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HARDY INEQUALITIES IN ORLICZ SPACES

ANDREA CIANCHI

ABSTRACT. We establish a sharp extension, in the framework of Orlicz spaces,
of the (n-dimensional) Hardy inequality, involving functions defined on a do-
main G, their gradients and the distance function from the boundary of G.

1. INTRODUCTION AND MAIN RESULTS

The standard n-dimensional Hardy inequality states that, if G is an open bounded
subset of euclidean space R™ having a smooth boundary 0G and d(z) denotes the
distance of the point x € G from JG, then for every p € [1,00] and o > —1+1/p
a positive constant C' exists such that

(L.1) |

< CH%
L (G) d>

(©))
for all sufficiently smooth functions u vanishing on dG. Here LP(G) denotes
Lebesgue space and D stands for gradient.
A counterpart of (1.1) in the case where functions u, which do not necessarily
vanish on JG, are taken into account is the inequality
<C (Hi + H Du ) :
LP(G) d> e (@) d* |l o (e
which holds for p € [1,00] and a < =1+ 1/p.

A proof of inequalities (1.1)—(1.2) can be found e.g. in [K], [OK]. Let us mention
that such inequalities, and generalizations of them, have applications, for example,
in the theory of degenerate partial differential equations.

The aim of this present paper is to establish sharp extensions of inequalities
(1.1)—(1.2) in the framework of Orlicz spaces. As a consequence of our results, for
instance, substitutes for (1.1)—(1.2) in the limiting case where @ = —1+1/p can be
derived; see the example below.

Precisely, we are concerned with the problem of finding a necessary and sufficient

condition on the real number « and on the Young functions A and B for the
inequality

(1.2)
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to hold for every smooth and bounded open subset G of R™ and all functions
u € VOI’A(G | d=®). Here, L*(G) and LZ(G) denote the Orlicz spaces associated
with A and B, respectively, (definitions are recalled in Section 2) and

Vi (G | d=) = {u: uis a real-valued function on G such that the
(1.3) continuation of u by 0 outside G is a weakly differentiable function
on R and |Du|d=® € L4(G)}.

An analogous question is considered concerning the inequality

<c|]
LB(G) LA(G)

for u € WHA(G | d=®), where

WhAG | d*) = {u: u is a real-valued weakly differentiable
function on G such that ud=® and |Du|d~® € L4(G)}.

Answers to these problems are given by Theorems 1 and 2 below. In the state-
ments, C%! denotes the class of all open bounded subsets of R*, n > 1, having a
Lipschitz-continuous boundary (a precise definition is given in Section 3). More-
over, A denotes the Young conjugate of the function A. Throughout the paper, we
use the conventions that 1/00 =0, 1/0 = co and 0 - co = 0, as usual.

u U
dl+a de

n Du
LA(G) de

(1.4)

Theorem 1. Let A and B be Young functions and let o > —1. Then for every
G € C%! there exists a positive constant C such that

Du

(1.5) g

LB(G)

|7
drre L4(@)

for all u € Vol’A(G | d=%) if and only if either

(1.6) a > 0 and there exist numbers k > 0 and 5 > 0 such that
B(s) < A(ks) for s > 3,

or

(1.7) a =0 and there exist numbers k > 0 and 5 > 0 such that
s/sydrgA(ks) for s > 3,

or

(1.8) —1 < a <0 and there exist numbers k > 0 and 5 > 0 such that

00 —1-1/a T s a+1
r B(r) _
(/ks () d’”) ([ s o) <u porszs

If a < —1, inequality (1.5) cannot be true whatever A and B are.

Theorem 2. Let A and B be Young functions and let o < 0. Then for every
G € C%! there exists a positive constant C such that
LA(G)>

<C (\
L5(G)

(1.9)

HL o 4 || P
dlte d*llLae) de
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for all u € WHA(G | d=%) if and only if either
(1.10) a < —1 and there exist numbers k > 0 and 5 > 0 such that
B(s) < A(ks) for s >3,

or
(1.11) o = —1 and there exist numbers k > 0 and 5 > 0 such that
s A _
S/ 7“(;) dr < B(ks) for s > 8,
or
(1.12) — 1< a <0 and there exist numbers k > 0 and 5 > 0 such that

%) —141/(a+1) a+1 s 7 -
/ < ~T > dr / A(r) dr <k fors>s.
ks B(T‘) s rl-1/a

As a consequence of Theorems 1 and 2, the couples of real numbers o and Young
functions A having the property that inequality (1.5) or (1.9) holds with A = B
can be characterized. The notion of As-condition for Young functions appearing in
the statements of Corollaries 1 and 2 is recalled in the next section.

Corollary 1. Let A be a Young function and let o« > —1. Then for every G € C%!
there exists a positive constant C' such that

(1.13)

< OH@
LA(G) de

|+
d1+a LA(G)
for all u € VOLA(G | d=%) if and only if the (generalised right-continuous) inverse
A1 of A satisfies
-1
log (hm SUP; 400 Af(i«r))
(1.14) lim A7

A—+400 ].Og A

<l+a.

In particular, (1.13) holds for every A in case a > 0 and holds if and only if A
satisfies the As-condition near infinity in case o = 0. Inequality (1.13) cannot be
true if a < —1 whatever A is.

Corollary 2. Let A be a Young function and let o < 0. Then for every G € C%1
there exists a positive constant C' such that
LA(G)>

<C \
LA(G)

for all w € WHA(G | d=%) if and only if

(1.15)

u u
dl+a do

n Du
LA(G) de

log <lim inf, 4 %93)

1.16 li 1 .

( ) A—oo log A Z it

In particular, (1.15) holds for every A in case o < —1 and holds if and only if A
satisfies the Ag-condition near infinity in case o = —1.

Let us notice that the quantities on the left-hand sides of (1.14) and (1.16) agree
with the upper and the lower Boyd index, respectively, of LA(G) (see [B]). Such
indices are involved in the theory of interpolation.
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Example: limiting cases of inequalities (1.1)—(1.2). Let G € C%!. Consider
inequality (1.5) with LB(G) = LP(G). Then Theorem 1 and Corollary 1 tell us the
following.

If @ > 0, then (1.5) holds with LA(G) = LP(G) for every p € [1, q].

When « = 0, inequality (1.5) holds with L4(G) = LP(G) if p € (1,00] and with
A(s) = slog(e+s)if p=1.

When —1 < a < 0, (1.5) holds with LA(G) = LP(G) if p € (1/(a + 1), 00],
with A(s) = (slog(e + s))/@+t) if p = 1/(av + 1) and for any A such that
[ (r/A(r) Ve dr < 0 if p e [1,1/(a+ 1)).

Consider now inequality (1.9) with LA(G) = LP(G). From Theorem 2 and
Corollary 2 we get the following conclusions.

If a < —1, then (1.9) holds with L?(G) = LP(G) for every p € [1, o0].

When « = —1, (1.9) holds with LB(G) = LP(G) for p € [1,00) and with B(s) =
et —1if LA(G) = L™(G).

If -1 < a < 0, (1.9) is true with LB(G) = LP(G) for p € [1,1/(a + 1)),
with B(s) = (s/log(e + s))"/(@*tD if p = 1/(a + 1) and for any B such that
[(r/B(r)~ /D) dr < oo if p € (1/(a + 1), 00).

Variants of inequalities (1.5) and (1.9) can be considered. In Section 4, we prove
a result concerning one-dimensional inequalities which extends to the Orlicz space
setting the inequality originally proved by Hardy in [H] and enables us to prove the
necessity of the conditions given in Theorems 1 and 2. Here, we present substitutes
for inequalities (1.5) and (1.9) in the case where the smoothness assumptions on
G are relaxed and domains from the class C%7 of all open bounded subsets of R™
whose boundary is Holder-continuous with exponent ~ are taken into account.

Theorem 3. Let A and B be Young functions and let o € R. Assume that G €
CY%7 for some v € (0,1]. Set

(1.17) _ {1 if either o >0 or a < —1,

v otherwise.

(i) If one of the conditions (1.6)—(1.8) holds, then a positive constant C exists
such that

(1.18)

H 707 |l o) = H

LA(G)

for allu € Vol’A(G | d=<9).
(ii) If one of the conditions (1.10)—(1.12) holds, then a positive constant C' exists

such that
<c|]
LB(G) LA(G)

for all w € WHA(G | d=).

Du
dov

u
do(l+a)

u

(1.19) | -

+|
LA(G)

2. AN INTERPOLATION THEOREM

A basic tool in the proofs of our results is an interpolation theorem which will be
established in Subsection 2.2. First, in Subsection 2.1, we recall a few definitions and
properties about Young functions, Orlicz spaces and quasilinear operators which
will be used in the sequel.
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2.1. A Young function A is a function from [0, 00) into [0, o] having the form
(2.1) A(s) = / a(r)dr for s >0,
0

where a: [0,00) — [0, 00] is an increasing, left-continuous function which is neither
identically zero nor identically infinite on (0, 00). Notice that

A(s) A(2s)

S

(2.2) <a(s) < for s > 0.

The (generalized) right-continuous inverse A=! of A is defined on [0, o] as
(2.3) A7Y(r) =inf{s: A(s) > r} (inf & = o).
The Young conjugate A of A is the Young function given by
A(s) = sup{sr — A(r): 7 > 0}.
Obviously,

(2.4) rs < A(r) + A(s) for every r,s > 0.

Moreover, /:1 = A.
The following inequalities hold for any Young function A

(2.5) r< AT ATY(r) < 2r for 0 <r < oo

A Young function A is said to satisfy the As-condition globally [resp. near infinity]
if a positive number c¢ exists such that

A7 (r) > 247 (er)

for r > 0 [resp. for r greater than some positive number].

Let (M,v) be a positive measure space (which throughout the paper will be
always assumed to be non-atomic and o-finite) and let A be a Young function.
The Orlicz space LA(M,v) is the set of all (equivalence classes) of v-measurable
real-valued functions f on M whose Luxemburg norm || f||z4(as,.), defined as

(2.6) £l 4 ar.) = inf {)\ >0: /MA ('f(Tx)') dv < 1},

is finite. L“(M,v), equipped with the norm || - ||fa(as,), is a Banach space.
Clearly, Lebesgue spaces can be recovered as special cases of Orlicz spaces. In-
deed, LA(M,v) = LP(M,v) if either p € [1,00) and A(s) = sP, or p = oo and
A(s) =0 for 0 < s < 1, A(s) = oo otherwise. In our applications we shall be
mainly interested in the case where M is a subset G of R" and v is Lebesgue
measure. In this case we shall denote v by m,, and L*(G,m,) simply by L4(G).

The following inequality is a substitute for Holder’s inequality in the framework
of Orlicz spaces

(2.7) | r@st@)ar < 20l lola,
On the other hand, we have
289 Wllsoen <sw{ [ F@o@)an/lolne, o€ L2010}

Let A and B be Young functions. A positive constant C' exists such that
(2.9) I fllLaewy < Cllfllneon



2464 ANDREA CIANCHI

for all f € | fllL5(n,y if and only if either B dominates A globally or v(M) < oo
and B dominates A near infinity. Recall that a function B is said to dominate a
function A globally [near infinity] if a positive constant ¢ exists such that

(2.10) A(s) < B(es)

for s > 0 [for s greater than some positive number]. The functions A and B are
called equivalent globally [near infinity] if each dominates the other globally [near
infinity]. If for every ¢ > 0 a number s, > 0 exists such that inequality (2.10) holds
for s > s., then A is said to increase essentially more slowly than B.

For more details and proofs of results about Young functions and Orlicz spaces
we refer to [A], [BS] and [RR].

Let (My,v1) and (Ma, ) be positive measure spaces and let T' be an operator
whose domain is some linear subspace of the set of v1-measurable functions on M;
and whose range is contained in the set of vo-measurable functions on Ms. Then T
is called quasilinear if a constant ¢ > 1 exists such that

211)  |T(f +9)(@)| < c(ITf(@)| + |Tg(x)]) and |TAf)(x)] = [A[|Tf(z)]
for vi-a.e. x € My, for all f and ¢ in the domain of T" and all A € R.
Let 1 < p < o and let T be a quasilinear operator as above whose domain

contains LP(Mj,v1). Then T is said to be of (strong) type (p,p) if a positive
constant N exists such that

(212) ||TfHLP(M2,l/2) < N||f||L”(M1,V1)
for all f S Lp(Ml, Vl).

For p € [1,00), let LPY(My,v1) denote the Lorentz space of all real-valued v;-
measurable functions f on M; for which the quantity

(2.13) 1l ats ) = / v({z € My« |f(@)] > 7)Y dr

is finite. Then T will be called of weak type (p,p) (in the sense of Calderén) if its
domain contains LP* (M7, 1) and a positive constant N exists such that

(2.14) va({y € Mo [Tf(y)l > t}) < N (7l ar o))"

for all t > 0 and all f € LP*(My,v1). The smallest constant N which makes (2.12)
or (2.14) true is called the strong or weak (p,p) norm of T, respectively.

2.2.  Our interpolation theorem can be stated as follows.

Theorem 4. Let (My,11) and (Ma,vs) be positive, non-atomic and o-finite mea-
sure spaces and let T be a quasilinear operator whose domain is some linear subspace
of the set of v1-measurable functions on My and whose range is contained in the set
of vo-measurable functions on Ms. Let 1 < p < oo and assume that T is of weak
type (p,p) and of type (00,00). Let A and B be Young functions.

Then there exists a positive constant C, depending only on the (0o, 00) and weak
(p,p) norms of T and on the constant ¢ appearing in (2.11), such that

(2.15) 1T Fll 5 (pava) < ClF Nl LADI 00)

for all f € LA(My,vy) if either
(i) p =1 and there exists a constant k > 0 such that

(2.16) S/OS BT(;) dr < A(ks) for s> 0,
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or
(i) 1 < p < oo and there exists a constant k > 0 such that

o o\ NP s B(r) \'7
(2.17) </ks (M) dr) </0 e dr) <k fors>0.

Here p' = p/(p — 1), the Holder conjugate of p.

In case vo(Ms) < 0o the same conclusion is true (with C' depending also on B
and vo(Ms) in (2.15)) even if (2.16) or (2.17) holds only for s larger than some
positive number 5 and with 0 replaced by 5 as a lower limit of integration.

Proof. We shall show that a positive constant k; exists having the property that,
if f is any v1-measurable function on M; such that

(2.18) AQRKIf(@)]) din <1,
My
then T'f is well-defined and

(2.19) /M2 <|1;~;(€1)|> dvy < 1.

Hence (2.15) will follow with C' = 4ckk;.

Let a and b be the increasing (left-continuous) functions such that A(s) =
Jo a(r)dr and B(s) = [Jb(r)dr. We shall assume that A and B are strictly
increasing and everywhere ﬁmte the general case requiring only minor modifica-
tions. Let f be any function satisfying (2.18). Let us set f; = sign(f) min{¢, |f|}
and f' = f — f; for t > 0. Clearly, f; € L>(Mjy,vy); moreover, ft € LPY(My, ).
To verify the latter membership, observe that

£ = [ {11 > 5177 ds
t

<ﬁks))w </m ({If] > sh 2 (2’“$> S) "

by Holder’s inequality. Thanks to (2.2), to the equation

(2.21) Zk/ V(If] > sDa(2ks)ds = | A(2k|f(z)]) din

My
and to (2.18), the last integral in (2.20) does not exceed 1. Hence, || f*|| o1 (a1, 00y <
00, since || (S/A(ka))l/pHLp/(t’OO) agrees either with ¢/A(2kt) or with the first factor
on the left-hand side of (2.17), according to whether p = 1 or 1 < p < co. In
conclusion, we have shown that f = f; + f* with f; € L>(Mi,11) and f! €
LPY(My,v1); consequently, f belongs to the domain of 7.
Now, if k; is any positive number, then (2.11) ensures that

/M2 <|1;;(€1)|> dvs = /OOO b ({|Tf| > 2ckyt}) dt

(2.22) < / T b(ta({[Th > kat)) de

(2.20)

LP’ (t,00)

+/O b(Oa({|Tf!] > kat}) dt
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Let No denote the (00, 00) norm of T. Then

(223) ||Tft||L°°(M1,1/1) < Noo||ft||L°°(M1,u1) < Noot for t > 0.
Therefore,
(2.24) / b(Oa({ITfi| > krt}) dt = 0

0

if k1 > Noo, since, by (2.23), vo({|Tf:| > k1t}) = 0 for such a choice of k;.
On the other hand, denoting by N, the weak (p,p) norm of T, we have

N,
ve({|Tf'] > kat}) < s (1F | Lo gy )"

kPt
(2.25) N ~ ,
- kl’fp (/ ri({|f] >S})1/pd5) for t > 0.
1 t
Hence,
(2.26)
oo o o »
/O b(t)va({ITf'] > kat}) dt < ]]Z—{f i % (/t vi({If] > s}/? ds) dt.

By making use of inequality (2.2) with A replaced by B, it is easily deduced from
assumption (2.16) or (2.17) that

(2.27) s/ %t) dt < A(2ks) for s>0
0

or

(2.28) </°o <m>ﬂ_l dr) " </0 %) dr)l/p <1 fors>0,

respectively. By the weighted Hardy inequality in L?(0,00) (see e.g., Theorem 1
of [M]), condition (2.27) for p = 1 and condition (2.28) for p € (1,00) ensure that
the right-hand side of (2.26) does not exceed ¢, Npk; ” [ vi({|f] > s})@ ds,

where ¢, equals either 1 or pp'™/®' =1 according to whether p = 1 or p € (1,00).
Hence, owing to (2.2), (2.21) and (2.18),

(2.29) / b(Owa(ITF > kit}) dt < ey Nki™.
0
By (2.22), (2.24) and (2.29), inequality (2.19) holds provided that
k1 > maX{NOO,N;/pc;/p}
and hence, in particular, if k; = max{Nu, e?/¢, N,e?/¢}.
Finally, the assertion concerning the case where vo(Ms) < 00 is a straightforward
consequence of the fact that, under such an assumption, replacing B by a Young

function which is equivalent to B near infinity but vanishes on [0, 5) results in an
equivalent norm on LZ(May, vy). (]
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3. PROOFS OF RESULTS FROM SECTION 1

We begin by recalling the precise definition of the class of domains C%7 (see
[K]).

Definition. Let 0 < v < 1. A bounded open subset G of R™, n > 1, is said to
belong to the class C%7 if there exist

i) a finite number N of orthogonal coordinate systems z; = (x},x,;), where
CE; = (xliax2i7 s 7$(n—1)i)7 i=1,... 7N7
ii) N corresponding functions ¢;(z}), which are Hélder-continuous with exponent
~ and whose domains are (n — 1)-dimensional cubes Q;,
iii) a number § € (0,1)
such that, if we set V; = {x;: 2} € Qi,0(2) — B < xps < () + 6}, U; = VNG
and I'; = V; N 9G, then
N
oG C | Vi, Ui={zi: 2} € Qi,d(x}) < zni < $(a}) + B} and
i=1
r;, = {(,Cii 1‘; S Qi,xm = ¢(1‘;)}

In particular, in case n = 1, G € C%7 for every v € (0,1] if and only if G is the
union of a finite number of open intervals.

Now, we prove Theorem 1 and Theorem 3 part i). Corollary 1 follows from
Theorem 1, via Lemma 4 below. The proofs of Theorem 2 and of Theorem 3 part
ii) make use of a partition of unity and of arguments similar to those used in the
proof of Theorem 1; for brevity, we omit them. Corollary 2 follows from Theorem
2, via a “dual” version of Lemma 4.

Proof of Theorem 1. Let G € C%! and assume that one of the conditions (1.6)—(1.8)
is fulfilled. Let z; = (2}, xns), Qs @i, Ui, i = 1,..., N, be as in the definition above
with v = 1. We suppose, for the moment, that i is fixed and denote z; = (z}, Tn;),
Qi, ¢i, Ui simply by x = (2, 2,,), Q, ¢, U.

Our first step will be to show that a positive constant ¢; exists such that

3.1) ||(xn — d)(x'))_l_o‘/ v(z’,7)dr

< all(@n — o))" v(@) L)
LEU)

for all real-valued functions v on U such that (x, — ¢(z'))"%v(z) € LA(U). Let us
call T,, the linear operator defined on w: U — R by

(32)  Taw(z) = (z, — ¢(a') "1 /q::n/) w(z', ) (1 — ¢(a'))*dr forz € U.

Clearly, inequality (3.1) is equivalent to
(3.3) |Towl L@y < crllwllpaw)

for all w € LA(U).
Since a > —1, equation (3.2) immediately implies that

(3.4) | Taw| Lo vy < lwll Lo )

1
1+a
Thus, T, is of type (00, 00) with norm < 1/(1 + «).
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Now, let us distinguish the cases where o > 0 and —1 < a < 0. If a > 0, then,
via Fubini’s theorem, it is easily seen that

$(a')+8 1 (o8

(3.5) / |Tow(z', )| day, < —/ lw(z',7)|dr for 2’ € Q.
é(x) X Jg(a")

On integrating both sides of (3.5) with respect to &’ over Q we get

(3.6) /|Tw ) do < + /|w )| da.

Thus, T, is of strong type (1,1) with norm < 1/«a. Since T, is simultaneously
of strong type (1,1) and (00, 0), an interpolation theorem by Calderén (see e.g.,
Theorem 2.a.10 of [LT]) ensures that inequality (3.3) holds with A = B; in partic-
ular, by (2.9), (3.3) holds if (1.6) is satisfied.

If -1 < a <0, then Hardy-Littlewood’s inequality (see Theorem 2.2, Chapter
2, of [BS], for instance) implies that

(3.7) |Tow(z)| < (z, — ¢(z')) "1 /OOO w(z',)*(s)s*dz  for x € U,
where

w(a’,)"(s) = sup{f > 0: m1({zn € (¢(z'), 8(a") + B): |w(a’,2n)| > 0}) > s},
the decreasing rearrangement of w(a’,x,) with respect to z,. Notice that the
integral on the right-hand side of (3.7) equals

[ e € @) 66 + 8): (e’ )| > 6)1 a0,

1+«
Consequently,

(38) ma({zn € (). 0() + )2 [Taw(a’ )| > 1))
: 1/(1+c)
: <ﬁ/o mi({z, € (¢(2), 6(2") + B): [w(a’,zn)| > 6})1+* d9)
for 2/ € Q and ¢t > 0.

Integrating both sides of (3.8) with respect to &’ over @ and making use of
Minkowski’s integral inequality on the right-hand side yields

1 o
(3.9) mn({z € U: |Thw(z)| > t}) < (DG A s gy for t > 0.
Thus, Ty, is of weak type (1/(1+a),1/(14a)) with norm < (14a)~*/(1+2) Hence,
by Theorem 4, inequality (3.3) is true if either (1.7) or (1.8) is fulfilled.

Now, let u € VOI’A(G | d=%) and, with abuse of notation, let us still call  this
function in the local coordinates © = («’,2,) on U. Since the continuation of u
by 0 outside G is a weakly differentiable function on R™, then u(z’,-) is absolutely
continuous on (¢(x'), p(x’) + B) for a.e. ' € Q and

(3.10) u(z):/ " ou —(a',7)dr for a.e. z € U.
(z') al’n

Since ¢ is Lipschitz-continuous, Lemma 4.6 of [K] ensures that a positive constant
0 exists such that

(3.11) §(xn — o(2')) < d(z) < (x, — (")) for z € U.
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From (3.1), (3.10) and (3.11) we obtain
(3.12) ld(z) ™" u(@)|| Lo w) < eslld(@) ™ Du(a)||paw)-
Here c3 = c1c20 1%, where ¢y equals 1 if o > 0 and agrees with 6% otherwise.
Let us set G = G\ Uf\il U; and call ¢4 the largest of the constants c3 appearing
in (3.12) as U ranges among all U;, i = 1,..., N. Then
N

d_l_a’u, B < d_l_o‘u By - d—l—au .
(13 | =) ;” e, + I s

< Nealld™*Dul| ag) + dist(G,0G) ™ |lull 1o -

Since we are assuming that one of the conditions (1.6)—(1.8) is in force, then,
by Lemma 1 below, A dominates B near infinity; thus, a constant cs, indepen-
dent of u, exists such that [|ull s < csllullpag). On the other hand, by
Lemma 3 below there exists a constant cg, independent of u, such that ||ul|; 4 @ <

c6l[d™*Dul[ 45y Combining the last two mequahtles shows that inequality (1 5)

follows from (3.13) with C' = Ney + eseq dist(G, 0G) ™!

Conversely, assume that o, A and B are such that (1.5) holds for every G € C1.
Let us choose the ball S, centered at the origin and having radius 1, as domain G.
Consider radially symmetric functions u € Vol’A(S | d=) having the form

1
u(z) = f(l—=r)dr forzels,

||

for some f: [0,1] — R. Since d(z) =1 — |z|, inequality (1.5) implies that

' / flr
LB((O-,l),(l—T)"*l)

where C,, = 7/2/T'(1 + n/2), the measure of S. Here, L*((0,1), (1 — r)"~!) and
LB((0,1),(1 — r)»~1) stand for LA((0,1),v) and LB((0,1),v), respectively, where
v is the measure whose density with respect to my is (1 —7)"~!. From (3.14) one
easily infers that a positive constant c exists such that

—l-a / f(r)ydr
0 LE(0,1/2)

for all functions f such that »=®f(r) € L*(0,1/2). Thus, in order to conclude our
proof we need only to know that, if the 1-dimensional inequality (3.15) holds, then
a > —1 and one of the conditions (1.6)—(1.8) is true. This is proved in Theorem 5,
Section 4. |

(3.14) < nCuClr=*f(r)llzao,1),1-r)m-1)

(3.15) <cllr™*f(r)llLaco,1/2)

Proof of Theorem 3 1), sketched. The proof proceeds along the same lines as in
Theorem 1. The only difference is that, since 0G is assumed to be only Holder-
continuous with exponent v, then the inequalities

(3.16) 8(zpn — @)Y < d(z) < (zn — ¢(a’)) forzeU
hold instead of (3.11) (see Lemma 4.6 of [K]). Consequently, the exponent (1 + «)

of ¢ in the definition of the constant ¢z has to be replaced by (1 + «) and the
exponent « of § in the definition of ¢y has to be replaced by va. O

Lemma 1. Let A and B be Young functions and let o € R. Assume that one of
the conditions (1.6)—(1.8) is fulfilled. Then A dominates B near infinity.
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Proof. The assertion is obvious if (1.6) is in force. Let us assume that either (1.7)
or (1.8) is fulfilled. Then, —1 < & < 0. Let 5 be the number appearing in (1.7) or
(1.8), according to whether & = 0 or —1 < o < 0. The following chain holds

st/ () B(s5/2) s 1 J
(1 + a)(21/(+a) —1) [, r1+1/0%a) r

Sl/(l-i—oz) s B(T’)
< dr
> (1 + a)(21/(1+a) _ 1) 5/2 rl+1/(1+a)

Sl/(l+a) s B(’I”)
< dr
S M7 a)@/0ro —1) ), FAri/are

B(r) _
1/(14«) e S
<s /§ Tt dr for s > 2s.

B(s/2) =

(3.17)

Therefore, if (1.7) is satisfied, then domination of A over B near infinity follows
from (3.17) with @ = 0. Suppose now that —1 < « < 0. In the case where
A equals oo for large values of the argument, then A trivially dominates B near
infinity. Conversely, assume that A is everywhere finite and let sy > 0 be such that
A(s) > 0if s > sg. Then a chain of inequalities similar to (3.17) yields

o 1-1/a a/(14+a)
1/(1+a) r Y
(3.18) s a0 dr < A(2s) for s > so.
s r

Inequalities (3.17) and (3.18) imply that, under assumption (1.8), A dominates B
near infinity. O

Lemma 2. Letn > 2 and let A be a Young function. Let A, be the Young function
defined by

(319) An(S) = AS rn,_l((l)n(’l”"l))n, d?",

where ®,(s) = fos fl(t)t_l_"/ dt and A is replaced, if necessary, by an equivalent
Young function near infinity which makes the last integral converge. Then A,
dominates A near infinity.

Proof. If A(s) = oo for large s, then A, = oo for large s also, and the conclusion
is trivially true. Suppose, on the contrary, that A is everywhere finite. We shall
prove that, in fact, A increases essentially more slowly than A, near infinity or,
equivalently, that

(3.20) lim A1 (r)/A7(r) = 0,

T —00

where A, is the function, equivalent to A,, defined by A, (s) = s™ (¥, (s™ )™ for
s> 0. Observe that A 1(r) = r2/7'/Q-1(r) for r > 0, where Q,(s) = s ®,,(s) for
5 > 0. Now, let s9 be a number larger than 1 such that fl(s) > 0 if s > sg. Then,
since A(s)/s increases,

Q(s) < 8™ (/01 :}g dt + @ /:t_”/ dt)

L s
W17 s A(t
<s 1A(s) (A(EO) /0 tl_i(m), dt +n — 1) for s > sg.

(3.21)
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We have s ~1A(s) < A(s") if s > 1, inasmuch as A is a Young function. Thus,
if we call ¢ the last quantity in brackets in (3.21), then Q,(s) < cA(s") for s >
S0- Consequently, we deduce that numbers rp > 0 and k > 1 exist such that
AZY(r) < PP (A-Y(r/k)"Y"™ for r > ry. Therefore, thanks to (2.5), 4, '(r) <
kl/”( Y /ENY™ < Y (A=) for r > ro. Hence, (3.20) follows, since
lim, oo A7Y(r) = oco. O

Lemma 3. Let A be a Young function and let o« > —1. Let G be an open bounded
subset of R™, n > 1, and let G' be any measurable subset of G whose closure G' C G.
(i) If a > 0, then a positive constant C' exists such that

Du

(3.22) lullza@n < € | =

LA(G)
for all uw € V" (G | d=@).

(i) If -1 < a <0, [F(r/A(r)" 7Y dr < 0o and G € C%7 for some v € (0,1],
then a positive constant C exists such that

Du

(323) ||U||LA(G/) < O‘ dor

LA(G)
forallu eV LAG | do).
0

Proof. Let G’ be as in the statement. Then a smooth (e.g., from the class C%!)
open subset G of G' can be chosen in such a way that G/ ¢ G” and G" C G.
Clearly, we may assume, without loss of generality, that G” is connected. Let u
be any function either from Vol’A(G | d=%) or from Vol’A(G | d=97), according to
whether « > 0or —1 < o < 0. Set ugr = fG,, u(z) dz, the mean value of u over G”.
Notice that ug~ is well-defined, since u € L!(G) by Sobolev’s embedding theorem.
Clearly,

(3.24) lullzaey < llullpagn < llu—uarlLan + llugrl|Lan)-
We claim that a constant c¢1, independent of u, exists such that
(3.25) u—wuerllpary < erlld™*? Dullpacq)
where o is the number defined by (1.17). Indeed, we have
[Dullpa(gry < c2lld™*7 Dul|pace)

where ¢o equals diam(G)® if & > 0 and agrees with dist(G”,0G)*7 if -1 < a <
0. On the other hand, a constant cs, independent of w, exists such that |u —
el ||LA(G//) < 63||Du||LA @y~ Such inequality is easily verified when n = 1; in case
n > 2, it is a consequence of Lemma 2, which ensures that |ju — UG//||LA(G//) <
const. ||u —ugr | pan(gry (recall that A, is defined by (3.19)), and of Theorem 2 of
[C], which tells us that ||u —ugw||pan gy < const. | Dul|pa(gry. Thus, (3.25) holds
with ¢1 = cocs.
Now, let us consider the term [|ugr | agry. We have

fG |u |d:E
” my <
luarllaen < TG AT 1 @)’

since [|1][paqy = 1/A71(1/mn(G)). On the other hand, by the classical Poincaré
inequality, a constant c4 exists such that [ |u(z)|dz < ¢4 [, |Du(z)|dz. Hence,
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by (2.7),
204
mn (G AT (1/mn(G))
Inequality (3.22) or (3.23) will follow from (3.24), (3.25) and (3.26) if we show
that

(3.27) 147 | 4y < 0.

Inequality (3.27) is trivially true if @ > 0, since o = 1, d(z)* < diam(G)® and G
is bounded. Assume now that —1 < o < 0, [ (r/A(r))"17/*dr < co and that
G € C%7. The convergence of the last integral ensures that [~ A(t)t~ 11/ dt < oo
(see the Lemma of [Tal]). Owing to (2.2) with A replaced by A, the last inequality
in turn implies that

(3.26) lugrllpagry < 1d* N pa(gyld™ " Dul|pa(q)-

(3.28) / a”H )t dt < oo,

where a is the derivative of A, so that A(s) = fos a~'(t)dt. On making use of local
coordinates as in the definition of the class C%7 and recalling (3.16) one can easily
show that a positive constant cs exists such that m,, ({z € G : d(z)*? > t}) < est!/®
if ¢ is sufficiently large. Hence, by (3.28),

/OO a *t)m,({z € G : d(x)* > t})dt < cc.
Inasmuch as G is bounded, the convergence of the last integral tells us that
/Gfl(d(x)‘”) dx < o0,
whence (3.27) follows. The proof is complete. O
Lemma 4. Let A be a Young function and let 1 < p < co. Then

A7 ()
3.99 I 1Og (supr>0 A—1(r) ) 1

. < =
( ) )\—1>r-‘41-1<>o log A D

if and only if either

(3.30) p=1 and a number k > 0 exists such that

s/s Alr) dr < A(ks) for s> 0.
0

r2
or

(3.31) 1< p< oo and a number k > 0 exists such that

1/p’

([O (ﬁ)pq dr) ([ 75 d?“)l/p<k for s 2 0.

7

)

The same statement is true if, in (3.29), “sup,-,” is replaced by “limsup,_, ..’
and (3.30) or (3.31) holds (with 0 replaced by 5 as a lower limit of integration) for
s larger than some positive number 5.

Moreover, condition (3.30) holds for s >0 [s > 5] if and only if A € Ay [A € Ay
near infinity).
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Sketch of the proof. The proof of the equivalence of (3.29) and (3.30) or (3.31)
proceeds through the following steps.
Step 1. Inequality (3.29) holds if and only if

(3.32)
a number \g > 2 exists such that A~1(\gr) < (Ao/2)YPA™Y(r) for 7 > 0.

Step 2. Condition (3.32) holds if and only if
(3.33) a number po > 1 exists such that A(ugs) > 2pbA(s) for s > 0.
Step 3. If 1 < p < oo, then (3.33) is equivalent to the condition that

S A
3.34 a constant kp exists such that s? (r) dr < A(k1s) for s > 0.
rl+p
0

If 1 < p < o0, then (3.33) is also equivalent to the condition that

(3.35) a constant ko exists such that
-p

o </°° <ﬁ)pu1 dr)l > A(kss) for s> 0.

Step 4. If 1 < p < oo, then (3.34) and (3.35) hold if and only if (3.31) holds.

Steps 1 and 3 can be proved via arguments similar to those used in the proofs of
Lemma 2 of [Ta2] and of Lemma 2.3 of [Str], respectively; step 2 is straightforward;
step 4 makes use of inequalities (3.17)—(3.18). The proof of the assertion concerning
the case where “sup,..,” is replaced by “limsup,_ " in (3.29) is similar. For the
proof of the equivalence of (3.30) and of the Ay condition for A see e.g., [BaS]. O

4. ONE-DIMENSIONAL INEQUALITIES

One-dimensional inequalities involving the so-called Hardy operator H f(s) =
fos f(r) dr play a role in various contexts, for instance in the theory of interpolation,
and have been extensively investigated; see [Stp] for an up-to-date survey of results.
In particular, results in the framework of Orlicz space are e.g. in [BK], [BF], [L],
[P].

Here, we deal with inequalities of the form

(4.1) ST/ F(r)dr <C @
0 LE(0,V) ST llLa,v)
or
14
(42) [ s sch (5) |
s s LB(0,V) LA(0,V)

where V is either a positive number or co. The Young functions A and B and the
real numbers o which make inequality (4.1) or (4.2) true for all functions f such
that s~ f(s) € LA(0,V) are characterized in Theorem 5 below.

Clearly, inequalities (4.1) and (4.2) are closely related to (1.5) and (1.9), respec-
tively. However, even though inequalities (1.1) and (1.2) are a consequence of the
classical one-dimensional Hardy inequality, a derivation of (1.5) or (1.9) from one-
dimensional norm inequalities seems problematic when dealing with general Orlicz
spaces. In fact, only the proof of necessity in Theorems 1 and 2 relies on Theorem
5, whereas the proof of sufficiency makes use of an n-dimensional approach.
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Theorem 5. Let A and B be Young functions and let o € R.

(i) Inequality (4.1) holds for all functions f such that s~ f(s) € LA(0,V) if and
only if « > —1 and one of the conditions (1.6)—(1.8) is fulfilled with § =0 or 5 > 0,
according to whether V.= 00 or V < oco.

(ii) Inequality (4.2) holds for all functions f such that s~ f(s) € LA(0,V) if
and only if @ < 0 and one of the conditions (1.10)—(1.12) 4s fulfilled with 5 =0 or
5 > 0, according to whether V =00 or V < co.

Remark 1. If conditions (1.6)—(1.8) or (1.10)—(1.12) are fulfilled with § = 0, then
the constant C' in (4.1) or (4.2), respectively, can be shown to depend only on «
and on k. If, on the contrary, V < oo and § > 0, then C' depends also on V and B.

Remark 2. Combining Theorem 5 above with Lemma 4 of Section 3 yields necessary
and sufficient conditions on « and A, of the same type as those given in Corollaries
1 and 2, ensuring that (4.1) or (4.2) holds with A = B. In particular, results from
[BF] and [P] are recovered.

Proof of Theorem 5. Consider part i). The proof of sufficiency of conditions (1.6)—
(1.8) for (4.1) to hold makes use of Theorem 4 and is analogous to (and even simpler
than) that of Theorem 1. Thus, it will be omitted.

As for necessity, we shall assume that V = oo, the case where V < 0o being
similar. Suppose that A, B and « are such that (4.1) holds for every f for which
s7%f(s) € LA(0,00). Hence, by Lemma 1 of [EGP] and by inequality (2.8), a
positive constant ¢ exists such that

(43) HT_l_a”LB(s,oo)”ra”LA(O)S) S ¢ for s > 0.

We claim that (4.3) can hold only if v > —1. In fact, [[r*| 1., < oo if and
only if [, A(r®)dr < co. A change of variable shows that, when o < 0, the last
integral converges if and only if foo fl(t)t_l‘*‘l/o‘ dt < oo. Hence, a > —1, since
A(t)/t increases.

Under the assumption that a > —1, let us now decode the information contained
in (4.3). We have

[ee] —1l—«
||T_1_OLHLB(S)OO) :inf{/\>0: / B(T 3 ) drgl}

' A—1/(Fa) s/ B(t)

(4.4)

Thus, if F, is the Young function defined by

1 S
F.(s) = sl/(1+°‘)/ Bt~ ~V/0+) gt for s > 0,
1+« 0
then (4.4) yields
1 S—l—a
45 L= pe oy = ————— for s > 0.
(4.5) 7" L2 (s,00) Foiys) oS

In order to evaluate ||rO‘HLA(O 5) let us distinguish the cases where o > 0, o = 0
and —1 < a < 0. If @ > 0, then computations show that

(4.6) for s > 0,

a s”
T i = —
|| HLA(O,S) E;l(l/s)
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where E, is the increasing function given by FE,(s) = és‘l/o‘ f A e e gt
for s > 0. From (4.3), (4.5) and (4.6) one obtains that E YrYES (r ) > r/c for
7 > 0. Hence, since Eq(s) > (1 — 2-1/)A(s/2) and Fu(s) > (2V/(+) —1)B(s/2)
for s > 0, we have A=1(r)B~1(r) > rcy /(4c) for r > 0, where

¢ = min{1 — 27/« 9t/(+e) _ 11
Owing to (2.5), the last inequality yields B(s) < A(czs) for s > 0, where co = 8¢/c;.
Hence, (1.6) holds with k = cs. )

Assume now that a = 0. Since [|1[| 1. ) = 1/A7'(1/s), inequality (4.3) and
equation (4.5) give Fy 1(r)A=1(r) > r/c for 7 > 0. Consequently, by (2.5), Fy(s) <
A(2¢s) for s > 0. Hence, (1.7) follows with k = 2c.

Finally, let us consider the case where —1 < a < 0. Analogous arguments as

above show that

Sa
4.7 ;4 =——— fors>0,
( ) || ||LA(O,5) Ha_l(]./s)
where H, is the Young function defined by H,(s) = —2s=/e [ A(t)t—1+/e gt
for s > 0. From (4.3), (4.5) and (4.7) one gets F;*(r)H;(r) > r/c for r > 0. On
making use oNf (2.5) with F,, in place of A, we deduce from the last inequality that
Fo(s/2¢) < Hy(s) for s > 0. Hence, by Lemma 5 below,

o] —1-1/« @ 14+«
1 t 1-1/ s/(2¢) B(’I”)
+ EEYIZEPY <1 f .
20(1 a) </(1 )S(A(t)> dt) (/0 Sy guwy dr < or s>0

Thus, (1.8) holds with & = 2¢(1 + «).
Part ii) follows from part i) via Fubini’s theorem and inequalities (2.7) and

(2.8). |
Lemma 5. Let 1 <p < oo and let A be a Young function such that
< At)
(4.8) / prE dt < oo.
Then

(4.9) /OO (Azr))p_l dr < .

Moreover, if D is the Young function defined by

(4.10) D(s) = sP /OO ﬁgfg dt,
then
) , e N
(4.11) D(s) < E((p —1)s)? </(p—1)s <m> dr) for s> 0.

Proof. We begin by proving (4.9). Notice that (4.9) is trivially satisfied if A equals
oo for large values of the argument. Thus, we may assume that A is everywhere
finite. Let us set M(r) = 2r/A~1(r) for r > 0. The function M is increasing, since
A(s)/s is. Furthermore, by (2.5), A=1(r) < M(r) for > 0. Hence, by setting
M~1(s) = sup{r: M(r) < s}, we obtain that M~1(s) < A(s) for s > 0. Thus, (4.8)
implies that foo M= ()t 1P dt < oo. Tt is easily seen, via Fubini’s theorem, that
the last integral converges if and only if [*° M (r)™Pdr < co. A change of variable



2476 ANDREA CIANCHI

shows that such an inequality is in turn equivalent to [~ (s/A(s))Pa(s)dz < oo,
where a is the derivative of A. Thanks to (2.2), inequality (4.9) follows.

In order to prove inequality (4.11), we need to introduce some auxiliary functions
which we study in separate steps. We shall assume that A is strictly increasing and
everywhere finite, the general case requiring minor changes.

Step 1. For every fixed z > 0, let ¢, be the real-valued function on [1, c0) whose
inverse is given by

00 p— -1/p
(4.12) VI (r) = cl/p (/ Ay(zyl)p dy) for 7 € [1, 00).

Here, c. = [~ y?~'A(zy) P dy. Observe that, thanks to (4.9), the integrals on the
right-hand side of (4.12) and in the definition of ¢, are convergent. It is easily seen
that, for every z > 0, 1, is strictly increasing on [1, 00), lim;—, 1 o0 9, (t) = +00 and
¥,(1) = 1. Moreover, we claim that

1 /Oo_
— < t™ P, (t)dt
s e

1 [e'e] y p—1
< — 1+c;1/p// ( > d for z > 0.
p—1 ( RVTE7Y

Our claim is a consequence of the equation

e8] 1 1 o] o] yp—l /v
4.14 / t7PY,(t)dt = —— 1+ ¢, p/ < d ) dr |,
(4.14) 1 v() p—1 1 - Alzy)P Y

which follows via the change of variable t = 1 !(7) and via an integration by parts,
and of the inequality

/100 </TOO Ay(i_yl)P dy)w = /100 <A(yzy)>p_1 4y,

a consequence of Hélder’s inequality and of Fubini’s theorem.
Step 2. Let us introduce the function w: (0,00) — (0,00) defined as w(z) =
z [[°t7Py.(t) dt. By the former of inequalities (4.13),

(4.13)

(4.15) w(z)>z/(p—1) for z >0,

whence lim,_, ;oo w(z) = +00. Furthermore, liminf, ,ow(z) = 0. Owing to (4.14),
in order to prove the last assertion it suffices to show that

1 oo
4.16 liminf—/ Y(y)dy = 0,
(4.16) mipt — [ 2)
where v(z) = (/7 y?~ 1 A(y) P dy)'/*". Since A(s)/s increases, then lim, . y(z) =
co. Thus, (4.16) is trivially true if [;° v(y) dy < oo and easily follows via a contra-
diction argument when fooo ~v(y) dy = oc.
Final step. Let r,z > 0. By (2.4), we have

Wi )= [ rrnoas [T 4 g [T ACE
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Equation (4.12) implies that
d
TP AL (1) = o A(2- (D) P (0P 2 (1)
1/ +1/ 1/p d e
— py—Pp p & t p —1b, t
At o 17 (G0.00)

for t > 1 and z > 0. Hence,

ary A0,

N VRN
o (/ (45) dy> (/1 P 0 (S0-00) dt)

Holder’s inequality and an integration by parts give

(/100 PPy ()1 (%%(t)) 1/p dt)
(4.19) < </100 7Py, (1) dt) (/100 tl—p%% 0 dt) 1/(p—1)
- </100 tPY.(t) dt) ((p 1) /100 1P (1) dt — 1)1/(1n—1) |

From (4.18), (4.19), (4.15) and the definition of w(z) we obtain
© 4 }
/ (z0:(4)) 4
1

’

p

’

p

t1+p

_ 1/(1-p)
1 4 ~ v -

Now, fix any r,s > 0. Since w is a continuous function on (0,00) such that
lim, ;oo w(2) = +00 and liminf, ,gw(z) = 0, there exists a number z > 0 such
that w(z) = s. From (4.17) and (4.20), with z chosen in this way, we get that

(4.20)

_1 1/(1-p)
> A rt 1 ’ o0 p
an) ro < 7 G s (- Doy </<> (%) dy) |

Since [;° % dt = D(r), inequality (4.21) implies (4.11), by the very definition of
Young conjugate. O
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