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TOEPLITZ OPERATORS WITH PC SYMBOLS
ON GENERAL CARLESON JORDAN CURVES
WITH ARBITRARY MUCKENHOUPT WEIGHTS

ALBRECHT BOTTCHER AND YURI I. KARLOVICH

ABSTRACT. We describe the spectra and essential spectra of Toeplitz operators
with piecewise continuous symbols on the Hardy space HP(I',w) in case 1 <
p < oo, I'' is a Carleson Jordan curve and w is a Muckenhoupt weight in A, (T").
Classical results tell us that the essential spectrum of the operator is obtained
from the essential range of the symbol by filling in line segments or circular
arcs between the endpoints of the jumps if both the curve I" and the weight are
sufficiently nice. Only recently it was discovered by Spitkovsky that these line
segments or circular arcs metamorphose into horns if the curve I is nice and w
is an arbitrary Muckenhoupt weight, while the authors observed that certain
special so-called logarithmic leaves emerge in the case of arbitrary Carleson
curves with nice weights. In this paper we show that for general Carleson
curves and general Muckenhoupt weights the sets in question are logarithmic
leaves with a halo, and we present final results concerning the shape of the
halo.

1. INTRODUCTION

Let T" be a Jordan curve in the complex plane, i.e. let I' be homeomorphic to a
circle. Suppose T is rectifiable and equip I' with Lebesgue length measure |dr|. A
measurable function w : I' — [0, 00] is referred to as a weight if w™1({0,00}) has
measure zero. We denote by LP(T") (1 < p < o0) the usual Lebesgue spaces of T,
and given a weight w on I', we define LP(T',w) (1 < p < c0) as the Lebesgue space

with the norm
1/p
= ([ 15000 arl)
r

As T'is a Jordan curve, it divides the plane into a bounded connected component
D, and an unbounded connected component D_. We provide I" with counter-
clockwise orientation, that is, we demand that D, stays on the left of I' when the
curve is traced out in the positive direction.
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The Cauchy singular integral. For a function f € L1(I'), the Cauchy singular
integral is defined by

(SF)(t) = lim — / f(T)th (tel)

T —

where I'(t,e) := {7 € T : |1 — t| < €} is the portion of I" contained in the open

disk of radius € centered at ¢. The operator S is said to be bounded on L?(T',w) if

LP(T',w) N LY(T) is dense in LP(I',w) and there exists a constant M > 0 such that
1S fllp.w < M| fllpw for all LP(T,w) N LY(T).

The problem of characterizing the T', p,w for which S is bounded on LP(T',w) has
been studied by many mathematicians for a long time. Here is the final result.

Theorem 1.1. Let 1 < p < oo, let " be a rectifiable Jordan curve, and let w be a
weight on T'. The operator S is bounded on LP(T',w) if and only if

(1.1) welPT),w e lYl) (I/p+1/g=1)
and
1 1/p 1 1/q
(1.2) sup sup (— / wP (1) |dr|) (— / w™I(T) |d7'|> < 0.
tel e>0 \ € €
I'(t,e) I'(te)

We remark that (1.1) implies that L>°(I') C LP(I',w) C LY(T'). The set of all
weights w on T satisfying (1.1) and (1.2) is usually denoted by A,(I") and referred
to as the set of Muckenhoupt weights. An easy application of Hélder’s inequality
shows that if (1.1) and (1.2) hold, then

T'(t
(1.3) Cr := supsup INGTa]
tel e>0 €

< 00

where, of course, |T'(t,¢)| is the measure of the portion I'(¢,¢). Condition (1.3) is a
condition for solely the curve I', and curves I' satisfying (1.3) are commonly called
Carleson curves. Although (1.3) is a consequence of (1.1) and (1.2), Theorem 1.1
is for psychological reasons often phrased in the following form:

S is bounded on LP(T,w) (1 < p < 00) if and only if T' is a Carleson
curve and w is a Muckenhoupt weight.

In case I' is a smooth curve, Theorem 1.1 is due to Hunt, Muckenhoupt, and
Wheeden [24]. Paatashvili and Khuskivadze [26] showed that I' is necessarily Car-
leson if S is bounded on L?(I") and David [10], [11] proved that S is bounded on
L?(T") whenever I is a Carleson curve. It was then observed by several authors (see
e.g. [15] or [20], Vol. I, p. 50) that if I" is a Carleson curve, then S is bounded on
LP(T,w) if and only if w € A,(T). In the form presented here, Theorem 1.1 was
perhaps first stated in [13], [14], [15] (also see [22]); a proof of the fact that S is
bounded on L?(T) if it is bounded on LP(T',w) is contained in [4].

From now on we always suppose that 1 < p < oo, that I' is a Carleson Jordan
curve, and that w € A,(T"). Then S is bounded on LP(I",w) and one can show that
S? =T (see [20] and [4]). Hence, P := (I + S)/2 and Q := (I — S)/2 are bounded
and complementary projections on LP(T',w). We define

HP(I',w) := PLP(I',w), H? (I',w) := QLP(I,w), H? (T',w) := H? (I',w) + C,
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where C stands for the constant functions on I'. Since Im P = Ker @ and ImQ =
Ker P, the spaces HP(I',w), H? (', w), H? (I",w) are closed subspaces of LP(T,w).
The space HP(T',w) is called the pth Hardy space of T and w.

Toeplitz operators. The Toeplitz operator T'(a) induced by a function a € L*°(T")
is the bounded operator

T(a): H?(I,w) — H?(T,w), f +— P(af).

The function a is in this context referred to as the symbol of the operator T'(a).
Our main concern is the description of the spectrum of T'(a), i.e. of the set

spT(a) :={\ € C:T(a) — A is not invertible on H?(T',w)}.

Toeplitz operators enjoy a particularly nice property: they are invertible if and
only if they are Fredholm of index zero (“Coburn’s lemma”); see e.g. [8], [30], [20],
[4]. Recall that a bounded linear operator A on a Banach space X is said to be
Fredholm if its image ( =range) Im A is closed and its cokernel Coker A := X/Im A
and its kernel Ker A := {f € X : Af = 0} have finite dimensions. In that case the
index of A is defined as the integer Ind A := dim Ker A — dim Coker A. Let B(X)
be the Banach algebra of all bounded linear operators on X and let (X)) stand for
the ideal of compact operators on X. It is well known that A € B(X) is Fredholm
if and only if the coset A + K(X) is invertible in the quotient algebra B(X)/K(X).

Since T(a) — A\l = T'(a — \), we may deduce from Coburn’s lemma that sp T'(a)
is the union of the essential spectrum of T'(a),

SPegs 1'(a) :={A € C: T'(a) — A is not Fredholm on H?(T,w)},

and of the set of all A € C for which T'(a) — AI is Fredholm of nonzero index. As a
rule, the latter set may be found without serious difficulty once only sp.. 7T'(a) is
available.

Continuous symbols. Even in the case where I' is the complex unit circle T, the
weight w is identically 1, and p = 2, there are no satisfactory descriptions of sp T'(a)
Or SPygs 1'(a) for general a € L>°(T'); see [12], [20] or [6] for more about this topic.
This motivates the consideration of symbols a in certain subclasses of L*°(T"). For
example, if a is a continuous function on T, @ € C(T"), we have the following result.

Theorem 1.2. Suppose 1 < p < oo, I' is a Carleson Jordan curve, w € A,(T'), and
a € CT). Then spo T(a) =a(l). If A € a(T'), then IndT(a — \) = — wind(a — )
where wind(a — \) denotes the winding number of the (naturally oriented) curve
a(T") about the point . Thus,

spT(a) =al)U{A e C\a): wind(a — X) # 0}.

This theorem goes back to Gohberg’s 1952 paper [18] and was for general Car-
leson curves and general Muckenhoupt weights only recently proved in [4].

In the present paper, we determine sp. 7T(a) and spT(a) for piecewise con-
tinuous symbols a in case I' is an arbitrary Carleson curve and w is an arbitrary
Muckenhoupt weight. Section 2 contains a short history of the problem. The main
results are stated and discussed in Section 3. The remaining Sections 4-10 are
devoted to the proofs.
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2. BRIEF HISTORY OF THE PROBLEM

Piecewise continuous symbols. We denote by PC(I") the closed algebra of all
piecewise continuous functions on I': a function a € L*(T') belongs to PC(T") if
and only if the one-sided limits a(t £0) = lim, ;10 a(7) exist for every ¢t € I". Here
7 — t — 0 means that 7 approaches ¢ following the orientation of I', while 7 — ¢ +0
says that 7 goes to t in the opposite direction. For a € PC(T'), let A, denote the
set of all points t € I" at which a has a jump,

Ay :={teT:a(t—0)#a(t+0)}.

The set A, is at most countable and for each € > 0 the set of all ¢t in I" for which
la(t+0) —a(t —0)| > € is finite. Finally, let R(a) stand for the essential range of a,

U{at— a(t+0)} =a(l\ Ay) U{at— a(t+0)};

tel’ tEA,

here, for t € I'\ A,, we understand by a(t) the common value of a(t—0) and a(¢t+0).

The primary matter: line segments. The story of describing sp.., T'(a) for a in
PC(T) has its beginning in the sixties, when several mathematicians, including I.B.
Simonenko, A. Calderén, F. Spitzer, H. Widom, A. Devinatz, I. Gohberg, and N.
Krupnik, realized that if I" is a piecewise smooth curve, then the essential spectrum
of T'(a) on H%(T) is the closed continuous curve resulting from the essential range
of a by filling in a line segment between the endpoints of each jump:

$Dess T'(a) = R(a) U | [a(t — 0),a(t + 0)].
teA,

Metamorphosis 1: circular arcs. The first surprise came with the consideration
of the case p # 2. Widom [34] as well as Gohberg and Krupnik [19] observed that
then the line segments mentioned above go over into circular arcs. Given two points
z,w € C and a number v € (0,1), define

A(z,w;v) :={\ € C\ {z,w} : arg i ;1 € 2mv + 27Z} U {2z, w}.

A moment’s thought reveals that A(z,w;v) is a circular arc between z and w
whose shape is determined by v. For our further purposes, it is convenient to
think of A(z,w;v) as given in the following way. Denote by Y, the horizontal line
Y, ={y € C:Imvy=v}. Then {e*™ : v € Y,} is a ray starting at the origin and
making the angle 27 with the real axis. Let M, ,,(¢) := (w¢ — 2z)/(¢ —1). Clearly,
M. ., is a Mobius transformation mapping 0 and oo to z and w, respectively. So
we may write

Az, w;v) = {M, ,(e*™) : v € Y, } U {z,w}.

Notice that A(z,w;1/2) is nothing but the line segment [z, w]. The Widom/Goh-
berg/Krupnik result says that if I' is piecewise smooth, w is identically 1, 1 < p < oo,
and a € PC(T), then

SPess T(a) = R(a) U | J A(a(t —0),a(t +0); %)

teA,
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Gohberg and Krupnik (see [19] and [20]) also studied spaces with so-called power
weights, that is, with weights of the form
(2.1) wir)=[]Ir-t1¥ (ren)

j=1

where t1, ... ,t, are distinct points on I' and Ay, ..., A, are nonzero real numbers.
The weight (2.1) belongs to A,(I") if and only if —1/p < A; < 1/q for all j. This
result has been well known for a long time under several additional hypotheses and
was obtained in the work of G.H. Hardy, J.E. Littlewood, M. Riesz, S.G. Mikhlin,
K.I. Babenko, B.V. Khvedelidze, H. Helson, G. Szegd, H. Widom, F. Forelli, I.I.
Danilyuk, V.Yu. Shelepov, A.P. Calderén, and others (see, e.g., [15]). For general
Carleson curves a proof was first given by E.A. Danilov in [9]; his proof is reproduced
in [4]. Gohberg and Krupnik showed that for piecewise smooth curves with the
weight (2.1) one has

1
SPegss T'(a) = R(a) U U A(a(t —0),a(t+0); - + )\t)
teha P
where A\; = 0 for ¢ & {t1,... ,t,} and A;; = ;. Thus, although now the circular arcs
participating in the spectrum may have different shape, they nevertheless remain
circular arcs.

Metamorphosis 2: horns. The development had paused many years until 1990,
when Spitkovsky [33] made a spectacular discovery. He considered again the case
of a piecewise smooth curve I', but he admitted arbitrary Muckenhoupt weights
we Ap(T) (1 < p < 00). His result says that the presence of Muckenhoupt weights
may metamorphose the circular arcs into so-called horns. A horn is a closed subset
of the plane which is bounded by two circular arcs. Given two numbers p, v € (0,1)
satisfying p < v, denote by Y, , the closed stripe between the horizontal lines
through iy and iv, ie. Y, , ={y€ C:pu<Imvy <v}. Then {e*™:y€Y,,}is
an angular sector with the vertex at the origin. With M, ,,(¢) = (w¢ —2)/(( —1)
as above, put

H(z, w; p,v) = {MZ,w(e%’Y) HAS Yu,v} U{z, w}.

Thus, H(z, w; i, V) is the horn between z and w whose boundary arcs are A(z, w; i)
and A(z,w;v); see Figure 1. Spitkovsky associated two numbers p; and vy with
each point t € T" which, in a sense, measure the “powerlikeness” of the weight w at
t and proved that

1 1
SPess T'(a) = R(a) U U 'H(a(t —0),a(t+0); = + e, — + I/t>.
teA, p p

Metamorphosis 3: spiralic horns. In 1994, partially stimulated by the results
of [1] and [2], we turned attention to the case where I' is no longer supposed to be
piecewise smooth but is allowed to be a more complicated Carleson Jordan curve
[4]. The class of Carleson curves considered in [4] is as follows. Fix a point ¢t € T
We then have 7 — t = |7 — t|e*®8("=) for 7+ € T'\ {t}, and the argument arg(r — t)
may be chosen so that it is a continuous function on I'\ {¢}. Seifullayev [28] showed
that for an arbitrary Carleson Jordan curve the estimate

(2.2) arg(t —t) = O(—log|T —t|) as 7 — ¢
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FIGURE 1. Figure la shows part of the horizontal stripe Yg 55 0.75;
the horn H(—1,1;0.55,0.75) is plotted in Figure 1b.

holds. In [4], we studied curves with the property that for each ¢ € T' there is a
d; € R such that

(2.3) arg(t —t) = —dtlog |t —t| + O(1) as 7 —t.

Points ¢ at which (2.3) is valid with 6; = 0 are “nonhelical” points. In particular,
points at which the tangent exists, corner points, cusp points, or points at which
the argument oscillates but remains bounded are “nonhelical” points. If

arg(T_t):—5t10g|T—t|+Cti as T —t£0,

where Cit are real numbers such that C;” — C; ¢ 27Z, then in a neighborhood of ¢
the curve I consists of two logarithmic spirals scrolling up at ¢. A Carleson Jordan
curve satisfying (2.3) at each point ¢ will be called a spiralic curve.

The main result of [4] implies that for spiralic curves the circular arcs and horns
may change into logarithmic double-spirals and spiralic horns. Let u,v,§ be real
numbers such that 0 < u < v < 1. Define the straight line ¥,) and the stripe Y,
by

Y2 :={ye C:Imy=0Rey+v},
Yjv ={y€C:0Rev+pu <Imy<JRey+v}

We already know that {€?™ :~y € Y.} is a ray starting at the origin in case § = 0.
If § # 0, then {€2™ : vy € Y} is a logarithmic spiral wriggling out of the origin.
Thus, {e*™ : v € Yli,/} is the closed set between two such logarithmic spirals.
Again let M, ,(¢) = (w¢ — 2)/(¢ —1). Put

(2.4) S(z,w;0;v) = {M, ,(e*™) : y € Yf} U{z,w},
(2.5) S(z,w; 05y v) i= { M, (e*™) : vy € Y;f,u} U{z,w}.

Thus, if 6 # 0, then S(z,w; d; v) is a double-spiral coming out of z and scrolling up
at w, while S(z,w;d; u,v) is the closed set between two such double-spirals. We
call §(z,w;d;v) a logarithmic double-spiral and S(z,w;d; u, v) a spiralic horn; see
Figure 2.

In case § = 0, logarithmic double-spirals degenerate to circular arcs (v # 1/2) or
line segments (v = 1/2), and spiralic horns become usual horns. In [4] we showed
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FIGURE 2. Figure 2a shows a piece of the stripe between the lines
y = 0.6 +42 and y = 0.7+ 4x; the spiralic horn §(—1,1;4;0.6,0.7)
is shown in Figure 2b.

that if T is a spiralic curve, w € 4,(T') (1 < p < 0), and a € PC(T"), then

1 1
(26) SPess T(a) = R((I) U U S<a‘(t - 0)7 a’(t + 0)7 5t; -+ Mty — + Vt)
teEA, p p

where §; is given by (2.3) and p;, v+ are real numbers satisfying —1/p < p < vy <
1/q and measuring the “powerlikeness” of w at t. We remark that for weights of
the form (2.1) one has p; = vy = Ay with Ay =0 for ¢ & {t1,... ,t,} and Ay, = A;.

Metamorphosis 4: appearance of logarithmic leaves. In [5] we disposed of
the case of a general Carleson Jordan curve I' without weight, i.e. we assumed that
w(r) =1 for all 7 € T'. We know from the preceding paragraph that in the absence
of a weight we have to fill in logarithmic double-spirals between the endpoints of
the jumps if T' is a spiralic curve. In [5] we proved that for general curves these
logarithmic double-spirals may blow up to certain sets which in [5] were somewhat
insuggestively called skew spiralic horns. In the terminology that will be introduced
in the next section, these sets may be characterized as logarithmic leaves with a
separating point at an equal distance to a(t — 0) and a(t + 0). For each point t € T,
we defined two numbers §; < 6;” which measure, in a sense, the “spirality” of the
curve I' at ¢. If (2.3) holds, it turns out that J, = ;" = &;. We proved that if T" is
an arbitrary Carleson Jordan curve, 1 < p < oo, and a € PC(T'), then the essential
spectrum of T'(a) on HP(T) is given by

(2.7)  sPess T(a) = R(a) U

-

U S(a(t —0), alt +0): 5: %))

tEN, <66[6t>6j]

where S(z,w; d;v) is again defined by (2.4). In the notation of the next section, we
have

1 1111
2.8 S| z,w;d; —) :Eo(z,w;é_,5+;—,—,—,—).
(28) U ( P e p’p

se(s; 6]
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FIGURE 3. The set (2.8) may be represented as {M, ., (e*™) : v €
A} where A is the double-sector filled out by the straight lines
y = 1/p+ éx with 6 € [6; ,;7]. In Figure 3a we plotted this
double-sector for 1/p = 0.6, §; = —1, &;” = 4. The corresponding
set (2.8) with z = —1, w =1 is shown in Figure 3b.

If §; = 6,7, then (2.8) is simply a logarithmic double-spiral. So let §; < 6;". Then
the set (2.8) is easily seen to be a heavy set, i.e. a set with a nonempty interior. In
particular, the points z and w are inner points; see Figure 3.

All logarithmic double-spirals S(z,w;d;1/p) contain the point

5= (we¥™P — 2) /(2P — 1),

The set (2.8) is connected, while (2.8) minus the point s is disconnected. This is
why we call the point s a separating point. Since

s —z| =|s —w| = |w—z|/<23inz),
p
the point s is at an equal distance to z and w.

Metamorphosis 5: the subject of this paper. In all the cases we have consid-
ered so far, spiralic curves with general weights and general curves with no weight,
the sets we had to fill in between the points a(t — 0) and a(t + 0) were bounded by
pieces of at most two logarithmic double-spirals (let us think of circular arcs and
line segments as degenerate logarithmic double-spirals). In the case of a spiralic
curve with a general weight these two logarithmic double-spirals are determined
by two numbers p;, vy measuring the “powerlikeness” of the weight, whereas in the
case of a general curve with no weight these two logarithmic double-spirals are
given by two numbers d; , ;" measuring the “spirality” of the curve. One might
conjecture that in the case of a general curve and a general weight the set in ques-
tion is bounded by pieces of at most four logarithmic double-spirals depending on
i, Ve, 05 0, . We will show that this is in general not true. There may appear
some kind of interference between the oscillation of the curve and the oscillation of
the weight which metamorphoses logarithmic double-spirals into qualitatively new
curves.



TOEPLITZ OPERATORS ON CARLESON CURVES 3151

3. MAIN RESULTS

Throughout what follows, I' is a Carleson Jordan curve, p is a number in (1, c0),
and w € Ap(T") is a Muckenhoupt weight.

Leaves. We will construct two families {a }ter and {5 }+er of continuous functions
a; : R — R and g; : R — R such that

(3.1) ay(z) < Bi(z) forall ze R

which will be called the indicator functions of I',p,w and in terms of which the

essential spectrum of Toeplitz operators on HP(I',w) will be described. Given oy
and 3, we define

Y (pra, Br) = {7=x+iy €+l Sy +6t(x>},

and for z,w € C we then put

E(va;pa atvﬁt) = {Mz,w(e%TV) Y € Y(p7 O, ﬂt)} U {Zv w}
where M, ,(¢) = (w¢ — 2)/(¢ — 1). We refer to L(z, w; p, oy, B¢) as the leaf about
z and w determined by p, ay, B;. Our main result is as follows.

Theorem 3.1. If a € PC(I"), then the essential spectrum of the Toeplitz operator
T(a) on the Hardy space HP(T',w) is given by
(3.2) SPess T'(a) = R(a) U | L(a(t —0), alt +0); p, ar, Br)-
teEA,
If N & spe T'(a), then the index of T'(a) — AI equals minus the winding number of

the closed, continuous, and naturally oriented curve

R@u U ﬁ(a(t—o>,a<t+o>;p, at;ﬁt,at;ﬁt)

teEA,

about the point .

By virtue of (3.1), this theorem implies in particular that sp., T'(a) is connected
for every a € PC(I'). We also remark that once (3.2) is established, the assertion
concerning the index can be derived from Theorem 1.1 by standard homotopy
arguments.

Indicator functions. We now proceed to the definition of the indicator functions.
Fix t € I'. Given a weight 1 : I' — [0, oc] for which logy € L!(T'), we define a new
function V.24 : (0,00) — [0, 0] by

eXP( I )]ogw(r)\dr|/|F(t7§R)|)

T'(t,éR

lim sup for £ € (0,1],
R—0 exp( I} logw<f>|dﬂ/|r<t,R>|)
(V29)(€) = A
exp( J logw<f>|dﬂ/\r<t,R>\)

lim sup St for £ € [1,00),
R=0 exp( [ logy(r) |d7\/\r<t,aflR>|)
r(t,e—1R)
and then we put
log(V,"4)(€) log(V")(€)

a(V ) = limsu , Vo) := limsu
(Vi) 5—>0p log € BVEY) 5_’Oop log €
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For 7 € T we have 7 — t = |7 — t|e’®8("=*) and arg(T — t) may be chosen as a
continuous function of 7 € I\ {¢t}. We write

(3.3) ne(7) := e~ 280N for 7 e\ {t}.

Since — log |7 —t| < |7 —t|~/2 for all 7 € I"\ {t}, the function — log |7 —t| belongs to
LY(T). We so infer from (2.2) that logn; € L'(T'). It is easily seen (Lemma 5.3) that
logw € LY(I") whenever (1.1) holds. Therefore log(nfw) = xlogn: + logw € L}(T)
for x € R, and we may carry out the above construction with ¢ = nfw to obtain

(3.4) ar(z) = a(VyPniw), Bi(z) =BV niw).

Theorem 3.2. The functions given by (3.4) enjoy the following properties:
(a) —oo < ap(x) < Be(x) < +o00 for all z € R;
(b) =1/p < e (0) < B,(0) <1/g;
(¢) a¢ is a concave function and B; is a convex function;

(d) at(x) and Bi(x) have asymptotes as x — +oo, and the (convex) regions
{z+iye C:y<ay(x)} and {z+iy € C:y > Bi(x)} may be separated by parallels
to these asymptotes; more precisely, there exist real numbers 6; , 6, uy , il vy, vy
such that

0 <6, —“lp<npy <v <1l/q, —1/p<p <vi <l/q

and
Bi(z) = v + 6z +0(1) as z — +oo,
() =v; +6; x+o0(1) as x — —oo0,
ai(z) = pf + 6 2+ 0(1) as v — —o0,
() (1)

as r — +0o0;

(e) Theorem 3.1 is true with oy and By given by (3.4).

Thus, by property (e), «; and (; are the indicator functions. We remark that
the continuity of oy and (3 is a consequence of (c) (see [27], Corollary 10.1.1).

Spiralic horns. First let §; = 6;” =: §;. Then, by (d), B;(z) — a¢(z) has finite
limits as & — %00, and since, by (c), B; — a4 is convex, it follows that 8; — a; must
be a constant:

(3.5) Bi(x) = ax(z) + ¢ for all =z € R.

Combining (3.5) with (¢) we see that a; and (3, are simultaneously convex and
concave, which implies that they are affine linear. Now (d) shows that actually

(3.6) a(z) = pe + 0w, Be(z) =i + 6z
with
pe =gy = pf = (0), ve=vg = vk = 5(0).
From (b) we infer that —1/p < u; < vy < 1/q. Thus, (3.6) yields that, in the case
at hand,

1 1
(3.7) L(z,w;p, o, Br) :S(Zawﬂst;; +Mt7§+Vt)
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where S(z, w; 0; 1/p+pt, 1/p+1y) is the spiralic horn given by (2.5); if even uy = 14,
this spiralic horn degenerates to a logarithmic double-spiral.

We remark that (3.6) and (b) imply that G;(x)—ax(x) < 1 for all z € R whenever
§; =6, . Also notice that the stripes in Figures la and 2a are the stripes between
the lines y = 1/p+ iy + dpx and y = 1/p + vy + ¢z (with §; = 0 in Figure 1a).

Shape of general leaves. Now suppose §, < §;". Then 3;(z) — oy () is a convex
function of & which is less than 1 for x = 0 (by (b)) and increases to infinity as
x — +o0 (by (d)). Hence, the equation

(3.8) Bi(x) — () =1

has exactly two solutions z; and z;. Obviously, z; < 0 and z;” > 0. Denote by
IT; := (T, p,w) the closed parallelogram spanned by the four points

1 1
xy —I—i<— —l—at(:z:t_)), xy —I—i<— —|—ﬁt(:1:t_)),
p p
+ (1 + +. (1 +
Ty +1 E‘Fat(xt) Ty ;‘Fﬁt(xt)
and let IT¥ := ITF (T, p, w) stand for the horizontal half-stripes

1 1
I, := {a:—l—iyec:xgxt_, }—7+at(xt_)§y§]—?+ﬁt(xt_)},

1 1
I = {x—!—iyeC:xExf, 1—?—|—at(xt+)§y§];—|—6t(xt+)}.

The map v — M, ,(e*™) has the period 4, and hence
(39) E(va;pa Qg ﬁt) = {Mz,w(e%r’y) Ty e Ht_ @] H:_}

1 1
Y {Mz,w@?”) A=l e Sy T+ ﬁt(w)} Uz ).

Clearly, { M, ,,(e*™) : v € II; UTL}} is a set consisting of two disks (punctured at
z and w). The second set on the right of (3.9) is something linking these two disks
and therefore the portion of Y'(p, ay, 8;) contained in the parallelogram II; is the
actually interesting part of Y (p, ay, 5t); see Figure 4.

Theorem 3.3. If the equation (3.8) has exactly two solutions x; and x;, then the
indicator functions ap and (¢ possess the following properties:

(Pr) Be(wy) — onlwy) =1, Belay) — onlaf) = 1;
(P2) —=1/p < ay(0) < B(0) < 1/g;
(Ps) oy is concave and f3; is convex on [xy ,x;);

(Py) each diagonal of the parallelogram I1; spanned by the points (3.9) separates
the (convex) regions

1
{x+iy€C:z[<x<xt+,y<];—|—ozt(:1:)}
and

1
{x+iy€C:;v[<x<xzr,y>—+ﬁt(x)}.
p
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FIGURE 4. Figure 4a shows the two half-stripes I, and II} as
well as the graphs of y = 1/p + au(x) and y = 1/p + Bi(x) for
x € [x; , 7). In Figure 4b we see the two disks {M, ,(e2™) : v €
I, UTL} and the “linking set” given by (3.9).

This theorem can be without difficulty derived from Theorem 3.2 and the defi-
nition of the indicator functions. The following theorem is significantly less trivial.

Theorem 3.4. Given any number p € (1,00), any numbers x; € (—00,0), z €
(0,00), and any functions oy and By on [x; ;] with the properties (Py) — (Py),
there exist a Carleson Jordan curve T, a point t € T, and a weight w € Ap(T') such
that the equation B(VonFw) — a(VOnFw) = 1 has exactly the solutions x; and x}
and oy, By are the restrictions to [z; , x| of the indicator functions of T',p,w for
the point t. Moreover, I' may be chosen so that T\ {t} is locally a C*-curve and
the weight w may be chosen to be continuous on T'\ {t}.

Thus, the conditions (P;) — (Py) are characteristic for the indicator functions of
I'pw.

Logarithmic leaves. To understand the shape of the leaf £(z,w;p, oy, B) in the
case 0; < 4&;7, we introduce the notion of the logarithmic leaf. Let 1 < p < oo, and
let 41, d2, p11, p2, 1, V2 be any real numbers satisfying

(310) 51§52,0<ILL1§V1<1,0<,LL2§V2<1.
Then
(3.11) min{py + 012, ug + daz} < max{vy + sz, v2 + dox}

for all x € R. We denote by Y°(8y, da; pi1, pt2, v1, 2) the set of all v = x + iy € C
for which

min{p; + 612, po + dex} <y < max{vy + §1z,v2 + dax}.
For z,w € C, the logarithmic leaf £°(z,w; 81, 82; 1, pi2, 1, v2) is defined as the set
{M.,(€*™) 1y € YO(61, 823 pua, po, v1, v2) } U {2, w}.

If §; = do =: 6, then Y°(6,8; a1, 2, v1,v2) degenerates to the stripe of all v =
x + 1y € C satisfying

min{ g, po} + 0 < y < max{vi, i} + iz
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FIGURE 5. Figure 5a shows the graphs of the functions in (3.11);
Figure 5b shows the boundary of the corresponding logarithmic
leaf.

and hence
L0(z,w; 8,65 pa, po, v1,v2) = S(z, w; G min{p, po}, max{vy, vo})

is a spiralic horn for min{u1, o} < max{vi, 2} and a logarithmic double-spiral for
min{py, uo} = max{ry,»}; in the latter case we necessarily have g = po = v1 =
vy due to (3.10).

So let 41 < d2 and look at Figure 5. We first of all observe that a logarithmic
leaf is bounded by pieces of at most four logarithmic double-spirals. Put

a®(x) := min{py + 612, po + Sox}, °(x) := max{v + 61z, vo + doz}.
From (3.10) we see that 3°(0) — a®(0) < 1, and the condition &; < d implies that

B%z) — a®(x) — +oo as ¥ — +oo. Thus, the equation 3°(z) — a®(z) = 1 has
exactly two solutions 22 < 0 and zY > 0. Because

{y =2 +iy € Y°(1,02; pua, pi2, 1, 1) s v < 22 }

S{y=x+iyeC:z<2%, a1@%) <y < 3=2)} =1°
and

{v=a+iy € YO(1,00; pi1, p2,v1,12) 1 @ > a5}

SD{y=z+iyeC:z>2%, a’(@Y) <y < B%29)} =19,

and because the map v +— M, ,(€*™) has the period i, it follows that this map
gives a bijection between

(3.12) {y=z+iye Yo(él,ég;ul,ug,ul,ug) ) << xg} uTI® UHS)r

and the logarithmic leaf £°(z, w; 81, 62; p1, p2, v1, v2) minus {z,w}. It is easily seen
that HQF are mapped onto closed disks punctured at z and w and having the cen-
ter (we%w(i - 26_27711)/(2 sinh(2729)) and the radius |w — z|/(£2sinh(27z)),
respectively. In Figure 6a the set (3.12) is represented as the union of subsets
A B,...I (the regions labeled by J and K are not contained in the set (3.12)); in
Figure 6b the same letters are used to indicate the images of these subsets. We
remark that in Figure 6a we have A =II° , B = I1% and that the set {y =z +iy €



3156 ALBRECHT BOTTCHER AND YURI I. KARLOVICH

14

12+ Fig. 6a i

1k -
0.8}
06}
0.4

0.2

OF [

-0.2+ i

FIGURE 6

YO(61, 823 pa, pro, v1,v2) : 2% < o < 29} is divided into the subsets C,D.E,F,G,H.I
by the graphs of the functions y = p1 +d12, y = v1 + 012, y = pa+dox, y = vo+dox.

General leaves as logarithmic leaves with a halo. Let us now return to
the general case and suppose §; < 6. By Theorem 3.2(d), the asymptote to
y=1/p+ Bi(x) as x — +oo has the equation y = 1/p+v; + 5 z. The parallel
to this asymptote through the point z;7 + i(1/p + B¢(x])) has the equation y =
1/p+ Bi(z) + 6 (x — 2;). Since G; is convex, it follows that

1 1 1
(3.13) 1—?—|—ﬂt( )>p+ﬂt(art)+5+(a:—xt)2p—|—ut + 67z for x € [x;,xf].
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Analogously we get

1 1 _ _ _
=+ Bi(@) = =+ Bl ) + 0y (w —ay)
p p
1
(3.14) 21—?4—1/{—}—5;96 for z € [z;,z]],
1 1 N _
=+ op(r) < =+ ooy ) +6; (v — )
p p
1
(3.15) SZ—?—I—,LL;"—I—(S;"J: for = € [z;,z]],
1 1 + — +
=+ oap(r) < = +oyx]) +6; (v — )
p p
1
(3.16) S}—?—I—,ut_—kcst_a: for = € [z;,z;].

Figure 6a shows the representation of the set
. 1 1 _ n
w+weHwE+awwSy§5+@@)UHtum

as the union of the subsets A,B,...,K, where A = II;", B = II; and the other subsets
are obtained from the set {x+iy € II; : 1/p+ ax(z) <y < 1/p+ Bi(x)} by dividing
it by the graphs of the functions in the middle of the estimates (3.13)—(3.16). Figure
6b shows the parts of the leaf £(z,w;p, at, B¢) corresponding to the sets A B,... K.
Thus, a leaf is a logarithmic leaf with a “halo”. In Figure 6b the halo is J U K.

Estimates for leaves via logarithmic leaves. We know everything about the
leaf L(z, w; p, ay, Bt) if only the indicator functions oy and 3; are available. As this is
in general not the case, the question about estimating leaves by certain parameters
is emerging.

From (3.13)—(3.16) we see that the leaf £(z,w;p, at, 8;) contains the logarithmic
leaf

with
~— 1 + -+ o+ 1 - +, -
(3.18) My = 5 +og(x) =0y, i = 5 + oy ) — 0z,
_ 1 _ o 1
(3.19) U, o= 5 + Bi(wy) — 6,y , T = 5 + Be(xf) — o,

and that the logarithmic leaf (3.17) in turn contains the logarithmic leaf

1 1 1 1
3.20 £O(z,w;5_,5+;—+u_,—+u+,—+V_,—+u+>.
( ) t2% 5 t t to t

Thus, we may estimate the leaf £(z,w;p, ay, 3;) from inside by (3.17) and (3.20).
The estimate via (3.17) is almost the best estimate by a logarithmic leaf, but it
involves the parameters (3.18), (3.19), which are only available if we can solve the
equation 3¢(z) — ax(x) = 1. The estimate by (3.20) is more crude but only contains
parameters given by Theorem 3.2(d).
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Taking into account the convexity of B; and the concavity of «;, we get the
inequalities

%—i—ﬁt(x) < max{% + 6:(0) +5;x,%+ﬁt(0) —|—5t+x},

1 1 1
— 4+ a¢(x) > min {— + a1 (0) + 6; z, — + . (0) + 5;"13},
p p p
which imply that the leaf £(z,w;p, a4, Bt) is a subset of the logarithmic leaf
1 1 1 1
LO(Z,UJ;(S;,(S:’_;— +:uta_ +/Lt,— +Vta_ +Vt>
p p p p

where p; := a4(0) and v; := (;(0). This is again a crude estimate from outside by a
logarithmic leaf which may be improved by invoking the solutions of the equation

Be(x) — ap(z) = 1.

Indicator set. For ¢t € I' and v € C, put

(3.21) Y (T) = (T —t)| = |1 — t|ReVe_ImVarg(T_t) (reT\{t})
and define
(3.22) Nt = N(T,p,w) :=={y € C:pwe Ap(I)}.

We call N; the indicator set of I', p, w at the point ¢. It turns out that the indicator
set Ny carries the whole information about the shape of the leaf L£(z,w;p, at, Bt).

Theorem 3.5. If a; and f; are given by (3.4), then
1 1
(3.23) Ny = {’y eC: > <Rev+ a;(Imv) < Revy + B(Im~) < a}

Notice that in the same way the values a;(x) and B¢ (x) of the indicator functions
for which Gi(x) — ax(z) > 1 do not contribute anything to the leaf, the values
a;(Imy) and B (Im ) do not play a role in (3.23) whenever 5;(Im ) —a;(Im~y) > 1.

Curve and weight parameters. Suppose all we know about the indicator func-
tions are the slopes &, ,8; of their asymptotes and their values u; := a;(0) and
v := 3:(0) at the origin. Since y; = a(V w) and v; = B(V'w) and neither the
exponent p nor the curve I' explicitly occurs in a(V,’w) and 3(V,2w), we refer to
pt and v, as weight parameters. The following theorem shows that §; and §,” are
really independent of p and w and are therefore intrinsic characteristics of the curve
T.

Theorem 3.6. With n,(7) := e~ 2=t (7 ¢ T\ {t}), we have
(3.24) oy = O‘(V;font)v 6:_ = 5(‘/}0%)7

Spirality. The curve I is said to be spiralic at a point ¢t € T" if §; = §;" =: §;. For
example, one can show that T is spiralic at ¢ if (2.3) holds.

Let M be a nonempty convex open subset of C. For each y € R, let M (y) denote
the intersection of M with the horizontal line through the point iy. The set M(y)
is an interval and we denote by |M(y)| the length of this interval. The width of
M is defined as sup,cg [M(y)|. The open set between two parallel straight lines of
the plane is called an open stripe.
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Theorem 3.7. If T is spiralic at t, then the indicator functions are
ar(x) = py + S, Be(x) = vy + Gz,
the leaf L(z,w;p, ar, B¢) is the spiralic horn
S(z,w;031/p+ pue, 1/p+ 1),

and the indicator set Ny is an open stripe of width at most 1 containing the origin.
Given p € (1,00) and any open stripe N of width at most 1 which contains the
origin, there exist a Carleson Jordan curve I spiralic at some point t € I' and a
weight w € Ap(T') such that N = Ny(T',p,w).

The first part of this theorem results from (3.6), (3.7), (3.23), the second part
was proved in [4]. We stated this theorem mainly in order to emphasize that for
spiralic curves all the information about the spectra of Toeplitz operators with
piecewise continuous symbols is available from the parameters 6, = ;" =: 6; and

Mty Ve
Powerlikeness. We say that a weight w € A,(I") is powerlike at a point ¢ € T if
we = vy =: M. For instance, if

w(r) = |1 —tPu(r) (r€T)

with a weight v € A,(T") which is continuous and nonzero at ¢ (and in particular,
if w is a pure power weight of the form (2.1)), then one can show that u; = vy = .

Theorem 3.8. If w is powerlike at t, then the indicator functions are given by
as(z) = A\¢ +min{8; z,6; 2}, Bi(x) = \¢ + max{0; z,0; z},
the leaf L(z,w;p, as, Bt) is the logarithmic leaf

1 1 1 1
(3.25) £O<z,w;5t_,5t+;—+)\t,—+)\t,—+)\t,—+)\t),
p p p p

and the indicator set Ny is an open stripe or open parallelogram of width equal to 1
containing the origin. Given p € (1,00) and any open stripe or open parallelogram
N of width equal to 1 containing the origin, there exists a Carleson Jordan curve
and a weight w € A,(T') powerlike at some point t € I' such that N = Ny(T',p,w).

Note that again everything may be expressed in terms of the parameters &, , §;",
and py = vy =: \¢. The first half of the theorem is obvious from the preceding
discussion; its second half was in principle proved in [5]. Figures 3 and 7 provide
examples of the logarithmic leaves (3.25).

Interference. Let L be a nonempty subset of C. We call two points A\, Ay € L
separated if there exists a point s € L such that L\ {s} is disconnected and A1, Ag
lie in different connected components of L \ {s}.

Theorem 3.9. If T is spiralic at t, then z and w are boundary points of (the spi-
ralic horn) L(z,w;p, ay, Br), while if w is powerlike at t, then z and w are separated
points of (the logarithmic leaf) L(z,w;p, ay, Bt).

This is an immediate consequence of Theorems 3.7 and 3.8. We remark that the
point
s:= M, w(e27ri(1/p+)\t))

is always a separating point of the logarithmic leaf (3.25).
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FIGURE 7. The set {z +iy € C : I/p+ au(x) <y < 1/p+
Bi(x), z;y < x < z} with oy and B; as in Theorem 3.8 and
the two half-stripes I, and II} are indicated in Figure 7a. The
corresponding logarithmic leaf (3.25) is shown in Figure 7b.

Thus, the appearance of logarithmic leaves in which z and w are inner and
nonseparated and, all the more, of logarithmic leafs with a halo is caused by some
kind of interference between the oscillation of the curve (“non-spirality”) and the
oscillation of the weight (“non-powerlikeness”). See Figures 8 and 9 for concrete
examples.

Narrowness of the indicator set. We say that a subset N of the plane C is
narrow if there are two open stripes S; and Sy of width at most 1 such that N is
contained in IT := 57 N Sy and
inf = inf y, su = su .

z+iy€ll Y z+iyeN Y m—i—inZH 4 r—i—inéN Y
Clearly, open stripes of width at most 1 are narrow, and these are the only un-
bounded open and narrow sets. A bounded narrow set necessarily has two “peaks”
at opposite vertices of the parallelogram IT = S; N Ss. In particular, ellipses or any
sets with smooth boundaries are never narrow.

Theorem 3.10. The indicator set Ny is always an open, convex, narrow set con-
taining the origin. Given p € (1,00) and any open, convex, narrow set N containing
the origin, there exist a Carleson Jordan curve I’ and a weight w € A,(I") such that
N coincides with the indicator set Ny(T',p,w) for somet € I.

This theorem is essentially a reformulation of Theorems 3.3 and 3.4 on the basis
of Theorem 3.5.

Symbol calculus for singular integral operators. Let B be the Banach algebra
of all bounded linear operators on LP(I',w) and let K stand for the ideal of the
compact operators in B. For a € PC(T"), denote by M(a) € B the multiplication
operator f — af. Finally, define alg(PC, S) as the smallest closed subalgebra of B
containing {M(a) : a € PC(I")} and the Cauchy singular integral operator S. We
put

M o= My = (18 % £0.1:p,00,0)

tel
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FIGURE 8. Figures 8a and 8b show us one more way to understand
Figures 4 and 6. It is clearly seen that the leaf in Figure 8b has no
separating points and that the points —1 and 1 are inner points.

and call M the “leaf bundle” of T', p, w.

Theorem 3.11. (a) K is a subset of the algebra alg(PC,S), and the quotient al-
gebra alg(PC, S)/K is inverse closed in the quotient algebra B/K.

(b) For each point (t,\) € M the map
Sym, , : {M(a):ac PC(T)}U{S} — C2x2
given by

syt = (“050 00 )
[ 2a—-1 2 /AN
Sym, A(5) = < NI 1-2) )

extends to a Banach algebra homomorphism
Sym, , : alg(PC, S) — C**?
with the property that Sym, ,(K) is the zero matrix for every compact operator K.

(¢) An operator A € alg(PC,S) is Fredholm on the space LP(T',w) if and only if
det Sym, (A) # 0 for all (t,\) € M.

In (b), we understand by 1/A(1 — \) any function f : C — C such that (f()\))? =
A(1 = ) for all A € C. Notice that on the leaf £(0,1;p, oy, ;) there is in general
no continuous branch of {/A(1 — \).

For piecewise smooth curves I', this theorem is Gohberg and Krupnik’s [19] in
case w is a power weight of the form (2.1), and it was established in [16] and [21]
in the case where w is an arbitrary weight in A,(I"). For Carleson curves satisfying
(2.3) at each point and weights w € A,(I") as well as for general Carleson curves
and the weight w = 1, the theorem was proved in [4] and [5]. We remark that once
Theorem 3.1 is available, Theorem 3.11 can be proved by employing local principles
in conjunction with the “two projections theorem” of Finck, Roch, Silbermann [16]
or the “extension theorem” of Gohberg and Krupnik [21].
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FIGURE 9. These pictures nicely illustrate the beauty of leaves.
Figure 9a shows a spiralic horn; in Figure 9b we plotted a leaf
emerging when choosing a; and 3; as hyperbolas, and thus a leaf
containing a halo. Consequently, the boundary of the set in Fig-
ure 9a consists of two logarithmic double-spirals, while (though
this is hardly visible in the case at hand) no piece of the boundary
of the leaf in Figure 9b is a piece of some logarithmic double-spiral.
When looking at Figure 9a and Figure 9b with a magnifying glass,
which is done in Figure 9c ind Figure 9d, we really see that the
points 0 and 1 belong to the boundary of the leaf in Figure 9a but
are inner points of the leaf in Figure 9b.

4. PRELIMINARIES TO THE PROOFS

The case of a general symbol a € PC(T") may be reduced to the consideration
of certain “canonical” symbols by means of localization techniques. Fix ¢t € T.
Without loss of generality assume that the origin is contained in the interior D, of
I". The interior and exterior of the complex unit circle can be conformally mapped
onto the interior D4 and the exterior D_ of ', respectively, so that the point 1 is
mapped to ¢t and the point 0 € Dy and co € D_ remain fixed. Let Ay and Ay
denote the images of [0,1] and [1,00) U {oo} under this map. The curve Ay U Ay
joins 0 to co and meets I' at exactly one point, namely ¢. Let arg z be a continuous



TOEPLITZ OPERATORS ON CARLESON CURVES 3163

branch of the argument in C\ (Ag U Ax). For v € C, define
27 = [z 8 (€ C\ (AgUAw)).

Then, 27 is an analytic function in C\ (A¢UA ). The restriction of 27 to I'\ {¢} will
be denoted by g; . Clearly, g - is continuous and nonzero on I'\ {t}, g¢ , € PC(T'),
and

g (t+0)/gs~(t —0) = e 2

Now consider the operator T'(a) — A\ = T'(a— A). Tt is well known that a(t+0)—
A#0forallt € I'if T(a— M) is Fredholm (see [30] or [4]). Suppose a(t£0)— X\ # 0,
choose any continuous argument of (a(t —0) — A)/(a(t +0) — A), and define v :=
v(t,A) € C by

1 a(t-0)- 1 at—0)—A
Then e~ = (a(t + 0) — X\)/(a(t — 0) — ) and consequently,
(4.2) gey(t+0) = p(a(t +0) = A), gey(t = 0) =pla(t —0) = A)

with some nonzero p € C.

Theorem 4.1. The operator T(a) — A is Fredholm if and only if A € R(a) and
T(Gt,(t,n)) 8 Fredholm for every t € T.

This theorem follows from (4.2) and the local principles exhibited in [20], [6], [4].
Notice that A € R(a) if and only if a(t £0) — A #£ 0 for all ¢t € T.

In order to study Fredholmness of the “local representative” T'(g~), we have
recourse to the following theorem by Simonenko [29], [30], [31] (also see [20], [6],

[4])-

Theorem 4.2. Let g € L°(T"). Then T(g) is Fredholm on HP(T,w) if and only if
g1 € L>=(T) and g can be factored in the form

(4.3) g(t) =g-_(1)7794+(7) a.e. on T

where » is an integer, » € Z, and the functions g+ have the following properties:
(i) - € H (T w),g=" € HX(T,w™ "), g+ € HY(T,w™ "), 93" € HP(T,w);
(i) |93 € Ap(T).

In that case IndT'(g) = — .

The specially constructed functions g; , admit the factorization
(4.4) 9in(T) = (L=t/7)* 777 (r = )77 (T e '\ {t})
with appropriate branches of (1 —¢/7)*~7 and (7 — t)”~*: define argz for z €
C\ (Ao UA) as above, take any continuous branch of arg(z — t) for z € C\ A,
define
arg(l —t/z) = arg((z —t)/z) := arg(z — t) — arg 2
for z € C\ (AgUA), and then put

(z— )7 := |z — |78 (1 —t/2)7 := |1 — t/2[Ve" 28(1—1/2)

for v € C. Then arg(l — ¢/z) can be continuously continued across Ay, and hence
(1 —t/z)7 is well-defined for all z € C\ Ag. It turns out the functions (z —¢)” and
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(1 —t/2)7 are analytic and nonzero in C\ Aw and C \ Ay, respectively, and are
continuous on Dy U (I'\ {t}) and D_ U (T"\ {t}), respectively.

Recall the definition (3.22) of the indicator set. Our aim is to construct contin-
uous functions ay, B; : R — R satisfying

(4.5) ay(z) < Bi(z) forall ze R
such that

1 1
(4.6) Ny = {7 eC: > <Rev+ a(Imv) <Revy+ Gi(Im~) < E}

Theorem 4.3. Suppose (4.5) and (4.6) hold for certain functions oy, ;. Then
T(g¢.~) s Fredholm on HP(T',w) if and only if

}? —Rev+0a;(—Im~)+ (1 —0)3:(—Im~) € Z

for all 6 € ]0,1].

With only minor and obvious modifications, the proof of this theorem is the proof
of Theorem 8.2 of [5]. We merely remark that the idea of the proof (which goes
back to Spitkovsky [33]) is as follows. A suitable choice of the integer ¢ guarantees
that (4.4) is a factorization of the form (4.3) satisfying condition (i) of Theorem
4.2. Condition (ii) of that theorem is satisfied in the case at hand if and only if
la7' (7)|w(T) = |(T—)*V|w(7) is a weight in A,(T'), which is the same as requiring
that s — v be in Ny, i.e.

1 1
> <»x—Rey+ a(—Im~y) < —Rey+ fi(—Im~y) < e
or equivalently,
1
—x < P Rey + 0oy (—Im~v) + (1 — 0)3(—Im~y) < —sc+ 1

for all 6 € [0,1].

Theorem 4.4. Suppose (4.6) holds with certain functions subject to (4.5). Then
for every a € PC(T) the essential spectrum of T'(a) on HP(T,w) is given by (3.2).

Proof. Let A € R(a), i.e. a(t £0) — X # 0 for t € I'. Taking into account (4.1) we
deduce from Theorem 4.3 that T(g¢ (¢,»)) is not Fredholm if and only if

¢:=(at—0)—=XN)/(a(t+0)—N)
belongs to the set £, «, g, defined as
1 1 1 1
U {C €eC:-— —arg(+9at(—log|é|> +(1- 0)6t(—log|C|> € Z},
beion] p 2w 27 27

Le. if and only if X € My(1—0),a(t4+0)(Lp,a,,,)- Write ¢ = €™ €™ with z and y in
R. Then ¢ € £, 4, 3, if and only if

1/p—y+0a(z) + (1 —0)B(z) € Z for some 6 € [0,1],
i.e. if and only if

1/p+ap(x) <y+x<1/p+ Bi(x)
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for some s € Z. Consequently,

SPess T(gt,'y(t,k)) = {Ma(t—O),a(t+0) (eZTr(w-i—iy)) X+ Zy S Y(p7 Qt, 5t)} U {a(t + O)}
= ‘C(a(t - 0)7 a’(t + 0)7p7 Qt, ﬁt)

Formula (3.2) now follows from Theorem 4.1. O

Thus, everything comes down to finding functions oy, 8, satisfying (4.5) and
(4.6), that is, to determining the indicator functions, or equivalently, to describing
the indicator set NV;. To identify IV;, we have to check whether the function ¢; yw
given by

Pry(Tw(r) = (T —1)|w(r) (7 €\ {t})
satisfies the Muckenhoupt condition (1.2). Our strategy for accomplishing this is as
follows. We associate a function Uy yw := Us(prw) : (0,00) — (0, 00) with ¢ yw
which will be shown to be submultiplicative and whose behavior near 0 and co may
therefore be characterized by two so-called indices (Ui yw) and S(Urpsw). We
then prove that ¢;  w € A,(I") if and only if

(4.7) —1/p < aUspr,w) < B(Uspr40) <1/g,

and we will be able to do the “separation”
a(Uppryw) =Rey+ a:*(Im7y), B(Urpt w) =Rey+ 5" (Im~)

with certain functions a;*, 5;*. By Theorem 4.4, at this point we have Theorems
3.1 and 3.5 with Ozt*, ﬂt* in place of Oét,ﬁt.

Unfortunately, the functions a;*, 3;* are very complicated and such a property as
the one of Theorem 3.2(d) cannot be immediately proved for a;*, 8;*. We therefore
associate another submultiplicative function V,.%¢; w : (0,00) — (0, 00) with ¢ w.
The indices a(V, ¢ ,w) and B(V2¢; 4w) can again be “separated”,

a(Vlpraw) = Rey + ar(Im), B(Vprw) = Rey + By (Im7),

and we can show that oy, 8; have all the properties listed in Theorem 3.2. However,
we have not been able to show in a direct way that in (4.7) the U; may be replaced
by V;?. This will be verified indirectly.

Finally, in order to prove Theorem 3.4 we have to do some concrete computations,
and for this purpose even V, is too unwieldy. For this reason we consider a third
submultiplicative function Wiy 4w and its indices a(Wipr 4w) and S(Wips 4w).

The rest of the paper is organized as follows. In Section 5 we introduce six trans-
formations U, UL, Vi, V2, Wy, W2 which send weights 1 : I' — [0, 0o] to submulti-
plicative functions on (0,00). Each of these transformations has its peculiarities.
The transformation X differs from the transformation X merely in that a “sup”
is replaced by “limsup”. As a rule, when proving something, it will be more conve-
nient to work with “sup”, while for computing something, a “limsup” is preferable.
In Section 6 we relate the Muckenhoupt condition for a weight ¢ : T' — [0, co] with
the indices of the submultiplicative functions we have associated with . Beginning
with Section 7, we study the case where 9 = ¢; yw. Section 7 closes with describing
the indicator set IV; in terms of ay*, 3;", while Section 8 is devoted to proving that
a*, B¢ and ay, B coincide on [x; ,z; ], which results in the desired description of
the indicator set IVy via the indicator functions a4, 8; and thus gives Theorem 3.1
and 3.5. Section 9 contains the proof of Theorem 3.2 and 3.3; in Section 10 we
prove Theorem 3.4.
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As already pointed out in Section 3, Theorems 3.7-3.10 are more or less imme-
diate corollaries of Theorems 3.1-3.5. Theorem 3.6 follows from Lemmas 7.1 and
9.2, and Theorem 3.11 may be proved as its special versions contained in [4], [5].

5. SUBMULTIPLICATIVE FUNCTIONS ASSOCIATED WITH WEIGHTS

We call a function g : (0, 00) — [0, 00| regular if it is bounded and bounded away
from zero in some open neighborhood of the point 1. Equivalently, o is regular if
and only if log ¢ is bounded near 1. A function g : (0,00) — (0, 0] is said to be
submultiplicative if

o(z1,22) < o(x1)o(z2) for all z1,x2 € (0,00).
Clearly, a regular submultiplicative function is bounded and bounded away from
zero on every segment [a,b] C (0,00) and thus finite on all of (0, c0).

Theorem 5.1. If p: (0,00) — (0,00) is a regular submultiplicative function, then
(a) the limits

_ . logo(x)
exist and —oo < () < B(p) < +oo;
(b) o(z) 2 2@ for z € (0,1), o(x) = 2”@ for z € (1,00);

(c) given € > 0, there exists an xo = xo(e) € (0,1) such that o(x) < x*(@=¢ for
x € (0,20) and o(z) < 28O+ for x € (x5!, 00).

Proof. Theorem 7.6.2 of [23] and Theorem 1.3 of Chapter 2 of [25]. O

The numbers a(p) and ((p) are called the lower and upper indices of o.
Let T" be a Carleson Jordan curve and fix t € I'. For 0 < Ry < Ry < d; :=
max,er |7 — t], we define

F(t,Rl,Rg) = {’7’ cl': R < |T—t| < Rg}

Thus I'(¢,0, R) is the portion I'(t, R) of I in the disk {z € C : |z — ¢t| < R} and if
Ry > 0, then T'(¢, Ry, R2) is the portion of T" in the annulus {z € C: Ry < |z —t| <
Rs}. For a function f which is integrable on T'(t, Ry, R2) we put

1
A¢(f, R1, Ro) izm / f(7)|dr].

I'(t,R1,R2)

Now let ¢ : T' — [0, oo] be a weight. In dependence on some additional properties

of 1, we define six functions
U“/)v ‘/”/)7 Wtwa Ui?d)v ‘/1501/)7 Wtow : (Oa OO) - [01 OO]

Suppose first that ¢ € LY (I'\ {t}) and ¢! € L] (T'\ {t}). Fix any number
k€ (0,1) and put
(5.1)
sup ((At(@[}p,mcR, TR)YP (A (™9, KR, R))l/q) for z € (0, 1],

_ ) r>0
(Ue)(z) = sup ((Atwp’,QR,R))l/p(At(d,—q,mc‘lR,a:‘lR))l/q) for z € [1,00),
R>0
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where here and in the following sup .o means supy. p<4,- The dependence of Uiy
on  will be suppressed. Define UP1 by (5.1) with sup - replaced by limsupp_.
If log ) € LY(T), we put

(5.2)

sup (exp(At(log ¥,0,2R))/ exp(A¢(log 1, 0, R))) for x € (0,1],

Vi) (z) ={ B>0
(Vey)(x) IS;;% (exp(At(logw,O,R))/GXP(At(logw’O’ZB_lR))) for z € [1,00),

and we denote by V,?% the function given by (5.2) with limsupp_,, in place of

SUPR~(-
Finally, if ¢ is continuous on I"\ {t} and ¢ (7) # 0 for all 7 € T"\ {¢}, we define

sup ( max 7)/ min (7)) for x € (0,1],
(5.3) (W) (x) = R>0(\T—t|—wR |T—t|=R )
zsali% (‘Tmﬁ“XR#’( )/‘7_$271R¢(T)) for z € [1,00),

and the function given by (5.3) after replacing supg. o with limsupy_,, is denoted
by W24. In (5.3) and in what follows we use the abbreviation

max = max min = min
|T—t|=xR Tel,|T— t\—wR |T—t|=xR Tel,|T— t\—wR

Lemma 5.2. If ¢ : T' — [0,00] is a weight, v € LP(T') and ¥~1 € LY(T), then
logw € LY(T).

Proof. Put It :={r €T :9(7) € [1l,00)}, ' :={r €T :¢(r) € (0,1)}. Then
|log ) (T)| < (1) for 7 € T, |loge(r)| < ¢~ () for 7€~

and hence,

/|1ogw ) ldr| = /|1og¢ ||dT|+/|1ogw )

/w |d¢|+/w |dT|</w |dT|+/w ) ldr|
q
< |0/ ( / () |dT|) g ( / 4 |dT|) <o

Thus, if ¢ € LP(T) and ¢~ € L(T), then the four functions Uy, UL, Viah, VO
are well-defined. Since ¢ € LP(T") and ¢»~! € L9(I") whenever 1) € A,(T), it follows
that these four functions are well-defined for every weight in A,(T").

Actually much more can be said about the logarithm of a Muckenhoupt weight.

A locally integrable function f : I' — [—o00,00] is said to have bounded mean
oscillation, f € BMO(T), if

|

1]l := sup sup ﬁ / F(7) = Au(£.0,R)||dr| < oo

tel’ R>0
I'(tR)
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where, by the notation introduced above,

MFOR) = o [ () .

F(t R)

We remark that || - ||« is a semi-norm on BMO(T") with the property that || f]l. =0
if and only if f is a constant (a.e.). Clearly, BMO(T') C L*(T). For “nice” curves
both the following lemma and its proof are well-known (see e.g. [17], Chap. VI,
Sec. 6).

Lemma 5.3. If ¢ € A,(T") (1 < p < o0), then logy € BMO(T).

Proof. We abbreviate A¢(log,0, R) to A;(R). The Muckenhoupt condition (1.2)
for v is equivalent to the condition

1/q
exp(—pA¢(R » exp(qA¢(R)) / -
) |dr —_— () |d < 00,
(e /w ) ') (SR [ o) <
T'(t,R)
the supremum over all ¢ € I and all R > 0, and thus to

(5.4) sup sup(e_pAt(R)At(wp, 0, R))l/p(qut(R)At(dj_q, 0, R))l/q < 0.
tel R>0

By Jensen’s inequality, e*®+(®) < A;(* 0, R) whenever s € R and ¢* € L(I).
Hence,

e_pA‘(R)At(de,O,R) > 1, qut(R)At(¢_q7O,R) >1

and we deduce that (5.4) is satisfied if and only if

(5.5) 1 < supsup e 2 (A, (4P, 0, R)V/P =: O} < o0
tel R>0

and

(5.6) 1 < supsup e (A, (79,0, R))Y =: Cy < .
tel’ R>0

Put " (t,R) := {7 € T'(t,R) : logy(1) > Ay(R)}, T~ (t,R) := {7 € T'(t,R) :
log (1) < A¢(R)}. Using Jensen’s and Holder’s inequalities, we obtain from (5.5)
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and (5.6) that

exp <|r<t1—m| [ ogutn - aum) |dr|)

T'(t,R)
1
llog (r)~Ad(B)] |4
<o | ¢ 7]
T'(t,R)
1 / log $(r)— A (R) / -a ~A(R
- - elog¥(M=2:(R) 47| 4 e~ (g ¥(T)=Au(R) | 47|
|F(t,R)|<
'+ (t,R) I'—(t,R)
! (log $:(r)— A+ (R) v
< ePlosw(T) =5 |d7‘|)
<|1“(L‘,R)| /
1 oz ()= |7
N )
<|F(t,R)|m 0
_ e_A‘(R)(At(’g/Jp,07R))1/p6At(R)(At(¢_q,O,R))l/q < 10y,
which means that logy € BMO(T). |

The following lemma provides uniform lower and upper estimates for the four
functions V.29, Vb, U, Upth in a neighborhood of the point 1. Notice that,
obviously,

(5.7) (VP9)(2) < (Vi)(x), (UP)(2) < (Un)(w)
for all z € (0, c0).

Lemma 5.4. Let ¢ : I' — [0,00] be a weight and let xy € (1,00) be an arbitrary
point.

(a) Iflogy € BMO(T), then
0<1/Clzo) <inf _inf (V¥)(x) <sup  sup  (Vig))(z) < Clwo) < o0

z€[1/z0,%0] tel z€[1/z0,m0)
where C(xo) := exp(Craxol| log¥||«) and Cr is the Carleson constant from (1.3).
(b) If p € A,(T) (1 < p < ), then

0< C3(zo) <inf inf (U)(z) <sup sup (Up))(z) < Cy(zo) < 00
tel’ z€[1/zo,z0] tel z€[l/xo,x0]

where
20 C
Cs(z0) := (1/C(x0)) exp ( -3 _FHI\ logw”*), Ca(wo) := 1 _FK:CHCQC(;UO),

and C1,Cy are determined by (5.5), (5.6).

(c) Iflogvy € BMO(T), then V24 and Vi are regular functions mapping (0, 0o)
0 (0,00), if p € Ap(T') (1 < p < ), then Uy and Upp are reqular functions
mapping (0,00) to (0,00), and if ¥ is continuous and nonvanishing on T'\ {t} and
Wi is reqular, then Wi is also regular and both W24 and Wyp map (0,00) to
(0, 00).
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Proof. Again let Ai(R) := A¢(log,0, R), where 0 < R < d;.
(a) By the Carleson condition (1.3), we have for = € [1/x0, 1]

1
68 AR = AR = | [ Gogu(r) - AR i
T'(t,zR)
IT(¢t, R)| 1 B )
= T(t.aR)] |F(t,R)|F(t/R | logw(r) — Au(R)| |dr

Cr
< ?Hlong* < Crag| log ¥«

and thus

(V) (x) = lim sup eAt@R)=Au(R) > o=Craolllog ¥l —. 1 /C(xy).

Analogously, if x € [1, zo], then
(5.9) |A4(R) = Ay(z'R)| < Cralog || < Craolllog].,
whence

(V20) (@) = 11111%185113 AR =A@TIR) > o=Craollog¥ll- — 1 /C(xp).

From (5.8) and (5.9) we also get that
(Vi) (z) < eCrzolllog . — C(xo)
for all t € T and all € [1/x¢, x0].
(b) From Lemma 5.2 we infer that A;(R) is well-defined for ¢ € A,(I"). We have
|A«(R) — A¢(logth, kR, R)| = [A¢(log ¥ — A¢(R), KR, R)|
< A¢([log — Ar(R)|, kR, R)

|T(¢, R)] 1
= [t AR R)| IF(t,R)IF(t/R | log () — Ar(R)]|dr]

and since logy € BMO(I") by Lemma 5.3, |I'(t, R)| < CrR by the Carleson condi-
tion (1.3), and |[I'(¢t, kR, R)| > (1 — k)R, we get

C
(5.10) [A(R) = Arlog b, kR, R)| < 7 [[log ¢
Jensen’s inequality together with (5.10) implies that
(511) eAt(R) S eAt(log w,RR,R)e\At(R)—At(log Y,kR,R)|

< @A B ep (1 og . ).

On the other hand, from (5.5) we infer that
(5.12)

1/ 1/
(Ar(yP, kR, R))/P < <%) E)At(¢p707R))l/p < (%) pC1eAt(R).

Combining (5.11) and (5.12) we arrive at the conclusion that
(5.13) Cs ™) < (A, (PP, kR, R)YP < €y At (B
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with

C cr \Y?
Cs = GXP<— ﬁllogwl*) Cy = (1_FH> Ch.

Analogously one can show that

(5.14) O3 e 2B < (A (™7 kR, R))V9 < O e 2B
with Cs := (Cr/(1 — x))/2Cy. Consequently, if z € (0, 1], then
(UP)() = limsup (Ay(Y?, ko, oR))' P (A7, KR, R))Y
z—0
> limsup (C3 eAt(zR)_Af(R))
z—0
and from (5.8) we deduce that
(5.15) (U2 () > C2 e=Crzolloevlle —. Oy (z).

Using (5.9) one analogously gets (5.15) for € [1,x]. Finally, in the same way one
can show that

(Uh) () < CyCs eCroollos¥lle —. 0y (20) for € [1/x0, x0].

(c) In view of (5.7), the assertions for V%, Vi and U4, Uytp are immediate
from (a) and (b), respectively. The claim made for Wy and W follows from
Lemmas 6.3 and 6.4 of [5]. |

Lemma 5.5. Under the conditions of Lemma 5.4 (c), the siz functions Vi, Vo,
Uph, UPY, Wi, WP are regular submultiplicative functions mapping (0, 00) to
(0, 00).

Proof. Let us consider Uytp. Lemma 5.4(c) tells us that Upp(xz) € (0,00) for all
x € (0,00) and that U is regular. Suppose x1,x2 € (0,00) and z129 € (0,1]. We
then have

(5.16)  (Us))(z122) = sup(As(YP, k122 R, 2122 R))YP(Ar(¢~7, kR, R))'/4
R>0

< Is{up [(At(dﬂ”, kr1T2 R, xleR))l/p(At(dJ_q, kTR, $2R))1/q:|
>0

xsup [(Au(w?, ks R, 2o )P (A (077, kR, R)Y1).
R>0
If 21,29 € (0, 1], then the first factor on the right of (5.16) equals

sup [(A(¥, ko oy R) P (A (U7, kR, )|
0<R512dt

< sup [(A @, ke R RV 5B, )V = (Ut an)
0<R<d;

and hence, the right-hand side of (5.16) is not greater than (Uyv)(x1)(U))(xz2).

Suppose z1 € (1,00) and x2 € (0, 1]. Then the second factor on the right of (5.16)

is (Us))(z2) and the first factor equals

sup [(At (YP, kR, R))l/p(At(¢_q, mcl_lR, xl_lR))l/q]
O0<R<z12d}

< sup [(A@? AR R)VP(A @ ma Ry R)) Y = (U ().

0<R<d,
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This settles the case 122 € (0, 1]. For z122 € (1, 00) the proof is analogous. Thus,
Ui is submultiplicative.

The submultiplicativity of V;¢) can be shown similarly. Taking into account
that U2 and V,°¢ map (0,00) to (0,00) by virtue of Lemma 5.4(c), we obtain
in the same way that U2¢y and V,%) are regular submultiplicative functions. The
assertions concerning Wit and W24 are Lemmas 6.3 and 6.4 of [5]. O

Given a weight v such that ¢ € LP(T') and +~! € LY(T), we may define
U, U% : (0,00) — [0, 00] by
(5.17) (U)(2) := sup(Up)(x), (U9)(x) == sup(UP9)(x).
tel tel
If ¢ is a weight for which logt € L(T), we denote by Vi), VO : (0,00) — [0, 0]
the functions given by

(5.18) (Vip)(x) := SHIQ(Vtw)(x)a (VO9)(x) := sup(Vy'9) ().

te ter
Theorem 5.6. Let 1) : T — [0, 00] be a weight.

(a) If logyp € BMO(T), then Vi, V94 (t € T) and Vb, V9% are reqular submul-
tiplicative functions mapping (0,00) to (0,00).

(b) If even v € A,(T) (1 < p < 0), then Upth, UPrh, Vi, VO (t € T) as well as
Urp, U%, Vb, VO are regular submultiplicative functions of (0,00) to (0,00).

Proof. Lemmas 5.3, 5.4, 5.5. O

The question about the regularity of Wyt and thus W for weights ¢ belonging
to C(T"\ {t}) is more difficult. For our purposes the following simple result, which
concerns weights “parametrized by the radius r = |7 — t|”, will suffice.

Proposition 5.7. Let T’ be a Carleson Jordan curve and t € T'. Assume (1) =
eFUm=t) (1 € T\{t}) where F : (0,d;] — R is continuous on (0, d;] and continuously
differentiable on (0,d:), denote by a dot the derivative d/dr, and suppose rF(r) is
bounded for v € (0,d;). Then Wih and WP are reqular submultiplicative functions
of (0,00) to (0,00).

Proof. For x € (0,1) we have

(r) = eF(@R)~F(R) _ eF(ﬁR)(w—l)R

Smax () min ¢

with some & € (x,1). Clearly, F(¢R)(z — 1)R = ERF(ER)(z — 1)/¢ is bounded for
x in [1/2,1). An analogous reasoning for z € (1,2] and the equality

s 40, i () =R

give the regularity of Wytp and W24. Their submultiplicativity and the fact that
they map into (0, 00) then follow from Lemma 5.5. |

In particular, if d¢ = 1 and F(r) = Alogr with A € R, in which case ¢(7) =
|7 — t|*, then Wyt and W4 are regular and submultiplicative. Notice that |7 — ¢}
is a weight in A,(T') if and only if —1/p < A < 1/q. When proving Theorem 3.4 we
will employ functions F' of the form

(5.19) F(r) = f(log(—logr))logr, 7€ (0,1).
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In that case

rF(r) = f'(log(—logr)) + f(log(—logr))

and hence rF'(r) is bounded whenever f € C'(R) and f as well as f’ is bounded
on R.

Under the hypotheses of Theorem 5.6 or Proposition 5.7 we may define the lower
and upper indices of the corresponding regular submultiplicative functions by the
formulas of Theorem 5.1(a):

a(Us) := lim M, B(Us) := lim M, e
z—0  logz z—oo  logzw
Lemma 5.8. If¢p € A,(T') (1 < p < 0), then
(5.20) a(Up) = a(Viy) < B(Viy) = B(Uw) for all t €T,

(5.21) a(Uy) = a(Vy) < B(VY) = BUY).
Proof. We have

a(Viy) = lim Tog s Isgé(At(xR) — Av(R)),

where Ay(r) := Ay(log,0,r), and

1 1
a(Up) = lim sup <— log A¢(¥P, kxR, zR) + — log A¢(¥ ™9, kR, R))
=0 logx p>o \ P q

From (5.13) and (5.14) we immediately get the equality a(Vi¢)) = a(Upp). The
equality 3(Vzp) = B(Uptp) follows analogously. Since a(g) < 3(po) for every regular
submultiplicative function, we arrive at (5.20). In the same way one can show
(5.21). O

The previous lemma shows in particular that the indices of Uity and U for
1 € A,(T") do not depend on the parameter x € (0,1).

Lemma 5.9. If € A,(T") (1 < p < o0), then
a(Viv) = a(V'w) < BV,0$) = B(Vew).

Proof. This can be proved by the argument used in the proof of Lemma 6.4 of [5]
(which in turn mimics the proofs of Lemma 2(a) of [7] and Theorem 8.18 of [3]). O

Lemma 5.10. Let 1) be as in Proposition 5.7 with F given by (5.19). If f € C%(R)
and the functions f, f', f" are bounded on R, then Wyp and W24 are regular and

(W) = a(Wiy) = ligl_églf rF(r) = liminf(f(y) + f'(v)),

BWp) = BWLp) = lim sup rP(r) = liﬂsolip(f W) + ')

Proof. This follows from Proposition 5.7 and from Lemmas 4.2 and 6.4 of [5]. O
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6. MUCKENHOUPT CONDITION AND INDICES OF SUBMULTIPLICATIVE FUNCTIONS

Theorem 6.1. Let I' be a Carleson Jordan curve, let p € (1,00), and let ¢ : T' —
[0,00] be a weight. Suppose ¢ € LV (I'\ {t}) and v~' € LL (T \ {t}). If the
submultiplicative function Uy is reqular and

(6.1) —1/p < a(Up) < B(U) < 1/q,
then
1/p 1/q
(6.2) Bi(v) = ;li% < / PP (1 |dT|> < F(t/R P~ |dT|> < 00.

Proof. Put o = a(Upp) and 8 = B(Upp). By (6.1), there is an € > 0 such that
—1/p<a—e< f+4¢e<1/qand hence

(6.3) l+p(a—e)>0, 1—q(B+¢)>0.

Recall that Uy involves a parameter £ € (0,1). From Theorem 5.1(c) we deduce
that, for some ng > 0,

(6.4) (U)) (k™) < k™79 for all n > ny,

(6.5) (U) (k™) < £™5+2) for all n < —ny,

and from the regularity and submultiplicativity of Uiy we get

(6.6) Uw)(™) < M:= max (U)(k") <oo for —ng<n <ng.

—no<n<ng

The Carleson condition (1.3) implies that r» < |['(¢t,7)| < Crr for all » € (0,dy],
whence

(6.7)
IT(t, k" T R, k"R)| < |T(t,k"R)| — |T(t, k"' R)| < Crx"R — k"' R = ¢ok™R

with ¢ := Cr — & > 0. The definition (5.1) gives

(6.8)  A(YP, k" R K"R) < (Uph)P (k™) (A (™9, kR, R)) P/ for all n >0,
(6.9) A9 K"TIREMR) < (Uph) (k™) (A (¢, kR, R)) %P for all n > 0.

Since
0 < r'tPle=e) « 1 0< g8+ <
by virtue of (6.3), we obtain from (6.4)—(6.9) that

(6.10) /wp ) dr| = Z|r KR, 6P R)| A (0P, kMR, K R)

I'(tR)

3 o R () (A (0 iR B))

n=0
e’} no—1
< cOR< Z g(+pla—e)) 4 Z ,QnMp) (A¢(p™9, kR, R))—p/q
n=ng n=0

=: RCs(A¢(1p™%, kR, R)) P9 with Cg < oo
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and analogously,
(6.11) / V=1(7) |dr| < RC7(Ay(u, kR, R))=9/7

I'(t,R)
with

no— 1
. _CO< S wnalsr9) Z )
n=ngo

Multiplying (6.10) and (6.11) and applying Holder’s inequality, we get

(% / wmw) (% / 570 i) :

< O””O” q(At(w,nR,R))‘”%Atwp,nR,R))‘”p < cy/Peyt,

which gives (6.2). O

Recall the definition (5.17) of Ut. The following two results provide useful tools
for checking whether a weight 1 satisfies the Muckenhoupt condition.

Theorem 6.2. Let I' be a Carleson Jordan curve and let ¢ : I' — [0,00] be a
weight such that ¢ € LP(T) and ¢~ € LY(T). Then v € A,(T) (1 < p < 00) if and
only if

(i) the submultiplicative function Uy given by (5.17) is regular,

(i) =1/p < a(U¢) < B(U) < 1/q.

Proof. Suppose (i) and (ii) hold. Repeating the proof of Theorem 6.1 with Uz
replaced by U we arrive at the estimate By () < Cé /p C71/ ? with certain constants

Cs and C7 independent of ¢ € I', which implies that ¢ € A,(T).

Conversely, suppose ¢ € A, (I"). Then condition (i) follows from Theorem 5.6(b).
Put a = o(Uy) and 8 = S(Uv). Assume that o« < —1/p. By Theorem 5.1(b),
(6.12) (UY) (k™) > k™ for n >0, (U)(k") > k™ for n <0,
where k € (0, 1) is the parameter entering the definition (5.1). Fix ¢ € (0,1). From
(5.1) and (5.17) we infer that for every n > 0 there exist t, € I" and R,, € (0, d]
such that

(A, (WP, K" R, 67 R)) P > (1= ) (U9) (5") (A, (7, KRy, Ra)) 1
This and (6.12) give

(Ar, (WP, K" Ry 5 R )P > (1= €)r™ (A, (™%, kR, Ry)) ™19,
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whence

(6.13) (= [ vo |dT|)1/p

F(tn7Rn)

T (tp,, k"1 Rn,/i R

Bl e
Ay, (WP, k"R, /ian))

Y

Y]

1 — /4: 1/p
( ) (A, (0P, K" Ry, K" Ry, )P
(1- )w( &)k MPEO (A (79, KRy, Ry)) M1,

On the other hand,
1/q 1/q

v

R,
L(tn,Rn)

2 ( - H)l/q(Atn (1/} qv /‘\an, Rn))l/q
From (6.13) and (6.14) we obtain that

1/p 1/q
B = supsup< /¢p |d7’|> ( /¢ |d7’|)
tel’ R>0

T'(t,R) I'(t,R)

/p 1 1/q

> (m [ wowl) (g [ )
F(tmRn nr(tn)Rn)

> (1—rk)(1—e)gmM/Pte)

and since x € (0,1) and 1/p + a < 0, it follows that k"(1/PT®) — o0 as n — oo,
implying that B = oo and thus ¢ ¢ A,(T"). This contradiction proves that a >
—1/p. Analogously one can show that 5 < 1/q.

Finally, assume ¢ € A,(T") but « = —1/por 8 = 1/q. By a theorem of Simonenko
[32], there exists an € > 0 such that ¥'7¢ € A,(T"). From Lemma 5.8 we deduce
that

a(U™) = (V') = (1 + )a(Vy) = (1 +e)a(Uy) = (L +e)a

and, analogously, B(Uy1%¢) = (1 + ). Since (1 +¢)a < —1/por (1+¢)3 > 1/q,
from what has already been proved we see that 1!7¢ & A,(T"). This contradiction
completes the proof. O

Theorem 6.3. Let I" be a Carleson Jordan curve, let t € T', and let ¢ : T\ {t} —
(0,00) be a weight which is continuous and nonzero on '\ {t}. Also suppose Wit)
is reqular. Then W24 is also reqular and

a(Wp) = a(WPp) < BW ) = B(Weh).
Moreover, 1 € Ap(T') (1 < p < o0) if and only if
—1/p <a(Wwp) < B(Wi) <1/q.
Proof. Lemma 6.4 and Theorem 7.1 of [5]. |
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7. THE INDICATOR SET

Throughout the following sections, let I' be a Carleson Jordan curve, 1 < p < oo,
and w € A,(T). For a complex number v, define ¢, : I'\ {t} — (0,00) and
ne: T\ {t} — (0,00) by (3.21) and (3.3). We so may write ¢, = @; re4" ' The
purpose of this section is to describe the indicator set N; = N(T,p,w) given by
(3.22) in terms of the transformation Us.

Lemma 7.1. The function Wiy, is regular for every v € C and

(7.1) a(Wipr ) = Rey + min{d; Im~, & Im~},

(7.2) B(Wipr~) = Rey + max{d;, Im~, &; Im~}

where

(7.3) 8y = a (W), & =3 (Winy).

Proof. See the proof of Theorem 7.2 of [5]. O

Clearly, 1w € LY (D\{t}) and ¢, Jw™" € L{ (I'\ {t}). Thus, by the proof of

Lemma 5.5, Uppy 4w is a well-defined submultiplicative function for every v € C.
Lemma 7.2. The function Uyp; w is regular for every v € C and
(74) o (Uipr,w) = Revy +a (U, w), B (Uypr,w) = Rey + B (U™ "w).

Proof. For z € (0,1],

gy m{l(r =) |7 —#] = 2R}
(75) (Wior,—)(@) = sup S r =0 [r =t = R}

max{|(t —t)Y| : |7 —t| = R}

_ _ -1
R it 0T g =Ry )

and similarly one gets
(7.6) (Wepr,—)(x) = (Wipry)(271) for z € [1,00).

Thus, for every R € (0,d;] and every ¢ € (0, 1] we have

(7.7) Jax [(r =07 < (Wapes)(e) min [(m—1)7],
(7:8) Gmax [(r =077 < (Wagn—)(e) min [(7—1)77]

(Wiges)(e™) min [(7=)77]

Using (7.7) and (7.8) we obtain that, for every = € (0, 1],

(7.9) (At(pt W, kTR, zR))Y/P

< ( sup  max |(7'—t)7|) (A¢(wP, kxR, zR))'/P
c€[rz,x) |IT—tI=cR

g( sup (Wtwtﬁ)(c)>( min |(T—t)"|>(At(wp,/¢xR,xR))1/p

c€[kx,z) |7—t|=R



3178 ALBRECHT BOTTCHER AND YURI I. KARLOVICH

and
(7.10)  (Av(p;dw™ %, kR, R))"4

< < sup  max |(T—t)_'y|) (A(w™9, KR, R))'/1
c€[k,1) |T—t|=cR

< (sw Wi )e)) (i 5= 071 ) (@l n R

c€lk,1) |T—t|=R
Multiplication of (7.9) and (7.10) yields
(D] (o, xR, aR)YP (A Jw™ 7, kR, R))

< (sw ()@ (s W)

c€lkz,x) c€[k,1)

X (Ay(wP, k2R, zR)) /P (A (w9, kR, R))Y1,

and taking the supremum over R € (0, d;] we arrive at the inequality

111 U@ < s W)@ (s (W) ) (U))

c€lra,x) c€lk,1)
for z € (0,1]. Analogously one can show that
(7.12)
Wipr)a) < (s Wepr)@)) (s (W))Wl 0)

c€[k,1) c€lkx—1,x—1)

for x € [1,0). Because

sup (Wipr,)(c™') = sup (Wiprs)(c) < sup  (Wipr)(c),

c€lk,1) ce(1,k1] c€lr, k1]
sup  (Wipry)(c )= sup  (Wipry)(c) < sup  (Wiepr)(0),

c€lrkr—l,xz—1) ce(z,n 1] c€lkz,k 1]

we obtain from (7.11) and (7.12) that

(113) WUpr)@) < (s W)@ ) swp (W)@ ) Ge)lo)

c€lkx,k 1] c€[r,n1]

for all x € (0,00). Combining (7.13) with Lemma 7.1 and Theorem 5.6(b) we see
that (Urps,,w)(z) is bounded from above for all z in some neighborhood of the
point x = 1.

To estimate Uy 4w from below, again let R € (0,d;] and ¢ € (0, 1]. From (7.6)
we get

v

(T14)  min (=17 = (Wepes)(e) 7 max [(r— 1),
(715)  min (7071 2 (Wipeoa)le™) max |7 =07

|T—t|=cR |T—t|=R

(Wi )(@) ™" ma (7= )77
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Taking into account (7.14) and (7.15) we obtain, for x € (0, 1],
(7.16) (A¢(py., WP, kTR, zR))Y/P

> ( inf min |(7 —¢t) 'Y|> (Ay(wP, kxR, zR))'/P
c€lkz,x) |T— t\_cR

> (Lt (o)) (a7 = 071) (Ao, o )
celkT,T T—1

= < sup (Wi ) (c > <| maluxR| (t—1) |) (At(wp,/mR,xR))l/p
cE€[kz,x) Tt

and
(717)  (Au(prdw™ kR, R))"4

inf  min |(7 — t)_7|> (A¢(w™9, KR, R))Y1

c€lr,l) |T—t|=cR

(s
(Lot ()@ ) (N = )71 ) o, )
-

Y

c€lk,1) |[T—t|=R

-1
sup (Wige)@)) ([ ma (=071} (Al w2
c€lr,1) o

Multiplying (7.16) and (7.17) we arrive at the estimate
(Ai(f o w ka B wR)P (Al S w7, kR, R))H

>< sup (Wt%77)(0—1)>_1< sup (Wtcpm)(C)>‘1

c€[kz,x) c€lr,1)
X (Ay(wP, Kz R, aR))P(Ar(w™, KR, R))"9,
which implies that
(7.18)
-1 -1
eprs)@) = (s (Wegr)e) (s W ))) - (Ci)o)
ce|kT, T celR,
for all z € (0,1]. Similarly one can prove that
(7.19)
-1 -1
U@ = (s Wi )e ™)) swp (Weg)(@) - (W)
celr, cE|lRT™H, ™
for z € [1,00). In the same way we derived (7.13) from (7.11) and (7.12), we obtain
from (7.18) and (7.19) that

(7.20) (Urpryw)(x)

Z(CS‘”’ <Wt¢t,7><c-1>)_l(ce[ sup (Wt%)(c))_lwtw)(z)

[k,k—1] kr—l k~lz—1]
for all € (0,00). Now Lemma 7.1 and Theorem 5.6(b) imply that (Upprw)(z) is
bounded away from zero for all = close enough to x = 1.
We are left with verifying (7.4). Obviously, ¢ ~w = @1 re~t with 1 = ;™ w.
Assume x € (1,00). From the definition of U; we see that

R TR (U,) (1) < (Urp me ) () < (1/5) TR0 (U0) (2),
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whence S(Upptre4¥) = Rey + B(Uy), which is the second equality in (7.4). The
first equality can be shown analogously. O

Theorem 7.3. Define

(7.21) a; (z) = a(Umiw), B;(z):=BUmiw) (r€R).
Then
(7.22) Ny = {”y eC: —% <Revy+a;(Imy) <Revy + G (Im~) < 3}

Proof. By virtue of Lemma 7.2, the equality (7.22) is equivalent to the equality
1 1
(7.23) Ny = {'y eC: > < o(Uppryw) < B(Uppryw) < E}

Suppose first that —1/p < a(Urpsw) < B(Uppryw) < 1/q. Then, by Theorem
6.1, Bt(¢¢,4w) < 00. To deduce that ¢y w € Ap(T"), we have to estimate By, (prw)
for to € T'\ {t}.

As in the proof of Theorem 7.1 of [5] we get

w5 [ o) (g [ atosou)”

R>|t—to|/2
F(to,R) F(to,R)
< 3Bi(pyw) < 00.

So assume 0 < R < |t — to|/2. Put
Ry = |t - t0| — R and Ry := min{|t - t0| + R7dt}.

From (7.7) and (7.8) we obtain

(z [ etowreen) Up

T'(to,R)

1 1/17
sup max |[(7 —t ) (— / wP(7) |dT )
(me[Ro)Rl s (= 071) (3 (1)l

I'(to,R)

< (Lm0 (7)) (im - 0) ([ o)

T(to,R)
and
1 _ 1/q
(3 f o
I'(to,R)
1 1/q
max |[(7—t — w (T dT)
<r€[Rg Ryl lm— t|—z|( ) |> (R / (1) |d]|

< (L, e (5) (i, 1o -071) (5 [ o) or)
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whence

a9 s [ o) (5 [ o)

T'(to,R) I'(to,R)

T R
< sup <( sup (Wit ) <R_)> ( sup  (Wipr ) (_1>)>Bto (w),
1€[R0,R1] 1 :EE[RQ,Rl] z

the supremum over all R such that 0 < R < [t — to|/2. In the proof of Theorem
7.1 of [5] we showed that 1/3 < Ry/R; < /Ry < 1. Thus, combining (7.24) and
(7.25) we arrive at the estimate

Bun) < max (3B, sup Wiges)e) sup (Wege 0B (o) -
cel3,1] cell,3
Since Wiy 5 is regular (Lemma 7.1) and sup,, By, (w) < oo (because w € A,(T)),
it follows that sup, By, (@¢,,w) < 0o. Thus, ¢y w € Ay(L).
Conversely, if ¢ ,w € Ap(T), then Ug; yw and Uppy 4w are regular submulti-
plicative functions due to Theorem 5.6(b), and

(7.26) —1/p<aUepyw) < B Upw) <1/q
due to Theorem 6.2. We have log(Us i rw)(z) < log(Ugy yw)(x) for all z € (0, c0).
If x € (0,1), then logx < 0 and consequently,

log (U, loe(U
o (Urpryw) = lim og(Urprw) (@) > lim 08(Upr,w)(2)
. z—0 log =0 log =

=a (Upsw).
Thus, (7.26) gives o (UpprHw) > —1/p. In the same manner one can show that
6 (Utgot,.yw) < 1/q O

Clearly, a;*(z) < B;"(z) for all z € R. Consequently, Theorems 4.4 and 7.3
imply that Theorem 3.1 holds with a;*, 3;* given by (7.21) in the place of ay, 5.

8. THE INDICATOR FUNCTIONS

The purpose of this section is to prove that Theorems 3.1 and 3.5 hold with the
functions oy, 3¢ defined by (3.4).

Lemma 8.1. The functions Vip; yw and Vtogptﬁw are regular and submultiplicative
for every v € C. We have

(8.1) a (Uipryw) < a (Viprw) = a (VzeO<Pt,'yW)a
(82) B (Uspryw) = B (Vepryw) = B (V) p10)
for all v € C. In particular,

(8.3) a(z) < ay(x) < Be(x) < B (z) for all x € R.
Moreover,

(84) a (Vg w) =Rey+a (V™ w), BV ,w)=Rey+ 8 Vo™ w).

Proof. Combining Lemma 7.1 and Theorem 6.3 we conclude that ¢, € A,(T)
whenever |7/ is sufficiently small. For these v we have log ¢, ., € BMO(T') due to
Lemma 5.3, and since

(8.5) log @1 ~(7) = Reylog|r —t| — Im~yarg(t — t),



3182 ALBRECHT BOTTCHER AND YURI I. KARLOVICH

it follows that log|r —¢| and arg(r —t) (7 € I\ {t}) are functions in BMO(T).
Thus, from (8.5) we infer that logy:, € BMO(T') for all v € C. Again having
recourse to Lemma 5.3 we deduce that log ¢ ,w = log ¢ 4 +logw € BMO(I') and
consequently, by Theorem 5.6(a), Vipr w and V2¢; 4w are regular and submulti-
plicative.

To show (8.1)—(8.4), notice first that, by Holder’s inequality,

(III/U) €p|d7|>l/p< (m/'/’ ) (|}|/|dr|>(l_€)/p7
<|I| /1/) sqldr|>1/q< (III /¢ |dT|> q<|}| / |dT|)<1—a>/q

for every measurable subset I of I' and every € € (0,1). This easily implies that
(Urr.er®)(@) < (Uspro)(@))° for all @ € (0,00)

and thus,

(8.6) ea (Uppryw) < o (Urpreyw®) < B (Urpreqw®) < e (Urprpw).

From (8.6) and (7.23) we obtain that

slm'y £

<pt75’Yw€ € AP(F)a P = Pt,ie Imfyw cA ( )
for all sufficiently small ¢ € (0,1), for € € (0,¢q) say.
Fix € € (0,&0). By the definition of V; and V2,

1 1
(8.7) « (Vto‘pt,'yw) = ga (VtO<Pt,s'yW€)v « (Vt<Pt,'yw) = ga (Vt‘Pt,E'ywa)-

Since (V2 cyw®) = a(Viptew?) due to Lemma 5.9, we obtain from (8.7) that
(VP2 w) = a(Vipsyw). Further, from (8.7) and Lemmas 5.8 and 5.9 we also
deduce that

1
(8.8) « (V;ngtﬁw) = ga (Uppt,eqyw®).
Analogously,
(8.9) a (V™ w) = —04 (Uen; ™7 w).

Combining (8.8), (8.9), and (7.4), we get the first equality of (8.4). The second
equality of (8.7) and Lemma 5.8 imply that

1
(8.10) a (Viprw) = - (Utpr,eqw®).

From (8.10) and (8.6) we get a(Uspryw) < a(Vigs4w), which completes the proof
of (8.1). The second equality in (8.4) and assertion (8.2) can be shown analogously.
Clearly, (8.3) results from (8.1) and (8.2) with v = iz. O

Thus, the functions (3.4) are well-defined for every « € R.. Clearly, o (z) < Si(x)
for all x.

Lemma 8.2. The functions a;* and oy are concave on R; the functions 3;" and
Bt are conver on R. These functions are in particular continuous on all of R.
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Proof. Since [ fg'=%du < ([ fdp)?([ gdpu)'=? for 6 € (0,1) by Holder’s inequal-
ity, we get

Ay (@I yr keR €R))HP

< (A (P*wP, KER, gR))G/p(At(mwa:D’ kER, é‘R))(l—e)/p7
At(77t—q(959-‘:-.74(1—9))"(J—q7 kR, R))l/q
(A¢(m w7, kR, R)Y9( Ay (w7, kR, R))1=/1,

Multiplying these two inequalities and taking supg.q we arrive at the inequality

(U= 0w) (&) < [(Uine"w) (€))° [(Uene¥w) (€))7
for £ € (0,1), which shows that a;* is concave. The convexity of 3;* can be verified
analogously.
Obviously,
exp(A;(log ,*0tv(1=9,. 0, £R))
exp(A¢(log n#0+v(1-9)w 0, R))
_ (expmt(log e, 0,5R>>)9 (exp(Ataog e, 0,5R>>>1‘9
— \Uexp(A¢(log 7w, 0, R)) exp(As(log ni¥w, 0, R)) ’
and taking lim supp_,, we obtain

(V" 0=00w) (&) < (V) (O [(VEonebw) (€)'
for £ € (0,1), implying that «; is concave. In the same way one can prove that 3; is

convex. As already mentioned in Section 3, convexity/concavity implies continuity.
O

—~

IN

Proof of Theorem 3.5. From Theorem 7.3 we infer that N; has the form (7.22).
Put ¢(z) = B (x) — au*(x). The function ¢ is convex due to Lemma 8.2, and
¢(0) = B(Uw) — a(Uw) < 1 by Theorem 7.3, because w € A,(I') and hence 0 € N;.
Consequently, either there exists a unique x;" > 0 such that ¢(z;") = 1 or we have
0 < ¢(z) < 1 for all z > 0, in which case we put z;" := +00. Analogously, either
c(xy ) = 1 for some uniquely determined z, < 0 or 0 < ¢(z) < 1 for all x < 0, in
which case we define x; = —o0.

Fix x € (z;,2f). Then 0 < 3" (z) — av*(x) < 1 by the convexity of c. Hence,
there is a real number p such that

—1/p<p+oa(z) <p+ B () < 1/q,
and Theorem 7.3 implies that p + iz € N, ie. that ¢ 4w € Ap(I'). Lemmas
5.8 and 5.9 give
« (Vto‘ﬁt,wirw) =« (Ut‘pt,,u+imw)
and by virtue of (8.4) and (7.4) the latter equality may be written in the form
pta (V0 w) = p+ a (Umw),

which proves that a;(z) = a;*(z). Analogously one can show that B;(x) = 5;"(x)
whenever z;7 < z < z;. Since oy, a:*, B, 3" are continuous (Lemma 8.2), we see
that a; = ay* and B¢ = 3" on [z, , 2] ].

If x; = —co and " = 400, the proof is complete. Suppose z;" < +00. Denote
the set on the right of (4.6) by N;. Since

Bz —an(af) = B (af) — ™ (af) =1
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and hence, by the convexity of 3;* — az* and §; — ay,
B (Imy) — a*(Im~y) > 1, B(Imy) — a;(Im~) > 1 for Imv >z,
it follows that

1 1
Ny = {7 € C:Imy <z, > <Rev+ " (Im~y) <Revy+ 3 (Im~) < E},

- 1 1
Ny = {”y € C:Im~y <z, —]; <Revy+ ay(Imv) <Revy + Bi(Im~) < a}

If x; = —oo, this completes the proof. In case x; > —oo we analogously see that
N; and N; are the sets

1 1
{7 €C:x; <Imy </, > <Rey+ " (Imy) <Revy+ 5, (Imv) < a},

1 1
{”y €C:z; <Im~y <z, > < Rev+ ay(Imv) < Revy + B (Im~) < a},

respectively. As oy = ay* and B; = ;" on [z}, 2;7], we arrive at the desired equality
Ny = N;. O

Combining Theorems 4.4 and 3.5 we obtain Theorem 3.1 with oy, 5; given by
(3.4).

9. THE SHAPE OF THE INDICATOR FUNCTIONS
In this section we prove Theorems 3.2 and 3.3.

Lemma 9.1. For every v € C we have

(9.1) a (Uw) + a (Wipry) < a (Upprw) < a (Uw) + 8 (Wepry),
(9.2) B (Uw) + a (Wipry) < B (Uppraw) < B (Uw) + B (Wipr ).
Proof. If x € (0,1), then logx < 0 and hence, by (7.13),
9.3) log(Urpr Hw) ()
log x
C n log sup{(Wipr)(c) : ¢ € [z, k™ ]} n log(Uyw)(x)
~ logx log x log x

with C := logsup{(Wypt~)(c) : ¢ € [k,x7!]}. Let £ > 0. Theorem 5.1(c) shows
that

[SHPI](Wtwt,V)(C) < max{(x~a) Were)=e ()@ (Wiena) =y
ceE|RT, K™ T

< g leWips y)—el a(Wips 4 )—e

for all sufficiently small « > 0. For these x, the second term on the right of (9.3) is
at least

(@ (Wigr) = £)loga — |a (Wigpn,) — el log ) / log
and therefore passage to the limit x — 0 in (9.3) gives
a (Uppr w) 2 a (Wipry) — €+ a (Uw).
As e > 0 was arbitrary, we get the first inequality of (9.1).
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Similarly, for z € (0,1) the inequality (7.20) tells us that

log (Ut yw)(x)
log x
O logsup{(Wipnp)(e) i c € ko n~ 1o 1} log(Uiw)(@)
<-4 +
log x log(1/x) log x

with C as above. Again pick any € > 0. Then, by Theorem 5.1(c),
sup (Wtﬁpt,y)(c) < max{l/(ﬁx)ﬁ(wﬂﬂt,w)""‘f’ (K/x)ﬁ(Wtsat,w)-FE}

ce€lkr— Lk~ tz—1]

< K—\B(Wﬂpt,w)-ﬁ-d(1/$)B(W¢w,w)+€
for all  small enough. For these x the second term on the right of (9.4) is at most
((8 (Wepr1) +€)10g(1/2) = 8 (Wegpr.,) + el 10g )/ log(1/),
and passing to the limit  — 0 in (9.4) we arrive at the inequality

a (Uiprw) < B (Wit y) + €+ a (UDw).

Since € > 0 may be chosen as small as desired, we get the second inequality of (9.1).
Employing (7.13) and (7.20) for € (1, 00), we analogously obtain (9.2). |

Lemma 9.2. For every v € C,

(9.4) a(Wipr o) = a (Usprn) = a (Vigry) = a (Vg1 ),
(9.5) B (Wiprn) =B (Urpry) = 8 (Vetrn) = B (VY 01)-
Proof. The inequalities (9.1), (9.2), (8.1), (8.2) with w = 1 give
(9.6) a(Wiprn) <o (Upry) < a(Vigry) = a (V)

o
<BV201y) = B Vigry) < B (Urpry) < B (Wipr ).
For € # 0 we have

1 1
(9.7) « (V;SDE’Y) = EO‘ (V}S"nav)a B (V;t@tﬁ) = gﬁ (WSDLEW)
by the definition of V;, and

1 1
(9.8) a (Wipty) = - (Wipter), B (Wipry) = gﬁ (Wit .ey)

due to Lemma 7.1. If € > 0 is small enough, then (9.8) implies that
1 1
(9.9) > <a(Wiprey) < B (Wiprey) < 4

and hence, by Lemma 7.1 and Theorem 6.3, ;. € Ap(I'). Replacing in (9.6) v by
€7, we obtain from (9.9) that

1 1
D <o (Wiprey) < o (Usprey) < B (Urpren) < B (Wiprey) < 7
Assume (Wit eq) < a(Uspre). Then there is a p < 0 such that

1
(910) n+ o (thﬁt"gry) < —]—? < u+ o (Uﬂpmsfy

S 1 + 6 (Utwt,s’y) S 1 + ﬂ (Wt(pt,s'y) <

N
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From Lemma 7.2 we deduce that

pt o (Uptey) = @ (Upptuter)s 1+ B (Urprey) = B (Urpt ptey)
and Lemma 7.1 shows that
pt o (Wt(pt,f’y) =« (Wt(pt,u-i-av)a M+ B (WtSDt@'y) =4 (Wt80t7u+e'y)~
Thus, (9.10) may be rewritten in the form
(9.11)

1 1
@ (Wipt prery) < > < a (Uiptprey) < B (Uit prery) < B (Wit prery) < 7

But (9.11) in conjunction with Lemma 7.1 and Theorem 6.3 implies that ¢y ;4o is
not in A,(T), while (9.11) together with (7.23) yields that ¢ ;4+ey € Ap(I'). This
contradiction shows that a(Wip; oy) = a(Urpy ey ).
Since @i ey € Ap(T'), we obtain from Lemma 5.8 that a(Urprey) = a(Vivrey)-
In summary,
a (Wiprey) = @ (Ut eny) = a0 (Vipr ey ).
Now (9.7) and (9.8) give that

a (Wipr ) = a (Vipr )

and hence, by (9.6), we arrive at (9.4). The equalities (9.5) can be proved in the
same manner. |

Lemma 9.3. For every v € C,

(9.12) a (VPw) +a (Wipry) < a (VPpraw) < B (Vw) +a (Wep,,),
(9.13) a (VPw) + B (Wepra) < B (VPpraw) < B (Vw) + 8 (Wipr).
Proof. Fix x € (0,1). Then log(Vip:,w)(x) equals

(9.14)

sup {At(log ©t4,0,zR) — Ay(log ¢t ~,0, R) + Ay(logw, 0, 2R) — A(logw, 0, R) |.
R>0

For every € > 0, there is an Ry € (0, d;] such that
A¢(log ¢t ~,0,2R0) — At(log ¢t 4, 0, Ro)
> Is%ti%[At(log ©t,0,2R) — A¢(log ¢t 4,0, R)] — € = log(Vapr ) (x) — €.
On the other hand,
Ai(logw,0,zRp) — At(logw, 0, Rp)
> — IS'%I;%[At(log w,0,R) — Ay(logw, 0, zR)] = —log(Viw)(z™1).

Thus, for every z € (0, 1),

(9-15) log(Vipr yw)(x) = log(Vigr ) (x) — log(Viw)(27) —e.
From (9.14) it is clear that
(9.16) log(Vigpr.,)(z) + log(Vieo) () = log(Vigpun)(x).

Dividing (9.15) and (9.16) by logz < 0 and passing to the limit 2 — 0 we obtain
the inequalities

(017) @ (Vigrn) +a (Viw) < a (Vigr,w) < a (Vigr,) + 8 (Viw).
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Since a(Viw) = a(Vw) and B(Viw) = B(V w) by Lemma 5.9, a(Vipr,w) =
(V2 4w) by Lemma 8.1, and a(Vipr,) = a(Wipr,) by Lemma 9.2, we get
(9.12) from (9.17). The inequalities (9.13) can be shown analogously. |

Proof of Theorem 3.2. Property (a) results from Lemma 8.1 and Theorem 5.1(a),
property (b) is a consequence of Theorem 3.5 and the fact that N, contains the
origin, property (c) is implied by Lemma 8.2, and property (e) was obtained in the
end of Section 8. We are thus left with proving property (d).

Define 6; and ;" by (7.3), i.e. §; = a(Wyn,), &6; := B(Wyn,). Fix x > 0. From
(9.13) we infer that

a (VPw) + 8 Wipria) < B (VP priew) < B (VW) + 8 (Wipriz)-

Since 0; < &; and z > 0, equality (7.2) shows that B(W;p; ) = 0; z, and since
B(VL¢p:+.izw) = Bi(z) by the definition of 3;, we obtain that
(9.18) a (VPw) + 62 < Bi(x) < B (VPw) + 6z for x> 0.
Taking into account that §; is convex, we conclude from (9.18) that §;(z) has an

asymptote of slope J;" as x — +oo. Let y = v;" + §; 'z be the equation of this
asymptote. Then

(9.19) v 462 < Bi(x) < v + 0 x4+ 01(z) for 2 >0

where 01(x) — 0 as 2 — +oo. From (9.19) and Theorem 3.5 we get v;” < 3;(0) <
1/q. In the same way we may derive from (9.12) and (7.1) that

(9.20) i+ 85T —02(x) < o) < pf + 6w for <0

with g > a4(0) > —1/p and o2(2) — 0 as © — —oc.
It remains to show that p” < v, Assume p;" > ;" + 4 with e > 0. By (9.19)
and (9.20),

Bi(a) < v +ofw+oi(x), an(—2) > pf — 6z —o0x(—x)
for every > 0. Hence, there exists an « > 0 such that

Bi(x) v+ 6w te, a(—x) > pf -6z —e,

whence
Bi(z) —ap(—x) < v +6fx4e—pf +6x+e <25 2 — 2
and thus
1 Ong 1 On "w)(1

lim < og(V'niw)(y) , log(Vin “w)( /y)> < 26Fz— 2.

y—00 logy logy
The latter inequality implies the existence of an yy > 1 such that

xT —x +I—

(9.21) (Vi w) (y) (Vo “w)(1/y) < 0

for all y > yo. Put
fz(R,w) := exp(A¢(zlogn: + logw, 0, R)).
Then, by the definition of V,,

z T fo(R,w) —z Ly . f—r(y_lRaw)
(Vtomw)(y)—hréljgp—fw(y_lR’w), (Vin, w)(;) —llr};ljgp—_w(ij)
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for y > 1 and hence, by (9.21),

( fE(Raw) f—I(y_lew)) <y26t+z—s
o7 Rw)  fo(Rw) )T

(9.22) lim sup
R—0

for y > yo. Because
fo(Rw) foo(y'R,w) _ SR
fm(y_lRaw) f—z(va) fQI(y_1R51)7
it follows from (9.22) that

R,1) +o
VOon2e = limsu L < 20 w—e
( t 77t )(y) R-)Op me(y_lR, 1) =

The latter estimate shows that
(9.23) B(VIni®) < 26fa —e.
On the other hand, from Lemmas 9.2 and 7.1 we get
B (V) = B (V21 2i0) = B (Wipr i) = 28] ,
which contradicts (9.23) and completes the proof of Theorem 3.2. |

As already mentioned in Section 3, Theorem 3.3 follows from Theorem 3.2 with-
out difficulty.
10. INDICATOR FUNCTIONS WITH PRESCRIBED SHAPE
This section is dedicated to the proof of Theorem 3.4.

Let h and g be twice continuously differentiable real-valued functions on R such
that h,h',h",g,¢',g" are bounded on R. Also suppose that h and g are constant
on (—o0,0). Put

(10.1) o(r) = h(log(—logr))logr, v(r)= g(log(—logr))logr

for r € (0,1) and define ¢(1) = v(1) = 0. Further, choose any real-valued function
b € C1[0,1] such that

b(0) =b(1) =0, 0<b(r) <2rm for r € (0,1).
Pick a point ¢ € C and put
(10.2) Ty = {r=t+re " 1 e(0,1]},
(10.3) U= {7 =t+7re M=) 0 e (0,1]}.

Then I' := {t} UTy UT_ is a Jordan curve and the function w : I'\ {t} — (0, 00)
given by

(10.4) w(r) =™t (r e\ {t})

is a weight which is continuous on I\ {¢}.

Lemma 10.1. I' is a Carleson curve.

Proof. Lemmas 4.1 and 4.2 of [5]. |
Lemma 10.2. The weight w belongs to A,(T") if and only if

(105)  —= <liminf(g(y) +¢'()) < limsup(g(y) + ¢'(v)) <
P y—too y——+00

=
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Proof. Lemma 5.10 and Theorem 6.3. O
We now construct h and g in a special way.

Lemma 10.3. Given real numbers ¢ > 0,d > 0,a € R, there exists a function
x € C?[0,1] with support in (0,1) such that

(10.6) max (x(z) +X'(z)) = ¢, min (x(z)+x'(z)) = —d
z€[0,1] z€[0,1]

and

(10.7) Ixlloo <1, llaxlle <1, [IXlloc < 2max{c,d},

(10.8) X" lse < 100 max{c?,d?, |a|c?, |ald?, ¢,d,d?/c,c?/d}.

Proof. Tt suffices to prove the lemma for a # 0. Choose any function v € C?[0, o)
such that

1 2
z/;(x):Ofornggg, (:c):lfor:cZg,
2
() increases monotonically from 0 to 1 for 6 <z< 5

and ||¢||cc = 7. So ¢/(x) goes from 0 to 7 and then from 7 to 0 on [1/6, 2/6], and
a little thought shows that we may choose 9 so that |[" ]| < 85. Put

1 ¢ d
10.9 :==min{1l, —, —, — .

For A > 1, define 9. »(z) := ey(Az). The function
m(A) = max (Yea(z) + 9L \(7)) =& max (P(Az) + A/ (Ax))
ze0,1] z€[0,3]
is continuous; we have m(1) < 8¢ < ¢ and m(\) > 7e\. Hence, there exists a A\; > 1
such that m(A1) = ¢. The inequality m(A\) > 7e implies that
(10.10) c > Tel.
From (10.9) and (10.10) we obtain that

c 1 14c
: < == el
(10.11) A1 < e 7max{c, lale, 14, y }
Put x(x) := e, (x) for z € [0,1/2]. Then
(10.12) min (x(z) +x'(2)) =0, max (x(z) +x'(z)) =c.
z€[0,1] z€[0,3]

By (10.9)—(10.11), the following estimates hold on [0, 1/2]:

”X”OO =e<]1, HG'X”OO = |a|‘€ <1,
X loo = eMl¥loo = TeA1 < ¢ < 2¢,
”XHHOO = E)‘%HQ/’HHOO < 85eAiM

4c

1 1 2
<85 ;? max {c, lale, 14, 7} < 28 max {02, lalc?, c, %}

Now define ¢(z) := 1 — ¢(z) and . \(z) := ep(\x). Again
m(A) == min (e (2) +9L,(@) = min (P(Az) + X ()

z€[0,3] z€[0,3]
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is continuous, (1) > —7¢ > —d and Mm(A\) < e — 7eX for A > 1, so that there is a
A2 > 1 satisfying m(A2) = —d. We have —d = m(A2) < e — TeAy and thus,

(10.13) Tedo <e+d<2d.
Combining (10.9) and (10.13) we get
2d 2 14d
. < — - — .

(10.14) A2 < m = o max {d, la|d, p ,14}
Put x(z) = ¢, (# — 1/2) for z € [1/2,1]. Then

10.15 i ! =—d ! =e<ec
(10.15) Lnin (@) + X' (=) o dmax (X(@) +X(z) =e < e

From (10.12) and (10.15) we obtain (10.6). Taking into account (10.9), (10.13),
(10.14) we see that on [1/2, 1] the following estimates are valid:

[Xlloo = <1, Jlax|loo = |ale <1,
X' loe = €Xa][t)[|oo = TeAs < 2d,
X" loo = X2]|1" [0 < 85 eXaXa

)
C

2d 2 14d d?
< 857? max {d7 la|d, — 14} < 100 max {dz, lald?, —, d}.
c

We have so defined x on [0,1/2]U[1/2,1] = [0, 1] and have shown that x possesses
all the properties required. O

For each j = 1,2,3,... choose real numbers ¢; > 0, d; > 0, a; € R, denote by
x;j € C?[0,1] the corresponding function from Lemma 10.3 with ¢ = ¢;, d = d;, a =
a;, and extend x; periodically (with period 1) to all of R.

Let I, := [n,n + 1) and denote by R; (j = 1,2,3,...) the union of the sets in
the jth row of the matrix

Iy LT Is I

L I, I
JA
Iy

Obviously, R, N R; = () for i # j and Uj’;l R; = [0,00). Finally, pick numbers
A€ R, 6 € R and define

(10.16) 9(y) = A+a;x;(y) for y € Ry, g(y) = A for y <0,

(10.17) h(y) =6+ x;j(y) for y € Rj, g(y) =46 for y <O0.

From Lemma 10.3 we infer that g and h are twice continuously differentiable and
that g, ¢’,g”, h, h',h" are bounded on R whenever

d. .
(10.18) supmax{cj,dj —J,C—J,|aj|cj,|aj|dj} < 0.
j ¢j dj
Hence, if (10.18) holds, then the curve I' = {t} UT_ UT; given by (10.1), (10.2),
(10.3), (10.17) is a Carleson Jordan curve by virtue of Lemma 10.1. Define the
weight w by (10.1), (10.4), (10.16).
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Lemma 10.4. Suppose (10.18) is satisfied. Then w € A,(T) if and only if
1 1
(10.19) —— < A+ infmin{cja;, —d;a;} < X+ supmax{cja;, —dja;} < —.
p J J q

Proof. By (10.6) and the construction of the function g,
limsup(g(y) + ¢'(y)) = sup ;rg}%x(g(y) +4'(v))
j j

y—+o0

= sup Iél[%)i](/\ + a;x;(x) + a;jx;(x)) = sup max{\ + ajcj, A — a;d;}
g Tel J

and analogously,

lim inf(g(y) +¢'(y)) = inf min{A + a;c;, A = a;d;}-
Y—T00 J

The assertion thus follows from Lemma 10.2. O

Lemma 10.5. Suppose (10.18) and (10.19) hold. Then Wyps w and WPy 4w are
regular and

(10.20) a (Wlpi4w) =Rey + A+ dIm~y + A(Im~),
(10.21) B (Wiprw) =Revy+ A+ dImy + B(Im~)
with

(10.22) Az) := irj;f min{c;a; + ¢jx, —d;a; — d;x},
(10.23) B(z) := supmax{c;ja; + c;z, —dja; — d;z}.

J
Proof. For z € (0,1], the value (Wi yw)(x) equals
max |7_ _ t|Reve— Imvarg('r—t)ev(h'—ﬂ)
|T—t|=zR
(1024) ISQI;% min |7. _ t|Rc'ye—Im'yarg(T—t)e'UﬂT—tD ’
T—t|=R

We have

max e~ myag(t—t) _ max{elmvw(zR)’ eIm'v(ga(rR)—b(zR))},
|T—t|=zR

min e~ Mmyarg(m—t) — mm{e”’“W’(R)7 elm"Y(«/J(R)—b(R))}7
|T—t|=R

and hence (10.24) is equal to

(10.25) 27 gup eV (@) —v(B) Imy(p(2R) = (R)) [Imyb(E) o1 T~ > 0,
R>0

(10.26) 2B sup ! R —v(R) JImy(p(@R) o (R) o~ Imyb(2R) g0 1y~ < 0,
R>0

Since b, h,h',h",g,q’,g" are bounded, one can verify as in the proof of Proposition
5.7 that log(Wipr,4w)(z) is bounded in a left semi-neighborhood of x =1 (see the
proof of Lemma 4.2 of [5] for details). Analogously one can show boundedness in a
right semi-neighborhood of x = 1. Thus, Wy 4w is regular.

Now Theorem 6.3 implies that Wp; ,w is also regular. Since (W0¢p: w)()
equals (10.25), (10.26) with “supg.(” replaced by “limsupg_,,”, we get

(WPp1.w)(x) = 27 lim sup e*(#R)—2 () FHImy (e (R~ ()

R—0
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and hence (W ¢ w)(x) = (WP)(z) with ¢(7) = e'IT=*) and
F(r) := Re~ylogr+v(r)+Im~yo(r)
= [Revy + g(log(—logr)) 4+ Im~ h(log(—logr))]logr.
Thus, by Lemma 5.10,
a (Wip1,w) = Rey +lim inflg(y) + ¢/ (y) + Tmy(hly) + 1 (y))]

which gives (10.20), (10.22) as in the proof of Lemma 10.4. In a similar way one
obtains (10.21), (10.23). 0

Proof of Theorem 3.4. Consider the parallelogram P with the vertices
ry +tiog(zy), xy +if(zy), of +ice(zl), f +iB(z;)

and let the diagonals of this parallelogram have the equations y = p; + d12 and
y = p2 + d2x. From (P4) and (P2) we infer that

(10.27)  —1/p < (0) < p1 < Bi(0) < 1/q, —1/p < au(0) < p2 < 3(0) < 1/q.

Without loss of generality assume that 6; < d2. We extend «ay and (§; to functions
a and (3 on all of R as follows:

a () = pg + dox and [ (z) = p1 + ha for z <z,
a(z) = ay(z) and f(z) == Bi(z) for z; <o <y,
o (x) = p1 + 812 and B (v) i= pg + S for x> af.
By (P3) and (P4), « is concave, [ is convex, and the straight lines given by y =

w1 + 612 and y = pg + dox separate the convex regions {z+iy € C: y < a(x)} and

{z+iye C:y>3(x)}.
Suppose for a moment that we have numbers ¢;,d;,a; (j = 1,2,3,...) and
numbers A € R, § € R satisfying (10.18) and (10.19) such that

(10.28) a(z) = A+ 6z + A(z), B(z) =+ 6z + B(z)

where A(z) and B(z) are given by (10.22) and (10.23). Defining I" and w as above,
we get

a (Wlpryriow) =y +a (@), B(Wpny+iw) =y + B(z)
from Lemma 10.5. The indicator functions of I', p,w at t € ' are
dy(x) == a (Vnjw), Bi(x) =B (Vinjw).
Theorem 6.3 implies that

1 1
(10.29) Nt:{y+i:z:€C:—]—?<y+a(:z:)§y+ﬁ(x)<a},
while Theorem 3.5 tells us that
1 ~ 1

From property (P1) and (10.29) we deduce that N¢ is bounded. So (10.30) yields
that the equation 3;(x) — d@;(x) = 1 has exactly two solutions, z; <0 and xf > 0.

Since (10.29) and (10.30) are one and the same set, it follows that z; = x; , ;7 =
+
x; , and

ay(z) = a(z) = a(z), Bi(z) = B(z) = Be(x)
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for all x € [, ,2;'], which completes the proof.

So let us construct the numbers c;,d;,a;. Denote by xo + iyo the intersection
of the diagonals of the parallelogram P. From (P3) and (P4) we see that a(zg) =
yo = B(xo) happens if and only if

(10.31)  a(x) = min{us + iz, po + daz}, B(x) = max{us + o1z, p2 + dax}.

Choose any § such that §; < d < d2, and put

e s e _H2—p1 o o tdpp
0—52 5,d—5 51,a— ctrd ,)\— ctd

and ¢; = ¢, d; = d, a;j = a for all j. Then ¢; > 0, d; > 0, an easy computation
along with (10.31) shows that (10.28) holds, and (10.18) is obviously satisfied. Since
A+ ca = pg and A — da = p1, we obtain from (10.27) that (10.19) is also satisfied.
Thus, the case where the graphs of y = a(x) and y = () have the point zg + iy
in common is settled.

Suppose a(zg) < B(xo). Then there is a line y = A+ dx which separates the two
convex sets {x+iy € C:y > f(x)} and {x + iy € C:y < a(z)}. Thus, if we put

ap(z) = a(z) —dx — A, Bo(z) = B(x) —dx — A,
then

(10.32) o = sup ap(z) < 0 < inf Go(z) =: B*.
zER z€R

Clearly, ag is concave and y is convex. Moreover, we have §; < § < 2 and hence,
c:=02—0>0andd:=9— 5 > 0. Obviously,
o — A+ cx < [y
 — A —dx < by
w1 —A—dr > ag

—~

x) < pg — At cx 404 (1),
) <pr—A—dx+o_(1),
z) > — A —dz — o4 (1),
x) > ps— A+ cx —o_(1),

—_

o —A+cx >

—~

where o4 (1) denote nonnegative functions which vanish in a neighborhood of +oc.
Put

§1i=—(A—p)/d, & = (A—p2)/c,

i.e. let & and & be the points at which the lines y = 1 —A—dzr and y = puo — A +cx
meet the real axis.
The set Q of all rational numbers is countable. Let {aj}?il = Q. We construct

the sequences {c;}22; and {d;}32; as follows:

for —oo < —a; < & (resp. & < —a; < +00) let ¢; > 0 be the number defined
by requiring that y > c;a; + ¢;x (resp. y < ¢;ja; + ¢;jx) is a supporting half-plane
to y > Bo(z) (resp. y < ap(x));

for —oco < —a; < & (resp. & < —a; < +00) define d; > 0 as the number
for which y < —dja; — djz (resp. y > —dja; — d;x) is a supporting half-plane to
y < aog(x) (resp. y > Bo()).

It is clear that 0 < ¢; < ¢ for all j and that ¢; — ¢ as —a; — &». This proves
that sup; ¢; = ¢ < co. Analogously, 0 < d; < d for all j, d; — d as —a; — &1, and
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thus sup; d; = d < co. The lines y = ¢;a; + ¢;x always meet the imaginary axis
between iag(0) and i5p(0), whence, by (10.27),

(10.33)
—% <ot(0) =a(0) = A+ ap(0) < X+ c¢ja; <A+ Fo(0) = B(0) = 5:(0) < %
Equally,
(10.34) —1/p < a(0) <A =dja; < 5:(0) <1/q,
which shows that (10.19) is satisfied. From (10.33) and (10.34) we also get

sup |ajlc; < oo, supla;|d; < oo.
J J

Thus, the proof of (10.18) will be complete once we have shown that sup;(d;/c;) <
oo and sup;(c;/dj) < oo. We now prove these estimates.
If —a; — —oo, then cja;, the imaginary part of the intersection of the line
y = cja;+c;x with the imaginary axis, goes to the minimal value 5* := inf cr Bo(z)
of By. A similar argument shows that —d;ja; — a* := sup,cg ao(z) as —a; — —oo.
It follows from (10.32) that
dj _ dja; | —a
¢ o caj B
In the same manner one can show that
ﬁ:%_,ﬁ_*>0 as —a; — +0oo.
Cj Cjay —Q

*

>0 as —a; — —oo.

Hence, there exists a rational number M := aj, > max{|&|, |{2|} such that

d: _ % *
(10.35) 2 < 2max{ a , s } whenever |a;| > M.
Cj ﬂ* —Oé*
Let aj, :== —M. If —a; changes from —a; = —a;, = —M to —a; = —a;, = +M,

then c; first increases from c;, to ¢ and then decreases from c to c¢j,. Consequently,
for |aj| < M we have ¢; > min{c;, ,¢;, } and thus

d; 1 1
(10.36) —J<dmax{—,—} for |aj| < M.

Cj Cjr Cjo
Combining (10.35) and (10.36) we get sup;(d;/c;) < oo. In the same way one
can show that sup;(c;j/d;) < oo. At this point the proof of (10.18) and (10.19) is
complete.

We now show that Gy(z) = B(z). Since By(z) > cja; + ¢z and Bo(z) > —d;a; —
d;x for all j and all z, it follows that
(10.37) Bo(z) > supmax{c;a; + ¢;x, —dja; — djz} = B(z)
J

for all . Assume there is a & € R such that 8y(&o) > B(&). A convex function

is not differentiable at at most countably many points (see e.g. Theorem 25.3 of
[27]). Thus, there is a £ in a neighborhood of &, such that

(10.38) Bo(€) > B(¢)

and both By and B are differentiable at £. The supporting line to y = So(z) through
the point & 4+ i30(€) is the tangent

(10.39) y = Bo(&) + Bo(§)(z — €).
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Suppose G5(§) > 0. If B (&) + B4 (§)(x — &) = 0 has a rational solution z, then there
exists a number j such that (10.39) is the line y = cja; + c¢;x with ¢; = 6y(€), a; €
Q, —a; < &. It follows that
Bo(§) = ¢ja; + ¢;€ < supmax{c;a; + ¢;€, —d;ja; — d;i&} = B(S),
j
which contradicts (10.38). If the solution z* := & — 89(§)/53,(§) of the equation
Bo(&) + BL(&)(x — &) = 0 is irrational, we may choose

—aj, € (—OO,.’L'*) N Q - (_00752) N Q
such that —a;, approaches ™ monotonically. Since c;,, is monotonically increasing
and c¢j, < f((€), there is a ¢* < 3((§) such that ¢;, — ¢*. If ¢* < §;(§), then the

line y = ¢;, a;j, + ¢;, « cannot be a supporting line of the curve y = Gy(z) whenever
—aj, is close enough to z* (recall (10.32)). Hence ¢* = [ (§) and consequently,

¢jn = Bo(€), ¢inj, — Bo(§)(=x") = Bo(€) — £56(S)-
It follows that 5y(§) = limy,—o(cj, a;j, + ¢;,&), and thus there is an ny such that

(10.40) Bo(€) < oy @y + €1y €+ (Bo(€) — B(€))/2.
From (10.40) and (10.37) we obtain

(10.41) Bo(§) < B(&) + (Bo(§) — B(£))/2 = (B(§) + Ho(€))/2 < Po(§),

which is a contradiction. Analogously one can dispose of the case Gj(§) < 0. So
let By(&) = 0. Choosing —a;, € (—o0,&2) such that —aj, — —oo and taking into
account that, by convexity, the function [y assumes its minimum at &, we see as
above that ¢;, a;j, + ¢;, & — Bo(§), which again results in the contradiction (10.41).

So we have proved that Gp(z) = B(z) for all z € R. In the same way one can
show that ag(z) = A(x) for all z € R. This gives (10.28). O
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