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MAXIMAL IDEALS IN MODULAR GROUP ALGEBRAS
OF THE FINITARY SYMMETRIC AND
ALTERNATING GROUPS

ALEXANDER BARANOV AND ALEXANDER KLESHCHEV

ABSTRACT. The main result of the paper is a description of the maximal ideals
in the modular group algebras of the finitary symmetric and alternating groups
(provided the characteristic p of the ground field is greater than 2). For the
symmetric group there are exactly p — 1 such ideals and for the alternating
group there are (p — 1)/2 of them. The description is obtained in terms of
the annihilators of certain systems of the ‘completely splittable’ irreducible
modular representations of the finite symmetric and alternating groups. The
main tools used in the proofs are the modular branching rules (obtained earlier
by the second author) and the ‘Mullineux conjecture’ proved recently by Ford-
Kleshchev and Bessenrodt-Olsson. The results obtained are relevant to the
theory of Pl-algebras. They are used in a later paper by the authors and
A. E. Zalesskii on almost simple group algebras and asymptotic properties of
modular representations of symmetric groups.

1. INTRODUCTION

A permutation of the set N = {1,2,3,...} is called finitary if it fixes all but
finitely many elements. The finitary symmetric group ¥, is the group of all finitary
permutations of N. The finitary alternating group A, is defined as the group of
all even finitary permutations of N. Clearly, 3o, and A, are locally finite groups.
They can be represented as the unions

Yoo = J B0 A= ] 4n

n>1 n>1

where X, and A,, are the groups of all permutations and all even permutations of
the set {1,2,...,n}, respectively.

Let F' be an arbitrary field of characteristic p > 0.

The main result of this paper is a description of the maximal two-sided ideals of
the group algebras F'¥,, and F' A, for the case p > 2. In particular, we show that
there are exactly p — 1 of them in F¥, and % in FAL.

In the last years there has been a noticeable progress in the theory of group
algebras of locally finite groups; see the expository paper [23] and references there.
A. E. Zalesskii has shown that the ideals (we always mean two-sided ones) of these
algebras are closely related with the so-called inductive systems; see Definition 2.1
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below. This idea is crucial in our approach here. It allows one to reduce many
problems on ideals of F¥, and F A, to the ones on modular representations of
finite groups ¥, and A,,.

To describe our main results in detail we need some facts and terminology from
the modular representation theory of the symmetric group. The main reference
here is [10].

Let A= (I > 1y > -+ > I, > 0) be a partition of n (we write |\| = n). We
define

(1) h(X) =m
and
(2) XO) =l = Ly + 0.

The irreducible FY,-modules are parametrized by the p-regular partitions of n.
If X\ is such a partition, we denote by D* the corresponding irreducible. For s =
1,2,...,p—landn> (p—s)(s—1) set
D(s)n = {D" [ |l =n, h(p) =s, x(u) <p}.
Let G be a group and M be an FG-module. We write Annpg (M) for the annihilator
of M in FG. If H is a subgroup of GG, we denote by M | H the restriction of M to
H.
Theorem 1.1. Let F' be a field of characteristic p > 2.
(i) Set
I(s), = ﬂ Annpy, (D), s=1,...,p—1, n>(p—s)(s—1).
De®(s),
Then 1(8)n = 1(8)pnt1 N FX, for all s,n. Moreover,
I(S): U I(S)na 5217"'7p_17
n>(p—s)(s—1)
are exactly all distinct mazimal (two-sided) ideals of F¥, and I(s)NFX,, =

I(s)p forn > (p—s)(s—1).
(i) Set

-1
Jn= [\ Ampa,(Dl4,), t=1,... 222 n>@-o@¢-1).
De®(t),

Then J(t)n = J(t)n+1 N FA, for all t,n. Moreover,

—1
J= U IO t=1...2—
n>(p—t)(t—1)

are exactly all distinct mazimal (two-sided) ideals of F A, and J(t)NF A, =
J({t)p forn> (p—t)(t—1).
(ii) I(s)NFAx = J(t) wheret =min(s,p—3s), s=1,...,p—1.

Remark. (1) Theorem 1.1 was conjectured by A. E. Zalesskii.
(2) Tt is known that every group algebra F'G contains the maximal ideal

Aug(FG) ={)_ayg|)_ay =0}

geqG
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called the augmentation ideal. It has codimension 1. One can easily demonstrate
another maximal ideal of codimension 1 in F'¥:

Aug? (F¥) ={ Z agg | Zsign(g)ag =0}.

g9€X
It can be shown that
I(1) = Aug(Fiu),
J(1) = Aug(FAw),
Ip—1) = Aug’(FX)

and that ideals I(s), 1 < s <p—1, and J(t), t > 1, are of infinite codimension.

(3) The ideals I(s) of F¥ have been essentially described in [15]. Results from
[15] are used in this paper.

(4) One can show that all the restrictions D|A,, in the part (ii) of Theorem 1.1
are actually irreducible.

(5) Tensoring F'¥,,-modules with the one-dimensional sign representation is one
of the crucial methods used in our proofs. This is why the case p = 2 happened
to be exceptional in this paper. A.E. Zalesskii observed that if p = 2 there exists
at least one maximal ideal in both F'Y. and FA., which is different from the
augmentation ideal. But it remains unclear if there are other maximal ideals.

(6) We note that for a ground field of characteristic 0 there is a complete de-
scription of the ideal lattice in the group algebra of ¥, (see [6, 18]). In particular,
Aug(FY) and Aug? (FX ) are the only maximal ideals of FX.. Much less is
known about modular group rings. Important information is contained in the pa-
pers [7, 19, 21, 22].

(7) The ideals we consider play a role in the theory of identities of algebras (see
[1, 18, 19, 20)).

(8) In this paper we use recent results from modular representation theory of sym-
metric groups related with branching rules [13] and tensoring with sign (Mullineux
Conjecture) [5], [2].

(9) All results of this paper about the groups X, and A, can be easily general-
ized to the finitary symmetric and alternating groups X and Aq of an uncountable
set (2. One just has to use inductive limits instead of unions. We leave details to
the reader.
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NOTATION
F a field of characteristic p > 0;
¥, (resp., A,) the symmetric (resp., alternating) group on {1,...,n};
Pn the set of all p-regular partitions of n;
Al =n means “)\ is a partition of n”;
SA the Specht module over F'Y,, corresponding to a partition A of
n [10];
D> the irreducible F'¥,-module corresponding to a p-regular par-

tition A of n [10];
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E* EY denote the irreducible F'A,-modules (see Section 6 below);

sgn the one-dimensional sign representation of F'G,, (gv = sign(g)v
for g € ¥, v € sgn;

M:P, — P, the Mullineux bijection. Thus D*®sgn = DM®) (see Section 3
below);

X(A), h(N) are defined in (1) and (2) above;

res A the residue of the node A, (see [11] and (4) below);

cont(\) the residue content of the Young diagram A (see [11] and (5)
below);

AA stands for the Young diagram A\{A} where X is a Young dia-

gram and A is a removable node of A (see Section 3 below).
Let G be a group, H a subgroup of G, A an associative algebra, M an FG-
module, S a set of FG-modules, N an F H-module. Then we denote:
Irr G (resp., Irr A) the set of the isomorphism classes of the irreducible F'G-
modules (resp., A-modules);

Irr M the set of isomorphism classes of the composition factors of M;
Irr S stands for (J,,c g Irr M;
Irr(S|H) stands for (J,,cg Irr(M | H);

M|H (or M|$)  the restriction of M from G to H;
N1¢ (or N15) the module induced from H to G.

2. INDUCTIVE SYSTEMS (GENERAL SETTING)

In this section we shortly discuss and push a bit further the relation between
inductive systems and (two-sided) ideals in the group algebra of a locally finite
group, revealed by A.E. Zalesskii. Assume for simplicity that a locally finite group
G is countable. Then G can be represented as a union

G:GQ
i=1

where G; C G2 C ... are finite subgroups of G (if G is not countable one has to
use an inductive limit).

Definition 2.1. [23, 1.1] Let ®; be a non-empty subset of Irr G;, i =1,2,.... We
say that the collection ® = {®;},¢c is an inductive system (for G) if for any i,j € N
with ¢ < j we have
q)i = II’I‘(CI)lei).
Let X be a (proper) ideal of the group algebra F'G. Set
O(X); =Ir(FG/X)|Gy).

One easily checks that ®(X) = {®(X);}sen is an inductive system. Recall that an
ideal I of an algebra A is called primitive if it is the annihilator of an irreducible
A-module and semiprimitive if it is an intersection of primitive ideals. Equivalently,
I is semiprimitive if and only if the Jacobson radical Rad(A/I) is trivial. We shall

also use the known fact that the Jacobson radical of a locally finite-dimensional
algebra is the largest locally nilpotent ideal. The following result is crucial.
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Theorem 2.2 ([23, 8.1, 1.25]).
(i) ®(X); = Irr(FG; /(X N FG,)) where FG;/(X N FG;) is considered as an
FG;-module.
(ii) The map f : X — ®(X) from the set of the proper ideals to the set of inductive
systems s surjective.
(iii) Let ® be an inductive system. Then the set f~1(®) contains the largest and
the smallest (by inclusion) ideals I(®) and K(®), respectively.
(iv) The ideals 1(®) are semiprimitive. The quotient algebras I(®)/K(®) are
locally nilpotent. In particular, the map ® — I(®) is a bijection between the
set of the inductive systems and the set of the semiprimitive ideals of FG.

Definition 2.3. Let ® = {®;};eny and ¥ = {U;};en be inductive systems. We
write & C W if &, C U; for all 7.

Lemma 2.4. Let ¥; C Irr G4, i € N. Assume

Irr (U;|Gi—q) C Uy,
Set

U, = ﬂ Irr(9; | G).

j>i
Then U = {U;}ien is the largest (with respect to C) inductive system contained in
U,
Proof. Note that
U, DIir(Vi1|Gy) D Ier(Ui40lG) D ..
Since the set ¥, is finite, there exists n = n(i) such that for any j > n we have
;= Trr(0; | Gy).
Let ¢ € N. Choose j > max(n(i),n(i + 1)). Then
(W40 [Gy) = Ter(Ter (05| Gy 1) LGy) = Tre (W5 1Gy) = 0,

so U is an inductive system. Clearly, it is the largest one contained in W. O

Definition 2.5. Let ® and ¥ be inductive systems. Set ©, = ®; N ¥;. One can
easily see that

Irr(@ilGi_l) g @1‘_1.
In view of Lemma 2.4, there exists the largest inductive system © such that © C &

and © C ¥. We shall denote © by ® A ¥. Moreover, we denote by ® V ¥ the
inductive system with (& vV ¥); = &, U ;.

Proposition 2.6.

(i) ® — I(®) is an order-reversing isomorphism of partially ordered sets between
the inductive systems and semiprimitive ideals of FG.
(ii) ® — I(P) is a bijection between the set of the minimal (with respect to C)
inductive systems and the set of the maximal ideals of FG.
(iii) Semiprimitive ideals of FG satisfy A.C.C. if and only if inductive systems
satisfy D.C.C.
(iv) For any ideals I, J of FG we have

d(INJ)=dI) V().
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(v) For any ideals I, J of FG we have
S+ J)=D(I)AND(J).
Proof. We first prove (iv). Fix k € N and set
I =INFGy, Jy=JNFG.
In view of Theorem 2.2 (i), we have to show that
Irr(FGr/(Ix N Jy)) = I (FGy /1) UIrr (F G/ Ji,)-

But this equality follows from the following exact sequences of Gg-modules:

0—I/(IxNJg) = FGr/(Ix N Jg) — FGy /I, — 0,

0= Ju/(Ix NV Jk) = FG/(Ix N i) = FGr/Jp — 0,

and the embedding Ik/(Ik N Jk) = (Ik + Jk)/Jk C FGk/Jk.

Now we prove (i). By 2.2 (iv), ® — I(®) is a bijection between the inductive
systems and the semiprimitive ideals. It follows from the definitions that I 2 J
implies ®(I) C ®(J). This shows that I(®) D I(¥) implies & C ¥. Conversely, let
® C . By (iv),

B(I(B) N I(T)) = BI(D)) V BI(T)) =V T = T,

since ® C W. It is known that the intersection of semiprimitive ideals is a semiprimi-
tive ideal. So we have two semiprimitive ideals, I(®)NI(¥) and I(¥), corresponding
to one inductive system ¥. In view of 2.2 (iv),

I(®)NI(T) = (D).

Hence I(®) 2 I(P).

(iii) follows immediately from (i).

Let X be a maximal ideal of FG. Then FG/X is simple. Observe that FG/X
is not locally nilpotent (for example because it contains the identity). Therefore X
is semiprimitive. Now (ii) follows from (i) .

(v) For an ideal X of FG we denote by X the smallest semiprimitive ideal of
FG containing X (it coincides with the intersection of the semiprimitive ideals
containing X). Since I(®(X)) is semiprimitive and contains X, we have X C
I(®(X)). The inclusions X C X C I(®(X)) imply ®(X) = ®(X). By 2.2 (iv),
X = I(®(X)) and X /X is locally nilpotent. Set

X=I+J Y=I+J.

Observe that
I+X)/X=2I/INX)
is a locally nilpotent ideal in Y/X. Analogously (J + X)/X is a locally nilpotent
ideal in Y/X. Since
Y/ X=I+X)/X+(J+X)/X.
we conclude that Y/ X is locally nilpotent. Hence Rad(FG/X) D Y/X.

On the other hand, we have Rad(FG/X) C X/X since Rad(FG/X) = 0. Thus
X/X DY/X, whence X D Y. Therefore X D Y. Since Y DY D X, we conclude
that X =Y. So

oY) =o(X) = o(X).
Since Y is the smallest semiprimitive ideal, containing semiprimitive ideals I and

J, (i) implies

B(Y) = &(I) A B(J).
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Finally, we get

|

Remark. In the proof of Proposition 2.6 (v) we have introduced the operation X —
X. Note that the set of all (not necessarily proper) semiprimitive ideals of FG is
a lattice with respect to the operations I NJ and I + J. In view of 2.6 (i) this
lattice is antiisomorphic to the lattice of all inductive systems with respect to the
operations V and A, if we admit the empty inductive system (which will correspond
to the ideal F'G).

Definition 2.7. An inductive system ® = {®;};en is called semisimple if for any
i € N and any D € ®;,; the restriction D|G; is completely reducible.

Lemma 2.8. Let ® = {®;},en be an inductive system for G. Then ® is semisimple
if and only if

(3) I(@)NFG;= () Annpg, D
Ded;

for all i € N.

Proof. Set

X;= () Ampe, D, i=1.2,....
Ded;
Let @ be semisimple. If 7 < j and D € ®;, we have D|G; = D1 @ --- ® D, with
all Dy, € ®;. Moreover, Irr(®,|G;) = ®;, and the annihilator of a direct sum of
modules is the intersection of their annihilators. So we have

X;NFG;= | (] Amnpg, D | NFG; = () ((Amnpg, D)NFG)
Ded; De®d;
= m AnnFGi(DlGi) :Xl
DEq?‘j

Therefore X; C X; (we consider both X; and X; as subsets of F'G via embeddings
FG, C FG). So X = J;2, X; is an ideal of FG such that X N FG; = X;. So,
taking into account Theorem 2.2 (i), we get

O(X); = Ir(FG; /(FG; N X)) = Ire(FGi/X;) = r(FG;/ Annpe, (€D D)) = @i,
Ded®;
ie. ®(X)=a.
Now note that

FG/X = | FGi/(FG;nX) =] FGi/X..
i=1 i=1

Since every ideal X; is an intersection of primitive ideals (annihilators of irre-
ducible modules) it is semiprimitive, i.e. FG;/X; is semisimple. It follows that
Rad(FG/X) =0, i.e. X is semiprimitive. By Theorem 2.2 (iv), X = I(®), which
proves the equality (3).

Conversely, let I(®) N FG; = X;, i = 1,2,.... For any i € N, we consider an
arbitrary module D € ®;,,. Note that X; C X;11 C Annpg,., (D) by assumption.
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Hence the restriction D|G; is an F'G;/X;-module. However, FG;/X; is a semisim-
ple finite-dimensional algebra (because X; 2 (\pep, g, Annrg, D = Rad FG;).
Therefore D|G; is semisimple. O

3. MODULAR REPRESENTATIONS OF SYMMETRIC GROUPS

We start from some notation concerning Young diagrams.
Let us fix an arbitrary partition A = (I; > -+ > [, > 0) of n. We do not
distinguish between A and its Young diagram which is defined as a subset

{G.7)11<i<m, 1<j<l}
of Nx N. Elements (4, 5) of N x N are called nodes. If A = (i, j) is a node, we define

4) resA=(j—14) (mod p).
If a diagram )\ contains exactly ¢; nodes of residue i, i =0,1,...,p — 1, we define
(5) cont(A) = (co, 1, -, Cp—1)-

If I; > l; 41, then the node (1, ;) is called a removable node for A (1,41 is interpreted
as 0). If A = (4,1;) is a removable node for A\, we denote by A4 the partition
(I, .-y lic1,li = 1,141, .oy L) of n— 1 whose Young diagram is A\{A}. We call
(i,7) an indent node for X\ if [; < l;—1, j =1; + 1 (lp is interpreted as +00).

We list some known results on representations of ¥, for future reference. All
modules over Y, are F'>,,-modules.

The Specht module S* labelled by partitions A of n are defined in [10, Section 4].
The irreducible modules D* labelled by the p-regular partitions A of n are defined
as the top composition factors of the corresponding S* (see [10, Section 11]). So

Lemma 3.1. Let A € P,. Then D* € Irr(S?).

The following well known result follows from the “Nakayama Conjecture” [11,
6.1] and Lemma 3.1.

Lemma 3.2. If D" € Irr(S?), then
cont(p) = cont(A).
We need the following Branching Theorem for the Specht modules.
Theorem 3.3. [10, 9.3] The restriction S*| ¥, _1 has a filtration whose factors are

{S* | A is a removable node for \}.

We shall use a special case of the branching rule for irreducible modules obtained
in [13]. To state the result we need a concept of a normal node.

Definition 3.4. Let A = (i,l;) be a removable node for A. We call A normal
(for A) if and only if for every j = 1,2,...,7 — 1 the following condition holds:
the number of the removable nodes B in the rows j,j + 1,...,% — 1 such that
res B = res A is greater than or equal to the number of the indent nodes C in the
rows j,7 4+ 1,...,4 — 1 such that resC = res A.

Theorem 3.5. [13, 16] Let A\ € P, and A be a removable node of A such that
A4 € Pn_1. Then DM € Trr(D*|%,,_1) if and only if A is normal.

If d € N, we define the p-exponent of d as the largest i € Z, such that p’ divides
d.
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Theorem 3.6. [9, 12] Let A\ € P,. Then S* is irreducible if and only if the p-
exponents of the hook length are constant along the columns of .

We denote by sgn the one-dimensional sign representation of X,,. The Mullineux
bijection M : P,, — P, is defined via

D ® sgn =2 DM,

The main result of [5] and [2] provides an algorithm for calculating M(A) which we
now describe.

The rim of a Young diagram A is its south-east border — in other words, a node
(i,4) of A belongs to the rim if and only if (i + 1,5+ 1) € \.

Let us number the nodes of the rim moving from the “top-right” to the “left-
bottom” (see the example below). Define the first p-segment of the rim as the set
consisting of the nodes with numbers < p. If the last node B of the first p-segment
is in the last row of A, then A has only one p-segment. If not, let r be the row
containing B. The first node of the second p-segment is the node which has the
smallest number, say d, among the nodes of the rim in row r + 1. The second
p-segment is now defined as the set consisting of the nodes whose numbers i satisfy
d < i< d+ p—1. Repeating this procedure sufficiently many times we reach the
bottom row of the diagram. It is clear that all p-segments except possibly the last
one contain p nodes. The p-edge is defined as the union of the p-segments.

Now define diagrams AV, X2 AG)  as follows.

AL =X AD = \C=D\ fp — edge of AO7D}

for i > 1. We choose z to be maximal with respect to A(*) # (. The Mullineuz
symbol of A is an array

where a; is the number of nodes of the p-edge of A®), and r; = h(A\(*)) is the number
of rowsin A®, i =1,2,...,z.

The following theorem was first proved in [5]. An easier proof was recently found
by Bessenrodt and Olsson [2].

Theorem 3.7. Let A € P, and

G(/\):<a,1 as ... az>.

T1 T2 N T

Put g; = 0 if pla;, and €; = 1 otherwise. Then

G(M(A)):Cﬂ a ... az>

S1 S2 ... Sz
where s; =a; +e; —r;, 1=1,2,..., 2.

Thus the Mullineux symbol of M(A) can be easily found from that of A. On the
other hand, a p-regular partition can be reconstructed from its Mullineux symbol—
we just add p-edges starting from the last one.
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Ezample. Let A = (6,42,2,1). Then the rim of A contains the nodes represented
by numbers in the following picture.
21

© o o o
o~ o o
S 0 o
U W

—_
—~

Let p = 5. The nodes of the p-edge (which consists of two p-segments) are coloured
in black in the following picture.

o o e e e

O O e

O O e

e ¢ O O O

We have A2 = (33), A\®) = (22), A = (1), 2z =4, and

con=(3 530 eomn-(3 37 )

Finally, M()\) = (72,2, 1).

4. SOME LEMMAS ON BRANCHING AND TENSORING WITH SIGN

Let m, f € N. Represent m in the form
m=(p-—1)d+r, deZ, 0<r<p-1.
We need to consider certain classes of partitions. Set
Bm,f) = (F+d)P L (F+d=DP o (f+ )P )
a(m7f) = ((f+d)T7(f+d_1)17—17(f+d_2);0—17'”7]01)—1);
a(m) = a(m,l).
Obviously h(B(m, f)) = h(a(m, f)) = m.
If w= (p1,..., 1) is a p-regular partition and f > pq, put
Blm, fim) = (F+dP L (F+d=1P (FHDP7 s )
a(m,f,u) = ((f_;'_d)T’(f_i_d_1)17—17(f+d_2);0—17'”7]01)—1’/111’”'7Mt)
(glue p to the bottom of B(m, f) and a(m, f), respectively).
Lemma 4.1. The Specht module S*™) is irreducible.
Proof. This follows from Theorem 3.6. O
Let us fix a p-regular partition A with k£ distinct parts, i.e.
A= (057,088, Lh>le>-- >, >0, 0<a; <p.

Then X has k removable and k+1 indent nodes. Let Ay, ..., Ay (vesp., Bi,..., Brt1)
be all removable (resp., indent) nodes of A numbered from top to bottom, i.e.
A; = (a1+---+(li,li), Bj = (a1+-'-+aj_1+1,lj+1), i=1,....k,jg=1,...,k+1
(Ik+1 is interpreted as 0).

Lemma 4.2. Assume resA; = resAs = -+ = res A, for some r € {1,...,k}.
Then A1, Ao, ..., A, are normal nodes.



IDEALS IN GROUP ALGEBRAS 605

Proof. Since X is p-regular, we have res A; # resB; for all i = 1,...,k. Now use
3.4. O
Lemma 4.3. Let r > 1 be the largest integer such that
Lh=l+1l=l3+2=-=l+(r—-1)
and
ay=az=---=a,=(p—1).

Then r is minimal such that \a,. is p-reqular. Moreover, A, is normal for A.

Proof. The first part of the lemma follows from the definitions. To prove that A,
is normal it suffices to note that

resA; =resAs =---=res A,
and use Lemma 4.2. O
Corollary 4.4. Let A = (I{*,15%,...,1;*) € Py, with l, = 1. Assume that the

bottom removable node Ay, is the only removable node A; such that A4, is p-reqular.
Then A = aar +as + -+ -+ ag).

Proof. Tt follows from Lemma 4.3 that
L=+ k-1, i=1,2,...,k,

and
az =az=---=ap=p-—1,
as desired. O

Definition 4.5. Let A be a p-regular partition. We denote by A()\) the top remov-
able node of A such that A4y is p-regular. Define

P(A) = Aa-
Lemma 4.6. Let A € P,,. Then
DN ¢ Irr(DM 2, _1).
Proof. By Lemma 4.3, A()) is normal for A. So it suffices to apply Theorem 3.5. O
Remark. Lemma 4.6 is known [8]. We reprove it here for completeness only. Note

however that the result is insufficient to prove Proposition 4.14. There we do have
to use Theorem 3.5.

Lemma 4.7. Let u be a p-regular partition. Assume that for some m we have
a(m) C p. Set n = |a(m)|. Then

D™ ¢ Irr(D*|%,,)

Proof. In view of Lemma 4.6, it suffices to show that a(m) = ' (u) for some . Since
() = 0 and (m,1) € a(m) C pu, there exists i such that A(p*(u)) = (m,1).
So (m, 1) is the top removable node of ¢(u) leaving a p-regular diagram after its
removal. Moreover, (m, 1) belongs to the first column, so it is the bottom removable
node of ¢’(u1). By Corollary 4.4 we now get ¢'(u) = a(m). O

Proposition 4.8. Let n € N and A be a p-regular partition with h(X) > n(p — 1).
Then
Irr(D*|%,) = Irr ,,.
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Proof. Since X is p-regular and h(\) > n(p — 1), we have a(n(p — 1)) C A. Let
j =la(n(p—1))|. Then Lemma 4.7 implies

DY) ¢ Trr(D | 325).
Let o € Pp. Then p C a(n(p — 1)). In view of Lemma 4.1,

panlp=1)) — ga(n(p-1))

Now Theorem 3.3 implies that D*("(»=1) | has a filtration such that S* occurs
as its factor. Since p is p-regular, D* € Irr(S*) by Lemma 3.1, and the result
follows. 0

We need to somewhat develop Lemma 4.7. Our goal now is Proposition 4.14.

Lemma 4.9. Let p = (p1,--.,1s) be a p-regular partition (u may be §) and f be
an integer with f > p1 + 1. Set a = a(m, f;u), 8= B(m, f —1;u), n =|8|. Then

DP € Trr(D*|%,,).

Proof. Let m = (p— 1)d+r,d € Z, 0 < r < p— 1. Define the partitions
a©@ oM . al" and the sets My, M1, ..., M,_; of nodes inductively as follows.
Set a(® = o and a(+Y) = oM\ M; where M; is the set of the top (d+ 1) removable
nodes of o, i = 0,1,...,7 — 1. Note that all nodes of the set M; are of the
same residue. So Lemma 4.2 implies that the nodes of M; are normal nodes for the
partition a® (i =0,1,...,7 — 1). Therefore
Da(i+1) e Irr (Da(i) l E|a(i+1)‘)
for all i = 0,1,...,7 — 1. It remains to observe that o™ = 3. O

Lemma 4.10. Let u = (u1,...,ps) be a p-regular partition (u may be ), f >
p1+1. Set 3= B(m, fip), v=B(m, f—1;u), n=|y]. Then

DY € rr(DP|%,,).
Proof. The proof is similar to that of Lemma 4.9. O

Lemma 4.11. Let p = (u1,...,4s) be a p-regular partition, f > uy + 1. Set
v=(p) (see 4.5), B =B(m, fip), v=0B(m, f—1v), n=|y]. Then
DY € rr(DP|%,).

Proof. Let m=d(p—1)+r,d€ Z,0 <r <p—1. It follows from the definition
of 3 that in the first m rows there are exactly d + 1 indent nodes for 3. Moreover,
these indent nodes all have the same residue, say w. Let A be the removable node
for B defined from the equality

ﬁ = 5(m7f; V) U {A}

Assume res A # w. Then A is normal for 3. Therefore, setting 8 = B(m, f;v),

n' = |f'|, we have
D? e Irr(D?|%,),

in view of Theorem 3.5. Moreover, Lemma 4.10 implies D7 € Irr(Dﬁ/LEn), and we
are done.

Now let res A = w. Put 7 = B(m, f — 1, u), n”' =|5"|. (Actually n” =n + 1.)
By Lemma 4.10, D" € Irr(D? | S,,+). Moreover, the removable nodes for 3 in the
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first m rows all have residue w — 1. So A is normal for 8”. Since v = §/1, we get
from Theorem 3.5

D7 € rr(D?|%,,),
and the result follows. |

Lemma 4.12. Let u be a p-regular partition and [ be an integer with f > |u| + 1.
Set = B(m, fin), e = f —|pul, v=B(m,e), n=|y|. Then

DY € Trr(DP|%,,).
Proof. Apply Lemma 4.11 sufficiently many times. O

The following result is a generalization of Lemma 4.7.

Lemma 4.13. Let
A= (I, loy ooyl b1y - -+ ls)
be a p-regular partition, with l,, > l+1. Set

no = (lm+la"'7ls)7
a = almly;p), n=lq
(u="01if m=s). Then
D* € Trr(D*[%,).
Proof. We choose the maximal i > 0 such that ¢*(\) has the form
(pz()\) = (klv R km—lv l’m7 AR ls)a

see Definition 4.5. This means that the node A(p?())) lies in the m-th row or below.
Since Ly, # 41, it follows from Lemma 4.3 that (ki,...,km—1,ln) = a(m,lny).
Therefore ¢'(\) = a, and the result follows from Lemma 4.6. O

Proposition 4.14. Let A = (I1,1a,...,1s) be a p-regular partition, m € {1,2,...,

s}, and
n>2+ Y L

1=m-+1
Set f = lm -1- Zf:m+1 li; 5 = ﬂ(muf); n= |ﬂ| Then
DP € Irr(DA|%,).

Proof. Set
no= (lm+la"'7ls)7
a = a(m,ln;p),
n = |al

By Lemma 4.13,
D € Trr(D|%,,,).
Let
B = B(m,lm —1ip), n2 = |Gl
Then
D% € Trr(D*|%,,)
by Lemma 4.9. Now apply Lemma 4.12 with § = and v = 3. O
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Lemma 4.15. Let A € P,, and
cont(A) = (co, 1, .., Cp—1).
Assume that D* € Trr(DM|X,,—1) and
cont(p) = (do, d1,...,dp—1).
Then there exists j € {0,1,...,p — 1} such that d; =c¢; — 1 and d; = ¢; fori#j.

Proof. By Theorem 3.3, the restriction S*|3,,_; has a filtration with factors S*4
where A is a removable node for A. Note that

cont(Aa) = (coy...,¢; —1,...,¢p-1)
if res A = j. By 3.1, D* € Irr(S?) so
(DA |5, -1) € Iir(SH 8, 1) = | Trr(S™).
A

Now it remains to use Lemma 3.2. (|

Remark. Actually, much more is known about Irr(D*|¥, ;). For example, the
contents of the factors Irr(D*|%,,_;) are described in [14]. See also [16] for more
information. One can use the argument from the proof of 4.15 to show that D* €
Irr(D*|X,,_1) implies 4 dominates some 4.

The rest of this section is devoted to certain results concerning the Mullineux
map described at the end of Section 3.

Lemma 4.16. Let e,m € N, 3 = 3(m,pe). Represent m in the form
m=((p—-1d+r, deZ, 0<r<p-1.

Lete M(B)=y=Mm=>72>>7>0). Thens=p+d—r and ys > re.

Proof. One can easily see that the Mullineux symbol of 8 has the form

(d+1)p (d+1)p (d+1)p
= .. th t ).
G (d(p—l)—l—r dp—1)+r dp—1)+r e res
re times
So, by Theorem 3.7, the Mullineux symbol G(v) has the form
(d+1p (d+1)p (d+1)p
G = e th t .
™) <p—|—d—r p+d—r p+d—r ¢ res
re times

It follows from the Mullineux algorithm that h(vy) = p+d—r. Moreover, the p-edge
of a partition has nodes in every row. In particular, the p-edge of a partition with
s rows has at least one node in the sth row. It follows from the form of G(y) found
above that the partitions (1), ~(2) . . ~(¢) (defined at the end of Section 3) all
have s rows. Hence v, > re. O

Corollary 4.17. Let m,e € N, 8 = B(m,p(p — 1)e), v = M(8). Represent m in
the form
m=((p—-1d+r, deZ, 0<r<p-1
Define my = p+d—r. Assume that f € Z satisfies 0 < f < re and set § = f(mq, f),
n=|0|. Then
D° € ir(DY|%,,).
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Proof. Follows immediately from Lemma 4.16, Proposition 4.14 (with m = s =
p+d—r), and Lemma 4.10 (with pu =0, m=p+d—r). |

Lemma 4.18. Lete € N, 8= 3(p,p(p — 1)e), v = M(). Then
v={((p—1)+pe(p—1)% (pe)’~").

Proof. One can easily see that the Mullineux symbol of (5 is

G(8) = 2p 2pp p p-1
» » p—1 p—1 p—1 .
(p — 1)e times (p — 1)(p — 2)e times

So, by Theorem 3.7, the Mullineux symbol of v is

2p 2p D D p—1

G(y) = ,
P P 1 1 1
N ———

(p — 1)e times (p —1)(p — 2)e times

and the lemma follows. O

Corollary 4.19. Letp > 2, n = (p—2)+pe(p—1)(p—2),e € N, 5= B(p,p(p—1)e),
v =M(B). Then

D™ € Trr(D7|%,).

Proof. By Lemma 4.18, v = (71,72, - -.,7p) Where 71 = (p — 1) + pe(p — 1)?, 7o =

v3 =+ =1, = pe. Observe that v1 — (y2+---+7,) = (p—1)+pe(p—1)(p—2) > 2.
Moreover, (n) = 8(1,71—(y2+- - -+7p)—1). Now, by Proposition 4.14 (with m = 1,
A = ~) we have the desired result. O

5. INDUCTIVE SYSTEMS FOR THE FINITARY SYMMETRIC GROUP
Now we apply the general notions of Section 2 to the case G = Zoo = ;2 Zi.

Definition 5.1. Let ® = {®;};cn be an inductive system for Xo,. We define its
height h(®) as

h(®) = sup{h(\) | D* € ®; for some i € N}
(see (1)).

Proposition 5.2. Let ® = {®;},cn be an inductive system for Yo.. Assume that
h(®) = +o0. Then ®; =Trr X; for all i € N.

Proof. By assumption, for any i € N there exist j > i and D € ®; with h()\) >
i(p —1). Then

®; D Irr(DM %) = Irr %5,
by Proposition 4.8. O

In [15] the second author has described all semisimple inductive systems for
Yo (see Definition 2.7). Surprisingly, it will turn out that the minimal inductive
systems (i.e. those which correspond to the maximal ideals of F¥,) are exactly
indecomposable semisimple inductive systems. We formulate some results from
[15].
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Recall the constant x(\) defined in (2). For s =1,2,...,p — 1 put

©; = {D"[|ul=14, h(pw)=s, x() <p}

O = D" |p=(p,p2,--.), pl=1d, h(p)<s, pm<p-s}
Note that © N Q; =0 and Q2 =0 for i > (p— s)(s — 1). Set
(6) D(s); = O3 LQS.

Theorem 5.3 ([15]).

(i) ®(s) = {P(s)i}ien, s = 1,2,...,p — 1, are all distinct semisimple minimal
inductive systems for Y.
(ii) Leti € N. If j > i, then for any D* € ®(s); we have

®(s); = Irr(DM | %).
Proof. (ii) is proved in [15, 2.6, 2.7], (i) is an immediate consequence of (ii) and

15, 2.8]. 0

An important specific feature of the representation theory of symmetric groups
is the presence of the sign module (denoted by sgn). Tensoring with sgn is often
an effective trick.

Definition 5.4. Let ® = {®;},cy be an inductive system for Xo,. Define the
inductive system ®7 = {®7},cn by

®7 = {D* @sgn | D* € ®;},
where sgn is the sign representation of ¥;.
@7 is well defined in view of the following lemma.

Lemma 5.5. Let ® = {®;};en be an inductive system. Then
(i) ®7 = {®7 }ien is an inductive system;
(ii) ® is minimal if and only if ®7 is so;

(iii) @ is semisimple if and only if 7 is so.

Proof. (i) and (iii) follow from the isomorphism

(7) (D®sgn)|¥, 1= (D], 1) ®sgn

where D is an F'Y¥,-module and sgn in the left (resp., right) hand side means the
sign representation of X, (resp., ¥,—1). The second part follows from the equality
(27)7 = &. O

Lemma 5.6. Let s € {1,2,...,p—1}. Then ®(s)? = ®(p — s).

Proof. By Lemma 5.5 (ii), (iii), ® is minimal and semisimple if and only if ® is so.
So Theorem 5.3 (i) implies ®(s) = ®(t) for some ¢ € {1,2,...,p — 1}. Note that
DUPe)") € ®(s),es for any e € N. However h(M((pe)®)) = p — s by Lemma 4.16,
which implies the demanded result. O

Theorem 5.7. Let p > 2, and ® be an inductive system for Y. Then ® is
minimal if and only if ® = ®(s) for some s € {1,2,...,p— 1}.
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Proof. The “if-part” follows from Theorem 5.3 (i).
Let ® be minimal. If h(®) = +o0, then, by Proposition 5.2,

b, =Irr ¥;, 7€N.

However this system is not minimal (for example because it contains the trivial
inductive system ®(1)). So h(®) = h < oco. It follows that for any N € N there
exist i € N and D* € ®; with A\ = (I; > ly > --- > I, > 0) such that [; > N. This
shows that the set

V(®) = {v € N| for any N € N there exists i € N and D* € ;
with A= (I > lp > --- > 1, > 0) such that [, > N}
is not empty. Since also V(®) C {1,2,...,h} we can define
m =m(P) = max V(D).
It follows from the definition of m that there exists ¢ € N such that
Zh: l; <c
j=m+1

for any i € N and any D) € ;. Let Ny > ¢ + 2. By definition of m, there
exist 4 € N and D(--ln) € &, such that 1,,, > Ny. Set

fo= = > -1,

g = plmf), n=|g
By Proposition 4.14,
DP e Irr(Dto ) |33,) C &,,.
Note that f > Ng —c— 1. Set
ff= No—c—1,
go= Bm,f), n'=|6.
By Lemma 4.10,
D? € Irr(DP|S,) C @,
Choosing Ng =c+2,¢+3,... (then f' =1,2,...) we conclude that
(8) DAme) ¢ ®3(m,e)| for any e € N.
We call a number t € N admissible for @ if for any N € N there is f > N such
that D8(*f) belongs to ®D5(¢,1))- By Lemma 4.10, we have
t € N is admissible for ® if and only if

9
) D) € g, 5y for all f € N.

By (8), m(®) is admissible for ®. This allows us to define a constant s(®) as
follows:
$(®) = min{t € N | ¢ is admissible for ®}.
Let us consider the inductive system ®7 (see Definition 5.4). By Lemma 5.5 (ii),
®7 is minimal. So s(®7) is also well defined. We prove the following intermediate
fact.
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(*) Assume that s(®) < s(®7). Then ® = &(¢) for some t € {1,2,...,p—1}.

Note that (*) immediately implies our theorem. Indeed, if s(®) < s(®7), then
(*) is just the theorem’s claim. Let s(®) > s(®7). Since (9?)? = &, (*) implies
®7 = ®(t) for some t € {1,2,...,p—1}. Then & = &(p — t) by Lemma 5.6.

Proof of (*). Set s = s(®). We consider three cases.

(1) s < p—1. Then B(s,f) = (f*%), and so x(B(s,f)) = s < p. Hence
DB € ®(s)5(5.5) (see (6)). By (9), the modules DB () f € N, belong to
the corresponding @54, ¢)|- It now follows from Theorem 5.3 ( i) tha t O(s) C D.
Since ® is minimal, we have ® = ®(s).

(2) s =p. Set B(e) = B(p,p(p — 1)e). By (9),
D) € B
for any e € N. Set n(e) = (p — 2) + ep(p — 1)(p — 2). Then, by Corollary 4.19,

(n(e)) o
D 6 (bn(e).

Note that (n) = B(n,1). So n(e) — +oo as e — 400 implies that 1 is admissible
for ®7. This contradicts the assumption s(®7) > s(P).
(3) s > p. Represent s in the form

s=p-1d+r, deZ, 0<r<p-1.

By (9),
DPP=D) € Py pp1ye  for any e € N.
By Corollary 4.17,
B(p+d—r,f o
Do ) € O pramrp|

for any f < re. This shows that p + d — r is admissible for ®7, whence s(®7) <
p + d — . However, this contradicts the assumption s(®?) > s(®) because

p+d—r<(p-1)d+r=s

when s > p. The contradiction obtained completes the proof of (*) and the theorem.
O

Corollary 5.8. Let p > 2. Set

I(s), = ﬂ Amnpy, (D), s=1,...,p—1, neN.
Then I(s)1 C I(s)2 C .... Moreover,

= Gl(s)n, s=1,....,p—1,

are exactly all distinct mazimal ideals of F¥o, and I(s) N FX,, = I(8)n.

Proof. In view of Proposition 2.6 (ii) and Theorem 5.7, the maximal ideals of F'¥.o,
are exactly I(®(s)), s = 1,2,...,p — 1. However, the inductive systems ®(s) are
semisimple. So the result follows from 2.8. O
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6. INDUCTIVE SYSTEMS FOR THE FINITARY ALTERNATING GROUP

Throughout the section we assume that p > 2.

We first briefly discuss how to label irreducible F A, -modules. It follows easily
from the Clifford theory [3, 49.2] (see [4]) that the restriction D’\Liz is either
irreducible or splits into a direct sum of two irreducibles. In the former case we
write

A A

DG = E7,

and in the latter case we write
DA% = B} @ EX.

It is of importance that D*| A" is irreducible provided A # M(A). (In fact, if F'is a
splitting field for A,,, then DAliZ is irreducible if and only if A # M()\). However
we want to work over an arbitrary field.) Every irreducible F'A,-module is of the
form E* or Ef. Furthermore, E} % EX, EX % EY, E* % B!, and E* & EV if
and only if A = M(u) (for all permissible A # ).

The following result was first proved in [17].

Lemma 6.1. [17] Let A\ € P,,, and
cont(X) = (co,c1,...,Cp—1).
Then
COHt(M()\)) = (d(), dl, ‘e 7dp—1)
where dy = co and dj = c,—; fori=1,2,...,p—1.
Lemma 6.2. Letp > 2. If X is a Young diagram with cont(\) = (co,c1,...,Cp—1),
then co < cp—q1 + 1.

Proof. This is obvious. O
Lemma 6.3. Let A € P,, v € P41 be such that

DM =E}@E» and D'} =EY & E.
Assume that B} € Irr(EY, lﬁ:“) or B} € Irr(EY Lﬁ:“), Then D € Irr(D”Lg:“),

Proof. 1f D* ¢ Irr(Dl’ngﬂ), then
B ¢ Tre((DY |y 150) = Le((DY 7)) 147) = Iee(BY |4+ Ui (BY |4+,

Ang1
giving a contradiction. O

Lemma 6.4. Let p > 2, and A € P, be such that D’\liz = E_’i\r ® EX. Assume
D = {®; }ien is an inductive system for As,. Then Ei € @, if and only if EX € ®,,.
Proof. Assume E} € ®, and show that E* € ®,, (the implication E* € @, =
E?} € ®, is obtained similarly). Note that M(\) = A\. We shall prove the following

intermediate fact.
(**) There is k > n and E# € @y, such that E} € Irr(E“lﬁ:).

This will imply the lemma. Indeed, E* = D*|%*. Therefore
(10) Br LG 2 (DM IS,
So D* € Irr(D“lgi) because otherwise we would have E} ¢ Irr(E“lﬁi). It now
follows from (10) that EX € Trr(E" | 4*).
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We now prove (**). Let cont(A) = (cg,c1,...,¢p—1). Since @ is an inductive

system there exists an irreducible module E € ®,, such that E} € Irr(EliZ“).
If E = EY, we can take = v, k = n + 1. Otherwise F = EY or E¥ for some v
with M(v) = v. In view of Lemma 6.3, we have

D* € Irr(D¥ | ™).
So by Lemma 4.15,
cont(v) = (co,...,c;+1,...,¢p—1)

for some j € {0,1,...,p — 1}. Since M(A) = X and M(v) = v, Lemma 6.1 forces
7 =0. Thus,

COIlt(I/) = (CO + 1, Clyeny Cp—l)-
Repeating this argument i times we either arrive to a module E* € ®,,1; such that
E} € Irr(E“lﬁZ“) or we get a partition v with

cont(v) = (co +4,¢1,...,Cp—1)-
However, Lemma 6.2 shows that ¢ cannot be too large. |
Lemma 6.5. Let ® = {®;}ien be an inductive system for Y. Set
O; = TIrr(d; ).

Then ® = {®;}ien is an inductive system for As.
Proof. Note that

Irr(®; 14 ) = Ire(Tee(@; 133 ) |4 ) = Tee(@a 1)

= Irr(Irr(@ilELl)lii:) = Irr(‘bi_llii:) =d; 4,
as demanded. |

Lemma 6.5 allows us to give the following definition.

Definition 6.6. Let ® be an inductive system for .. Define the inductive system
DAy for Ao as Pl Ay = P (see Lemma 6.5).

Definition 6.7. Let S C Irr(%,,). Define the set S¢ C Irr(%,,) as
S ={D®sgn|DeS}

Lemma 6.8. Let S$,7 C Irr(S,,), S7 = S, T9 = T. If Iix(S|%") = Ie(T "),
then S =1T.

Proof. Assume D* € S but D* ¢ T. Then DM® ¢ T. Hence E € Irr(Siiz) but

E¢ Irr(Tliz) where E = E* or E = E?}. The contradiction obtained shows that
S CT. Similarly, T'C S. O

Lemma 6.9. Let S CIrr(X,). If S7 =S, then (Irr(S]X,-1))° = Irr(S|2,-1).
Proof. Follows from (7). |

Theorem 6.10. Letp > 2. The map ® — ®| A, defines an isomorphism between
the poset of the inductive systems ® for Yoo such that ®7 = ® and the poset of the
inductive systems for As.
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Proof. The map is injective by Lemma 6.8. We construct a right inverse map. Let
U = {¥, };en be an inductive system for A,.. Set
U, ={D*eir ¥; | Im(D*|})) C ¥}, ieN.
We first show that
(11) U, =Trr(W;]%), i€N.

Indeed, W; D Irr(¥;]%") by definition of ¥;. On the other hand, let E € ;. There
are two cases:

(1) E = E*;

(2) E=E} or E=EX.

In the case (1), E = D)‘Lii; hence D* € U; and E € Irr(\ililii). In the case (2),
by Lemma 6.4, both Ej\r and E belong to ¥. So D)‘lii = Ei @ EX implies that
D € U;; hence E € Irr(‘ilzlii)

It follows from the definition of ¥; that

(12) (I;)7 =¥;, jeN

Taking j =1+ — 1 gives

(13) (Wi_1)” =U,_y.

Taking j = ¢ and using Lemma 6.9, we get

(14) (Irr(W3 50 )7 = Tir(Wil 5 ).
Now we show that

(15) Ter(Tee (W15 ) 1500 = (W L5070,

Indeed, using (11) twice, we obtain
Tee(Ter(W; 130 )1570) = Tee(Wi 150 ) = Tee(Tee( 13 147 )
= Irr(\I/ilﬁjfl) =W, = Irr(‘i’i—lliij)-
In view of Lemma 6.8, equations (13), (14) and (15) imply
Ir(W; )50 ) = Wiy,

i.e. U is an inductive system. Moreover, (11) shows that W|As = U. It remains

to note that U C @ if and only if ¥ C &. O
Theorem 6.11. Let p > 2. The inductive systems
-1
O(s)| A, s=1,2,.. pT

are exactly all distinct minimal inductive systems for As.

Proof. Let S be the set of all inductive systems ® for ¥, which satisfy the following
two conditions:
(1) &7 = @.
(2) If ¥ is an inductive system for X, ¥ C @, and U7 = U, then ¥ = .
By Theorem 6.10,
(DlAs | ® €S}

is the set of all distinct minimal inductive systems for A...
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We claim that ® € S if and only if ® = ®(s)UP(s)? for some s € {1,2,...,p—1}
(see (6)). Indeed, let ® € S. By Theorem 5.7, {®(s) | 1 < s < p — 1} are exactly
all minimal inductive systems for X,. So ® contains some ®(s). Since ¢7 = &, we
also have ® O ®(s)?. Thus ¢(s)UP(s)? C ®. Since (P(s)UP(5)7)7 = B(s)UP(s)?
and ® € S, we conclude that ® = ®(s) U D(s)”.

On the other hand, if ®(s) U®(s)? ¢ S, then there exists an inductive system @
with ®7 = & such that ® g D(s) UD(s)?. As above, we find ¢t € {1,2,...,p— 1}

such that ®(¢) U ®(¢)? C ®. Therefore,
D(t) UD(t)? ; D(s) UD(s)

for some s,t € {1,2,...,p—1}, which is false in view of Lemma 5.6 and the definition
of ®(u). Since (P(s)UP(s)7)| Aso = P(s)| Aso it remains to use Lemma 5.6 another
time. (]

Lemma 6.12. The inductive systems ®(s)| Ao, s =1,2,..., %, are semisimple.

Proof. This follows immediately from the fact that ®(s) are semisimple. |

Corollary 6.13. Let p > 2. Set
-1
J(n= () Ampa,(Dl4,), t=1,... 22~ neN
Ded(t)n
Then
(i) J(t)1 C J(t)2 C .... Moreover,

> -1
t)={J J(®)n, t=1,... =
are ezactly all distinct mazimal ideals of F A, and J(t) N FA, = J(t)n.

(ii) I(s) N FAw = J(t) where t = min(s,p—s), s=1,...,p—1.

Proof. The proof of (i) is similar to that of Corollary 5.8.
(ii) Let ¢ = min(s,p — s). In view of Corollary 5.8, Lemma 5.6 and (i), we have

I(s)NFA; = (I(s)NF)NFA; =( ()| Annps,(D))NFA;
De®(s);
= () Amnpa,(DIA) = () Annpa (DIA;) = J(t); = J(t) N FA;
Ded(s); Ded(t):
for any ¢ € N. This implies (ii). O

Remark. In view of Corollaries 5.8 and 6.13 (i),
Is)= U 1)

3> (p—s)(s—1)
and

i>(p—t)(t—1)
This allows one to describe the ideals I(s) and J(¢) in a more compact form, because
Q¥ =0fori>(p—s)(s—1),and so
see (6). This is done in Theorem 1.1.
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