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ASYMPTOTIC FORMULAE WITH REMAINDER ESTIMATES
FOR EIGENVALUE BRANCHES OF THE SCHRODINGER
OPERATOR H - AW IN A GAP OF H

S. Z. LEVENDORSKII

ABSTRACT. The Floquet theory provides a decomposition of a periodic
Schrédinger operator into a direct integral, over a torus, of operators on a
basic period cell. In this paper, it is proved that the same transform estab-
lishes a unitary equivalence between a multiplier by a decaying potential and
a pseudo-differential operator on the torus, with an operator-valued symbol.
A formula for the symbol is given.

As applications, precise remainder estimates and two-term asymptotic for-
mulas for spectral problems for a perturbed periodic Schrédinger operator are
obtained.

0.1. There are a number of articles on the discrete spectrum in a gap of the
essential spectrum of the Schrodinger operator H = —A + V (see [1, 3, 4, 7, 8,
9, 12, 13, 17, 20] and the bibliography in [1, 3, 4]). The majority of them [1, 3,
4, 7, 8, 9, 21] deal with the existence of eigenvalue branches and with estimates
or asymptotics for the number Ny (¢; H — E;W) of branches of H F uW with
0 < p < t which cross the energy level E € R — o(H) (here W is a potential
decaying at infinity). In [12, 13, 17], the principal term of the asymptotics of a
series of eigenvalues accumulating to a boundary point £ of the essential spectrum
was computed, without a remainder estimate.

For motivation from solid state physics (impurities in crystals), see [1] and the
bibliography there.

In this paper, we obtain the principal term of the asymptotics with remainder
estimate for Ny (t; H — E; W); W is smooth and non-negative, and V' is periodic.

The main idea of the paper is a reduction to a pseudodifferential operator (pdo)
on a torus, with operator-valued symbol. For N_(t; H — E; W), further reductions
allow one to obtain bounds in terms of the counting function of the spectrum of a
pdo acting in sections of a finite-dimensional fibering over a torus. These bounds
give the principal terms of the asymptotics as ¢ — oo, with remainder estimates
which are as sharp as those for the corresponding pdo; if for the latter an asymptotic
formula with two terms of the asymptotics is known, then the same formula is valid
for N_(t; H — E;W).

In [1], only the principal term of the asymptotics of N_(¢; H — E; W) was found,
without a remainder estimate, and W was assumed to stabilize to a positive spher-
ically homogeneous potential; on the other hand, V' was not necessarily periodic.
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Note that the reduction to an operator with operator-valued symbol explains why
the classical Weyl formula with the ordinary symbol predicts false asymptotics for
N_(t; H; W) (as was observed in [1]): for the ordinary symbol under consideration,
the uncertainty principle fails since derivatives of this symbol do not admit good
estimates (so that the function h, which plays a crucial role in calculi of pseudodif-
ferential operators [10, Chapter 18], is not small outside some compact), whereas
the operator-valued symbol enjoys more favourable properties. Similar effects are
well-known in the theory of degenerate elliptic operators—see, for example, the
surveys [5, 15, 19].

The same reduction and the approximate spectral projection method for pseudo-
differential operators with operator-valued symbols [16, Section 22] allows one to
obtain the principal term of the asymptotics of N4 (t; H — E; W) when W is not
a short-range potential. The principal term of the asymptotics for a short-range
potential W, was computed in [9], [3], where it was shown that it agreed with the
classical Weyl formula; if W is not short-range, then the classical Weyl formula fails
and analogues of strong and intermediate degeneration take place (for a discussion
of the types of degenerate elliptic operators, see [5, 15, 19]).

The reduction to an operator on a torus (with a subsequent reduction to different
operators) also gives asymptotic formulae with remainder estimates or even two
terms of the asymptotics for a series of eigenvalues of H + W accumulating to a
boundary point £ of the essential spectrum of H + W; the corresponding results
will be published elsewhere.

In [4], the asymptotics of Ny (t; H — £; W) was computed; this case has special
subtle features.

Variational arguments allow one to deduce from the results of this paper the
principal term of the asymptotics for non-smooth potentials—see e.g. [19, Section
11], where the general scheme (based on results by M.S.Birman and M.Z.Solomyak)
is described.

0.2. Now we formulate conditions on V and W.
Let {a?}7_; be a basis in R", and

F:{xER"|x:ijaj, pj €Z,j=1,..,n}

Jj=1

the lattice associated with {a’}.

Let V be a real-valued I'-periodic function of the class Lo (R™); the correspond-
ing multiplier will also be denoted by V.

H=-A+V isan operator in Ly(R™).

Let W satisfy the following conditions:

(a) There is p € (0,1] such that

(0.1) [(DW)(2)| < C’aW(a:)<:c>_p‘°‘|, Va,

where (z) = (1 + |z|?)/2, C, are independent of z
(b) There are positive constants m_,m,d, d; such that

(0.2) di{z)™™ < Wi(z) < d{z)~™.

In the last subsections of this Introduction, we consider non-negative W and
W having singularities.
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0.3. We need the following construction which is usually used to describe oess(H)
=o(H) (seee.g. [18, Sect.XIII,16], and [19]).
Let {#7}7_; be a basis dual to {a/}7_;:
(o, BF) = 27,
and set .
I={zelR"|z= ijﬂj, p; €L, j=1,..,n}.

j=1
Set

Q= {LL‘ = Zn:tjaj | tj S [O, 1)}7 Q= {9 = anajﬁj | 9j S [071>}
j=1

j=1
We use the usual flat metrics on R”/T" and R /T"*; when we integrate or do local
considerations we identify R”/T" (resp. R® /T*) with © (resp. Q*).
For fixed 6§ € Q*, denote by H(#) an operator —A + V on  with the boundary
conditions
u(z 4+ o’) = exp{i(a?,0)}u(z), Oyu(z+ o) = exp{i(a?,0)}0;,u(x)

(z,x +al € 9Q,j = 1,...,n). This is a self-adjoint semibounded (from below)
operator with discrete spectrum. Let E1(0) < E2(0) < ... be its eigenvalues counted
with multiplicity.

Introduce

do do
= L Q _— = 9 .
£ /Rn*/p oL g M /Rn*/p EHO) T

One can identify £ with Lo(R™ /T*; La(Q)) (2 Lo(Q*,df/ vol *; Ly (S, dx))),
where df and dx are the Lebesgue measures over Q* and 2 respectively, and H
with multiplication by the operator-valued function H(-).

Define an operator U : Ly(R™) — £ by

(0.3) Uf)(@,0) = exp{=i(0,7)}f(z + ).
yel’
This is an isometry, and Y HU* = 'H. Hence

o= U £

j>10eRn™ T+

0.4. Reduction to a pdo on a torus. In the paper, the computation of the
spectral asymptotics is based on the following theorem, which will be proved in
Section 1.

Theorem 0.1. Let W satisfy (0.1). Then
W i=UWU" € L g"(R™ /T End Ly())

—m

(i.e. it is a pdo on R" /T*, of Hormander’s class L, ¢, with the symbol, call it w,
taking values in End Lo(Q)), and w admits an asymptotic expansion

w() =W (=€) + > () (@0;W) (=€) + -,
j=1

where (-); is a “multiplication by x;” operator in Lo(£2).
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If in addition W satisfies (0.2), then
W™= UW U € L)'5 (R™ /T End Ly (),

and its symbol, call it w™', admits an asymptotic expansion
(0.4) w€) =W (=T + D () (@W (=€) + -
j=1

For a detailed formulation and a formula for the full asymptotic expansion of
w*!, see Section 1.

0.5. Asymptotics of N_(t; H — E;W): a reduction to a spectral problem
for a pdo acting in sections of a finite-dimensional fibering over a torus.
Let (67,E%Y) be agapin o(H) , and fix £ € (£7,ET). Let £~ > —oo; then there
is p > 1 such that
(0.5)  Ey(0) < Ey(0) <---< E,(0) <E < Ep1(0)<...,V0eRYT*
Let P1(0) stand for a spectral projection P_o gy (H(0)), and set £L(0) = RanP; ()
and £ = Ugegnsr- £(0). Due to (0.5), Py € C*(R™ /T*;End Ly(2)) and
dimRanP;(f) = p for all # € R* /T*. Hence, £ is a p-dimensional fibering over
R™" /T*, which inherits a structure of an Hermitian fibering from La(R™ /T'*; Ly (£2)).
Clearly, the operators
u(-,0) = PL(O)(E — H(O)u(-0), s <R,
and
ul(-,0) > PL(O) W) (-, 0)

act in C°(R"" /T*; £); we denote them by (E — H); and Wy !, respectively.

1/\/1_1 is a pdo due to Theorem 0.1, and (E — H)j is locally a multiplier by
a matrix-valued function which is positive-definite due to (0.5). Hence, Wy, :=
(E — H)1/2W1_1(E - 'H)i/2 is a pdo acting in C=(R™ /T*; £). To calculate its
local symbols, take an open set U C R /T*. If diam U is small then there exists
an orthonormal basis {u;(-,0)}_, in RanP1(0),0 € U, with u; € C*°(U; L2(Q)).
Thus, we can define a trivialization x : L]y — U x CP by

XTH(1O), - [p(0)) =i (- 0)£5(6).
j=1

By using (0.4) and the composition theorem for pdo (see Theorem 5.8), one obtains
an asymptotic expansion for a local symbol of Wl_ll, call it wl_ll_U_X:

-1 -10 —1,-1
(0.6) Wil gy = Wituy T Wity T

with each term decaying faster than the previous one as £ — oco. For detailed
version of (0.6) see Section 2; here we need formulae for the first two terms only:

w0, (0.€) = (B —H(0))1, W (—¢) ",
where
(B —H(0))5; = [(u;(-,0),(E = H () u(,0) o)1
and
Wiy (0,€) = Wi 0Oy,
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n

Wit (0.6) = SO GD WY (E)(E — HO) wi(-,0),

r=1

(—Do, + ()r) (B — HO)*ui (-,0)) 1, ()

where D; = —i0;.
It follows from (0.6) and (0.2) that Wy, is a symmetric hypoelliptic pdo of the
Hérmander class H, o™ (R™"/T*; £), with symbol positive definite for large |¢].

Hence, the closure of W', call it Wy, is a semibounded (from below) self-adjoint
operator with discrete spectrum (see Theorem 5.12).

For C € R, set W5 ' (z) = W(x)"!—=CW (x)~}{z)~2¢, and construct Wl_ll,C in the
way Wi, was constructed (but starting from W, ! instead of W~'). Theorem 0.1
gives for the symbol of Wﬂl,c an asymptotic expansion (0.6) with the same first
terms (only the tail differs from the one for Wy;'); hence the above consideration

shows that W1_1}Ca the closure of Wl_l%c, is semibounded from below with discrete
spectrum.

Denote by N (t; A) the counting function of the spectrum of a semibounded (from
below) operator A.

Theorem 0.2. Let (0.1), (0.2) and (0.5) hold.
Then there exists C > 0 such that

(0.7) N(tWi') < N_(t; H — B; W) < N(tWh'o)-

0.6. Asymptotics of N_(t; H — E;W): “hypoelliptic case”. The first two
terms of the asymptotic expansion (0.6) for the symbol of Wl_llc are independent
of C; hence results for hypoelliptic pdo (see Theorem 6.4) give the same asymptotic
formulae for the left- and right-most parts of (0.7) (“the same” means that only a
constant in the O-term (or o-term) depends on C). Therefore, the same formulae
hold for N_(t; H — E; W).

In a general “hypoelliptic case” (0.1), (0.2), we have the following theorem.

Theorem 0.3. Let (0.1), (0.2) and (0.5) hold, and let

c_(t,H—E,W))
=(2m)™" zp:meas{(e,g) € Q" xR" | 1 +tW(=€)(E;(0) — E)~* < 0}
j=1
satisfy a Tauberian condition: for any e > 0, there is w > 0 such that
08) c_(t+t'"H—-EW)—c_(t,H—E,W)
=O0(c—(t,H—E,W)t™), ast— +oo.
Then there exists w > 0 such that as t — +o0,

(0.9) N_(t;H— E;W) =c_(t, H — E,W)(1+ O(t™*)).

For the detailed proof, see Section 2.
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0.7. Asymptotics of N_(t; H — E;W): “elliptic case”. Let W be “elliptic”,
i.e. let it admit a decomposition
(0.10) W(z) =W_,,(2) + O(Jz|~™ 1Y), as |z| — +oo,
where W_,, € C*°(R™\ 0;R}) is positively homogeneous of degree —m < 0. Then
(0.6) gives
Wity (0,6) = (B = H(O) 1 W (=€)~ +O(I€]™ "), as €] — +oo,
and the well-known results for elliptic pdo [11, 19] give the following theorem.

Theorem 0.4. Let (0.5) hold, let (0 <) W € Lo satisfy (0.10) with m > 0, and
let W € Lo 10o(R™).
Then

(0.11) N_(t; H— E;W) = c_(H — E;W_p)t"/™ + O@"=D/m),
where

C—(H - E; W—m)

= (271')_”71—1 ZL (W(w)_m)n/mds(z)/ (E — Ej(o))‘”/mde.

Rn* /F*

For details, see Section 2.
Now, let
(0.12)
Wi(z) =W_,(2) + W_p_1(x) + O(|z] ™7 179), as |z| — +oo,

where W; € C*°(R"\ 0) are positively homogeneous of degree j (j = —m, —m —1),
e > 0, and W_,, is positive. Then (0.6) implies that Wl_l}C is (modulo terms of
order less than m — 1) a positive definite classical elliptic pdo of order m, with the
principal symbol

(013) wl_ll,U,)am(avé-) = (E - H(a))%lw—m(_g)_l7
and the next term of the asymptotic expansion of the symbol defined locally by
(0.14)

W Ui 1 (0,6) = —(BE = HO) 1, (W2 W 1)(=6) + wiy 17, (6,€),
where
wil,U7x(6‘7§) = [wlll,U,X;lj(evg)]ijzlﬂ

n

wlll.,U.,)Glj (97 5) = Z(zDTW—_#'L)(_g)

(B = HO) (- 0), (~Dg, + ()r)(E = HO)*ui(-,0))) 1)

For details, see Section 2.

If one knows the first two terms of the asymptotic expansion of the symbol of a
positive definite pdo Wl_l%C acting in sections of a finite-dimensional fibering over
a compact manifold without boundary, one can compute both the principal and
subprincipal symbols of a power Wy := (Wl_ll)l/m:

(015) W1,U,x;p = (wl_ll,U,X;m)l/ma
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(0.16) W1,U,x,s = W1,U,x;0 + % Z 836?1017[]7)(;;0,

|a]=1
where w1, ,y;0 is the term of order zero in the asymptotic expansion of the symbol
of Wi; for the formula for wq,u,y;0, see [20]. Formulae (0.13)-(0.16) taken together
provide complete information about the principal and subprincipal symbols of W;.
In particular, the eigenvalues of the principal symbol of W; are given by

1i(0,6) = (B = E;(0) /™ (W_, (=)™, j=1,....p.
Under certain non-periodicity condition on bicharacteristics of p;, there exist gen-
eral two-term asymptotic formulas for the counting function of the spectrum of
elliptic operators [11] (see also [19]), but in the case of non-constant multiplicities
of p;, the result is only announced in [11].

By applying results of [11] to (0.7), we obtain the following theorem (modulo
reservations in the case of non-constant multiplicities of y;).

Theorem 0.5. Let (0.5) hold, let (0 <) W € Loo(R"™) satisfy (0.12) with m > 0,
let W=t € Loo 10c¢(R™), and let the bicharacteristics of pj, j = 1,...,p, satisfy a
non-periodicity condition of [11, 19].
Then
N_(t; H—E;W) = c_(H — E;W_p,)t"/™

0.17
(0.17) Fer(H — By We; We g EO=D/m (=1 /m),

For a (rather complicated) formula for ¢;(H — E;W_,,,; W_,,,_1) in terms of
wy,p and wy g, see [11].

0.8. Asymptotics of N, (t; H — E;W). For the case W a short-range potential,
the principal term of asymptotics was calculated in [9, 3]; V was not necessarily
periodic. In [9], W(z) < C(z)~™,m > 2, and in [3], W € L, ,2(R"),n > 3. The
result of [9, 3] reads

(0.18)
Ny(t; H — E; W) = t"2(27) " v, W2 (x)dx + o(t™?), as t — +oo,
]Rn
where |v,| is the volume of the unit ball in R™.
If W satisfies (0.1), (0.2) and there exist C,c¢ > 0 and a cone K such that
(0.19) Wi(x)>c{x)™™, VeelkK, |z|>C,

this integral converges if and only if m > 2. We calculate the principal term of the
asymptotics, with a remainder estimate, in cases when m < 2.

Theorem 0.6. Let W obey (0.1) and (0.2) with m = 2, and let W admit a repre-
sentation

(0.20) W(x) = W_s(z) + W(z),
where W_y is positively homogeneous of degree —2, positive on some set, and
(0.21) W' (2)| < Cla| 27,
for some € > 0.
Then

(0.22) Ny(t; H — B;W) = ¢(W_o)t"?(Int + O(1)), ast — +oo,
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where

0.23) (W) = (27) " un |21 /S W (2)"2da.

Theorem 0.7. Let W obey (0.1) and (0.2) with m € (0,2) and admit a represen-
tation

(0.24) W(x) = W_p,(z) + W'(z),
where W_,, is positively homogeneous of degree —m, positive on some set, and
(0.25) (W' (2)] < Cla|~™,

for some € > 0.
Then there exists w > 0 such that

(0.26)

Ny(t;H — E;W) = cy(H — E,W_,)t"/™(1+0(t™*)), ast — +oo,
where
(0.27)

cr(H—E,W_,)
+oo
= (2n)"n"! / W () ™ da: / > (E;(0) — E)™"/™do,
Sn—1 R2T/T j=pta

and p is the same as in (0.5).

Remark 0.1. The series in (0.27) converges if and only if m < 2, and the integral
in (0.18) converges if and only if m > 2, so m = 2 is an “intermediate case”
between these two essentially different cases. Similar three cases arise in the theory
of degenerate elliptic operators (see [5, 15, 19]).

Remark 0.2. Theorem 0.6 is valid for any V' € Lo (R™).

Theorem 0.6 will be proved in Subsection 3.1, using a rather elementary method.
The “strong degeneration case” m < 2, when the principal term of asymptotics is
expressed via an operator-valued symbol, requires a heavier machinery. In Sub-
section 3.2, we shall use a modification of the proof of the general theorem of the
approximate spectral projection method [16, Section 22|, for pdo with operator-
valued symbols. In fact, we shall prove the following result which is a bit more
general than Theorem 0.7, and then derive Theorem 0.7 from it.

Theorem 0.8. Let W obey (0.1), (0.2) and (0.19) with m € (0,2), and let
(0.28)
cr(t H — E; W)
+oo
=(2m)™" > meas{(z,0) € R" x R" /T*| 1 — tW(x)(E;(0) — E)~" < 0}
Jj=p+1
where p is the same as in (0.5), satisfy a Tauberian condition (0.8).
Then there exists w > 0 such that

(0.29)

Ni(t; H—E;W)=cy(t; H—E; W)L +0(t™%)), as t — +oo.
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0.9. The case of non-negative W.
Theorem 0.9. Let W > 0 satisfy (0.19) and the condition
(0.30) |DW ()| < Colz)~™lele v q,

Then:

a) if m > 0 and (0.8) holds, then (0.9) holds;

b) if m = 2, and (0.20) and (0.21) hold, then (0.22) holds but with o(Int) instead
of O(1);

c)if m € (0,2) and c4(t; H— E; W) satisfies (0.8), then (0.29) holds; in partic-
ular, if (0.24) and (0.25) hold then (0.26) holds.

0.10. Singular perturbations. For v € I and W7 : R® — R, define a multiplier
in LQ(Q)
Wi(- +7) s u(z) = Wiz +v)u(z),
and set _
OW)(+7)=Wi(-+v+a?) = Wi(-+7).

Theorem 0.10. Let W satisfy (0.1), (0.2), and let W1 > 0 satisfy
(0.31) 103, -0, Wi (- + ) e Loy < CoW (1) (1) ™7,

where € > 0 is independent of 1,i1,... ,1;.

Then all the statements of Theorems 0.8 and 0.6-0.9 remain valid for
Ni(t; H — E;W + Wh), the right-hand sides of all the asymptotic formulae re-
maining expressed via W.

The sharp remainder estimate (0.11) holds if e = 1, and a two-termed asymptotic
formula (0.17) holds if € > 1.

0.11. In Section 1, we study a pdo on a torus. We prove Theorems 0.2-0.5 in
Section 2, Theorems 0.6-0.8 in Section 3, and Theorems 0.9 and 0.10 in Section 4.

In Section 5 we list necessary theorems of a calculus of pdo with operator-valued
symbols, and in Section 6 we state two general theorems of the approximate spectral
projection method for pdo in R™ [16] and prove two analogues of one of them for
pdo on a torus.
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1. A STUDY OF A PDO ON A TORUS

1.1. Let p € (0,1], and let W : R® — C and f € C'(R") satisfy the following
conditions:
(a) For any [ € Zy,

(1.1)
a(Ws fip) = max sup 162+ 85 W (- +7) lBna a0y F(3) 1) < o0,
YyE

with max taken over all [-tuples of integers belonging to {1,...,n}.
(b) There is C such that

(1.2) [(V)(@)] < Cf(x)(x)~".
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(c) There are d; > 0,d, m1, m such that
(1.3) di{x)™"™ < fz) < d{x)™™.

We write W € F,(f). F,(f) is a Frechet space with ¢;(+; f; p) as seminorms.
Let U be defined by (0.3). We set W := UWU*. Tt acts as follows:

1 o o
vol Q* ;W(“W /Q exp{i(0" — 0,7)}u(z,0")do".

Wu)(z,0) =

We shall regard W as an operator in Lo(R™ /T'*; Ly(Q)). The aim of this section
is to show that W is a pdo on R™" /T, a compact manifold without boundary, with
the symbol taking values in End Lo(Q), the space of bounded linear operators in
L2(2). We shall use local charts

kj o (R D)U; — U} (C R™ /T™))
such that k! o k, is the restriction of a linear operator in R™; for & a local chart,
K5 C(UY) — C5E(U), (w71 : G52 (U) — C5o(UY)

stand for the corresponding maps.
We shall also need the following simple corollary of (1.2)-(1.3).

Lemma 1.1. There are C = C(f),N = N(f) such that for all z,y,
(1.4) F(y) < CH@)(1 + o — ).
Proof. Clearly, there is C7 > 0 such that

(x)?{y)~? < Cp, provided |z —y|< (x)?/2.

Fix ¢ < min{1/2,(CC;)~'}. Taking the supremum over a set of all (z,y) with
|z — y| < ¢{x)” and applying the Lagrange formula and (1.2), we obtain

sup f(2)"'f(y) < 1+ sup f(z) 7 [f(y) — f(2)]
< 1+ (@)’ f(x) " sup [V f(y)|
< 14 cC(x)? f(z) ' sup f(y)(y)~°
<14 cCCysup f(x)~ ' f(y).
Hence,
f) < (1 =cCO) (), i | —y| < cla)”.

Clearly, f~! also satisfies (1.2). Therefore, applying the previous argument to f~1,
we find ¢ > 0 and C5 such that

fly) < Cof(x), if |z—y|l<cy)”

Thus, (1.4) holds if |z — y| < emax{(z)”, (y)?}, with some ¢ > 0, but if | — y| >
cmax{(x)?, (y)*}, then we deduce (1.4) from (1.3):

F) @)™ < Cla)™(y) ™™ < CC(1+ |z —y)™,
where Ny = 2max{0, —m,m_}/p, Cy = max{l,2c=2/7}. |

The next lemma describes an especially nice subclass of F,(f).
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Lemma 1.2. For all j, let
(1.5) G(W; fip) := sup sup| DW (z)| f(x) " (z)1*! < oo,
le|<j R

Then (1.1) holds.

Proof. Without loss of generality we may assume that {a/} is the canonical basis
of R™. Then

(5jW)(x+’7)=/0 (BjW)(x—i—'y—i—taj)dt,

1 1
(65, - --6ij)(x—|—'y) = / / (9, -+~ 8jPW)(1'+’7+t104j1 4. -—|—tpajp)dt1 e dty,
0 0

and due to (1.5)
| (85005, W)(- +7) l|End Lo
<Cp sup  flz){@) " < Crpf(r)(n)~"*
lz—y[<p+1

(the last inequality follows from the similar inequality obtained in the proof of
Lemma 1.1). |

If W satisfies (1.5) we write W € F,)(f); this is a Fréchet space with ¢} (-; f; p) as
seminorms.

1.2. Some definitions of the theory of pdo on a torus. Let B be a Banach
space. L=°(R" /T*; B) stands for a class of integral operators whose kernels are
of the class C=(R" /T* x R*" /T*; B).

Let f satisfy (1.2)-(1.3), and set A(z) = (x). We say that a € S, o(f;R™; B) if
and only if

nm(a; f;p):= sup sup | D?Dfa(x,g) s f(=6)~ e <00, m=0,1,....
loe+|B]<m R2"

It is a Fréchet space with n,,(; f;p) as seminorms. We set

ST*®(R™; B) := ﬂ S,0(A™; R"™; B).

If A is a pdo with symbol of the class S, o(f;R"; B), we write A € L, o(f;R"; B).
We say that A € L,o(f; R /T*; B) if and only if the following two conditions
hold
a) for any ¢, € C°(R™" /T'*) with supp ¢ Nsupp ¥ = 0,

oAy € L™*(R™ /T"; B);
b) for a local chart x : U — Ul and any ¢, € C§°(UY),
PAY = (K71)" (¢ 0 k) Au(t 0 K)A™,

where A, € L, o(f;R"; B).

The symbol a, of A, is called a local symbol of A. Under the conditions
imposed on the local charts, local symbols give rise to the global symbol a, which
is a well-defined function on T*(R"™ /T*) modulo symbols of the class S=°°. We
write a € S, o(f;R" /T*; B).

If B =C, one omits B in all the notation.

For further information about pdo of these classes, see Section 5.
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1.3. Calculation of the symbol of WW. We want to show that W belongs to
Lyo(f;R" /T*;End Lo(Q)) and calculate its symbol. In doing so, we may use
b, € C®(R™ /T*) with sufficiently small diam supp¢, diam suppa).

Lemma 1.3. Let ¢,p € C(R™ /T*) satisfy the following condition: there are
j€{l,...,n} andc>0 such that

(1.6) lexp{—i(0 —0,0’)} =1 >¢, V0 csuppo, 0 € supp.
Then Wiy € L=°(R"™ /T*; End La(Q)).
Proof. Take 6 € supp¢ and j from (1.6). We have
S [ W) explild — 6,9) (O )ul-, )

yel’ /F*

= W(4+~+a?)exp{i(0 — 0,7+ a?) (0" )u(-,0")db’

=3 [ W e = 0.9)) (i — 0,0 Jo Yt 00

~ver
+§‘/]Rn*/f‘* (5]W)( +'Y) exp{i(ef _ 6‘77)}61(13{7;(9/ _ 97aj)}¢(6./)u(.,9,)d6‘/.
By substituting W (- +)(1 — exp{i(¢' —0,07)})~" for W(- 4 v), we obtain
Z/ﬂw/r* W (- + ) exp{i(0' — 0,7)}(0")u(-,0")do

yer
= X 9 —9 CYJ -1 5JW .
;/nmep{ =17 W +)
x expli(0' — 0,7) (0" )u(-, 00’

Tterating this procedure of “summation by parts” we get, for any N,

S [ W) expli(0 — 0,0) (O a0

= Z/n (exp{—i(0 —0,0a%)} — )_N((S;\TW)(' +7)

~el /T

x exp{i(0" — 0,7) 1 (0" )u(-, 0)dd".
On the support of the integrand, the first factor is bounded due to (1.6), and the
second one admits an estimate

IH(&W)(+7) < Cny)™™ ", V€T,
due to (1.1). Take N > (n —m)/p and u € C®(R"™ /T*; Ly(2)); then we can do
the summation first to see that pWW¢ is an integral operator with the kernel
(1.7)

K(W,$,1;0,0")

1 - j -N InysN Lo
= o (e {0 — 0,00)} = 1) 7NGO)Y(O) N W(- + ) exp{i(¥! — 0,7)}.

yel’
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Hence

|| K(VVv ¢7 1/)7 97 9/) ||End L2(Q)S C(VV, ¢7 1/)) Z<,y>—pN—m =01 (Wa d)a d))

yel

uniformly in 6, 6.
To obtain the similar estimate for a derivative Dg‘Dg,K(W, 0,1;0,6"), we take

N > (n—m+ |a|+|8])/p and differentiate (1.7). O
Lemma 1.4. Let k : U — U be a local chart with small diam U, and let ¢, €
Cge(UY).

Then
(1.8) W = (k71)"(¢ 0 ) (Bp,0 + Bre,oo) (¥ 0 )K",

where Bio € Lyo(f;R";End La(Q2)) has the symbol by o = by o(§), which is inde-
pendent of 0, and By - € L™°(R™; End Ly(2)).

Proof. Fix u € CFR), 0 < p < 1,ut) =1 (J¢] < 1),u(t) =0 (Jt| > 2), and for
M > 1, set

WM(JZ)ZILL(|13|/M)W(JU), W_MZW—WM, WiMZUWiMU*.
Then Wy, satisfies (1.1) uniformly in M > 1. Take u € C®(R"™ /T*; Lo(Q2)).
Integration by parts gives

W-nrpu) (-, 0)

1 . _
— g S Wewl) [ L 0} )

vol *
yell

X (1 - Ag/)N1/)(9/)u(:E, 9’)[19/

Take N > n —m; since |x| > M for x € supp W_,,, we have

sup | Woaru) (-, 0) o< COV,N) 37 ()N =0,
OeR"" JT* b

as M — oo. To obtain similar estimates for Dg (W_ptpu), we take N > |a|+n—m.
Thus, W_pu — 0 in C®(R™ /T*; Ly(Q)) as M — oo.
It follows that (1.8) will be proved together with the formula

(1.9) OWarth = (K1) (¢ © ) (Br,p,0 + Brearo0) (¥ 0 KK,

where
(a) Br,mo € Lyo(f;R™End La(Q)) and By a0 € L™°(R™;End Ly(£2)) uni-
formly in M,
(b) By, a0 has the symbol b, ar,0 = by ar,0(€) which is independent of 6, and
(c) The limits

(1.10) bro(§) = A}linoo b, a1,0(8),

(1.11) br,00(0,8) = N}im br.,00,0(0,&).

exists uniformly on any compact set in R™ and U x R™ respectively.
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Take x1, x2 € C§°(U) such that (¢ok)x1 = ¢ok, (Yor)x2 = Yok, x2(0) =1 for
0 € supp x1, and put

(Waru)(-,6')

— 1 / - n! / /!
e 2+ [ @@ exsp(i(@ 0.3 uta 0)as'
This is an integral operator with the kernel

D W+ 1)xa(0)x2(0) exp{i(0' — 6,7)}.

yel’

K(WM7 X1, X2;5 97 6/)

vol O

Therefore, Wy is a pdo with the symbol

(1.12)
M(G, 5) = /n Xl(G)X2(9 + 0’)K(WM, X1, Xx2; 0,60 + 9/) eXp{i(G', 5)}d9/
= vollQ* /Rn X1(O)xa2(0+0') > Was(- + ) exp{i(6/, v+ €) 1.

yel’
Take x € C§°(R™) such that x(0") = 1 on the support of the integrand in (1.12),
notice that
x1(0)x2(0 +0") = x1(0) 4+ r(6,6"),
where
(1.13) Dy D§r(8,8)] < Clv,w, N6,
for all N and all multi-indices v, w, and set

ba0l6) = woigge [ X0 Y Warle+ ) exp(i(0', 7 + )}ae',

yel

bar,0(0,€) = x1(0)baro(€),

a1 (06) = g [ 0.0 S War ) exp{i(0' 5+ €)'

~el
Clearly,
w(60,€) = baro(0,€) + baroo (6, 6).
Integration by parts gives
(€7D DZbar,00)(0,€)
1

= ol §r(0.6) ;WM (- + 70" exp{i(6/,7)} Df, exp{i(¢/, €) }do!
— 1 _1\lel no o ’ NP
~ vol QF R"( 1) Dg, (De T(Gv 0 )X(G )9
x exp{i(6',7)} Z War(- + ) exp{i(¢,&)}db’.

yel
The estimate (1.13) allows us to sum by parts as in Lemma 1.3 and obtain

1 €7 D§ Dbar0o(0,€) llpnd Loy < Cloya, B) Y (4) ™" = Ci(0, 0, B),

yell
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uniformly in 6, §; similarly, for M7 > M > 1,
| €7D DY (bar.oo(0,€) = baty 00 (0,)) [[End Lo < Cloy e, ) Y (7)™ =0
[v|>M

as M — oo, uniformly in 6, from a given compact.

Hence, bysoo € S™°(R™; End Ly(2)) uniformly in M > 1, and the limit (1.11)
exists with bee € S™°(R™; End Lo (1)) .

Now we consider

1 .
beMﬁ(f) = Solar / x(0") Z War(- + 7)6"[3 exp{i(0',y + &) }do'.
R yel
Set
0% =l a fa0) = [ ((exp{=i(0},a))} —1)7'6}) % x(0"),
1<j<n

sum by parts and integrate by parts:

ngM,o(f)
el CEIAL )
X > (W) (- 4+ 1)y + ) expli(8, v + ) }db.
yel

Let N be as in (1.4). Then due to (1.1) and (1.4),
16" War) (- + 7y + &M || < Cony () (1) Py + €720
< Crpm f(=O + M) T < Co g, F(=€)(6) 7PNy + N HAAImEN,
Taking N1 > (n + p|8| + N)/2, we obtain

| D?bM.,O(f) [nd o) < C1(8, N) f(=€)(€) 1AL,
Similarly, for M7 > M > 1,
|| D?(bMO({) - le,O(f)) ||EndL2(Q))§ C(ﬂ,N) Z f(7)<’}/>_p‘6|<’}/ + €>—2N1 0
Iv|>M

as M — oo, uniformly in £ from a given compact.
Hence, baro € Sp0(f; R™; End Lo(Q2)) uniformly in M > 1, and the limit (1.10)
exists with by € S, 0(f;R™; End L2(Q2)).

This completes the proof of Lemma 1.3. O
Lemma 1.5. Put
(1.14)
1
w(§) = lim lim

it o [ S (010 War -+ ) explil8 oy + )}t
~el
Then bp —w € S™°(R™; End L2(Q)).

Proof. The arguments from Lemma 1.4 show that
(1.15)

bo(§) = lim

M—oo vol )*

LX) W) exfi0', 7+ €0}

yel’
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Hence
w(©) = bo©)
= g [ GO0 =X Wil ) xpli@'y + )
By integrating by parts, we obtain
w(©) — bo©)

= lim lim —— / Z (L+ |y + &) YW (- + ) exp{i(¢, v + &)}

M—o0 t—00 VOl %

(1= D)™ (u(|0'] /) = x(6"))d¢’

lim lim
M— 00 t—oo vol Q*

/| S0+ €)W+ ) i1 +.)

< (u(10"]/t) — x(6"))de’

* h£>noo tli>120 VO]. O

/ Z1+|7+§|) NWar (- +7) exp{i(@, 7+ )}
<{(1= 29) = 1} (=x(0') ¢’

M—o0 t—00 VOl O*

+ hm lim ——— / Z L+ |y + &) Y War (- + ) exp{i(@, 7 + €)}

<{(1 = Dg)™ = 13 (u(|0'|/1)d0".

Fix £ and N > (n — m)/(2p); then all the integrals converge absolutely and are
uniformly bounded. Passing to the limit under the untegral sign, we obtain

w(§) — bo(€)

= lim / Z L+ v+ €5 NWM( + ) exp{i(0',y + &)} x

T M—oo VOl %

X(l — AQI)N(I — X(G/))del

Since 1 — x(¢’) = 0 in a neighbourhood of 0, we can sum by parts and prove that
w — by € ST(R™; End L2 (2)). |

By combining Lemmas 1.3-1.5, we obtain the following theorem.

Theorem 1.6. W € L, o(f;R™ /T*;End Ly(2)), and its symbol is given by (1.14).
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1.4. A formula for w in the case W € fpo(f). Define the formal power series
LJ € C[[S7t]] = (C[[Sla ce 7Snat17 ce 7tn]] by

Lj(s,t) = tj(exp{is;} — 1)/ (exp{it;} — 1),
and set

L= (L,...,Ln), L'(s,t) =5~ L(s,1),

L¥(s,t) = L*¥=Y(s, L(s, 1)), k=23, ....

Since Lj(s,t) € >, siC][s, t]], there exists the limit
L*>(s) = klim LF(s,1).
Set .
BD) = 5 [ (- expli(e, L¥(~D))}do € C[1Du...., D, .
vol 2 Q

Since L;(s,t) = s;j+ terms of order greater than 1, we have L'(s,t) = 0 mod s, and
L(D) = I+ terms of order greater than 1.

Theorem 1.7. Let W € F)(f). Then

(1.16) we) ~ S iy anyrw-e,

la|+5>0

where
()% : La(92) 3 u(z) — z%u(z) € La(2).

The asymptotic sum in (1.16) is understood in the usual sense: let

> Limyanr = 3 e00”,

jal+s20 @ 18>0
then (1.16) means that, for any N,
(1.17) w(€) = Y es(NDW)(=6) +7w(8),
IBl<N

where ry € S, o(fA~N?;R™ /T*; End Ly(Q)). In particular,
(1.18) w(§) = W(=£) +

J

(1) (GD;W) (=€) + 12().

1

Proof. The argument used in the proof of Lemma 1.4 shows that it suffices to prove
(1.17) for W € C5°(R™), provided for any j

(1.19) nj(ry; fAPN;p) < C) (W fip),

where C, [ depend on j, p, f, N, and n, but not on W.
Due to Lemma 1.5 (see (1.15)), we have modulo S™>°(R"; End L2 (2)):

W) = g [ 0X(O) S W) exp{i(0' 1+ €))
yel’
(1.20) - > Yo+ ¥ e,

la|<N la|=N
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where
1 / / - « . /
wal) = g [ a6 ) S GDI W) expli(07-+6)
1
€)= g L ax©) [ 0T GDI W) +1)esplit 1 +©)

In (1.20) and below, “modulo S™°°” has a meaning similar to (1.19), namely, that
S~ >-seminorms of an “error term” admit estimates via seminorms of W € .7-'2( 1)

Due to (1.5), ((iD)*W)(t(-)+7) € F,(fA~1*?) uniformly in ¢ € [0, 1]. Therefore
Theorem 1.6 gives

(1.21) T € 8,0(fATIP R /T End Ly(Q))
with r,, satisfying (1.19).
For V € C§°(R™), set Vi(z) = V(- ) We have

i / a'x( V) explid!, € + 7))

_ 1 /
= o /Rn de’x ZVl Yexp{i(0',& —7)}

yel

(1.22) = v1(§) +v2(¢),

1 ’ ’ 1 o
ul6) = vol Q* /Rn do X(e);VOIQ/devl(’y-f-ﬁc)eXp{l(a75—7_3@)},

1 L 1
va(8) = vol O* /Rn 4076 )’;volﬂ /dex

X (Vi(v) = Vi(y + ) exp{—i(0/, 2)}) exp{i(¢',§ — 7)}-
Clearly, modulo S~>°(R"™),

w© =@ [ arn®) [ devia) explit. €~ )}

(1.23) =Vi(§) =V (=9),

and ) )
/ /
va(8) vol Q* /Rn 40X (0 ); vol

(1.24) x ((I —exp{i(z, Dy — 0")})V1)(7) exp{i(0',€ — )},

the RHS in (1.24) being understood in the sense explained in Section 5.
Write the summation by parts formula in the form

(1.25)

D Vime exp{—=i(6,7)} = > (L(D,0)“V1)(7) exp{—i(6,7)},

yel’ yel’

where
L(Da H)UJ = Ll(Dv G)W1 e Ln(Da 9)0-1”7
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L;j(D,0) = 0;(exp{iD;} — 1)/(exp{if;} — 1).
Set
L(s,t) = s — L(s,t), LF(s,t)=L"1(s,L(s,t)), k=2,3,....
By substituting (1.25) into (1.24), we obtain

1 , 1
v (&) ~ volQ* Jgn HX(&) ; vol /de

(1.26) x ((I — exp{i(z, L'(D,0))HV1)(7) exp{i(0', € — 7)}.
By iterating this procedure and using Theorem 5.6, we obtain (1.26) with L* instead
of L',k =2,3,.... Since Li(s,t) € 3_7_, 5;C][s,t]], we have
(121 (@)~ g [ a9 S EDm) explild. =),
VOlQ*
'yEF
where )
L(D) = T Q(I — exp{i(x, L*(D))})dx.
It follows from (1.22), (1.27) and (1.23), that

(1.28)

[ ) S~ ORI expfi(0' €~ 1)} ~ TA(6)
VolQ

~el
Replacing V4 in (1.28) by EjZO L(D)'Vi and using Theorem 5.5, we obtain

1 /
—ror /Rn % ZV yexp{i(0', € + )}

yel’

(1.29) ~ D (LDYVI)(E) = Y (LDYV)(=E).

7>0 7>0
We apply (1.29) with V' = (¢D)*W to (1.20); then (1.20) and (1.21) give (1.16). O

2. ASYMPTOTICS OF N_(t; H — E; W)

2.1. Auxiliary variational lemmas. We shall need the following definition and
lemmas.

Let 2 be a quadratic form in a Hilbert space $), with a domain D(2), and let
V C D(Q) be a subspace. We assume that A is closable, and we set

NAA V) =sup{dimL | LCV, Au] < A|ullf V(0 #)ue L}

For A an operator in ) and A[u] = (Au,u)g, D(A) = D(A), write N(\, 4, V)
instead of N'(\, 2, V).
For A a self-adjoint operator and (a,b) C R, set N((a,b); A) = dim Ran P, 3 (A),
where P, ;)(A) is a spectral projection of A. Set also N(\; A) = N((—o0,\); 4).
The following lemmas are well-known and widely used; for proofs, see e.g. [6,
16, 18].

Lemma 2.1. Let A be a semibounded from below self-adjoint operator with the
domain D(A).
Then N(\; A) = N(\; A; D(4)).
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Lemma 2.2. N(\;2; V) is independent of V provided V is a core of the form 2.
Lemma 2.3. If Aju] < Aq[u] Yu €V, then

N A V) S NXGA V).
Lemma 2.4. IfV C V3, then

N V) SN A W).
Lemma 2.5. Let Hs be a Hilbert space, s a quadratic form in Hs, Vs C D(s) a
subspace (s =0,1,...,7), let

P vi—1

1<s<r

be an isomorphism, and let

Aoll(u, .. yup)] = > Asu].

Then .
NN 0; Vo) = Y N A; V).
s=1

2.2. Proof of Theorem 0.2. The Birman-Schwinger principle implies that
Ni(t; H —FE;W) is equal to the number of positive eigenvalues counted, with mul-
tiplicity, of a problem

(2.1) u=+pWV2(H — E) "Wy, u e Ly(R™),

belonging to (0,¢) (see [1, 9]). Let U be an isometry defined by (0.3), and set
H=UHU*W =UWU*. Then we can deal with the problem

(2.2) u=+pW(H - E)"twt %y
instead, and Lemmas 2.1, 2.2 and 2.5 give
(2.3)

Ni(t;H — E;W) = N(O;W™ Ft(H — E) C(R" /T*; Ly(Q2))).
Denote by P1(0) a spectral projection P(_o g)(H(0)), and set Po(f) = I — P1(0).
We have P; € C°(R"™ /T*; End Ly(Q)). For j = 1,2, define an orthoprojection P;
in Ly(R™ /T*; Ly(Q)) by
(Pju)(z,0) = P;(0)u(,0),
and set £; = P;j(C°(R™ /T*; L2(2))).
It follows from (2.3) and Lemma 2.4 that
(2.4) N_(tH—E;W)>NO;W™ +t(H - E)™ L),

which is the estimate from below in Theorem 0.2.
To obtain the estimate from above, we note that it follows from (1.18) and
Theorem 5.8 that

W™ Pj] € Lyo(W™ AP R™ /T End Ly (Q));
therefore, for u € C®(R™ /T*; Ly(Q2)),

Wy, u) = Z Wy, ui) + (Kug, ug),
j=1,2



EIGENVALUE BRANCHES OF THE SCHRODINGER OPERATOR 877

where uj; = Pju and K € L, o(W~'A=7;R"" /T*; End Ly(1)).
Set

Wy s(x) =W (z) (z)°, Wys=UW, U".
By Theorem 1.6, W,.s € L, o(W, s;R" /T*;End Ly(Q)); therefore Theorem 5.8
gives

K, = Wl/Z,OK S Lpﬁ()(W_l/Z_p;Rn /F*,End LQ(Q))

For any € > 0, there exists C. > 0 such that
[(Kur, uz)| <[] Krun || | Wiz, 0u2 [|< €V )5 gW_1/2, 0U2, u2) +Ce (KT Kqui, u1).
By construction, le/z_row_l/g,o = W~!; therefore

W, u) > (WA = )ug, ug) + (W™ — C. KT Ky )ug, ug).
Clearly,
(H- E)_lu, u) = Z (H- E)_luj7 uj>7
j=1,2
whence
(W +t(H - E) Yu,u)

> (WA =€) +tPo(H—E) Yug, ug) + (W™ = C. K7 K1 +tP1(H—E) ™ u1, 1),
and we deduce from (2.3) and Lemmas 2.5, 2.3 that

N_(t;H—E;W) < NOW (1 —€) +tPo(H — E) 1 L)

(2.5) +NO;W™ — CK{ Ky +tPi(H— E)™ % L1).

Fix € € (0,1). Then W1(1 — ¢) is positive definite, and since Po(H — E)~! > 0,
the first term in the right-hand side of (2.5) is zero. Now Theorems 5.8 and 5.9
give
Ky = Wl/QﬂpKfK]_Wl/Q)p S Lp)o(l;Rn /F*,EndLg(Q)),
and by Theorem 5.10, K» is bounded in Lo(R™ /T*; Ly(Q)). Hence, there exists
C > 0 such that
—CK{Ki > —CW_1,_3,
and due to Lemma 2.3, we can replace —C. K} K in (2.5) by —CW_1 _5,. Thus,
N_(t; H—E;W) < N(O; W™ —COW_1 o, +t(H — E)™*; L1),

which is the estimate from above in Theorem 0.2.
Theorem 0.2 is proved.

2.3. Proof of Theorem 0.3. By applying Theorems 1.7 and 5.8, we obtain for
local symbols of Wl_ll,C a representation (0.6) with

wl_llU_i €S, 0(W_1,—, : R";End CP)

and the tail belonging to S, o(W_1,-2,;R"; End C”). This means that conditions
(6.4)-(6.8) of Theorem 6.4 hold with

M=R" /T f =W(=7" (0. =(E-EOOW", j=1,....p

and (0.8) is imposed in both Theorems 6.4 and 0.3. Hence, all the conditions of
Theorem 6.4 hold, and Theorem 0.2 together with (6.10) gives (0.9).
Theorem 0.3 is proved.
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2.4. Proof of Theorem 0.4. If W admits a full asymptotic expansion
Wi(z)=W_p(x) + Wemm—a(z) +--+, as |z] — +oo,

then Theorem 0.2 is applicable with p = 1. By applying Theorems 1.7 and 5.8,
we find that Wl_llc is an elliptic classical pdo with the principal symbol having
eigenvalues

(2.6) 15(6,€) = (B;(8) — EYW_u(—€) ",

Well-known results for elliptic pdo (see e.g. [11, 19]) give
(2.7) N(tEWhe) = e (H — BE;W_ )t ™ + o(tn=D/m),

with the constant in the O-term depending on C.

Thus, under an additional assumption Theorem 0.4 is proved, and the proof in
the general case is reduced to this special one as follows. Let W € C'* (R™;Ry4) be
a function which coincides with W_,,, outside the unit ball. Then due to (0.10),
there exists C7 > 0 such that

(28) W =W =G S W S W =W G

Set W;él = uW;élu*. Using Lemmas 2.1-2.3 and (2.8), and arguing as at the
beginning of the proof of Theorem 0.2, we obtain

N(O;WZE, +t(H — E)™5 0% (R™ /T Ly ()

< N_(t; H - E;W)

(2.9) SNO;WG +1(H - B)"5C°(R™ /T Ly(Q)).
The functions W£é1 satisfy the conditions
0°W L, ()] < Calz)™ 1o,V a,

W;él > co{x)™  for |x| > Oy,

where co > 0. Therefore we can argue as in the proof of Theorem 0.2 and obtain

(2.10)
N(t:Wh'_,) S N(O; WL +t(H — E)™H C°(R™ /T Ly(92))),

(2.11)
N(t:Wii'e,) = N(0; W + t(H — E)™' C®(R™ /T*; Ly(Q))),

with some Cy > 0. Here V~Vl_11 +co, are constructed in the way Wl_llc were con-
structed. R
By applying Theorems 1.7 and 5.6 we find that Wl_llc is an elliptic classical

pdo with principal symbol having eigenvalues (2.6). Hence, for N(t; Wlll,c) the
asymptotic formula (2.7) holds.
Now, (2.7) and (2.9)—(2.11) give (0.11), and Theorem 0.4 is proved.
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2.5. Proof of Theorem 0.5. If W admits a full asymptotic expansion then
W satisfies conditions (0.1) and (0.2) with m = m_,p = 1, and W~! admits
the asymptotic expansion

W) =W (z) = W2 (@)W_p_q(z)+---.

—m

Hence, Theorems 1.7 and 5.6 say that Wl_ﬁc is a classical pdo with the first two
terms of the asymptotic expansion of the symbol given by (0.13) and (0.14). The
principal symbol being positive, we may add a smoothing operator (an operator
of order —oo) and obtain a positive definite operator (this leaves both the princi-
pal and the next term of asymptotics unchanged); after that, we can consider the
counting function of 1/m-th power of the (closure of the) operator under consid-
eration. The principal and subprincipal symbols of this power are given by (0.15)
and (0.16), and the results of [11] give (0.17) (modulo the reservations mentioned
before Theorem 0.5).

Thus, Theorem 0.5 is proved provided W admits a full asymptotic expansion.
In the general case we set

Wol =W = WA Wy — O™,
notice that due to (0.12) there exists C' > 0 such that
Wel<w Tt <wz),

and reduce the proof to the one for the special case considered above as in the proof
of Theorem 0.4.

3. THE ASYMPTOTICS OF N, (t; H — E; W)

3.1. Proof of Theorem 0.6. Define an isometry Uy : Lo(R™ /T*; Ly(Q)) —
Ly(R™ /T*; Ly(R™/T)) by u(z, ) — exp{—i(, z)}u(z,6), and set

H1 = UyHU;
It is multiplication by the operator-valued function
Hi(0) = iV — 0)*(iV — 0) + V : H*(R"/T') — Lo(R"/T).
Set W1 = UgWU. 1t acts as follows:

1

Wiu)(2,0) = o2 7; Wi(z +7) /Q exp{i(0' — 0,2 +~)}u(z,0)dd,

and trivial modifications of the proofs of Theorems 1.6 and 1.7 give

Theorem 3.1. Let W satisfy (1.1). Then Wy € L,o(f;R" /T*; End Lo(R"/T)),
and if W satisfies (1.5) then its symbol admits a decomposition

wi(§) = W(=£) + (&),
where r € S, 0(fAP; R /T*; End Ly(R™/T)).
Thus, we can use Wy, H; almost as we used W, H before, the difference being
that 7, is not a smooth function on R™ /I'* but all the H;() have the same

domain; note that H; is a smooth function on Q*.
To simplify the notation, we use labels W, H for Wy, H1.
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Lemma 3.2. Let V € Loo(R™) and let E be in a gap of H=—-A+V.
Then there exists C1 > 0 such that

3.1
| (—)A + )P - O (-A+ )P (H-E) P < (-A+ D)L+ Ci(-A +1)732,
Proof. Set B=—-A+1, Wy, =1— FE+ V, and consider
T:=(-A+V—E)'—B'=B'Wi(-A+V — E)"' = B34, B~%/4,
where
Ty := B~YAW (-A+V — E)"1B%4
= B~Y*wy B~V 4+ BmVAW, TR
= B VAW, B7V4 L BTVAW (A +V — E)'w, B4,
We see that T is bounded in Lo(R™). Hence there exists C; > 0 such that
(Tu,u)r,| < Cr || B=u |2,
and (3.1) follows. |
Define an operator A in Ly(R™ /T*; Ly(R™/T)) by
(Au)(z,0) = (—A, + Vu(z, ),
and set B = UgUBU*U; (= (iV, — 0)?> + 1). For any s,m € R,
(=A, +1)%, ((iVy —0)*>+1)°: H™(R"/T) — H™ ?5(R"/T)

are bounded (the latter uniformly in § € Q*). Hence there exists Co > 0 such
that B=3/2 < C,,A=3/2. Further, similarly to the proof of Lemma 3.2, there exists
C'3 > 0 such that

(B~ = A" u,u) | < C5 (A Pu,u)
and using (3.1), we find C' > 0 such that
(3.2) —CA? L ATV <H-E) ' <A A3
The Birman-Schwinger principle, Lemma 2.3 and (3.2) show that
N(O; 1 —tWY2(A™ — CAHYWY2) < N, (t; H — E; W) <

(3.3) <N(0; T — tWY2 AT 4 CAT32HW/2),
Using Lemma 2.2, we obtain
N(0; I —tWY2(A™1 + CA—3/2)wW1/2)
= NO; W™t — (A~ + CA™3/2); C®°(R™ JT*; Ly(R™/T))).

Let W10 be a symmetric positive invertible scalar pdo with the symbol W (—¢)~1,
and W10 its closure in Ly(R™ /T*). Due to (0.2) there exist C, p; > 0 such that

W(z) " Ha)™" < CW (z)~ 17,
Theorem 5.13 shows that (W=10)*(1=p1)/2 ¢ L o(WF(1=r1)/2;R™" /T*), and The-
orems 3.1 and 5.6 give
(T0) /2071 — Wy o) (W) 02 € L (15R" /1),
By Theorem 5.10, this operator is bounded in Ly(R™ /T*; Lo(R™/T")). Hence, there
exists C' > 0 such that

W-1,0 _ C(W—l,O)l_Pl <W-L<W-10 4 C(W—l,o)l_PI.
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Now Lemma 2.3 and the Birman-Schwinger principle allow us to deduce from (3.3)
that

N(0; W10 4 Cy(WL0) =71 — (A7 — CATH/2))
(34) < N(O’ w-10 — 02(]/\}—1.,0)1—1)1 _ t(.A_l + C’A_S/Q)),

where W10 is regarded as an operator in Ly(R™ /T*; Lo(R"™/T)), with scalar sym-
bol.
It is well-known that the counting function of the spectrum of the Laplacian on
R™/T" has the asymptotics
N(t;—A) = cot™? + Ot Y/2) ast — +oo

(see, e.g., [5, 19]), where

co = (2m) 7" v, | vol Q.
Hence, \;,j =1,2,..., the eigenvalues of (—A, + 1)~!, obey
(3.5) A= c/"im L O3, as j — too.
W admits a representation (0.20), (0.21); therefore Theorem 6.4 gives for W—1.0,
an operator in Lo(R™ /T,
(3.6) N(t; W=L0) = ¢ (W_o)t"™? + O(t"*~), ast — +oo,

for some €; > 0, where
1 (W_3) = (2m)~" vol 20" / W_a(€)"/2dS(¢).
Sn—1

Let pp < pz < ... be the eigenvalues of an operator W—10 in Ly(R™ /T'*), counted
with multiplicity. Then (3.6) implies
pit = ct(Wop)/mj=2/m 4 0(j/"%2),  as j — +oo,
for some €5 > 0.
Now (3.4) and (3.5) show that there are Co, C5 and C4 > 0 such that

card{(,j) [i = 1, j > 1,
1< t((Coj_1)2/n _ CQj—B/n)((Cl(W_2)i—l>2/n _ Cgi_2/n_€2)} _ O4tn/2
< Ni(t:H - E;W)
< Cyt"? 4 card{(i, ) i > 1, j > 1,

(3.7) 1< t((coi D™ 4 Coi =3/™) (e (W_g)i 12/ 4 Cqi2/m=e2)},
It is easy to show that
card{(i, j) [i > 1, j > 1,
1—t((coi D™ £ Co ™3™ (1 (W_p)i™H)2/™ £ C3i™2/"72) < 0}
=meas{(z,y)|z>1, y>1, 1— tn/20061(W_2>$_1y_1 <0} + O(t"/2)

- gcocl(W_g)t”/z Int + O(t"/2);

since vol 2* vol 2 = (2m)", we have

n
56001 (W_Q) = C(W_Q),
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where ¢(W_2) is given by (0.23), and (3.7) gives (0.22).

This completes the proof of Theorem 0.6.

Note that as far as V' was concerned we used only the condition V' € Lo (R").
3.2. Proof of Theorem 0.8. Due to (2.1) and Lemmas 2.2 and 2.5 we have
(3.8) Nyt H - E;W) = NO; W' —t(H - E)~ 1 C5°(R™)),
and the right-hand side in (3.8) can be estimated as follows.

Fix € > 0 and p € C§°(R) such that 0 < p < 1,pu(t) =1 for |¢| < 1, u(t) =0 for
[t| > 2. For c € [1/4,2], set

fitec(r) = p(W(@) " e ), fire—c=1— fitece
Hte,dc = ,[Lt,e,:i:c( Z ﬁ%,e,j)_l/zv
j=%c
Wt,_el(z) =W () i, —1/a(2) + tfir,e1)a-
Due to (0.1) and (0.2),
|Dfige.c(w)| < Col|z] +t/m=)7Pl v q,

(3.9) D% pir,e.c(@)] < Calla] + /™)L ¥ a

(3.10) |D“Wt7_€1(:z:)| < OaWt;l(:z:)(|:z:| + te/m=)=rlel v g,
Using (3.9), one obtains
[H7 :ut,é,ic] = Z at,é,CJ(z)aj + a;,e,ca
1<j<n

where
|at,e.c.i(@)] < CEIM, ap ()] < O
hence for any Ey < inf o(H) there exists C' > 0 such that

{[(H = B)™", pe,eteelu, w) Ly |
= [((H — Eo)"/*(H — B) [nt,e e, HI(H — E)"'u, (H — Eo)™?u) 1,

(3.11) < Ct=¢™=((H — Eo) ‘u, u)p,.
Set ut e, 41 = phte,21u. (3.11) gives

_<(H - E)_luvu>L2 = _<(H - E)_l Z /L%,e,juvu>lz2
j=t1

> = > {(H = B) e jyutes)r, — Ct™((H = Eo)'u, u)r,.
j=%1
Take Cy > C and apply the same procedure to (H — E)~! — Cot=/™~ (H — Ey)~ .
The result is
(3.12)
- <(H - E)_luvu>L2 2 = Z <((H - E)_l + Cot_é/m7 (H - EO)_l)ut,E>j’ut>5>j>sz
j=%1

for t > tg, if tg is sufficiently large.
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Using (3.12) and Lemmas 2.5 and 2.3, we obtain

(3.13)
NO,W™ —t(H - E)~ Y C°(R™))
<NO,W™ —t((H — E)™ 4+ Cot=9/™ (H — Eo)™1); C°(Qt.e.5))
FNO, W™ —t((H — E)™ 4 Cot=9/™ (H — Eo)™"); C°(Qt.e.-1)),
where

Qee={x | W)t <cty, Qe—e={z| W) >ct}
On Q¢ _1, we have W1 = Wtfel; hence we can rewrite (3.13) as
(3.14)
NOW™ —t(H — E)™: C5°(R™))
SNO,W™ —t((H — E)™' + Cot /™ (H — Eo)™1); 05 (Qt.e.5))
+N (O, W} —t((H — E)~' + Cot /™~ (H — Eo)™"); C§°(R™)).
Similarly, there exists Cy > 0 such that
(3.15)
N(O; W, = t((H — B)™" = Cot™/™=(H — Eo)™"); Ci°(R™))
SNO Wil —t(H = B) 75 G5 (Q.e5) + N0 W = t(H = E)™ G5 (e, -1))
SNOW ! —t(H = E)5C5°(Qes) + N(0: W —t(H — E)™H C°(R™)).
There exist C1,c; > 0 such that W=1(z) > ¢; > 0, and
W' —t((H — E)™' + Cot /™ (H — Eo)™") > ¢1 — C1t(—=A+ 1),
W, —t(H—E) > e~ Cit(-A+1)71,
and Lemma 2.3 gives
NO; W™ —t((H — BE)™ + Cot™*/™ (H — Eo) ™ ); C§°(Qt.,5))
(3.16) <SN(0;¢1 — Crt(=A 4+ 1) C5% (Dt 5)),
(3.17)
N(0; Wt;1 —t(H — E)_l; C3°(Qes) <N(0;¢1 — Cit(—A + 1)_1; C (Ue5))-
But (—A +1)7! is a classical elliptic pdo of order —2; hence Theorem 6.2 gives
N(O;e1 — Crt(—=A+1)75 05 (U e 5))

(3.18) < Cymeas Qt7676t”/2 < Cgtn/2Hme/m,

(See also [14], where asymptotic formulae for pdo of negative order were derived
from Theorem 6.2.) By gathering (3.14)—(3.18) we obtain

(3.19)
—Cat™/2ne/m L N0, Wy ! — t((H — E) ™ — Cot=*/™~ (H — Eo)™'); Cg°(R™))
<NO; W™ —t(H — BE)™ 1 C°(R™))
< Cat™/Felm L N0 Wy — t((H — E)™' + Cot /™ (H — Eo)™1); C5°(R™)).

We choose € > 0 so that n/2 4+ ne/m < n/m; this is possible due to the condition
m € (0,2).
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3.3. Using Lemmas 2.5 and 2.2, we obtain
(3.20)
NO; W} —t((H — E)~" £ Cot=“/™=(H — Eo)™'); C°(R™))
= N(0;1 = t(W,; 1) TV2((H = B)™' 4 Cot=/™~ (H — Eo) ) (W, )72 G52 (R™))
=N(0;1 - t(WtE >‘1/2((H — E)"t £ Cot™ /™ (H — Eo) ™) (W) /% La(R™))
= N(0: 1 =W )72 ((H = B) ™1 & Cot ™™ (H = Eo) ) (Wi )™V
Ly(R™ /T; La(R"/T))
= N(O; T —tW; )7V2((H = B)™H & Cot ™/ (H — Eo)H (W, )%,
C>(R™ /T*; Lo(R™/T)))
= NO;W; ! = t((H = E)" + Cot™ /™ (H — Eg)™"); O (R™ /T*; Ly(R"/T))),
where Wy | = UW, ‘U
Due to (3.10), the derivatives of Wt;l decay as t — +o00. Therefore the same
estimates as in Section 2 now give

1) for ¢,4p € C®(R™ /T*) with supp¢ Nsuppy = 0, @[JWt_;w is an integral
operator with kernel K (0,6’) for all N, «, 3,

(3.21) | Dng/Kt,e(avol) | End £o®" /)< Cagnt™;
2) for a local chart k : U — U! with small diam U and ¢,y € C§°(U?!),
(3.22) Wl = (k) (@0 m) (Wi (=D) + W (o k)"
where W,;l’_l is a pdo with symbol satisfying the estimates
(3.23)
l D?Dﬁwt_el ~10,¢) | End Lo ®n /)< Ca,ﬁt_ﬁ/m*Wt,_el(—fmﬂ + te/m=y=rlel,

for all a, 3.
Identify Q* with R™ /T, fix e; € (0,pe/2m_), and cut Q* into boxes of size
cot™t with 1 < ¢g < 2. We set

Ut = {x| dist(z, U, ) < t_261},

t,e,]
Ur; ={z € Usey | dist(z,0U4. ;) >t}

and construct a partition of unity

(3.24) > i) =1, VoeR" /T,
J
with the following properties:
(3.25) |D%¢c j(0)] < Coct®*H Va,
(3.26) 0<¢te; <1, ¢rej=1onU,; Suppore; C Ut e

Let ; : Uj — Uj be local charts such that /aj_ o K; are restrictions of orthogonal
operators and U, ; C U;. Consider

—1
Kicj=Wic, btiejlt,ej
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Clearly, (3.21) for W, ! yields the same estimate for K, . ;; therefore we may con-
sider K. ; in appropriate local charts. Now, (3.10), (3.23) and (3.25) mean that
(in the notation of Section 6)

Wt,_el(_D) € ‘I/(Wt,_el('a —); Gt.e)5 Wt,_eL_l € ‘P(t_e/mfwt,_el('a —); Gt.e)s

¢t7€7j € \Ij(lmgt,e)a

uniformly in ¢ > 1, where

groc(0',6) = (1] +47m) G 4 116/
is a metric on R?". One easily verifies that when ¢, € (0,ep/2m_) the metric g; . is
o-temperate, Wt;l(-, —-) is a 0, g-temperate function, and

hee(0,€) = ([g] + /)7t <t
where €3 = ep/m_ — 2¢; > 0. Now Theorem 5.2 gives
Ktaeaj € \Ij(t_€2Wt7_el('7 _'); gt,e)'
Using once again Theorem 5.2, Theorem 5.13 and (3.21), we obtain for ¢»; =1 on
SUpP Pt e, j
(Wt_,el)_l/2Kt;€;j (W;el)_1/2
=172 (k) (W 0 k) KD (05 0 k)G + TS,

where T, 7 satisfies (3.21) and K,?Ej € ¥(1; g+,¢) uniformly in ¢t > 1. Theorem 5.4

(the Lo- boundedness theorem) provides C' > 0 such that
(3.27)
[ ( e )™ V2K e (Wt TR |End Lo (&7 0+ Lo (mn /) < O
and since the number of ¢y ¢ ; is O(t""), we obtain
(3.28)
[ (@)_1/2 ZKt,e,j(W}l)_l/Q [ End Lo @®n* /0% Lo ) < C1E" 4.

J
Choose €1 so that ne; — (ep/m — 2¢1) < —3e1. Then (3.28) gives
1O Kie g, u) o] < Cit ™5 W tu, u)
J

and we have

<Wt e U u> <Wt € t_QEI Z (bt € ] t_2€1 <Wt el U>L
(329) >(1- t_261) Z<Wt_,el¢t;€;ju7 ¢t7€7JU>L2
J

Similarly to (3.27), we deduce from (3.22) and (3.23) that

Wil bt.ejts Bre ) 1y @ /1, Lo (rm /1))

>(1- Ot_e/m7)<Wt ¢ (=D)uy, ’U’J>L2(Ut . jiL2(R"/T))

where uj = K} ¢ ju; therefore (3.29) yields
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(3.30) W tuuyp, > (1—t) Y (W M (=D)uj, uy) .,
J

provided t is large enough.

Fix 0; = 01 ; € U, ;. Due to (3.26) there exists to > 0 such that for t > ?o,
(3.31)

—((H = E)™" + Cot =™ (H — Eo) ™ )t.c,jtts $r,e.0) L,
> —(((H(0;) = )™ + 17 (H(0;) — Eo) ")ttty br.e,ju) -
Set
Bio; = (H(6;) — BE)~' £ (H(6;) — Bo) ™,

+
Ateg

(LF )W, (=D) — B3

te,g°
It follows from (3.30), (3.31) and Lemmas 2.5 and 2.3 that

NO;Wil —t(H = E)™" + Cot=/™= (H — Ep)~1); C>°(R™ /T*; Ly(R"/T)))

(3.32) gZ/\/o Al 53 O (U, 5 L2(R™/T))).

teg’
for

@Co tegi L2(R) C CX(R™ /T Ly(Q))

Since ¢pe; =1on U,

we have

U= e =Y brejl
j j

Therefore we can obtain, similarly to (3.32),

N(O;W ! = t(H = E)™" = Cot™/™= (H — Ep)™'); C(R" /T Lo(R"/T)))

(333) >ZNO At_eg7 ( t5]7L2(Rn/F)))

3.4. Set
Bfix = (Er(0;) — E)" £t (Ex(6;) — Eo) ™",

Ai:Etegk - (1:Ft El)W 51(_D) _tB:t

t,e,j,k"

Since L2(f2) can be decomposed into an orthogonal sum of eigenspaces of H(6;),
we deduce from Lemma 2.5 that

(3.34)

N(O "4?:5]7 OO( teg’ ZNOAtEJk’COO(UtiEJ))

Due to (3.10) the symbol of A, satisfies

t,e,7,

IDgag ;x(€)] < Ca(l€] + 1) =PI W (=€) + t(Bi(6;) — Eo) ™), ¥ a,
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uniformly in ¢t > 1, k, j; therefore Theorem 6.1 is applicable. It tells us that for any
d € (0,2/3) there exist tg, ¢, C,Cy > 0 such that for all ¢ > t, k, 7,

(3.35)
|N(0 Ategk’ (Utieg)) Ftﬁk(UtEJ)|

S O(Ft’é’k’c’é(Ut:f:@j) - Ft>5>k7_c>5(Ut € ])) + ClFt,e,k,c,5(aUt:f:Qj)c)é),
where
Fickes(U) = (2m) " meas{(0,£) € U x R"™ |
(1= =W (=€) — B, < et/ ™= (W (—€) + L(Ex(0) — Fo) ™)},
Fi e x(U) = Fy e 10,0,

ou, = {x | dist(z, U

teg) <ct phe/m— }

t €,j,¢,6
We may choose €; so that 2pe/3m_ > €1; then (3.35) yields

|N(O At €7, k’ (Utié ])) - Ft1767k:70(Ut;€;j)|

(336) < C( t,e,k, c(Ut 67]) Ftl,e,k,—c(Ut7€7j)) + ClFtl,e,k,c(aUt7€7j>C)
(with new ¢, C, Cy > 0), where

F} o 1o(U) = (27) " meas{(6,) € U x R" |
(L= )W (—€) — H(E(b;) — B)™ < b= (W, (=€) + t(Ew(8;) — Eo) ™M)},

OUt e j,c ={z | dist(z,0Us ;) < ct™ '}

Note that F! , (U) = 0if k < p (ie. if Ex(#) — E < 0 V 6), and that if
k> p+1 (and hence Ei(0) — E > 0 V 0), then there exists ¢; = ¢1(¢) > 0 such
that

FR(t — et ™ U) S Flop o (U), FR(t+at' ™5 U) > F . (U),

where F2(t;U) = (27) " meas{(0,&) € U x R" | Wt;l(—f) < t(Ex(0) — E)~1}.
Further, meas QU ¢ j . < C1t~“' meas Uy . ;, and therefore

Fl o o(0Ucjc) < Cot™  FL(t+ cit™ 5 Uy e ).
Now we can rewrite (3.36) as

(3.37)
N(O At 6,7, k7CO (Ut:te ))
=F2(t;Upe ;) 1+ Ot ) + O(FR(t + ert' =5 Up e j) — FE(t — a1t = Use ),

with the ¢; and the constants in O-terms independent of k, j and t > tyg. Note that
the RHS in (3.37) is zero if k < p and ¢t is large.
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3.5. Set
F.(t) =Y F(t:Use;).
7,k
It follows from (3.8), (3.19), (3.20), (3.32), (3.33) and (3.37) that

Ni(t; H—E;W) =F ()14 0(t™))

(3.38) +O(Fc(t + ct' =) = Fo(t — et =) + O("/2ne/m=),

Now, with some C > 0,

(3.39)
Fo(t)=(2m)™ Y meas{(0,§) € R" /T* x R" | W, (=€) < t(Ex(0) — E)™'}
k>p+1
=(2m)™" Y meas{(0,£) € R" /T* x R" | W~1(=¢) < t(Ex(0) — E)™"}
k>p+1
+O( ) meas{(0,¢) € R™ /T* x R" | [¢] < Ct/™, 1 <t(E(0) — E)™'}),
k>p+1

because if C'is sufficiently large then W= (—¢) = W; (=€) for [¢] > Ct/™.
The first term in the RHS of (3.39) is equal to ¢4 (¢t; H — E; W) in (0.28), and
the O-term admits an upper bound via

C1t"/™ card{k | k¥/™ < Cat} < Catne/m+n/2,

since E(0) ~ constk®™ as k — 4-o0.
Thus, (3.38) and (3.39) give

(3.40)
Ni(t; H—=E;W) =ci(t H— E;W)(1+0(t™))

+O(cqp(t+ ct' = H — B; W) — ey (t — ct' =0 H — By W) + Ot/ 2Hne/m),
Under condition (0.19), there exists ¢o > 0 such that
cy(tH — E;W) > cot™™,

and since we have chosen € > 0 such that n/2 + ne/m < n/m, the last term in
(3.40) is included in the O-term of (0.29). The second term in the RHS of (3.40)
is included in the O-term of (0.29) due to (0.8).

Theorem 0.8 is proved.

3.6. Proof of Theorem 0.7. It follows from (0.24) and (0.25) that
(3.41) cp(H = By Wop)t™/™ — ey (t H — E; W) = Ot~ H/m),

with some w > 0. It follows that cy (¢; H — E; W) satisfies (0.8); (0.19) also follows
from (0.24) and (0.25). We see that all the conditions of Theorem 0.8 are satisfied
and hence (0.29) holds. Clearly, (0.29) and (3.41) give (0.26).

Theorem 0.7 is proved.



EIGENVALUE BRANCHES OF THE SCHRODINGER OPERATOR 889

4. THE CASE OF NON-NEGATIVE W

4.1. Here we prove Theorem 0.9.
This time we have to work with (2.1) because a reduction to both (2.3) and (3.8)
is, in general, impossible.
Fix € > 0 and v € (0, p), take p € C§°(R) as in the previous section, and for
c €[1/4,4], set
fit,e0.c(x) = p(lzle™t7),
fite~1,0(2) = (1= pllalc™ 7)) p(W (@) (2)™ e ),
fitee(@) = (1= p(lzle™ 7)) (1 = p(W(@)(z)" ™)),
Prege = fiteje( Y i) 2
j=0,%1
Wieo(x) = fit,e,0,2(x)W (2),
Wie—1(z) = (1 — p(|a|4t™)) (W (@) {x)™ " /W (2),

Wiea(z) = ()" p(W (@) (@)™ 4) + (1 = p(W(2)(2)™ T 4))W (),
Uteo={z | |z] <2t}, Upe—1={z||z] >1t/2, W(x) <2(x)"™ "},
Uten ={z| x| >t/2, W(z) > (x)"™7"/2}.

We have
(4.1) Wiej(x) =W(z) Ve U,
and since the derivatives of fi¢c j ., fit,e j,c are supported on a set where |z| > t¢/2,
we deduce from (0.30) that

D%t jre(@)] < Callz] + )Pl v g,

(4.2) D% e j.e(@)] < Callz] + )70 v a,
(4.3) ID*Wh e (2)] < CaWeen () (|| + )21 v a,
4.2. Take €; € (0,e(p —v)), and set

Ut,e j(2) = e ji(x)u(z), Bietc, = (H— E) ' £ Cot™ ' (H — Ep)~!
Using (4.2) and the equality
Z ,u%,e,j,l =1

j=%1,0
we obtain, similarly to (3.12),
(4.4) F(H-E)  'u,u)p, >F Z (Bt,e,£CoUt,e,j5 Ut e.j) Lo
§=0,—-1,1
provided Cy > 0 is large enough. Using (4.4), (4.1) and Lemmas 2.5, 2.3 and 2.4,
we deduce from (2.1) the upper bound

Ni(t; H — E; W)
< 3 NOIF WL Bresa, W2 O WU )
j=-1,0,1
< N NOIFW L Brexe, W2 CE U )

j=—-1,0

(4.5) FN(0; 1 F WA By W3 CRR™)).
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Similarly, there exists Cy > 0 such that
(4.6)
N1 F W3 Bresc, Wyl G (R"))
< N NO:IFWAH - E)TW R U)

te. tes)
j=—1,0

+N(0; T FtWY2(H — E)"'1WY/2; Ly(R™))
= 3 N IFWA(H - B W CR U ) + Nt H — B; W),
j=—1,0
4.3. (4.3) and the estimate
()" 2 < Wyea(a) < Clx)™™

mean that W; 1 satisfies conditions (0.1) and (0.2) (with p — v > 0 instead of p)
uniformly in ¢ > 1. Since Wy 1 differs from W only where W (z) < C(z)~™"¥, we
have

(4.7) c_(t;H—E; W) —c_(t; H— E;W;c1) = OtV™m™%)
with some w > 0. Further, if W satisfies (0.19), there exists ¢g > 0 such that
(4.8) c_(t; H — E; W) > cot™™;

therefore if c¢_(t; H — E; W) satisfies (0.8) then c_(¢t; H — E; W, 1) satisfies it as
well. Thus, Wy .1 satisfies all the conditions of Theorem 0.3, and the proof of this
theorem gives
N3 T+ W5 (H = B) WA La(R™) = e (6 H — B3 Wi ) (1+ O(E™)),
where wy > 0. Using (4.7), we obtain, with some wy > 0
N(O; I+ tW A (H — By "W, 25 La(R™) = e_ (6, H — B;W)(1+ O(t~1)).
Since
(4.9)
(Ej(0) — E)~" + Cot ™ (E;(0) — Eo)~" = (E;(0) — E)"'(1+0(t™")),
we can similarly obtain, for any Cy > 0,
(4.10)
N(O T+ 1WA B oy W35 La(R™) = oo (1 H = B; W)(14 O(t™)).

4.4. By inserting (4.10) into (4.5) and (4.6) we see that (0.9) for W satisfying
(0.8), (0.19) and (0.30) will be proved when we show that there exist C,w > 0 such
that for j =0, -1

(4.11) N0 T+ W, 3 Broe.2ca Wi L35 C5 (Ure ) < CEY/m=,

(412)  NOT+ W H = B) WO (Uney) < O/,

Let P be a spectral projection P_. E) (H), and set P, = I — P;. If tg is
sufficiently large and ¢ > to, then P2B.+c, > 0 due to (4.9), and of course
Py(H — E)~! > 0. Tt follows that for any N there exists Cy > 0 such that

Bictcy > PiBicrc, > (1 +Cit™ )Py (H — E)™' > —Cn(H — Ep)™ %,
(H-E)"'>-Cn(H - Ey)™ V.
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Hence, we may prove (4.11) and (4.12) with —Cn (H—FEy) ™" instead of B; . ¢, and
(H — E)~1, respectively.

Using Lemma 2.4, the Birman-Schwinger principle and Lemma 2.3, we see that
it suffices to prove the estimates

(4.13) N(0; (H = B)Y = Cynt(a) ™"~ G5 (R™)) < C#"/27,

(4.14) N(O; (H = E)Y = Cyvtxw, ..o O3 (R™) < CEV22,

where xy, ., is the characteristic function of Uy 0. Upper bounds for the LHS in
(4.13) and (4.14) are well-known (see e.g. [19]); one can also apply Lemma 2.3 and
the general Theorems 6.1 and 6.2, and obtain

N(0; (H — E)N — Cy nt{x) ™" C5°(R™))
< Cmeas{(z,€) € R*" | (|| + 1)* < Cont(z) ™"} < Cy nt™/ 2N/ mto),
N(0; (H — E)N = C1 ntxu, .05 C5°(R))
S C37Ntn/2N meas Ut7e70 S C4)Ntn/2N+n€.
Since v > 0, we can choose € > 0 and N so that (4.13) and (4.14) hold.
4.5. Thus, the first statement of Theorem 0.9, i.e. an analogue of Theorem 0.3
for non-negative W, has been proved, and analogues of Theorems 0.7 and 0.8 are
proved similarly. The proof of the fact that the j = 1 terms in (4.5) and (4.6) give

the principal terms in the asymptotic formulae remains the same, and to finish the
proof, one has to obtain the bounds

(4.15) N (01 = tW, 3 Breoxcg Wi L3: C5° (Une ) < O/,
(4.16) N(O; T — WA (H — BT W5 G (Ur ) < O™,
for j =—1,0.

Clearly, there exists C' > 0 such that
~Biezo, > —C(-A+1)7", —(H-E)™' > -C(-A+1)7}

therefore we may prove (4.15) and (4.16) with (—A + 1)~! instead of B; . +¢, and
(H — E)~1, respectively. Now we use Lemma 2.4, the Birman-Schwinger principle
and Lemma 2.3, which show that it suffices to obtain the estimates

(4.17) N(0;—A +1—Ct(w) "™ %; C5°(R™)) < Cyt™/™ =,

(4.18) N(0;=A+1—=Ctxu, . ,; O (R™)) < Cyt"/™ %,
Upper bounds for the LHS in (4.17) and (4.18) are well-known (see e.g. [19]). One
can also apply the general Theorems 6.1 and 6.2, and obtain
(4.19)
N(O;—A +1—Ct{z)™™"; C§°(R™))
< Omeas{(z,€) € B2" | (€ +1)% < Cota) ™"} < Gyt 7+,
N(0; A +1— Ctxu, . o; C(R™)) < Cst™? meas Uy g < Cyt™/ >,

Since m € (0,2) and v > 0, we can choose € > 0 such that (4.17) and (4.18) hold.
Thus, the proof of analogues of Theorems 0.7 and 0.8 for W > 0 satisfying (0.30)
is completed.
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4.6. To obtain an analogue of Theorem 0.6, one has to be more careful because an
estimate (4.19) is of no use now: recall that the principal term of the asymptotics
is of order t"/2Int.

So, we have to repeat all the constructions of this section using Inln ¢ instead of
t¢. Then in the RHS of (4.19) we have

Cyt™?(Inlnt)™ = o(t"/? Int),
and all the errors in other formulae will also be of order o(t"/?Int).

4.7. Singular perturbations. To prove Theorem 0.10, it is sufficient to note
that due to the condition (0.31), Wy € L, o(WA™¢R"™ /T*; End La(Q2)); therefore
W + W; and W have exactly the same properties as far as the proofs above are
concerned.

5. SOME FACTS OF THE THEORY OF PSEUDO DIFFERENTIAL OPERATORS

5.1. Pdo on R™. We need several basic definitions of a general calculus of pdo [10,
Section 18] (see also [2]).

Let o be the standard symplectic form on RY" = Ry x Rf.

A metric g on R?" is called o-temperate if and only if there exist C,c > 0 such
that

a) gx(X —Y) < ¢ implies gy < Cygx;

b) gy (1) < Cax ()1 + g3 (X —Y))“, VX,Y.

Here ( 2
oY, Z
%(Y) =su :
g ( ) Z#0 QX(Z)
We also require
Y
h(X) := sup g;’f( ) <1, wx.
v#£0 9% (Y)

A function p : R?® — R, is called o, g-temperate if and only if there exist
C, ¢ > 0 such that

a) gx (X —Y) < ¢ implies p(X) < Cp(Y);

b) p(X) < Cp(V)(1+ g3 (X — ¥))°, VX,Y.

Below, H; stands for a Hilbert space, and we set Bj;, = Hom(H;, Hy).

A function a € C°(R?"; By3) is said to belong to S(p; g; Bi2), if and only if for
any k,

ny(a; p; g)
= sup sup |(d*a)(X;Y1,..., V) [p(X) tgx (Y1) V2 gx (Vi) ™Y2 < 0,
X Y;#0

where d*a is the k-th differential.

S(p; g; B12) is a Fréchet space with ng(-;p; g) as seminorms.

If Hy = Hy = C, we omit B2 in the notation and write S(p; g).

For our purposes, it suffices to use metrics which split:

9oe(W,1) = 9o c(Y) + g.e(n),

and some of the results formulated below hold for such metrics only.
Given a € S(p;g; B12), one can define a pdo A with the (left) symbol a as
follows:

(4u)a) = Cm) [ at [ ayexplita = y.€)ate.uly).

n
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Example 5.1. Let p € (0,1], and let f satisfy (1.2) and (1.3). Then metric

Goc(y,m) = ly|* + ()7 |nf?

is o-temperate, f is a o, g-temperate function, and the class S(f;g) consists of
functions satisfying the estimates

|DSDga(z,€)| < Capf(E)(€) 7710, Va.

The first statement can be easily verified (see e.g. [10, Section 18]), and the
second one was, in fact, established when we proved Lemma 1.1. The last statement
is evident.

Thus, the class L, o(f;R™; B) introduced in Section 2, is a Hérmander class.

In particular, L, o(A™;R"; B) is nothing but Hormander class L] (R™; B).

Here are the main theorems of the calculus of pdo on R".

Theorem 5.1. A acts continuously from S(R™; Hy) into S(R™; Hy) and admits a
unique continuous extention to an operator from S'(R™; Hy) into S'(R™; Hy) which
is also denoted by A.

We write A € ¥(p; g; Bi2).
If H1 = H2 = (C, we omit B12 in the notation.

Theorem 5.2. Let A € U(p;g; Bas) and B € ¥(q; g; B12) be pdo with the symbols
a, b respectively.
Then AB € VU(pq; g; B13), and for any N its symbol ¢ admits the decomposition

c(x,8)= Y (a)7(0¢a(x, ) (Deb(x,8)) + ru(x,E),
la]<N-1
where v € S(pgh™; g; B13), and the map
S(p; 9; Bas) x S(q;g; Bi2) 3 (a,b) — rn € S(pgh™; g; Bis)
is bounded.

Theorem 5.3. Let A € U(p; g; B12) be a pdo with the symbol a.
Then its formal adjoint A* € U(p;g; Ba1), and for any N its symbol admits the
decomposition

(@& = > (a)7*IDIDZa(@, )" +rx (@),
o] <N-1
where rn € S(ph™N; g; Ba).
Theorem 5.4. A € ¥(1;g; Bi2) maps Lo(R™; Hy) into Lo(R™; Hy), and there exist

C, N, which depend only on n and the constants characterizing p and g but not on
a, such that

A n ) n. g < Cmaxng(a;p;g).
FA N @it — Laees) < € maxng(a; pi g)
Theorem 5.5. Let mg < my < --- < my < ---, where myp — +00 as k — +0o0,

and let a; € S(ph™3; g; B12).
Then there exists a € S(ph™°; g; B12) such that

CLNE a;

Jj=0
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in the sense that for any N

a— Z aj € S(ph™; g; Biz).
mj <N

In Section 2, we also used the following trivial generalization of Theorem 5.5.

Theorem 5.6. Let mjo < mji <--- < mjp <---, where mjr — +o0o as k — +oo,
and let mog < mig < -+ < Mmgo < -+, where mpg — +00 as k — +00.

Let a ~ ijo a; with a; € S(ph™i*;g;B12) (j =0,1,...) admitting decompo-
Sitions ajx ~ > pso Ajk, where aj, € S(ph™i*; g; Bia).

Then a ~ Zj,lc_>0 aji in the sense that for any N

a— > aj € SphY;g; Bia).
mk <N
In Section 2, we also use the following construction which is justified by Theo-

rem 5.5.
Let a € S,o(f; R /T*; Bya), let

L(s,t) = Z Leops®t? € C[[s,t]] = C[[s1,- - »8n;t1,-- - > tn]]
a,B
be a formal power series such that for any N, only finitely many L, g with

|a] < N are non-zero, and let P be an operator acting continuously in each
Spﬁ()(fAk;Rn; Blg), ke R.
Then Theorem 5.5 allows one to consider the symbol

aj, = L(Df, P)a,
which is understood in the sense that

ap— Y LapDgPPac S,0(fA"N";R"; Byy).
la|<N, B

Using theorems for the classes L]((R"; B), one deduces theorems for pdo on a
compact manifold M without boundary, of the classes L}, (M; B) (see e.g. [10,
Section 16]).

In just the same manner one can deduce from theorems for L, o(f;R™; B) the-
orems for the classes L, o(f; R™ /T'*; B) introduced in Section 1.

In the following subsection, we list theorems which are used in the paper.

5.2. Pdo on a torus.

Theorem 5.7. A€ L,o(f;R" /T*; Bi2) acts continuously from C>=(R™ /T*; Hy)
into C* (R”* /T, Hy), and admits a unique continuous extention to an operator
from D'(R™ /T*; Hy) to D'(R™ /T*; Hy).

Theorem 5.8. Let A € L, o(f1;R" /T*; Bys) and B € L, o(fo; R" /T*; Bya).
Then AB € Lp70(f1f2;R"* /T*; B13), and its local symbols are expressed via the
local symbols of A, B by means of Theorem 5.2.

Theorem 5.9. Let A € L,o(f;R™ /T*; Bia).
Then its formal adjoint A* € Lp,o(f;]R"*/F*;Bgl), and its local symbols are
expressed via the local symbols of A by means of Theorem 5.3.



EIGENVALUE BRANCHES OF THE SCHRODINGER OPERATOR 895

Theorem 5.10. A € L, o(1;R" /T*; Bys) : Ly(R™ /T*; Hy) — Lo(R™ /T*; Hy) is
bounded.

Theorem 5.11. Let the local symbols of A € Lp)o(f;R"* /T*; B12) satisfy the fol-
lowing condition: there exist C,C1 such that

Ia(0,6)" < CF(=€), VIEI>C.0,

and let the A be invertible.
Then A=' € L, o(f~1;R™ /T*; Bya).

Theorem 5.12. Let f satisfy (1.2) and (1.3) with —m_ > 0, and let local symbols
of A€ L,o(f; R /T*; EndC™) satisfy
a(z,§) +a(xz,§)" > cf(=€), VI[E[>C,0.
Let A: C®(R™ /T*;C™) — C®°(R™ /T*;C™) be symmetric.
Then A is essentially self-adjoint, and its closure is a semibounded (from below)
operator with discrete spectrum.

Remark 5.1. Theorem 5.12 is also valid for pdo acting in sections of a finite-
dimensional fibering over M.

Theorem 5.13. Let A € Lp,o(f;R”*/l"*) be a positive definite operator satisfying
the conditions of Theorem 5.12, and let A be its closure in Ly(R™ /T*).
Then (A)° € L,o(f%R™ /T*) for any c € R.

Remark 5.2. Theorem 5.13 is also valid for pdo on R™ [2]; in fact, it is proved
similarly to the corresponding theorem in [2].

Theorem 5.14. Let f satisfies (1.2) and (1.3).
Then there exists an invertible pdo A € L, o(f;R™ /T*) with

A7V e L,o(f~YRY/T).

Remark 5.2. Once again this theorem is valid for pdo on R™ as well, and is deduced
from its R™-counterpart.

6. SOME GENERAL THEOREMS ON SPECTRAL ASYMPTOTICS

6.1. In Chapter 7 of [16] several general bounds for N(0; As; C§°(Q; C™)) were
obtained. We shall use only two of them , and not in their full generality.

In both, A; is a symmetric pdo with the symbol a; € S(pt; g:; EndC™), g; is a
o-temperate splitting metric, and p; is a o, g;-temperate function (all the conditions
are satisfied uniformly in ¢ > 1).

Also in both theorems, use was made of the Weyl symbol of Ay; one can use
ad := (a; + a})/2 instead (this follows from the more detailed formulation in [16]
and a formula expressing the Weyl symbol via the left one).

In the formulations of the theorems, one uses the following functions, depending
on constants ¢ > 0,6 > 0, and a set U C R?":

Ui(gr;¢;0) = {(2,6) | inf  groe(e —y, & —n) < chy(x,6)°},
(y,meU

Vies(af;U) = (2m) " Y _meas{(2,£) € U | Xj(x,€) < Fchy(,€)pi(,6)},
j=1
where the \; are the eigenvalues of al.
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Theorem 6.1. Let A; be a symmetric pdo with the symbol a; € S(pt; gr; End C™),
gt a o-temperate splitting metric, and p; a o, g;-temperate function (all the condi-
tions are satisfied uniformly int > 1). Let

max hi(z,§) — 0 ast— oo,

and let there exist ¢ > 0 and R(t) such that

(6.1)
ay (z,€) = (ar(z, ) + ar(x,6)) /2 > epe(2,€), Y 2]+ [¢] > R(?).

Then for any 6 € (0,1/3), there exist to > 0,¢ > 0,C such that

V(05 Ag; C5°(2;C™)) — Vo o(af; @ x R™)|

< C(Ves(ad; Q x R™) — Vo, 5(a2; Q x R™)) + CV,. 5(al; (02 x R™)¢(gs; ¢;6))

(6.2) +O//ht(x,§)5da:d£,
with the integral over (x,€) € (99 x R™),(gi;¢;6)  satisfying

M (2,8) < chy(z,€)0pi(, €).

If m = 1, then the last term in (6.2) may be dropped and one may take any
§ €(0,2/3).

Theorem 6.2. Let A; be a symmetric pdo with the symbol a; € S(pt; gr; End C™),
gt a o-temperate splitting metric, and p; a o, g;-temperate function (all the condi-
tions are satisfied uniformly in t > 1). Let there exist C,e > 0 such that

hi(2,§) < C(L+ [ + €))7,V 2,¢,

and let (6.1) hold.
Then for any § € (0,1/3), there exist to > 0,¢ > 0,C such that

IN(0; Ag; C5° (S, C™)) — Vo o(ad; Q x R™)]

< C(Ves(ad; Q x R™) — Vo, 5(ad; Q x R™)) + CV,. 5(al; (02 x R™)¢(gs; ¢;6))

(6.3) + c//ht(x,g)édxdg +C,
with the integral over (x,&) € (02 x R™)(ge;¢;0)  satisfying

M (2,8) < chy(z,€)0pi(, €).

If m = 1, then the integral in (6.3) may be dropped and one may take any
§ €(0,2/3).
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6.2. The statements of Theorems 6.1 and 6.2 can be reformulated for pdo on a
compact manifold without boundary, and the proofs remain essentially the same,
being essentially local (even microlocal). The basic ingredient—a construction of
an approximate spectral projection £&—is a microlocal procedure, as the proof that
the symbol of £ satisfies necessary estimates; these estimates mean that £ belongs
to a certain class of pdo. Now it is a class of pdo on M; once this fact is established,
one has to replace the calculus of pdo on R™ by the one on M and use the same
microlocal considerations as in [16].

One can obtain theorems of varying generality; we state one which suffices for
our needs.

Let p € (0,1], and let f: R™ — R satisfy the following two conditions.

a) There exists C' > 0 such that

(6.4) (V)| < Cflz){z)~".
b) There exist d; > 0,d, m > 0,m such that
(6.5) dy {z)™ < f(z) < di{x)™.

Let £ be a p-dimensional Hermitian fibering over a torus M, and let A be a
symmetric pdo acting in C*°(M; £), with local symbols

(66) ay,x € Sp)o(f; R"™; End (Cp)
Let the eigenvalues A; of the local symbols satisfy the estimate
(6.7) Re;(z,8) = ¢f (=€) for [§] > C,

where C,c¢ > 0 depend on a chart and a trivialization (one can show that the
condition itself is independent of this choice).

Then an analogue of Theorem 5.12 for pdo acting in sections of a finite-dimen-
sional fibering over a torus states that A is essentially self-adjoint, and its closure
is a semibounded (from below) operator with discrete spectrum.

Let there also exist functions u; : T*M — R, 1 < j < p, such that for any local
chart and any trivialization, the eigenvalues of the local symbol satisfy

(6.8) [Aj(2,8) — i (2, )] < CF(=){E) ™,

where C,w > 0.
Let dxd€ be a volume form on 7% M, and set

V(t)= (2" > /Aj(m7£)<tdxd§,

1<j<p
Ve (t) = dade,
1§'§p/‘/§zj,t,c,m !
Jenlt) = ()" dacd,
13217//(’1’%% ’

where
Qjten = {(@,8) | (@, &) —t < c(t+ f(£))E) "}

Note that if we use local charts #; : (R™ D)U; — Uj(C M) such that ;" o ks are
restrictions of orthogonal operators, then all the functions above are well-defined.
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Theorem 6.3. Let (6.4)—(6.8) hold.
Then for any ¢ € (0,2/3) there exist ¢ > 0,C such that

(6.9) IN(t; A) = V(t)| < C(Veu(t) = Voew(t) + Jex(t)),
where kK = min{w, dp}.

6.3. Under additional conditions one can deduce from Theorem 6.3 an asymptotic
formula with a remainder estimate.

Theorem 6.4. Let (6.4)-(6.8) hold, and let V (t) satisfy the Tauberian condition

(0.8).
Then there exists w > 0 such that
(6.10) Nt A) =V (t)(1+0@E™v)).

Proof. Due to (6.5) and (6.8), there exist ¢; > 0, Cy such that
et ™ < V() < Cptv™,
Therefore it suffices to prove that, with some Co,w > 0.

(6.11) Ver(t) = Ve olt) < Cot™™ =% 4 CoV ()™,

(6.12) T (t) < Cot™ ™= 4 CyV (1)t
Fix € € (0,1/m4) and set
Qj_-,t,c,n = {(ZII,&) € Qj,t,c,n | |§| < té}a

+ _ . —
Qj.,t,c,re - QLt»C;H \ gzj,iﬁ,c,/-c7

vE®m = Y / / drd,
1<j<p Qe
+ _ —K
0= [ [ (@ s
1<5<p Jit,c,k

Clearly,
(6.13) Vew =V + Vi Jow=Jd0+ 7.,
(6.14) Jok(t) < Cst™, Vi, (t) < Cst™,
(6.15) Jh. < CsV ()",
(6.16)

—C,K

VL) S V(E+ ot ™), VI (t) > V(t—cat' ") — Cyt™,

with some C3,Cy,co > 0.

Now, (6.11) follows from (6.13), (6.14), (6.16) and (0.8), while (6.12) follows
from (6.13).

Theorem 6.4 is proved. O
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