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THE NILPOTENCE HEIGHT OF P’ FOR ODD PRIMES

ISMET KARACA

ABSTRACT. K. G. Monks has recently shown that the element P; has nilpo-
tence height 2[$] + 2 in the mod 2 Steenrod algebra. Here the method and
result are generalized to show that for an odd prime p the element P} has
nilpotence height p[%} + p in the mod p Steenrod algebra.

1. INTRODUCTION AND MAIN RESULTS

Using Monks’ method [14] and some new results, we prove the following theorem.

Recall that P? is the Milnor basis element P(r1,72,...,7¢) with 7, = p® and r; =0
for i < t.

Theorem 1. For all s >0,t> 1,

(i) (pyylikr —o,

(if) (pPliltr=t 2 0,

Thus the nilpotence height of P is exactly p [ﬂ + p. The upper bound (%) on
the nilpotence order was proved in [14] for the case p = 2. The lower bound (%)
was proved in [13] for the case p = 2. Here we generalize these arguments.

Let Py(r1,72,... ,7m) be the Milnor basis element P(s1, S, ... , Stm ), where s¢; =
r; and s; = 0 if t does not divide j. In particular, P;(p®) = P¢ and Pi(n) = P(n).
If R=(r1,72,...,7m) is a sequence of nonnegative integers, we will write P,(R)

for the corresponding Milnor basis element. The degree of P;(R) is 2|R|,, where
IR|, = Y52, (»" — 1) r;, and the excess of P; (R) is 2e(R), where e(R) = Y7 r;.
For a fixed ¢ let By be the vector subspace of A with basis the set of all P;(R). For

P# € By write ]/3,5\S for (—1)*x(P7), where x denotes the canonical antiautomorphism
of Bt.
We introduce some notation. Each natural number a has a unique expansion

o0
(1) a=>Y a(a)p’
=0
with 0 < a;(a) < p. Let 0 < b < p', and i < t. Then the following are obvious:
t
(2) ai(a) = aipe(p'a+b),
t
(3) a;(b) = ai(p'a+b).
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Definition. We say that m and n have no carries if a;(m) + a;(n) < p —1 for all
i. This is equivalent to the condition that the binomial coeffient (mntn) is nonzero
mod p. If m and n have no carries, we will write m < n.

Define v;(m) = 27" pi* for any integer m > 0 and ¢ > 1, where 7;(0) = 0.
The following fact is immediate.

Fact 2. v(m + 1) = ply(m) + 1.
Proposition 3. For anyt>1, m >0, and i < t,
(4) Pi((p = 1)p'ye(m + 1)) - " = 0.

Proof. By Milnor’s product formula, P;(a) - P;(b) = > ;- Pi(a+b— (p* + 1)4,7),
where the sum is taken over all j such that (a —pj) < (b—j), and u; is a unit mod
p. So it is sufficient to show that (p — 1)piy;(m + 1) — p'5 and p™** — j have at
least one carry for any 0 < j < p®(p — 1)y;(m). This is the content of the following
lemma. (]

Lemma 4. Forallt>1, m>0,i<t and0<j < pi(p — 1)y (m), there exists a
nonnegative integer k such that ags;(0° (p— 1)y (m+1)—pti)+ s (™ —5) > p.

Proof. We will proceed by induction on m. Let

(5) X=@p-1)pypum+1)—p

(6) Y =pmttt .

If m =0, then j =0, X = (p — 1)p’, and Y = p’. So we have o;(X) + a;(Y) = p.
Assume that for allt > 1,0 <i <tand 0 < j < p*(p— 1)y (m—1), there exists a
nonnegative integer k such that ags;(p*(p—1)ve(m) —pts) + ape i (pm D4 —5) >

p-
Choose t > 1,7 <tand 0 < j < p'(p— 1)y3:(m). If j = 0, then

X = (p—Dp'y(m+1)
—(p-1) <pmt+i 4 pm= Dt L m=2)tki _|_pi)
Y — pmt-l-i

Hence ami4i(X) + ami+i(Y) = p.

Suppose j # 0.

Casel:o;(j—1)#p—1.

X =(p—1)p (p've(m) +1) = p'j = p'[(p — Dp'ye(m) — j] + (p — Lp".
Since a;(j—1) #p—1,j—1=pTlg+p'h+r, where 0 <r <p'and 0 < h < p—1.
Then
=p ™ = (@ D]+ (p— 1= h)p' + (' — (r +1)).

Since r < p, the term (p® — (r + 1)) is nonnegative and less than p’. So a;(X) +

a;(YV)=2p—h—-22>p.
Case 2: o;(j —1)=p—1.
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Let j —1 = p'q+r, where 0 < r < p'. Since o;(j —1) =p—1,pi(p—1) <r < p’
by (3). In the assumption we have j < pi(p — 1)ve(m). Then plg +r +1 <
p'(p — 1)(p'vye(m — 1) +1). Solving for ¢ + 1 shows that

pPp—1)—r—1+p

g+1<p'(p—1Dyp(m—1)+ o

Since pi(p — 1) < r, pi(p_l)p+l+pt < 1. Thus ¢ + 1 < p'(p — 1)y(m — 1), and so
by the inductive hypothesis there exists a nonnegative integer k£ such that

aresi((p — Dp"ye(m) — p'(q+ 1)) + ks (™ — (g + 1)) > p.

Let k be any such value. We will show that a(j11y¢4i(X) +t1)e44(Y) > p, which
will complete the induction and hence the proof.

Now since a;(j —1) =p —1, a;(r) = p— 1. Hence a;(pt — 1 —r) = 0. Therefore
pl—1—7r+(p—1)p" < pt. Then we have

apei((p — Dp'ye(m) —p'(g+ 1))
= apei((p = Dp'ye(m) —p'(g+ 1) +p' =1 -71)
= @iy [(p— Dp'y(m) —p'(g+1) +p" —1—7] + (p — 1)p")
= Qht1)44 (X)
by (2) and (3). Also,
Y =p™t = (plg+r+1) =pl(pm T — (g4 1)) + (p' — (1+7)).
Thus

akt+i(p(m_l)t+i —(g+1)) = Oé(k+1)t+i(pt(p(m_l)t+i —(@+1))+ @ —1+7)
= O(k+1)t+i (Y)
by (2). By the induction hypothesis, (4114 (X) + a1y (Y) > p. O
Using Davis’ method [6], we can derive

Proposition 5.

By = S (1Bl ()
® CORIOED S (M L
) Pw)- Pi(v) =Y (e(f)>pt(3),

R

where the sum is taken over all R for which |R|; = (p* — 1)(u + v).

Proof. The formula (8) is exactly Corollary la in [8]. So we will prove formula (9).
Using Gallant’s Proposition 1 that x(Pf) is (—1)® times the sum of all P;(R) in the
appropriate dimension, we see that the product P;(u) - P;(v) contains a term

1:[ <:)Pt(7“1,7“2,...)

2
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for each Milnor matrix,

* 0 0 S1
0 0 0 0
0 0 0

rn—s1 0 0 s2
0 0 0 0
0 0 0

9 — So 0 0 S3
0 0 0 0

such that v =), s;. Thus
~ .
PP = S S TT () e
R 5 i Vi
where S ranges over sequences (s1, s2,...) having Y. s; = v. The equation

S = (27)

K2

follows immediately from considering the coefficient of z¥ in the expansion of
I+z)™-(14+z2)?---1+x)™.

Hence we have

Puw)-P(v) =" (ZU ”) P(R) =Y (e(f)) Pi(R).

R R

Using these formulae, we can prove the following proposition.

Proposition 6. If a,b and t are positive integers with a > t, then
P(p*(p—1)) - Bi@™ —p"(p— 1)) = B@™" —p" (0 — 1)) - B(p" " (p — 1))

Proof. Using (8) and (9), we have

at+b _ a—t(, D (0=t (0 — |R|t+e(R)
Py — ptp— 1) - Bl (p— 1) ;(pa+b+t_pa(p_1))Pt<R>

and
B o= 1) P = - 1) = 3 (s )P

where 1 < e(R) < p®*? and |R|; = (pt — 1)p**t?.
In order to prove these sums are equal, we need to show that their binomial
coefficients are equivalent mod p. Note that

<p"+b —egjzp - 1)) B <6(R) - paig’i) p(p— 1)) ’
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(p““"i'tjpi((]p%)— 1)> N (e(R) lelﬁj(;’)(p— 1)>'

Case 1:If 1 <e(R) < p®® —p?(p— 1), then both binomial coefficients are zero
because e(R) — p®*? + p®(p — 1) is a negative integer.
Case 2 : If p?™° — p?(p — 1) < e(R) < p**?, then

( (Rl + e(R) ):(Z?_*fiz‘laxmmpi+2?_+£‘1az-<e RW)

e(R) — p+b + pa(p — 1) ST ai(e(R) — pott + pe(p — 1))pd

- +ﬁ (ai(g%'t)) + (m-(e(R) _“;Ei@)pa(p - 1))) mod p

i=a+b 1=0

_ e(R) o
- (6(3) — patt 4 po(p — 1)> odp

(e ()

Case 3 : If ¢(R) = p**?, then

<p“+b . Sjgp— 1)) B (pal(gzji)) =0 modp

|R|t 4 €(R) > ( pa+b+t >
= =0 mod p.
(p“*b“ —p*(p—1) pi(p—1) P

So the result holds. O

Hence

and

If n, k and ¢ are positive integers with n = k + mt for some m, we define
(Xp =P @"(p-1)- L@ (p-1) P (@P-1).
The following corollary is immediate from Proposition 5.
Corollary 7. Letm >1,¢c >0, and a = c+ mt. Then
X((X)ee) - P (0 = p*(p = 1) = P (0" = p°(p — 1)) - x(X)27).

For any Milnor basis element 6, define kg : A — A by

(10) $(x) =Y ro(z) @0

where ¢ is the diagonal map in A. These operations were first defined by Kristensen
[10]. We will call it “stripping by 6”. It follows from (10) that stripping a Milnor
basis element by 0 = P(t1,t5...) is given by

Kjg(P(’l”l,’l"Q,...))ZP(Tl—tl,TQ—tQ,...)

where the right hand side is taken to be 0 if r; < t; for any ¢ (see [18] and [19] for
more details).
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For any z,y € A,
> kpr)(@-y)® P(R Z Kp) (T (I))(Z kpny(y) @ P(J))

=Y wpw(@)rpwyy) @ P(DP(T) = > Ng” kp) (@)kp) (y) © P(R)

where A;;J = (P(I)P(J),&%) and the sums are taken over all I,J, R such that
R=1I+J. So

kpr) (T - Y) Z AL JHP kp()(Y)-
I,J.R

In particular, if kK = kps, then si(x -y) = Z; Oanrg (z)r;5(y) follows from the

formula ¢(6¢) = X4 &, © &

Lemma 8. If x and y belong to B, then stripping by P is a derivation, i.e.
ri(w-y) = ri(@) -y + - K7 (y).

Proof. The proof follows from the formula above, since all of the other terms in
the sum correspond to stripping by Milnor basis elements which are not in B; and
therefore give zero. O

A sequence R = (r1,r2,...) is called a t-representation of a positive integer m
if m=>",7(i)r;. We define pz(m) = min{}_, r; : (r1,72,...) is a t-representation
of m}.

Lemma 9. For P,(R) € By and m > 0,
pe(m) = min{e(P;(R)) : |R|; = (p' — 1)m}.

Proof. There is a 1 — 1 correspondence between Milnor basis elements P;(R) satis-
fying |R|; = (p* — 1)m and t-representations of m given by

P/(R) — m = Zri”yt(i)
Under this correspondence, e(P;(R)) corresponds to the number ), r; which is used
in determining p;(m). The lemma follows immediately from this observation. [

Thus we have following lemma which is analogous to Davis’ formula [6, Theorem
1].

Lemma 10. For all m >0 andt > 1,

Pi((p— 1)p' ™ u(m)) = (X

Proof. We will prove it by induction on m. If m = 1 then the result holds since
P,(pt=1(p — 1)) is the only P;(R) in this dimension. Assume that the result holds
for m — 1. By (8),

(X)) =P((p—1)pm™t (Xt)tml R
= P((p—1)p™ ") P((p— 1)p' M ye(m — 1))

_ Z < |R|; +7:Ef))t 1>Pt(R)

~—_  —
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where the sum is over all R such that |R|; =, (p" — 1)r; = (p — 1)pt~1(p™ — 1).
By Lemma 9,

pi((p — Dp*~ e (m <ZT1 < (p— Dp"ty(m).

By [8, Proposition 2], the t-representation of (p—1)p*~1v;(m) with r,, = (p—1)p*~!
and all other r; = 0 has minimal Y, 7;. Hence u:((p — 1)p* =1y (m)) = (p— 1)p*~1
So we have

(p—Dp' ™ -1+ (p—p' <) plr < (p— Dp' T u(m + 1);

that is,
(p— Dptm <N Tpitey < (p— 1)p' Ty (m + 1),

Hence ((p_lz):;f:i?f)tfl) =1 mod p. By [8, Proposition 1],

(11) Pl = 00! o) = S AR

where the sum is taken over all R such that |R|; = (p — 1)pt~*(p™® — 1). Therefore
we have (X)) = Pi((p — 1)p'~Lye(m)). O

The following lemma is analogous to [19, Lemma 1.4].

Lemma 11. (i) For s > 0 and t > 1 let ki denote the operation of stripping by
P;?. Then

K3 (Pi(k)) = Py(k — p°)

where ﬁt(k —p®) =0 for k < p°.
(m) Let © be an element in By which gives zero when stripped by Pf, and assume
© - P(ip*) - (PF)™ = 0. Then © - P,((i — 1)p®) - (P£)™ = 0.

Proof. (i) We will prove it by induction on k. Note that ), Pi(n)-x(P;(k—n)) =
0. Hence we have

(12) > (=1 "Py(n) - Py(k—n) =0
nez

with the convention that P(i) = 0 and P;(i) = 0 if i < 0. Applying the derivation
kS to (12), we have

KPR + S0 (1) (s (Pa(n) - Pk = n) 4 Pi(n) - s (P(k = m))} = 0.
n>0
By the induction hypothesis we obtain

K3 (Py(k Z 1)"Py(n —p*) - Py(k — n)
n#0
—|—Z 1)™ " Py(m — p®) - P,(k —m) = 0.
m#p®

All terms cancel except the term with n = p® in the first sum. Hence
k3 (Pi(k)) = Py(k — p°).

This completes the induction.
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(i) If © - Py(ip®) - (P#)™ = 0 then
k() Pilip®) - (PF)™ +© - ki (Py(ip*)) - (P)™ + © - Pi(ip*) - 5 (P)™ =0
By part (i),
O Pi((i — 1)p*) - (P)™ +m® - P(ip*) - (P)" " = 0.
So
O P((i —1)p°) - (B)™ T = —m® - P,(ip®) - ()™ = 0.
O

Let E be the exterior subalgebra of A generated by {P|t > 1}. There is an
algebra isomorphism between A and A//E. This isomorphism F : A — A//FE is
given by

F (P(t1,ta,t3...)) = [P(pt1,pta, pts...)]

where [z] is equivalence class in A//FE of © € A (see [11, Chapter 15]). Let (Pf)" =
0. Then [0] = [P?]" = F((P™)™). Since F is an algebra isomorphism, (P;~!)" =
0. So by iterating we see that if (P?)™ = 0 then (Pf)" = 0 for all i < s. This proves
the following lemma.

Lemma 12. Lett > 1.
(i) If Theorem 1(i) holds for all s = —1 mod ¢, then it holds for all s.
(ii) If Theorem 1(ii) holds for all s =0 mod t, then it holds for all s.

2. THE PROOF OF THE MAIN RESULT

The proof of Theorem 1(i) now follows by imitating the proof of [14] for the case

p = 2. We proceed by proving the following two equations by induction on & for
1<k<m
(13) X((Xt)zzt_—ll) . (Pt?nt—l)P(k—l)-i-l _ 0’
m—1)t— mt—1\Pk
(14) XX - ()™ =0,
If £ =1 then

(X)) - PP = P (0= Dpulm) - P =0

by Lemma 10 and Proposition 3.
Next we show that equation (13) for k& implies equation (14) for k. The assump-
tion says that

XD P ™ o = 1)) (B )

On applying Lemma 11 (p — 1) times with © = x((Xt),(CT__ll)t_l), we obtain

k=141 0.

m—1)t—1 mi—1\DPk
XX - (P =,

as desired.
Now we show that equation (14) for k implies equation (13) for £+ 1. Indeed we
have the following equations with z = p™* — pF*=1(p — 1). At the second step we
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use Corollary 7 with a =mt — 1, b =1, and ¢ = kt — 1. The induction hypothesis
is used at the third step. This gives us

mt— mt—1)Pk+1 mt— mt— mt—1\Pk
X((Xt>(k3—11)t—1) ) (Pt t 1)1’ _ X((Xt>ktt—11+t) (Pt (Pt t 1)10

= Py(2) x((X) ) - (2"
=P(z)-0=0.
Thus by induction on k we see that both equations (13) and (14) hold for 1 <

k < m. Equation (14) for £ = m proves the theorem for all s = —1 mod ¢. By
Lemma 12(7) this proves Theorem 1(z). O

k

Proof of Theorem 1 (i). We follow the method of Davis, using properties of the
coproduct ¢ in A to find elements £%=+() in the dual algebra A* for i < pm such
that

(15) <<Pt(m—1)t) ’é'Rm,t(i)> ?é 0.
Ifi=kp+wwith0<k<m-—1and 0 <w <p-—1, then let
(16) ghima® = g | gren(d

where () = a;(i) + b;(), with
_ 1 (m—1)t if 1
ai(i) {(w p+1)p ifl=1,

0 if 1> 1
and
(p — 1)ptm—k=Dt ifl=Fk+1,
bi(i) = (pttt —p+ 1)ptm—F=Dt if | =,
(pt — 1)plm—t=Dt+1 if 1<1<k.

For example,

1. for k =0, Ry, +(i) = (wp™m~1?),

2. for k=1, Ry(i) ((w + 1)pm=DE— (p = 1)pm=21 (p — 1)plm=2)t),

3. for k=2, Ry i(i) = ((w+ 1)pm=Dt — pm=2)t+1 p(m=2)t+1 _ (4, _ 1)p(m=3)¢
(p — ptm=3)0),

4. for k = 3, Rm7t( ) _ ((w+1)p(m—l)t _p(m—2)t+1’ (pt_1)p(m—3)t+l7p(m—3)t+1_
(p—1)pm=Dt, (p — 1)pim=9t),

The proof of (15) depends on the following calculation.

)

Lemma 13.

BERm D) = (sgRmeli=D) gy @ gl LR

where b; # {fwil)t for all §, & is divisible by §f(m Ve ,andz=w ifw >0, z=1
if w=0.

This implies (15), since it follows by induction on ¢ that

((Pt(m—l)t>i LRy = ((Pt(m_l)t)i_l

since the evaluation of & on all elements of the subalgebra A(mt — 1) is zero. By
Lemma 12(4), this implies Theorem 1(i7).

(m—1)t

qwgftr D) (LT 0,
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Proof of Lemma 13. Let Ry, +(i) be as in (16) above. Since we are only interested

(m=1)
in terms of the form A ® &/ t, we will work mod terms involving &;; for j <1
in the second factor. So we have

k+1 k+1 . k+1
(17) Pty = Hf” D) =TT o€ =[ne1+e_,, ee)"®
=1 =1
Note that
k+1
r(i) = (w + 1)ptm—t
=1

We only want terms of the form A ® §f( o . When w = 0, the only such term is
obtained from the product ]_[k+1( (1)t ® &) (1) and hence

k+1

(i b i— i—
| CAE VR | CO R
=1

since i—1 = (k—1)p+p—1. Suppose w > 0. The I-th factor of (17) can be written
as

(m k—1)t (m k—1)t

(m—k)t .
(&6 (k+1)t @1+ fit ® & Pt ifl=k+1,
~k—1)t )t plm—h=Dt i1 11 .
(gkt ®1+ é- k— 1)t & é-t );D P if { = k,
(771 lfl)t+1 (m—1)t+1 (mflfl)t+1 t .
(& ®1 +f€l 1t ® & P oloifl <<k,
( p(m—2)t+1 2141® ft p(m— 2)t+1)(w+1)pt—1_1 £l = 1, 1<k,
(ft m—2)t 91410 gf(mfz)t)(wﬂ-l)pt_p-;-l ifl = 17 k=1

We expand each of these factors, and if we choose for each [ the term with the j;-th
power of the second term, then we must have (k > 2)

k-1
(18) jlp(m—2)t+1 + Zjlp(m—l—l)t+l +jkp(m—k—l)t +jk+1p(m—k—l)t :p(m—l)t
=2

and ((w+1)ﬁt71_1) isaunit, 0 < j; <pt —1for2<1<k—1, (”Hlj;”l) is a unit,
andOSij Sp— 1.

To satisfy (18) we must have jy41 + jx = 0 mod p'*'. Since (P
unit, either j, = 0 mod p or jx = 1 mod p. Therefore either jx11 =0 or p—1
since jr+1 < p— 1.

If jk+1 = 0, then ji = 0. So we have the following equation:

1N .
Pt ) is a
Jk

k—1

(19) jlp(m—Q)t+l + Zjlp(m—l—l)t+l — p(m—l)t.
=2

jr—1 is multiple of p* because jr_1p(™ M1 = 0 mod p"—F+Dt+1  Therefore
jr—1 = 0 since jr_1 < p* — 1. By a similar argument, jz_o = jx_3 = -+ = jo = 0.
So we have j;p(m=2tH1 = p(m=Dt which implies j; = p'~!. Therefore we obtain a
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1

term of the form A ® §f(mi ' with A = A1 Ay -+ ApAgy1, where

wp(7n71)t_p(7nf2)t+1

A1 = WG
. (pt_l)p(7n73)t+1
Ag = &y

(m—k)t+1

Ay =€

. (pt+1_p+1)p(7nfk71)t
Ap = &y
(m—k—1)t

Arsr = E0

Hence A = ¢fim(i=1),
If jx11 = p — 1, then we have j;, = p'™* — p + 1. From (18),

k—2
jlp(m—2)t+1 + Zjlp(m—l—l)t+1 +jk_1p(m—k)t+1 +p(m—k)t+1 — p(m—l)t'
1=2
So jx_1 = —1 mod p'. Hence ji,_1 = p' — 1, since jp_1 < p* — 1. By a similar
argument, jr_s = jr_3 = -+ = jo = pt — 1. If we put these j; in the equation
(18) for 2 <1 < k — 2, we will have (j; + 1)p(m=2)t+1 = p(m=1t Thjs iI(npli)es that
m—1)t

j1 = p'~t — 1. Therefore we obtain the other term of the form B ® &7 with
B = Bl . BQ s 'Bk+1, where

B, = ;Up(m—l)t

B2 _ é_)gpt_l)p(7nf2)t+1

_(pt—1)plm kDL
By-1 = f(k—z)t
tH1_ 1y (m—kt
B, = 5((5_1)tp+ )p
_ (m—k)t
Bi1 = ;(ff bp
So we have
) (m—1)t
¢t ) = (A+ B)o ¢

where A = weBm(=1) and B = ¢ is divisible by €7, as claimed. O
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