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FORCING MINIMAL EXTENSIONS OF BOOLEAN ALGEBRAS

PIOTR KOSZMIDER

ABSTRACT. We employ a forcing approach to extending Boolean algebras. A
link between some forcings and some cardinal functions on Boolean algebras
is found and exploited. We find the following applications:

1) We make Fedorchuk’s method more flexible, obtaining, for every cardinal
A of uncountable cofinality, a consistent example of a Boolean algebra Ay
whose every infinite homomorphic image is of cardinality A and has a countable
dense subalgebra (i.e., its Stone space is a compact S-space whose every infinite
closed subspace has weight A). In particular this construction shows that
it is consistent that the minimal character of a nonprincipal ultrafilter in a
homomorphic image of an algebra A can be strictly less than the minimal size
of a homomorphic image of A, answering a question of J. D. Monk.

2) We prove that for every cardinal of uncountable cofinality it is consistent
that 2¢ = X and both Ay and A, exist.

3) By combining these algebras we obtain many examples that answer
questions of J.D. Monk.

4) We prove the consistency of MA + —CH + there is a countably tight
compact space without a point of countable character, complementing results
of A. Dow, V. Malykhin, and I. Juhasz. Although the algebra of clopen sets
of the above space has no ultrafilter which is countably generated, it is a
subalgebra of an algebra all of whose ultrafilters are countably generated. This
proves, answering a question of Arhangel’skii, that it is consistent that there is
a first countable compact space which has a continuous image without a point
of countable character.

5) We prove that for any cardinal A of uncountable cofinality it is consis-
tent that there is a countably tight Boolean algebra A with a distinguished
ultrafilter oo such that for every a F oo the algebra Ala is countable and oo
has hereditary character .

1. INTRODUCTION

In this paper, we use various versions of the following forcing notion:

P(A,u) = {(p-1,p1) € [A]: (p-1Up1) €u, p-1 Np1 =0},
with the order defined by p < ¢ if and only if p; O ¢; for i = 1,—1, where A is
a subalgebra of the algebra p(w) and w is an ultrafilter. Similar notions of forc-
ing were used in [G], [BK], [Sh1], [Sh2]. We are using combinatorial notation for
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Boolean algebraic operations i.e., U, N, —, @, that is we treat Boolean algebras,
most of the time, as fields of sets, in most cases fields of subsets on the set of
integers. The complement of a will be denoted by a~!. It can be seen that if
G C P(A,u) is a generic filter in P(A, u) meeting sufficiently many dense sets (see
[K] for definitions), then g(A,u) = J{p1 : I p—1 (p—1,p1) € G} has the property
that only one ultrafilter (namely u) does not generate an ultrafilter in the algebra
(AU {g(A,u)}) generated by A and g(A,w). Thus, the extension (AU {g(4,u)})
of the algebra A obtained by adding the element g(A,u) is an example of a mini-
mal extension, the notion introduced and investigated by S. Koppelberg in [Kopl]
and [Kop2|, and present implicitly in [BK], [Sh1], [Sh2]. Following S. Koppelberg,
by a minimally generated Boolean algebra we mean an algebra A generated by
the family {ae : & < n} where for every £ < n the element ag is minimal over
({agr = & < €})a. In this paper we investigate various ways of constructing
minimally generated Boolean algebras (compact spaces) using versions of forcings
P(A,u).

In section 2, we recall elementary properties of minimally generated algebras
and we propose some specific ways of viewing some minimally generated algebras
which correspond to Fedorchuk’s language of spectras. This establishes a link be-
tween the Boolean algebras we deal with and some trees.

In section 3, we we deal with versions of the forcing notion P(A,u).

In the remaining sections we provide several constructions that serve as exam-
ples or counterexamples in the theory of cardinal functions on Boolean algebras or
compact spaces (see surveys [M1], [Jul], [Ju2], [Ju3], [H]). The general problem
from this theory which we consider is :

what are the possible gaps between versions of independence: tightness, spread,
hereditarily density; and versions of character: hereditary character, minimal char-
acter, hereditary minimal character (sometimes called pseudoaltitude (see [vD])),
hereditary weight.

In particular, we are interested in the gaps between the countable versions of
independence and hy, hmin y, minx, or hw. In order to discuss our constructions
we need to recall (following the approach of [vD]) a few definitions of cardinal
functions on Boolean algebras or compact 0-dimensional spaces. Let A denote
a Boolean algebra and X its Stone space; any point x € X is considered as an
ultrafilter of A. In this context a € x means the same as x € a, for a € A and
2 € X (for introduction to Stone’s duality see [Si]). Consider the following Boolean
equation:

() (Nacn () ac' #0.

£EF 3¢

A family {a¢ : £ < K} C Ais called an independent family if and only if (*) holds for
every disjoint F,G € [k]<“. It is called a discrete family if and only if (*) holds for
every disjoint F, G € [k]<%, where |F| = 1. A sequence {a¢ : £ < k} is called a free
sequence if and only if (*) holds for every F,G € [k]<%, such that max F < minG.
Finally a sequence is called a left-separated sequence if and only if (*) holds for
every F,G € [k]<¥, such that max F' < min G and |F| = 1.

Now, we may define (following the approach from [vD]) various versions of in-
dependence. The independence of a Boolean algebra A (abbreviated ind(A) in the
sequel) is the supremum of all k such that there is an independent family of ele-
ments of A of size k. The spread of a Boolean algebra A (abbreviated s(A) in the



FORCING MINIMAL EXTENSIONS OF BOOLEAN ALGEBRAS 3075

sequel) is a supremum of all k such that there is a discrete family of elements of A
of size k. The tightness of a Boolean algebra A (abbreviated ¢(A) in the sequel) is
a supremum of all x such that there is a free sequence of elements of A of length .
The hereditary density of a Boolean algebra A (abbreviated hd(A) in the sequel)
is a supremum of all k such that there is a left-separated sequence of elements of
A of length k. We will say that A is hereditarily separable if its hereditary density
is countable. Note that ind <t < s < hd (see [vD]). For topological translations
see [H] or [vD].

Now, let us recall the other group of definitions of character, hereditary char-
acter, minimal character of a point and hereditary minimal character (also called
pseudoaltitude) and hereditary weight:

character: x(x,A) = x(x, X) = min{|U| : U C x: U generates x};

hereditary character:

hx(z,X) =min{x(z,Y): Y C X, x(z,Y) > w, Y is closed}
=min{x(x/J, A/J): JNx=10,J is an ideal of A, 2/J is nonprincipal};

minimal character: min x(X) = min{x(z,X): z € X},
character: x(X) =sup{x(z,X): z € X};
hereditary minimal character: hmin x(X) = pa(4) = min{hx(z,X): z € X};

hereditary weight: hw = min{|B|: B is an infinite homomorphic image of A}.

Note that hmin x = pa < miny, hx < x; hx, hminy < hw < 2%,

The class of minimally generated algebras seems to be a suitable class of Boolean
algebras for obtaining the gaps between the above two groups of cardinal functions.
By a result of S. Koppelberg, ind(A) is countable for any minimally generated
algebra (see [Kopl]). Our result from section 3 says that if a forcing P(A,u)
satisfies c.c.c., then A has countable tightness, a fact that enables us to deduce
countable tightness from this forcing theoretic property of P(A,w). (A surprising
application of minimally generated algebras to fixed point theory in linear spaces
is presented in [Kosz2].)

In section 4, we construct a generic version of a classical example (in its topo-
logical version due to Fedorchuk [Fel]), of a hereditarily separable Boolean space
with hw uncountable (thus, without a convergent sequence). The original construc-
tion was obtained under the assumption of ). Our construction can also be carried
out under this assumption, in the style of the construction from [BK]. The point of
our forcing approach is to generalize Fedorchuk’s construction to higher cardinals.
We prove that for every cardinal A of uncountable cofinality it is consistent that
there is a Boolean algebra A, which is hereditarily separable (i.e., hd(A)) = w)
and all of whose infinite homomorphic images have cardinality A. Thus, we obtain
a gap of the type (w, \) between hd and hw for any A of uncountable cofinality.

The algebra Ay can be also used to prove that problem 39 from [M1] (which
is problem 35 from [M2]) has an independent answer. The problem is whether
hx = (xg— = Cardy_) = hw, i.e., whether the minimal infinite cardinal which is
the character of a homomorphic image of an algebra A is the same as the minimal
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size of an infinite homomorphic image of A. It is consistent to have hy(4) = w1y
while hw(A) = wy = 2¢. The algebra A,,, of this section works. It has all points
of hereditary character wy, but all its homomorphic images have size ws. In fact
ws can be replaced here by any cardinal of uncountable cofinality (thus, making
the gap between hy and hw arbitrarily large). On the other hand CH implies the
equality hxy = hw < w; because, otherwise, we get a convergent sequence to a first
countable point in some closed subspace and this sequence gives rise to a second
countable closed subspace.

Let us comment on the gaps between hereditary minimal character and the ver-
sions of independence. Hereditary minimal character of ours or Fedorchuk’s hered-
itarily separable Boolean algebras is w; and it is an open problem (see [vDMR])
whether hereditary minimal character is bounded by w; in general for all Boolean
algebras. It is true under CH and in many models of = CH (see [Kosz1] or [Just] for
a related result). It was proved in [BSV] that ind(A) > w implies hmin x(A) < w;
and later in [JSz] that ¢t(A) > w implies hmin x(A) < wy. Moreover for countably
tight spaces PFA implies that hmin x is countable (by a result from [Bal] which
says that PFA implies that every compact, countably tight space is sequential) and
for hereditary separable compact spaces MA+—-CH itself implies that x > A miny
is countable (by a result from [Sz] which says that MA+—CH implies that there are
no compact S-spaces ). For surveys of similar problems see [N2], [vDMR].

In section 5, we construct a certain modification of forcing P(A,u) and we use
it for proving that for every cardinal A of uncountable cofinality it is consistent
that the size of the continuum is A and there is the hereditarily separable Boolean
algebra all of whose infinite homomorphic images are of size wy. We also note that
the above algebra may exist in the same model with a hereditarily separable algebra
all of whose infinite homomorphic images have size A, constructed in section 4.

In section 6, we derive certain algebras from the constructions obtained in
sections 4 and 5. To explain their properties we need some definitions.

cur(A) = {(k,\) : There is an infinite homomorphic image B of A,
|Bl = A, ¢(B) = r}

where ¢(B) denotes the cellularity of B, that is the supremum over sizes of pairwise
disjoint subsets of B. (Note that sup{c(B) : B is an infinite homomorphic image
of A} = s(A), see [vD].)

Using the constructions from sections 4 and 5 we obtain a model of ZFC and
2% = wy in which there are Boolean algebras A, B, C, D such that

CHT(A) = {(w7w2)}7

CHT(B) = {(w, wl)}v
CHT(C) = {(w, w2)7 (wlﬂ "‘J?)}v
crr(D) = {(w,w1), (w1, w1)}-

In fact wy can be replaced above by any cardinal A of uncountable cofinality.

Using these algebras we answer several questions of D.Monk from [M2] which
ask whether a given set of pairs of cardinals can consistently be the set cg..(E) for
some Boolean algebra F.

The algebra A gives the positive answer to Problem 8 i). The algebra C' gives the
positive answer to problem 8 ii). Clopen(Ult(A)UUIt(B)) gives the positive answer
to Problem 8 v) by providing an algebra whose cg,- is {(w,w1), (w,w2)}. Problem
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8 vi) is solved in the positive by noting that cg,. of the algebra Clopen(Ult(B) U
Ult(C)) is {(w,w1), (w,wa), (w1,ws)}. Problem 8 vii) is solved in the positive by
noting that the cg,. of the algebra Clopen(Ult(B)UBw) is {(w, w1), (w,w2), (w1, w2),
(w2,w2)} (note that |p(w)| = wz in our model). Problem 8 viii) is solved in
the positive by observing that the cg, of the algebra Clopen(Ult(C) U Ult(D))
is {(w,w1), (w1, w1), (w2, wa)}. Problem 8 xvi) is solved in the positive by making
an observation that the cp, of the algebra Clopen(Ult(C) U convergent sequence)
is {(w,w), (w,w2), (w1,w2)}. Problem 8 xx) is solved in the positive by making
an observation that the cg, of the algebra Clopen(Ult(C) U Ult(FinCofin(wy)))
is {(w,w), (w1,w1), (W, w2), (w1,ws)}. Problem 8 xxii) is solved in the positive by
noting that the cgr, of the algebra Clopen(Ult(C) U Ult(B)U convergent sequence)
is {(w,w), (w,w1), (w, w2), (w1, w2)}.

In section 7, we construct a model of MA+—CH in which there is a minimally
generated Boolean algebra A with its Stone space X such that

4) min x(z) = wy,

5) t(A) =t(X) = w.

Let us make comments on the gaps between miny and the versions of inde-
pendence. Interval algebras give ZFC examples of countably independent Boolean
spaces (see [Kop3|) with arbitrarily large minimal character. Thus the gap between
ind = w and min y is arbitrarily large in ZFC. It was proved in [Kosz1] that in many
models of “C'H, ind(A) = w implies that min x(A) < w; for A C p(w) and later this
method was applied in [Jud] for concluding that ¢(4) = w implies min x(A) < wy
in the same class of models. On the other hand, it is still an open question (due
to Juhasz) whether it is true in ZFC that countably tight Boolean spaces have a
point of character < w;. CH implies that w; is attained as the minimal character
in countably tight spaces (by a result of V.Malykhin [Mal]). PFA implies that it
is not the case i.e., there is always a point of countable character (by a result of
A.Dow [Do]). V. Malykhin has also proved (see [Mal]) that MA(o-centered)+—-CH
(see [W]) is consistent with the existence of a countably tight Boolean algebra
without a point of countable character. The model considered by Malykhin is a
generic extension of any model by one Cohen real; thus these models do not satisfy
MA. 1. Juhasz has found a principle implicit in Malykhin’s proof which he calls
(t) (that is a weakening of the principle &, thus also a weakening of <{») under
which he constructed countably tight compact spaces with min x equal to w;y (see
[Ju5]). MA+—CH for partial orders having precaliber w; implies the failure of (t)
(for proof see section 7). Thus, our example from section 7, in the presence of full
MA+-CH, provides new models where there exist countably tight, compact spaces
of uncountable minimal character.

We also prove that the algebra obtained in section 7, although without an ul-
trafilter which is countably generated, is a subalgebra of an algebra all of whose
ultrafilters have countable character. This provides an example of a first countable
compact space (the Stone space of the bigger algebra) which has a continuous image
without a point of countable character, answering a question of A.V. Arhangel’skii
(see [Shah], question 4.6., the construction also answers question 4.4. ii). This re-
sult shows that the search for properties of compact spaces which would guarantee
in ZFC the existence of a point of countable character (see [Shah]) must be limited
to properties which are not preserved by continuous mappings of compact spaces.

In section 8, we consider yet another way of viewing some minimally generated
Boolean algebras.
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In section 9, using the approach from section 8 and assuming the existence of
a family F C [A\]“ with some combinatorial properties whose existence is consistent
for any cardinal A of uncountable cofinality, we construct a forcing that adds another
example of a minimally generated Boolean algebra.

The minimally generated Boolean algebra A (its Stone space X) that is ob-
tained in section 9 has a distinguished ultrafilter (point) co which has the following
properties.

1) hx(o0) = A.

2)Vae Aa g o (0o &a)=|Ala] =w.

3) t(A) =t(X) = w.

For regular A, the consistent existence of the above algebra can be easily con-
cluded from results of [N1]. Our method works also for singular A of uncountable
cofinality. Hence, it is possible to obtain an arbitrary large gap between countable
tightness and hy (obviously hy is always less or equal to the continuum). Note
that the results from [Bal] and [Sz] show that the existence of the space as above
cannot be proved in ZFC.

Those constructions characterize possible values of hereditary character in com-
pact spaces of countable tightness. By the above results those values can be any
cardinals of uncountable cofinality. It is also easy to see (see section 9) that a car-
dinal of countable cofinality can be a hereditary character of a point in a compact
space if and only if it is w. A sharper result for A = wy has been recently ob-
tained by M. Rabus, who consistently constructed a countably tight algebra with
a distinguished point to which there is no w- or wy-convergent sequence (see [Ral).

As can be seen from the preceding text, we use the Boolean algebraic as well as
topological language, switching when convenient. This should not cause problems
since it requires only basic knowledge of the Stone duality. As a reference concerning
elementary theory of Boolean algebras we suggest the first chapter of the book [Si].

The notation used in this paper is inconsistent in a fairly standard way; it is
mostly based on the notation from [K] and [KV]. Here is a short list of some less
standard symbols. If A is a Boolean algebra, then Ult(A) denotes the Stone space
of A; Clopen(X) denotes the Boolean algebra of clopen subsets of space X; At(A)
denotes the ideal generated by the atoms of A. Ala for a € A denotes the algebra
generated by elements of A below a; the unit of Ala is identified with a. If X C A,
then by (X)a, (X)Id, (X)E? we denote, respectively, the subalgebra, the ideal and
the filter generated by X in A; we will often omit the subscripts. X T denotes
the set of all complements of elements of X. A(z) denotes the one-extension of A
obtained by adding an element z. If J is an ideal of A, then by z/J, X/J, A/J we
mean the image of, respectively, x, X, A under the canonical homomorphism from
A into the quotient algebra A/J. We use combinatorial terminology with respect
to Boolean algebraic operations; this includes such expressions as subset, superset,
intersection , etc, as well as their symbols C, D,N. Sometimes we use notation a~*
for the complement of a, a! for a and a® for the unit of a Boolean algebra. {0,1}
may denote the two element Boolean algebra.

1”(X) denotes the image of X under a function f. f|X denotes the restriction
of f to X. C, D refer to strict inclusion unlike C, D, which include the possibility
of equality. If F is a family of sets, then F|X = {Y € F:Y C X}. The notation
referring to iterated forcing is based on the paper [Bal]. If the forcing sign ||—
is used in the text, the sentence, in the forcing language, to which it applies is
italicized.
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2. MINIMAL EXTENSIONS

Reading this section requires from the reader basic knowledge of Boolean algebras
which can be found e.g. in [Si]. For example we will be using the fact that if A is
a proper subalgebra of B, then there is an ultrafilter of A which does not generate
an ultrafilter in B (i.e., that compact topologies are minimal among Hausdorff
topologies), or that if generators of a Boolean algebra generate a filter, then it
is an ultrafilter, or that any element of a one-extension A{x) of A is of the form
a1 Nz Uas N2t for some aq,as € A.

Definition 2.1. Let Z be a set. Suppose that A C p(Z) is a Boolean algebra and
u is an ultrafilter of A. An element x C Z is called minimal for (A, u) if and only
if w is the only ultrafilter in A which does not generate an ultrafilter in the algebra

Alz).

Our terminology is motivated by paper [Kopl], where an extension B of a
Boolean algebra A is called minimal if and only if there is no C such that A C
C C B. Tt is proved in [Kopl] that B is a minimal extension of A if and only if
B = A(x) for some (any) z € B— A and «x is minimal for (A, u) for some ultrafilter
u of A. Most of the observations of this section are reformulations of results ob-
tained by S. Koppelberg. Minimal elements were implicitly considered by S. Shelah
([Sh1], [Sh2]), S. Grigorieff ([G]) and J. Baumgartner and P. Komjath ([BK]). The
following is a reformulation of a result obtained in [Kopl].

Proposition 2.2. Suppose that A C p(Z) is a Boolean algebra, u is an ultrafilter
of A, x C Z and x & A; then the following are equivalent:
a){a€A:anz e A} =u",
b){a€Ad:anx g A} =u,
¢) x is minimal for (A, u).

Proof. a) — b). If anz ¢ A, then by a) we have a € u™, so a € u as u is an
ultrafilter. If a € u, then a=! ¢ u and by a) x Na~! € A, so since z ¢ A and
r=xrNa'UzNawehave zNa ¢ A.

b) — ¢). As z ¢ A, some ultrafilter of A does not generate an ultrafilter in
A{x), so it is enough to prove that, for each ultrafilter v # u of A, v generates an
ultrafilter in A(x).

Let c € v —wu; then cNz € Aand so cNz™! =c— (cNz) € A. Now let v be an
ultrafilter of A(z) such that v C v’, and take y € v'; y is of the form by Nz Uby Nz ~?
for some by,by € A, soyNec=biNzNcUbNz 'NcE€ A, soyNceEv NA=v
and yNc C gy, so v generates v'.

c) — a). Suppose aNz € A; then aNz™! =a— (anNz) € A and so for every
y € Alx) we have aNy € A (asy = by Nz Uby N~ ! for some by, by € A) so
every ultrafilter v of A containing a generates an ultrafilter in A(z), hence a ¢ u,
soa€ut.

If @ € u™, then by the minimality of = for (4, u), every ultrafilter v of A contain-
ing a generates an ultrafilter of A(x), hence aNz is in the algebra Ala, so aNz € A.
|

Lemma 2.3. Let A C p(Z) be a Boolean algebra and let u be its ultrafilter. Then
x is minimal for (A,u) if and only if x=1 is minimal for (A, u).

Proof. Suppose z is minimal for (A, w); then by proposition 2.2 we have that {a €
A:anx ¢ A} = u. Now, ifa € u, we have anz™! = a—(aNz), soanz~! ¢ A. Also if
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anz~! ¢ A, then anz = a—(aNz™!) € A,soa € uandso {a € A:anz~! ¢ A} = u;
hence by proposition 2.2 the element z~! is minimal for (4,u). The opposite
implication is symmetric. [J

Lemma 2.4. Suppose that A C B C p(w) are Boolean algebras, and w is an
ultrafilter of A which generates an ultrafilter v of B. If x is minimal for (A, u),
then  is minimal for (B,v).

Proof. If b € vT, then there is a € u™ such that b C a. Then bNz =bNaNzx. But
aNx € A by proposition 2.2, so bNz € B. Thus every ultrafilter of B containing
b generates an ultrafilter in B(x), so v is the only ultrafilter of B which does not
generate an ultrafilter in B{x); hence z is minimal for (B,v). O

Definition 2.5 ([Kopl]). A Boolean algebra A is called a minimally generated
algebra if and only if A = ({aq : @ < B}) for some ordinal 3 and for every ao < (3
the element a, is minimal for (A, uq), where Ay = ({ay : v < a}) and u, is some
ultrafilter of A,.

Now we present a certain way of building minimally generated algebras, where
a set of distinct generators is indexed by nodes of a tree. Algebras built this way
have the peculiar property that ultrafilters correspond exactly to maximal branches
of a tree which indexes irredundant generators of the algebra, along which we
carry out the construction of the algebra. This property will be essential in many
constructions we provide in the following sections of the paper. This property
easily enables us to identify ultrafilters but also plays an important role when, as in
section 7, we force with forcings that do not add any uncountable branches through
wi-trees.

Definition 2.6. A subtree T of S = {f : da < w1 f : a+1 — {—1,1}} with
inclusion as the order is called acceptable if and only if T' is downward closed in S
and s € T implies s~ (—7) € T for any s € 2<“* and i € {—1,1}. Wesay 71 < T»
if and only if T5 end-extends T}, for acceptable T, T5.

Definition 2.7. Let T be an acceptable tree. Then a Boolean algebra A is called
a T-algebra if and only if A is generated by a set of distinct generators {a; : t € T'}
and

1) For every t € T the filter generated by {as : s < t} denoted by u; is a proper
filter and a; is minimal for (A, u;), where A; denotes the algebra generated by the
elements {as : s < t}.

2) For every ¢t € 2<“! such that t™i € T for some i € {—1,1}, we have

at~; = (@~ (i)

If Ty < T3 are acceptable trees and A; is a T; algebra for ¢ = 1,2, then we say that
Aq < As if and only if there is an embedding of Boolean algebras i : A1 — As, such
that i(a;) = by, where A1 = ({a; : t € Th}), Ay = ({by : t € Ta}).

Lemma 2.8. Let A be a T-algebra for some acceptable tree T'. Let u be an ultra-
filter of A. Then there is a mazximal branch b of T such that

u=uy = ({a;: t € b}

Moreover any filter of the form uy for a mazimal branch b of T is an ultrafilter in

A.
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Proof. Assume that u is an ultrafilter. First note that there is some maximal branch
b of T such that up C u. Define b by induction. If we have defined b|¢ for € < ht(T')
such that uy¢ C u and b[¢ is not a maximal branch, then (b]§)™ (1), (b[§)"1 €T,
because T is acceptable. Since u is an ultrafilter of A, we conclude that either
apje~(—1) € U OF ape~1 € u, (by 2 of definition 2.7) so we can extend b|{ to
b|(€ +1). Now, in order to finish the proof of the lemma, it is enough to see that
up is an ultrafilter of A for every maximal branch b of T

We prove by induction on the height of an acceptable tree T that for every
maximal branch b of T the filter u; is an ultrafilter. If the height is a limit ordinal,
the proof is immediate by the inductive assumption, as uy|,’s are ultrafilters in the
algebras corresponding to trees T|a for a < ht(T). If the height is a successor,
say 3 + 1, then the inductive assumption implies that uy g4y is an ultrafilter in
T|3 + 1. It stays an ultrafilter in the algebra B generated by {a; : t € T,b(8) # t}
because all new elements in B do not extend uyg4q (by 2.7. 1)). Now u;, generates
an ultrafilter in B{ay(g+1)), because the latter algebra is generated over B by an
element in uy. [

Example 2.9. The free algebra with countably many free generators, i.e., the
algebra of clopen subsets of the Cantor set, 2 is a (2<% — {{})-algebra.

For convenience we work with 2{=11} instead of 2¢. For s € 2{=1:1} put
a1 ={z € {-1,1}*:571Cx}, as~_1 = (as~1) "

Take as~1 and consider ¢ C s. If ¢t = r™1, then ag~1; C a;. If t = r—(=1),
ar~1Nas~1 =0, so since a; = a,~_1) = (ar~1)"" we get as~1 C a; as well.

So the family {a; : t C s} generating us~1 has the finite intersection property;
hence it generates an ultrafilter in As~1. We have to show that as~1,a,(—1) are
minimal for (As~1,us~1) = (As~(—1),Us~(—1)). By lemma 2.3, it is enough to
show that as~1 is minimal for (As—~1,us~1). By proposition 2.2, since (a; : t C s)
generates Ag—1, it is enough to show that at_l Nag—1 € Ag—1 for t C s. We have
seen above that as~1 C a; for t C s, so it follows that at_l Nas~1 =0 € As~1, for
tCs. [

Now let us note several elementary facts regarding T-algebras for an acceptable
tree T'.

Fact 2.10. Suppose A is a T-algebra for some acceptable tree T. Then A is a
minimally generated algebra.

Proof. Order the generators of A “T'-level-wise” and see that this ordering satisfies
definition 2.5. [J

Fact 2.11. Suppose that A is a T-algebra for some acceptable tree T'. Suppose that
cofinality of every maximal branch of T is greater or equal to a cardinal x. Then
minx(A) > k. O

Fact 2.12. Suppose that T is a T-algebra for some acceptable tree T'. Suppose that
cofinality of some maximal branch of T is greater or equal to a cardinal k. Then
X(A) > k. O
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3. FORCING MINIMAL EXTENSIONS

In this section, first we present a way in which minimal elements for a pair (A, u)
can be obtained using a forcing notion P(A,w); then we prove some properties of
the forcing P(A,u) and of some related forcings.

Definition 3.1. Let A C p(w) be a Boolean algebra, and let F' be a filter in A4;
then

P(AF)={p: p=(p-1,p1) €A®, p_1Np1 =0, p_1Up & F},

(p=1,p1) < (¢-1,q1) iff p_1 D g—1, 1 2 @1.

An element g C w is called (A, F')-minimal over M if and only if there is a generic
filter G C P(A, F) which meets all the dense subsets of P(A, F) from M such that

g=U{p1: 3(p1,p-1) € G}.

Fact 3.2. Let A C p(w) be a Boolean algebra and u a nonprincipal ultrafilter of
A. If M is a model of sufficiently large fragment of set theory, M N A generates u
and A,u € M, then every (A, u)-minimal element over M is minimal for the pair

(A, u).
Proof. For a € ut N M, define
D,={pe P(Au):aCp_1Upy, (p_1—a) #0, (p1 —a) # 0}

Nonprincipality of u implies that the sets D, are dense. We may assume that each
D, € M. Let g C w be (A, u)-minimal over M. Find p € G such that p € D,.
Then p1 C g, p—1 € g~ %, so gNa = p; Na; hence, for every a € ut N M we have
anNg € A ie,utNMC{ae A:ang € A} and ut N M generates a maximal
ideal of A. Also g # a,a™! for a € ut, s0 {a € A:anNg € A} is a proper ideal.
Hence, u™ = {a € A:ang € A}, and so g is minimal for (A,u) by Proposition
2.2. 01

Fuact 3.3. Let A be a Boolean algebra, u an ultrafilter in A. If P(A,u) satisfies the
c.c.c., then the following conditions are satisfied:

1) Va € ut |Ala] < w,
2) t(A) = w.

Proof. If 3a € ut |Ala| > w, then {(b,a —b) : b C a} is an uncountable antichain,
so 1) is proved.

For the proof of 2) we are using the topological version of tightness. The algebra
A has countable tightness if and only if for every ultrafilter v the tightness at this
ultrafilter is countable, i.e., t(v,X) = w, where X is the Stone space of A and
t(v,X) = w means that for every Y C X, if v € cl(Y), then there is a countable
Y’ C Y such that v € cl(Y”') (see [vD], [H]).

By 1) in order to check ¢(A) = w it is enough to ensure that ¢(u, X) = w, because
any other ultrafilter v of A has countable character and so ¢(v, X) = w, where X
is the Stone space of A. So suppose that there is Y = {y, : @ < w;} such that
cd{yy : v <a})n{u,ya} = 0. Let p, have the property that cl({y, : v < a}) C
p%1, Ya € p$. Note that p®,,py may be chosen from u™. Now, if a < 3, then

Ya € DT ﬁpgl; hence {p, : @ € w1} is an uncountable antichain. [J
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Fact 3.4. Suppose that A is a Boolean algebra such that for every ultrafilter u of A
there is a subalgebra A, C A such that u is generated from A, and P(A,, A, Nu)
is a c.c.c. notion of forcing. Then the tightness of A, t(A) is countable.

Proof. Fix u which is generated from A,. Suppose u C cl{ys : @ < k}, where
k > w. By Fact 3.3 we have that ¢(A,) is countable for every ultrafilter u of A.
Thus there is E' € [k]* such that u N A, € clypa,){ya N Ay 1 o € B} We will
show that u € cl{y, N Ay, : « € E}. Take any a € w; there is b € u N A, such that
b C u and there is @ € F such that y, N Ay O b, S0 yo O b, which completes the
proof. O

Fact 3.5. There are a Boolean algebra A and an ultrafilter u of A such that P(A,u)
is a c.c.c. notion of forcing and the spread of A, s(A), is uncountable

Proof. Let A be a Boolean algebra consisting of all finite and cofinite subsets of any
uncountable cardinal x and let u be the ultrafilter consisting of all cofinite subsets
of k. Then P(A,u) is forcing with finite functions from  into 2; hence by the
classical result (see [K]) it is a c.c.c. notion of forcing. On the other hand s(A4) = &
(see [vD]). O

In spite of fact 3.5, we will often construct minimally generated Boolean algebras
whose spread is countable or even whose hereditary density is countable. In those
cases the genericity of the extending minimal element will be used. Namely, if
the extending element is (A, w)-minimal over a sufficiently large collection of dense
sets, then a lot of substructures of the smaller algebra are preserved to the extended
algebra.

Below we present an example of a preservation lemma related to spread, which
may be interesting by itself; it will not be used in the sequel. Recall that spread of
an algebra A is the supremum over the sizes of all discrete families of an algebra A
and recall that X C A is called a discrete family if and only if for every x € X and
for every Y € [X — {a}]<¥

= Jy#0
holds.

Proposition 3.6. Let A be a subalgebra of p(w) and let u be an ultrafilter of A.
Let X be a mazimal discrete family in A. Then there is a family D(X,A,u), of
size not greater than the size of A, of dense sets of P(A,x) such that whenever g is
(A, u)-minimal over D(X, A,u), then X is a mazimal discrete family in (AU {g}).

Proof. Fix e,f € A. By B denote the family of pairs of the form (r_q,71) €
p(w) X p(w) such that r_; = w — r1; introduce a relationship <* in B x P(A4,u)
by putting (x_1,21) <* (p-1,p1) if and only if x; D p; for i € {—1,1}. For every
p € BUP(A,u) we define p* = (eNp1) U (f Np_1). We will show that the set

D.;={peP(Au):VreBr<*p either (1) r" Uz U...UZyp D Tpy1

or (2) r* Cxy U...Uux, for some x1,...2,, Tpt1 € X}

is dense in P(A,u), So fix p € P(A,u). We will find ¢ < p such that ¢ € D, ;. Put
a=w-—(p1Up_1), € =anNe, f'=an f. One of the following conditions is true:
i)e'nf €u,
i) w—(Uf) e,
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iii) ¢’ — f' € u,

iv) f'— ¢ € u.

If i) or ii) is satisfied, then p can be extended to a condition ¢ such that ¢; Ug_1 2
(e/ — YU (f" — €') but then by De Morgan’s laws we have r* = [r* N (eN f)~ U
[F*N(en f)] =q*U(en f) for every r <* ¢q. This means that r* € A, so by the
maximality of X we have 1) or 2) from the definition of D, ;. So we may w.l.o.g.
assume that the conditions i) and ii) are false.

Suppose iii) holds. We may w.lo.g. assume that a C e — f. By maximality of X
in A we have

prUriU..Uxy Daprrorp” CaxyU. Uz,

for some x1,...x,+1 € X. If the first part of the above alternative is satisfied, then
we immediately obtain that for each r € B such that r <* p we have satisfied 1)
from the definition of the set D. ;. Suppose, then, that the second part of the
above alternative is satisfied. Again by maximality of X in A one of the following
conditions is satisfied:

v)a Cy U...UYm,

vi) aUyr U.. UYm 2 Ymt1

for some y1, ..., Ym4+1 € X.

If v) is the case, then, by our assumption about p, for each r <* p we have
r* Cx1U...Uz, Uy U...UYm, so 2) from the definition of the set D, ; is satisfied.

If vi) is the case and aNy;,+1 € u, then for g such that ¢1 = p1U(a—ym+1),q-1 =
p—1 we have ¢ € P(A,u) and for each r <* ¢, r* C 21 U...Uxy UYmy1. So 2) from
the definition of D, ; is satisfied in this case.

If vi) is the case and aNy,,+1 € u™, then for g such that g1 = p1U(aNym+1),q-1 =
p—1 we have g € P(A,u) and for each r <* ¢, 7* Uy1 U... U ¥y 2 Ym+1- So 1) from
the definition of D, is satisfied in this case.

The case when iv) holds is similar. Hence D, ¢ is dense for every e, f € A. To
finish the proof of the lemma note that any element of (AU {g}) is of the form g¢*
for some e, f € A; hence if we put D(X, A,u) = {D. s : e, f € A}, then whenever g
is minimal over D(X, A, u) for any a € (AU {g}) we have

aUz1U..Uxy D2xp410oraC oy U.. .Uz,
for some x1,...,x,4+1 € X. This completes the proof of the maximality of X in
(Au{g}). O

The above lemma can be generalized to the situation when X is a maximal
discrete family in some bigger algebra Ag O A and u generates an ultrafilter in Ay.

Now let us introduce another version of the forcing P(A, u) which will be relevant
to finite products of forcings P(A,u).

Definition 3.7. Let A be a Boolean algebra and F' a filter of A. Then

P(A,Fin)={p€ A™: p=(p1,pa,-.pn), Vi<j<npinp=0& | Jp & F}.

i<n
(p1, -, pn) < (q1,---,Gn) if and only if p; D ¢; for all i < n.
Note that the forcings P(A, F) and P(A, F,2) are the same.

Lemma 3.8. Let A be a Boolean algebra and u an ultrafilter on A and let n < w.
There is an order preserving o : P(A,u,2™) — P"(A,u), where P"(A,u) denotes
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the product of n copies of the forcing P(A,u), such that the range of o is dense
in P"(A,u). In particular if P(A,u,2™) satisfies the c.c.c., then P™"(A,u) satisfies
the c.c.c.

Proof. Tt is enough to show that for each n < w we have an order preserving

function 0,41 : P(A,u,2" ) — P(A,u,2") x P(A,u,2), with a dense range, as

then the application of the composition of those functions gives an order preserving

o: P(A u,2") — P"(A,u,2), and it is enough to note that P(A,u) = P(A4,u,?2).
So define 0,41 (p1, ...pon+1) for (p1,...pan+1) € P(A,u,2""1) as

(p1 Up2,p3Upa, ..., pan_1 Upan) X (U{pl Diis Odd},U{pi : i is Even}).

o is order preserving because a C b,c C d implies aUc C bU d.

Now let us see that the range of ¢,,11 is dense in P(A,u,2") x P(A,u,2). For
any condition in P(A,u,2") x P(A,u,2) we can find a stronger condition of the
form (s1,...,82n) X (q1, g2) such that (J, 5. 8i = ¢1 U g2. Do the calculation:

o(s1MNqi,51 N q2,52M0q1,52 N q2,...; 520 N q1, 527 N q2)

= (51N (g1 Uq2),...,52» N (g1 Ug2))(q1 N U Siyq2 N U 5i)
i<an i<an

= (Sl, ...5271) X (q17q2).

So the range of 0,41 is dense, as required. [

4. HEREDITARY SEPARABLE BOOLEAN ALGEBRAS
WITHOUT SMALL HOMOMORPHIC IMAGES

In this section we provide constructions of minimally generated algebras where
minimal extensions are obtained by forcing. The purpose of using forcing is to
preserve some properties of subsets of the initial algebra in the extended algebra.
For every subset X of a given kind we associate a collection of dense subsets of
the extending forcing P(A,u) in such a way that if g is (A, u)-minimal over this
collection, then a given property of X is preserved in (4 U {g}).

Definition 4.1. Let A be a Boolean algebra and let I,J be proper ideals in A
such that J C I. We say that X is a splitting w-base for (A,I,J) if and only if
X C A—J and for every a € A — I there are x1,z2 € X such that 1,22 C a and
1 Nxzo = 0.

Note that the notions of a splitting w-base for (A, I,J) and w-base in A/J are
not equivalent even when A/J has no atoms and I = J. In the definition of a
splitting m-base we require x; C a which is stronger than [z;]; C [a];.

Lemma 4.2. Suppose that A C Ay are Boolean algebras which are subalgebras of
p(w). Let u be an ultrafilter of A which generates a mazimal ultrafilter in Ag.
Let I 2 J be proper ideals of Ag. Suppose that X C Ag is a splitting m-base for
(Ao, I,J). Then there is a family E(X, Ao, A,u,I,J) of dense subsets of P(A,u)
of size mot greater than the size of Ao, such that whenever g is (A, u)-minimal
over E(X, Ap, A,u,1,J), then X is a splitting w-base for (B,(I)B, (J)B,), where
B =(AU{g}).
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Proof. Fix any elements e, f € A and p € P(A,u), p = (p-1,p1) and define r* =
(riNe)U(r-1 N f) for any pair r = (r_1,r1) of disjoint subsets of w. Also let g
denote a name for the pair (g~!, g). We will show that

Dy = {p € P(A,u) :either p |-g" € (JyH

or 3z, x0 € X vy Nwa =0, plla1,22 Cg*}

is a dense subset of P(A,u). This will be enough, since any element of B is of the
form g* for some e, f in A.

Take p € P(A,u). We will find ¢ < p from D, ;. Consider ¢ = (e U f) —
(e=f)Np_1U(f—e)Np1). If a € J, we are done since p |¢g* C a. Otherwise, using
the definition of a splitting 7-base, we can construct by induction three disjoint
elements of X included in a. So choose two of them x1, xo which are not in u. Here
we used the fact that u generates an ultrafilter in Ag.

Put ¢ = (p—1 U [(z1 Uze) N (f —e)],p1 U[(z1 Uza) N (e — f)]). First we will
prove that ¢ € P(A,u). Since 1,22 are not from wu, we only have to prove that
(mN(f—e)N(z1Uxzs) =p_1N(e— f)N(z1 Uzy) = 0. This follows from the
fact that 1 Uzo C a and the fact that, by the definition, a is disjoint from the sets
p1N(f—e)and p_1N(e— f). Now we are left with the proof that ¢ [-z1,22 C g*.
Note that (z1 Uzz)N(e— fUf—e) Cg*,s0q|(z1Ux2)N(e—fUf—e)Cg*
but also ¢ [-eN f C g*, so g is as required. OJ

Lemma 4.3. Suppose that u is an ultrafilter of a Boolean algebra A and J is an
ideal of A such that J C u™t. Suppose that u/J is a nonprincipal ultrafilter of A/J.
Then u™ — J is a splitting m-base for (A,u™,J).

Proof. Obviously (ut—J)NJ = . Takea € A—u™ = w. Since u/J is a nonprincipal
ultrafilter there are y1,y2 € u, such that y; C yo C a and [y1]5 C [y2]s C [a]s. Now
T1 = 1Yo —Y1,T2 = a — Yo are in u* — J and they are disjoint and included in a. O

Lemma 4.4. Suppose that A is a hereditarily separable Boolean algebra all of whose
ultrafilters are countably generated. Then for every proper ideal J C A there is a
countable splitting w-base D C A for (A, I,J), where I = ({a : [a]; € At(A/J)}) 2.

Proof. Using the fact that the algebra is hereditary separable if and only if its every
quotient A/J has a countable dense subalgebra (this is the result from [Shap], see
[vD] or [H]), find a countable C' C A such that C/J is dense in A//J.

For every ¢ € C find an ultrafilter u. such that ¢ € u., J C uf. Let {a(c,n) :
n < w} be a countable base of u. consisting of subsets of ¢c. We will show that
D ={a(e,n) : c€ C;n < w} is a splitting w-base for (4, I, J).

Suppose that [a]; & At(A/J), so there are disjoint a1, a2 € A— J, included in a.
Find ¢; € C such that [¢;]; C [a;]s for i = 1,2. Since ¢; —a; € J C uf, there are
ny,ne < w such that a(c;,n;) C a; C a, for ¢ = 1,2, which completes the proof of
the lemma. [J

Lemma 4.5. Suppose that A is a hereditary separable Boolean algebra. Then every
Boolean algebra B O A which is countably generated over A is hereditary separable
as well.

Proof. 1t is enough to prove the lemma in the case when B is one generated over
A, ie., B = A{a).
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This is clear, if we recall that Ult(A(a)) C Ult(A) x 2, and that an algebra is
hereditary separable if and only if every subspace of its Stone space is topologically
separable. [J

Lemma 4.6. If hd(A) = w, then P |Fhd(A) =w for a o-centered P.

Proof. Suppose the opposite, so P |-{a¢ : £ < w1} C A is a left-separated sequence.
Now we can find a centered (pg : §€ € w1) C P and {ag : £ < wy} such that
Pe |F-ae = Ge. Since hd(A) = w, there are a finite F' € w; and n € min F, such that
ﬂgeF agl Na, = 0. But as p¢’s were centered, there is p < py,pe, for £ € F, so
p |F{ae : € € wi} is not left separated, a contradiction. This completes the proof of
the lemma. O

Theorem 4.7. Let A be a cardinal such that X = \. Let Fn(Axw,2) be the forcing
consisting of finite partial functions from A X w into 2 with the inverse inclusion as
the order. Then in VE"AX92) there is a hereditary separable Boolean algebra Ay
whose every infinite homomorphic image has size .

Proof. Since the forcing Fn(\ x w,2) is equivalent to its square, we may w.l.o.g.
assume that (2¢)V = .

Let (X, : @ < wy) be such a strictly increasing sequence of subsets of A that
A= Ua<w1 Xo and X1 — X, is of size A

Put M, = VFr(Xaxw2) where Fn(Y,2) denotes a subforcing of Fn(\ x w,2)
consisting of these functions whose domains are included in Y.

Note in VFn(Ax«.2) the following facts:

la) {M, : @ < w1} is a sequence of models of ZFC.

1b) p(w) = Uy <o, 9(w) N My and for each a < 3 we have M, C Mg.

1c) For each X C w; the set Sx = {a <wi: X Na € M,} is stationary in wy.

Now define in VFn(Axw.2)

2a) {Ts : @« < w1}, a sequence of acceptable trees such that ht(T,) = a.

2b) Tp € My, for a <wy. Ty < T for a < f <wy. T, = 2<%,

2¢) If o is limit, then T, = Ug_,, Tp. If = B+ 1, then

T, =T U{b"i:bis a maximal branch of T, b € M,,i € {—1,1}}.

We have to note that (J;_, T € Mqa: the definitions of Tp’s are absolute and
(Mg : B < a) € My, so 2b) is satisfied.

Claim 1. T, = 2<¢!. In particular all maximal branches of T,,, are uncountable.

Proof. Suppose b C T, is a countable maximal branch. Since 7,,, is a union of an
increasing sequence of trees, there is @ < wy such that b C T, and obviously b is a
maximal branch of Ts for each o < 8 < wy.

Now b € [w1]™°, so use 1c) to find v > « such that b € M.,; now by 2c) we have
b™i € Ty €T, and this contradicts the maximality of b in 7,4, and T¢,,. O

Now define in VFn(dxw,2)
3a) {M¢: X € [A\I* N M,}, a sequence of models of ZFC,
by

Mg = VF((Xaxw)U(ia” (X) xw),2)

where i, is a bijection between A and X,41 — X, belonging to M,. Then we have
the following:
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3b) For each X C Y, X,Y € [A\]"o N M, we have M, C M¢ C Mg C My and
Mo N[ARe = U{ME N AN X € AN N M, }.
3c) For each oo < wy and for each X € p(A) N My41 the set

Ry ={Y e \NM,:YNX e M}

is stationary in [A]No.

Before we define the algebras, we find in M, a 1-1, onto function £ : B(T,) — A,
where B(T,) denotes the collection of maximal branches of T,. We want the
generators and algebras to satisfy the following:

4a) {a; : t € T, } is a sequence of subsets of w.

4db) Ay = ({ar : t € To}) € My, Ay is a Ty-algebra. If o < 3, then A, < Ag.

4c) If w < a < wy, b is a maximal branch of T,, belonging to M, (in particular
b™i € Tyt1 by 3¢)), then for ¢ = —1,1 we have ap—; € M&(b)}.

4d) Under the assumptions of 4¢) , ap~; is (Ap, up)-minimal over each M$§ such
that £(b) ¢ X € [AIN (1w is as in 2.8). If Y € [A\]¥0 N M, then

A{{ap~i : £(b) €Y, i = —1,1}) € My.

The construction of these elements is by induction. In Mean define ap—; as
follows. Find a dense embedding of P(Ap,up) into Fn({£(b)} xw, 2). This is possible
since P(Ayp, up) is a countable forcing (see [K]). Thus a generic I" in Fn({£(b)} xw, 2)
gives rise to a generic o(T) in P(Ay, up). So let T' be the canonical name for a generic
set in Fn({&(b)} X w,2) and define ay~1 = J{p1 : Ip—1 (p_1,p1) € o(I')} and then
put ap~-1 =a,~.

Then 4c) is satisfied. By the product lemma (see [K]), the restriction of the
generic in Fn(A x w,2) to Fn({£(b)} x w,2) is a generic over VImA—{&®)}12) 5o
ap—~; is (Ap, up)-minimal over M§ for X such that £(b) ¢ X. So the first part of
4d) is satisfied.

Now if Y € [A\]N°NM,, then {ap~; : £(b) € Y} € M, since the sequence of names
for ap~;, belongs to M, and the names involve only conditions of Fn(Y x w,2). So
4d) is satisfied.

We note that by the construction A,, is a 71,,-algebra. We will prove that
A= Au, = Uqcw, Aa is a hereditary separable Boolean algebra with the hereditary
weight equal to .

It follows from claim 1 and fact 2.11, that each ultrafilter of A,, has uncountable
character, but we need to prove more, namely that hw(A4,,) = A.

So now, let us prove that A/J is finite or of cardinality A for each ideal J C A.
Assume then that A/J is infinite. Let b be a maximal branch of T, such that
J Cuyf (using the notation of lemma 2.8) and u;,/J is a nonprincipal ultrafilter in
A/J. This branch can be found by lemma 2.8. By claim 1, b is uncountable. Since
up/J is a nonprincipal ultrafilter in A/J and A, generates up, where A, = <ub>Aw1
we have that (up N Ap)/(J N Ap) is a nonprincipal ultrafilter in A,/J N Ap. Note
that by the standard closure argument, the set

C ={a: (upNApa)/(J N Ayq) is a nonprincipal ultrafilter in (Ayo)/(J N Apja)}

contains a club subset of wi, where Ay, = ({a; : t € b,dom(t) C a}). The above
follows from the fact that the algebras Ay, are countable. Also the set

D={a:blaCT,}
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contains a club subset of wi. Now use 1c) to find a € CND such that JN Ay, bla €
M,. By 2a) ht(T,) = a, so b|a is a maximal branch of T,.

Note that X = ugr N Apja — (J N Ap|q) is a splitting m-base for (Ap|q, ugr NApjasJ)
by lemma 4.3. Also X € M,. Now, note that each a; for ¢ such that bja = t|a is
minimal over M, 5 X, so we can inductively prove, using lemma 4.2, that X stays
as a splitting m-base for (B, (up N Apja)B,J N B), where B = ({a; : tla = bla}).
Since M, &= 2¥ = A, by 2¢) in M4y, we have A-many ¢’s in Tp4,+1 such that
tla = bla; call them {t¢ : £ < A}, i.e., each t¢ has height a +w + 1 and t¢ = b1,
for distinct maximal branches b¢ of Ty, such that be|a = bla.

So we are left with noting that if n < & < A, then [a¢,]s # [a¢]s. Actually it is
enough to prove that [a¢, Aa, |k # 0, where K = (u} N Ay|,)%d because then there
is € X such that = C a;, Aay,, and X NJ = 0.

If there is a € uzr‘a such that a;, —a = a;, — a, then since bla C by, be, we
conclude that a;, — a is minimal over u, and a¢, — a is minimal over uy, , but it is
impossible that one element is minimal over two distinct ultrafilters.

Now let us turn to the proof of the hereditary separability. First we will prove,
by induction on o < wy, that each A, is a hereditary separable Boolean algebra;
then we will prove that A, is itself hereditary separable. So let us concentrate
now on the first task.

Since limit stages have countable cofinality, they are trivial. So suppose that A,
is hereditary separable, i.e., hd(A,) = w and let us aim at the proof of hereditary
separability of Ayy1. We will work in M1, where A,41 belongs by 4b). Consider
an infinite quotient A,41/J; we will find its dense countable subalgebra.

For every X € [A]N0, define

Ax = <{&bﬂi : f(b) eX, 1€ {—1, 1}}UAQ>
where £(b) is as in 4c). Also define
Ix = <{CL € Ax: [CL]JﬂAX S At(Ax/JﬂAx)}>Id

Aatr-

Note that J N Ax C Ix, and Ix is countably generated over J N Ax as Ax is
hereditary separable by lemma 4.5.

Now find a one-to-one function f from [A]¥° into the ordinals of A\ which are
limits of limit ordinals.

By lemma 4.4, for each X € [A]®, there is a countable Dx C Ax which is a
splitting m-base for (Ax,Ix,J N Ax). Let Z C X code Dx’s, i.e., define Z to have
the property that if f(X) = «, then

{{k:a+nw+keZ}:n<w}=Dx.

Note again that |At(Ax/J N Ax)| < Rg, so we can define g : [A\]<¥ — [A]®¢ such
that g(F) 2 F and if a € At(Ap/Arp N J) and F € [A<¥, but a &€ At(Ant+1/J),
then a ¢ At(Ayry/J N Agry). This can be arranged since witnessing the fact that
a is not an atom requires only countably many witnesses, i.e., disjoint subsets of a
not in J.

Now find a club set C C [A]® such that for X € C, if F € [X]<%, then
[f(g(F)), f(g(F)) +w?) C X. Now apply 3c) against Z and find Y € [A]*e N M,
such that Y € C and ZNY € My.

Claim 2. Ay,Iy € My and there is a countable splitting 7-base D € My for
(Ay, Iy, J).
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Proof. Work in M¢. Let D ={{k:a+nw+k € Z}: «ais alimit of limit ordinals
inA\ aceY, n<w} SinceY € My, C Mg, ZNY € Mg, we have that D € M.
The fact that Y € C implies that, for each a & At(Ay /J N Ay), there are disjoint
dy,ds € D such that di,dy C a. Also DN J = 0, so D is a splitting m-base for
(Ay, Iy,JnN Ay)

Note that the formula “there are infinitely many disjoint d’s in D below z” in
one free variable x defines exactly Ay — Iy, since Y € C and if a € Iy, then there
cannot be infinitely many disjoint elements below a from outside of J. So Iy € My
and this completes the proof of the claim.

Note that by 4d) since £(b) € Y, if ap—; & Ay, and so, all the generators of A,41
over Ay are (Ap, up)-minimal over M{¥, then using lemma 4.2 inductively we prove
that D is a splitting m-base for (Aqy1, (Iy), J).

Now note that D and atoms of Ay /JN Ay generate a countable dense subalgebra
of Ap41/J. Ifa € Apy1 — (Iy), then there is d C a, d € D. If a € (Iy), then a
is covered by finitely many atoms of Ay /Ay N J; since those atoms are real atoms
of An41/J by the choice of Y € C, one of them has to be below a modulo J. So
hd(Ap+1) =w in Myy1, so hd(Aa41) = w by 4.6.

Now we are left with the proof that A,, is hereditary separable. We will find a
countable dense subalgebra in any homomorphic image of A,,. So, take an ideal
J C A, . For each limit of limit ordinals £ in wy, define

Ie = ({a € Ag : [aluna, € AHA/T N Ag)}).

Note that JNA¢ C I¢ and I¢ is countably generated over JNAg; as A¢ is hereditary
separable, A¢/J N A¢ has at most countably many atoms.

As hd(A¢) and A have all ultrafilters countably generated (by lemma 4.4 and
the fact that A¢ is a Te-algebra and ht(T¢) = £ by 2a)) there is a countable D¢ C A
which is a splitting 7-base for (Ag, Ie, J N A¢). Let X C wy code Dy¢’s, i.e., define
X to have the property that

{k:a+nw+keX}:n<w}=De.

Note again that |At(Ae¢/JNAe)| < N, so we can find ¢ : w3 — wy such that g(§) > ¢
and if a € At(Ag/J N A&), but a &€ At(A,,/J), then a & At(Aq(E)/J N Aq(f)) The
argument is as before.

Now find a club set C' in wy, consisting of limits of countable limit ordinals such
that for £ € C if n < &, then g(n) < . Now apply 1c) against X and find £ € C
such that X N§ € M. As before we prove

Claim 3. Ag,I¢ € Mg and there is a countable D € Mg such that D is a splitting
w-base for (Ag, I¢, J).

Proof. The proof is similar to the proof of the previous claim. One needs to replace
Z with X N ¢ and Y with &.

Now note that by 4d) all generators of A, over A¢ are (Ap, up)-minimal over
M for some branch b of T¢, so using lemma 4.2 inductively we prove that D is a
splitting m-base for (Ag¢, (I¢)a,, ,J). As before we argue that D and the atoms of
A¢/J N Ag generate a countable dense subalgebra of A, /J which completes the
proof of the lemma. J

As a corollary from the proof of the previous theorem we obtain the following
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Lemma 4.8. Suppose that 2* = X\ and that there are the following sequences:

la) {M, : a < w1}, a sequence of models of a sufficiently large fragment of ZFC.

1b) p(w) = U, <u, 9(W) N My and for each o < 3 we have M, C Mg.

1c) For each X C wy the set Sx = {a <wi: X Na € M,} is stationary in w.

2a) {Ty : a < w1}, a sequence of acceptable trees such that ht(T,) = a.

2b) Ty € My, for a <wi. Ty <Tp fora < f <wi. T, = 2<¥.

2¢) If av is limit, then To, = Uy, Tp- If =B+ 1, then T, =T U{b"i:bis a
mazimal branch of T, b€ My,i € {—1,1}}.

3a) {Mg : X € [N®NM,}, a sequence of models of a sufficiently large fragment
of ZFC.

3b) For each X CY, X,Y € [\|*NM, we have M, C M§ C M3 C Myiq and
Mo NARe = Y{ME N A X € [NRon M,}.

3¢) For each a < wy and for each X € p(\) N My41 the set Rx = {Y €
NN M, :YNX e MY} is stationary in [A]N0.

4a) {a; : t € T,,, }, a sequence of subsets of w.

4b) Ao = ({ar : t € To}) € My, Ay is a Ty-algebra. If o < B, then A, < Ag.

4e) If w < o < wy, b is a mazimal branch of T, belonging to M, (in particular
b7 € Tut1 by 3c¢), then for i = —1,1 we have ap~; € M )y for some £(b) € A
Ifbl 7é b2, then f(bl) 75 f(bg)

4d) Under the assumptions of 4c), ap~; is (Ap, up)-minimal over each M§ such
that €(b) & X € [\, IFY € AR N [Ma], then Al{ap—; : €b) €Y, i = —1,1}) €
Mg.

5) If A€ M, and M, = hd(A) = w, then hd(A) = w.

Then A = A, = U(Kw1 A, is a hereditary separable Boolean algebra with the
hereditary weight equal to .

The above lemma enables us to prove the following generalization of theorem 4.7
which will be useful in the following section.

Theorem 4.9. Suppose that 2¥ = \. Let (P,, P*)a<w, be a finite support iteration
such that

P, |FP*=R* X Fn(A xw,2), R" is o-centered,
Then in VPe1 | the assumptions of lemma 4.8 are satisfied.

Proof. Define Mg = VP, for £ < wy. Then, using the standard argument for c.c.c.
forcings we obtain 1a), 1b), 1c).

Define in Vo M§ as VFex(R*xFn(Xxw.2)) " Then using the standard argument
for c.c.c. forcings 2a), 2b), 2¢) are satisfied.

Now define (75, : @ < w1) as in 3a), 3c). We have to note that J,_, T € Ma,
but the definitions of Tj3’s are absolute and (Mg : 5 < a) € M,, so 3b) is satisfied.

Now define the A,’s. For this in M,, find a 1-1, onto function & : B(T,) — A,
where B(T,) denotes the collection of maximal branches of T,.

In Myepyy define ap~; as follows. Find a dense embedding of P(Ayp,up) into
Fn({£(b)} X w,2). This is possible since P(Ayp, up) is a countable forcing (see [K]).
Thus a generic ' in Fn({£(b)} X w,2) gives rise to a generic o(I")) in P(Ap, up).
So let T' be the canonical name for a generic set in Fn({£(h)} x w,2) and define
ay~1=U{p1 : Ip-1 (p-1,p1) € o(I)} and then put ap~_1 = a; ;.

Then 4c) is satisfied. By the product lemma (see [K]), the restriction of the
generic in Fn(A x w,2) to Fn({£(b)} x w,2) is a generic over VImA—{&®)}2) g
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ap—~; is (Ap, up)-minimal over M§ for X such that £(b) ¢ X. So the first part of
4d) is satisfied.

Now if Y € [AJ*0 N M,, then {ay~; : £(b) € Y} € Mg, since the sequence of
names for ay—~;, belongs to M, and the names involve only conditions of Fn(Y,2).
So 4d) is satisfied.

To prove 5), note that Py |-Pq,.,) is o-centered and apply lemma 4.6. O

5. A MODIFIED CONSTRUCTION OF A HEREDITARY SEPARABLE ALGEBRA
WITH UNCOUNTABLE HEREDITARY WEIGHT

The main purpose of this section is to construct a Boolean algebra of size wy
with hereditary density countable, without a converging sequence, in its Stone’s
space, in a presence of a arbitrary negation of CH (up to necessary set-theoretic
restrictions). Our construction will take place in a model in which there exists
an algebra as constructed in section 4. Thus we will prove the consistency of
the simultaneous existence of Boolean algebras with the homomorphic cellularity
relation equal to {w,w;} and {w, 2} where 2¢ can be any cardinal of uncountable
cofinality. We will consider the following forcing notion.

Definition 5.1. Let A be a Boolean algebra; then
R(A)={p=(p-1,p1;u1, - un) : (p-1,p1) € [ | P(A,w), Vi < nu; € Ult(A)},

i<n
(P=1, D15 U1, ooy Un) < (g=1,G1, V1, ..., Upy) iff

P—12q-1, P12 q1, {Ut, .y Un} 2 {V1,.., U}

Note that R(A) does not give elements which are minimal over A as we had in
the case of the forcing P(A4,u). One can see that the set of ultrafilters which are
extended by adding a generic set for R(A) to the algebra A is nowhere dense in the
Stone space of A. Nevertheless, since this nowhere dense set is added generically,
R(A) has a lot of properties of P(A,u); for example maximal discrete families in
A stay maximal in A(g) if g is obtained from a generic set in R(A) over a model
containing a given discrete family. This fact will not be needed in this section
and its proof which is similar to the proof of lemma 3.6 is left to the reader as an
exercise. We will not analyze in detail extending algebras with the forcing R(A)
since the application we have in mind is not complicated. We will separately state
only the following fact, and the next preservation lemma.

Fact 5.2. R(A) is a o-centered notion of forcing for any countable, atomless Boolean
algebra A.

Proof. Note that elements with the same first two coordinates are compatible. [J

Lemma 5.3. Suppose that A is a Boolean algebra and J C I are proper ideals of
A. Suppose that X C A is a splitting w-base for (A,I,J). Then there is a family
E(X, A, I,J) of dense subsets of R(A) of size not greater than the size of A, such
that whenever h(A) = U{p1 : Ip—1,u1, .., un (p—1,p1;U1, ..., un) € G} where G
denotes the canonical name for generic in R(A), then X is a splitting m-base for
(B, <I>IBd7 <J>IBd)7 where B = (AU {h(A)}>



FORCING MINIMAL EXTENSIONS OF BOOLEAN ALGEBRAS 3093

Proof. Fix any elements e, f € A and p € R(A), p = (p—1,p1;U1, ..., Uy ) and define

r* = (ri1Ne)U (r—y N f) for any pair (r—_i,r1) of disjoint subsets of w. Also let h
denote a name for the pair (h(A)~1, h(A)). We will show that

Do ={p€ R(A): either p|-h* € (I)}

ordzy,zo € X x1Nao =0, p a1, 20 Ch*}

is a dense subset of R(A). This will be enough, since any element of B is of the
form h* for some e, f in A.
Take p € R(A). We will find ¢ < p from D, y. Consider

a=(eUf)—(e=f)Np-1U(f—e)Np1).

If a € I, we are done since p |—h* C a. Otherwise, using the definition of a
splitting 7-base, we can construct by induction m + 2 pairwise disjoint elements of
X included in a. So choose two of them z1, x5 which are in none of the uq, ..., uy,.

Put ¢ = (p1U[(z1Uz2)N(f —e)], p1 U[(m1 Uz2)N(e— f)]; {u1, ..., um }). First we
will prove that ¢ € R(A). Since x1, z2 are disjoint from {u1, ..., u,, } we only have to
prove that p1N(f—e)N(z1Uzs) = p_1N(e— f)N(x1Uxs) = @. This follows from the
fact that 1 Uzo C a and the fact that by the definition, a is disjoint from the sets
p1N(f—e)and p_1N(e— f). Now we are left with the proof that q |-2z1,22 C h*.
Note that (z1 Uze)N(e— fUf—¢€) Cq¢g*,s0¢" |F(x1Ux2)N(e—fUf—e) Ch*
but also g |Fe N f C h* since ¢ |Fh(A)" UR(A) = w. So q is as required. [J

Theorem 5.4. Suppose that (Pu, P*)a<w, s a finite support iteration of forcings
such that

P, |FP* = R(Clop(2¥)) x Q~, Q"satisfies the c.c.c.

Then in VEe1 there is a hereditary separable Boolean algebra A of size wy, without
countably infinite homomorphic images.

Proof. By induction on w < a < wj, we construct A, such that

0) A, = clop(2¥).

1) Ay € VP A, C Ag for a < 3.

2) If v is a limit ordinal, then A, = g, Ap-

3) If a« = B+ 1, for some 3 < wy, then in VF5+1 we define Ag;; as the algebra
generated over Ag by the element ag where

ag = U{p1 s3p_q, Ui, e Un (D1, P13 UL, -, Un) € Gl

where G5 denotes a generic set in R(Ag) over V5.

4) A=Ay = Ugew, 4o

To prove that the construction can be carried out, we have to argue that in V e+
there is a generic in R(Ag) over V2. First note that nonempty clopen subsets of
2% form a splitting m-base for (Ay, {0}, {0}), so we can argue by induction, using
lemma 5.3, that those sets form a splitting 7-basis for (Ag,{0},{0}). Thus Ag
is atomless; hence isomorphic to clop(2¥). It follows that R(Ag) is isomorphic to
R(clop(2¥)); hence the generic in R(clop(2¥)) over V5 which exists in V5+1 by
the assumption of the theorem, gives rise to a generic in R(Ag) over VPs: hence
the construction can be accomplished in our model.

Claim 1. A has no countably infinite homomorphic images
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Proof. First we will note that no ultrafilter of A,, is countably generated. Suppose
the opposite; let u have countable character. Then, as P, is an iteration of c.c.c.
forcings, there is o < wy such that u € V>, Work in V=, Consider any condition
p € P, Let 3 & supp(p) and put ¢ = p~{(5, (0,0;{u}))}. Then q € Py
and obviously ¢ forces that u is not an ultrafilter in Agy1, a contradiction.

Now, suppose that there is an ideal J C A such that A/J = C is countably
infinite. Let I’ C C be a countably generated nonprincipal maximal ideal. Let
I =7"1(I'), where 7 : A — C'is the canonical epimorphism. Note that X = A —J
is a splitting m-base for (A,I,J); this follows from lemma 4.3. Now using the
standard closure argument and the fact that our iteration is an iteration with finite
supports of forcings satisfying the c.c.c., we can find @ < w; such that X N A,
is a splitting m-base for (A, I N Ay, J N A,) and X N Ay, IN Ay, JN A, € VEa,
By lemma 5.3 used inductively we conclude that X N A, is a splitting m-basis for
(A, (INAL),J).

Now using the fact that there are no countably generated ultrafilters in A we
find a sequence {i¢ : £ < wi} C I generating I over I N A, such that i¢ & I where
Io=1NA, and I¢ = ({ip : n < U L)L for 0 < € < wy. We will show that
for every & < & < wi we have 7(ig,) — m(ig,) # 0. This will prove that A/J is
uncountable.

Suppose & < €. Since i¢ € Iz we conclude that ig, —ig, & I, D Ip = 1N Ay
hence since X N A, is a splitting 7-base for (A, (I N A,),J), there is a € X N A,
such that a ¢ J and so a € I, and a C ig, — ig,, e, m(ig ) — w(ig,) # 0. This
completes the proof of claim 1.

Claim 2. The hereditary density of A is countable.

Proof. We will show that every quotient A/J of A has a countable dense subalgebra,;
this is enough by a result from [Shap] (see [vD] or [H]).

So fix an ideal J C A. Using the fact that our iteration is a finite support
iteration of forcings satisfying the c.c.c. and the fact that each A, is countable and
applying the standard closure argument (see [K]), we can find o < wq such that:

a) JNA, € Ve,

b) In VP if a € At(An/(J N Ay)), then a € At(A/(J N A)).

c) Ao/(J N A,) is infinite.

Now X = A, — J is a splitting 7-base for (A, I, Jo) where

Io = {{a: [a]sna, € AL(Aa/(J N Aa))})

and by a), b), ¢) we have X,I, € V. So applying lemma 5.3 inductively we
obtain that X is a splitting m-base for (A, (I4)a,J).

We will prove that X and atoms of A,/J N A, generate a countable dense
subalgebra of A/J. If a € A — (I,), then there is x € X C A — J, z C a, by the
definition of a splitting m-base. If a € (I,), then there are a1, ..., a,, which are atoms
of Ap/JN A, and a C a3 U ... Uay,. By b) we get that [a1]y, ..., [an]s are atoms of
A/ J, so for some i < n we have [a;]; C [a];. Obviously I, is countable since A, is
countable, so this completes the proof of the claim and the proof of the theorem.
|

Theorem 5.5. Suppose that \ is a cardinal of uncountable cofinality. If ZFC is
consistent, then so is the following: ZFC + there are Boolean algebras Ay and A,
such that hd(Ay) = hd(Ay,) =w and hw(Ay) = X and hw(Ay,) = wi.
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Proof. Note that the assumptions of theorem 5.4 and theorem 4.9 can be satisfied
in the same model of ZFC. For this note that, by lemma 5.2, the iteration from
theorem 4.9, satisfies the assumptions of theorem 5.4. O

6. SOME DERIVED ALGEBRAS

The main purpose of this section is to derive a Boolean algebra with the cel-
lularity homomorphic relation (see the introduction for the definition) equal to
{(w1, A), (w, A)} from a Boolean algebra with the cellularity homomorphic relation
equal to {(w,A)}, for an uncountable cardinal A\. The construction will involve a
structure of direct sums of Boolean algebras. For the convenience of the reader
we state elementary definitions and propositions concerning finite direct sums (or
disjoint sums, in the topological language). (Note that our notation is different
than in [Kop3].)

Definition 6.1. Suppose that A, B are infinite Boolean algebras. We write A <j,
B if and only if A is a homomorphic image of B. We write A < B if and only if A
is a subalgebra of B.

Definition 6.2. Suppose A and B are Boolean algebras. Then A @ B denotes the
Boolean algebra constructed as follows: Find disjoint sets X,Y such that A and B
are fields of subsets of X and Y respectively. Let A ® B be the algebra isomorphic
to the field of subsets of X UY generated by AU B.

Lemma 6.3. Suppose that C <p A1 & ...® A,,. Then there are algebras AY, ..., A},
such that C = A} @ ... ® A], and A, <, A; fori<n.O

Definition 6.4. Suppose A;, for i < w, and B are Boolean algebras and [w]<Y C
B C p(w). Then @l -, Ai is the Boolean algebra obtained as follows: Find dis-
joint sets X; for i < w such that A;’s are fields of subsets of X;’s respectlvely
Then @ < Ai is the Boolean algebra isomorphic to the field of subsets of
consisting of elements of the form

c=cb,F{a;i:ieF})=|JXiU{a;:i€ F}
i€b
where b € B, F € [w]<¥, a; € A; for alli € F.

z<w

Lemma 6.5. Suppose A;, for i < w, and B are as in definition 6.4. Suppose
C <y @iw A;. Then there is D <, C such that either D <, B or D <, A; for
some 1 < w.

Proof. Let I be an ideal of @Z ~., Ai such that the obtained quotient is equal to C.
Let J; = {bC X;:3e € J en X, = b} for any ideal J C P’

1<w

Case 1. For all but finitely many ¢ < w, X; € I and for every ¢ < w the algebra
A;/1; is finite.

Let K be the ideal generated by I U {X; : X; & I}. First let us prove that
(@KW )/ K is infinite. K is one generated over [ by X = U{X X; € I}, since
there are only finitely many ¢ < w such that X; ¢ I. If (@l < Ai)/ K were finite,
it would mean that (@KW A; |Y)/(I|Y) is finite, where Y = (J,_, X; — X. But
the size of every A;/I; is finite so (@KW A;|X)/(I1X) is finite; thus (@KW i)/l
is finite, a contradiction. Now note that it follows from definition 6.4 that for
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every ¢ € @5 A; we have [c(b, F,{a; : i € F})|x = [¢(b,0,0)]x. Note that if
B’ = {c(b,0,0) : b € B}, then there is an isomorphism 7 : B — B’ < @iw A;, so
@ A/K =B'/(KNB') = B/(n~"(KNB')) =D < C because I C K; thus
D is as required.

Case 2. For infinitely many ¢ < w we have X; ¢ I and for every i < w the algebra
A;/I; is finite.

If X; € I, let K; be an extension of I; to a maximal principal ideal of A;. Let K be
the ideal generated by TU(J K;. In this way @f;w A;/K is infinite (since, if X; & I,
then X; ¢ K) and A;/K; = {0, X;}. Now note that it follows from definition 6.4
that for every ¢ € @) A; we have [¢(b, F,{a; : i € F})|x = [e(t/,0,0)]x, where b/
is defined by ¥’ =bU {i € F : a; ¢ K;}. Note that if B" = {c¢(b,0,0) : b € B}, then
there is an isomorphism 7 : B — B’ < @” A, so (@iw A))JK =B (KNnB') =
B/(m=Y (KN B")) = D <, C because I C K; thus D is as required.

Case 3. For some ig < w the algebra A;,/I;, is infinite.

Let K be generated by I and |J; 2io Xi- Note that it follows from definition
6.4 that for every ¢ € @ A; there are a € Ay, such that [x = [a]x. Also

<w
note that Kio = Iio, SO (@iw Al)/K = Aio/Iio' So Aio/Iio = (@iw Al)/K Sh
(@iw A))/I=C,since I C K. So, D = A,,/I;, works. O

Lemma 6.6. Suppose A;, for i < w, and B are as in definition 6.4. Suppose that
X is an uncountable subset of the algebra C' = @iw A; of a regular cardinality k.
Then there are Y € [X]* and a finite F' C w such that (Y)o < @,;cp Ai © B.

Proof. Let (F¢ : £ < k) C [w]<¥, (be : £ < k) € B, {a(§,1) : £ < ki < w} be
such that X = {c(be, F¢,{a(i,€) : i € Fe}) : £ < k}. Let Y C X be a subset of
X of size k such that there is F' € [w]<* such that Fy = F for each £ € Y. Let
B = {c(b,0,0) : bNF = 0 or b O F}; then B’ is isomorphic to a subalgebra of
B consisting of elements disjoint from or including F. Also Y C @i}? A; & B C

GBZiF A; @ B. Thus F is as required. [

The next definition and the following lemma concern subsets of w;. We need to
fix certain terminology. If a < 8 < wy, then [o,8) = {y < w1 : a <y < g} If
X Cwy, then X°={a<w :FY C X —{a} UY =a}, ie, X°is a collection of
all limits of nonconstant sequences from X.

Definition 6.7. Let ¢ = (Cy : a € ((w1)°)°) be a sequence such that C, =
(c%;n < w) C a° is strictly increasing and cofinal in o and ¢ = 0 for any o €
((w1)°)°. Let A, B be subalgebras of p(w) such that [w]<¥ C B. Then G}f Ais
a subalgebra of the algebra of countable and cocountable subsets of w; which is
generated by the elements of the union of an inductively constructed sequence of
algebras A, C p(a) for a € (w1)° satisfying A, = Ag® A% if a = B4 w, B € (w1)°,
and A% is a copy of A constructed on the set [3,«) and A, = @iw
Ai = ({a € Upeo Apia C ey, it} if o € ((w1)°)°.

Lemma 6.8. Suppose C, A, B are as in definition 6.7. Then
a) Va<f,a,0€ (wl)o, A, C Ag.
b) VOél <ag < ﬁ with 061702,6 S (L«)l)o, [(11,@2) S Ag.

A; where
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Proof. The proof in by induction on f < wi. If 8 € (w§) — (w?)°, then a) is
clear by definition 6.7 and the inductive assumption. For b) consider two cases.
The first case is when as < (. Then [o,2) € As, € Ag by the inductive
assumption b) and a). The second case, when ay = [, follows from the fact
that [0,0q) € A, C Ag, so [a1,a2) = [0,8) —[0,a1) € Ag. Now consider the
inductive step when 3 € (w$)°. First prove b). Note that it is enough to prove that
[0,a2) € Ag. Since [0,3) = 8 € Ag, we have to worry only about as < (3. Take
19 < w minimal such that cg’ > ag. Now note that by the inductive assumptions

[cg,c},) €Aty [cé‘l,cg) €A, e g’ Lag) € Ai‘;.

Thus [¢j; ', cy) € A; from definition 6.7, so [cg Leh)N[0,a0) € Ag for i < ig by
definition 6.7, but U, (ciﬁ_l,cg] = cg’, so [0,az) € Ag as required. To conclude
the proof of the lemma find the minimal iy < w, such that a < cg, and note that by

b) we may assume that for every a € A,, for every i < iy we have [ciﬁ_l, c%)ﬂa € Ay;
thus A, C Ag which was required. O

Lemma 6.9. Suppose C, A, B are as in definition 6.7, and suppose that D <j
@? A. Then there are E < D and F <j E such that F <, A or F <;, B.

Proof. Let J be an ideal of @f A, such that the obtained quotient D is infinite.
Let a; € @é}A for i < w be such that [a;]; # [a;]s for all ¢ # j. By definition
6.7 and lemma 6.8, the algebra @g A is the union of an increasing sequence of
algebras A, for @ < wy. So let @ < w; be such that {a; : ¢ < w} C A,. Now
E =A,/(AyNJ) is infinite and E < D.

It is enough to prove that for every a < wy and every E <;, A,, thereis F' <, F
such that either F <; A or F <;, B.

The proof is by induction on o < wy. If @« = § 4 w, then by definition 6.7,
Ay = Ag @ A; thus by lemma 6.3 we have E = AQ, @ A’ where AQ, <p Ag and
A’ <;, A. Since FE is infinite, there is an infinite E; <j E such that F; = A’B < Ag
or B = A’ <5, A. In the latter case we are done. Otherwise by the inductive
assumption about Ag we get Ey <, E; such that Ey <, A or Ey < B, thus
F = FE5 works.

Now consider the case of @ € ((w1)°)°. First note that A; as in definition
6.7 is an infinite homomorphic image of A i+1. This follows from the fact that

¢, it € A w1 which follows from lemma 6.8 b). Thus, if E <), Aq @iw A;,
then lemma 6 5 implies that there is F4 < F such that Fy <, B or E; <p A4; for
some 7 € w. In the first case we are done since F' = F; works. In the second case
we use the fact that B <, 4; <, A it and the inductive assumption about A cit

obtaining F' <j Fj such that F' <j B or FF<, A. O
By nA we will denote the sum A @ ... ® A consisting of n copies of algebra A.

Lemma 6.10. Suppose A, B,C are as in definition 6.7. Suppose that X is a subset
of the algebra C = EB? A of a reqular cardinality k bigger that Ry. Then there are
n<w andY € [X]® such that such that (Y)c < n(AE B).

Proof. By definition 6.7 EB? A is the union of an increasing chain of subalgebras
(Aq : @ < wy). Thus by the regularity of k, there is @ < wy such that X N A, is of
the full size k. So it is enough to prove, by induction on a < wy, that if Y C A, is
of size k, then there are n < w and Z € [Y]" such that (Z)a, < n(A® B).
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If « =0+ w for some 8 < «, then Ay, = Ag® A, so Y = {vg Uag : £ < &,
where ve € Ag,ac € A}. Consider V. = {ve : § < k} and W = {a¢ : £ < k}.
If [V| < k, then there are v € Ag and I' € []" such that v = v for £ € T
so Z = {vUag : £ € T'} is of size £ and can be embedded into A & {0,1}, so
(Z)a, < (A® B) as required. If |V| = &, apply the inductive assumption for V and
Ap to conclude that there is U € [V]* such that (U)a, < n(A® B) for some n < w;
then for Z = {veUag : £ € U} we have (Z)a, <n(A®B)® Aas Ay, = Ag® A.

Now consider the case when a € (wf)°. Then A, = @iw A;, where A; are
as in definition 6.7. By lemma 6.6 there are U € [Y]® and F' € [w]<* such that
(U)a, < P,cp Ai @ B has size k. Note that A; < A+ by lemma 6.8 b). For each
i€ Flet X; =[cl,cif). Let Uy = {zNX; : z € [UNP,cr Ai & B]}. By regularity
of k we may w.l.o.g. assume that either |U;| = 1 or |U;| = k. Let G be the set of
those i € F such that U; has size k. Note that G is nonempty. So we can apply
successively the inductive assumption for A; < A, and U; for every ¢ € G. We

@

obtain Z; € [U;]* and n; < w such that (Z;) 4, < n;(A @ B) such that moreover

<{Zi1 Uz, U.oUz;, 125 € Zi}>®ieGAi < (Z nl)(A ©® B)
i€G
Sonow Z = {z;, Uz, U..Uz, UX; U..UX; :2z € Z,j € F— G} has this
property that (Z)g, . a, < (Zieq(n:))(A® B) ® {0,1}~% so Z is as required. O

Theorem 6.11. Suppose that there exists a (hereditarily separable) Boolean algebra
A with its homomorphic cellularity relation equal to {(w,\)}. Then there is an
algebra (with its hereditary density wy) whose homomorphic cellularity relation is

{(w7 )\), (wlﬂ /\)}

Proof. By taking an infinite, homomorphic image we can w.l.o.g. assume that
[w]<¥ € A C p(w). Now let A = B and C be as in definition 6.7. We will prove
that EB? A satisfies the statement of the theorem. First we prove that every infinite
homomorphic image of A has size A\. By the assumption about A and lemma 6.9
we get that F' as in lemma 6.9 has size A; thus D has to have size A\ for every
homomorphic image D of @’g A.

Now let us prove that homomorphic images of @‘2 A may have cellularity either
w or wi. @?A has cellularity wi itself, since [, 8) € @?A for every a < 8 <
w1, @, B € (w)°, by lemma 6.8 b) and a). Also A is a homomorphic image of @’g A
(send a € G}? Atoanuw € A). So there are homomorphic images of @‘2 A of
cellularity w or w;. Now exclude other possibilities. Suppose the opposite; then
there is X, a discrete family in @?A of size K > wy. (X is a left separated
sequence if we assume countable hereditary density of A and intend to prove that
the hereditary density of @? A is wy.) Now apply lemma 6.10 to get [Y] € [X]"
such that for some n < w (Y) < n(A @ B) = 2nA. This implies that A includes a
discrete (left-separated sequence) of size | X | which is uncountable which contradicts
the assumption about A and the definition of direct sum. O

7. MA AND A COUNTABLY TIGHT ALGEBRA WITHOUT A POINT
OF COUNTABLE CHARACTER

In this section we construct a model of Martin’s Axiom in which there is a min-
imally generated Boolean algebra with the properties as in the title of this section.
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Not all models of MA possess this property. For example models of PFA, the
proper forcing axiom (see [Ba 2]), do not. It was proven by Alan Dow (see [Do])
that PFA implies that every countably tight Boolean algebra has a countably gener-
ated ultrafilter. On the other hand V. I. Malykhin (see [Mal]) constructed a model
of MA (o-centered) (see [W]) in which there is a countably tight Boolean algebra
without an ultrafilter of countable character. I. Juhasz (in [Ju5]) has formulated
a combinatorial principle which he calls (¢). This principle is implicitly present in
Malykhin’s proof and it implies the existence of the above algebra. Let us recall
this principle which, on the other hand, is a weakening of the & principle.

Definition 7.1. (t) is the following principle: There are a sequence {S) : X\ €
Lim(w1)} and for each X\ € Lim(w1) a disjoint partition Sy = (J, ., SY such that
Sy is cofinal w-type subset of A and for each X € [w1]“! there is some A with
X NSY| =wforall new.

Proposition 7.2. MA,, (Precaliber wy) implies —(t)

Proof. Consider the following partial order P: The elements of P are functions f
into 2 whose domains are at most countable subsets of w; having at most finitely
many limit points in wy and such that the preimage f~!({1}) is finite. The order
is inverse inclusion.

Let us prove that P has precaliber wi. Suppose {ps : § < w1} is a sequence of
conditions of P, and let pgl({l}) = X¢. We may w.lo.g. assume that X,’s form
a A-system with a root X, so that the sets Y = X — X form an uncountable
collection of finite pairwise disjoint subsets of wi. By thinning out the sequence of
conditions we may w.l.o.g. assume that

min Yz D sup U dom(py).
n<¢

Now, let us derive a contradiction from the assumption that {pe : £ < w1} contains
no uncountable centered subfamily. It is easy to construct a sequence {A, : a <
w? + 1} of countable subsets of P such that A, is a maximal centered family of

{pe: E>sup{n:p, € Ap, 5 < a}}.

Any p, € A, is incompatible with some element p,, € Ag for every 8 < w?; hence
dom(py) NY,, # 0. But this implies that dom(p,) contains a subset of order type
w? which implies that dom(p~) has infinitely many limit points, a contradiction.

Now suppose MA,, (Precaliber wq) holds and (S} : n < w, A € Lim(w1))
witnesses (t). Let G be a generic subset of P meeting the following dense subsets
of P:

Dexn={p€ P: Sy —p ' ({0}) is finite, sup(p~'({1}) > &}

for all £ € wy, A € Lim(wi),n € w. Then X = {£ € w1 : dp € G p(&) = 1}
contradicts the properties of the sequence (S} : A € Lim(w1), n € w) stated in (¢).
This completes the proof of the proposition. [J

Now we turn to the construction of a model of MA in which there is a countably
tight algebra without a point of countable character. One of the crucial arguments
used to prove countable tightness is going to be based on fact 3.4. Thus we will
be interested in the proofs of the countable chain condition for forcings P(A,u).
The actual proof will require not only the countable chain conditions of the forcings
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P(A,u) but their finite products. Thus lemma 3.8 will find its use. The countable
chain condition will be established based on the fact that if we add to an algebra
A an (A, u)-minimal element g over a model containing a maximal antichain X in
P(A,u,n) then X stays a maximal antichain in the forcing

P((AU{g}), (wU{g}),n).

The following preservation lemma of slightly more complicated form will be re-
quired.

Lemma 7.3. Suppose A C Ay are subalgebras of p(w) and F C u are a filter and
an ultrafilter of A respectively. Assume, moreover, that u generates an ultrafilter
in Ag. Suppose that X C (F)™ is a mazimal antichain in the forcing P(Aq, Fyn).
Suppose g is (A, u)-minimal over M > A, Ao, u, F, X and that M Nu generates u.
Then X is a mazimal antichain in P(Aq{g), (F}Z; (g)? n).

Proof. Let p € P(A,u) and p |-r € P(Ao{g), F,n). We may w.l.o.g. assume that
there are elements e;, f; of Ag for i < n such that

plFr=(gNeiUg N f,..,gNe, Ug N fr).

We claim that there are at most one ¢ < n and at most one j < n such that
ei € (u), f; € (u) where (u) is the ultrafilter generated in Ay by u. This follows
from the fact that we require the coordinates of our conditions to be disjoint.
Suppose for example that ej,es € (u); then g Ne; Nes # () by proposition 2.2
and fact 3.2, which contradicts the disjointness of the coordinates of conditions
in P(A, F,n). Also consider the element g Ne; U g~ N f; for e;, fi & (u). Then
gNe;,gN fi € Ag, since g, g~ ! are minimal for (Ag,u). Also note that if e € (u),
then e N g* = ¢ NgF U, where ¢’ € w and h € Ay — (u), k = —1,1, because u
generates an ultrafilter in Ag. And finally note that we can w.l.o.g. assume that
i# j;indeed, g1 Ne;UgN fi= (g7 Ne;— fi)U(gN fi —ei) U(e;N fi) € Ag since
e; — fi, fi —ei & (u).

For simplicity let us assume that {i,5} C {1,2}. By the above discussion we
may w.l.o.g. assume that p forces that r is of one of the following forms, for
dy,ds,ds, ...,d, € Ay — <’LL> and 61,62,f1,f2 € A:

*) r = ((gﬁel)Udl,(g_lﬁfg)UdQ,dg,,...,dn).
**) r= ((g_lmfl)Udla(gmeQ)Ud27d37"'7dn)'
Let us consider the following conditions respectively:

%) pr=((p1Ne1)Udi,(p-1N f2) Uda,ds, ..., dn).
) p* = ((p—1 N f1) Udy, (p1 Ne2) Udz,ds, ..., dy).

First note that in both cases p* € P(Ay, F,n). All the coordinates must be disjoint
since p |-pf Cr; fori <nandp |Fr € P(Ag, F,n). Also note that p |Fpf Cr; € F.

Now find # € X such that z || p*, using the fact that X is a maximal antichain
in P(Ap, F,n). Consider the following g respectively:

*) g=@-1Ulean J wlmulfan [ @)
3<i<n 3<i<n
) g=@-1Ufean |J wlmulfin J =)

3<i<n 3<i<n
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We claim that ¢ € P(A,u). As J3<;<, ©i € FT, by the assumption about X, both
coordinates are not in (u); also f;,e;,pi,z; € A, because F' C A. For disjointness
of the coordinates we have to check, respectively, that

%) pinfern (J zl=pan(fn |J =l=0
3<i<n 3<i<n

) poinlin | wl=pinfean |J z]=0.
3<i<n 3<i<n

But the above follows from the fact that x is compatible with p*, sop > ¢ € P(A, u).
Now we claim that ¢ ||—r 4s compatible with x. For this we only need to check,
respectively, that

*) q|-(gne)n U ;= (g7'Nf)N U x; = 0.

3<i<n 3<i<n

**) gl NN | m=@ne)n (J ==0

3<i<n 3<i<n

This does not cause any problems since we have, respectively,

*) [ex N U 2] C g1, [faN U ;] Cqr.
3<i<n 3<i<n

**) in U =lCa, leen | @] =Cq.
3<i<n 3<i<n

And obviously ¢ |F¢-1 € g7, ¢1 € g. So the proof of the lemma is completed. [J

Lemma 7.4. Suppose that n,k < w and Ay, ..., A are Boolean algebras and for all
1 < k, F; is a filter in A;. Suppose that X is a mazimal antichain in the product
P(Ay, F1,n) X ... x P(Ag, Fi,,n). Suppose that for every ultrafilter u of A; fori <k
we have assigned an algebra A, C A; such that A, Nu generates u.

Let Uy ={u: F; Cu e Ult(A;): uis w-generated in A;} and

P=[] P(Au,u) x .. x [] P(Au,u)
uelUy ueUy

(the products are taken with finite supports).
Then in the generic extension V', X is a mazimal antichain in the forcing

P(By, (F)Y n) x ... x P(By, (Fi)¥,n)
where for i < k
B; = (A; U{ag() : u € Ui})
where G is the generic object in P such that VT = V[G].

Proof. We will need the following elementary

Fact. Suppose that Py, ..., Py, P41 are forcing notions for some m < w and X C
P x ... x Py, X Pyy1. Then the following are equivalent:
a) X is a maximal antichain in P; X ... X Py, X Ppt1.
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b) For every p = (p1,...,pm) € P1 X ... X Py, the set

X(p)={x:3 (z1,...,2m) compatible with (p1,...,pm)
such that (z1,...,2m,x) € X}

is a maximal antichain in P,,,11. OJ

By induction on I < k, we prove that in V¥, X is a maximal antichain in
P(By, (F1)F",n) x ... x P(By, (F))"*,n) x P(Aj11, Fi11,n) X ... x P(Ay, Fy,n).

Suppose that we are done till I < k. Let (ug : € < a) be an enumeration of distinct
countably generated ultrafilters of A;;1 in V. Define

Ply=[] PAuww)x .. x J] P(Au,uw) x [[{P(Auc,ue) : & <n}

uelUy uelU;—1
and define

Bl | = (A1 U{ague) : § < n})-

So it is enough to prove, by induction on 7 < «, that in V7% ﬁH, X is maximal
antichain in

P(Blv <Fz>Flan) X X P(Blv <F‘l>F15n) X P(B[Z-la <E+1>Fi7n) X ... X P(AkaFkan)-

Note that each condition p'*! = (p1,..., D1, pri2,..., i) of the forcing P(By, (F;)F,n)
X ... X P(By, ()Y, n) x P(Aj12, Fiy2,n) X ... x P(Ag, Fi,n) is already in the model
VP41, thus X (p'*1) as defined in the fact is in the same model. So it is enough
to show by induction on < « that in V741, X (p'*1) is a maximal antichain in
P(B}. 1, (Fi+1)"*,n). By the inductive assumption it is true for n = 0. Suppose
we are done for £ < n. If n is a limit ordinal, there is nothing to prove as the
forcings involved are increasing unions of preceding forcings in which X (p'*!) was
a maximal antichain by the inductive assumption. So, suppose that n = £ + 1 for
some ordinal §. We are going to use Lemma 7.3, for A = A, ,Ag = BfH,F =

Fiin,u=up, M = V1. Now we check that the assumptions of lemma 7.3 are
satisfied. By the definitions of the involved objects u, N A, is an ultrafilter of A,,,
which extends Fj;; and generates an ultrafilter in A;1;. We have to note that
u, N A, generates an ultrafilter in Ag = Blf+1; indeed Bl£+1 was obtained from A;4q
by adding (Aj4+1,us)-minimal elements for us # w,. Thus u, N A, still generates
an ultrafilter in Blil by definition 2.1 and fact 3.2. (our ultrafilters are countably
generated and so they are generated from every model that contains them). The
next assumption of lemma 7.3 that we have to check is that X (p!™!) is a maximal

antichain in P(BfH, (Fi+1)F% n) but this is our inductive assumption. Now by
the product lemma, (see [K]) the element ag(y,) is (A, , u,)-minimal over V' F

and X(p”l),Aun,Bfﬂ,un,F}H all are in M = VP4, So the use of lemma 7.3
is legitimate, and hence X (p'™!) is still a maximal antichain in P(B/,,), and this
completes the inductive step and the proof of the lemma. [J

Before entering the proof of the main theorem of this section we have to recall
certain results from [De]. Those results will enable us to obtain a model of MA
without adding uncountable branches to trees of height w;. This will increase
our control over new uncountably generated ultrafilters in T-algebras, as those
ultrafilters correspond to uncountable branches of T' by lemma 2.8. K. Devlin has
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proven in [De] (Corollary 3.15) that if B is a complete Boolean algebra satisfying
the c.c.c., then the following are equivalent:

(i) There are an w-tree T and a B-name b such that B |— “b is an uncountable
branch in T which is not in V7.

(ii) There is a subset U C B such that (U,<pg) is a Souslin tree and for each
a < wy, the a-the level of U is a mazimal antichain in B.

We will call a c.c.c. forcing notion P a Souslin free notion of forcing if and only
if its Boolean completion (see [K]) does not satisfy either of the above equivalent
conditions. Since the generic extension obtained by a forcing notion and by its
Boolean completion are the same, no Souslin free forcing notion introduces new
branches to wi-trees from the ground model. Note that actually we may say the
same about any tree of height w; not necessarily having countable levels. It follows
from the fact that a c.c.c. notion of forcing introduces an uncountable branch in a
tree of height w if and only if it introduces a new uncountable branch in an w-tree.
This follows from the fact that if b is a name for an uncountable branch in a tree
T,then S={te€T:3p € Pp|—tecb}isasubtree of T with countable levels
(since P satisfies the c.c.c) and P |-b C S.

Note that if P is not a Souslin free forcing notion, then we can consider the
standard forcing @ with finite conditions which specializes the Souslin tree U in
the Boolean completion of P ( see [BMR] or [Bal]). Note that @ forces that U does
not satisfy the c.c.c., and so as P is dense in its Boolean completion, ) forces that
P does no longer satisfy the c.c.c. As Q? satisfies the c.c.c. (see and generalize the
proof in [Bal]), @ is a Souslin free forcing. Thus one can add MA by an iteration
(Py, P*)qcp+ such that for each a < k¥, we have

*) P, | P is a Souslin free forcing notion

because, if a forcing with which we need to force in some intermediate stage in order
to ensure MA in the final model does not satisfy the c.c.c., we can force at this
stage by a Souslin free forcing which kills the c.c.c. of the original forcings instead.
So for all c.c.c. forcings and for all families of K many of their dense sets in the final
model we have an appropriate generic object. To conclude this discussion of the
results from [De], note that if a finite support iteration ((Pn, P%) : o < A+1) for a
limit A does introduce a new branch to an wi-tree, then there is v < X\ so that the
forcing P, already introduces a new uncountable branch to the tree (Lemma 3.7 of
[De]). Thus finite support iterations satisfying x) are Souslin free themselves. We
will call those iterations iterations of Souslin free forcing notions.

Theorem 7.5. Suppose that ZFC is a consistent theory. Then so is the following
theory for k an arbitrary cardinal:“ ZFC+M A+ There is a Boolean algebra A
whose every ultrafilter has uncountable character and for every ultrafilter u of A
there is a subalgebra A, of A, such that the forcing notion P(A,,uN Ay) satisfies
the c.c.c. and u is generated from A, Nwu. In particular A has countable tightness”.

Proof. The proof uses the method of iterated forcing. Let us fix cardinal k. By
induction on o < kT we define:

1) A finite support iteration of forcings P, of length « such that P,|8 = Pg for
each 0 < a.

2) A P,-name for an acceptable tree T,, such that Tﬁ < T, for each 8 < a.

3) A P, name A, = (a, : t € T,,) for a T,-algebra such that As < A, for each
0 < a.
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Suppose that we are given all the above objects for 8 < a. We define Py, Ty, Aq
as follows:

Case 1. « is a limit ordinal.
1) Then P, is a direct limit of (Pg,: 3 < a), i.e., Po = Uz, Ps-
2) Ty is a Py-name for Uz, Tp-
3) A, is a Py-name for Uﬁ<a Ag.

Case 2. o= 3+ 1 for some 8 < k™.

The following definition depends on Qg which will be specified at the end of the
definition, depending on subcases:

1) P, = P ((P%) % QP), where (P?) is a name for a product with finite
supports of countably many copies of the forcing P? which is also a finite support
product such that

Ps |-PP = H{P(Abv up) b is a maximal branch of T}.

(We are using the terminology of lemma 2.8.)
2) Py |FTo =TsU{b™i:bis a maximal, countable branch of T}
3) P, |FAq = (Ag U{aj—, : bis a maximal countable branch of Tj3}),

where a;_; = J{p1 : Ip—1(p—1,p1) € Gps(b)}, where G ps is the canonical name
for the b-th coordinate of the generic object in the product P?.

Now, as we have promised, we specify the forcing QP. It depends whether
cf(B) = w1 or not. If the cofinality is w1, then (" is a name for the trivial forcing.
Otherwise we choose the name Q7 so that P? x (PP forces that it is the name
for the next forcing R?, with which we need to force to ensure MA in the final
model if Pg* (P?) |-RP is Souslin free, or otherwise Pg * (P?) |FQP is a Souslin
free forcing such that Q° H—Rﬁ is not c.c.c. This completes the description of the
construction. The main part of the proof of the theorem is a simultaneous proof
by induction on o < k¥ of the following two claims.

Claim 1. P, is Souslin free and satisfies the c.c.c.

Claim 2. cf(a) # w; or one of the following holds in V¥=: for any uncountable
maximal branch b of T,

a) There is 3 < a such that b C T and b € V5.

b) There is a continuous, nondecreasing function f, : w3 — « with the range
cofinal in « such that for each £ € wy we have

bl¢ € VF© & b€ is a maximal branch of T, ¢).

Proof of the claims. First consider the case when « is a limit ordinal. Claim 1 is
then trivial as iterations of c.c.c. Souslin free forcing are again c.c.c., Souslin free
(see [De]). Claim 2 says something only in the case when cf(a) = wi. So we may
w.l.o.g. assume that ¢f(a) = w;. Now, note that we may w.l.o.g. assume that
there is no 8 < a such that b C T, as in this case b has to be an element of Vs in
VPs the forcing P3 ) is Souslin free by the inductive assumption and results from
[Del; hence the latter forcing does not add any new uncountable branches of Tg. It
follows that the first part of the alternative in claim 2 holds, unless we assume that
there is no 8 < « such that b C Tg. We aim at proving that the second part of the
alternative in claim 2 holds.



FORCING MINIMAL EXTENSIONS OF BOOLEAN ALGEBRAS 3105

First go back to V' and find a continuous, nondecreasing function g : w1 — «
with the range unbounded in « such that in V' we have

VE € wy blE e VEu©,

As bisreally a function from w; into {—1,1} and P, is an iteration of c.c.c. forcings,
this task can be easily accomplished.

Work again in V. Since (T¢ : £ < «) is a continuous, increasing sequence of
trees which end-extend the previous elements of the sequence, there is a continuous,
nondecreasing function hy : w1 — «a such that

VE €w mehb(E) = bl¢€.

Since we assumed that for no 8 < o do we have b C T}, we conclude that the
range of h is unbounded in «. So we can find a club subset C' of w; such that for
all £ € C, we have g,(£) = hy(€). Now, if we compose, say, h, with the function
enumerating elements of C, we obtain a function f; : w; — «, which is continuous,
nondecreasing and has its range unbounded in « and satisfies the condition

VE € wy bIEEVIR© & blE=bNTY, ).

We claim that f; satisfies the second part of the alternative of Claim 2. This does
not follow immediately from the fact that 7, < T, and b is a maximal branch of
T,, since our trees are not normal. Nevertheless the fact that T is acceptable is
sufficient. Namely, if bNTY, (¢) is not a maximal branch, then there is an i € {-1,1}
such that 6™ is in T',(¢), but then b™(—i) must be in the tree, but one of them
has to be in b which gives a contradiction. Thus, the proof of the claims in the
limit case is completed.

Let us move to the proof of the claims in the case when « is a successor, say
a = @+ 1. Let us begin with the crucial subcase when cf(3) = wy. Let us begin
this subcase with the proof of Claim 1. If we prove that in V7% the forcing P?
is Souslin free and c.c.c., we will be done with Claim 1, since an iteration of two
Souslin free forcings is Souslin free itself by results of [De]. So, let us aim at this,
by proving first that establishing the following subclaim will be sufficient.

Subclaim. Suppose that n,k < w. In VP8 if by, ..., b, are distinct uncountable
branches of Tj3, then

P(Ab17ub17n) X X P(Abkvubkvn)

satisfies the c.c.c.

Now we present the rest of the proof of Claim 1, in the case when o = 3 +
1,cf(B) = w1, assuming the subclaim. Work in V3. (P?) is a product with finite
supports of countably many copies of certain forcings. Thus if it satisfies the c.c.c.,
then its square satisfies the c.c.c.; thus by results from [De], it is Souslin free if it is
c.c.c. Now note that PP is also a product with finite supports, so to prove that such
a countable product of such forcings satisfies the c.c.c. it is enough to prove that
its every finite subproduct satisfies the c.c.c. (see [K]). But every finite subproduct
of PP is included in a product of the form

Pn(Abl,ubl) X ... X Pn(Abk,uk)

for some n, k < w and distinct maximal branches of T3. By lemma 3.8 the countable
chain condition in a product as above is implied by the countable chain condition
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in the product
P(Abl y ubl,Z") X ... X P(Abk , Uby, 2”)

This completes the proof of Claim 1 in our case of « = 8+ 1, ¢f(8) = w1 subject
to the Subclaim.

Proof of the subclaim. We work in V8. We are going to use the inductive assump-
tion for . We want to prove that by Claim 2 for § we can assume without loss
of generality that the branches by, ...,b; in the statement of the subclaim can be
assumed to satisfy the second part of the alternative in Claim 2. Since Claim 2
holds in V2, it is enough to prove that the factors whose branches satisfy the
first part of the alternative from Claim 2 do not affect the chain condition in the
product from the statement of the subclaim. For this it is enough to note that they
are o-centered. Indeed if b € VF» and b C T, for some v < 3, then at the stage
v+ 1 we force with the product with finite supports of countably many copies of
the forcing P(Ap,up). Thus in VF+1 this forcing becomes a o-centered forcing;
thus it is a forcing of that kind in V5.

Now suppose that the subclaim is false, that is that there is a uncountable
antichain X included in the product from the subclaim. We may w.l.o.g. assume
that X is a maximal antichain. Since for each { < w; the forcing P(Ap¢, upe) is
countable (where uye = {us : t € b,dom(t) C &£}, Ape = (uple)) and since X is
a member of V% we can find a nondecreasing, continuous function f : w; — £
with an unbounded range in  such that for each £ € w; we have for X|¢ =
X N [P(Ap, ¢, by ;1) X .. X P(Ap, |¢, Up, ¢, n)] the following condition:

X|¢ € VPI©&X|¢ is a maximal antichain

in P(Abﬂfvubﬂfvn) X X P(Abk\fvubk\fvn)'

Now, by claim 2 in V7%, by the second part of its alternative we are given functions
Soys s b, (recall that we have proven that we can restrict ourselves to branches
satisfying the second part of the alternative). By continuity and unboundedness
we can find £ < w; such that fp, (&) = ... = fp,.(§) = f(§) = 0 < [ and such that
b1|f 7é bj|§ for all 4 <3< k.

Now by induction on n where § < 1 < 3, we will prove that in V™

) X|¢ is a maximal antichain in P(BY, <ub1\g>Fia n) x..x P(BY, <”bk|£>Fi7")
where
B! = ({a; : t € T, b€ Ct}).

For n = 6 this follows from the choice of 6. As the sequence (B}'),<s is continuous
and nondecreasing, the inductive step for limit ordinals n is trivial. So suppose
we are given 7 = 6 + 1 and in V% we have that X|¢ is a maximal antichain in
P(Bisa <ub1\E>Fivn) X X P(Bg’ <ubk|$>Fi7n>'

We will use lemma 7.4 for this preservation argument. For this we need to know
that B]’s are generated over B?’s like B;’s over A;’s from Lemma 7.4. By the
definition of P" in V7 the algebra B is generated over the algebra Bf by the set

{ac) : bilé C b, b is a maximal countable branch of Ts, b€ VF*}.

Since b;| # b€ for i < j < k, the product over ¢ < k of the products of the
forcings P(Ayp, up) for b such that b;|¢ C b and b is a maximal, countable branch
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of Ts which belongs to V% is a subproduct of the first coordinate of P‘slg call this
subproduct P. Thus by lemma 7.4 in VFs*P the X|¢ stays maximal antichain in
the forcing P(BY, (up, )7, n) X ... x P(B§,up,|¢,n). This completes the proof of
D.

To finish the proof of the subclaim we need to note that X|¢ is a subset of
P(Ab17ub17n) X X P(Abkvubkvn)

and this forcing is a suborder of P(BY, (up,1e)",n) x ... x P(By, (upje) ", n). So
X |¢€ must be a maximal antichain of

P(Abl,ubl,n) X ... X P(Abk,ubk,n),

so X = X|¢, but X|¢ is countable as b;|€ are countable, so this contradicts the
choice of X and this completes the proof of subclaim, so this completes the proof
of Claim 1, for the successor of a limit ordinal of cofinality w;. But since Claim
2 does not say anything in the case of a successor, this finishes the proof of both
claims in this case.

So we are left with the proof of the claims for « such that « = g+ 1 and
cf(B) # wi. Work in VP2, Again for claim 1 it is enough to establish that PP is
Souslin free in V5. Tt is enough to prove that all forcings of the form P(Ay,u;) for a
maximal branch b of T3 are o-centered. Certainly, it is true for countable maximal
branches, since then the corresponding forcings are countable as well. Consider,
then, an uncountable branch b. We will first prove that b C T, for some v < 3. If
cf(B) > wi, this is clear. If ¢f(8) < wy, if it is not the case, then for every v < 3 the
intersection b7, is countable, but then Tj3Nb = b is countable since the cofinality
of # was assumed to be countable, so indeed b C T’, for some v < 3. Now, since b
is a maximal uncountable branch of T}, it is a maximal uncountable branch of T,
for the v such that b C T',. Now conclude that b € VP indeed it follows from the
fact that in V> the forcing P}, g is Souslin free by results from [De], so it does
not add new uncountable branches to T by [De]. So, by the definition of P7, at
the stage v we force with a product of countably many copies of P(Ay,up). Thus
this forcing becomes a o-centered forcing in V' +1, so it is of this kind in VF#, as
we are in a case of a successor so claim 2 does not say anything and this completes
the proof of both claims. .

Now we are ready to conclude the theorem. Since all the forcings satisfy the
c.c.c., the obtained iteration satisfies the c.c.c., and hence cardinals are preserved
and by the appropriate choice of Qs MA,, holds in VE«+. Now, consider in VFxt
the unions of 7" = {J, .+ To and A = {J,_,.+ Aa- Then, A is a T-algebra and T
is a tree of height w; with no countable branches (in fact 7' = 2<¢1) so there is no
ultrafilter of A which is countably generated by fact 2.11. If b is a maximal branch
of T, then there is & < T such that b is a maximal branch of T,, and b € Ve,
so by the definition of P* we force at stage a with a product of countably many
copies of the forcing P(Ap,up). Hence this forcing becomes o-centered in VFa+1
and it is o-centered in the final model. The countable tightness of A follows from
fact 3.4. This completes the proof of the theorem. [J

As we mentioned in the introduction, our main interest is to investigate the gaps
between certain cardinal functions on compact spaces. From a certain point of view
the topic of this section falls into a more general compact topological issue of finding
properties of a compact space which imply the existence of points of countable
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character. We found an application of the algebra obtained in this section in this
area.

D. Shahmatov in his paper ([Shah] section 4) lists some questions whose equiva-
lent versions are of the form If X is compact and X has a property P, does it imply
(consistently / in ZFC) that X has a first countable point? One of them, namely,
4.6., due to Archangel’skii is : Let X be a first countable compact space and Y a
continuous image of X. Must'Y contain a point of countable character?

It is clear that Y as above is countably tight; thus under PFA (by the result
from [Do]) it must contain a point of countable character. The following theorem
together with the construction described in theorem 7.5, provides a consistently
negative answer to the Archangel’skii’s question.

Theorem 7.6. Assume M A,. Suppose that A is a Boolean algebra such that for
every ultrafilter u C A, there is a subalgebra A, C A, such that u is generated from
Ay, |Au] < K and the forcing P(Ay,u) satisfies the c.c.c. Then there is a Boolean
algebra C' such that A is a subalgebra of C and x(C) = w.

Proof. For every ultrafilter u C A, consider the forcing P¥(A,,u), i.e., the count-
able product with finite supports of forcings P(A,,u).
Let by, by € u™ N A, be disjoint. Then the set

Dy, b, ={p € P*(Ay,u) : In p_1(n) 2 b1, p1(n) 2 b}

is a dense subset of P(A,,u), where (p_1(n),pi1(n)) is the n-th coordinate of p.
For every ultrafilter u of A, find G,, C P“(A,,u) which is a generic set meeting all
the sets Dy, , for disjoint by, by in uT N A, and all the dense sets from the family
{D, : a € A,} defined in fact 3.2. This is possible since MA, holds and |4,| < k.
Let

b(u,n) = U{a :3p € Gy p1(n) = a}.

Now let C' be the algebra generated over A by {b(u,n) :n < w, u € Ult(A)} and
let C\, be the algebra generated over A, by {b(u,n): n < w} for any ultrafilter .

Claim. If v € Ult(C), then v is generated from Cyna.

Proof. Since v N A is generated from A,n4, it is clear that v is generated from
(Apna U{b(u,n) : n < w, u € Ult(A)}). Tt is enough to prove for u € Ult(A) —
{vN A} that if b(u,n) € v, then there is b € A,na N v such that b C b(u,n).

Let a € (vN A) — u. The element b(u,n) is minimal for (A,,u); hence it is
minimal for (A, u) by lemma 2.4, so by proposition 2.2, b(u,n) Na € A. On the
other hand b(u,n) € v, so b(u,n) Na € v and finally b(u,n) Na € ANw, ie., there
is b € Aany N such that b C b(u,n) Na C b(u,n) which completes the proof of the
claim.

Fix v € Ult(C). We will prove that it has a countable character. Let {e,, : n <
w} € {—1,1}* be such that b(v N A,n)*" € v. Now consider two cases:

Case 1. For every a € Ayna — v there is n < w such that a Nb(v N A,n)*» = (.

In this case {b(vN A,n)*" : n < w} is a countable base for v. To see this take
any b € v N A. We may w.l.o.g. assume that b € A,n4, so there is n < w such
that b= Nb(vN A, n)s» =0, so b(vN A,n)*» C b. So by the claim, v has countable
character.
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Case 2. Thereis a € A,na—v such that for every n < w we have anb(vNA, n)=» # ().

In this case {b(v N A,n)*" Na~! : n < w} is a countable base for v. To see
this take any b € v N A, we may w.l.o.g. assume that b € Ay,na. Now Gyna
meets Dy-14-1 4, i.€., there are n < w and § € {—1,1} such that b=' Na™t C
b(v N A,n)"%n, and a C b(vN A,n)%n. By the assumed property of a, we obtain
that § = 1, s0 b(v N A,n)*» C (b~'Na )"t =bUa, b(vNA,n)*» Na~t Cb, so by
the claim, v has countable character. [

8. BUILDING SUPERATOMIC ALGEBRAS ALONG DIRECTED SETS

The purpose of this section is to support the following section where we obtain
some consistency results. Recall that a Boolean algebra is called minimally gen-
erated if and only if it is generated by (a, : @ < ) and each a, is minimal for
(({ao : & < a}),uq) where u, is some ultrafilter of ({aq : @ < a}). If uy C uq
for o < «, then the obtained algebra is superatomic (see [Kopl]). W.l.o.g. we may
assume that u, = ({as : o’ < a})f?. Also note that minimality then means that

o Nay € {agr : "’ < a'}).

One can impose more restricting conditions on the subalgebra in which a, N aq/
should be, obtaining more structural information about the obtained algebra. In
[BS], Baumgartner and Shelah considered a function f : [3]*> — [3]“ as a tool for
imposing such restrictions. In this section we consider a partial order on g for this
purpose. Later, using a particular partial order, we will construct a forcing notion
which adds a Boolean algebra of some interest. In this section working with ideals
will be more convenient than working with filters.

Definition 8.1. Let P be a well-founded partial order. We say that a Boolean
algebra A is a P-superatomic algebra if and only if A = ({ax : X € P}), In =
{{ax : X € P})? forms a proper ideal of A and for every X,Y € P we have

1) ax ¢ <{az 7 < X}>

2) ax Nay € <{az 1 Z < X,Y}>
If F C P, then by Ap we denote ({ax : X € F}) and by I'r we denote ({ax : X €
F})& . By an F-superatomic algebra we mean a (P|F)-superatomic algebra, if P
is clear from the context. If we consider many P-superatomic algebras, then we
denote the element ax of A by ax(A) and Ir by Ir(A), in order to avoid confusion.

If R is a suborder of P and B is an R-superatomic algebra and A is a P-
superatomic algebra, then we say that B < A if and only if there is an embedding
of Boolean algebras ¢ : B — A such that i(ax(B)) = ax(A) for all X € R. If i is
onto, then we write A = B. If B < A, we will often identify ax(B) with ax(A) for
X eR.

Fact 8.2. Let P be a partial order and G a downward closed subset of P and let
A be P-superatomic algebra. Then Ag = {ax(4) : X € G} is an G-superatomic
algebra such that Ag < A.

Proof. The existence of the embedding as in definition 8.1 is obvious. So, we are
left with the proof that Ag is a G-superatomic algebra. The only nontrivial part
is to prove that 2) of definition 8.1 holds. Take X,Y € Gj; then use that fact that
G is downward closed i.e., {az(Ag) : Z <pjg X, Y} ={az(4): Z <p X,Y}. O

If P is a partial order and X € P, then P|X we will denote the order restricted
to the set {Y <p X :Y € P}.
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Fact 8.3. Suppose that A is a P-superatomic algebra; then for every X € P we
have Ipxuqxy = (Ipixugxy) i

Proof. Let a € <IP‘XU{X}>£{1; then there is ap = (J;., ax, such that a C ag and
X; <X fori<k€w. But then,a =J,_,(aNax,). So it is enough to show that
ay Na € Apxuqxy for Y < X. Let

o= () "

i<k ZeG

i<k

for some G € [P]<¥, ¢(Z,i) € {—1,0,1}. Again, it is enough to show that aEZ(Z’l) N
ay € Ap|xuqx) forany Y € PIXU{X}. Ife(Z,i) = 1, we use part 2) of Definition
8.1. If &(Z,i) = 0, it is trivial. If (Z,4i) = —1. Then a,' Nay = ay — (ay Naz)
but ay Naz € Ap xu(x}; by Definition 8.1. Hence we are done. [J

Fact 8.4. Let A be a P-superatomic algebra and F' C P be a downward closed
subset of P. Then Ir = (Ir)Ld.

Proof. Let a € (Ip)L?, then there is ag = {J,, ax, such that a C ag and X; € F for
i <k €w. But then a = J, ., (aNax,) and by Fact 8.3, ax, Nao € Ip;x,uix,} € Ir,
soa€ Ip. O

Fact 8.5. Suppose that P is a partial order, and F,G C P are downward closed
sets. Then Ip(A) N Ig(A) = Irng(A) for a P-superatomic algebra A.

Proof. Obviously Irng C Ir N Ig. So, take a € Ir N Ig. Suppose that

o= N 50 a= U )
i<k X€F' j<mYeq
for some F' € [F]<¥,G" € [G]<¥ and ¢(X,1),0(Y,j) € {-1,0,1},k,m < w. Note
that since a € Ir, I, for every i < k,j < m there are X; € F',Y; € G’ such that
e(Xi,14),0(Y;,7) = 1. So,

a=aNa= U [ ﬂ (aiX’i)ﬂag,(YJ))ﬂaXiﬂa,yj].
(ij)Ekxm (X,Y)EF X G/

But (by Definition 8.1) ax, Nay; € ({ax : X < X;,Y;}), s0ax,Nay; € Iix.x<x,v;}
C Ipng since F,G are downward closed. Now use Fact 8.4, to conclude that
a € Ipng.

Fact 8.6. Suppose that P is a well-founded partial order and that A is a P-super-
atomic algebra. Then A is a minimally generated Boolean algebra which is super-
atomic.

Proof. Let {X¢ : £ < 6} be a well-ordering of P such that if {1 < &, then
rank(Xe,) < rank(Xe,). We prove that ax, is minimal for (Ae, Igr), where A¢ =
({ax, :n<&}) and I = ({ax, :n < )41

Obviously, ({ax, : n < 5}){4‘1 = I is a maximal ideal of A¢. So it is enough
to show that I C {a € A¢ : aNax, € A¢}. Let a € Iz. Then for some F €
{X,:n <&}, k €w, we have

-y e

j<k X€F
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for some ¢(X,j) € {—1,0,1} such that for every j < k there is X; € F that
e(X;,j)=1. So

aNax, = U( ﬂ a5 n (ax; Nax,))
j<k X€F

but ax, Nax, € Ipx.)fy = Ipix. € I{x,m<e} = Ie, by fact 8.4. Hence aNax, €
I¢ C Ag; thus ax, is minimal for (Ag,Ig' ). Superatomicity of A follows from
Proposition 3.5 from [Kopl]. O

Fact 8.7. Let P be a well-founded partial order and let A be a P-superatomic
algebra. Let u be an ultrafilter of A. Then, either

Du=o004={ay' : X €P}iior

2) u=uy = ({ay}U{ayx" : X < Y})? for some Y € P.

Every filter of the above form uy is an ultrafilter of A.

Proof. If u C 004, then we are done since oo is a proper filter by definition 8.1
and it is an ultrafilter of A because it is generated by generators of A.

Suppose that u # o004, i.e., for some ¥ € P we have ay € u. Let Y be
an element of P of minimal rank among elements Y such that ay € w. By the
minimality uy C u. So, we are left with the proof that uy is an ultrafilter for each
Y € P. First note that uy is a proper filter; if not then ay C ax, U---Uax,
for some Xi,...,X, <Y, s0ay € (Iy)}! = Ipy C Apjy, by fact 8.4, but this
contradicts definition 8.1.

Now note that if a Nay € Ipy for a € A, then there are X1, ..., X;, <Y such
that a Nay Cax, U---Uax,, ie., a;& n...N aii DatuU a;l so a” ! € uy.

So, it is enough to note that either a Nay € Ip)y or alNnay € Ip|y for any
a € A.

For this note that aNay,a"'Na € Ipjyuqyy € Apjyu{yy, so there are by, b1 €
Apyy such that a®* Nay = b. Nay for e € {—1,1}.

If b_1,b1 € Ipy, then, as Ipy is a maximal ideal in Ap|y, we have b_1 Nb; &
Ipyy so Ipy > b:} U bl_1 D ay , because ay Nb_1 Nb; = (). Hence by fact 8.4,
ay € Ipjy 2 Apjy and this contradicts definition 8.1. The obtained contradiction
proves that for some € € {—1,1}, we have b, € Ipy, but then o Na € Ip}y, as
required. O

Fact 8.8. Suppose P is a partial order whose cofinality is k. Then y (oo, 4) > k.

Proof. Suppose that x(coa, A) < k, i.e., there is some @Q € [P]<* such that ({a}" :
X € Q1)L generate co4. Since @ is not cofinal in P, there is Y € P such that for
no X >Y we have X € Q. Find F € [Q]<“ such that ay' D (\ycpay'; hence

ay = ay N U axé<{a22Z<Y}>
XeF

by the choice of Y. But this contradicts 1) of Definition 8.1. [J

9. HEREDITARY CHARACTERS OF POINTS IN COMPACT SPACES

In this section we consider forcing a P-superatomic algebra with finite conditions
which are F-superatomic algebras for F' € [P]<%.
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Definition 9.1. Let P be a well-founded partial order. We define Pp to be a notion
of forcing consisting of conditions of the form (supp(p), A,) where supp(p) € [P]<¥
and A, = ({ax : X € supp(p)}) is a supp(p)-superatomic algebra. We define the
order on Pp by putting ¢ < p if and only if

1) supp(q) 2 supp(p),

2) A, < A,.

Now let us prove some lemmas concerning creating some conditions in Pp. For
next three lemmas we fix some P and P as in definition 9.1. In the proofs of these
lemmas we often identify our abstract algebras that are parts of conditions of P
with some representations of these algebras as fields of sets. Often we change these
interpretations if it is convenient for the proof.

Lemma 9.2. For all p € Pp, for all X € P there is ¢ < p such that X € supp(q).

Proof. Let A, C p(W) for some set W. We may w.l.o.g. assume that ﬂ];;pp(Ap) =

V C W is of cardinality bigger than one. Let v € V, put ax = {v}, and extend a,
to a4 by adding ax. [

Lemma 9.3. Suppose that p € P, supp(p) = F. Let G C F be downward closed in
F; then p|G = (G, Ag) is a condition of P such that p < p|G.

Proof. Note that by fact 8.2, Ag < A. O

Lemma 9.4. Suppose that FNG € [P]<® are such that FNG is downward closed
in G. Suppose that A, B are F-superatomic and G-superatomic algebras respectively,
such that there is an (FNG)-superatomic algebra C such that C' < A, B. Then there
is an (F'UG)-superatomic algebra D such that A, B < D and for every X € G—F

ax(D)N| JIr(D) = ax(D) N| JIrnc (D).

Lemma 9.5. Let C < A be F-superatomic and G-superatomic algebras respec-
tively. Let F C G C F|Z, for some Z € P. Suppose that B is an (F U {Z})-
superatomic algebra such that C < B. Then there is an (F U {Z})-superatomic
algebra D such that A,B <D and JIg —JIr Caz.

Proof. Suppose that Ag is an Fy-superatomic algebra and Fy has a maximal el-
ement Zy. Then agol Nax = ax — (az, Nax) € {ay : Y < Zy,X}) because
X < Zy. And so we have another minimally generated algebra (isomorphic to the
original but with different minimal generators) A§ which is minimally generated by
({ax : X € F—{Zy}} U {a201}>7 (i.e., az,(A}) = agol (Ap)). So, consider B* for B
from the assumptions of the lemma. Since F' C G we may apply lemma 9.4, to get
an algebra Dy such that A, B* < Dy and |JIg Naz(Do) = JIr Naz(Dy). Now
consider D¢; obviously |JIg — UIr C az(D§) and A < D§. Also B < D} since
B={(CU{az}). O

Fact 9.6. Suppose that P is locally countable, i.e., PIX = {Y : Y <p X} is
countable for every X € P. Then Pp is a c.c.c. notion of forcing.

Proof. Suppose not, i.e., that there is an antichain (pg : £ < wi). Use the standard
A-system argument and local countability of P to conclude that we may assume
that (supp(pe) : € < wi) forms a A system with the root A which is downward
closed in the union of the A-system and A, [A = A, |A for any &, {2 < wi. Now
apply Lemma 9.4 to amalgamate any two conditions. [J



FORCING MINIMAL EXTENSIONS OF BOOLEAN ALGEBRAS 3113

Fact 9.7. Suppose P is a well-founded and locally countable partial order. Then
Pp |- Ap, the direct limit of (A4, : p € G), is a P-superatomic algebra, where G is
the canonical name for a generic set in Pp. O

Fact 9.8. Suppose that P is a well-founded, locally countable partial order. Then
Pp |- P(Ap,004,) is a c.c.c. forcing notion.

Proof. Suppose the opposite, i.e., let p [|—{(p° 1,p§) ¢ < w1} be an antichain of
P(Ap,004,). Choose (pe: &< wl) C P such that there are Boolean polynomials
¢; for i € {—1,1} and there are n € w and (R¢ € [P]™ : & < w1) such that

V43 ”_(pg—lﬂpi) = (¢£—1(GR5)7¢§(GR§))
where ¢(ap) denotes a polynomial ¢ in variables {ax : X € F}. Note that we
also may w.l.o.g. assume that gbf = ¢1,¢E_1 = ¢_; for some polynomials ¢; and
¢—1. We may w.l.o.g. assume that R¢’s form a A-system with a root A, which is
downward closed in every Re (by local countability of P). We may w.l.o.g. assume
that for every £ € wi, Re C supp(pe) and that there is a single A-superatomic
algebra C' on A, such that C' < A, for every § < w;. Moreover, we can assume
that for every £i,& < wp there is an order isomorphism 7 : R¢; — Rg, such that
m|A = ida, which extends to an isomorphism of superatomic algebras A, , Ap,,
i.e., there is an isomorphism j : A, — Ap,, such that j(ax (Ap,, ) = ax(x)(Ap, )-
Choose {1 # &2 and apply lemma 9.4, to find D such that A4, , Ay, < D such that
for every X € R¢, — A we have ax (Ap, ) N Ir,, = ax(Ap, ) NUIa. We will show
that ¢ - (p*, Up®, p5 UpP) € P(Ap,ooAp), where Aq =D.
Note that pe, [é¢i(ar,,) € U IR, , since pg, [-¢i(ar,, ) & oo. Hence ¢i(ag,, )N
UIR52 = ¢z‘(&R£1) NJIa. By the isomorphism j and the fact that (IAHD”I = I,
we have ¢;(ar, ) NUIa = ¢i(ar,,) NUIa fori=—1,1, s0

di(are,) No—i(ar.,) = ¢ilar, ) U In)Né-i(ar,,)

= ¢i(ane,) N (JIn) N é_i(ar,) C ¢ilare,) No-i(ar,,) = 0.
This completes the proof of the lemma. [J

Before entering the main construction of this section let us prove an elementary
fact concerning hereditary characters of points in compact spaces.

Fact 9.9. Let X be a compact space, z € X. Suppose that hy(z, X) = k; then
cf(k) >wor Kk =w.

Proof. We will show that if ¢f(k) = w, then there is a converging sequence to x;
hence hy(z,X) = w. We may w.l.o.g. assume that y(z,X) = k. Let B be a
neighborhood base at z, of open subsets of X, such that B = J,,c,, Bn, Bn € Bny1
and |B,| < & for every n € w. Since X is compact, the pseudocharacter of z is k. So
there is x,, # x such that x,, € (B, for every n € w. Now note that (z,)ncw — .
|

In the remaining part of this section we will consider Pp for a particular P. To
describe properties of P we need to recall some terminology. F C [A\]¥¢ is called a
stationary coding set [Z] if and only if it is stationary in [A\|N° and there is a 1-1
function ¢ : F — X such that for every X,Y € F we have

XCY =¢X)eY.
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For F C [AJR0 and f: [F]<N — [A\|No, we say that X € F is closed under f if and
only if we have f(Y) C X for every Y € [F|X]|<®. We will consider Pp for P
which is a stationary coding set F together with inclusion. The consistency of the
existence of locally countable, well-founded, stationary coding sets for any cardinal
A of uncountable cofinality was proved e.g. in [Kosz3]; for more on the existence of
stationary coding sets see [Sh3], [Ve]. At the end of this discussion let us note the
following elementary

Fact 9.10. Suppose ) is an uncountable cardinal and F C [AJ*¢ is a stationary
coding set. Suppose that f : [F]<¥0 — [A\]No. Then there is X € F such that X is
closed under f.

Proof. Let ¢: F — X be the coding function. Let M < H () be such that ¢, f € M
and M N\ € F and 0 is large enough. Take any Y € [F|(M N \)]<R°; then
c(Y) € [MN A<M so ¢(Y) € M. Since cis 1-1, we have Y € M, so f(Y) € M,
and so f(Y) C M N A, as required. [J

From now on, we fix a cardinal A of uncountable cofinality and F, a well-founded,
locally countable stationary coding set in [A]¥°. By P we mean Pr.

Fact 9.11. P |hx(oc0) = A

Proof. Suppose the opposite, i.e., that there is a py € P such that for some x < X\ we
have that pg |Fhyx(c0) = k. It follows that pg forces that there are an ideal J Coot
and a sequence {aX5 : &€ < k} such that ag, & Je where Je = <{a,X5/ L& < YU for
¢ <k and oot = J,. Since P is c.c.c., there is a € X such that py |- ¢ Ue<r Xe.

By fact 9.9 we may assume that ¢f (k) > w or kK = w. We will consider these two
cases separately.

First, assume that c¢f (k) > w.

Let 1 be a function from [F]<“ into k such that

n(X1,... Xp) =min{n < sk : P |Fax, U...Uax, € J,}.

Since P is a c.c.c. notion of forcing and (J,)),<x is a name for a strictly increasing
sequence of ideals of length of uncountable cofinality whose union is the ideal co™,
the existence of such an 7 is easy to prove. Now we are going to use that fact that
F is a stationary coding set. Define a function f : [F]<¥0 — F such that for every
Y € [F]<¥ we have a € f(Y) and

{X:3pePp|-X=Xym} U Hsuppp) : p € Ay} € f(Y)

where A,y is a maximal antichain in P deciding the value of Xn(y). Again, since
P is a c.c.c. notion of forcing f can be easily constructed. Now find Z € F such
that Z is closed under f.

Take any ¢ < po and consider the conditions ¢1 = q|(F|Z), ¢2 = ¢q|(F|ZU{Z}).
By lemma 9.2, ¢ < g2 < ¢1. Since supp(q1) € F|Z, we have that there is r €
A (supp(ar)) Such that v || g1, supp(r) € [F|Z]<* and r |F-X,(supp(ar)) = X for some
X € F|Z. Take s < r,¢q;. By lemma 9.4 we may w.l.o.g. assume that supp(s) €
[F|Z]<“ and by lemma 9.3 we may w.l.0.g. assume that X € supp(s). Now note
that we can apply lemma 9.4 for C = A,,, A= A, B = A,, to obtain D such that
Agy As < D. By lemma 9.4, D can be assumed to be an F-superatomic algebra
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for F € [F|ZU{Z}]<“. Let s1 be such that A;;, = D. Thus supp(s1) C F|ZU{Z}
and s; < s,¢2 and
51 ||_aXn(supp(Q1)) - UISUPp(ql) Caz.
Note that
p - UISUPP(Ql) € JW(SUPP(Q1)7 X (supp(ar)) ¢ J’?(SUPP(‘h))’
SO
s1|-az & Tn(supp(ar))-

Now use lemma 9.4, to find sy < s1,¢. Since supp(s1) € F|Z U{Z}, supp(q) N
supp(s1) = supp(g2) is downward closed in supp(q) and A, < A, As,; hence the
use of lemma 9.4 is legitimate. Note that since, supp(q1) can be an arbitrary finite
subset Y of F|Z we have proved the following

Claim. ¥q < po VY € [F|Z]<* 3s < q s |Faz & Jyv)-

Now let us finish the proof of the fact in this case of ¢f (k) > w. Let ¢ < p, n < K
be such that ¢ ||—az € Jy41 — J,. Since o € Z, there is ¢; < ¢ such that
q1 =X, = X for some X ¢ F|Z, but
*) qn ||—aZﬁaX17 Cax, U..Uax,.

for some X7, ..., X < Z (see definition 8.1). Now by the claim, there is s < ¢; such
that

sl-az & Jnx,,.xi)
so s |Fn+1>n(Xy,...,Xk); hence by *) we get
slFaz —ax, € Jyp1— Jy.

This contradicts the definition of J,+1. This finishes the proof in the case c¢f (k) > w.
Now let us consider the case k = w. Since F is a stationary coding set, we can
find Z € F such that

ULsupp(p) : p € An(Y), Y € [F|Z]<}

UWX:FpePIncwp|-X=X,}CF|Z

where A, (Y) is a maximal antichain deciding the formula JY € J,41 — J,,. Now
use a similar argument as in the case ¢f(k) > w to show that

VgV¥new3Is<qsl|az & Jn.

This contradicts the fact that P |-
the fact. O

hew Jn = 00T and this completes the proof of

Now we are ready to state the main result of this section, which for A regular
can be easily deduced from results of [N1].

Theorem 9.12. For every cardinal A of uncountable cofinality it is consistent that
there is a countably tight compact space X with a point x such that hx(z, X) = A
and for every clopen a such that x & a we have |a| < w. O

Proof. Let A be the algebra Az considered in V. The fact that hx(oco, X) = A
where X is the Stone space of A follows from Fact 9.11. The countable tightness
and the remaining property follow from Fact 3.3 and Fact 9.8. O
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