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HARNACK INEQUALITY FOR THE LINEARIZED
PARABOLIC MONGE-AMPERE EQUATION

QINGBO HUANG

ABSTRACT. In this paper we prove the Harnack inequality for nonnegative
solutions of the linearized parabolic Monge-Ampeére equation

ug — tr((D%¢(z)) "1 D%u) = 0
on parabolic sections associated with ¢(z), under the assumption that the
Monge-Ampere measure generated by ¢ satisfies the doubling condition on
sections and the uniform continuity condition with respect to Lebesgue mea-

sure. The theory established is invariant under the group AT(n) x AT(1),
where AT (n) denotes the group of all invertible affine transformations on R"™.

1. INTRODUCTION

In this paper we consider the Harnack inequality for nonnegative solutions of the
following equation:

(1-1) Lyu = uy — tr (D*¢(2)) "' D?u) =0,

where u; = 2%, D?u denotes the Hessian of u in the z variable, (D?¢(x)) ~ s the
inverse matrix of the Hessian of a strictly convex smooth function ¢(z) defined in
R" (i.e., D*¢ > 0), and tr(A) means the trace of the matrix A.

There is a family of convex sets called sections associated with ¢. For z € R",
r > 0, we define the section S(z,r) by

S(;C,T) = S¢($,7‘) = {y ER": ¢(y) < Ew(y) + T}ﬂ
where £, denotes the supporting hyperplane of ¢ at x. Sections play an important
role in the investigation of Monge-Ampeére equation and the linearized Monge-
Ampere equation, see [Cal], [Ca2], [Ca-Gul], and [Ca-Gu2]. We will also consider
parabolic sections Q(z,r) associated with ¢ defined by

Qz,1) = Qulz,r) = S(x,r) x (t —r, t],
where z = (z,t) and r > 0.

Recently, in [Ca-Gu2] a Harnack inequality has been established in terms of
sections for nonnegative solutions of the linearized Monge-Ampere equation

tr (D*¢)~'D%u) = 0.
The theory developed by these authors is invariant under invertible affine transfor-
mations in R".
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The main purpose of this paper is to establish Harnack inequality for nonnegative
solutions of (1-1) on parabolic sections and thus generalize the result in [Ca-Gu2]
from the elliptic to the parabolic case. In case ¢(z) = i|z|*, (1-1) is the heat
equation and all associated parabolic sections are the standard parabolic cylinders.
The Harnack inequality for the heat equation is well known; see [M]. In case
¢(x) = (Mz,z) where M is a positive definite symmetric matrix, we can write
M = M? where M is positive definite symmetric and the corresponding section
S(xo,r) is of form

S(xo,r) ={z: | Mz — M1:100|2 <r}.

If T is the affine transformation defined by T'(x,t) = (Mix,t), and u is a solution of
(1-1), then v(y,t) = u (T~'(y,t)) satisfies the heat equation. Therefore, if u > 0,
then by the Harnack inequality for the heat equation it follows that u satisfies
Harnack inequality on the parabolic sections, i.e.,

supu < C'inf u,
Q- QF
where QT = S(xg,7) X (to — 1, to] and Q~ = S(zg,7) X (tg — 3r,to — 2r]. We will
show that a similar result holds for general ¢.

Now we state the assumptions and the main result of this paper.

Let ¢(x) be a strictly convex smooth funtion in R™ (i.e., D?¢ > 0) and u be
the Monge-Ampere measure generated by ¢, i.e., du = det D?>¢dz. Throughout
this paper, we assume that p satisfies the following doubling property in terms of
sections:

(1-2) w(S(z,r)) < Ap (%S(x,r)) ) forx €e R", r >0,

where A > 0 and $S(x,7) denotes 3-dilation of S(z,r) with respect to its center
of mass. We also assume that p satisfies the uniform continuity condition pi.

Condition pe. For é; € (0, 1), there exists é2 € (0, 1) such that, for any section
S and any measurable set E C S,
E| H(E)

1-3 = <6 implies — < 0y,
(1-3) 5] < ) <%

where |E| denotes Lebesque measure of E.

Some examples of measures satisfying (1-2) and (1-3) are those measures whose
densities are positive polynomials in R™. Also note that the condition s can be
viewed as an A,.-weight condition in terms of sections.

By [Ca-Gu2], the condition s, implies that p is a doubling measure in the
following sense: there exist C' and 0 < « < 1 such that

(1_4) ILL(S(QJ‘,’I")) < C,LL (O[S(ﬂ?,’l")) )

where .S means a-dilation of S with respect to its center of mass.

We also consider the parabolic Monge- Ampere measure M generated by ¢(z) —t,
i.e., dM = det D?¢dzdt = dudt.

The following theorem is the main result of this paper.

Theorem 1.1. Suppose that ¢ satisfies (1-2) and (1-3). Let u be a nonnegative
classical solution of (1-1) in S(xo,0R) x (to — 3R, to + 2R], where 0 is a large
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geometric constant. Then

1-5 supu < Cinf u,

( ) QP - Q+t

where QT = S(xo, R) X (to + R, to + 2R] and Q= = S(zo, R) X (to — R, to|, and C
depends only on n, and the structure conditions (1-2) and (1-8).

We mention here that the assumption (1-2) in Theorem 1.1 can be replaced by
(1-4) and the conclusion (1-5) is still valid. Indeed, the properties of sections and
measures used in the proof of Theorem 1.1 are still valid under the assumptions
(1-3) and (1-4). Recalling that (1-3) implies (1-4), we conclude that (1-5) holds if
¢ satisfies (1-3).

Also, the theory established here is invariant under the group of affine transfor-
mations AT (n) x AT(1), which is the subgroup of AT(n + 1) denoting the group
of all invertible affine transformations on R"*1. Let T,, € AT (n) and T} € AT(1).
Define T}, 1 by

(y,8) = Thy1(x,t) = (Thx, Tit) = (Thx,at + b).

Let u(y,s) = w(T,}1(y,s)) and ¢(y) = ad(T, 'y). It is easy to check that if
Lyu =0, then

and
Tn(Se(wo,7)) = Sg(Thwo, ar),
i1 (Qo((mo,t0), 7)) = Qg (Tnt1(z0, t0), ar),

To(556(w0,1)

1
§S$(Tnx0, ar).

Then noting that (1-2) and (1-3) are invariant under any invertible affine transfor-
mation 7T,,, we conclude that our theory is invariant under AT'(n) x AT(1).

The method to prove Theorem 1.1 is a generalization of that used in [Ca-Gu2] for
the elliptic case. Other than the elliptic case, there exists shift of time in estimates
in the parabolic case. We have to overcome the difficulty caused by the shift of time
which obstruct us to directly apply the procedure in [Ca-Gu2]. On the other hand,
we cannot adopt the method in [W] since our estimates do not depend on uniform
parabolicity. By the nature of equation (1-1), we will work with the parabolic
sections instead of the standard cylinders. Therefore, we have to show that the
family of sections has after appropriate affine transformations similar properties to
those of the standard parabolic cylinders. Also, we need to develop a variant of
the Calderén-Zygmund decomposition in terms of sections. The outline to prove
Theorem 1.1 is as follows. The first step is to show that the level sets of solutions
have uniform critical density (Lemma 3.1). The second step comes from the first
step, i.e., if solutions are large on a section, then solutions are still large after a
short time. The third step is to show Lemma 3.3, i.e., if solutions are large on a
section, then after a short time of diffusion solutions will be large on a wider section.
From these three fundamental estimates and a variant of the Calderén-Zygmund
decomposition, the power decay of the distribution functions of the solutions and
Harnack inequality will be derived.
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We next describe the linearized parabolic Monge-Ampere equation. Let ®(x,t)
be a parabolically convex function on R™*!, i.e., convex in = and nonincreasing in
t. It is easy to check that

— (® 4 Mu); det D? (@ 4 \u)
(1-6) =— ®,det D*® — X (uy det D*® + &, det D*®tr ((D*®) ™' D?u))
+ oo = Ny, det D).

The coefficient of A in (1-6) is called the linearized parabolic Monge-Ampeére
operator and is denoted by

(1-7) Lo = uydet D*® + &, det D*®tr ((D*®) ' D?u).
Obviously, Lgu = 0 is equivalent to the following equation:
(1-8) up + @4tr (D*@) "' D%u) = 0.

When ® = ¢(x) — ¢, (1-8) gives (1-1).

The organization of the paper is as follows. In §2, a Besicovitch’s type covering
lemma is first proved. Then we use it to show a variant of Calderén-Zygmund
decomposition in terms of parabolic sections. Some properties of sections are also
collected. In §3, estimates about distribution function of solutions of (1-1) are
given. In §4, the power decay of the distribution function of solutions and Harnack
inequality are showed.

2. A CALDERON-ZYGMUND DECOMPOSITION

In this section, we will give some properties of sections and measures g and M.
A variant of Calderén-Zygmund decomposition for parabolic equations in terms
of parabolic sections is developed, which is a necessary tool in establishing power
decay of distribution function.

We first mention a lemma of Fritz John’s type (see [Ca2]): let S be a bounded
convex set in R™ with nonempty interior. Consider all the ellipsoids that contain
S and are centered at the center of mass of S. Let E be the ellipsoid in this class
and of minimizing volume. Then a,, K C S C E, where «, F means the «,-dilation
of E with respect to its center of mass. For example, we may take a,, = 1/(n+/n).

Therefore, given a convex set S in R"™, there exists an invertible affine transfor-
mation T such that

B(0,ay,) C T(S) C B(0,1),

where B(z,r) denotes the Euclidean ball centered at z and with radius r. The set
T(S) is called the normalization of S and T is called an affine transformation that
normalizes S.

Let T be an affine transformation which normalizes Sy(z,7). Let ¥a(y) =
+¢(T~1y) with A > 0. Then
(2-1) T (Sy(z,r)) = Sy, (Tz,r/N).

In the following, we are concerned with properties of parabolic sections. For
zo = (xo,to) and r > 0, we define Q(zo, r) by

@(zo,r) = @¢(z0,r) = S4(x0,7) X (to — /2, to +1/2).

Note that @(zo, r) is different from Q(zg, r) defined in §1 in the position of zp.
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Given Q(z0,7) = S(wo,7) x (to — r/2, to + r/2), there exists an affine trans-
formation T which normalizes S(zo,r). Let T, : (x,t) — (Tz, (t — to)/r) and
then

K(0,an) € Tp(Q(20,1)) € K(0,1),
where K (z,7) = B(z,r) x (t — %, t+ %) is the usual parabolic cylinder. The set
T,(Q(z0,7)) will be called the normalization of Q(zo,r) and T}, an affine transfor-
mation that normalizes Q(z0,7). For A > 0, set ¥ (y) = %d)(T—ly); then
~ T 11
(2-2) T, (@o(21) = Sus (T2, ) % (=5, 5)-
Now we claim the following properties of parabolic sections.
(A) There exist positive constants Ky, K3, K3, 1 and &2 with the following

property: Given two sections Q(zo,70), Q(z,7) with r < rg and T, an affine

transformation that normalizes Q(zo,10), if

@(207 TO) n @(Z, T) 7& (Z)u
then there exists 2/ = (2/,¢') € K(0, K3) such that

B!, Ko=) ) x (t = ==, ¢/ + ) € T,(Q(z. 7))
To 27"0 27"() P
r €1 T T
B(x'. K{(— t— — '+ —
C B, Ka(2) ) x (= 5= 1+ 5

and

T,z = (T, t') € B(, %Kg(%)”) « {1,

(B) There exists > 0 such that for a section Q(zo,r) and z & Q(zo,r), if T, is
an affine transformation that normalizes Q(zo,7), then

K(Ty(2),%) N Ty (Q (20, (1 —&)r)) =0, for 0 <e < 1.

(C) Engulfing Property. There exists a constant 6 > 0 such that if Q(zo,r) is a
section and z € @(zo,r), then @(zo, r) C @(z, or).

(D) Let Qy(z0,1) be a normalized section. There exists p > 0 such that for
0<r<s<landze @w(zo,r) then

Qu(z, (s =7)") C Qu(20, 9).

Properties (A)—(D) show that the family of parabolic sections has after nor-
malization similar geometric properties to those of usual cylinders. For similar
properties of elliptic sections, see [Ca-Gul], [Ca-Gu2], [Gu-H]. Since parabolic sec-
tions are cylinders with bases of elliptic sections, properties (A)—(D) can be easily
showed from properties of elliptic sections in [Ca-Gul], [Ca-Gu2], [Gu-H] and we
omit the proof.

We now prove a Besicovitch’s type covering lemma.

Lemma 2.1. Let O C R"*! be a bounded set. Suppose that for z € O a section
Q(z,r) is given such that r < M and M is fized. Denote by F this family of
parabolic sections. Then there exists a countable subfamily of F, {Q(zk, ) }72 1,

with the following properties:
(i) O c UpZy Q(zk, 7).
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(i) 2 ¢ Ujey Qzjomy),  VEk>2.

(iii) Fore >0 small (smallness depending only on the constants in (A) and (B))
we have that the family F. = {Q(zx, (1 — €)ri)}32, has bounded overlaps.
More precisely

3 1
1; XG (0, (1—e)ry) (2) < Co log =

where Cy depends only on the constants in (A) and (B); xg denotes the
characteristic function of E.

Proof. The proof is essentially similar to that of Lemma 1 in [Ca-Gul]. We may

assume M = sup{r: Q(z,r) € F}. Let
Fo={Qzm): oy <7< M, Qzr) € ),

and

Oo = {z:Q(z,7) € Fo}.
Pick @(21, 1) € Fo. If Op C @(z;l, r1), we stop. Otherwise, pick @(zg, re) € Fo
with zo € Og\ Q(z1, r1). If Og C Q(z1, 1) UQ(22, T2), We stop. Otherwise we con-
tinue this process. Thus, in this way we construct a subfamily Fj = {Q(2?, r9)}2,
of Fo with 22 € Op \ Uj<r Q(2Y, r9). Actually, we will show later that F, has only

R
finite number of members. _
Next consider the family 7y = {Q(z,7) € F: & < < 2} Tet

O1={2z: Q(z,7r) € Fy and z ¢ U@(z?, ).

i=1
We repeat the construction above for the set O; and obtain a family of sections
denoted by

Fi={Q(z}, ri)ecy,

with z} € Oy \Uj<r @(z}, ri).

_We continue this process and in the kth-stage we consider the family Fy, =
{Q(z,7) € F: M2~ < < M27*} and the set

N k—1 oo _
Or={z: Q(z,r) € Fyand z ¢ U U QL rH).
1=0 i=1
As before, we obtain a family of sections denoted by Fj = {Q(zF, r¥)}22, with
2 € Ok \Ujo; Q2] 7))
We show below that the collection of all sections in all 7}, is the family that

satisfies the conclusions of Lemma 2.1.

Let us first show that each generation Fj has bounded overlapping. Suppose
that
Aok Lk Aok Lk
KAS Q(Zjlv 7"3‘1) n---n Q(ZjNv TjN)a
) T =1, and let @(zo,ro) be
the section in {Q(z;, )}, with 79 = max{r; : 1 < i < N}. We may assume

where Qv(zfq, r;?i) € Fj. For simplicity, set zjkl =z, r¥
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by construction that z ¢ Q(z;,r;) for [ > i. By (A), there exists zh = (x4, 1) €
K (0, K3) such that

i\~ ri ri ~
B(x;, Ko ul ) X (ti — 5, ti + 5—) C Tp(Q(2i, 7))
To 27"0 27"()
(2_3) r €1 s r
Bz, K1 | — ti— 5 ti + 5—),
- (33 ! (T‘Q) ) % ( 27‘0 + 27‘0)
and
1 ri\
(2-4) 7)€ Blaw, 55 () ) ¢ (6
0

where 1 < ¢ < N and T, is an affine transformation that normalizes @(zo, ).
Since z; ¢ Q(zi, r;), by (2-3), we have that for [ > 4
T

T Blzi, Ko(Z)7) x (8 — 22 4, + 11y
;D(Zl)gé (zla 2(% X T 27’07 ) o .

1 i L
This together with (2-4) and 3 < i < 1 implies that
To
|Tp(21) — Tp(2i)| > C, 1> 1,

where C depends only K and e5. By (2-3), it is easy to see that Tp(@(zi, ri)) C Q,
where @ is some cube centered at 0 with edge C’ depending on K, Ko, K3, €1,
and 9. Therefore, an argument similar to that of Lemma 1 in [Ca-Gul] shows that
overlapping in each Fj, is at most a depending only on C, C’, and n, but not on k.

We now prove that F}, = {Q(zF, r¥)}22, is finite. We set again zF = z; and
% = r;. Since O is bounded and M2~ *+1 <, < M27F there is a constant C

2

such that Oy C Q(z1,Cry) and Cry > M27%. By (A) we obtain
) C Tp(Q(zi,7:))

Ti (€2 T
Blzi, Koz ) ) < (6 — 55

C Blas, Ki(—) ) % (i — —— 4 —
iy ! CT‘l ‘ 26’7‘17 ¢ 207‘1 ’

where T}, is an affine transformation that normalizes Q(z1, Cry), and (z4,;) €
K (0, K3). Therefore

5 z+20

Blas, Kalge) ) (b~ g5 ti+ 1) € Tyl@(0m2)

C B(0, K1 + K3) x (—(1+ K3), 1 + K3).
Since Fj, has overlapping bounded by «, therefore

Z XTP(@(Zq',,T‘i)) (2) <a

(2-5)

and hence by (2-5)

(2-6) ZXK (21,d1) (%) < QXK (0,ds)

where di, ds depend only on K1, Ko, K3, €2, and C. Integrating (2-6) we get
and?“ < awnd’;”,

which implies there are only finite sections in Fj,.
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Next, we need to estimate the boundedness of overlapping between different
generations. To this end, we need to shrink the selected sections. Let 0 < ¢ < 1
and

(2-7) zoeﬂQ , (L=,

where e1 <eg < - < e; < - M2‘(@i+1) < TEY' < M2~¢. For simplicity, we set

z; = zj and r; = r . Fix ¢ and [ > 17, we need to measure the gap between e; and

er. Let T), be an afﬁne transformation that normalizes the section Q(z;,7;). Since
r; > 1, by (A) there exists a point 2’ = (2/;t') € K(0, K3) such that

et s (S222) ) - B2, v G2 € 4G, (1 - o)
CB(, K, <7(1 _T_g)”yl) s ;:)”, v U ;)”).

Since by construction z; ¢ Q(zi, r;), by (B) we have that
K (T (), ) T, (@, (1 - 2)m)) =0,
It follows that
O < T2
<|Tp(z

Tp(20)]
2+ |2 = Tp(20)]

) —
2 1—67"1) o
o

27‘1'
i+1— 61)51+261—61]

which implies that ¢; — e; < C’log(l/&:), where C' depends on §, 1 and K;. There-
fore, the number of sections in (2-7) is at most C log(1/¢).

We are now in a position to show that the collection F’ of all Fj, satisfies prop-
erties (i)—(iii) in Lemma 2.1. Since each F}, has only finite elements, by our con-
struction, F}, covers Oy and thus F’ covers O. By our construction and the fact
that Fj, is a finite set, relabelling the sections in F’, (ii) is automatically satisfied.
By the argument above on boundedness of overlapping between sections, it is easy
to check that (iii) is valid. O

In the following, we will develop a variant form of Calderén-Zygmund decompo-
sition in terms of parabolic sections. Let us first mention the following lemma due
to [Ca-Gu2].

Lemma 2.2. Let i be the Monge-Ampére measure generated by ¢(x). Suppose that
w satisfies (1-2) and (1-3). Then there exist constants C1 > 0 and 0 < 0y < 1 such
that for any section S and any measurable subset E2 C S

)
18) o, (121",
1 (S) 5]
where |E| denotes Lebesque measure of E.

The following Calderén-Zygmund decomposition is a generalization of Theorem
3 in [Ca-Gu2].
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Theorem 2.1. Let u be the Monge-Ampére measure generated by ¢(z), and dM =
du dt be the parabolic Monge-Ampére measure generated by ¢(x) —t. Suppose that
u satisfies (1-2) and (1-8). Given a bounded open set O and 0 < \ < 1, there exists
a family of parabolic sections F = {Q(zx, m)}3>, with the following properties:

(i) zx € O,Vk.

(11) O C Uk 1 (Zk, Tk)

) MO0

M@
(iv) M(O) < c(AM(Upe; Q(z1,7x)), where 0 < ¢(X) < 1 is a constant depending
only on X but not on O nor F.

Proof. The proof is similar to that of Theorem 3 in [Ca-Gu2]. First observe (see
[Ca-Gu2])

|S(z,r)| — |S(z, (1 —e)r)| < nelS(z,r)|

By Lemma 2.2
p(S(x,71)) = p(S(z, (1 —e)r)) < Ce®u(S(z,r)).
Therefore
M(Q(z,7)) = M(Q(z, (1 —&)r))
=ru(S(z,r)) — (1 —&)ru(S(z, (1 —¢)r))
(2-8) =erp(S(z,r)) + (L —e)r (u(S(x, 7)) — p(S(z, (1 -¢)r)))
< Eru( (z,7)) + Ce%pu(S(z,r))(1 — &)r

<20 M(Q(z,7)).
For z € O, consider the average
MONQ
M(Q(z,1))
Obviously, a(r) is continuous, lim, ., a(r) = 0, and a(r) = 1 if r is sufficiently
small. For 0 < A < 1, let

")

r, = sup{r: a(r) > A}
Then we have

29) MONQEr) _ |

M(Q(z,72))

and for v’ > r,

MO NQ(z, 1)) -\

(2-10) _

M(Q(z, 1))
Note that u(S(z,2r)) > Cu(S(z,r)) with C > 1 and therefore
(2-11) M(Q(z, 2r) > C'M(Q(z,7)),  C' > 1.

From (2-9) and the boundedness of O, M(Q(z,r)) is bounded. Take zo € O and
ro sufficiently large such that O C Q(z0,70). By the engulfing property, Q(zo, o) C
Q(z,0rg) for z € O. Therefore, by (2-11), it is easy to show that r, is bounded.
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Now consider F = {@(z, T‘Z)}zeo Apply Lemma 2.1 to F and obtain a count-
able subfamily of F denoted by {Q(z, i) }52,. Clearly, {Q(zk,m)}k | satisfies
properties (i)—(iii) in Theorem 2.1 by Lemma 2.1 and (2-9). It remains to show
(1V) in Theorem 2.1. We adopt some notations. Let Q5 = Q(zx, (1 — &)r) and
Q= Q(zk, r) for k > 1. Let f(z) be the overlapping function defined by

#lk:ze Gy, frelJon
fz) = , -
1, 1fz¢UQ;€.

Another overlapping function f.(z) can be defined similarly. By Lemma 2.1, 1 <
fe(z) < Colog(1l/e). Since f(z) may be infinite, in the following argument, we work
with any finite family {Qx}+_, and then let N — co. Obviously

M(0) = M(( Q) nO)

1
1
: ;/ 7o(z) w0 ) M

By (2-9), we then have

1 ~
| T a0 M > g M@0

1-A ~
:Colog(l/E)M(Qk)

1—X 1
> arios 179 | T e M

Therefore

1
Joz) Vol A

1
(Z XQk X@k\o(z)) dM

<({1-—-
_< Colog 1/8 )/f X, (2
It follows from (2-12) that

1—A 1
M) < (1 Goiogrirs) > [ macam

By (2-8), we have

~ ~ 20e% ~

M(Q(,m) = M@z, (1= 2)) < T2 M(Q(, (1 = )7))
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Noting 1 < f. < Cplog(1/e), we then have
/ 1
f
1

O
<—3—5——AMQ@+1/;i—x@g@dﬂ4

—1—2Ceb% (2)
20e% 1
< (WCO 10g (1/6) + 1) / m){éi (Z) dM.

By adding over k in the above inequality, we get

1—X 2C %
M(0) < (1 Oy log (1/8)) (1 —2C¢% Colog (1/¢) + 1)

« Z/fs%xéi(z)d/\/l

(2-13)
2(C %
Colog (1 1
< C'Olog 1/&:)) (1—2059 olog(1/e) + ) UQk
= g(e)M(J Q%)
Obviously
2Ce% 1—X
1+ ——Cplog(l/e) - ————
g(e) <1+ 1 —2Ceb% Colog (1/¢) Colog (1/¢)
1= B 20¢e% (Colog (1/¢))?
N Colog (1/e) 1 —2Ceg, 1-A '
Therefore, for 0 < A < 1, there exists ¢ such that g(e) < 1 if € < g9. So, for
0 < A < 1, we can have 0 < ¢(A) < 1 such that M(O) < c(A)M (U Qx). O

Theorem 2.1 cannot be directly used in discussing the power decay of the distri-
bution function, since there is a shift in time for estimates for parabolic equations.
In the following, we will give another form of the Calderén-Zygmund decomposition.
Let us first show an elementary lemma.

For k = 1,---, N, let Q be a convex set in R™ and Ax = Qi X [ag, bk] be a
cylinder in R"*!. Let m > 1 be an integer. Set

A](:) = Q X [ak + (@ —1)(bx — ak), ay + (b — ak)],
m+1 )
= U A = Qi x fan, a + (m+ )0k - an),
i=1
m—+1 )
E = U A;(;) = x [br, ar + (m + 1) (b, — ax)].
i=2
Lemma 2.3. Let p be a o-finite Borel measure in R™ and M = pu x dt. Here dt
is the Lebesque measure in R'. Then

N
(2-14) U Ay <Mt 1M(U A,
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Proof. We show this lemma by inductive argument. In case N = 1, obviously

MR = 2L pam,

m
In case N = 2, clearly
M(AT U AT) = M(AT — AT") + M(AS).
Therefore

- - - - 1
MUAP U Ag) < MOAY - Ag) + "2 mcag)
. _ +1
= M(A1 = A) + M(A} — A3") + = M(A7).

Without loss of generality, we may assume that as < a;. Since Lebesgue measure
dt is invariant under translation, as < a1, and by the structure of Agl) and /_1’2”, it
is easy to check

(2-15) M(Ay — A7) < M(AY — A7), for2<i<m+1.
Summing (2-15) over 4 yields
mM(A; — A) < M(AT — ).

It follows that

Am Am 1 m Am m+1 m
M(AT"UAY) < (E‘FI)M(AI _A2)+TM(A2)
< T(M(Al — A3") + M(A3"))
m-+1

= M(AT" U ATY).

Suppose that (2-14) is true for case N.
In case N + 1, by relabelling the indices, we may assume that a; < a; for k > 2.
Clearly

MAT U UAR ) S M(A = (A7 U UAR L))
+ M(AT — (AZ U~ U AR L)) + M(AZ U - UAR ).
Analogous to (2-15), we have for 2 <i<m+1
My~ (AP U+ U AR ) < MAY = (AU UAR).
Therefore, it is easy to see by inductive hypothesis that
MU U AR,
SO+ ) MAT — (AU U AR, ) + MO U U AR,
<m—|—1

M(APU---U AT, ).

The proof is completed. O
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By Theorem 2.1 and Lemma 2.3, it follows that

8

M(0) < WM QCzr. i)

where

-=m

1
Q (zbsri) = Slan, i) x [t = T b+ (m+ )i,

1
Qm(zk,rk) = S(xk,rk) X [tk + %, tr + (m + 5)7”1@]

Therefore we conclude the following variant of Calderén-Zygmund decomposition
which generalizes a result in [W].

Theorem 2.2. Suppose that all assumptions of Theorem 2.1 hold. Given a bounded
open set O and 0 < X < 1, there exists a family of parabolic sections F =
{Q(zk, ) 52, with the following properties:

(i) zx € O, V k.

(i) O c Ui, Qzk,mw)-

iy MO0QGERT) _

M@ (erorr) )
(iv) M(O) < ec(N)ZELM(UpZy @™ (21, 7)), for any m > 1, where 0 < ¢(X) < 1
depends on A but not on O or F.

3. DENSITY OF THE DISTRIBUTION FUNCTION

In this section, we will give estimates about the density of the distribution func-
tion of solutions of (1-1).

For zg = (xo,t0), let Q(z0,7) = S(xo,7) X (tog — 7, to] be a section. Let T be
an affine transformation that normalizes S(x¢,r) and T}, an affine transformation
normalizing Q(zo,r) defined by

Ty (z,t) — (T:lc7 @) .
Therefore
(3-1) B(0,a,) x (0, 1] C T,(Q(z0,7)) C B(0,1) x (0, 1].

In the following, we introduce the notions of normalizations of sections and of
the functions. Set

Un(e) = 6T ),
and

u*(z) = u(Tp_lz) =u(T 'z, tg — r +7t).



2038 QINGBO HUANG

It is easy to check that

(3-2) S* =T (S¢(xo,7)) = Sy, (Txo,1),
(3-3) Q" = Tp(Qs(20,7)) = Qu, (Tp(20), 1) = 5 x (0, 1].
Let u be a solution of (1-1). Note that
D, (z) = %(J‘l)t D*¢(T ) J 7,
(3-4) D*u*(z) = (J7N)! D*w(T, '2) J 7,
uj(z) = ruS(Tp_lz),

where J denotes the Jacobian of T'. Hence (1-1) becomes under T,
1 1
;uf —tr (;J‘l(DQW)‘l(J‘l)t JtD2u*J) =0,
and after simplifying u* satisfies the following equation:
(3-5) uj — tr ((D*¢,) "' D*u*) = 0.
Since T normalizes Sg(zo,r) and hence |T'Sy(zo,7)| = C,,, we have
|det J| - |Sg(zo,7)| = Ch.
Let p* denote the Monge-Ampere measure generated by ¢,.. By (3-4)
dp* = r~"(det J)"? det D?*¢(T ') dz.
It easily follows that

JH(S7) = / = (det J) =2 det D2(T—'z) dx
T(S¢(zo,r))

(3-7) _ / 7| det J| ! det D26 (x) dar
Soor)

=" det J| "' 1u(Sg(z0,7)).

On the other hand, since p satisfies doubling condition (1-2), p* also satisfies (1-2).
We define the normalization ¢* of ¢ by

(3-8) ¢"(2) = ¥r(x) — lray () — 1,
where {7, () is the supporting hyperplane of 1, at T'ro. Obviously, the Monge-
Ampere measure generated by ¢* is exactly p*, ¢* = 0 on 95*, and maxg- |¢p*| = 1.
By Lemma 1.1 in [Ca-Gu2] or [Cal], we have that u*(S*) ~ C,, maxg~ |¢*|" ~ C,,
ie.,
(3-9) r™ | det J| = Cp 1(Se(z0,7)).

We are ready to give estimates about the distribution function of the solution u
of (1-1).
Lemma 3.1. Let u > 0 be a classical solution of (1-1) in Q(zo,7). Suppose that

inf{u(z) : z € Q(z0,7/2)} < 1.
Then there exist €9 € (0, 1), Mo > 1 such that
M({z € Q(z0,7) : u(2) < Mp}) > eoM (Q(z0,7)) ,

where €9 and My depend only on n and the structure conditions of ¢, and are
independent of u.
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Proof. By the previous argument, u*(z) satisfies (3-5) in Q*; ¢*(z) = 0 on 95%;
—1<¢*(x) <0in 5% -1 < ¢*(z) < —3 in Ste = T(Sg(zo, r/2)) = Sy, (Tzo, 3).
Consider the auxiliary function

w(z) = u*(z) + 16t ¢™(x).

We may assume that
u*(z') = inf{u™(2) : 2 € Sf 5 x (5, 1) =Qi <1,

where 2’ € Q1/2

Let I'(w™) denote the parabolic concave envelope in @* of the negative part w™
of w and A, be the contact set, i.e.,

Ay, ={z€Q":w<0,w=-T(w")}.

It was proved in [W] that [(w™) is C*! and (sup- w‘)nJrl is controlled by the
volume of the image of A,, under the transformation

— (DT'(w™), IN(w™) — 2 DT (w™)).
By [T], we have

(3-10) w™ ()" < C (diam(S*)) // ¢ det D? (D(w™)) | dzdt.

Obviously, w > —TI'(w™) on Q*. It is easy to check that on A,

D*w > D*(~T'(w™)) >
wy < (=T'(w™)): <0.

It follows from (3-10) that

(3-11) 1< c// —wy) det D*w dxdt.

By the geometric-arithmetic mean inequality, we have the following estimate on
Ay

" 4+ 1) (D) det D¢

—w; det D?>w [ wy + tr ( D2¢*)_1D2w)]
(—Ly,w)" ' (n+ 1)~ det D¢,

(- 16¢ () + 16tn)" 1 (n + 1)~V det D),
C,

det Dzwr

IN

Noting that 4, C {z € Q* : u*(z) < 17}, from (3-11), it follows that

1<C / / det D%, dxdt
{z€Q*:u* <17}
—C // P 1| det J| =1 det D¢ dadt,

{z€Q(z0,r):u<17}



2040 QINGBO HUANG

where we have used a change of variables and the definition of T,,. By (3-9) we
proceed to the following:

1< C@r™|detJ| 7)™t // det D¢ dxdt
{z€Q(z0,r)u<17}
M{z € Q(z0,7) : u(z) < 17})
1(Sg (o, 7)) 7 '
Since pu(Sg(xo, 7)) r = M(Q(20,7)), the proof of Lemma 3.1 is complete. O

=C

We have the following useful corollary of Lemma 3.1.

Lemma 3.2. Let ¢g and My be the constants in Lemma 3.1. Let u > 0 be a
solution of (1-1) in S(xg,7) X (to — 7, to + 71] with T = €9/2. Suppose that

(3-12) inf{u(z) : 2 € S(xo,7/2) x (to, to+7r]} < 1.
Then
M({z € Q(z0.7) : () < Mo}) > FM(Qz0,7)).

Proof. Obviously, (3-12) implies that inf{u(z) : z € Q((xo, to + 77), r/2)} < 1.
Therefore, by Lemma 3.1, we have
M({z € Q((zg, to+ 1), 1) : u(z) < Mp}) > eoM(Q((xo,to + T7), 7).
It immediately follows that
M({z € S(zo,7) X (to — (1 — 7)1, t0) : u(z) < Mo})
+ 71 w(S(xo,7)) > eorp(S(zo,7)).
Thus
M({z € Q(z0,7) : u(z) < Mo})
M({z € S(xo,7) x to—(l—T)T to) : u(z) < Mo})
>(80T—7’T‘) (S(zo,1)) = =M(S(x0,7)).
O
By Lemma 3.2, if u(z) > Mg on Q(z0,7), then u(z) > 1 on S(zo, 5)x (to, to+77].
This gives us the estimate in the t-direction for solutions of (1-1). In the following,

we need to consider the estimate in the z-direction.
Let ro=4rand K >0 >03>0,06< % We introduce the following notations:

Q4 = S¢(170, 4r) x (to — 4K, to],

Se(o, 4(1 = B)r) x (to — 4(K — B)r, to],
S¢(x 2r) x (tg — 4(K — o)r, to),
= Sg(x0,7) X (to — 4K, to].

(3-13)

1
Lemma 3.3. Given K >0 > (>0, 5 < o Qi(i = 1,---,4) is defined as in
1
(8-13). Let u > 0 be a solution of (1-1) in Q4. If infg, u > 1, then infg, u > I

where L > 0 depends only on n, o, K and the structure conditions.
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Proof. We first give some preliminaries. Let 1" be an affine transformation that
normalizes Sy (z0,70) = S¢(x0, 47), and T, be an affine transformation defined by

T,: (,t) — (Tx, M)

4r
The images of {Q;}}_; under T}, are denoted by
Q5 =S5 x (0, K], with S} normalized,
Q3 =53 x (B, K],
Q3 =55 x (0, K],
Q1 =57 x (0, K].
As before, u*(z) = u(T;, '2) satisfies (3-5) in Q} with v, instead of ¢,. Without

loss of generality, we may assume that v > 0. For 0 < ¢ < 1, we claim that
u*® = (u*)° satisfies the following:

(1—e) D)

su*e A¢*
Obviously, Ly, = Lg-, where ¢* is defined as in (3-8) with 1, instead of ¢,.. It is
easy to check that

(3-14) Ly,, () >

Ly, () = ew* Dy — tr((D26") 7 D(ew < Du))
= ey —tr ((D2¢*)_1(5u*(5_1)D2u*—|—5(5—1)u*(5_2)Du*(Du*)/))
=e(1 —e)u*ED((D%¢*) " Du*, Du*)

w2 | Du*]?

Ag*
where we have used the inequality

>e(l—e)

| Dul?
Ag*
for the proof of which, see Lemma 2.1 in [Ca-Gu2].

Let us recall some properties of normalization ¢* of ¢ in S(xg, ro) (see [Ca-Gu2]).
@* is a strictly convex function with ¢* = 0 on 0S5} and —1 < ¢* < 0 in Sj.
|D¢*| < Cp,n on S5 and |D¢*| > C), for x ¢ ST. Let H,, = {x € 55 : A¢p* > %} for
7> 0. An argument in [Ca-Gu2| gives

<0 [ A6 dr<Coum
3

((D*¢*)"'Du, Du) >

Let f[; be an open subset in S such that H, C E, and |E, \ Hy| <n. Take f,(x)
to be a cuf-off function such that f, € C3°(H,), 0 < f, <1, and f, =1 on H,,.

—o*(x)t 1
Let h(z) = qilil((x) Then 0 < h < 7 on Q5. We shall construct an auxiliary

function. To this end, consider the boundary value problem for parabolic Monge-
Ampere equation:

(BVP)

— w; det D*w = F(x,t), in Q,
w=1m (772|$|2 - t)u o1 8PQ27
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where F' = (n + 1)~ det D2¢*(f,) Ly~ (h) +10)"** > 0,0 < mo, ;1 < 1,0 <
1
N2 < B, and Ly« (h) = E(_(b* (x) + nt). The existence of classical solution w €

C*Y(Q35)NC(Q7), which is parabolically convex, i.e., convex in # and nonincreasing
in ¢, can be found in [W-W].
Now define the following auxiliary function:
v(z) = u*(2) — (h(z) + w(z) + not), for z = (x,t).

Since h is strictly positive on @)%, we will show this lemma by showing that w is
small and

§ = min{v(z) : z € Q}} = v(P) = v(a', 1)
is positive or close to zero. It is convenient to distinguish the following three cases:
Case 1. P € Q1.
Case 2. P e Q}\ Qs.
Case 3. P Q5\ Q7.

Case 1. Suppose P € Q7. We first show that the correction function w is very
small if n, o and 7, are sufficiently small. Since w is nonincreasing in t,

supw < 172 SllP |lz|* < 1.
Q3 z€S}

On the other hand, by Aleksandrov-Bakelman-Pucci-Krylov-Tso’s estimate ([T]),

we have
1/(n+1)
F dxdt}

sup(—w) < sup (—w) + C{diam(SZ)"/
Q3 0pQ]
K 1/(n+1)
<mK+ C{ / / (fo Lo (h) +m0)" T det D?¢* dxdt}
0 .

Qi

1/(n+1)
<7]1K+C’{/ det D?*¢* dx +nyt p *(84)} .

Recalling that p*(S}) < C,, and noting that (1-3) is affine invariant, i.e.,
|Hy| w*(Hy)
|53 w*(S5)

w| < n*, for arbitrary n*, if n, o and 7, are sufficiently small.

< d9 implies

<517

we have that Sup s

. . . 1 * 1
We can now estimate §. Obviously if g < K and n* < 3

—_

1
021=7 = =mk >z

M

Therefore, for z € Q5
u®(2) = v(z) + (h(2) + w(z) + not)
1
which implies u*(z) > (1)1/¢, for z € Q3.

Case 2. Let P € Qi \ Q3. Obviously S5 = Sy, (29,1 — ), and 0 < h <
max(f, 4:K) on @} \ @3 by the definition of Q5. Then we have

0>0-CB—n"—nK.
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It follows that for z € Q3

u®(2) = v(2) + (h(2) + w(z) + not)
1
> —Cf— 5" —mK + 2> — 5" +0

4K
o
P
— 16K
Here we choose (3, ng, and n* sufficiently small depending on C, o, and K. Thus,

w(z) 2 (#)W on Q3.

Case 3. Let P € Q5\ Q7. Since P is a minimum point, we have that Dv(P) = 0,
D?y(P) >0, and v(P) < 0. Therefore

Ly (v) = v, — tr((D?*¢*) "' D*v) <0, at P.
It implies that
(3-15) Ly (u*®) < Ly (h +w) + no, at P.
Since w is a parabolically convex solution of (BVP), we have

F = (—w;) det D*w

—wy + tr((D2¢*) "1 D2w) "

det D?¢*
< i et D¢",

ie.,
(n+ 1)~ det D26" (fy Lo (h) +10)"+!
<(n+ 1)~ (= Lye (w))" ™ det D27
It proceeds to
fo Lg=(h) +no < —Lg- (w).
From (3-14), (3-15), it follows that at P

(L—¢) | D)

< L= (h) — (fy Lg=(h) +no) + no-

cu*e A¢*
Therefore
1—¢) |D(u)]?
(3-16) (1=c] X‘(b*)' <(1—f)Le-(h), atP.

EU*E

Since 172 < B, w(z,t) < 0 for z € 9S; and t > (. By the property of convex
functions (see [Ca-Gu2]), we have that for z € S5

—w(zx,t)
N T
Therefore, we obtain at P
|D(u**)| = |Dh + Duw|

> |Dh| — |Dw|

sup |w]
>0f— —— 1
= C0 = (s, 057
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Obviously, if 3 is fixed, taking n and 7o sufficiently small, then sup |w| < n* is also
small enough, and therefore we have
|D(u™)[(P) = C.
By (3-16) (P = (2/,t')), Ly+(h) = (—¢*(x) + nt) /4K, we obtain
1—e¢ 1

e u*(P)
Since the LHS of above inequality is positive, f,(z') # 1. This implies that =’ ¢ H,
and A¢*(z') < % Therefore

< (1= fola") Ag ().

*E 077(1 _E)

Obviously, if we choose ¢ sufficiently small, then

1-— 1
Cnl=e) 1 v ks

o>
- € 4

It follows that for z € Q3
u*(z) > 6+ (h(z) + w(2) + 1ot)

_7’]*

v v
o= =

Y

Therefore, u(z) > (4)!/¢. This completes the proof of Lemma 3.3. O

Repeatedly applying Lemma 3.1-3.3, we obtain

Theorem 3.1. Let zg = (x0, to) and z{ = (zo, to +2r). Let u > 0 be a solution of
(1-1) in S(xq, 4r) X (to — 7, to + 2r]. Assume that

inf{u(z): 2z € Q(z{, 2r)} < 1.
Then there exists My such that
(3-17) M({z € Q(z0,7) 1 u(z) < Mi}) > eoM(Q(20,7)),

where €q is the constant in Lemma 3.1 and M, depends only on n and the structure
conditions.

Proof. By contradiction. If (3-17) is false, applying Lemma 3.1 to Myu/M;y, we
obtain

. r M
(3-18) inf{u(z) : z € Q(#o, 5)} > ﬁ(l)'
Therefore, by applying Lemma 3.2 to M@&u/My, it follows that
) r r M
(3-19) inf{u(z) : z € S(zo, Z) X (to, to + 7'5]} > ﬁé.

By (3-18) and (3-19)

. r r r M
inf{u(z) : z € S(ao, Z) X (to — > to +T§]} > Mé'
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By applying Lemma 3.3 with /4 instead of r, K = (14 7)/2 and 0 = 7/2 to the
solution M@u/Mi, we obtain

M,y

MZL’

r

inf{u(z) : z € S(xo, g) X (to + (1 — 1)2

r

; tO + T_]} >
2

By applying Lemma 3.2 and Lemma 3.3 once again, we find that

inf{u(z): z € S(xo,

r r r My 1 2
— t 21 —1)=, t 27— — .
5) X (ot (27 —1)3, to+ 72]}>M0(M0L)

Continuing with this process, we conclude that at kth-step

r r My 1
Ty s (t L s S
3) x o+ (b —1)3 Mo (MoL)E

Hence, by choosing k such that k > 4/7 > k — 1, it follows that

M, 1
t 2 —_— .
ot 2]} > Mo (MoL)*

inf{u(z) : z € S(wo, , to+ kTg]} >

r

) x (to— 35

inf{u(z) : z € S(xo, 5

We now apply Lemma 3.3 with § instead of 7, K = 5/4, 0 = 1/8 to the solution
A (MoL)*u, and then there exists Ly such that

. r M,
inf{u(z) : z € S(xo,r) X (to — pht 2r]} > Mo(MoL)* Ly

9 1
Once again applying Lemma 3.3 with K = 6 and o = 6 to the solution
Mo(MoL)*L
%u, we obtain that there exists Ly such that
1
M,

inf{u(z) : z € S(zo,2r) x (to, to +2r]} > Mo(MoL)* Ly Lo

If we choose M; > MQ(MOL)kLlLQ, then the inequality above contradicts the
assumption of Theorem 3.1. Thus, we finish the proof. O

To end this section, we give another theorem which will be used in discussing
the power decay of distribution function of solutions of (1-1).

Theorem 3.2. Let zg = (z9,t0) and K > 0 > 0. Let u > 0 be a solution of (1-1)
in S(zo, 2°71r) x (to — K, to]. Assume that
inf{u(z) : z € S(xo,r) X (to — Kr, to]} > 1.
Then there exists Lo depending on K, o, i, n and the structure conditions such that
- 1
inf{u(z) : z € S(xo, 2'r) x (tog — (K — o)r, to]} > I
0
Proof. To show this theorem, we will repeatedly apply Lemma 3.3. For 1 <j <,
let t; =19 — Kr+ Z,or. By Lemma 3.3 with %, K /4 instead of o, K, respectively,
i i
we obtain that there exists L such that

inf{u(z) : z € S(xo, 2r) x (t1,%0]} > Lil
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Then apply Lemma 3.3 with 2r, (K — %)/8, 0/8i instead of r, K, o, respectively,
to the function Liu, and then there exists Lo such that

inf{u(z) : z € S(xo, 2%r) x (t2,t0]} >

LiLy
Continue this process and there exist constants Ls, ..., L; such that
, 1
inf{u(z) : z € S(zg, 2'r) x (t;,to]} > ——.
Ly---L;
The theorem follows immediately. O

4. THE HARNACK INEQUALITY

The purpose of this section is to derive the power decay of distribution functions,
the weak Harnack inequality, and the Harnack inequality for nonnegative solutions
of (1-1), by using the estimates established in §3 and the Calderén-Zygmund de-
composition (Theorem 2.2).

Given zg = (x0,t0) and R > 0, let

QT = S(z0, R) X (to + R, to + 2R,
3R R

Q= S(wo, 2R) x (to — == to + 5],

Q_ = S(ZZ?Q, R) X (to — R, to],
) 3R
QB = S(ZII(), 89 R) X (t() — 7, to + 2R],

where 6 is the engulfing constant in property (C) in §2. For 2z’ = (2/, t') we use the
following notations:

Q(Z/ap) S(:E/ap) X (t/ - P t/]a

Qp) =S p) x (¢ = 5, ¢ + 5]

We first show the following lemma.

Lemma 4.1. Let u > 0 be a solution of (1-1) in Qp. Assume that infg u < 1.
Let 2/ = (2/,t") € Q and suppose

(4-1) M({z€Q(Z,p) s u(z) > M}) > AM(Q(, p)),

where A = 1 — eg and gq is the constant in Lemma 3.1. We conclude that

R
(i) ifp< B’ then p < CoM ™R,

R
(i) If M > Ms, then p < G’
where Ca, dg, My > 0 depend only on n and the structure conditions.
Proof. We first prove (i). Suppose that p < R/6. Let t) =t + p/2, ti,; =t; +2'p

and z = («/, t}) for i > 0. Let j be the integer such that ¢} < to + 2 < #/,,.
Obviously

3p E
2

th=t'+— <to+ +§-
2 2

so j > 1. By the definition of j

1 3R , 1
t;:t’+(2ﬂ—§)p<to+7gt’+(2ﬂ+1—§)p=t;+1.



LINEARIZED PARABOLIC MONGE-AMPERE EQUATION 2047

It follows that

3R o1 3R R . 1
to— 4+ (20 — Z)p<to+ m <to+ = + (2T =
0=~ +( 2)P< ot Stot 5 +( 2)/)7
and hence
R )
— <2p < 3R.
8
Clearly
tha = th + (2771 =277
3R R
4-2 > —+ 14—
(4-2) > o+ +14- 3
>ty + 2R.

Since Q(2, p) = Q(z}, p), by Lemma 3.1 and (4-1)

inf{u(z) : z € Q(z], g)} > %.

Repeatedly applying Theorem 3.1, we obtain for i > 1

) : , 1 gi-1 N
(4-3) inf{u(z) : 2 € Q(z;, 2" "p)} > TR
By (4-2) and (4-3)
; 3R M
: : r9j -
inf{u(z): z € S, 27p) x (to + 1 , to +2R]} > SViich

Noting that 27p > R/8, applying Theorem 3.2 with » = R/8, K = 10, o =2and i
satisfying 2° > 166, where 6 is the engulfing constant, to the solution MOMf+4u/M,
we obtain

M

'R
4-4 inf iz €8, 2= to+ R, to +2R]} > ———.
(4-4) inf{u(z) : 2 € S(a’, 2'5) x (to + R, to + 2]} Mo,

By the engulfing property
S(2', 2°73R) D S(«',20R) D S(z0, 2R),

then from (4-4) and infg+ u < 1, we conclude that M < MoM?** Ly. Therefore

. M
J] > 10g2 W{lLo/logz M.

We have
p<277.3R

M
— log, m/ logy M

<2 3R

logy (Mg M{ Lg) a1
=3.2 Togg M7 .M Tesx My . R

This finishes the proof of (i).
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Now turn to show (ii). Suppose that p > R/6. We want to deduce a contradiction
if Ms is sufficiently large. Obviously

1
th=1t"+(2° - 5)p
., 3R 63 R
=0T T a6
>ty + 2R.
As before, by Lemma 3.1 and (4-1)
. p M
inf{u(z) : z € Q(z], 5)} > 0
. p_R
Since 5~ 13’ by (4-3) we have
. R R
inf{u(z): z € S(a’, ﬁ) X (to + 2 to+2R]} > W.
Applying Theorem 3.2 with r = R/12, K = 18, 0 = 6, to MoM7u/M, we obtain
. ;R M
1nf{u(z) 1z E S(Z‘/, 2 E) X (t() + R, to + 2R]} > m,

where i is taken such that 2° > 246 and 6 is the engulfing constant. Since

S(z', 21%) D S(2', 20R) D S(xzo, 2R),

we have

infu>——+—,
o+ "7 MoMLo

which contradicts with infg+ uw < 1if M > MoM7 Lo = M,. We conclude (ii). O

We are now in a position to show the power decay of the distribution function
of w.

Theorem 4.1. Let v > 0 satisfy (1-1) in Qp. Assume that info+ u < 1. Then for
i>1

(4-5) M({z€Q :ulz) > KM}) </ M(Q).

where 0 < v < 1, K, M are depending only on n and the structure conditions.

Proof. Set t =ty — R/2 and z = (20, £). Then Q = Q(%, 2R) and Q~ = Q(z, R).
Let 71 =2 and for i > 2

=2 (1= SlCa(RIP) ),
j=2
where Cy and g are the constants in Lemma 4.1; p is the constant in Property (D)
in §2; K and M (large numbers) will be chosen later. Note that 1 < 7, < 2 if K
and M > 1 are sufficiently large. To prove (4-5), it is sufficient to show that for
1 >1

(4-6) M({z € Q(z R) : u(z) > KM'}) < ' M(Q).
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Now begin to choose 7 in (4-6). For &g the constant in Theorem 3.1, A = 1 — &,
let vo = ¢(A\) < 1 be the constant in Theorem 2.2. Choose m and « such that

1
71=m+ Yo <7v<1l, and X <~.

m

Now fix m and v. We want to show (4-6) by induction.
Case i = 1. Since infg+ v < 1, by Theorem 3.1 and Lemma 3.1, we have

M({z € Q(z, 2R) : u(z) > My}) < AM(Q(Z, 2R)).

Take K > 1 and M > M;. Then (4-6) holds when i = 1.
Case 1 = 2. Set

By ={z € Q(z, »R) : u(z) > KM?}.

We only need to consider open sections in the measure argument. By the Calderén-
Zygmund decomposition (Theorem 2.2) at the level A of Ey , there exists {Q(zx, pr)}
such that

(4-7) M(Es) < M JQ™ (2 pr)),
k

and

(4-8) M@ p) N By) _

M(Q(zk, pr))

From (4-8) and by applying Theorem 3.1 m times, we have

KM?

4-9 -
(4-9) u > N

on I' = U@m(zkapk)'
!

By Lemma 4.1, if M > Ms, then
(4-10) pr < Co(KM?)~%02R.

Since zp € FE», we have @(zk, oK) C @(2, 2R) by the definition of 7o and the
following variant of Property (D) in §2: for 0 < so < 51 <1

Q(z, (s1 — $2)’R) C Q(z0, s1R), for z € Q(z0, s2R).
Let

KM?
My

B={2€Q(z,2R)=Q: u> b

Take M > M". If M(E3) < yM(B), then by the conclusion of case 1

M(Ey) <AyM{z € Q(z 2R) : u> KMY})
<Y M(Q),
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which is (4-6) for i = 2. If M(Es) > yM(B), let us assume by contradiction that
M(E3) > ~v* M(Q). Obviously by (4-9) and (4-7)

MIT™NQY) =MT™) = MTIT"™NQ)
> %M(Ez;)—M(B)
1

1 1
> —M(E5) — —M(E
= (E2) 5 (E2)
> (= - 12 M@
T 7 '
Let
T = sup{t : 3z such that (z,t) € I'"}.
Therefore
R 11,
(T — (to + 5)) - 1(S(zo, 2R)) > (I - ;)7 2R p(S(z0, 2R)).

This implies that there exists a point z € I'™ above the hyperplane t =ty + R/2 +
C3v?R with C3 = 2('71_1 — 4~1). Therefore, there exists a section Q(z, px) such
that z € Q™ (zk, px) and this implies

R R
(m+1)pr > (to + 5T C37°R) — (to + 5) = C37°R.
By (4-10)

_ Ch
Co(KM?)~ %2R > —> _~2R
2( ) z R

which gives a contradiction, if we choose K and M such that
202K—50 < &,
(4-11) m+1
M™% < 5.
Therefore we conclude (4-6) for i = 2.
Suppose that (4-6) holds for 4.

Case ¢ + 1. The argument in this case is similar to that in case i = 2. We just
give a sketch of the proof. Let

By ={z€Q(z, mis1R) : u(z) > KM,
By Theorem 2.2, there exists {Q (2, pr)} such that
(4-12) M(Eiy1) < niM(IT),
and

(4-13) M(Q(Zliv pr) N Ei1) -

M(Q(Zkv Pk))
where I'" = |J,, Q™ (zk, pr)- By Lemma 4.1 and (4-13)

)

(4-14) pr < Co(KM™1)=%2R,
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which implies that Q(zx, pr) C Q(Z, T R), since z, € Q(Z, 741 R). Obviously, by
(4-13),

KM+
If M(Eit1) < yM(By), then for M > M{", by the induction assumption

I'""NQ(z ~R) C By ={2€Q(z ~R) :u >

M(Eif1) < yM{z € Q(z, ~iR) : u > KM'})
< ATIM(Q),

which is (4-6) for case i+1. If M(E;1+1) > vM(B1), let us assume by contradiction
that (4-6) is not valid for ¢ + 1. Then we have by (4-12)

MIT N Q°(E 7R)) = MIT) = M(I'T N Q(Z, i R))

.
> (% - %)WM(Q»

This implies that there exists a point z € I'f* above the hyperplane t = t + 7, R/2 +
C3y**t1R. Therefore, there exists Q(z, px) such that z € Q™ (2, px) and hence

R ;
7'2 ) _ Og,_yl-‘rlR’

_ TR . _
(m+1)pp > (F+ 28 1 O3y IR) — (F+

which contradicts with (4-14) if (4-11) holds. This proceeds immediately to the
conclusion of the theorem. |

By a standard argument, the weak Harnack inequality is an immediate corollary
of Theorem 4.1 (see [Ca-C, p. 48]).

Corollary 4.1. Let u > 0 be a solution of (1-1) in Qp. There exists §3 > 0 such

that
1 P 1/53
- 3dM < Cyinf u,
(M(Q—> //Q“ ) =g

where Cy and 63 depend only on n and the structure conditions.

Remark 4.1. The conclusions of Theorem 4.1 and Corollary 4.1 are still valid, if @~
~ 3

is replaced by Q(Z, §R) To this end, in the proof of Theorem 4.1, we just need to

_ 3
take M and K so large that 3 <7 <2

Next we will estimate sup u by the weak Harnack inequality. For zo = (o, to),

3 ) 11
let Qo = Q(=o, §R), and a smaller section Q5 = S(xq, ZR) X (to — §R, to].

Lemma 4.2. Let u > 0 satisfy (1-1) in Qo. Suppose that

(4-15) / / N % dM < CsM(Qo).
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Let v = where My is the constant in Lemma 3.1. Then there exist Cg,

1
0 — L
d1, and jo depending only on n, Cs, d3 and the structure conditions such that for
2= (2, ) € Qs and j > jo, if u(z') > vt My, then
sup u > ujMO,
Q(2",p)
where p = Cov %I R and Q(%', p) C Qo.
Proof. By the properties of sections, if jo is sufficiently large, then Q(z/, p) C Qo.
Suppose that supg.: ) u < 13 My. Consider
 vIMy—u(z)
W) = S T
Obviously, w > 0 and w satisfies (1-1) in Q(2’, p). It is easy to check that w(z’) < 1.
Applying Lemma 3.1 to w, we obtain
M({Z € Q(zlv p) : ’UJ(Z) < MO}) > 80M(Q(zlv p))7

which is equivalent to the following:

M({z € QU p) u(z) > 219 Mo)) > 20 p (S (', ).
By (4-15) we have

(4-16) (597 Mo) ™ Cs S Ru(S(r0, 3 R)) > 20 p (S(x', ).

Since p is a doubling measure, we have
3 3
(St 300) < (s, 03m))

c (%)dmsw,p)).

IN

By (4-16) we obtain

CV—53le+d > pl+d

)

which gives a contradiction if p = (Cv~%7)Y/1+4R. Therefore, we complete the
proof of the lemma. O

Theorem 4.2. Let u > 0 satisfy (1-1) in Qo. Suppose that (4-15) holds. Then
there exists 71 such that supgs u < v =1 My, where Q = S(xo, R) X (to — %, to] and
j1 depends only on n, Cs, 03, 4 and the structure conditions.

Proof. Choose j; > jo such that

. 1
_ —047 —
(4-17) Zcﬁu <5
B
and
o 1
(4-18) Z(cﬁ.u 0ag)L/P < R
Jj>j1

where p is the constant in Property (D) in §2. We claim that Supg U < v =M.
Otherwise, suppose that there exists 2’ € Q such that u(z’) > ¥ ~'My. By Lemma
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4.2, there exists z;, € Q(2, pj,) with pj, = Cev~°*1 R such that u(z;,) > v M.
By (4-17) and (4-18), zj, € Q,. Apply Lemma 4.2 again and obtain zj, 41 €
Q(2jy, pjr+1) with pj 41 = Cer™ TR such that u(zj,11) > v *1My. By
(4-17) and (4-18), zj,+1 € @s. Continue this process and we obtain that there
exists {21}’ C Qs such that u(zg) > v* My which contradicts the continuity of w.
Hence, we finish the proof. O

Proof of Theorem 1.1. Choose # = 86? in Theorem 1.1, where 6 is the engulfing
constant. Then Theorem 1.1 is an immediate consequence of the combination of
Corollary 4.1 and Theorem 4.2. O

Remark 4.2. By Theorem 1.1 and a standard argument, we conclude
08CQ(29,p)U < o4 (%) 08CQ (2, R)Us for p < R,

where C' and « are constants. For the proof, see [M].

Remark 4.3. We show that Remark 4.2 implies Holder continuity. But the Holder
constant depends on the norm of the affine transformation which normalizes the sec-
tion under consideration. Let Q(zo, R) be a section and (z,t), (y,s) € Q(z0, R/2)
with s <t¢. Let

po =inf{p:y € S(z, p)}.
By [Ca-Gu2|, we have

21T\ /=
po < 20R (”_|) |z — y|1/637
K>

where ||T'|| denotes the norm of T" which normalizes S(zg, OR). Therefore
(y.5) € Q(z,1), Clar —y[Y/=* + |t — s).
By Remark 4.2, it follows that
Ju(e, t) —u(y, s)| < Clz = y"/* + [t = s|)* R,

where C depends on [|T||, ||u||z=<, 7, and constants in structure conditions.
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