f)(t) = €™ m=w2Da (¢ — g4)

(x = (x1,22,23), a € R\{0} is a fixed parameter). It is clearly enough to show that
m(un)f — 0 for f with bounded support, i.e. supp f C [-K, K] for some K > 0.
Then (7(z)f, f) =0 if |z3] > 2K.

Put A = {(z,y) € H x H : |x3 — y3| < 2K}. Then it follows that |7 (u)f]|* <
Il 11?1 @ u(A). Hence it is sufficient to show that

fin @ pn(A) — 0

for every sequence (u,,) satisfying (iii).
Put A; = R*x]2K(j—1),2K(j+1)], anj = ptn(A;). Then A C
hence

ez Aj X Aj;

fin ® pn(A) <>t
;

Furthermore, >, an; < 2 (observe that A; N Ay = ¢ for [j — k| > 2).

Put 71,,(M) = pu,(R? x M). Then (fz,)) is a sequence of probability measures
on R. By assumption (iii), the sequence (fi,,) converges to the Bohr-von Neumann
mean m on AP(R) (we have Z = {(21,0,0)}).

Fix t € N with ¢ > 6. Let f be a continuous function on R with period tK,
satisfying 0 < f <1 and

1 for |z| <2K,
fz) =
0 for 3K <z<(t-3)K.
Then

tK
)=z | e <.

Hence there exists ng such that (f,7,) < 6/t for n > ng. Then it follows that
an; < 6/t for n > ng, j =0,%t,£2t,.... Considering appropriate translates of f,
we get the same estimate for the other residue classes mod t, i.e.

6
anj<? for n>ny, j€EZ.

6
This implies Zj oz,%j <2- n for n > nq, and for t — oo our claim follows.
Further results of this type (in the setting of uniform distribution) have been
shown in [17].

b) A similar description holds for the ‘az + b’-group (compare [8], Proposition 7).
In particular, a) and b) provide examples of non-Moore groups for which strong
and weak ergodicity are equivalent.
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c) For G = C x T, the euclidean motion group of the plane, the situation is

g
different. For measures u, on G, let as before 1z, be the projections to T, m
denotes normalized Haar measure on T. Then we have

(i) (pn) is weakly ergodic if and only if @,, — m (w*) and p, — 0 (with respect
to OO(G))

(i1) (wn) is strongly ergodic if and ouly if @,, — m (w*) and J,, * u, — 0 (with
respect to Cy(@G)) for arbitrary sequences (z,) C G, i.e. the convergence
tn(2K) — 0 holds uniformly for the translates of a given compact set K.

(6, denotes the Dirac measure concentrated at z.) For example, p, = 0z, * m,

where z,, is a sequence in G tending to infinity, establishes a sequence of measures
that is weakly but not strongly ergodic. O

Proof. (i) follows immediately from [8], Proposition 8.
(ii) results from the following lemma. (Necessity of the condition is obvious since
(un) strongly ergodic implies (8, * ) strongly ergodic.) |

Lemma 4.7. Let G be a locally compact group, ™ a unitary representation of G
whose coefficients ¢, belong to Co(G) and let (un) be a sequence of probability
measures on G such that p,(zK) — 0 uniformly for x € G (where K is a fized
compact subset of G with non-empty interior). Then w(u,) — 0 in the strong
operator topology.

Proof. Assume ||£|| < 1. We have

(i )€1? = /G /G O (™ 2)djin (2) dpn ().

For e > 0 choose K such that |¢7 .(2)| < e for z ¢ K (the condition for (u,)

does not depend on the choice of K). Then u,(yK) < € for n > ng, y € G. Since
1

y~ 'z € K is equivalent to x € yK, and |¢7 ((2)| < 1 for all z, this gives combined
’/ qbgﬂg(y_lx)dun(x)‘ <2e for n>ng, yed.
G
Hence ||7(un)€[|? < 2e for n > ny. O

d) A similar description (as in ¢) but taking into account that there are no non-
trivial finite dimensional unitary representations) holds for the case of non-compact,
connected, simple Lie groups with finite center (compare [8], Proposition 5).
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