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MODEL THEORY OF DIFFERENCE FIELDS

ZOÉ CHATZIDAKIS AND EHUD HRUSHOVSKI

Abstract. A difference field is a field with a distinguished automorphism σ.
This paper studies the model theory of existentially closed difference fields. We
introduce a dimension theory on formulas, and in particular on difference equa-
tions. We show that an arbitrary formula may be reduced into one-dimensional
ones, and analyze the possible internal structures on the one-dimensional for-
mulas when the characteristic is 0.

Introduction

A difference field is a field (K,+, ·) together with a distinguished field automor-
phism σ. This is the algebraic structure appropriate for studying finite difference
equations (on which abundant classical literature exists). The basic algebra of dif-
ference fields is described in [5]. Here we propose to describe their basic model
theory. Our guides are Robinson’s theory of model companions, Shelah’s stability
theory, and Zilber’s “geometric stability theory”. Using these tools we will give
a description of the rough geometry of “varieties” defined by difference equations.
We will find that certain equations matter more than others, describe them, and
show how to reduce an arbitrary equation to the fundamental ones (a reduction
sometimes involving a Galois theory).

Universal domains and quantifiers. Every difference field embeds in a univer-
sal domain (U ,+, ·, σ). U is algebraically closed as a field, and has the following
universality property:

Let U0 be the restriction of U to the algebraic closure of the prime field. For any
“small” difference field L, algebraically closed as a field, and any map h : U0 → L
of difference fields, there exists a map f : L → U with fh = IdU0 . Further, f is
unique up to conjugation by an element of Aut(U).

The model companion of difference fields, particularly in connection with Con-
jecture (1.14)(1), was discussed at MSRI by L. van den Dries, A. Macintyre and
C. Wood in 1989-90. A report on this work and other issues can be found in
Macintyre’s paper [23]; here we give a more geometric description of the universal
domains U . These universal domains are the appropriate (initial) setting for the
study of the geometry of sets defined by difference equations, playing the same role
as algebraically closed fields in algebraic geometry. In particular, there is a bijec-
tive correspondence between prime difference ideals over U (consisting of difference
equations in n variables) and irreducible difference varieties (their zero sets in Un).
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So far the state of affairs is the same as in algebraic or differential-algebraic ge-
ometry. There is however a subtle difference. In algebraic geometry, every definable
set is a Boolean combination of varieties (Tarski-Seidenberg); the same is true in
differential algebra, for differential varieties (Robinson). The analog for difference
varieties is false: one must consider the behavior of the automorphism not only
on the function field of a given variety, but also on finite extensions. But it is not
necessary to go too much further: a basic difference-definable subset of an algebraic
variety X is the projection to X of a difference subvariety of V , where V → X is
étale. This small difference gives the entire subject its particular flavor.

The above is explained in §1. We also take a look in this section at some of the
basic model theoretic notions, in the case of difference fields. In particular, one
can in general define the fundamental operations of definable closure and algebraic
closure using the automorphism group of the universal domain U :

An element is definable over a set B (a ∈ dcl(B)) if every automorphism of U
fixing B also fixes a; it is algebraic over B (a ∈ acl(B)) if its orbit under Aut(U/B)
is finite.

We show that a substructure of U is algebraically closed iff it is algebraically
closed as a field. Definable closure is somewhat more delicate.

In addition, we show how to take quotients of definable sets by definable equiv-
alence relations - “elimination of imaginaries” - and discuss some corollaries for
pseudo-finite fields.

An intriguing conjectural connection with the Frobenius automorphisms is also
discussed, though it is not directly relevant to the present paper.

(In)stability. In the beginning of stability theory, Shelah showed how to view a
single formula φ(x, y) as a relation between two definable sets D1, D2. Let Ba =
{b ∈ D2 : φ(a, b)}. Shelah identified three quite different kinds of behavior:

1) “Order property”: Different sets Ba can be nested, or contained in each
other; this happens when one has a definable ordering, such as in (R,+,×), when
D1 = D2 = R and the relation φ is <. This phenomenon does not occur in difference
fields, and will not concern us in the present paper. (Though a similar case study
for a rich theory with order should be of great value.)

2) “Independence property”: For arbitrarily large finite sets F ⊂ D1, for any
distinct a1, . . . , an, b1, . . . , bm ∈ F ,⋂

i

Bai ∩
⋂
j

(D2 \Bbj ) 6= ∅.

3) Stability: neither of the above occurs. In this case (perhaps after a fixed finite
partition of D2), one shows that the sets Ba can be sharply divided into “small”
and “large” ones; any finite collection of “large” sets has non-empty intersection,
not contained in any finite union of “small” sets. In other words there is a single
“generic” behavior for the points of D2; a generic point is one that lies in each
“large” set, but outside each “small” set, from a given collection.

For algebraically closed fields, every formula is equivalent to a quantifier-free one,
and all quantifier-free formulas in the language of fields are stable: if D2 above is
an irreducible variety , then each set Ba is either contained in a proper subvariety
(“small”), or contains a Zariski open subset (hence is “large”). On the other hand,
let (U ,+, ·, σ) be a universal domain for difference fields; let k be the fixed field
for σ. Then k is a pseudo-finite field, and one has a well-known example of an
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independent family ([8]):

D1 = D2 = k; φ(x, y) = (∃t ∈ k)(t2 = y − x).

Here Ba = a+ k2.
In particular, difference fields are unstable.
One of the surprises of the present paper is the discovery that such effects,

occurring inside the fixed field, are the only sources of instability in difference fields
of characteristic zero. (This will be an outcome of the full theory; it is false in
positive characteristic.) In any event, we must initially work without the benefit of
existing results in stability theory.

Simple unstable theories. Difference fields fall into a class of theories identified
in [34], called “simple unstable theories” there. While a great body of technology
was created in the 70’s and 80’s to analyze stable theories, simple unstable theories
remained in the rudimentary state achieved in [34].

Such theories were encountered again (in the ℵ0-categorical context) in [4] (see
also [15], [19], [20]). It became clear that much of stability theory has analogs for
at least some classes of unstable structures of this type. In particular, a theory of
(finite) dimension and a theory of independence were developed (this is discussed
further below). The “uniqueness of non-forking extensions” familiar from stability
theory no longer holds, but an adequate replacement was found (“the indepen-
dence theorem”, see below.). Two contacts with stability were found, that deserve
mention here; both are closer than a mere analogy.

1) The fundamental geometries of [4] all have an underlying stable structure,
to which is added an unstable “coloring”; e.g. a vector space, with a quadratic
form. The dependence structure comes entirely from the stable reduct; the unstable
coloring is compatible with it, in each dimension, but does not itself contribute to
the dimension theory. In particular, dependence is controlled by stable formulas.
Somewhat later it was found that this is a general feature of finite rank (“S1-rank”)
simple unstable theories. Quite recently, this was generalized to arbitrary simple
unstable theories by [21] and [22]. In the difference field context, this is reflected
in the fact that dependence can be understood in terms of the underlying field
structure: two substructures are independent iff they are independent as fields.

2) Stability has a consequence for definable subsets of a structure, viewed as
(relativized) structures in their own right. They are stably embedded; this means
that every relation on the smaller structure, definable externally in the bigger one,
is already definable using parameters in the smaller structure. It was realized that
this notion has great significance outside the stable context; in particular it makes
sense to consider substructures as coordinatizing geometries only if they are stably
embedded. A review of this notion is included in an Appendix.

Motivated by this class of theories and by pseudo-finite fields, and more generally
“PAC structures”, a theory of definable groups was also worked out; part of it
appears in [19].

The present paper uses these ideas, and indeed generalizations of much wider
parts of stability and superstability. Given the state of the literature on simple
unstable theories (the above survey was exhaustive), we must alternate between
proving general results, and applying them in our context. While greatly aided
by the conception of how things should be in such theories, we present the results
for difference fields, and make no effort to achieve the highest possible generality;
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sometimes we use as a crutch the presence of an ambient stable structure even when
we could avoid it. Some results of a more general nature are collected in §7.

For most of the paper, no previous knowledge of stability is assumed, though we
will continue to refer to it in general terms in the introduction.

Independence theorem. The first fundamental notion of stability is indepen-
dence of two substructures, or of elements over a given substructure. (For fields,
independence is algebraic independence; for differential fields, independence is the
absence of a differential algebraic relation among elements.)

In the stable regime, a uniqueness theorem holds:
If two substructures A1,A2 are independent over an algebraically closed base B,

and C is the substructure generated by A1, A2, then the isomorphism type of C
(over A1 and A2) is uniquely determined.

(This is another aspect of the existence of a unique “generic” behavior, noted
above at the level of a single formula.) This uniqueness is characteristic of stable
theories. The replacement, which makes everything work for simple theories of finite
rank, is the “independence theorem”, stating that any coherent triple of possible
isomorphism types of independent pairs (Ai, Aj) can be simultaneously realized.

Assume given substructures B,A1,A2,A3,A12,A13,A23, with B algebraically
closed, and maps: gi : B → Ai and gij : B → Aij , and hij : Ai → Aij ,
hji : Aj → Aij (i < j), with gij = hijgi for i 6= j.

If hij(Ai), hji(Aj) are independent over gij(B), there exist embeddings fij :
Aij → U (i < j) with

fijhij = fikhik.

Furthermore, the fijhij(Ai) are independent over fijgij(B).

Dimension theories. The appropriate dimension theories (traditionally gateways
to stability) are developed in §2. A set is one-dimensional if it cannot be split into
infinitely many definable subsets with pairwise finite intersections, and forming
part of a single definable family of definable subsets. Even in superstable theories
of finite rank, the intuitive notion of dimension splits technically into a number of
somewhat distinct notions, due mostly to difficulties with “definability”. Here too
we use one notion of rank for definable sets (S1-rank), and another more adapted to
types (U -rank, called here SU -rank to avoid suggesting the theory is superstable).
The dimension, or rank, of the set of solutions of f(X, σX, . . . , σmX) = 0 (where f
is a non-zero polynomial and X a single variable) is in any event bounded by m, but
may be smaller. Sometimes we use the “degree” (m) itself; this is a straightforward
invariant of a difference equation varying well in families, but less directly related
to the geometry of the definable sets. In the rest of the introduction, we will not
be precise about which dimension we use; sometimes a proof is given in terms of
one, but works equally well for another.

Given the notion of dimension, one can define independence: Let B1 ⊂ B2 ⊂ U
be substructures (i.e., subfields closed under σ and σ−1). Let rk(a/B) be the least
integer d such that a lies in some B-definable set of dimension d. An element (or
tuple) a is independent from B2 over B1 if rk(a/B2) = rk(a/B1). Thus there is
no substantially sharper description of a from the vantage point of B2, over that of
B1. The independence theorem then follows from the type of dimension theory (S1)
used. We will however proceed in the opposite direction, first proving a generalized
independence theorem (1.9), and then deducing the dimension theory in §2.
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Also in §2, the nature of complete types (orbits of tuples under Aut(U)) is
made explicit. Let B be an algebraically closed substructure of U , a an element
or tuple. Let B(a)σ be the substructure generated by B ∪ a. The type of a over
B is determined by the isomorphism type over B of B(a)alg

σ (this is equivalent to
the quantifier elimination mentioned above). Moreover, it suffices to consider the
isomorphism type over B of the union of all finite σ-invariant extensions of B(a)σ

(2.8).
Traditionally in model theory, one considers either formulas or complete types.

Here we find it necessary to use an intermediate object, “semi-types”. With the
above notation, this refers to the isomorphism type over B of a fixed finite σ-
invariant extension of B(a)σ.

This notion allows a curious version of the definability lemma of stability. Let
φ(x, y) be a formula, p(x) a type over B. Let (dpx)φ(x, y) denote {b: φ(a, b) holds
for some a independent from b over B, and realizing p}. In stable theories, dpφ is
itself equivalent to a formula. Here we show that if p is a complete type, (dpx)φ(x, y)
is given by a semi-type; while if p is a semi-type, (dpx)φ(x, y) is a formula. This
sometimes permits a two-stage argument, reducing from types to semi-types to
definable sets. We don’t know how to place this phenomenon within the general
model theory of simple unstable theories.

Coordinatization by one-dimensional types. The key idea of Shelah’s super-
stability theory is the existence of certain fundamental geometries within a given
superstable structure; many properties have a “local-global” nature, holding true
of the full structure iff they hold for each such fundamental geometry (“regular
type”). Lascar showed that in finite dimensions, one can restrict attention to types
of rank one. Difference fields (with a single difference operator) have “rank ω”;
so excepting one (“generic”) geometry, one expects the fundamental geometries
to have dimension one. On each one-dimensional definable set, algebraic closure
defines a combinatorial pregeometry (matroid, dependence relation).

In §3 it is shown that there are enough one-dimensional sets to control arbitrary
types; see (3.4). In characteristic zero, using the trichotomy, the statement can be
made in the following simpler form (cf. (4.12)):

Let B be a “sufficiently large” substructure of U , a 6∈ B with rk(a/B) finite.
Then there exists b ∈ acl(B, a) with rk(b/B) = 1.

An elementary submodel is “sufficiently large”. When the base B is arbitrary (a
situation that must be considered if the construction is to be iterated), the situation
is more complicated.

The conclusion remains the same if the geometry of the relevant one-dimensional
type is simple enough (“modular”; see below). Later we will see that there is
essentially only one exception to modularity: the fixed field k.

Stronger statements of this type will be proved in §5. Meanwhile we have suf-
ficient motivation to embark on a classification of the one-dimensional sets. This
will be done in §4; surprisingly, the coordinatization results of §3 will be needed
there, for an inductive argument. Another result proved in §3 for this purpose
(3.2) is that geometrically non-trivial types (see below) are essentially captured by
a definable set. This generalizes a result from [11] in the superstable case, using
the weak definability lemma mentioned above.
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Zilber’s Trichotomy. Zilber proposed a classification of the one-dimensional
structures in the stable context, into three kinds. The idea is that after all pos-
sible reductions are made, the possible stable geometries (of finite dimension) are
degenerate, or a form of linear algebra, or of classical algebraic geometry. This
trichotomy is known to be very powerful; it does not hold for arbitrary structures
of finite Morley rank, but when it does hold it settles essentially all fundamental
issues concerning their model theory. On the other hand, it is expected to have
validity in unstable domains. It has been shown to hold if the dimension theory is
compatible with a Noetherian topology, and satisfies certain additional (“smooth-
ness”) axioms regarding intersections of closed sets. Our structures do not have
finite Morley rank, nor do they satisfy the smoothness axioms, but we show the
trichotomy holds nevertheless.

1. D is geometrically trivial if the associated matroid is trivial; equivalently,
acl(A ∪ B) = acl(A) ∪ acl(B) for subsets A,B of D. These turn out to be the
sets we know least about; but at least we know there is no complicated geometry
of definable sets on Dm. Many model theoretic questions, notably questions of
coordinatizability, become simple for trivial types.

2. D is module-like, or modular non-trivial, if it is not geometrically trivial, and
the lattice of algebraically closed sets of D (including imaginary elements) satisfies
the modular law. The fundamental example is a vector space V over a division ring
D, with structure on V consisting of the subsets of V m defined by linear equations.
One can show that such a set is equivalent to one with a definable group structure.
If (A,+, 0) is stable and modular, then ([18]) every definable subset of Am is a finite
Boolean combination of definable subgroups.

3. D is field-like; it interprets, and is interpreted in, an algebraically closed field.
The central result of §4, and of the paper, is the proof of this trichotomy for

one-dimensional sets definable by difference formulas. We conjecture that the tri-
chotomy is true in all characteristics, but can only prove it in characteristic 0.1

Naturally, since we are not in the stable context, “algebraically closed” in (3) must
be modified, and replaced with “pseudo-finite”. In characteristic 0, the only de-
finable pseudo-finite field is k (in characteristic p > 0, one has “twisted constant
fields” also). Combined with the results of §3, the theorem can be stated as follows.
By a surjective multi-valued map f : E → D we mean a pair of definable maps
j : E′ → E, f ′ : E′ → D, with j finite-to-one and surjective, and f ′ surjective.
(Think of “f ′j−1”.)

Theorem. Let U be a universal domain for difference fields of characteristic 0, B
an algebraically closed substructure, E a set defined by a complete type (or semi-
type) over B.

There exist a definable set D over B, and a definable surjective multi-valued map
f : E → D. D is one-dimensional, and either geometrically trivial, or module-like,
or equal to k.

(Cf. Theorems (3.4), (4.5) and (4.8).) By applying the theorem successively to
E, to the fibers of f , etc., one obtains an “analysis” of E in finitely many steps in
terms of one-dimensional sets; cf. (5.5).

1The conjecture is indeed true, and can be proved by the methods discussed below; see a
forthcoming paper by Chatzidakis, Hrushovski and Peterzil
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The map f need not be defined over B; this will be studied later (§5). In terms of
equations, one can roughly rephrase this as follows: any non-trivial difference equa-
tion can be reduced by a change of variable to a difference equation of dimension
one, of one of the three special types. In terms of field extensions: any algebraically
closed difference field L properly extending U either has a point a ∈ L \ U with
σ(a) = a, or else contains a new point of a one-dimensional module-like or geomet-
rically trivial definable set.

We were surprised to find that all the one-dimensional sets of types (1) and (2)
are actually stable (this appears to be an accident of characteristic 0). Thus the
structure result for modular stable one-dimensional sets applies directly.

It is not difficult to classify the one-dimensional module-like definable sets; see
(5.12). A rather typical example: let A be the multiplicative group, written addi-
tively, or a simple Abelian variety defined over k; and let D = {a ∈ A : σ(a) = 2a}.
All one-dimensional module-like definable sets involve in a similar way Abelian
varieties whose isogeny class is fixed by σ, or the multiplicative group Gm.

We know less about the first type, geometrically trivial equations. In §6 we offer
an example related to modular curves (showing they need not have Morley rank).

The proof of the trichotomy involves finding geometric dividing lines, which
turn out to be equivalent to model theoretic properties of the difference equation.
Observe that any difference equation f(X, σ(X), . . . , σm(X)) = 0 implies difference
equations involving σl, and not otherwise mentioning σ. For instance the equation
σ(X) = g(X) implies σ2(X) = gσ(g(X)). These “iterates” play an important role.
(See the text for more precise definitions.)

For degree one equations, the first dichotomy is this:
Do the “iterates”, the implied equations for σm, have unbounded degree?
If they do not, we show that the equation is equivalent to σ(x) = x, after a

(difference-algebraic) change of variable. If they do, we show that the solution set
E is a stable and stably embedded structure within U .

For higher degree equations, the situation is a bit more complicated. We consider
only irreducible equations (model theoretic dimension one, as explained above).
Nonetheless the iterated equation, regarding the automorphism τ = σm, may be
reducible. In this case we move over to the reduct U [m] = (U ,+, ·, τ), and apply
the results of §3, and induction. (One cannot resist remarking on the following
intriguing phenomenon: let E be the set defined by the original equation, and let
E[m] be the set defined by the “iterated” equation in the reduct (U ,+, ·, τ). Then
E[m] is better behaved because it has more structure than E. For instance if the
equation is σ(x) = f(x) as above, then there may be varieties inducing non-trivial
relations on E[2], but not on E; at the same time the relation σ on E is not
lost - it coincides with f . Thus paradoxically, having started with a reduct, one
faces an expansion, and the behavior of the induced structure improves with the
expansion (i.e. with more divisible m). It is possible that a good understanding of
this behavior will lead to a proof of the trichotomy in positive characteristic.)

Suppose finally that we have an equation of degree m > 1, all of whose iterates
remain one-dimensional (in the appropriate reduct). We then show that the solution
set E is stable and stably embedded. The idea is this: we would like to show that
there are few definable subsets of E. E lies on some variety V , and we know
that definable subsets of E come from projections of difference-subvarieties of finite
covers Ṽ of V . Now we look at the ramification locus R of Ṽ over V . This locus is
canonical, and we can expect σ to “respect” it (in an appropriate sense). This need
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not happen, and R ∩E may be finite; but one shows that for some m, R ∩E[m] is
Zariski dense in R. Since R is a smaller-dimensional variety than V , we obtain a
contradiction. Thus we show roughly that the covers yielding definable subsets of
E have controlled ramification; this implies that they are themselves under control
(in characteristic 0).

Modularity is now obtained via a Galois-theoretic criterion, implicit in earlier
work, that we now make explicit. The following criterion can easily be modified to
become equivalent to modularity.

A stable, one-dimensional set is modular if “algebraic closure agrees with de-
finable closure after projectivization”: whenever a ∈ acl(b1, . . . , bn), there exist a′

depending on a, and b′i depending on bi, such that a′ ∈ dcl(b′1, . . . , b′n)
This criterion is amenable to a geometric proof.

Analysis of finite dimensional types. We wish to have a version of the tri-
chotomy theorem where all the maps are defined over the given base set. In this
case one can consider the fibers of the “coordinatizing” maps, and apply the theo-
rem to them, iteratively. The key notion is that of internality. We do not treat it
systematically, since the only case of importance in characteristic 0 difference fields
is that of definable sets internal to k. By definition, this means that there exists
a definable bijection between the given definable set and a definable subset of kn.
This bijection may not be defined over a given base structure. However, there is
a good Galois theory to explain this, analogous to the Lie-Kolchin Galois theory
for differential equations (5.11). Here (unlike the case in stable theories) the Galois
group need not quite act by automorphisms; it may not preserve some quantified
formulas; however the superstructure associated with dependence will be preserved.

Using this notion, the trichotomy theorem can be stated over a fixed substruc-
ture. We state it this time for a complete type, though a version for definable
sets exists as before. If D is a one-dimensional modular set, let Gm(D) (the Grass-
mannian) be the set of m-element subsets of D. (k-internal types can be considered
as complicated Grassmannians related to k).

Let E be the solution set of a complete type over an algebraically closed sub-
structure B. Then there exist a B-definable set D, either a Grassmannian over a
one-dimensional modular type, or else k-internal, and a B-definable non-constant
map f : E → D.

One can then analyze E in finitely many steps, by further breaking up the fibers
of f using different Grassmannians. These and related results are contained in §5.
§6 contains a number of examples, demonstrating the general results and out-

lining their limits. We start with a detailed study of the equation σ(x) = x2 + b
(which we were not able to deal with before developing the general methods of
this paper!). We show that the model theoretic dimensions can “jump”, by giving
a family of equations whose generic element is one-dimensional, but such that a
countable infinity of special values yield two-dimensional equations. A family of
examples of difference Galois groups answers a question of Poizat’s. A simple pair
of coupled equations shows that instability need not “lie on the surface” of a type
of dimension > 1, but that the analysis of §5 may be needed to uncover it. A ge-
ometrically trivial equation need not have Morley rank (though it is superstable);
searching for the example led us to consider modular curves. Finally we exhibit
an unstable type one-dimensional type orthogonal to all fields, in characteristic p;
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we presume this type is modular. We hope that this will be the beginning of a
structure theory in positive characteristic.
§7 gives some results on definable groups, and the Appendix gives a review of

stable embeddability.
The authors wish to thank Anand Pillay for his careful reading of the manuscript

and pointing out inaccuracies in the early version of the paper. They also thank
the referee and the editor for their thorough and helpful comments.

0. Preliminaries on difference fields

The results given in this section are basic results on difference fields; all the
references are to results in R. Cohn’s book [5].

A difference ring is a ring A together with a ring isomorphism σ : R → R
(not necessarily onto); if σ is onto, R is inversive. There is a unique (up to R-
isomorphism) inversive closure of R, i.e., an extension (R∗, σ∗) of (R, σ) which is
inversive and smallest such [2.5.2]. All our difference fields will be inversive.

For K a difference field and X = (X1, . . . , Xn), we define the difference polyno-
mial ring over K, K〈X〉, to be the difference ring whose underlying ring is the poly-
nomial ring K[X1, . . . , Xn, σ(X1), . . . , σ(Xn), σ2(X1), . . . ] in the variables σi(Xj),
i ∈ N, j = 1, . . . , n; σ is extended to K〈X〉 in the manner suggested by the names
of the variables. By abuse of language, we view f(X, . . . , σk(X)) both as a differ-
ence polynomial in the variable X and as an ordinary polynomial in the variables
X, . . . , σk(X).

There is a natural notion of σ-ideal of a difference ring R, i.e., an ideal closed
under σ. If the ideal contains a whenever it contains σ(a), it is called a reflexive
σ-ideal; the quotient of an inversive difference ring by a reflexive σ-ideal is then an
inversive difference ring.

Many of the results on polynomial rings have analogs in difference polynomial
rings, sometimes with differences: K〈X〉 is not noetherian (consider the σ-ideal
generated by X1σ(X1), X1σ

2(X1), . . . , X1σ
k(X1), . . . ); but it satisfies the ascend-

ing chain condition on prime σ-ideals and even on perfect σ-ideals [3.8.5] (I is
perfect if whenever a product of transforms of a is in I, then a ∈ I); every perfect
σ-ideal is an intersection of finitely many prime σ-ideals [3.5.4]. Under some mild
assumptions on K, every prime σ-ideal of K〈X〉 is generated (as a perfect σ-ideal)
by n+ 1 difference polynomials [8.20.13].

Let K ⊆ L be two difference fields, and let a be a tuple from L; we denote by
K(a)σ the field K(σk(a))k∈Z, and we say that it is generated by a; a subextension
of a difference field finitely generated over K is itself finitely generated [5.23.18].
Assume that L = K(a)σ; we define degσ(L/K), or sometimes degσ(a/K), to be the
transcendence degree of L over K; if it is finite and a is a finite tuple, we define
another invariant of L/K, called the limit degree of L over K, ld(L/K), as follows:
from some point on the integers dk = [K(a, . . . , σk(a)) : K(a, . . . , σk−1(a))] are
finite and equal to each other [5.16]; we define ld(L/K) to be this eventual value
of the dk’s. It does not depend on the choice of the generators a. Similarly we
define the inverse limit degree of L over K, ild(L/K), to be the eventual value of
[K(a, . . . , σ−k(a)) : K(a, . . . , σ−k+1(a))]. Moreover, these limit degrees are multi-
plicative in towers [5.17.2].

Another result of importance is a primitive element theorem for finitely gen-
erated extensions of finite degree: assume in addition that K(a, . . . , σk(a)) is a
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(finite) separable extension of K(a, . . . , σk−1(a)) and K(a, . . . , σ−k(a)) is a sepa-
rable extension of K(a, . . . , σ−k+1(a)) for k large enough; then L = K(b)σ for b a
single element from L [7.5.3]. This will be used in the examples.

Conventions, notation, definitions. Unless otherwise specified, all the fields
considered are inversive difference fields, and morphisms are σ-morphisms. We
say that a subset E of a field K is a substructure if it is a subfield closed under
σ and σ−1; given E ⊆ K we define clσ(E) as the perfect closure of the small-
est difference subfield of K containing E; Es denotes the separable closure of E,
and G(E) = Gal(Es/E) the absolute Galois group of E; Ealg denotes the (field-
theoretic) algebraic closure of E, and aclσ(E) is clσ(E)alg . We denote by acl(E)
and dcl(E) the model-theoretic algebraic and definable closures.

We call a subfield algebraically closed if the underlying (pure) field is alge-
braically closed; an algebraically closed substructure is then an algebraically closed
subfield which is stable under σ, σ−1.

The letters x and a denote tuples (usually of finite length) of variables and
elements; we explicitly mention when they have length 1.

Let E ⊆ K be difference fields, and a ∈ K; we define I(a/E) to be the σ-ideal
{f ∈ E〈X〉 | f(a) = 0}. It is always a prime σ-ideal, and therefore finitely generated
as a perfect σ-ideal; if it is trivial, we say that a is transformally transcendental
over E if a is a single element, and transformally independent over E if it is a tuple.
We also have a natural notion of transformal transcendence basis of K over E.

Fix a and E. We write qftp(a/E) for the quantifier-free type of a over E. We
say that the formula ϕ(x) determines qftp(a/E) if it is a quantifier-free formula
from qftp(a/E) such that I(a′/E) ⊇ I(a/E) whenever ϕ(a′) holds. Determining
formulas always exist, since I(a/E) is finitely generated as a perfect σ-ideal. We
say that p(x) is a semi-type of a if p(x) is of the form ∃y q(x, y), where q(x, y) =
qftp(a, b/E) for some b ∈ aclσ(Ea). Note that it can be made first-order, using the
quantifier-free formula determining qftp(b/Ea).

Let p and q be (maybe incomplete) types over A; we denote by p× q the partial
type p(x) ∪ q(y) ∪ {formulas expressing that x and y are independent over A};
observe that if p and q are semi-types, so is p× q. Similarly, p(n) denotes the type
p(x1)× p(x2)× · · · × p(xn).

1. The theory ACFA

In this section, we present the general model-theoretic results concerning exis-
tentially closed difference fields. We think (1.9)–(1.13) are new, while the other
results of this section were known (though unpublished at the time of this writing);
see [23]. All varieties are absolutely irreducible.

(1.1). Let ACFA be the theory axiomatised by the scheme of axioms expressing
the following properties of the L-structure (K,σ):

(i) σ is an automorphism of K.
(ii) K is an algebraically closed field.
(iii) For every variety U , every variety V ⊆ U × σ(U) projecting generically onto

U and σ(U), and every algebraic set W properly contained in V , there is
a ∈ U(K) such that (a, σ(a)) ∈ V \W (by U(K) we denote the K-rational
points of U ; σ(U) denotes the conjugate by σ of the variety U , i.e., σ(U) =
{σ(a) | a ∈ U}).
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Theorem. Every difference field embeds in a model of ACFA; ACFA is model-
complete.

Proof. Let us first remark that (iii) is first-order. The only issue is to quantify over
irreducible varieties, which follows from classical statements (see [7] for a discussion
and model-theoretic proof).

Since every difference field embeds in a difference field satisfying (i) and (ii), it
suffices to show that for every algebraically closed difference field K, and sets U , V
and W as in (iii), there is a difference field L extending K and containing a point
(a, σ(a)) of V \W .

Let (a, b) be a generic point of V (in some overfield of K), and let L be the
algebraic closure of K(a, b); then a is a generic point of U , b is a generic point of
σ(U), and (a, b) /∈W .

By definition of σ(U), σ extends to an isomorphism from K(a) onto K(b) which
sends a to b; this σ in turn extends to an automorphism of L.

We have shown that every difference field embeds in a model of ACFA; it now
remains to show that ACFA is model complete. Let K |= ACFA, and let ϕ(x) be
a quantifier free formula with parameters in K in the variables x = (x1, . . . , xn)
which has a solution a in some difference field L extending K. By definition, for
some k ∈ N, ϕ(x) is of the form

f1(x, σ(x), . . . , σk(x)) = f2(x, σ(x), . . . , σk(x))

= . . . = fm(x, σ(x), . . . , σk(x)) = 0

∧ g(x, σ(x), . . . , σk(x)) 6= 0,

where the fi’s and g are polynomials with coefficients in K.
Let V be the affine K-variety in 2kn-space of which a generic point is

(a, σ(a), . . . , σk−1(a), σ(a), σ2(a), . . . , σk(a)),

and U the closure of its projection onto the first kn coordinates; then V ⊆ U×σ(U);
if (b1, . . . , b2k) ∈ V , then f1(b1, . . . , bk, b2k) = · · · = fm(b1, . . . , bk, b2k) = 0. Let W
be the algebraic subset of V consisting of the points such that

g(x1, x2, . . . , xk, x2k) = 0;

then U , V , W satisfy the hypotheses of (iii), i.e., ϕ(x) is satisfiable in K.

Remarks. (1) Observe that as a corollary of the proof of the consistency of ACFA
we see that if E is a substructure of a model K of ACFA and K0 is the set of
elements of K transformally algebraic over E (i.e., of finite degree over E), then
K0 ≺ K.

(2) An alternate axiomatisation of ACFA can be given, replacing (iii) by a
scheme of axioms expressing that every prime σ-ideal has a K-rational zero. We
believe this axiomatisation to be closer to the one given in [23].

(1.2) Proposition. Let K |= ACFA, and let F be the subfield of K fixed by σ.
Then F is pseudo-finite.

Proof. By the results of Ax [1], we need to verify that F is perfect, has exactly one
extension of degree n for each n ∈ N, and is pseudo-algebraically closed, i.e., that
every (absolutely irreducible) variety defined over F has an F -rational point.

By definition F is perfect; if U is a variety defined over F , take V to be the
diagonal of U × σ(U) = U × U and apply (iii) to show that U has an F -rational
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point. Clearly σ(F alg) = F alg, and the Galois group G(F ) of F alg over F is
generated by σ and therefore pro-cyclic, i.e. F has at most one extension of each
degree. To finish the proof it suffices to show that F has an extension of degree n
for each positive n. Consider the following system:

σn(x) = x, σ(x) 6= x, σ2(x) 6= x, . . . , σn−1(x) 6= x.

It has a solution in an extension of K: let t1, . . . , tn be algebraically independent
over K, and extend σ to K(t1, . . . , tn) by setting σ(ti) = ti+1 for i < n and
σ(tn) = t1. It therefore has a solution a in K, which is algebraic of degree n over
F , since it has exactly n conjugates over F .

(1.3) Theorem. Let (K1, σ1) and (K2, σ2) be two models of ACFA, and E a
common algebraically closed subfield on which σ1 and σ2 agree and define an auto-
morphism. Then

(K1, σ1) ≡E (K2, σ2).

Proof. Moving K2 if necessary, we may assume that K1 and K2 are linearly disjoint
over E. Then σ1 and σ2 extend to a unique automorphism σ of the composite L of
the fields K1 and K2: since K1 and K2 are linearly disjoint over E, L is the field
of quotients of K1 ⊗E K2. Define σ(c⊗ d) = σ1(c)⊗ σ2(d) for c ∈ K1, d ∈ K2, and
extend to L; then (L, σ) embeds into a modelM of ACFA. By model completeness,
Ki ≺M , which gives the result.

(1.4) Corollary. Let (K1, σ1), (K2, σ2) be models of ACFA of the same charac-
teristic, and E the algebraic closure of the prime field. Then

(K1, σ1) ≡ (K2, σ2) ⇐⇒ (E, σ1|E) ' (E, σ2|E).

Proof. The right to left implication follows from (1.3); for the converse, embed K1

and K2 in a common elementary extension.

Hence the completions of ACFA are obtained by specifying the characteristic
and the action of σ on the algebraic closure of the prime field. We will denote
by ACFA0, ACFAp the theories obtained by adding to ACFA the requirements
char(K) = 0, char(K) = p.

(1.5) Corollary (Description of the types). Let E be a substructure of a model K
of ACFA, and a, b tuples from K. Then tp(a/E) = tp(b/E) if and only if there is
an E-isomorphism ϕ between aclσ(E(a)) and aclσ(E(b)) sending a to b.

Proof. The sufficiency is clear by (1.3). The necessity follows by embedding K in
a sufficiently saturated elementary extension.

(1.6). (1.5) implies that every formula ϕ(x) in the variables x = (x1, . . . , xn) is
equivalent modulo ACFA to a disjunction of formulas of the form ∃y θ(x, y), where
y is a single variable, θ is quantifier-free, and for every a, θ(a, b) implies that b is
algebraic (in the pure field sense) over a_σ(a)_ · · ·_ σm(a) for some m ∈ N.

Moreover, (1.4) implies the decidability of the theories ACFA, ACFA0 and
ACFAp. Indeed, for each finite Galois extension E of Q, and each conjugacy class
c of elements of Gal(E/Q), let ϕE,c be the sentence expressing that σ|E ∈ c; for n
and i relatively prime integers with i < n, let ϕn,i be the sentence expressing that
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σ sends a primitive n-th root ζ of 1 to ζi. Let θ be a sentence. By (1.4) we know
that

ACFA0 ` θ ↔
∨
i

ϕE,ci

for some finite Galois extension E of Q and conjugacy classes ci of Gal(E/Q).
Moreover, a proof of this equivalence only requires finitely many statements about
the characteristic, which implies that for some N , for every prime p > N , we have

ACFAp ` θ ↔
∨
i

ϕE,ci .

Moreover, for each prime p, there are an integer n(p) and a set I(p) such that

ACFAp ` θ ↔
∨

i∈I(p)

ϕn(p),i.

Thus

ACFA ` θ ↔
( ∧

p>N

(p 6= 0) ∧ (
∨
i

ϕE,ci)
)
∨
( ∨

p≤N

(p = 0) ∧
∨

i∈I(p)

ϕn(p),i

)
.

Hence, ACFA0 ` θ if and only if all the conjugacy classes of Gal(E/Q) occur among
the ci’s; ACFAp ` θ if and only if I(p) contains all i < n(p) relatively prime to
n(p); and ACFA ` θ if and only if ACFA0 ` θ and ACFAp ` θ for every p ≤ N .

(1.7) Proposition. The model-theoretic and algebraic notions of algebraic closure
over a substructure coincide.

Proof. Let E be an algebraically closed substructure of K |= ACFA, and let a ∈
K \ E. Let (K ′, σ′) be an E-isomorphic copy of (K,σ) which is linearly disjoint
from K over E. As in the proof of (1.2), σ and σ′ have a common extension to the
composite L of K and K ′; if M is a model of ACFA containing L, then M is an
elementary extension of K and K ′, and M \K contains a realisation of tp(a/E).
This shows that tp(a/E) has infinitely many realisations in a sufficiently saturated
extension of K.

(1.8). It follows from this result and the preceding one that for a formula ϕ(x, y)
there is an integer n such that for every a ∈ K |= ACFA, if ϕ(a,K) is finite,
then it has ≤ n elements. Thus we have some kind of algebraic boundedness
in the sense of van den Dries [6]. We need however to modify the definition of
algebraic boundedness by allowing difference polynomials. More precisely, given
a formula ϕ(x, y) with x a tuple of variables and y a single variable, there are
difference polynomials f1(X,Y ), . . . , fm(X,Y ) which are ordinary polynomials in
Y (i.e. elements of Z〈X〉[Y ]) such that, for every model K of ACFA and tuple a
from K, if ϕ(a,K) is finite, then it is included in the set of zeroes of fi(a, Y ), for
some i such that fi(a, Y ) is a non-trivial polynomial in Y .

(1.9) Definition. Let A, B and C be subsets of a model K of ACFA. We say
that A and B are independent over C if the (pure) fields aclσ(C,A) and aclσ(C,B)
are algebraically independent (or, equivalently, linearly disjoint) over aclσ(C).

Generalised independence theorem. Let K |= ACFA, and let E be an alge-
braically closed substructure of K. Let n be an integer, W a collection of subsets
of {1, . . . , n} closed under subsets;; assume that for each w ∈ W we are given a
complete type pw(xw) over E, in the (infinitely many) variables xw, which satisfy:
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(i) if w ⊆ w′, then pw ⊆ pw′ and xw ⊆ xw′ ; we denote p{i} by pi.
If (aw) realises pw then
(ii) {ai | i ∈ w} is independent over E, and
(iii) aw ⊆ aclσ(E, ai | i ∈ w).

Then there is p{1,... ,n} such that (i) – (iii) hold for W ∪ {1, . . . , n}.

Proof. We reduce to the case where W is the set of all proper subsets of {1, . . . , n},
and whenever aw realises pw then aw enumerates aclσ(E, ai | i ∈ w). We use
induction on n, the case n = 2 being trivial. We assume that K is sufficiently
saturated, and n ≥ 3.

We need to realise simultaneously the types pw in a way which is consistent; that
is, in such a way that the interpretations of σ on each aw have a common extension
to (the field) L = aclσ(a1, . . . , an).

Let an realise pn, and let W1 = {w ∈ W | n ∈ w}. Adding to each pw, w ∈ W1,
a system of equations expressing xn = an, we obtain a system of types qw over the
algebraically closed substructure an, but in effect indexed by the proper subsets of
{1, . . . , n−1}. By the induction hypothesis, the partial type

⋃
w∈W1

qw is consistent
with the set of formulas expressing that x1, . . . , xn−1 are independent over an and
has a completion q. Let aw, w ∈ W1, realise q; since independence is defined in the
context of pure algebraically closed fields, a1, . . . , an are independent over E.

Let F1 be the composite of the fields aw, w ∈ W1, and let σ1 be the automorphism
of F1 as given by q; let F0 be the composite of the fields aw, where w ranges over all
proper subsets of {1, . . . , n− 1}, and let F2 = aclσ(a1 . . . , an−1). By the definition
of p{1,... ,n−1}, σ1|F0

extends to an automorphism σ2 of F2 such that (F2, σ2) realises
p{1,... ,n−1}.

It suffices to show that σ1 and σ2 have a common extension to L, i.e. that they
are compatible on the composite F of F1 and F2. It is enough to show that F1 and
F2 are linearly disjoint over F0, which, because F2 = F alg

0 and F1 is perfect (it is
the composite of algebraically closed fields), reduces to showing that F1 ∩F2 = F0.

Let b ∈ F1 ∩ F2 and write

b =
m∑

i=1

∏
w∈W1

bi,w,

where each bi,w is in aw = aclσ(an, aw\{n}); for i,w, let qi,w(x, xn) ∈ aw\{n}[x, xn]
be such that qi,w(x, an) is the minimal polynomial of bi,w over the composite of an

and aw\{n}. Then

L |= ∃(yi,w)i=1,... ,m,w∈W1

(
b =

m∑
i=1

∏
w∈W1

yi,w

)
∧
∧
i,w

qi,w(yi,w, an) = 0.

Since an and F2 are independent over E, it follows that for some a in E the
polynomials qi,w(yi,w, a) are non-trivial, and

L |= ∃(yi,w)i=1,... ,m,w∈W1

(
b =

m∑
i=1

∏
w∈W1

yi,w

)
∧
∧
i,w

qi,w(yi,w, a) = 0,

i.e., b ∈ F0.

Remarks. (1) Note that the proof of F1 ∩ F2 = F0 only used the minimality of
algebraically closed fields; hence similar results hold in strongly minimal theories.
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(2) Taking n = 3 and σ the identity automorphism, the proof that F1 ∩F2 = F0

can be translated as follows:
If A, B and C are algebraically closed fields containing an algebraically closed

subfield E, and if C is independent from AB over E, then (AC)alg(BC)alg ∩
(AB)alg = AB.

From this one deduces that

(AC)alg(BC)alg ∩ (AB)algC = ABC,

and

(AC)alg(BC)alg ∩ (AB)alg(BC)alg = A(BC)alg .

Indeed, assume that α ∈ (AB)algC is in (AC)alg(BC)alg , but not in ABC. Take
β ∈ (AB)alg such that ABC(α) = ABC(β). Then

β ∈ (AB)alg ∩ (AC)alg(BC)alg = AB,

so that α ∈ ABC after all. The proof of the second assertion is similar.
(3) By results of Kim and Pillay, the independence theorem also shows that our

notion of independence coincides with non-forking, and any completion of ACFA
is simple, see [22].

(1.10) Elimination of imaginaries. Let K |= ACFA; then Th(K) eliminates
imaginaries.

Proof. We may assume that K is somewhat saturated. Throughout the proof we
work inKeq; in particular acl and dcl are inKeq. Let e be an imaginary element; we
must show that for some tuple c ∈ K we have dcl(c) = dcl(e). Let E = acl(e)∩K;
we will first show that e ∈ dcl(E). Choose a definable function f and a tuple a in
K such that f(a) = e. Let P be the set of realisations of tp(a/E).

Claim 1. There is c ∈ P such that f(c) = e and a and c are independent over E.

Proof. Since E is algebraically closed, there is a conjugate b of a over E ∪ {e}
satisfying

acl(Ea) ∩ acl(Eb) ∩K = acl(Ee) ∩K = E,

see [9], Lemma 1.4. Choose such a b with maximal transformal transcendence degree
m over Ea, and then such that for some transformal transcendence basis b1 ⊆ b,
degσ(b/Eab1) = n is as large as possible (by compactness and maximality of m,
this n is finite). Now take c such that tp(c/Ea) = tp(b/Ea), and c is independent
from b over Ea. Then f(c) = e, and acl(Ec) ∩ acl(Eb) ⊆ acl(Ec) ∩ acl(Ea) = E,
so that the transformal transcendence degree of c over Eb is less than or equal to
m; thus it equals m because the transformal transcendence degree of c over Eab
equals m. Similarly, for c1 ⊆ c corresponding to b1 ⊆ b, degσ(c/Ebc1) ≤ n, and
therefore equals n. Hence c is independent from a over Eb, and from b over Ea (by
choice). This implies that c is independent from ab over acl(Ea) ∩ acl(Eb) = E,
and in particular proves our claim.

Claim 2. f is constant on P .

Proof. Otherwise there is an element d in P such that f(a) 6= f(d) and a and d are
independent over E. Using the independence theorem with p12 = p13 = tp(a, c/E)
and p23 = tp(a, d/E) we reach a contradiction.
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Hence e ∈ dcl(E). Let b ∈ E be such that e ∈ dcl(b); as algebraically closed
fields eliminate imaginaries, there is a tuple c in K coding the set of conjugates of
b over e (which is finite). Then dcl(c) = dcl(e).

Remark. The proofs of (1.9) and (1.10) are simple translations to our context of
proofs given by the second author in [14] to prove analogous results for pseudo-
finite fields and related structures. Because of σ, the results obtained in our case
are actually stronger: we do not need the presence of additional constant symbols.

(1.11) Proposition. The fixed field F is stably embedded; that is, every definable
(with parameters) subset of Fm is definable with parameters from F . Moreover, it
is definable in F in the pure field language.

Proof. The first part is an immediate consequence of elimination of imaginaries:
if c is a code for a definable subset of Fm, and ϕ(x, c) the defining formula, then
every automorphism of the model K leaves ϕ(x, c) invariant if and only if it leaves
every element of c fixed. Since σ is such an automorphism, c is in F .

By (1.6), ϕ(x) is equivalent to a disjunction of formulas of the form ∃y ψ(x, y),
where

ψ(x, y) = [f(x, y) = 0 ∧ σ(y) = g(x, y) ∧ h(x, y) 6= 0]

for some tuples of polynomials f , g and h with coefficients in F and satisfying
the following condition: whenever f(a, b) = 0 ∧ h(a, b) 6= 0 holds, then the field
generated by (a, b) is an algebraic extension of degree ≤ d of the field generated
by a. Let m = d! and choose α ∈ F alg of degree m over F . Take any tuple (a, b)
satisfying f(a, b) = 0 ∧ h(a, b) 6= 0, with a in F . Then b ∈ F (α).

Let u be the m-tuple of coefficients of the minimal polynomial of α over F , and
let v = (v1, . . . , vm) ∈ Fm be such that σ(α) = v1+v2α+· · ·+vmα

m−1. Identifying
F (α) with F + Fα + · · · + Fαm−1, one sees that the difference field (F (α), σ) is
interpretable in F , with parameters (u, v). Thus, there is a formula θ(x, z) of the
language of fields such that:

For any tuples a in F and b in F (α), if b = c1 + c2α+ · · ·+ cmα
m−1 with the ci

in F , then

(F (α), σ) |= ψ(a, b) ⇐⇒ F |= θ(a, c).

Thus, for a ∈ Fm, (K,σ) |= ∃y ψ(a, y) if and only if F |= ∃z θ(a, z). This finishes
the proof.

(1.12) Lemma. Let E = aclσ(E), let k > 1, and assume that (E0, τ) is a dif-
ference field extending (E, σk). Then there is a difference field (E′, σ′) containing
(E, σ), and such that σ′k extends τ .

Proof. We work in the pure field context. For each 0 < i < k choose a field Ei

realising σi(tp(E0/E)), and such that E0, E1, . . . , Ek−1 are linearly disjoint over
E; then Ei+1 realises σ(tp(Ei/E)). For each 0 < i < k choose an isomorphism
σi : Ei−1 → Ei extending σ on E, and define σk : Ek−1 → E0 by σk = τ ◦
σ−1

1 ◦ · · · ◦ σ−1
k−1; then σk extends σ. Let E′ be the composite of E0, . . . , Ek−1;

since the Ei’s are linearly disjoint over E, E′ is isomorphic to the quotient field
of E0 ⊗E E1 ⊗E · · · ⊗E Ek−1, and there is a unique automorphism σ′ of E′ which
extends σi for each 0 < i ≤ k. By the definition of σk, σ′k extends τ .
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Corollaries. Let (K,σ) be a model of ACFA, and k > 1, m ∈ Z. Let Frob
denote the identity morphism if char(K) = 0, and the automorphism x 7→ xp if
char(K) = p > 0.

(1) The reduct (K,Frobm ◦ σk) is also a model of ACFA.
(2) If (K,σ) is κ-saturated, so is (K,Frobm ◦ σk).
(3) If (K,σ) |= ACFA is saturated, and there is an automorphism τ of the al-

gebraic closure of the prime field such that σ and τk agree on the algebraic
closure of the prime field, then there is an automorphism τ of K such that
τk = σ and (K, τ) is a saturated model of ACFA.

(1.13). Let F be the fixed field of a model (K,σ) of ACFA. In view of (1.10)
and (1.11) one can wonder whether the theory of F in the pure field language
admits elimination of imaginaries. This is however not the case, as the following
example shows. Assume that F contains the algebraic closure of the prime field;
then the cosets of the subgroup of n-th powers of the multiplicative group F×

are imaginary elements that belong to acl(∅) (in F eq) but are not definable over
acl(∅)∩F . One should also note that some of these cosets are definable over acl(∅)
in the full language (with σ), whereas they are not in the pure field language: for
F containing the algebraic closure of the prime field, n a prime and ζ a primitive
n-th root of unity, the equation σ(x) = ζx defines a unique coset of F×n; however
in the pure field language, all the cosets of F×n not containing 1 are conjugate over
acl(∅)∩F . The problem comes from the fact that the definable closure is sometimes
much smaller in the pure field language, as is shown by the following remark.

Lemma. Let F0 be a subfield of F . Let G = Gal(F alg
0 /F0) be its absolute Galois

group.
(1) In the pure field language (that is, inside the pseudo-finite field F ), the de-

finable closure of F0 is the fixed field of NG(〈σ〉), the normaliser in G of the
closed subgroup generated by σ.

(2) In ACFA, the definable closure of F0 is the fixed field of CG(σ), the centraliser
in G of σ.

Proof. (2) is obvious, since every automorphism τ of (K,σ) commutes with σ; (1)
comes from looking at elements of G which send F ∩ F alg

0 to itself.

We will now study in more detail the structure induced on F by (K,σ), and show,
as can be expected in view of (1.11), that to obtain elimination of imaginaries it is
enough to add constants to F .

For each integer n > 1, there is a unique extension L of F of degree n over F , and
this extension is interpretable in F , using parameters from F : let Xn + a1X

n−1 +
· · · + an be the minimal polynomial over F of an element α generating L over F ;
then, identifying elements of L with their n-tuple of coordinates with respect to the
basis {1, α, . . . , αn−1}, one observes that multiplication by α in L gives rise to a
linear map Fn → Fn, the matrix of which has entries among {0, 1,−a1, . . . ,−an}.
Note that the algebraic extension L is the imaginary element corresponding to the
0-definable set An = {(a1, . . . , an) | Xn + a1X

n−1 + · · ·+ an is irreducible}.
Let Sn be the imaginary sort with elements the isomorphism types (over F ) of

structures (L, τ) consisting of a field extension L of F of degree n together with
a distinguished element τ of Gal(L/F ). Each such structure is then interpretable
in F : let α ∈ L be such that L = F (α), and let Xn + a1X

n−1 + · · · + an be its
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minimal polynomial over F ; if τ(α) = b1+b2α+· · ·+bnαn−1 (where b1, . . . , bn ∈ F )
then the structure (L, τ) is interpretable in F using the ai’s and bi’s. Each e ∈ Sn

corresponds to the definable set C of 2n-tuples from F coding the corresponding
structure (L, τ) (and C is definable over any 2n-tuple in it).

Because Gal(L/F ) is abelian, the definition of (b1, . . . , bn) does not depend on
the choice of the particular root α, which implies that Sn has precisely n elements.

Claim. Each element of Sn is 0-definable in K.

Proof. This is clear: if Fix(σn) is the subfield of K fixed by σn, then τ is the
restriction to Fix(σn) of σj , for some j < n.

Proposition A. The induced structure on F is precisely the field structure together
with the distinguished constants ej,n ∈ Sn for n > 1, 0 ≤ j < n, where ej,n codes
the isomorphism type over F of (Fix(σn), σj |Fix(σn)

).

Proof. σ|F alg
is the unique element of Gal(F alg/F ) such that ej,n is the structure

(Fix(σn), σj |Fix(σn)
) for all 0 ≤ j < n. The result follows by (1.3).

In particular, we will later use

Corollary. For elements of F eq , definable closure in (F, ej,n)0≤j<n and in K are
the same.

Proposition B. (1) (F, ej,n) has elimination of imaginaries.
(2) For each n > 1, select a 2n-tuple cn allowing one to define the extension

(Fix(σn), σ|Fix(σn)
). Then (F, cn)n∈N has elimination of imaginaries.

(3) For each n > 1 select an n-tuple an ∈ An. Then the pure field (F, an)n∈N
has elimination of imaginaries.

Proof. (1) Clear by the above corollary and (1.10), (1.11).
(2) Clear, since e1,n is definable over cn, and each ej,n is definable over e1,n.
(3) Except when explicitly stated we work in the pure field language, with added

constants an, n ∈ N (in particular, acl and dcl are in the sense of the theory ACF
of algebraically closed fields). For each n, choose a 2n-tuple cn as in (2); since there
are only finitely many possibilities for σ on Fix(σn), we may choose cn ∈ acl(an).
Let e be an imaginary element of F . By (2), there are a tuple b ∈ F and an integer
n such that e and b are equi-definable in the structure (K,σ, c1, . . . , cn). Since
cj ∈ acl(aj), we have

e ∈ acl(b, a1, . . . , an) and b, c1, . . . , cn ∈ acl(e, a1, . . . , an).

Let d ∈ F code the set of conjugates of (b, c1, . . . , cn) over (e, a1, . . . , an); then
d ∈ dcl(e, a1, . . . , an), b, c1, . . . , cn ∈ acl(d) and

tp(b, c1, . . . , cn/d) ` tp(b, c1, . . . , cn/e, a1, . . . , an).

By symmetry,

tp(e, a1, . . . , an/d) ` tp(e, a1, . . . , an/b, c1, . . . , cn),

which implies that e ∈ dcl(d).
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A more algebraic description of the imaginaries. We saw, at the beginning
of the section, that in certain cases there was a natural correspondence between
the imaginary elements of Sn and cosets of certain definable subgroups, namely
F×/(F×)n. By duality, this gives a correspondence between Sn and hom(F×, 〈ζn〉),
where ζn denotes a primitive n-th root of unity. We will generalise this correspon-
dence to give an interpretation of the sorts Sn for n a prime power, in the case
when e1,n is not already 0-definable in the pseudo-finite field F .

Theorem. Let F be the fixed field of a model (K,σ) of ACFA of characteristic
greater than 3. Let P be the set of primes such that the maximal p-extension of F
is not obtained by composing F with some abelian extension of the prime field. Add
to the language of fields constant symbols for elements of a new sort Tq, for each
prime power q = pr, p ∈ P , where Tq is defined as follows:

(a) If char(F ) 6= p, we let F ′ = F (ζp) if p 6= 2, F ′ = F (i) if p = 2 (i2 = −1).
Then

Tq = hom(F ′×, 〈ζq〉).
(b) If char(F ) = p > 0, let J be any elliptic curve of Hasse invariant 1 defined

over Fp, let νq denote the subgroup of J of elements of order q, and let F ′ =
F (νp); then

Tq = hom(J(F ′), νq).

Then (F, Tq)q eliminates imaginaries.

Proof. By construction, the imaginary constant ej,n codes the isomorphism type of
the structure (Fix(σn), σ|jF ix(σn)

). We already observed that ej,n ∈ dcl(e1,n); also,

if m and n are relatively prime, then e1,mn ∈ dcl(e1,m, e1,n). Hence it is enough to
show that, for q = pf : if p /∈ P , then e1,q ∈ dcl(0); if p ∈ P , then e1,q ∈ dcl(

⋃
r Tpr)

and Tq ⊆ dcl(e1,q).
Fix a prime p and let F (p) denote the maximal Galois p-extension of F ; then

Gal(F (p)/F ) ' Zp.

Claim. Assume that the extension L of F is obtained by composing F with an
abelian extension L0 of the prime field k. Then Sn ⊆ dcl(0), where n = [L : F ].

Proof. The restriction map gives an isomorphism between Gal(L/F ) and
Gal(L0/L0∩F ). Consider now the structure (L0, τ), where τ ∈ Gal(L0/L0∩F ). As
above, the isomorphism type of this structure over the prime field k is k-definable,
hence 0-definable. Since Gal(L0/k) is abelian, it follows that the isomorphism type
of (L0, τ) over (L0 ∩ F ) is 0-definable. This implies that the isomorphism type
of (L, τ ′) over F , where τ ′ is the extension of τ which is the identity on F , is
0-definable, and Sn ⊆ dcl(0).

This gives the result for p /∈ P : if F (p) is obtained by composing F with an
abelian extension of the prime field k, then Sq ⊆ dcl(0) for every p-th power q. We
will now assume that p ∈ P ; let q range over all powers of p, and let Fq denote the
extension of F of degree q. The proof splits in two cases:

Case 1. char(F ) 6= p.

Let µp denote the group of all pm-th roots of 1, m ∈ N. Then Gal(F (µp)/F )
is isomorphic to a closed subgroup of Zp × (Z/(p − 1)Z) [Z2 × (Z/2Z) if p = 2];
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since p ∈ P and k(µp) is an abelian extension of k, it follows that Gal(F (µp)/F )
has no quotient isomorphic to Zp, and therefore is isomorphic to a subgroup of
Z/(p−1)Z [resp. Z/2Z]. This implies that µp ⊆ F (ζp) [µ2 ⊆ F (i)]. Set F ′ = F (ζp)
[F ′ = F (i)].

We will first assume that i ∈ F if p = 2. Let F ′q denote the algebraic extension
of F ′ of degree q. Since [F ′ : F ] divides p− 1, F ′q = F ′Fq , and there is a canonical
isomorphism between Gal(Fq/F ) and Gal(F ′q/F ′). By Kummer theory, F ′q = F ′(α),
for some α satisfying αq ∈ F ′; if τ ∈ Gal(F ′q/F ′) then τ(α)/α ∈ 〈ζq〉 ⊆ F ′, and only
depends on αq, not on the choice of the individual root α. Thus the correspondence
is as follows: to the imaginary element (Fq , τ) ∈ Sq, we associate the homomorphism
fτ : F ′× → 〈ζq〉 defined by fτ (a) = τ ′(α)/α, where α is any q-th root of a and τ ′

is the extension of τ to F ′q which is the identity on F ′.
Observe that fτ (σ(a)) = σ(fτ (a)), and that F ′ is 0-interpretable in F . Thus

the homomorphism fτ and the corresponding ej,q are bi-interpretable in F , and
dcl(Sq) = dcl(Tq).

Assume now that p = 2, and i /∈ F . Then [F ′ : F ] = 2, and F ′ is 0-interpretable
in F , and so are the two elements of S2. The construction given above applies to F ′

and establishes a correspondence between the elements e2j,2q and hom(F ′×, 〈ζq〉).
Now observe that e1,q ∈ dcl(e1,2, e2,2q) to conclude.

This shows that the elements of
⋃

q=pf Sq are equi-definable with the imaginary
elements

⋃
q=pf hom(F ′×, 〈ζq〉).

Case 2. char(F ) = p.

(The references are to Hartshorne [10, Chapter IV] for the results on elliptic
curves.) Let J be an elliptic curve with Hasse invariant 1, defined over Fp (Cor.
4.23). Let νq be the subgroup of points of J of order dividing q; then νq is cyclic of
order q (see exercise 4.15), and contained in J(Falg

p ). Set F ′ = F (νp); then [F ′ : F ] is
prime to p, and therefore there is a canonical isomorphism between Gal(F ′F (p)/F ′)
and Gal(F (p)/F ). Since Gal(Fp(

⋃
q=pf νq)/Fp(νp)) ' Zp, our assumption on p

implies that
⋃

q=pf νq is contained in F ′. This in turn implies that J(F ′)/([q]J(F ′))
is cyclic of order q, because F ′ is pseudo-finite and the homomorphism a 7→ [q]a
has a kernel of size q.

Choose b in J(F ′) not divisible by p, and let a ∈ J(F alg) be such that [q]a = b.
Then the solutions of [q]x = b are the elements a + c for c ∈ νq. Since νq is cyclic
of order q and b is not divisible by p, this implies that [F ′(a) : F ′] = q. Let
τ ∈ Gal(F ′(a)/F ′); then τ(a) − a ∈ νq, and only depends on b, not on the choice
of the particular root a (since they are all translates by elements of J(F ′)). Thus
we define the correspondence as follows: to the imaginary element (Fq, τ) ∈ Sq we
associate the homomorphism fτ : J(F ′) → νq defined by fτ (b) = τ ′(a)− a, where a
is any solution of [q]a = b and τ ′ is the extension of τ to F ′Fq which is the identity
on F ′.

Reasoning as in the previous case, we deduce that the homomorphism fτ and
the corresponding ej,q are bi-interpretable in F , and that dcl(Sq) = dcl(Tq).

Remark. The elements of Tq are 0-definable in (K,σ); we could thus obtain elimi-
nation of imaginaries by naming them. We wish however to obtain elimination of
imaginaries without changing the automorphism group. The theorem thus describes
precisely the sorts of F eq that must be added to obtain elimination of imaginaries.
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The restriction on the characteristic of F is only used in the last case, to find an
elliptic curve with Hasse invariant 1 defined over Fp; there are analogous but more
complicated descriptions of the imaginary elements in characteristic 2 and 3.

(1.14) Two conjectures. One motivation behind the study of ACFA is the hope
that it is an axiomatisation of the theory of almost all structures (Falg

p , σq), where
σq is the map x 7→ xq for some p-power q. More precisely,

Conjecture 1. Assume that ACFA |= θ. Then, for some C > 0, θ holds in all
the L-structures (Falg

p , σq) provided that q > C.

A consequence of a positive solution to this conjecture would be a generalisation
of Ax’s results [1] to the structures (Falg

p , σq). Indeed, let us assume that Conjecture
1 is true, and let θ be a sentence; by (1.4) we have a finite Galois extension E of
Q and conjugacy classes ci in Gal(E/Q) such that a model K of ACFA0 satisfies
θ if and only if σ|E ∈ ci for some i. By the Čebotarev density theorem, the set of

primes p such that the Artin symbol (E/Q
p ) = c, for c a conjugacy class in Gal(E/Q),

has density |c|/[E : Q], and in particular is infinite. If p is sufficiently large and
(E/Q

p ) = c, then (Falg
p , σp) |= ϕE,c, where ϕE,c is defined as in (1.6), and is positive.

From this it now follows easily that, letting Φ be a collection of sentences expressing
that the fixed field is infinite,

ACFA = Th(Falg
p , σp) ∪ {Φ}

= Th(Falg
p , σq) ∪ {Φ},

where p ranges over all prime numbers, and q over all powers of p. One also has

ACFAp = Th(Falg
p , σq) ∪ {Φ},

where q ranges over all p-th powers.
In order to state the second conjecture, we first need a remark: clearly the scheme

of axioms (iii) is the only one posing any problem. It turns out that we may replace
(iii) by an apparently weaker scheme of axioms:
(iii’) For every variety U , and every variety V ⊆ U×σ(U) such that the projections

V → U and V → σ(U) are onto and have finite fibers, there is a ∈ U(K) such
that (a, σ(a)) ∈ V .

Claim. (i), (ii), (iii’) axiomatise ACFA.

Proof. Let K be a model of these axioms, and let L ⊇ K be a model of ACFA; it
is enough to show that every finite system of equations with coefficients in K which
has a solution in L has a solution in K. By remark (1.1)(1), we may assume that
all elements of L have finite degree over K. Let

f1(x, σ(x), . . . , σk(x)) = f2(x, σ(x), . . . , σk(x))

= . . . = fm(x, σ(x), . . . , σk(x)) = 0

be a system of equations with coefficients inK and in the variables x = (x1, . . . , xn),
and let a ∈ Ln be a solution of this system. Then f1, . . . , fm ∈ I(a/K); as a prime
σ-ideal, I(a/K) is finitely generated, say by polynomials involving the variables
x, σ(x), . . . , σ`(x). In particular, since degσ(a/K) is finite,

σ`(a) ∈ K(a, σ(a), . . . , σ`−1(a))alg .
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Let U and V be the K-varieties of which

(a, σ(a), . . . , σ`−1(a)) and (a, σ(a), . . . , σ`−1(a), σ(a), . . . , σ`(a))

are generic points; then some open subsets U0 of U and V0 of V satisfy the hypothe-
ses of (iii’); adding an extra variable if necessary, we may assume that U0 = U and
V0 = V . Let c ∈ K be such that (c, σ(c)) ∈ V , and write c as b_σ(b)_σ`−1(b);
then

f1(b, σ(b), . . . , σk(b)) = f2(b, σ(b), . . . , σk(b))

= . . . = fm(b, σ(b), . . . , σk(b)) = 0.

Conjecture 2. Let U , V be varieties with V ⊆ U × σ(U), and assume that the
projections are onto and have finite fibers. Let

d1 = [K(V ) : K(U)], d2 = [K(V ) : K(σ(U))]i

(purely inseparable degree); let c = d1/d2 and d = dim(V ). Then for some constant
C > 0, depending on the two varieties U and V , and which remains bounded when
U and V move inside an algebraic family of varieties,∣∣|{a ∈ Falg

p

n | (a, aq) ∈ V }| − cqd
∣∣ ≤ Cqd−1/2.

These two conjectures have been solved positively by the second author [17].
Independently, Macintyre announced a proof of Conjecture 1; see [24].

2. The ranks S1 and SU

Throughout this section, we place ourselves in a saturated model K of ACFA.

(2.1) The rank S1. For ϕ(x) a formula defined over a set A, we define, by induc-
tion on n ∈ N,

– S1(ϕ) > 0 iff ϕ(x) has infinitely many solutions, and
– S1(ϕ(x)) > n+ 1 iff there exist a sequence (bi)i∈ω of indiscernibles over A and

a formula ψ(x, y) such that
(i) S1(ψ(x, bi) ∧ ψ(x, bj)) ≤ n for i 6= j, and
(ii) S1(ϕ(x) ∧ ψ(x, bi)) > n for each i.
If not(S1(ϕ) > n) and n is least such, then we set S1(ϕ) = n; if no such n exists,

we set S1(ϕ) = ∞. For p a (partial) type we define S1(p) = min{S1(ϕ) | p |= ϕ}.
We also set S1(a/A) = S1(tp(a/A)).

(2.2) The rank SU . Recall that we say that a and b are independent over C if
the fields aclσ(Ca) and aclσ(Cb) are independent over aclσ(C), where aclσ denotes
taking the (field-theoretic) algebraic closure of the closure by σ and σ−1.

Let A ⊆ B, a ∈ K, p = tp(a/A), q = tp(a/B). If a and B are not independent
over A we say that q forks over A, or that q is a forking extension of p; if a and B
are independent over A, we say that q is a non-forking extension of p. Note that a
non-algebraic type p may have many non-forking extensions to B.

Let p be a complete type defined over A. We define by induction SU(p) ≥ α by:
– SU(p) ≥ 0 iff p is consistent.
– For α a limit ordinal, SU(p) ≥ α iff SU(p) ≥ β for all β < α.
– SU(p) ≥ α+ 1 iff p has a forking extension q with SU(q) ≥ α.
For ϕ a formula we define SU(ϕ) = max{SU(p) | p |= ϕ}. We set SU(a/A) =

SU(tp(a/A)).
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Remarks. (1) By (1.7), SU(p) = 0 if and only if p has only finitely many realisations
(i.e. p is algebraic).

(2) For A ⊆ B and a an element, the type of a over B forks over A if and only
if degσ(a/aclσ(B)) < degσ(a/aclσ(A)).

(3) Hence SU(a/A) ≤ degσ(a/aclσ(A)) if the latter is finite.

(2.3) Lemma. If a and E′ are independent over E, then SU(a/E) = SU(a/EE′).

Proof. We may assume that E = aclσ(E) ⊆ E′ = aclσ(E′). We will show, by
induction on α, that SU(a/E) ≥ α implies SU(a/E′) ≥ α (the other inequality
being always true). For α = 0 there is nothing to prove, and for α a limit ordinal,
the result is clear by induction. Assume therefore that α = β + 1, and let F ⊇ E
be such that SU(a/F ) ≥ β and F and a are dependent over E; moving F by an
E(a)σ-isomorphism if necessary, we may assume that F is independent from E′

over E(a)σ. Then a is independent from FE′ over F . By the induction hypothesis
we have SU(a/FE′) ≥ SU(a/F ) ≥ β; since a and FE′ are not independent over
E′, this implies that SU(a/E′) ≥ α.

(2.4) Lemma. SU(a/Eb) + SU(b/E) ≤ SU(ab/E) ≤ SU(a/Eb)⊕ SU(b/E) (the
natural sum on ordinals), and equality holds if either side is finite.

Proof. The proof is the same as in the superstable case. For the first inequality, we
will show by induction on α that SU(b/E) ≥ α implies SU(a/Eb)+α ≤ SU(ab/E).
For α = 0, it is clear, and for α a limit ordinal it follows by induction. Assume
therefore that α = β + 1, and let F ⊇ E be such that SU(b/F ) ≥ β and tp(b/F )
forks over E; as in (2.3), we may choose F so that F is independent from a over
Eb. By (2.3) we have SU(a/Fb) = SU(a/Eb) and SU(ab/F ) < SU(ab/E), which
gives the result using induction.

For the second inequality, we will show by induction on α that SU(ab/E) ≥ α
implies SU(a/Eb) ⊕ SU(b/E) ≥ α. If α = 0 or is a limit ordinal, this is clear.
Assume that α = β + 1, and choose F ⊇ E such that SU(ab/F ) ≥ β and tp(ab/F )
forks over E. By the induction hypothesis, SU(a/Fb) ⊕ SU(b/F ) ≥ β. Our hy-
pothesis on F implies that tp(a/Fb) forks over Eb or that tp(b/F ) forks over E (by
transitivity of algebraic independence for fields). Thus SU(a/Eb) ⊕ SU(b/E) >
SU(a/Fb)⊕ SU(b/F ), which gives the result.

Finally, + and ⊕ define the same operation on finite ordinals, which gives the
last assertion.

(2.5) The type of SU-rank ω. Let E be an algebraically closed substructure,
and let a be an element which is transformally transcendental over E.

By induction on n, define b0 = a, bn = σ(bn−1) − bn−1. Let Ln = E(bn)σ;
then Ln ⊆ Ln−1 ⊆ . . . ⊆ L0 = E(a)σ. From degσ(bn−1/Ln) = 1 we deduce that
SU(bn−1/Ebn) = 1, and therefore, by additivity of the rank, SU(a/Ln) = n. Thus,
SU(a/E) ≥ ω; on the other hand, if tp(a/F ) forks over E, then a must satisfy a
transformal equation over F , i.e., degσ(a/F ) = n for some integer n, which by (2.2)
implies SU(a/F ) < ω. Hence SU(a/E) = ω.

We will show in (2.10) that tp(a/E) is implied by the collection of formulas
expressing that a is transformally transcendental over E. This result, as well as the
preparatory lemmas, can be found in [5], Chapter 7, Theorems 6, 8 and 9. For the
sake of completeness, we will give the proofs.

We will denote by pω(E), or pω, this unique 1-type of SU -rank ω.
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(2.6) Lemma. Let E be a substructure, and fix σ on Ealg. Then the following are
equivalent:

(1) Every extension of σ|E to Ealg is isomorphic over E to σ.
(2) The map G(E) → G(E), τ 7→ [σ, τ ], is onto.
(3) For every finite Galois extension L of E, if M = Lσ(L) and ϕ : Gal(M/E) →

Gal(L/E) is the map τ 7→ [σ, τ ]|L, then |ϕ−1(1)| = [M : L] (and therefore ϕ
is onto).

Proof. (1) ⇐⇒ (2): (1) is clearly equivalent to the assertion that if σ1 is an
extension of σ|E to Ealg, then there is an E-isomorphism τ sending (Ealg, σ1) to
(Ealg, σ). This τ is therefore an element of G(E), and satisfies τσ1 = στ , i.e.,
σ−1σ1 = [σ, τ ]. If we set σ−1σ1 = τ0 ∈ G(E), this is equivalent to the assertion
that for any τ0 ∈ G(E), there is τ ∈ G(E) such that [σ, τ ] = τ0.

(2) ⇐⇒ (3): (2) is equivalent to the assertion that the map τ 7→ [σ, τ ]|L is onto
for every finite Galois extension L of E. Clearly the value of [σ, τ ]|L depends only on
τ |L and τ−1|σ(L)

. Hence, (2) is equivalent to the assertion that for every L, M and

ϕ as in (3), the map ϕ is onto. Observe that ϕ(τ1) = ϕ(τ2) ⇐⇒ τ1τ
−1
2 ∈ ϕ−1(1),

and therefore the size of the image of ϕ equals [M : E]/|ϕ−1(1)|. Thus ϕ is onto if
and only if |ϕ−1(1)| = [M : L].

(2.7) Lemma. Let E be a substructure, L a finite Galois extension of E, and
M = Lσ(L). Let L1 = L ∩ σ(L) and M1 = L1σ(L1). Assume that the map ϕ1 :
Gal(M1/E) → Gal(L1/E) defined by τ 7→ [σ, τ ]|L1

is onto. Then ϕ : Gal(M/E) →
Gal(L/E), τ 7→ [σ, τ ]|L, is onto, and every element of ϕ−1

1 (1) lifts to an element of
ϕ−1(1).

Proof. Observe first that ϕ−1(1) is a subgroup of Gal(M/E), and that the restric-
tion of any of its elements is in ϕ−1

1 (1). From [M : L] = [σ(L) : L ∩ σ(L)] =
[σ(L) : M1][M1 : L1] and the hypothesis on ϕ1, it follows that it is enough to
show that |ϕ−1(1) ∩ Gal(M/M1)| = [σ(L) : M1]. This will follow from the equality
ϕ−1(1) ∩ Gal(M/σ(L)) = 1. Write L = E(α) and let τ ∈ Gal(M/σ(L)). Then

τ ∈ ϕ−1(1) ⇐⇒ στ(α) = τσ(α)

⇐⇒ στ(α) = σ(α)
⇐⇒ τ = 1.

The last assertion is clear from the proof.

(2.8) Lemma. Let E be a substructure, and assume that E has no proper finite
Galois extension L such that σ(L) = L. Then all extensions of σ|E to Ealg are
E-isomorphic.

Proof. By Lemma 2.6, it suffices to show that for every finite Galois extension L of
E and M = Lσ(L), the map ϕL : τ 7→ [σ, τ ]|L is onto. This is shown by induction
on [L : E]: assume that the result holds for Galois extensions of E of smaller degree
than [L : E]; since σ(L) 6= (L), [L ∩ σ(L) : E] < [L : E], which by Lemma 2.7 gives
the result.



MODEL THEORY OF DIFFERENCE FIELDS 3021

(2.9). In the following lemma, we clarify the relation between two properties: E
has no proper finite σ-stable extensions; all extensions of σ|E to Ealg are isomorphic.

Note in particular the following consequence of (3) below: whether E has a
proper finite σ-stable extension or not depends only on σ|E , and not on a particular
extension of σ|E to Ealg.

Lemma. Let E be a field, and let σ ∈ Aut(Ealg) be such that σ(E) = E. Assume
that τ ∈ Aut(Ealg) extends σ|E.

(1) All extensions of σ|E to the perfect hull of E are isomorphic.
(2) If K is a normal extension of E and σ(K) = K, then τ(K) = K.
(3) Let K be a difference field containing E, Galois over E. Assume that L is a

finite separable extension of E such that σ(KL) = KL. If M is the normal
closure of L over E, then σ(KM) = KM = τ(KM).

(4) E has no proper finite σ-invariant Galois extension if and only if E has no
proper finite σm-invariant extension for all m ≥ 1 if and only if E has no
proper finite τ-invariant Galois extension.

(5) E has no proper finite σ-invariant extension if and only if for all m ≥ 1,
σm|E has a unique extension to Ealg, up to conjugation by an element of
Gal(Ealg/E).

(6) Suppose that E is the directed union of the difference fields Ei, i ∈ I, where
each Ei is algebraic over the difference field F , and such that each Ei has no
proper finite σ-invariant extension. Then E has no proper finite σ-invariant
extension.

Proof. (1) If apn

= b, then σ(a) is uniquely defined by the equation Xpn

= σ(b).
(2) Let α ∈ K, and let p(X) ∈ E[X ] be its minimal polynomial over E. Then K

contains the roots of all the polynomials pσn

(X) ∈ E[X ], n ∈ Z. From τ |E = σ|E
we deduce that E(α)τ ⊆ K.

(3) Write L = E(α), and let p(X) be the minimal polynomial of α over E. Then
σ(α) is a root of pσ(X) and K(α) contains a root of pσ(X). Because K is Galois
over E, the same is true of every conjugate of α over E. Hence KM contains all
the roots of pσ(X). Since KM is generated over K by all the conjugates of α over
E, and contains all the conjugates of σ(α), we have σ(KM) = KM . The second
equality follows by (2).

(4) One direction of the first equivalence is clear. For the other, assume that
L is a proper finite extension of E which is stable under σm, and let M be the
composite of the fields σjτ(L) for 1 ≤ j < m, and τ an E-embedding of L in Ealg.
Then M is Galois over E and stable under σ. The second equivalence is clear by
(2).

(5) One direction is clear by (2.8); for the other one, assume that L is a proper
finite Galois extension of E, σ-invariant and fix σ on L. Conjugation by σ induces an
automorphism of G = Gal(L/E); hence, if m is the order of Aut(G), σm commutes
with every element of G, which implies that the non-isomorphic extensions of σm|E
to L correspond to the conjugacy classes of G.

(6) We need to show that for every m, σm|E has a unique extension (up to
conjugation) to Ealg. Fix m, and let σ1, σ2 be two extensions of σm|E to Ealg. For

every i ∈ I there is τi ∈ Gal(Ealg/Ei) such that σ1 = τ−1
i σ2τi; since Gal(Ealg/E)
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is the inverse limit of the Gal(Ealg
i /Ei), there is some τ ∈ Gal(Ealg/E) such that

σ1 = τ−1σ2τ .

(2.10) Proposition. Let E be an algebraically closed substructure, and a an ele-
ment transformally transcendental over E. Then:

(1) E(a)σ has no proper finite Galois extension left invariant under σ. Thus,
there is a unique 1-type of a transformally transcendental element over E.

(2) Let K = aclσ(K) be linearly disjoint from E(a)σ over E. Then Kaclσ(Ea)
has no proper finite Galois extension left invariant under σ.

Proof. Let L = E(a)σ(α) be finite Galois over E(a)σ; let i ≤ j be such that α
is algebraic over E(σi(a), . . . , σj(a)), with j − i minimal such. Since the elements
σn(a), n ∈ Z, are algebraically independent over E, we have σj−i+1(L)∩L = E(a)σ,
which implies that σ(L) 6= L.

The second assertion is immediate, by (2.8).
(2) Let L be a finite Galois extension of Kaclσ(Ea) left invariant under σ; we

may write L as L0Kaclσ(Ea), where L0 is finite over KE(a, σ(a), . . . , σn(a)) for
some n. Let F1 = E(a, σ(a), . . . , σn(a))alg, F2 = E(σm(a))m<0,m>n; then F1,
F2 and K are independent over E. Furthermore we have L0 ⊆ (KF1)alg and
σn+1(L0) ⊆ (KF2)alg; from

L = σn+1(L) = L0(F1F2)alg = σn+1(L0)(F1F2)alg

we deduce that

L ⊆
(
(KF1)alg(F1F2)alg

)
∩
(
(KF2)alg(F1F2)alg

)
= K(F1F2)alg = Kaclσ(Ea)

(by Remark 1.9), which proves our assertion.

(2.11) Corollaries. Let E be an algebraically closed substructure.
(1) Let a = (a1, . . . , an), and assume that a1, . . . , ad are transformally inde-

pendent over E, and that degσ(a/Ea1, . . . , ad) < ∞. Then ωd ≤ SU(a/E) ≤
ωd+ degσ(a/Ea1, . . . , ad).

(2) Let V be a variety in affine n-space, defined over E and of dimension d.
Then V has a unique type over E of SU -rank ωd, which we will call the generic
type of V over E: this type expresses that x1, . . . , xn is in V , and that the tuples
σn(x̄), n ∈ Z, are algebraically independent over E.

While the finite rank types only have weak definability (as we will see in (2.16)),
the generic ones actually have full definability:

(3) Let V be an irreducible (affine) variety defined over the difference field E.
Then the generic type pV of V over E is definable.

Proof. (1) Use induction on d and degσ(a/Ea1, . . . , ad).
(2) Let (a1, . . . , an) be a generic point of V ; we may assume that a1, . . . , ad

are algebraically independent over E. By Proposition (2.10), tp(a1, . . . , ad/E) is
completely axiomatised by saying that a1, . . . , ad are transformally transcendental
over E. In particular, this implies that qftp(a1, . . . , an/E) is axiomatised by the
formulas expressing that ((x1, . . . , xn) is a generic point of V , and the tuples σi(x̄),
i ∈ Z, are algebraically independent over E).

As in the proof of Proposition (2.10), one then shows that E(a1, . . . , an)σ has
no proper finite Galois extension left invariant by σ, which by Lemma 2.8 shows
that the above axiomatisation is complete.
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(3) Let X be the set of formulas θ(x, σ(x), . . . , σk(x), y) which are positive and
quantifier-free in the pure language of fields. For such a θ, let dθ(y) be the quantifier-
free formula of the pure language of fields (with parameters from E), equivalent
modulo the theory of algebraically closed fields to the formula

∀(x0, x1, . . . , xk) ∈ V × σ(V )× · · · × σk(V ), θ(x0, x1, . . . , xk, y).

Then, by (2), over any difference field F containing E, pV is axiomatised as
follows: x ∈ V and the set

Φ(F ) = {
(
θ(x, σ(x), . . . , σk(x), b) ↔ dθ(b)

)
| θ ∈ X, b ∈ F }.

By construction, each formula θ(x, σ(x), . . . , σk(x), y) ∈ X has a definition over
E; it follows then that pV is definable over E.

(2.12) Proposition. Let ϕ(x) be a formula of finite SU -rank. Then S1(ϕ) =
SU(ϕ).

Proof. We will show by induction on n that SU(ϕ) > n ⇒ S1(ϕ) > n and
S1(ϕ) > n ⇒ SU(ϕ) > n. For n = 0, both implications follow from (1.7). Assume
they hold for n− 1, and let E be an algebraically closed substructure over which ϕ
is defined.
SU(ϕ) > n ⇒ S1(ϕ) > n:
Take a satisfying ϕ such that SU(a/E) > n and choose an algebraically closed

structure F containing E such that SU(a/F ) = n. Let ψ(x, b) be a formula in
tp(a/F ) of finite SU -rank and such that whenever ψ(a′, b) holds, then tp(b/Ea′)
forks over E. Then SU(ψ(x, b)) ≥ n.

Choose a sequence (bi)i∈N of E-independent realisations of tp(b/E) which are
indiscernible over E. Suppose that ψ(a′, b1)∧. . .∧ψ(a′, bk) holds; using the fact that
tp(bk/Ea′) forks over E, an easy computation (and symmetry of forking) gives that
SU(a′/Eb1, . . . , bk) < SU(a′/Eb1, . . . , bk−1). Therefore, for k sufficiently large we
have SU(ψ(x, b1) ∧ . . . ∧ ψ(x, bk)) < n.

Choose k minimal such, and let

θ(x, y) =
k−1∧
i=1

ψ(x, yi), ci = (b(k−1)i, . . . , b(k−1)(i+1)−1).

Then SU(θ(x, ci)) ≥ n and SU(θ(x, ci) ∧ θ(x, cj)) < n for i 6= j. By the induction
hypothesis, this implies S1(θ(x, ci)) ≥ n and S1(θ(x, ci) ∧ θ(x, cj)) < n for i 6= j,
i.e., S1(ϕ) > n.
S1(ϕ) > n ⇒ SU(ϕ) > n:
Take an E-formula ψ(x, y) and a sequence (bi)i∈N of indiscernibles over E such

that ψ(x, y) → ϕ(x), S1(ψ(x, bi)) ≥ n and S1(ψ(x, bi) ∧ ψ(x, bj)) < n for i 6= j. By
enlarging E, we may assume that the sequence (bi) is independent over E.

Using the induction hypothesis, choose a satisfying ψ(x, b1) with SU(a/Eb1) ≥
n. We claim that a and b1 are not independent over E: else, using the independence
theorem, we may assume that tp(a/Eb1) = tp(a/Eb2) and a is independent from
b1, b2 over E. But this implies SU(a/Eb1b2) = SU(a/Eb1) ≥ n; by induction we
obtain S1(ψ(x, b1) ∧ ψ(x, b2)) ≥ n, which contradicts our assumption.

Hence tp(a/Eb1) forks over E, and therefore SU(a/E) > n, which implies
SU(ϕ) > n.
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Corollary. (1) If S1(ϕ) = n, then for some a satisfying ϕ, S1(a/E) = n.
(2) S1(p) ≥ SU(p).
(3) Let ϕ(x) be a formula over E. Then there is an a satisfying ϕ such that

SU(a/E) = SU(ϕ).
(4) (The S1-property for formulas of arbitrary rank) Let ϕ(x), ψ(x, y) be formulas

over E, with ψ(x, y) → ϕ(x), α an ordinal, and assume that there is a sequence
(bi)i∈N of indiscernibles over E satisfying, for all integers i 6= j,

SU(ψ(x, bi)) = α > SU(ψ(x, bi) ∧ ψ(x, bj)).

Then SU(ϕ) > α.

Proof. (1) Take a satisfying ϕ such that SU(a/E) = n; then every formula ψ
satisfied by a has rank at least n, and therefore S1(a/E) = n.

(2) is clear. For (3), let a be any tuple and b ⊆ a a transformal transcendence
basis of a over E. Then SU(a/E) = SU(a, b/E), and SU(b/E) = ω|b|. From the
SU -rank inequality, we deduce that ω|b| ≤ SU(a/E) ≤ ω|b|+ degσ(a/Eb).

Let m ∈ N be the maximal transformal transcendence degree over E of a real-
isation of ϕ. By compactness, there is an integer n such that if a realises ϕ and
is of transformal transcendence degree m over E, and b ⊆ a is a transformal tran-
scendence basis of a over E, then degσ(a/Eb) ≤ n. By the above we deduce that
ωm ≤ SU(ϕ) ≤ ωm+ n. This implies that SU(ϕ) = SU(a/E) for some realisation
a of ϕ of transformal transcendence degree m over E.

(4) Enlarging E if necessary, and passing to a subsequence of bi’s, we may assume
that the bi’s are independent over E. By (3), there is a realisation a of ψ(x, b1)
with SU(a/Eb1) ≥ α. Reason as in the step S1(ϕ) > n⇒ SU(ϕ) > n of the proof
of the proposition to conclude that a and b1 are not independent over E. Thus
SU(ϕ) ≥ SU(a/E) > SU(a/Eb1) ≥ α.

(2.13) Canonical bases. Let E be a difference field, and a a tuple. We define
the canonical base of tp(a/E), Cb(a/E), as the smallest perfect difference field over
which I(a/E) is defined; since it is a priori infinite, we will extend this notation and
write c = Cb(a/E) whenever c is a tuple such that clσ(c) = Cb(a/E); thus Cb(a/E)
is only defined up to definability. Observe that, working in the pure field language,
Cb(a/E) is simply the canonical base of tp((a)σ/E) (which may be non-stationary).

Lemma. Let a, E be as above.

(1) tp(a/E) does not fork over Cb(a/E).
(2) For some n, Cb(a/E) is contained in the algebraic closure of the difference

field generated by n independent realisations of tp(a/E).
(3) For some n, Cb(a/E) is contained in the perfect closure of the difference field

generated by n independent realisations of qftp(a/E).
(4) If dcl(E) ∩ E(a)σ is purely inseparable over E, then for some n, Cb(a/E) is

contained in the (perfect closure of the) difference field generated by n inde-
pendent realisations of tp(a/E). This happens in particular if E is relatively
separably closed in E(a)σ

(5) Assume that SU(a/E) = n < ω. Then SU(a/Eb) = n − 1 for some b with
SU(b/E) < ω.

Proof. (1) – (3) follow from the definition of Cb and from analogous facts in alge-
braically closed fields (note for (3) that I(a/E) depends only on qftp(a/E)).
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(4) If E is relatively separably closed in E(a)σ, this follows from the analogous
result in algebraically closed fields. Let a be separably algebraic over E, and con-
sider the tuple b encoding the set of conjugates of a over E; then b ∈ dcl(E). From
this one deduces the result.

(5) Let F ⊇ E be such that F = aclσ(F ) and SU(a/F ) = n− 1. Then Cb(a/F )
is contained in the algebraic closure of finitely many realisations of tp((a)σ/F ) and
therefore has finite transcendence degree over E; since it is stable under σ, its
SU -rank over E is finite.

(2.14). Recall that if K is a field and a a finite tuple in some overfield of K, then
K(a) is a primary extension of K iff K(a) ∩ Ks = K. Then the K-irreducible
algebraic set V having a for generic is a variety (i.e., is absolutely irreducible).
Note that the field of definition of V (in the sense of algebraic geometry) can be a
purely inseparable extension of K.

Lemma (see 7.23.11 in [5]). We work over a difference field E. Let ϕ(x, y) be a
quantifier-free formula satisfied by the tuple (a, b), and assume that E(a, b)σ is a
primary extension of E(a)σ. Let c ⊆ b be a transformal transcendence basis for
E(a, b)σ over E(a)σ, let ` be its size and n = degσ(b/E(a, c)σ).

Then for some quantifier-free formula δ(x) satisfied by a, whenever δ(a′) holds,
then there is b′ such that ϕ(a′, b′) holds, and if c′ ⊆ b′ corresponds to c ⊆ b,
then c′ is a transformal transcendence basis for E(a′, b′)σ over E(a′)σ, and n =
degσ(b′/E(a′, c′)σ).

Proof. Replacing a by a_σ(a)_ · · ·_ σk(a) and similarly for b, replacing elements
of c by their images under appropriate powers of σ−1, and strengthening ϕ(x, y) if
necessary, we will assume the following:

– The tuple c is transcendental over E(a)σ(σ(b)).
– Let d = {σk(c) | k ∈ Z} ∩ {b, σ(b)}; then σ(b) ∈ E(a, σ(a), d, b)alg and
n = tr.deg(b/E(a, σ(a), d)).

– E(a, σ(a), b, σ(b)) is a primary extension of E(a, σ(a)).
– The formula ϕ(x, y) is of the form (x, y, σ(x), σ(y)) ∈ W ∧ p(x, y) 6= 0, for

some polynomial p(x, y) ∈ E[x, y] and variety W ⊆ V × σ(V ) projecting
generically onto V and σ(V ); the formula (x, y, σ(x), σ(y)) ∈ W determines
qftp(a, b/E).

We work in the context of pure algebraically closed fields, and view W as a
variety in the (x, y, x1, y1)-plane. Observe that since E(a, σ(a), b, σ(b)) is a primary
extension of E(a, σ(a)), the set W (a, σ(a))) =def {(y, y1) | (a, y, σ(a), y1) ∈ W} is
a variety, projecting generically onto the varieties V (a) and σ(V )(σ(a)). There is
a quantifier-free formula of the language of fields ε(x, x1) satisfied by (a, σ(a)) and
such that whenever ε(a′, a′1) holds then:

(1) W (a′, a′1) is a variety of dimension dim(W (a, σ(a)), and projects generically
onto V (a′) and σ(V )(a′1), which have dimension dim(V (a));

(2) a generic point of W (a′, a′1) satisfies p(a′, y) 6= 0;
(3) for generic (b′, b′1) ∈ W (a′, a′1), if c′ ⊆ d′ ⊆ b′_b′1 correspond to c ⊆ d ⊆

b_σ(b), then tr.deg(c′/E(a′, a′1, b
′
1)) = `, tr.deg(b′/E(a′, a′1, d

′)) = n and b′1 ∈
E(a′, a′1, d

′, b′)alg.
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Let δ(x) be the formula ε(x, σ(x)). Take a′ satisfying δ(x), and let (b′, b′1) be a
point ofW (a′, σ(a′)), generic overE(a′)σ; then p(a′, b′) 6= 0, tr.deg(b′/E(a′)σ(b′1)) =
`, and c′ is a transcendence basis for b′ over E(a′)σ(b′1).

We now need to extend σ (defined on aclσ(Ea′)) to b′. We define by induc-
tion on i ∈ N a sequence b′i, and field isomorphisms τi : aclσ(Ea′)(b′0, . . . , b′i) →
aclσ(Ea′)(b′1, . . . , b

′
i+1) extending σ. At stage 0 let b′0 = b′, and observe that b′0

and b′1 are generic points of the varieties V (a′) and σ(V )(σ(a′)) = σ(V (a′)); hence
σ extends to an isomorphism τ0 : aclσ(Ea′)(b′0) → aclσ(Ea′)(b′1) sending b′0 to
b′1. Assume that b′i and τi−1 are already defined. Let b′i+1 be a realisation of
a non-forking extension to aclσ(Ea′)(b′0, . . . , b′i) of the type image by τi−1 of the
type in the pure field language of b′i over aclσ(Ea′)(b′0, . . . , b

′
i−1), and define τi ex-

tending τi−1 by setting τi(b′i) = b′i+1. Then tr.deg(b′i+1/aclσ(Ea′)(b′0, . . . , b
′
i)) =

tr.deg(b′i/aclσ(Ea′)(b′0, . . . , b′i−1)) = `.
We now take the unique difference field containing aclσ(Ea′)(b′i)i∈N with auto-

morphism σ extending the τi’s.
Our choice of the b′i ensures that the elements of c′ form a transformal transcen-

dence basis for E(a′, b′)σ over E(a′)σ. Furthermore, since d′ ⊆ b′_σ(b′), and the
other transforms of c′ are algebraically independent from (b′, b′1) over E(a′)σ, we
have degσ(b′/E(a′, c′)σ) = tr.deg(b′/E(a′)σ(d′)) = n, as desired.

(2.15) Lemma. Let ϕ(x, y) be a formula, n ∈ N. The set {b | SU(ϕ(x, b)) ≥ n}
is open, i.e., a union of 0-definable sets.

Proof. We will show by induction on n that for every b such that SU(ϕ(x, b)) ≥ n
there is a formula δ(y) satisfied by b and such that |= δ(b′) implies SU(ϕ(x, b′)) ≥
n. Assume the result true for n − 1, and take a satisfying ϕ(x, b) and such that
SU(a/b) ≥ n; choose c with SU(a/bc) ≥ n− 1 such that tp(a/bc) forks over b.

Let ψ(x, y, z) be a quantifier-free formula satisfied by (a, b, c) which witnesses
the fact that tp(c/ab) forks over b. That is, we know that either some transfor-
mal transcendence basis d of c over b satisfies a non-trivial equation over a, b, or
that degσ(c/abd) < degσ(c/bd); either of these phenomena can be described by a
quantifier-free formula.

Using the induction hypothesis, let ε(y, z) be a formula satisfied by (b, c) and
such that SU(ψ(x, b′, c′) ∧ ϕ(x, b′)) ≥ n− 1 whenever (b′, c′) satisfy ε.

By (1.6) there are finite tuples b̃ ∈ aclσ(b), c̃ ∈ aclσ(c), containing b, c re-
spectively, and a quantifier-free formula η(ỹ, z̃) satisfied by (b̃, c̃), and such that
η(ỹ, z̃) → ε(y, z). Let k be the prime field, and consider the field k(b̃, c̃)σ ∩ k(b)s

σ.
It is a difference subfield of a finitely generated difference field, and therefore is
finitely generated as a difference field. Enlarging b̃, we may therefore assume that
k(b̃, c̃)σ is a primary extension of k(b̃)σ

Let θ(ỹ) be the quantifier-free formula given by (2.14) applied to (b̃, c̃) and η(ỹ, z̃).
Write ỹ = y_y1, and let δ(y) = ∃y1 θ(ỹ). Assume that δ(b′) holds, take b′1 such
that θ(b̃′) holds (for b̃′ = b′_b′1), and take c̃′ generic (in the sense of having maximal
transformal and transcendence degrees as in 2.14) satisfying η(b̃′, z̃). Then

SU(ψ(x, b′, c′) ∧ ϕ(x, b′)) ≥ n− 1

by hypothesis; take a′ satisfying ψ(x, b′, c′) ∧ ϕ(x, b′), with SU(a′/b′c′) ≥ n − 1.
Since a′ satisfies ψ(x, b′, c′) and c′ is generic, tp(c′/a′b′) forks over b′; by symmetry
SU(a′/b′) > SU(a′/b′c′) ≥ n− 1.
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(2.16) Lemma (Weak definability principle). Let a, b be independent over the dif-
ference field E, and let ϕ(x, y) be a formula satisfied by (a, b).

(1) Let q be a semi-type of b over E. Then there is a formula δ(x) satisfied by a
and such that, whenever a′ satisfies δ, then there is a realisation b′ of q which
is independent from a′ over E and satisfies ϕ(a′, y).

(2) There are semi-types p1 ⊆ tp(a/E) and q1 ⊆ tp(b/E) such that whenever p′, q′

are complete types over E extending p1, q1 respectively, then p′×q′∪{ϕ(x, y)}
is consistent.

(3) Let p1, q1 be as in (2), and let p′, q′ be non-forking extensions of p1 and q1
respectively to some E′ containing E; then p′ × q′ ∪ {ϕ(x, y)} is consistent.

(4) Let r be a semi-type over E satisfied by (a, b). There are semi-types p1 ⊆
tp(a/E) and q1 ⊆ tp(b/E) such that whenever p′, q′ are non-forking extensions
of p1, q1 relative to some E′ containing E, then p′ × q′ ∪ r is consistent.

Proof. We will assume that ϕ(x, y) is of the form ∃zψ(x, y, z), where ψ(x, y, z) is a
quantifier-free formula (with parameters from E) such that c′ ∈ aclσ(Ea′b′) when-
ever ψ(a′, b′, c′) holds. Let c be such that ψ(a, b, c) holds; let F = aclσ(Ea)aclσ(Eb).
Replacing c by c_σ(c)_ · · ·_ σk(c), we may assume that [F (c, σ(c)) : F (c)] =
[F (c, . . . , σ`(c)) : F (c, . . . , σ`−1(c))] for all positive `. Choose ã ⊇ a in aclσ(Ea)
and b̃ ⊇ b in aclσ(Eb) such that E(ã, b̃, c)σ is a primary extension of E(ã)σ, and
F and E(ã, b̃)σ(c, σ(c)) are linearly disjoint over E(ã, b̃)σ. Then, because of the
degree assumption on σ(c), F and E(ã, b̃, c)σ are linearly disjoint over E(ã, b̃)σ.

(1) Enlarging b̃ if necessary, we will assume that q = qftp(b̃/E). Let ψ′(x̃, ỹ, z)
be a quantifier-free formula satisfied by (ã, b̃, c), which implies ψ(x, y, z) as well as
a formula θ(ỹ) determining q.

Let ε(x̃) be as given by Lemma 2.14 applied to ã, (b̃, c) and the formula ψ′(x̃, ỹ, z);
for x̃ = x_x1, define δ(x) = ∃x1ε(x̃). Let ã′ satisfy ε(x̃), and take (b̃′, c′) satisfying
the conclusion of 2.14 (for ψ′(x̃, ỹ, z)); given that θ(b̃′) holds and that the various
transcendence degrees (transformal, and ordinary over a transformal transcendence
basis) do not change, we deduce that qftp(b̃′/E) = qftp(b̃/E), and that ã′ and b̃′
are independent over E.

(2) Let p′1(x̃) = qftp(ã/E), q′1(ỹ) = qftp(b̃/E), and set p1(x) = ∃x1 p
′
1(x, x1),

q1(y) = ∃y1 q′1(y, y1). Given that ψ is quantifier-free, it is enough to show the
following: if τ is an automorphism of F which agrees with σ on E(ã, b̃)σ, then τ

extends to an automorphism of F alg which agrees with σ on E(ã, b̃, c)σ. But this
is obvious, since F and E(ã, b̃, c)σ are linearly disjoint over E(ã, b̃)σ.

(3) Observe first that (2) proves the result for E′ = aclσ(E). Apply the inde-
pendence theorem to p′, q′, ϕ(x, y) (over aclσ(E)).

(4) The semitype r(x, y) is of the form

∃z s(x, y, z),

where s(x, y, z) = qftp(a, b, c/E) for some c ∈ aclσ(E, a, b). Since c is field-
algebraic over E(a, b)σ, qftp(c/Eab) is isolated; thus there is a quantifier-free for-
mula ψ(x, y, z) such that

s(x, y, z) = qftp(a, b/E) ∪ {ψ(x, y, z)}.

Apply (3) to the formula ∃z ψ(x, y, z).



3028 ZOÉ CHATZIDAKIS AND EHUD HRUSHOVSKI

Remark. Note that if ϕ(x, y) is quantifier-free and E is relatively separably closed
in E(a)σ or in E(b)σ, one obtains a much stronger result. Indeed, since a and b are
independent over E, and the type over E in the pure field language of either a or b
is stationary, the formula ϕ(x, y) is implied by a formula satisfied by (a, b), which
is of the form ϕ1(x) ∧ ϕ2(y) ∧ h(x, y) 6= 0 for some formulas ϕ1, ϕ2, and difference
polynomial h(x, y) ∈ E〈x, y〉. Strengthening ϕ1, we may assume that h(a′, y) is not
the zero polynomial whenever ϕ1(a′) holds, and similarly for ϕ2. Then we have:

For any types p′(x), q′(y) containing ϕ1(x) and ϕ2(y) respectively, p′ × q′ ∪
{ϕ(x, y)} is consistent.

3. Local geometry of forking

(3.1) Definitions. The concepts of orthogonality and triviality have a straight-
forward generalisation to our (unstable) case. Let p, q be (maybe incomplete) types
over A and B respectively, ϕ(x) a formula.

(1) If A = B, p is almost orthogonal to q (p ⊥a q), if any realisations of p and q
are independent over A.

(2) Let A ⊆ C. A type p′ over C extending p is a non-forking extension of p if
some realisation of p′ is independent from C over A.

(3) p and q are orthogonal (p ⊥ q) if for every C ⊇ A ∪B, if p′, q′ are extensions
of p, q to C which do not fork over A and B respectively, then p′ ⊥a q′.

(4) p is orthogonal to ϕ(x) (p ⊥ ϕ(x)) if p is orthogonal to any type containing
the formula ϕ(x).

(5) The type p of SU -rank 1 is trivial if for any C ⊇ A and realisations a1, . . . , an

of non-forking extensions of p to C, a1, . . . , an are independent over C if and
only if they are pairwise independent.

(6) The complete type p has weight 1 if for some a realising p the following
assertion is true: for any tuples b and c, if tp(a/Eb) and tp(a/Ec) fork over
E then b and c are not independent over E.

Remarks. (1) Since our notion of independence comes from pure algebraic inde-
pendence, inspection of the classical proof yields p ⊥ q ⇐⇒ p(n) ⊥a q(n) for
every n ∈ N, where p(n) denotes the (maybe incomplete) type p(x1) ∪ · · · ∪ p(xn)∪
{formulas expressing that x1, . . . , xn are independent over A}.

(2) Note that 6⊥a is an equivalence relation on types of SU -rank 1. However, 6⊥
is a priori not transitive on types of SU -rank 1: this is because of the possibility
of many distinct non-forking extensions of the same type. We will see later that
it actually is transitive in characteristic 0, because the unstable types of SU -rank
1 are pairwise non-orthogonal. In any case, one easily checks the following: let
p ∈ S(A), q ∈ S(B) and r ∈ S(C) be types of SU -rank 1, and assume that p 6⊥ q,
q 6⊥ r, B = aclσ(B), and A, C are independent over B; then p 6⊥ r.

(3) Any type of finite SU -rank is orthogonal to the type pω. Indeed, assume that
SU(a/E) < ω and b realises pω(E); by (2.4), SU(b/Ea) cannot be finite. Hence it
equals ω, i.e., a and b are independent over E.

(4) Using a regular type decomposition or (3.4)(2) in the finite SU -rank case,
one can show that the property of having weight 1 as defined above, is preserved
under taking non-forking extensions, and therefore coincides with the usual notion
of weight 1 used in stability theory.

(3.2) Proposition. Let p be a non-trivial type of SU -rank 1 (over an algebraically
closed substructure E). There exists a formula δ(x) in p such that SU(δ) = 1.
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Moreover, any two non-algebraic types (over any set E′ containing E) in δ are
non-orthogonal.

Proof. We work over E. It clearly suffices to prove the following two facts:
(i) Let p be a non-trivial type of SU -rank 1; then there exists a semi-type q(x)

contained in p such that SU(q) = 1. Moreover any two non-algebraic types
over some E′ ⊃ E extending q are non-orthogonal.

(ii) Let q be the above semi-type. Then there exists a formula δ(x) in q such that
SU(δ) = 1. Moreover, any non-algebraic type over E containing δ contains q.

By assumption there are c, a1, a2, a3 such that each ai realises p and is indepen-
dent from c; the ai’s are pairwise independent over c, but not independent over
c.

Let ϕ(x1, x2, x3, y) be a formula satisfied by a1, a2, a3, c and such that whenever
ϕ(b1, b2, b3, d) holds then

(a) b2 ∈ aclσ(d, b1, b3);
(b) b1 ∈ aclσ(d, b2, b3);
(c) degσ(b3) ≤ degσ(a1) (= degσ(p)).

Sublemma. Let E′ ⊇ E, and assume that ϕ(b1, b2, b3, d) holds for some b1, b2, b3, d
such that b1 is non algebraic over E′, SU(b2/E′) = 1, degσ(b2/E′) = degσ(p) and
b1, b2 and d are independent over E′.

Then SU(b1/E′) = 1, b1, b3, d are independent over E′, b1 ∈ aclσ(E′, b2, b3, d),
and degσ(b1/E′) = degσ(p).

Proof. Using (a) and (c),

degσ(p) = degσ(b2/E′, b1, d) ≤ degσ(b3/E′, b1, d) ≤ degσ(b3) ≤ degσ(p),

so that equality holds everywhere and b3, and (b1, d) are independent over E′.
Hence, using (b),

1 ≤ SU(b1/E′) = SU(b1/E′, d) = SU(b1/E′, b3, d)

≤ SU(b2/E′, b3, d) ≤ SU(b2/E′) = 1.

Thus, SU(b1/E′) = 1, and b1, b3 and d are independent over E′; since b1 and b2
are not independent over {E′, b3, d}, they are equi-algebraic over it, and therefore
degσ(b1/E′) = degσ(b1/E′, b3, d) = degσ(b2/E′, b3, d) = degσ(p).

We now start with the proof of (i).
Let ψ(x1, x2, y) = ∃x3 ϕ(x1, x2, x3, y). By (2.16)(3) there are semi-types q1(x1) ⊆

tp(a1/E) and r(x2, y) ⊆ tp(a2, c/E) such that whenever p1 and r′ are non-forking
extensions of q1 and r to some E′ ⊇ E, then p1(x1) × r′(x2, y) ∪ {ψ(x1, x2, y)}
is consistent. By (2.16)(4), there are semi-types q2(x2) ⊆ tp(a2/E) and s(y) ⊆
tp(c/E) such that whenever p2 and s′ are non-forking extensions of q2 and s to
some E′ ⊇ E, then p2(x2)× s′(y) ∪ r(x2, y) is consistent.

Thus, putting everything together and taking q(x) = q1(x) ∧ q2(x), we obtain:
Whenever E′ ⊇ E and p1, p2 are non-forking extensions of q to E′, then p1(x1)×

p2(x2)× s(y) ∪ {ψ(x1, x2, y)} is consistent.
Choose (b1, b2, d) realising q(x1) × p(x2) × s(y) ∪ {ψ(x1, x2, y)}, and let b3 be

such that ϕ(b1, b2, b3, d) holds; then b1, b2, b3 and d satisfy the hypotheses of the
sublemma, and therefore SU(q) = 1.

Let p1, p2 be non-forking extensions of q to some E′ containing E. Choose
(b1, b2, d) realising p1(x1) × p2(x2) × s(y) ∪ {ψ(x1, x2, y)}, and let b3 be such that
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ϕ(b1, b2, b3, d) holds; then b1, b2, b3, d satisfy the hypotheses of the sublemma, and
therefore b1 and b3, d are independent over E′, and b1 ∈ aclσ(E′, b2, b3, d), which
shows precisely that p1 6⊥ p2. This finishes the proof of (i).

By (2.16)(1), there is a formula δ(x1) satisfied by a1 and such that, whenever
δ(b1) holds, there are (b2, d) realising q(x2) × s(y), independent from b1 over E,
and satisfying ψ(b1, x2, y); strengthening δ(x1) if necessary, we will assume that
qftp(a1/E) ∪ {δ(x1)} ` q(x1), and that δ(x1) determines qftp(a1/E).

Let b1 be any realisation of δ non-algebraic over E; choose (b2, d) realising q(x2)×
s(y), independent from b1 over E, and satisfying ψ(b1, x2, y), and let b3 be such
that ϕ(b1, b2, b3, d) holds; then b1, b2, b3, d satisfy the hypotheses of the sublemma,
and therefore SU(b1/E) = 1 and degσ(b1/E) = degσ(p). Since δ(x1) determines
qftp(a1/E), and degσ(b1/E) = degσ(a1/E), b1 realises qftp(a1/E); thus, it satisfies
q. This proves (ii).

Remark. All non-algebraic types containing the formula σ(x) = x are pairwise
non-orthogonal. This comes from the fact that every definable subset of Fix(σ)n

is already definable in the field language and using parameters from Fix(σ) (see
(1.11)), and since every infinite definable subset of Fix(σ) generates it (as a ring),
see [3].

(3.3) Modularity.

Definitions. Let T be a complete theory, U a sufficiently saturated model of T ,
and E ⊆ U a small set. Let R be a subset of Um which is invariant under E-
automorphism.

(1) R is modular (over E) if for every A,B ⊆ R, A and B are independent over
acleq(EA) ∩ acleq(EB).

(2) Let p be a type over E, and P the set of realisations of p. We say that p is
modular if P is modular.

Comments on the terminology. Note that we do not assume that the theory T
is stable. Modularity as defined above belongs to a family of closely related notions
developed in the seventies and eighties for various classes of stable theories, initially
by Lachlan and Zilber in categorical contexts. Our form is closest to the “one-based”
variant, but with a more symmetric emphasis. Outside the stable domain it was
first used in [4] for certain ℵ0-categorical theories, possessing a rudimentary notion
of rank.

Remarks. Let E = aclσ(E) ⊆ K |= ACFA.
(1) By elimination of imaginaries, we may replace acleq by aclσ in the definition

of modular.
(2) It suffices to show modularity for finite subsets A and B.
(3) A trivial type of SU -rank 1 over E is always modular.
(4) We will see below that modularity for types of SU -rank 1 is preserved under

non-orthogonality. Thus, if p is modular, then for any E′ = aclσ(E′) contain-
ing E, the set {a | SU(a/E′) = 1, tp(a/E′) 6⊥ p} has a modular geometry.

Lemma. Let E = aclσ(E).
(1) Let A, B be sets, E1 = aclσ(EA) ∩ aclσ(EB), E2 ⊇ E1, and assume that

A∪B is independent from E2 over E1. Then aclσ(A,E2)∩aclσ(B,E2) = E2.
(2) Assume that R is modular, let a ⊆ R, and B a set. Then a and B are

independent over aclσ(Ea) ∩ aclσ(EB).
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(3) Suppose that R is modular (over E) and let E′ ⊇ E. Then R is modular over
E′. Thus a non-forking extension of a modular type is modular.

(4) Suppose that R is a union of realisations of modular types of SU -rank 1 over
E. Then R is modular.

(5) Let E′ = aclσ(E′), and let p be a type over E and q a type over E′, both of
SU -rank 1. If p is modular and q is non-orthogonal to p, then q is modular.

(6) If R is modular and consists of elements of SU -rank 1 over E and A,B ⊆ R,
then A and B are independent over {c ∈ aclσ(EA) ∩ aclσ(EB) | SU(c/E) ≤
1}.

(7) Suppose p = tp(d/E) is modular of SU -rank 1. If c and b are independent
over E, then dc and b are independent over aclσ(Edc) ∩ aclσ(Eb).

(8) Suppose c and b are independent over E, e is independent from cd over E,
tp(d′/Ee) is modular of SU -rank 1, and d ∈ aclσ(E, c, e, d′). Then dc and b
are independent over aclσ(Edc) ∩ aclσ(Eb).

(9) Assume that {ci | i < ω} is independent over E, {cidi | i < ω} is indiscernible
over E, and tp(di/Eci) is modular of SU -rank 1. If the cidi are independent
in pairs over E, then they are independent over E.

Proof. (1) This reduces immediately to the case of pure fields.
(2) By (2.13) there is d ⊆ R independent from a over EB and such that

Cb(a/EB) ⊆ aclσ(Ed); then aclσ(Ea) ∩ aclσ(Ed) ⊆ aclσ(Ea) ∩ aclσ(EB), and
therefore a and d are independent over aclσ(Ea)∩aclσ(EB). This gives the result.

(3) Let a, b ⊆ R, let C = aclσ(E′a)∩aclσ(E′b), and choose a set d of realisations
of tp(a, b/C) independent from ab over C and such that Cb(a, b/C) ⊆ aclσ(d); by
(1), aclσ(E′da) ∩ aclσ(E′db) = aclσ(Cd), and therefore aclσ(E′da) ∩ aclσ(E′b) =
aclσ(Cd) ∩ aclσ(E′b) = aclσ(C) and aclσ(Eda) ∩ aclσ(Eb) = C0 ⊆ C. Since R is
modular, this implies that da and b are independent over C0. From C0 ⊆ C ⊆
aclσ(d), we deduce that a and b are independent over C.

(4) Use (1) to reduce to orthogonal types.
(5) Using (1), the assertion is clear if E = E′. Take E′′ = aclσ(E′′) containing

E and E′, and assume that p is modular, but q is not. By (1) and the fact that
E′ = aclσ(E′), the set of realisations of q independent from E′′ over E′ is not
modular, and therefore, by (3) q has a non-forking extension q′ to E′′ which is not
modular. Taking a non-forking extension p′ of p to E′′ which is non-orthogonal to
q′ gives us the result, by (3) and the first case.

(6) This is proved by induction on the size of A. If A contains only one element,
then there is nothing to prove. Assume the result proved for A = {a1, . . . , an}, and
let a ∈ R be independent from A over E. Without loss of generality we may also
assume that a1, . . . , an are independent over E. Let C = aclσ(EA) ∩ aclσ(EB). If
Aa and B are independent over C, then there is nothing to prove. If a ∈ aclσ(EB),
then Aa and B are independent over Ca ⊆ aclσ(EAa) ∩ aclσ(EB), and we are
done. Assume therefore that a ∈ aclσ(CAB), a /∈ aclσ(EB). Since the elements
of R have SU -rank 1 over E, there is some index i such that a and ai are equi-
algebraic over aclσ(CB,A \ {ai}), and ai /∈ aclσ(CB,A \ {ai}). Let A0 = A \ {ai}.
Then C ⊆ aclσ(EA0), because ai /∈ aclσ(A0C).

Then there is c ∈ aclσ(Eaai) ∩ aclσ(CBA0) such that (a, ai) and CBA0 are
independent over aclσ(Cc). Since ai /∈ aclσ(CBA0) and (a, ai) and CBA0 are not
independent over E, we get SU(c/E) = 1. Then aclσ(Eac) = aclσ(Eaic).
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Now consider A0c and B. Since a is independent from A over E, c /∈ aclσ(EA).
Since c ∈ aclσ(CBA0), this implies that (A0, c) and B are not independent over
C. By (5) and by induction hypothesis, (A0, c) and B are independent over {d ∈
aclσ(EA0c) ∩ aclσ(EB) | SU(d/E) = 1}. This gives us the result.

(7) The assertion is obvious if d ∈ aclσ(Eb) ∪ aclσ(Ec), or if d /∈ aclσ(Ebc); we
will therefore assume that d ∈ aclσ(Ebc), d /∈ aclσ(Eb)∪aclσ(Ec). Let P be the set
of realisations of p. By (1) we may enlarge E to any bigger E′ independent from
Ebcd over E. We choose such an E′ with SU(c/E′, (aclσ(E′c) ∩ P )) least possible
(in the sense that no bigger E′ makes this rank smaller). Let C = aclσ(E′c) ∩ P .

Claim. d ∈ aclσ(E′Cb).

First note that c and b are independent over E′C. Suppose that d /∈ aclσ(E′Cb)
and let (b1, d1) be a realisation of tp(b, d/aclσ(E′c)), independent from (b, d) over
aclσ(E′c). Then b1 and (b, c) are independent over E′, and d1 ∈ aclσ(E′b1c) ∩ P ,
d1 /∈ aclσ(E′b1C). Thus SU(c/E′(b1), (aclσ(E′b1c) ∩ P )) < SU(c/E′b1C), which
contradicts the choice of E′.

We may therefore assume that c ⊆ P , and (2) gives us the result.
(8) As in (7), we may assume that d ∈ aclσ(Ebc), d /∈ aclσ(Eb) ∪ aclσ(Ec). We

will also assume that e is independent from b over Ecd, and hence that bcd and e
are independent over E. By (1), it suffices to show that dc and b are independent
over aclσ(Eedc)∩aclσ(Eeb). Let E′ = aclσ(Ee). Then aclσ(Eedc) = aclσ(E′d′c) =
aclσ(E′dc) and b, c are independent over E′. By (7), d′c and b are independent
over aclσ(E′d′c) ∩ aclσ(E′b), which gives the result.

(9) It suffices to show that they are independent in triples. Suppose for contra-
diction they are not. Then di ∈ aclσ(Ecicjckdjdk) for distinct i, j, k.

Note that:

aclσ(Ec1d1) ∩ aclσ(Ec2d2c3d3) = E.(∗)

Indeed, let

u ∈ aclσ(Ec2d2c3d3) ∩ aclσ(Ec1d1);

then, by indiscernibility, u ∈ aclσ(Ecidi) for all i > 3, which implies that u ∈ E by
the independence in pairs.

Also, for each i there exist ei independent from cidi overE, and d′i with tp(d′i/Eei)
modular of SU -rank 1, and aclσ(Eeicidi) = aclσ(Eeicid

′
i), namely: ei = (cjckdj)

and d′i = dk.
Thus the hypothesis of (8) holds for ci, di, E. Let b = cjckdjdk. Then ci is

independent from b over E. By (7) and (∗), c1d1 is independent from c2d2c3d3 over
E. This shows independence in triples after all.

(3.4) Proposition. Let E = aclσ(E). Suppose that tp(a/E) has finite rank n > 0.
Then

(1) There exists c, independent from a, and d ∈ aclσ(E, a, c) such that SU(d/E, c)
= 1 and SU(c/E) < ω.

(2) If tp(a/E) has weight 1, then c can be dispensed with.
(3) If d and c are as in (1), and tp(d/E, c) is modular, then there exists e ∈

aclσ(E, a) such that SU(e/E) = 1, and tp(e/E) 6⊥ tp(d/E, c).

Proof. We work over E.
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(2) Choose b of finite SU -rank (see (2.13)) such that SU(a/b) = n− 1. Let b′ be
a realisation of tp(b/a), independent from b over a. Since tp(a/b) and tp(a/b′) fork
over ∅, and tp(a) has weight 1, b and b′ are dependent. From

SU(b/a, b′) = SU(b/a) = SU(b)− 1 ≥ SU(b/b′)

we deduce that b and a are independent over b′. We also have b and b′ indepen-
dent over a; hence b is independent from aclσ(a)aclσ(b′) over aclσ(a) ∩ aclσ(b′)
(using elimination of imaginaries and the fact that Cb(b/ab′) ⊆ acl(Cb(b/a)) ∩
acl(Cb(b/b′)) ⊆ aclσ(a) ∩ aclσ(b′)). Since a and b are not independent, aclσ(a) ∩
aclσ(b′) contains an element d /∈ aclσ(∅); thus d ∈ aclσ(a) and SU(a/d) ≥ SU(a/b)
= n− 1, so that SU(d) = 1.

(1) Let c, b be such that a and c are independent, SU(a/b, c) = n−1, SU(b, c) <
ω, and SU(b/c) is least possible. Let a′ realise tp(a/b, c), independent from a over
b, c.

Assume that a and a′ are independent over c, and let c′ = (c, a′); then a is
independent from c′, SU(a/b, c′) = n−1, but since a′ and b are not independent over
c, we must have SU(b/c′) < SU(b/c), which contradicts our minimality assumption.

Therefore SU(a′/c, a) < n, which implies that SU(a′/c, a) = n − 1 (because
SU(a′/c, a) ≥ SU(a′/b, c, a) = n − 1); so we have that a′ is independent from a
over (b, c) and from b over (a, c). Reasoning as in (2) gives an element

d ∈ aclσ(a, c) ∩ aclσ(b, c) \ aclσ(c)

such that SU(a/d) = n− 1; then SU(d/c) = 1.
(3) Let c, d satisfy the conclusion of (1), and let ei = (ci, di), 0 ≤ i ≤ n, be

indiscernible independent realisations of tp(c, d/a). Since c and a are independent,
c0, . . . , cn, a are independent; we also have SU(a/e0, . . . , ei) ≤ SU(a/e0, . . . , ei−1),
so equality must hold somewhere, say at k ≤ n. Then a is independent from ek

over e0, . . . ek−1.
Since a is not independent from ek, {e0, . . . , ek} cannot be independent. By

Lemma 3.3(9), ei and ej are not independent for some i 6= j (and hence for all
i 6= j by indiscernibility); from SU(di/c0, . . . , ck) = 1 we deduce that

SU(d0, . . . , dk/c0, . . . , ck) = 1.

Also, by construction, ek is independent from {e0, . . . , ek−1} over a; hence ek is
independent from aclσ(a)aclσ(e0, . . . , ek−1) over B = aclσ(a) ∩ aclσ(e0, . . . , ek−1)
(because Cb(ek/a, e0, · · · , ek−1) ⊆ aclσ(a) ∩ aclσ(e0, · · · , ek−1)). Since a and ek

are not independent, SU(B) > 0; since B ⊆ aclσ(a), B and c0, . . . , ck are in-
dependent, i.e., SU(B) = SU(B/c0, . . . , ck). Then B ⊆ aclσ(e0, . . . , ek) implies
SU(B/c0, . . . , ck) ≤ 1, i.e. SU(B) = 1.

(3.5) Lemma. Let p be a type over E = aclσ(E) of finite SU -rank, and let q =
tp(b/Ec) be a non-trivial type of SU -rank 1. If p 6⊥ q, there is a formula (with
parameters in E) δ(x, y) satisfied by (b, c), and such that whenever (b′, c′) satisfies
δ and b′ /∈ aclσ(Ec′), then SU(b′/Ec′) = 1 and tp(b′/Ec′) is non-orthogonal to p
and q.

If E |= ACFA, there is a formula ϕ over E of SU -rank 1, and such that every
non-algebraic type in ϕ is non-orthogonal to p and to q.

Proof. We work over E. Enlarging c if necessary, we may assume that p is not
almost orthogonal to q over c. Let a realise p, independent from c.
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Let c′ realise tp(c), independent from c over a, and let q′ be the corresponding
conjugate of q (over E).

Claim. q 6⊥ q′.

By the independence theorem (1.9) there is a sequence (ci)i∈N of realisations of
tp(c/a), independent over a, such that tp(ci, cj/a) = tp(c, c′/a) for i < j. Let qi be
the corresponding conjugate of q. Since p 6⊥a q, for each i there is a realisation bi of
qi in aclσ(ci, a). If q and q′ are orthogonal, then so are qi and qj for i 6= j, and the
elements bi are independent over {c0, c1, . . . }, yet a is not independent from any bi
over {c0, c1, . . . }, a contradiction.

The proof now follows very closely the lines of the proof of (3.2). Enlarging c if
necessary, we may assume that the types q and q′ above are not almost orthogonal
over c, c′, and that the non-triviality of q is witnessed over c by some triple of
realisations of q. Choose independent realisations c1 and c2 of tp(c), and b1, b2, b3
pairwise independent over c1, c2 but not independent, and such that tp(b1, c1) =
tp(b2, c2) = tp(b3, c2) = tp(b, c).

Let ϕ(x1, x2, x3, y1, , y2) be a formula satisfied by b1, b2, b3, c1, c2 and such that
whenever ϕ(b′1, b

′
2, b

′
3, c

′
1, c

′
2) holds then

(a) b′2 ∈ aclσ(c′1, c′2, b′1, b′3);
(b) b′1 ∈ aclσ(c′1, c

′
2, b

′
2, b

′
3);

(c) degσ(b′3/c
′
2) ≤ degσ(b/c).

As in (3.2), one argues as follows. Let E′ ⊇ E and assume ϕ(b′1, b′2, b′3, c′1, c′2)
holds for some b′1, b

′
2, b

′
3, c

′
1, c

′
2 such that: b′1 /∈ aclσ(E′, c′1); SU(b′2/E

′, c′2) = 1 and
degσ(b′2/E

′, c2) = degσ(b/E, c); b′1 and b′2 are independent over E′, c′1, c
′
2. Then

SU(b′1/E′, c′1) = 1, b′1 and b′3 are independent over E′, c′1, c′2, and

b′1 ∈ aclσ(E′, c′1, c
′
2, b

′
2, b

′
3).

Let ψ(x1, x2, y1, y2) = ∃x3 ϕ(x1, x2, x3, y1, y2) and choose a semi-type r(x, y) ⊆
tp(b, c) such that whenever r1(x1, y1), r2(x2, y2) are non-forking extensions of r to
some E′ containing E, then r1 × r2 ∪ {ψ(x1, x2, y1, y2)} is consistent. If (b′i, c

′
i)

satisfies ri for i = 1, 2, then SU(b′i/E
′, c′i) = 1, and moreover, if c′1 and c′2 are

independent over E′, then tp(b′1/E
′, c′1) and tp(b′2/E

′, c′2) are non-orthogonal.
Using (2.16)(1), let δ(x, y) be a formula satisfied by (b, c) and such that, when-

ever δ(b′1, c
′
1) holds, then there are (b′2, c

′
2) realisations of r(x, y), independent from

(b′1, c
′
1) and such that ψ(b′1, b

′
2, c

′
1, c

′
2) holds. Assume that δ(b′1, c

′
1) holds, that

b′1 /∈ aclσ(c′1), and let (b′2, c′2) be as above; then SU(b′1/c′1) = 1, and tp(b′1/c′1)
and tp(b′2/c

′
2) are non-orthogonal.

Let (b′1, c
′
1) satisfy δ, with b′1 /∈ aclσ(c′1). Choose (b′2, c

′
2) independent from

c, b′1, c′1, realising r, and such that tp(b′2/c′2) 6⊥ tp(b′1/c′1); we also know that any
two non-forking extensions of tp(b/c) and tp(b′2/c

′
2) are non-orthogonal (from the

definition of r). This implies that tp(b′1/c
′
1) is non-orthogonal to any non-forking

extension of tp(b/c), and therefore also to p. Note also that, if θ(x, c) is the formula
given by (3.2) for tp(b/c), then any non-algebraic type in θ(x, c) is non-orthogonal
to any non-algebraic type in δ(x, c′1).

If E |= ACFA, choose c1 ∈ E such that δ(x, c1) is infinite, and let ϕ(x) =
δ(x, c1); if b1 /∈ E satisfies ϕ, then tp(b1) 6⊥ q and tp(b1) 6⊥ p.

(3.6) Lemma. We work over an algebraically closed substructure E. Let ϕ(x) be
a formula of SU -rank 1, let p be a type (over E) of finite SU -rank, non-orthogonal
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to ϕ(x). Then there exists a semi-type r(y) such that, over any element satisfying
r, p is not almost orthogonal to ϕ.

Proof. Let a realise p, let c be independent from a and such that some b ∈ aclσ(a, c)\
aclσ(c) satisfies ϕ(x), and let θ(a, c, x) isolate tp(b/a, c). We may assume that
c = Cb(a, b/c). Using (2.16), let r(y) be a semi-type satisfied by c and such that
whenever r(c′) holds, there exists a′ realising p, independent from c′ and such that
∃x θ(a′, c′, x) ∧ ϕ(x).

Let c′ satisfy r, let a′ realise p, independent from c′, and let b′ be such that
|= θ(a′, c′, b′) ∧ ϕ(b′). By our choice of θ, degσ(a′/b′, c′) < degσ(a′) = degσ(a′/c′);
hence SU(b′/c′) = 1, which implies that tp(a′/c′) 6⊥a tp(b′/c′).

(3.7). We conclude this section with some comments on non-orthogonality to the
fixed field F , i.e., to the formula σ(x) = x.

Proposition. Let A be a difference field, a a tuple with SU(a/A) < ω.
(1) aclσ(A) ∩ F = (A ∩ F )alg ∩ F .
(2) Assume that tp(a/A) 6⊥ (σ(x) = x). Then there are quantifier-free formulas

ϕ(x) and ψ(y), with parameters in A, and a difference polynomial h(x, y)
over A, such that |= ∃y ϕ(a) ∧ ψ(y) ∧ h(a, y) 6= 0, and for every a′,c′ satis-
fying ϕ(a′) ∧ ψ(c′) ∧ h(a′, c′) 6= 0, there is some b′ ∈ A(a′, c′)σ ∩ F such that
SU(a′/A, b′, c′) < SU(a/A).

In particular, if a′ realises qftp(a/A), then tp(a′/A) is not almost orthogonal to
(σ(x) = x) over any element satisfying ψ.

(3) Let a be a tuple of elements of the fixed field. Then Cb(a/A) is contained in
(the perfect hull of) A ∩ F .

(4) Let p be a type over A. If p ⊥a (σ(x) = x), then p ⊥a
(∧n

i=1 σ(xi) = xi

)
.

Proof. (1) If a is fixed by σ and is algebraic over A, then the coefficients of the
minimal (monic) polynomial of a over A are also fixed by σ.

(2) Take c independent from a over A and b fixed by σ, such that

b ∈ aclσ(A, a, c) \ aclσ(A, c);

by (1), we may assume that b ∈ A(a, c)σ. Write b as f(a, c)/g(a, c) for some
difference polynomials f(x, y), g(x, y) over A. Thus we have a difference polynomial
h(x, y) with h(a, c) 6= 0, and quantifier-free formulas ϕ(x) and ψ(y) satisfied by a
and c respectively, such that, if |= ϕ(a′) ∧ ψ(c′) ∧ h(a′, c′) 6= 0, then the element
b′ = f(a′, c′)/g(a′, c′) is defined, is fixed by σ, and SU(a′/A, b′, c′) < SU(a/A).

(3) Working in the pure field language, let V be the irreducible algebraic set
defined over A of which a is a generic point. Then σ(V ) = V since a ∈ V ∩ σ(V )
(and if V 6= σ(V ), then dim(V ∩ σ(V )) < dim(V )). The field B of definition of V
is fixed by every automorphism leaving V invariant, in particular by σ. Thus B is
contained in the perfect hull of A ∩ F .

(4) Let b realise p, and let a be a tuple of elements of F such that a and b are
not independent over A. Then Cb(a/A, b) is not contained in aclσ(A) and by (3)
is contained in the perfect hull of A(b)σ ∩ F ; hence some element of Cb(a/A, b)
witnesses p 6⊥a (σ(x) = x).

The point in (4) is that if a realization of p can fork with a tuple from the fixed
field, it can fork over the same base with a single element of the fixed field.
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4. Study of rank-one types - The dichotomy

The main result of this section is a dichotomy theorem for types of rank 1
in characteristic 0. We start with some definitions: bounded, unbounded and
superficially stable types. The dichotomy is then: a rank-1 type is either bounded
of σ-degree 1 and non-orthogonal to the fixed field, or it is superficially stable,
modular. In the latter case, the type will be stable and stably embedded, and a
minimal type in the sense of stability (see the Appendix).

The proof that a bounded type is non-orthogonal to the fixed field works in all
characteristics, and is given in (4.5). To show the second part of the dichotomy, we
need preliminary results: a description of the consequences of superficial stability,
given in (4.2) and (4.3), and some results on ramification of discrete valuations (4.6)
and (4.7). The proof of the main result is then given in (4.10), and we conclude
the section with some easy applications.

(4.1) Definitions and notation. (1) Let p be a type defined over an algebraically
closed structure E. We say that p is superficially stable if for every realisation a of
p, and algebraically closed structure F containing E and independent from a over
E, the field F (aclσ(Ea)) has no proper finite σ-stable Galois extension.

(2) Let p and q be types over an algebraically closed structure E; we say that
p and q are superficially co-stable iff for all independent over E realisations a and
b of p and q respectively, the field aclσ(Ea)aclσ(Eb) has no proper finite σ-stable
extension. Note that this relation is symmetric.

(3) Let E be an algebraically closed structure. For k a positive integer and
a ∈ M realising a complete type p, we denote by p[k] or tpk(a/E) the type of the
element a over E in the model Mk, reduct of M to the language {+, ·, 0, 1, σk}. We
denote by qftpk(a/E) the quantifier-free part of tpk(a/E).

(4) For E a field and a a tuple algebraic over E, we define Mult(a/E) to be the
(separable) degree [E(a) : E]s (i.e., the multiplicity of a over E in the pure field
language).

(5) Let p be a complete type over an algebraically closed substructureE. Let a re-
alise p and assume that σ(a) ∈ E(a)alg. We say that p is bounded if there is a natural
number N such that for every integer k (positive or negative) Mult(σk(a)/E(a)) ≤
N ; if no such N exists, we say that p is unbounded.

(4.2) Theorem. Let p be an n-type over an algebraically closed structure E, re-
alised by some tuple a.

(1) Assume p has a unique non-forking extension to any difference field F con-
taining E. Let α ∈ aclσ(E, a). Then tp(a, α/E) has the same property.

(2) p is superficially stable if and only if for each m, tpm(a, σ(a), . . . , σm−1(a)/E)
has a unique non-forking extension to any difference field F containing E.

Assume now that p is superficially stable. Then

(3) If F contains E, then p has a unique non-forking extension q to F , and q is
superficially stable.

(4) If p does not fork over the algebraically closed substructure E′ of E, then p|E′
is superficially stable.

(5) p ⊥ (σ(x) = x).
(6) If M is a model of ACFA containing E, then the non-forking extension of p

to M is definable over E.
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Assume now in addition that SU(p) = 1, and let P be the set of realisations of
p.

(7) If D ⊆ Kn is definable, then D∩P is either finite or cofinite. If F ⊇ E, then
p has at most |F |+ ℵ0 extensions to F .

(8) For every tuple a in P and every algebraically closed substructure F1 contain-
ing E, tp(a/F1) is superficially stable.

(9) p is stably embedded, i.e., if D ⊆ Mnm is definable with parameters, then
D ∩ Pm is definable with parameters from P .

Proof. (1) Assume by way of contradiction that tp(a, α/E) has two distinct non-
forking extensions to some difference field F1 containing E. Let F2, . . . , Fn realise
tp(F1/E), with F1, . . . , Fn independent over E. Applying the independence theo-
rem, we get that tp(a, α/E) has at least 2n distinct non-forking extensions pi(x, y)
to F1 · · ·Fn. The restrictions of pi(x, y) to the tuple of variables x (correspond-
ing to a) are non-forking extensions of p, hence are all equal. Thus there exist αi

with (a, αi) realizing pi. The αi must be 2n distinct elements, a contradiction if
2n > [E(a)σ(α) : E(a)σ ].

(2) Assume that p is superficially stable. Let F = aclσ(F ) contain E and be
independent from a over E. By superficial stability, the field K = Faclσ(Ea) has
no proper finite σ-stable Galois extension. Hence, by (2.8), all extensions of σ|K to
aclσ(Fa) areK-isomorphic, which gives the uniqueness of the non-forking extension
of p to F .

By (2.9), Faclσ(Ea) has no proper finite σm-stable Galois extension. Observing
that aclσ(Ea) = aclσm(E, a, σ(a), . . . , σm−1(a)), the first part gives the uniqueness
of the non-forking extension of tpm(a, σ(a), . . . , σm−1(a)/E) to F .

For the converse, assume by way of contradiction that for some F = aclσ(F ) con-
taining E and independent from a over E, the field K = Faclσ(Ea) has a proper fi-
nite σ-stable Galois extension L. Choose α ∈ aclσ(Ea) such that L is the composite
of K with some finite Galois extension L1 of F (a, α)σ . Enlarging α, we may assume
that σ(L1) = L1. By (2.9), for some m there is σ1 ∈ Aut(L1) which agrees with
σm on F (a, α)σ but is not conjugate to σm under any element of Gal(L1/F (a, α)σ).
This implies that tpm(a, σ(a), . . . , σm−1(a), α, σ(α), . . . , σm−1(α)/E) has two dis-
tinct non-forking extensions to F , and contradicts (1).

(3) Immediate from (2).
(4) Suppose that tp(a/E′) is not superficially stable. Then there is F = aclσ(F )

containing E′ and such that aclσ(E′a)F has a proper finite σ-invariant Galois
extension L. By the independence theorem, we may assume that F , E and a are
independent over E′, which implies that E and F are independent over aclσ(E′a).
This implies (see e.g. Remark 1.9) that (aclσ(E′a)F )alg∩aclσ(Ea)F = aclσ(E′a)F ,
and therefore that Laclσ(Ea)F is a proper extension of aclσ(Ea)F . This contradicts
the superficial stability of tp(a/E).

(5) Assume that p 6⊥ (σ(x) = x), and let F = aclσ(F ) containing E be indepen-
dent from a over E and such that aclσ(F, a) \ F contains an element α fixed by σ.
Choose β fixed by σ, independent from Fa over E, let F ′ = aclσ(F, β) = F (β)alg,
and fix a prime number ` 6= char(F ).

We claim that the equation X` = α+ β does not have a solution in F ′aclσ(Fa).
Indeed, (α + β) is not an `-th power in aclσ(Fa)(β), because it has degree 1 in β.
Assume by way of contradiction that there is c in F ′aclσ(Fa) such that c` = α+β.
Then aclσ(Fa)(β, c) is a Galois extension of degree ` of aclσ(Fa)(β), contained in
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F ′aclσ(Fa). Since β is transcendental over aclσ(Fa), we have F ′ ∩ aclσ(Fa)(β) =
F (β), and therefore aclσ(Fa)(β, c) = aclσ(Fa)L for some Galois extension L of
F (β) of degree `. By Kummer theory, there is d ∈ L such that dp ∈ F (β) and
cd−1 ∈ aclσ(Fa)(β). Let h1, h2 ∈ aclσ(Fa)[β] and d1, d2 ∈ F [β] be such that
cd−1 = h1/h2 and d` = d1/d2. We may assume that d1 and d2, and h1 and h2, are
relatively prime in aclσ(Fa)[β]. We then have

(α+ β)h`
2d2 = h`

1d1.

Let β − u be an irreducible factor of d1. In aclσ(Fa)[β] it is relatively prime to
α + β, since u ∈ F . Hence the above equation implies that (β − u) divides h2,
and therefore that (β − u)` divides h`

1d1, and hence divides d1 (since (h1, h2) = 1).
Thus d1 is an `-th power in aclσ(Fa)[β]. Reasoning in the same way with d2, we
reach a contradiction.

Hence, the roots of the equation X` − α − β generate a finite proper Galois
extension of aclσ(Ea)F ′, stable under σ. Thus p is not superficially stable.

Note that tp(a/F ) has (at least) two distinct non-forking extensions to F ′: let
ψ(x, y) be the formula such that ψ(a, y) isolates tp(α/Fa) and consider the formula
ϕ(x, β) = ∃y, z ψ(x, y) ∧ (z` = y + β) ∧ σ(z) = z). Then both tp(a/F ) ∪ {ϕ(x, β)}
and tp(a/F ) ∪ {¬ϕ(x, β)} extend to non-forking extensions of tp(a/F ) over F ′.
This implies in particular (using the independence theorem) that no non-forking
extension of tp(a/F ) is definable.

(6) This is in fact a direct consequence of (3) (and does not need E to be
algebraically closed). Let M ⊇ E be a model of ACFA, and p′ the non-forking
extension of p to M . Let A ⊇ M . By Lemma 1.15 of [25], there is a type q over
A, heir of p′. We claim that q is a non-forking extension of p: let a realise q; then
for every c ∈ clσ(Ma), tp(c/A) is an heir of tp(c/M), which implies that the fields
clσ(Ma) and clσ(A) are linearly disjoint over M , and therefore that tp(a/A) does
not fork over M .

Hence, for every A ⊇ M , p′ has exactly one heir on A. By Proposition 1.17 of
[25], p′ is definable. Since p′ is left invariant by any E-automorphism of M (because
it is the unique non-forking extension of p to M), we see that it is definable over
E.

(7) Obvious, since all forking extensions of p are algebraic.
(8) This is shown by induction on the length of the tuple a. Let a ∈ Pm, b ∈ P ,

and assume that the result holds for all m-tuples, but does not hold for (a, b) over
some algebraically closed substructure F1 containing E. Without loss of generality,
F1 = E; then b /∈ aclσ(Ea). Let F = aclσ(F ) be independent from (a, b) over E,
such that the field K = Faclσ(Eab) has a proper finite Galois extension L which
is stable under σ.
Laclσ(Fa) is a finite Galois extension of aclσ(Fa)aclσ(Eab), stable under σ, and

therefore must equal aclσ(Fa)aclσ(Eab), because tp(b/aclσ(Ea)) is superficially
stable by (2). Hence, L ⊆ aclσ(Fa)aclσ(Eab). Since L is a proper finite Galois
extension of K = Faclσ(Eab), there is α ∈ aclσ(Fa) such that L = K(α). Note
that α /∈ Faclσ(Ea), and that σ(α) ∈ aclσ(Fa) ∩ K(α). Since b is independent
from Fa over E, this implies that σ(α) ∈ Faclσ(Ea)(α) (use Remark (1.9)(2)),
and therefore that Faclσ(Ea)(α) is stable under σ. This contradicts our induction
hypothesis.

(9) For an alternate and more direct proof, use (7) and Lemma 2 of the Ap-
pendix. Let D be defined by the formula ϕ(x, b), for some tuple b in M . We will
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first assume that E = aclσ(Cb(p)); thus E is contained in the algebraic closure
of a finite subset of P by (2.13). Let P0 ⊆ P be such that b and P are inde-
pendent over P0, and aclσ(P0) ⊇ E. Let c ∈ Pm ∩ D; our choice of P0 ensures
that all extensions of tp(c/P0) to P0b are non-forking extensions. By (8) and (2),
tp(c/aclσ(P0)) ` tp(c/aclσ(P0), b). Thus, using compactness, D is definable over
aclσ(P0), and has therefore only a finite number of distinct conjugates over P0, say
D = D1, D2, . . . , Dn; changing the indices, we may assume that Di∩Pm = D∩Pm

if and only if i ≤ `. For each i > `, choose di ∈ (Di ∩ Pm) 4 (D ∩ Pm). Then⋃
i≤`Di is definable over P1 = P0 ∪ {di | ` < i ≤ k}, and has the same intersection

with Pm as D.
In the general case, let P ′ be the set of realisations of p|C , where C = aclσ(Cb(p)),

and let D′ be the set of elements of P ′m satisfying ϕ(x, b); then D′ ∩Pm = D, and
by the first case we may assume that b ∈ P ′. Choose P0 ⊆ P such that b and P0

are independent over P0, and aclσ(P0) ⊇ C. By choice of P0, all the extensions of
tp(b/P0) to P are non-forking. Since p|C is superficially stable, tp(b/aclσ(P0)) `
tp(b/aclσ(P0)P ); by compactness, this implies that D is definable over aclσ(P0).
As above, one deduces that it is definable over P .

(4.3) Theorem. Let p be a type over E = aclσ(E), of SU -rank 1 and superficially
stable. Then p is modular.

Proof. We work over the parameter set E. Observe that by (4.2), p is stable and
stably embedded, and also minimal. By Lemma 4 of the Appendix, it therefore
suffices to establish the following fact.

Claim. If c1, c2 ∈ Pm are independent, and c0 ∈ aclσ(c1, c2) ∩ P , then there are
elements di with aclσ(di) = aclσ(ci) for i = 0, 1, 2, and with d0 ∈ clσ(d1, d2).

We will assume that tr.deg(ci) = degσ(ci), so that aclσ is the field-theoretic
algebraic closure, which we denote by acl. We work in the pure field language.
Let A1 = acl(c1), A2 = acl(c2), and B = A1A2 (the composite). Let d code
the set of (field-) conjugates of c0 over B which are equi-algebraic with c0; then
acl(d) = acl(c0). We claim that d ∈ B(σ(d)): otherwise, since B is perfect (because
it is the composite of algebraically closed fields), there is d1 6= d, conjugate of d over
B(σ(d)). Since acl(d) = acl(σ(d)), this implies that acl(d1) = acl(d). On the other
hand, since d and d1 are conjugate over B and distinct, we have acl(d1) 6= acl(d),
which gives us a contradiction. Hence d ∈ B(σ(d)), which implies that B(σ(d)) is
stable under σ−1 and therefore under σ (since [B(d) : B] = [B(σ(d)) : B]). But B
has no finite proper σ-stable extension (by (8)), which implies that σ(d) ∈ B. Take
d0 = d, d1 = A1, d2 = A2.

(4.4) Lemma. Let E be an algebraically closed structure, let a be a tuple, and
assume that degσ(a/E) = 1 and that [E(a, σk(a)) : E(a)] is bounded by some
integer N for every k ∈ N. Then there is b ∈ aclσ(Ea) such that σ(b) ∈ E(b) and
aclσ(Eb) = aclσ(Ea).

Proof. Replacing a by a_σ(a)_ · · ·_ σ`(a), if necessary, we may assume that

[E(a, σ(a)) : E(σ(a))] = [E(σi(a))i≥0 : E(σi(a))i≥1].

Claim. E(σi(a))i≤0 and E(σi(a))i≥0 are linearly disjoint over E(a).
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Proof. Let n < 0; then

[E(σi(a))i≥n : E(σi(a))i≥0] =
−1∏
j=n

[E(σi(a))i≥j : E(σi(a))i≥j+1]

=
−1∏
j=n

[E(σi(a))j≤i≤0 : E(σi(a))j+1≤i≤0]

= [E(σi(a))n≤i≤0 : E(a)].

Let k < 0 be such that N = [E(a, σk(a)) : E(σk(a))] is maximal. Then, for
i < k, since E(a, σk(a)) and E(σk(a), σi(a)) are linearly disjoint over E(σk(a)), we
have

N ≥ [E(a, σi(a)) : E(σi(a))] ≥ [E(a, σi(a), σk(a)) : E(σi(a), σk(a))]

= [E(a, σk(a)) : E(σk(a))],

so that all these numbers are equal. Let a1 be any element from the tuple a not
in E; by the above, a1 has the same monic minimal polynomial over E(σk(a)),
E(σi(a), σk(a)) and E(σi(a)) for any i < k. Hence the tuple b of coefficients of
the minimal monic polynomial of a1 over E(σk(a)) is in F =

⋂
i≤k E(σi(a)). Since

a1 /∈ E, b is not in E, which implies that aclσ(E(a)) = aclσ(E(b)). The field F is
a subfield of a finitely generated extension of E, and is therefore equal to E(c) for
some tuple c; from b ∈ F we obtain E(a)alg = E(c)alg . We have

σ(F ) =
⋂
i≤k

E(σi+1(a)) =
⋂

i≤k+1

E(σi(a)),

i.e., σ(F ) ⊆ F .

(4.5) Theorem (The degree 1, bounded case). Let E be a model of ACFA. As-
sume that degσ(a/E) = 1, and that [E(a, σk(a)) : E(a)] ≤ N for every k ∈ Z. Then
there is a b such that σ(b) = b and E(a)alg = E(b)alg.

Proof. By the lemma there is a tuple b equi-algebraic with a over E and such that
σ(b) ∈ E(b). For k ∈ Z we have

[E(b, σk(b)) : E(b)] ≤ [E(b, σk(b), a, σk(a)) : E(b)]

= [E(b, σk(b), a, σk(a)) : E(b, a, σk(a))]× [E(b, a, σk(a)) : E(b, a)]

× [E(a, b) : E(b)]

≤ [E(σk(a), σk(b)) : E(σk(a))]× [E(σk(a)) : E(a)]× [E(a, b) : E(b)]

= [E(a, b) : E(a)]× [E(a, b) : E(b)]× [E(a, σk(a)) : E(a)].

Hence [E(b, σk(b)) : E(b)] ≤ [E(a, b) : E(a)] × [E(a, b) : E(b)] × N for all k ∈ Z.
From σ(b) ∈ E(b) we deduce that the fields E(σk(b)), k ≥ 0, form a decreasing
chain, and therefore [E(b, σk(b)) : E(σk(b))] = [E(b, σ(b)) : E(σ(b))]k for k ∈ N;
this degree must therefore equal 1, i.e., E(b) = E(b)σ.

Changing b, we may assume that b is the generic point of a non-singular complete
curve C defined overE. Let g(x) be the tuple of functions on C such that σ(b) = g(b).
Since σ is an automorphism of E(b) and C is complete, the map g : C → σC is an
isomorphism.
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Let α ∈ C(E) be such that σ(α) = g(α) (this is possible since E |= ACFA),
choose m ∈ N so that the divisor mα is very ample, and let ϕ : C → Pn be an
embedding given by the divisor mα (see [10] or [32] for the relationship between
divisors and embeddings into projective space; note that ϕ is a closed immersion).
Then σϕ : σC → Pn, obtained by applying σ to the coefficients appearing in
the coordinate functions of ϕ, is an embedding determined by the divisor σ(mα) =
mg(α); thus the embeddings ϕ and σϕ◦g correspond to the same divisormα because
g is an isomorphism. This implies that for some A ∈ PGLn(E) we have

A◦ϕ = σϕ◦g.

Using again the fact that E is a model, let B ∈ PGLn(E) be such that B = σ(B)A,
and let ψ = B◦ϕ : C → Pn. Then

ψ = σ(B)◦A◦ϕ = σ(B)◦σϕ◦g = σψ◦g.

Let c = ψ(b). Then

σ(c) = σ
(
ψ(b)

)
= σψ

(
σ(b)

)
= σψ

(
g(b)

)
= ψ(b) = c,

i.e., c is left fixed by σ. Since ψ is a closed immersion, E(b)alg = E(c)alg .

Remark. In characteristic p > 0, the result can be strengthened as follows (when
degσ(a/E) = 1 and E |= ACFA). Assume that for someN , Mult(σk(a)/E(a)) ≤ N
for every integer k. Then there is b, equi-algebraic with a over E and such that
σ(b) = bp

n

for some n.

Proof. Let a1 be any element from a not in E; since σ(a1) ∈ E(a1)alg, there is n ∈ Z
such that a1 and σ(a1)pn

are separably equi-algebraic over E. Let τ = Frobn ◦ σ;
then τ sends the separable closure of E(a1) to itself. This implies that for every
b in E(a1)alg, b and τ(b) are separably equi-algebraic over E, and therefore that
Mult(τk(b)/Eb) = [E(b, τk(b)) : E(b)]. Apply the theorem to τ .

(4.6) Ramification locus. Let E be an algebraically closed field, K a function
field over E and L a separable algebraic extension of K of degree n. Choose a ∈ K
such that E(a) = K and E[a] is integrally closed; let α ∈ L be such that E[a, α]
is the integral closure of E[a] in L. Let V , W be the varieties (over E) of which a
and (a, α) are generic points, and π : W → V the obvious projection. Then V and
W are normal, and π is a finite morphism. Let f(a, Y ) be the minimal (monic)
polynomial of α over E(a), and consider D(a), the discriminant of f(a, Y ); then
D(a) 6= 0 because L is separable over K.

Let b ∈ V ; then D(b) 6= 0 if and only if π−1(b) has n elements. Thus, the set of
points of V over which π is ramified is the algebraic subset S of V of codimension
1 defined by the equation D(x) = 0.

Theorem. Assume that the characteristic is 0. Let E0 be an algebraically closed
subfield of E over which the variety V and the algebraic set S are defined. Then
L ⊆ K(E0(a)alg).

Proof. Our assumption implies that the restriction of π to W \π−1(S) is étale. Since
our result deals with the function fields, we may replace V by a variety birationally
equivalent to V , and which is in bijection with V \S by a birational map (everything
being defined over E0). We may therefore assume that S is empty, and therefore
that π is an étale cover of V . This implies that W is isomorphic (over V ) to a cover
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π′ : W ′ → V defined over E0. For a proof, see [31], Thm. 6.3.3. Dualising this, we
obtain that E(W ) = E(E0(W ′)), which proves our assertion.

(4.7) Valuations and their ramification. Let E be an algebraically closed field,
a a tuple such that E[a] is integrally closed, K = E(a), and V the variety defined
over E of which a is a generic point. Then V is normal.

Let U be a subvariety of V of codimension 1, and P ⊆ E[V ] the associated prime
ideal. Since V is normal, it is non-singular in codimension 1, and the localisation
of E[V ] at P is a valuation ring, Ov; let v be the corresponding valuation on E(V ).
The maximal ideal Mv of Ov is POv, and the valuation group of v is infinite cyclic.
Thus v is a discrete rank-1 valuation. We denote by V(E[a]/E) the set of valuations
on K = E(a) arising in this fashion.

Let L be a finite separable extension of K, generated by an element α integral
over E[a]; let f(a, Y ) be the minimal (monic) polynomial of α over E[a]. Then
E[a, α] is integrally closed.

Fix a valuation v ∈ V(E[a]/E), and let OL = Ov(α); then OL is the integral
closure of Ov in L. One has

OL/POL '
∏
w

OL/(Qw)ew ,

where w runs over all valuations extending v, Qw is the prime ideal of OL associated
to w, and ew is a positive integer, called the ramification index of w over K (see
[30], Prop. I.4.10). If ew > 1, we say that v ramifies in L, or that w ramifies over
K.

Let f̄(ā, Y ) be the polynomial obtained from f(a, Y ) by modding out by Mv,
and D(a) the discriminant of f(a, Y ); then v ramifies in L if and only if f̄(ā, Y )
has multiple roots (in the algebraic closure of Ov/Mv), if and only if D(a) ∈Mv.
Thus valuations of V(E[a]/E) which ramify in L correspond to the irreducible
components of the algebraic subset S of V defined by D(x) = 0.

Lemma. Keeping the same notation, let M be a finite extension of K, and w a
valuation on M extending v.

(1) If L is Galois over K, then all extensions of v to L are conjugate by an
element of Gal(L/K). Hence all ramification indices are equal and all residue fields
OL/Qw are isomorphic. Thus, v ramifies in L if and only if all its extensions to L
ramify over K.

(2) If v does not ramify in L, then w does not ramify in LM .
(3) If M ⊆ L, then v does not ramify in L if and only if v does not ramify in M

and w does not ramify in L.
(4) Assume that v does not ramify in L, and that its residue field is algebraically

closed; then v has [L : K] distinct extensions to L. This happens if K has tran-
scendence degree 1 over E.

(5) Let E0 be an algebraically closed subfield of E, over which V is defined. Then
v is defined over E0 if and only if Mv ∩ E0[a] 6= (0).

(6) Let R be a subring of K, and assume that v is identically 0 on R\{0}. Then
v is identically 0 on all elements of K \ {0} which are algebraic over R.

Proof. (1), (3), (4), (6) are immediate.
(2) The minimal polynomial of α over M divides f(a, Y ), and f̄(ā, Y ) has no

multiple root.
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(5) Indeed, Mv ∩ E0[a] defines a subvariety of V , which is of codimension at
most 1; if it is of codimension 1, then Mv ∩E0[a] generates Mv.

(4.8) Theorem (The degree 1 unbounded case) (char. 0). Let E = aclσ(E), let a
be a tuple, and assume that degσ(a/E) = 1 and that tp(a/E) is unbounded. Then
tp(a/E) is superficially stable.

Proof. Let F ⊇ E be an algebraically closed structure not containing a. Let K =
Faclσ(Ea).

Assume that L is a proper finite Galois extension of K, and that σ(L) = L.
Changing a if necessary, we will assume that L = L1K, where L1 is a finite Galois
extension of F (a), that E[a] is integrally closed, and that the variety V with generic
a is non-singular. Choose α integral over F [a] and such that L1 = F (a, α). Keeping
the notation of (4.7), let S be the set of valuations in V(F [a]/F ) which ramify in
L1 and are not defined over E.

Claim. S is finite and non-empty.
Let W be the variety (over F ) with generic (a, α), and let π : W → V be the

finite morphism dual to F [a] ⊆ F [a, α]. By assumption L1 6⊂ F (E(a)alg), which,
by Theorem 4.6, implies that the algebraic subset S over which π ramifies is not
defined over E. Since V is non-singular, all components of S have codimension 1,
and the components of S not defined over E correspond to the elements of S, which
is therefore finite. Since S is not defined over E, S is not empty.

For k ∈ Z and v ∈ V(F [a]/F ), we define a valuation σk(v) ∈ V(F [σk(a)]/F )
by σk(v)(x) ≥ 0 ⇐⇒ v(σ−k(x)) ≥ 0. Then σk(S) is the set of elements of
V(F [σk(a)]/F ) which ramify in σk(L1) and are not defined over E. Fix v ∈ S and
choose k ∈ Z such that Mult(σk(a)/F (a)) > |S|.

Then v ramifies in L1σ
k(L1), and because L1 is Galois over F (a), all extensions

of v to L1σ
k(L1) ramify over F (a). Since v is not defined over E, it does not ramify

in F (a, σk(a)). Hence, if w is any extension of v to F (a, σk(a)), then w ramifies
in L1σ

k(L1), and so does the restriction w′ of w to F (σk(a)). Since L1σ
k(L1) ⊆

Kσk(L1), the valuations of σk(L1) which ramify in L1σ
k(L1) are defined over E.

From F (σk(a)) ⊆ σk(L1) ⊆ L1σ
k(L1), we then deduce that w′ ramifies in σk(L1).

By (4.7)(5) and (6), the valuation ring of w′ contains F and E(σk(a)), and therefore
w′ ∈ σk(S).

It now suffices to count the number of such w′ to reach a contradiction: since the
residue field of F (a) at v is algebraically closed, v has Mult(σk(a)/F (a)) extensions
to F (a, σk(a)), and their restrictions to F (σk(a)) are all distinct. By the choice of
k, there are more than |S| of them.

(4.9) Proposition (char 0). Let p be a type over an algebraically closed substruc-
ture E, and assume that p and tp(b/E) are not superficially co-stable. Then
p[k] 6⊥a qftp(b/E)[k] for some k ≥ 1, and SU(p[k]) > 1 if degσ(p) > 1.

Proof. Let a realise p and let b be a tuple of elements independent from a over E.
Let F = aclσ(Eb) and K = F (aclσ(Ea)). Assume that L is a finite proper Galois
extension of K such that σ(L) = L. Enlarge b so that L = L1K, with L1 a finite
Galois extension of aclσ(Ea)(b) .

Claim 1. We may assume that degσ(b/E) is finite.
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Proof. Indeed, if c is an element from b with degσ(c/E) infinite, then c realises
pω. By (2.10)(2), the field aclσ(Ea)aclσ(Ec) has no proper finite σ-stable algebraic
extension. Thus L is not contained in aclσ(Eac). Replace E by aclσ(Ec) and
p by its (unique) non-forking extension to aclσ(Ec) (note: tp(a/aclσ(Ec))[k] 6⊥a

qftp(b/aclσ(Ec))[k] implies tp(a/E)[k] 6⊥a qftp(b/E)[k]). Proceed in this way to
get the desired E.

Let E′ = aclσ(Ea). Increase b if necessary so that

Mult(σk(b)/Ebσ(b) · · ·σk−1(b)) = Mult(σ(b)/Eb)

and

Mult(b/Eσ(b) · · ·σk(b)) = Mult(b/Eσ(b))

for every positive integer k, E[b] is integrally closed in E(b) and the variety V of
which b is a generic point is non-singular; let α be such that L1 = E′(b, α) and
E′[b, α] is the integral closure of E′[b] in L1. With the notation of (4.7), let S be
the set of valuations in V(E′[b]/E′) which ramify in L1 and are not defined over E.

Claim 2. S is finite and non-empty.

Proof. Similar to the proof of the claim in (4.8).

For v ∈ V(E′[b]/E′) and k ∈ Z, we define the valuation σk(v) ∈ V(E′[σk(b)]/E′)
by σk(v)(x) ≥ 0 ⇐⇒ v(σ−k(x)) ≥ 0. We define a binary relation I on S by vIw
iff v and σ(w) are compatible, i.e., have a common extension to E′(b)alg.

Claim 3. Given v ∈ S, there is a w ∈ S such that vIw.

Proof. Proceed as in (4.8) to show that if w′ is any valuation on E′(σ(b)) compatible
with v, then w′ ∈ σ(S). Take w = σ−1(w′).

The finite oriented graph (S, I) therefore contains a cycle, say v = v0, v1, . . . ,
vk = v.

Claim 4. The valuation v extends to a valuation w on E′(b)σ satisfying σk(w) = w.

For i ∈ Z, define a valuation wi ∈ V(E′[σi(b)]/E′) by

wi = σi(vj), where i = j + kn, 0 ≤ j < k.

It then suffices to show that the wi’s are compatible: any w extending the wi’s will
satisfy the requirement. Note that by definition, wi and wi+1 are compatible.

By compactness (and translation by σ), it suffices to show that w0, . . . , wi are
compatible for i > 0, which we do by induction on i. For i = 1 there is nothing to
prove. Assume the result true for i; let w be a valuation on E′(b, σ(b), . . . , σi(b))
extending w0, . . . , wi, and let w′ be a valuation on E′(σi(b), σi+1(b)) extending
wi, wi+1.

By our choice of b we have [E(b, σ(b)) : E(σ(b))] = [E(σi(b))i≥0 : E(σi(b))i≥1];
hence the hypotheses of the claim of (4.4) are satisfied, and E′(b, σ(b), . . . , σi(b))
and E′(σi(b), σi+1(b)) are linearly disjoint over E′(σi(b)). Since w and w′ agree on
E′(σi(b)), they have a common extension to E′(b, σ(b), . . . , σi(b), σi+1(b)), which
proves the compatibility for i+ 1.

We fix such an extension w of v; since v is not defined over E, w(σi(b)) = 0
for every integer i, and therefore w is non-negative on the ring E′[σi(b)]i∈Z; let
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R = {r ∈ E′(b)σ | w(r) ≥ 0}, M = {r ∈ R | w(r) > 0}. Then M is a prime ideal
of R, stable under σk.

Consider now the σk-ring R/M; it is a domain, and contains isomorphic copies
of E′ = aclσ(Ea) and E(b)σ, viewed as σk-difference fields. Let a′, b′ be the images
of a, b in R/M; from the definition of w, it follows that a′ realises p[k] and b′ realises
qftp(b/E)[k]. They are not independent over E, which shows the first assertion.

Assume that degσ(p) > 1. From degσk(a′/E(σki(b′))i∈Z) = degσk(a/E) − 1
= degσ(a/E)− 1, we deduce that a′ /∈ aclσk(Eb′), and therefore

SU(p[k]) = SU(tpk(a′/E)) > SU(tpk(a′/Eb′)) ≥ 1.

This finishes the proof of the proposition.

(4.10) Theorem (char. 0). Let p be a type of SU -rank 1 over an algebraically
closed substructure E. Then either p is superficially stable, or p 6⊥ (σ(x) = x), in
which case degσ(p) = 1.

Proof. If degσ(p) = 1, then (4.5) and (4.8) give us the result; assume therefore that
degσ(p) > 1, and that the theorem is true for types of smaller degree. Assume that
p = tp(a/E) is not superficially stable; we want to reach a contradiction.

Replacing a by a_σ(a)_ · · ·_ σ`(a), we may assume that σ(a) ∈ E(a)alg. By
(4.9), for some integer k > 1, SU(p[k]) > 1; by (3.4) and (1.12), there are E1 ⊇ E,
independent from a overE, and c ∈ aclσ(E1a) such that SU(tpk(c/E1)) = 1. By the
induction hypothesis, either tpk(c/E1) is superficially stable, or for some E2 ⊇ E1,
independent from a over E1, aclσ(E2, c) contains a realisation d of σk(x) = x not in
E2; the second case cannot happen, since the code of the set {d, σ(d), . . . , σk−1(d)}
is then in aclσ(E2, c) = aclσ(E2, a) but not in E2, contrary to our assumption that
1 = SU(a/E) < degσ(p).

Since SU(tpk(c/E1)) = 1 < SU(tpk(a/E1)), we have

degσk(c/E1) < tr.degσk(a/E1) = degσ(p).

Hence tpk(c/E1) is superficially stable. Let i ≤ k− 1 be smallest such that σi+1(c)
is algebraic over E1(c, σ(c), . . . , σi(c)). Observe that tpk(σj(c)/E1) has SU -rank 1
and is superficially stable; by (4.2)(2), any non-forking extension of tpk(σj(c)/E1)
is also superficially stable, and so is tpk(c, σ(c), . . . , σi(c)/E1) (see e.g. the proof of
(4.2)(8)); since a ∈ E(c, σ(c), . . . , σi(c))alg , it follows that tp(a/E1) is superficially
stable, a contradiction.

(4.11) Theorem (char. 0). Let p be a type of finite rank, orthogonal to (σ(x) =
x). Then p is superficially stable.

Proof. We may assume that the set E over which p is defined equals aclσ(E). Let a
realise p, and assume that p is not superficially stable; by (4.3), if E′ ⊇ E, then any
non-forking extension of p to E′ is not superficially stable. Enlarging E if necessary,
we will therefore assume that E and b satisfy:

(i) p and tp(b/E) are not superficially co-stable.
(ii) SU(b/E) is minimal, i.e, if E′ and b′ satisfy (i), then SU(b′/E′) ≥ SU(b/E).
(iii) There is c ∈ aclσ(Eb) such that SU(c/E) = 1.

By Claim 1 of Proposition 4.9, SU(b/E) < ω. Let L be a proper finite Galois
extension of aclσ(Ea)aclσ(Eb) stable under σ; then SU(b/Ec) < SU(b/E), and
therefore tp(a/Ec) and tp(b/Ec) are superficially co-stable. This implies that L ⊆
aclσ(Eac)aclσ(Eb). Let M = L∩aclσ(Eac); then L = Maclσ(Eb), so that σ(M) ⊆
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L ∩ aclσ(Eac) = M . Thus tp(a/E) and tp(c/E) are not superficially co-stable,
which implies that SU(b/E) = SU(c/E) = 1. The result now follows by (4.9) and
(4.10).

(4.12) Corollaries (char. 0). (1) Assume that E |= ACFA, 1 < SU(a/E) < ω.
Then there is b ∈ aclσ(Ea) such that SU(b/E) = 1.

(2) If p and q are superficially stable, so is p× q.
(3) Note that pω is superficially stable, but unstable.

Proof. (1) By (3.4), tp(a/E) is non-orthogonal to a type q over E of SU -rank
1. If q is modular, then (3.4)(3) gives us the result. If q is not modular, then
tp(a/E) 6⊥ (σ(x) = x). By (3.7)(2) there is a consistent formula ψ(y) (over E) such
that tp(a/E) is not almost orthogonal to (σ(x) = x) over any realisation of ψ(y).
Since E |= ACFA, it contains elements satisfying ψ, and therefore aclσ(Ea) \ E
contains some element b with σ(b) = b.

The other assertions are obvious.

5. Semi-minimal analysis of types

The main result in this section is that, given a of finite rank over E, there is
a sequence a1, . . . , an of elements in aclσ(E, a) satisfying a ∈ aclσ(E, a1, . . . an),
and tp(ai/E, a1, . . . , ai−1) is either stable and modular of rank 1, or is F -internal,
where F is the field fixed by σ. We also study internality, stable embeddability,
and derive results on Galois theory and the structure of modular non-trivial sets
of rank 1. While the main results use the dichotomy theorem of Chapter 4 and
therefore require the characteristic to be 0, many of the auxiliary ones hold in any
characteristic. Throughout the section, unless explicitly stated to the contrary, the
results are valid in any characteristic; F denotes the fixed field.

(5.1) Two notions of internality. Let p and q be types (possibly incomplete)
over A.

We say that p is internal to q over A iff there is a small set B containing A
such that whenever a realises p, there is a tuple b of realisations of q such that
a ∈ dcl(B, b). If b can be chosen so that a ∈ clσ(B, b), we say that p is qf -internal
to q over A.

The second notion clearly implies the first one; it is mainly used when the type
q is unstable. We start by showing that the criteria for internality (in the stable
case) and qf -internality are as can be expected, namely that it is enough to show
internality with some independent a and B.

(5.2) Lemma (qf -internality to the fixed field). Let A be a difference field, F the
fixed field, and D a quantifier-free definable set of SU -rank 1, SU(a/A) < ω.

(1) Assume that a and c are independent over A, and that a ∈ clσ(A, c, b) for
some tuple b of elements of F . Then b and c can be chosen so that in addition
b ∈ clσ(A, c, a) and c = Cb(a, b/aclσ(A, c)).

Assume now that a and c are independent over A, and that a ∈ clσ(A, c, b) and
b ∈ clσ(A, c, a) for some tuple b in D. Then

(2) There are formulas ψ(y) and ϕ(x) ∈ tp(a/A) such that ψ is consistent and,
for any C satisfying ψ, ϕ(x) ⊆ clσ(A,C,D).

(3) There is a set C of (finitely many) independent realisations of tp(c/A), and
a semi-type q satisfied by a, such that q ⊆ clσ(A,C,D). In particular, q and
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tp(a/A) are qf -internal to D. If A is relatively separably closed in A(a)σ,
then we may take q = qftp(a/A).

(4) Let C be given by (3). There is a semi-type r satisfied by C such that, for any
C ′ realising r, q ⊆ clσ(A,C′, D). Furthermore r is qf -internal to D.

Proof. (1) Enlarging c if necessary, we may assume that b ∈ aclσ(A, c, a). Let
e = Cb(b/A, c, a). Then e ∈ clσ(A, c, a), and furthermore, a ∈ clσ(A, c, e). By
(3.7)(4), e ∈ F . Let d = Cb(a, e/A, c); then a ∈ clσ(A, d, e) and e ∈ clσ(A, d, a).

(2) Enlarging c, we may assume that b is independent from c over A, and that
c = Cb(a, b/aclσ(A, c)). Let u(y, x) and v(y, z) be difference rational functions
over A (i.e., quotients of difference polynomials with coefficients in A) such that
b = u(c, a) and a = v(c, b). Let θ(x, y) be a quantifier-free formula expressing that
u(y, x) is defined and in D, and v(y, u(y, x)) is defined and equals x.

We will first assume that A is relatively separably closed in A(a)σ. By Remark
(2.16), there are quantifier-free formulas ϕ0(x), ψ0(y1) and a difference polynomial
h(x, y1) such that for any (a′, c′) satisfying ϕ0(x) ∧ ψ0(y1) ∧ h(x, y1) 6= 0, θ(a′, c′)
holds. Let S = {a′ | |= ∀y1 (ψ0(y1) → h(a′, y1) = 0)}; then S is defined over A,
by a formula ϕ1(x), and equals {a′ | |=

∧k
i=1 h(a

′, ci) = 0} for some k and tuples
c1, . . . ck satisfying ψ0. Let

ϕ(x) : ϕ0(x) ∧ ¬ϕ1(x),

ψ(y1, . . . , yk) :
k∧

i=1

ψ0(yi) ∧ ∀x
(

k∧
i=1

h(x, yi) = 0 → ϕ1(x)

)
.

Assume that |= ϕ(a′) ∧ ψ(c′1, . . . , c
′
k); then a′ /∈ S, so that h(a′, c′i) 6= 0 for some i;

thus |= θ(a′, c′i) and therefore a′ ∈ clσ(c′i, D). Thus ϕ ⊆ clσ(A, c′1, . . . , c
′
k, D).

For the general case, let α ∈ aclσ(A) be such that A(α)σ is relatively separably
closed in A(a)σ. By the previous case (and its proof), there are formulas ϕ′(x, α)
and ψ′(y, α) such that, if Φ(α) denotes the set of realisations of ϕ′(x, α), and c′

satisfies ψ′(y, α), then Φ(α) ⊆ clσ(A, c′, D). Let η(t) be the formula isolating
tp(α/A), and let α = α1, α2, . . . , α` denote the conjugates of α over A. We then
define

ϕ(x) : ∃t η(t) ∧ ϕ′(x, t),

ψ(y1, . . . , y`) : ∃t1, . . . , t`
∧
i6=j

(ti 6= tj) ∧
∧
i

(η(ti) ∧ ψ′(yi, ti)).

Assume that ϕ(a′) and ψ(c′1, . . . , c
′
`) hold; then a′ ∈ Φ(αi) for some i. This αi

appears as one of the tj ’s of ψ, which gives the result.
(3) By construction, the formula ψ obtained in (2) is satisfied by a set C of

independent realisations of tp(c/A). Let η(t) be as in (2), and consider the semi-
type q(x) = ∃t η(t) ∧ q′(x, t), where q′(x, t) = qftp(a, α/A).

(4) Since c = Cb(a, b/aclσ(A, c)), there are independent realisations (a1, b1), . . . ,
(an, bn) of tp(a, b/A, c) such that c ∈ clσ(a1, b1, . . . , an, bn); then c and a1, . . . , an

are independent over A, so that tp(c/A) is qf -internal to D by (1) or (2), and
therefore so is tp(C/A). The existence of r now follows by (2).

(5.3) Remark. We can therefore apply Lemma (5.2) to the fixed field F . Recall also
from [3] that if S is a definable infinite subset of F , then every element of F can be
written as ab+ c + d for some a, b, c, d ∈ S; thus qf -internality to F is equivalent
to qf -internality to S.
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(5.4) Lemma (qf -internality and internality to a fully stable type). Assume that
SU(a/A) < ω, and let q be a fully stable (maybe incomplete) type of SU -rank 1
over the difference field A (see the Appendix for the definition and properties of
fully stable).

(1) Assume that for some c independent from a over A there is a tuple b of
realisations of q such that a ∈ clσ(A, b, c). Then tp(a/A) is qf -internal to q. If
A = aclσ(A) and b ∈ aclσ(A, c, a), then tp(a/A) ⊆ clσ(A,C, q) for some set C
consisting of finitely many realisations of tp(c/A).

(2) Assume that for some c independent from a over A there is a tuple b of
realisations of q such that a ∈ dcl(A, b, c). Then tp(a/A) is internal to q. If A =
aclσ(A) and b ∈ aclσ(A, c, a), then tp(a/A) ⊆ dcl(A,C, q) for some set C consisting
of finitely many realisations of tp(c/A).

Proof. We will prove both results at the same time. First, observe that to prove
the qf -internality or internality of tp(a/A) to q, it is enough to show it when
A = aclσ(A): if tp(a′/A) = tp(a/A), then there is an A-automorphism τ such
that tp(a′/aclσ(A)) = τ(tp(a/aclσ(A))); hence tp(a/aclσ(A)) ⊆ clσ(B, q) implies
tp(a′/aclσ(A)) ⊆ clσ(τ(B), q), and similar statements hold with dcl; tp(a/A) has a
bounded number of extensions to aclσ(A). We therefore assume that A = aclσ(A).

Let b, c be as given by the hypothesis. Since q has rank 1, enlarging c if necessary,
we may assume that b ∈ aclσ(A, a, c).

Since a ∈ clσ(A, b, c) and tp(b/A) has a unique non-forking extension to any set
containing A, tp(a/A, c) has a unique non-forking extension to any set containing
A, c.

Claim. tp(a/A) has a unique non-forking extension to any set containing A (=
aclσ(A)).

Assume, by way of contradiction, that tp(a/A) has two distinct non-forking
extensions to Ac. By the independence theorem (1.9), there are realisations c1,
c2 of tp(c/A), realising the same type over Ac, independent from a and c over A,
satisfying tp(c1/Aa) = tp(c/Aa) 6= tp(c2/Aa); then tp(a/Acc1) 6= tp(a/Acc2), which
contradicts the fact that tp(a/Ac) has a unique non-forking extension to any set
containing Ac.

Let B = A∪{c1, . . . , ck}, where c1, . . . , ck are independent realisations of tp(c/A)
for some k > SU(a/A). Then for some i, a and ci are independent over A. Since
tp(a/A) has a unique non-forking extension to any set containing A, tp(a, ci/A) =
tp(a, c/A), and therefore a ∈ clσ(A, ci, b′), or a ∈ dcl(A, ci, b′), for some tuple b′ of
realisations of q.

(5.5) Theorem. (Semi-minimal analysis of types of finite rank in char. 0) Sup-
pose that SU(a/E) < ω, where E is a difference field. Then there is a sequence
a1, . . . , an of elements in aclσ(E, a) such that a ∈ aclσ(E, a1, . . . , an) and, for
every i < n, tp(ai+1/E, a1, . . . , ai) is either fully stable modular of SU -rank 1, or
is qf -internal to the fixed field F .

Proof. Assume that we already have a1, . . . , ai; if a ∈ aclσ(E, a1, . . . , ai), we are
done. Otherwise, SU(a/E, a1, . . . , ai) ≥ 1. By Proposition 3.4, tp(a/E, a1, . . . , ai)
is non-orthogonal to a type q of SU -rank 1. Let E0 = clσ(E, a1, . . . , ai) and
E1 = aclσ(E, a1, . . . , ai).
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If q is fully stable, then it is also modular by (4.3) and (4.10), in which case, by
(3.4), there is ai+1 ∈ aclσ(E, a) such that tp(ai+1/E1) is fully stable modular of
rank 1. Since E1 = aclσ(E0), the same is true of tp(ai+1/E0) (use (3.3)(2)).

If q is not fully stable, then q is non-orthogonal to the formula (σ(x) = x) by
Theorem (4.11), and therefore tp(a/E1) 6⊥ (σ(x) = x). Choose c independent from
a over E0, and b ∈ F ∩ aclσ(E0, c, a), b /∈ aclσ(E0, c); by (3.7), we may assume
that b ∈ clσ(E0, c, a). Let ai+1 = Cb(b, c/aclσ(E0, a)). Then ai+1 ∈ aclσ(E0, a),
and ai+1 /∈ aclσ(E0); moreover, ai+1 ∈ clσ(b1, c1, . . . , bm, cm) for some independent
realisations of tp(b, c/E0(a)). Then ai+1 and c1, . . . , cm are independent over E0,
so that, by (5.2), tp(ai+1/E0) is qf -internal to the fixed field F .

(5.6) Theorem (Description of fully stable types in char. 0). Let p be a type of
finite SU -rank. Then p is fully stable if and only if every extension of p is orthogonal
to the fixed field.

Proof. Necessity is essentially immediate: assume that some extension p′ of p is non-
orthogonal to (σ(x) = x). By (the proof of) Lemma (4.2)(5), p′ is not definable.
By Lemma 2 of the Appendix, this implies that p′ and p are not fully stable.

For the sufficiency, we use induction on SU(a/A) for A = aclσ(A) containing the
set over which p is defined, and a a realisation of p. Our hypothesis on p implies
that any type of SU -rank 1 non-orthogonal to tp(a/A) is orthogonal to the formula
(σ(x) = x). Hence, by (5.5) there is b ∈ aclσ(A, a) such that SU(b/A) = 1 and
tp(b/A) is fully stable. Then SU(a/A, b) = n− 1, and by the induction hypothesis
tp(a/A, b) is fully stable; by Lemma 3 of the Appendix, tp(ab/A) is fully stable, and
hence so is tp(a/A).

(5.7) Proposition. Let p and q be (possibly incomplete) types. If p is qf -internal
to q and q is stably embedded, then so is the set P ∪Q of realisations of p and q.

Proof. The usual canonical basis argument shows that we may assume that P ⊆
clσ(B,Q) for some small set B of realisations of p. Fix a, and let Q0 ⊆ Q be
small and such that tp(a,B/Q0) ` tp(a,B/Q); then tp(a/B,Q0) ` tp(a/B,Q), and
therefore tp(a/B,Q0) ` tp(a/P,Q).

(5.8) Proposition (char. 0). Let E be a difference field and assume that tp(a/E)
⊥a (σ(x) = x), and that dcl(E) is relatively algebraically closed in dcl(EF ).

(1) Then tp(a/E) ` tp(a/EF ) and tp(a/aclσ(E)) ` tp(a/aclσ(EF )).
(2) Assume that S is definable over E, and that h : S → F k is a finite-to-one

(algebraic, E-definable) map. Then tp(a/aclσ(E)) ` tp(a/ES).
(3) Assume that tp(a/E) ⊥ (σ(x) = x); let S be defined over E, and h : S → F k

a finite-to-one definable map (not necessarily over E). Then tp(a/aclσ(E)) `
tp(a/ES).

In both (2) and (3), Lemma 1 of the Appendix applies and gives that tp(a/ES)
is definable over aclσ(E), and S is stably embedded (over aclσ(E)).

Proof. (1) Assume that a′ realises tp(a/E); then there is an isomorphism between
K = aclσ(Ea)aclσ(EF ) and aclσ(Ea′)aclσ(EF ) which sends a to a′ and is the
identity on EF . To prove both assertions it therefore suffices to show that all
extensions of σ|K to Kalg are isomorphic. By (2.8), it is enough to show that
K has no proper finite Galois extension L such that σ(L) = L. Suppose by way
of contradiction that L is such a Galois extension. By (4.9), this implies that
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tp(a/E)[k] 6⊥a (σk(x) = x) for some integer k; but this is absurd since every new
realisation of σk(x) = x gives a new realisation of σ(x) = x.

(2) We have S ⊆ aclσ(EF ); the result follows by (1)
(3) Assume that the formula ϕ(x, y, c) defines the map h; then there is an E-

definable set T consisting of elements d such that ϕ(x, y, d) defines a finite-to-one
map from S to F k. It is enough to show that tp(a/aclσ(E)) ` tp(a/aclσ(Es)) for
s ∈ S. Choose d in T independent from a, s over E, and let E′ = aclσ(Ed); by (2)

tp(a/E′) ` tp(a/aclσ(Es)).(∗)
Let t ∈ F k be such that ϕ(s, t, d) holds; by the orthogonality of tp(a/E) to the fixed
field, a and t are independent over E′, and therefore a and s are independent over
E′. Hence a, E′, s form an independent triple over aclσ(E). By the independence
theorem and (∗), it follows that tp(a/aclσ(E)) ` tp(a/aclσ(Es)).

(5.9) Proposition (char. 0). Let ϕ be a formula orthogonal to the fixed field; then
ϕ is fully stable.

Proof. Clear by (5.6) and Lemma 2 of the Appendix.

(5.10) Theorem (char. 0). Let ϕ be a formula orthogonal to the fixed field. Con-
sider the set S of realisations of ϕ inside a model M of ACFA, together with the
structure induced by M , and let T = Th(S). Then T is modular (one-based).

Proof. By (5.9), T is superstable of finite U -rank; by (4.3) and (4.10) (and elimi-
nation of imaginaries in ACFA), all types of U -rank 1 in T eq are modular. Hence
Buechler’s result [2] applies and gives the result.

(5.11) Galois theory for types qf-internal to the fixed field. Let q = tp(a/A)
be a type qf -internal to the fixed field F . At one extreme, a ∈ clσ(A,F ), which
implies that every automorphism fixing A∪F fixes every realisation of q. However, if
a /∈ clσ(A,F ), then the action of an automorphism fixing A∪F on the realisations
of q may be non-trivial. One reduces this study to the case where q is almost
orthogonal to the fixed field.

Theorem. Assume that q = tp(a/A) is qf -internal to F , and q ⊥a (σ(x) = x).
Let Q be the set of realisations of q in a universal domain M . There are an ∞-
definable group G, defined over A, qf -internal to F , and an A-definable action of
G on Q. Moreover G acts transitively on the elements of Q and fixes F .

Proof. Let G1 = Aut(M/A,F ). By (5.2), there is a semi-type r over A such that
Q ⊆ clσ(A, c, F ) whenever c realises r; moreover, inspection of the proof of (5.2)
shows that for some finite set d of realisations of q, the set R of realisations of r is
contained in clσ(A, d, F ).

Let N = Aut(M/A,F,Q) (= Aut(M/A,F,R)); then N / G1. Let G2 = G1/N ;
then G2 acts faithfully on Q and on R (by definition of N). Since Q ⊆ clσ(A, c, F )
for any c ∈ R, G2 acts freely on R: if g ∈ G2 fixes an element from R, then g fixes
Q and therefore equals 1.

For c ∈ R, let Ac = A ∪ (aclσ(A, c) ∩ F ), and let Rc be the set of realisations of
tp(c/Ac). Then G1 acts transitively on Rc: since tp(c/Ac) ⊥a (σ(x) = x), by (5.8)
tp(c/Ac) ` tp(c/A, F ). Thus the map g 7→ g(c) gives a bijection between G2 and
Rc.

SinceQ ⊆ clσ(A, c, F ), there are an∞-definable subsetDc of Fm, and a definable
bijection fc : Q → Dc (by (1.10) and (1.11)); thus an element d ∈ Rc induces
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gd = f−1
d ◦ fc : Q → Q. Let G = {f−1

d ◦ fc | d ∈ Rc}, the group law being
composition. Note that G is ∞-definable over A and c, and its group law and its
action on Q are definable over A, c.

Claim. If d = g(c) for g ∈ G2, then f−1
d ◦ fc and g have the same action on Q.

Proof. Applying g to fc(x) = y, we obtain fd(g(x)) = y (because y ∈ F ), which
precisely says that f−1

d ◦ fc(x) = g(x).

We therefore have a canonical isomorphism: (G2, ·) ' (G, ◦).
Suppose that d realises tp(c/A), and let Gd be the associated group; then the

isomorphism between (G, ◦) and (Gd, ◦) (induced by the isomorphisms with G2) is
definable over A, c, d. Hence in fact (G, ◦) and its action on Q are (∞-)definable
over A.

Remark. Since G is qf -internal to F , there is a definable bijection between G and
some ∞-definable subset H of Fm, which is therefore also endowed with a definable
group structure. By (1.11), the group H is ∞-definable in the pseudo-finite field F
(see [19] for the theory of groups of finite (S1-)rank defined over F ). In particular,
it is shown there that every infinitely definable group is contained in a definable
group, and is the intersection of subgroups of finite index thereof. Also, definable
groups are definably isomorphic to subgroups of finite index of groups of the form
H(F ), where H is some algebraic group over F . Simple groups can be classified
and have to do with the classical groups (unitary, orthogonal, etc.).

(5.12). In the modular case, a similar result holds. However here it is somehow
less significant, and the main statement is this:

Theorem. Let p be a non-trivial modular type defined over E = aclσ(E), with
SU(p) = 1. Then there exist a simple abelian variety A defined over E, or A = Gm,
or A = Ga, and a definable subgroup H of A, of SU -rank 1, with generic type non-
orthogonal to p. The case A = Ga can only occur when the characteristic is positive.

Proof. Changing p if necessary, we may assume that if a realises p then σ(a) ∈
E(a)alg. We work over E. By non-triviality, there are a1, a2, a3, a4 realising p such
that any triple is independent, but a1, a2, a3, a4 is not independent; by modular-
ity and elimination of imaginaries, this implies that aclσ(a4, a1) ∩ aclσ(a2, a3) =
aclσ(a′1), aclσ(a4, a2) ∩ aclσ(a1, a3) = aclσ(a′2) and aclσ(a4, a3) ∩ aclσ(a1, a2) =
acl(a′3), for some a′1, a

′
2, a

′
3 of SU -rank 1. Enlarging a′i we may assume that

σ(a′i) ∈ E(a′i)
alg; then the algebraic closures are in fact in ACF (over E), so that

we have the abelian group configuration in ACF . By standard results, see Chapter
5, Theorem 4.5 of [26], there are an abelian algebraic group A defined over E, and
elements bi, i = 1, 2, 3, 4, realising the generic of A (in ACF ) such that ai and bi
are equi-algebraic (over E), and b1 + b4 = b2 + b3. Going back to ACFA, we let
q = qftp(b1), and for a independent from b1 and realising q, we let r = qftp(b1−a).
Observe that any type extending q is non-orthogonal to any type extending r, which
implies that for Q the set of realisations of q and R the set of realisations of r, Q
and R are modular, of SU -rank 1.

Define H = {a ∈ A | for generic b ∈ Q, a+ b ∈ Q}; by (2.14), H is definable by
a quantifier-free formula.

Claim. H is a group of SU -rank 1, H = R ∪ aclσ(∅), every element of H can be
written as the sum of two elements in R, and the types extending r are the generics
of H .
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Proof. Clearly H is a group, of SU -rank 1. Let a ∈ H , a /∈ aclσ(∅); choose b ∈ Q
independent from a; since a+b is independent from b and realises q, and everything
is quantifier-free, (a + b) − b realises r. Now let c ∈ aclσ(∅); then a − c ∈ H and
a− c /∈ aclσ(∅), so that (a − c) ∈ R, which proves the next assertion. Finally, the
last statement is by definition of generic.

It now remains to show the assertions on A. For that, observe that A is simple
(as an algebraic group). Indeed, let B be an infinite algebraic subgroup of A. Then,
either H ∩ B is infinite, which implies that dim(B) = dim(H) since SU(H) = 1,
and therefore B = A. Or H ∩ B is finite; but dim(A/B) < dim(A) = dim(H),
which gives a contradiction. Hence A is either a simple abelian variety, or Gm, or
Ga. In characteristic 0 it cannot be Ga, since the only algebraic automorphisms
of Ga are linear. One then shows that H must be of degσ 1, commensurable to
a group defined by a linear equation σ(x) = ax for some a ∈ K; but the formula
σ(x) = ax is non-orthogonal to the fixed field, which contradicts our modularity
hypothesis.

Remark (char. 0). Let H be as above, C a subset of A and b ∈ H non-algebraic;
let H∗ =

⋂
n∈N nH . Then since H has rank 1, every definable infinite subgroup of

H contains H∗; since H is modular, tp(b/C) is therefore determined by the coset
of b modulo H∗.

6. Examples

In this section we will give various examples, which show that many of our results
are in some sense best possible.

(6.1). The equation σ(x) = x2 + b (char. 0).
Let E = aclσ(E), and consider a solution a of σ(x) = x2 + b, where b ∈ E. By

(4.8) and (4.2), tp(a/E) has a unique non-forking extension to any F containing
E. We will show that the formula σ(x) = x2 + b is strongly minimal if b 6= 0; for
b = 0, there are several possibilities, depending on the action of σ on the primitive
roots of 1. We also study the non-orthogonality relation between such types, and
show that its equivalence classes are least possible.

To determine whether or not tp(a/E) is strongly minimal, we need to study the
finite σ-stable extensions of the field K =def E(a)σ.

Suppose that L is a finite Galois extension of K which is stable under σ; write L
as KL1 for some finite Galois extension L1 of E(a) satisfying [L : K] = [L1 : E(a)].
Then σ(L1) ⊆ L1, E(σ−1(a)) and L1 are linearly disjoint over E(a), and σ−1(L1)
= E(σ−1(a))L1.

Let S be the set of finite E-valuations on E(a) which ramify in L1; we know that
S is non-empty. For α ∈ E, we write (a → α) for the valuation on E(a) positive
on (a − α). Observe that (a → σ−1(b)) is the only (finite) valuation ramifying in
E(σ−1(a)).

Assume that (a→ α) ramifies in L1, for some α 6= σ−1(b); since it does not ramify
in E(σ−1(a)), it has exactly two extensions to E(σ−1(a)) and they both ramify in
σ−1(L1). These extensions can be described as (σ−1(a) → ±

√
α− σ−1(b)). Taking

images by σ, the two valuations (a→ ±
√
σ(α) − b) ramify in L1.

Assume now that (a → σ−1(b)) ramifies in L1, with ramification index e 6= 2;
then the extension σ−1(L1) of E(σ−1(a)) is ramified at the unique extension of
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(a→ σ−1(b)), i.e. at (σ−1(a) → 0), with ramification index e or e/2. Thus (a→ 0)
ramifies in L1.

We define an oriented graph relation I on T =def {α | (a → α) ∈ S} as follows:
αIβ ⇐⇒ σ(α) = β2 + b. We have therefore shown that if α ∈ T and α 6= σ−1(b),
then for some β we have

β ∈ T ,−β ∈ T , αIβ, αI(−β).

Assume that T contains an element α with α 6= σ−1(b); since T is finite, any
path through α must be a loop. If n is the length of such a loop, one checks that α
is then a solution of the equation σn(X) = p(n)(X), where p(n)(X) ∈ E[x] is defined
by σn(a) = p(n)(a). Thus there is an N which will work for all α’s in T \ {σ−1(b)}.
But σN (α) = p(N)(α) implies σN (−α) = −p(N)(α), and therefore T ⊆ {0, σ−1(b)}.
There are now two cases to consider.

Case 1. b 6= 0.
Then 0 ∈ T implies that ±

√
−b ∈ T , which is impossible. Hence the only

(finite) valuation which ramifies in L1 is the valuation (a→ σ−1(b)), and its rami-
fication index is 2. This implies that L1 = E(a,

√
a− σ−1(b)) = E(σ−1(a)), which

contradicts our choice of L1, since we assumed it is linearly disjoint from K over
E(a).

By (2.8), the formula σ(x) = x2 + b is therefore strongly minimal.

Case 2. b = 0.
Then T = {0}, and L1 = E( e

√
a) for some e (which is odd by linear disjointness

from K over E(a)). Fix such an e, let ζ be a primitive e-th root of 1, and fix
b = e

√
a. Let σ be defined on K(b) by σ(b) = b2, let τ ∈ Gal(K(b)/K) be defined

by τ(b) = ζjb and let k be such that σ(ζ) = ζk and 1 ≤ k < e; then [σ, τ ](b) =
σ−1(ζ)j(k−2)b. Thus, if k 6= 2, then all extensions of σ to K(b) are conjugate by
elements of Gal(K(b)/K); if k = 2, then there are e non-isomorphic extensions of
σ to L1, and the formula σ(a) = a2 is not strongly minimal.

We now are concerned with the triviality of such types when b 6= 0. This will
follow from our next lemma.

Lemma. Let E be a difference field, and let a /∈ aclσ(E) be such that σ(a) = a2 + b
for some b ∈ E, b 6= 0. Assume that c ∈ aclσ(Ea)\aclσ(E) is such that σ(c) = c2+d
for some d ∈ E. Then c = σk(a) for some k ∈ Z.

Step 1. c ∈ E(a)σ.

Replacing c by an appropriate transform, we may assume that [E(a, c) : E(a)] =
[E(a)σ(c) : E(a)σ]. Then [E(a, σ(c)) : E(a)] = [E(σ(a), σ(c)) : E(σ(a))] =
[E(a, c) : E(a)], which implies that E(a, c) = E(a, σ(c)); from this we deduce
that E(a, c)σ = E(a)σ(c), which is only possible if c ∈ E(a)σ, since E(a)σ has no
finite proper algebraic extension stable under σ.

Step 2. E(c) = E(σk(a)) for some k ∈ Z.

Let j be minimal such that E(c) ⊇ E(σj(a)); replacing c by a transform, we may
assume that j = 0. Let k be minimal such that E(σ−k(a)) ⊇ E(c), and assume that
k > 0. Then E(c, σ−1(a)) ⊆ E(σ−k(a)), and therefore E(σ(c), a) ⊆ E(σ−k+1(a));
also [E(c) : E(σ(c))] = 2 = [E(a) : E(σ(a))] and E(σ(c)) ∩ E(a) = E(σ(a)), which
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implies that E(c) = E(a, σ(c)). Hence E(c) ⊆ E(σ−k+1(a)), a contradiction. This
implies that k = 0.

Replacing c by an appropriate transform, we may therefore assume that E(a) =
E(c); thus for some α, β, γ, δ ∈ E such that αδ − βγ 6= 0, we have c = αa+β

γa+δ .
Applying σ, we then obtain(

αa+ β

γa+ δ

)2

+ d =
α(a2 + b) + β

γ(a2 + b) + δ
;

looking at poles, given that b 6= 0, we obtain that γ = 0, and hence we may assume
that c = αa+ β, with α 6= 0. Thus

α2a2 + 2αβa+ β2 + d = αa2 + αb + β,

which implies β = 0 and α = 1.
From the lemma, we deduce two things:

(1) If b 6= 0, then the type σ(x) = x2 + b is trivial.
(2) (σ(x) = x2 + b) 6⊥ (σ(x) = x2 + d) implies that d = σk(b) for some k ∈ Z.

(6.2). An unstable type of SU -rank 2 orthogonal to the fixed field (and therefore
superficially stable) (char. 0).

Let E = aclσ(E), and consider a generic solution (a, b) of the equations

σ(x) = x+ y, σ(y) = y2 + 1.

Then a lies in an additive coset of the fixed field F , and therefore tp(a/Eb) is
unstable, which implies that tp(a/E) is also unstable. We claim that tp(a/E)
however is superficially stable, and therefore has a unique non-forking extension to
any set containing E, and is definable. This claim is equivalent to the claim that
tp(a/E) is orthogonal to the fixed field.

Let E′ = aclσ(E′) contain E and be independent from a over E. In (6.1), we
showed that the field E′(b)σ has no proper finite Galois extension stable under σ,
and therefore no proper finite algebraic extension stable under σ. Assume that
a′ ∈ E′(b)alg satisfies σ(a′) = a′+ b; then σ(E′(b)σ(a′)) = E′(b)σ(a′), which implies
that a′ ∈ E′(b)σ. We want to reach a contradiction.

Let k ∈ Z be least such that σk(a′) ∈ E′(b). Then k ≥ 0: σk(a′) − σk+1(a′) is
also in E′(b), and equals σk(b). Write σk(a′) as p(b)/q(b), where p, q are relatively
prime polynomials with coefficients in E′; then

σk+1(a′) =
p(b)
q(b)

+ σk(b) =
pσ(b2 + 1)
qσ(b2 + 1)

,

and degree considerations imply that q(b) = 1, that is, σk(a′) = p(b), σk+1(a′) =
p(b)+σk(b) = pσ(b2 +1). The minimality of k implies that σk(a′) /∈ E′(b2 +1), and
therefore p(b) /∈ E′(b2 + 1); then σk+1(a′) = p(b) + σk(b) ∈ E′(b2 + 1) implies that
σk(b) /∈ E′(b2 + 1) and therefore that k = 0. Thus σ(a′) = p(b) + b = pσ(b2 + 1),
and degree considerations give the desired contradiction.

This implies that tp(a/E) is orthogonal to the fixed field: if c ∈ aclσ(E′a) \ E′

satisfies σ(c) = c, then a ∈ aclσ(E′(b, c)), which contradicts our statement, with E′

replaced by E′(c)alg.
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(6.3) (char. 0). Undefinability of the rank.
(All results on elliptic curves can be found in [10], Ch. IV.4.) Consider the

family of elliptic curves C(λ), λ 6= 0, 1, where C(λ) is defined by the equation

x2
2 = x1(x1 − 1)(x1 − λ).

The j-invariant of C(λ) is then j(λ) = 28 (λ2−λ+1)3

λ2(λ−1)2 , and depends only on the
isomorphism type of the variety C(λ) (thus λ, 1/λ, 1− λ, 1/(1− λ), λ/(1− λ) and
(λ− 1)/λ all give the same curve).

We assume that σ is the identity on Qalg. We work over an algebraically closed
difference field E. Let d be an integer, and consider the formula

ϕ(x, y) : x2
2 = x1(x1 − 1)(x1 − y) ∧ σ(y) = y ∧ σ2(x) + [d]x = 0,

where x = (x1, x2), “+” is taken in the sense of the elliptic curve, and [d] is
multiplication by d on the elliptic curve.

If d = 1, then ϕ(x, λ) is non-orthogonal to the fixed field; one checks easily that
SU(ϕ(x, λ)) = 2. Assume now that d > 1.

The ring Rλ of endomorphisms of C(λ) is in general isomorphic to Z, except for
countably many values of λ, which are algebraic over Q, in which case one says that
C(λ) has complex multiplication, and the ring Rλ is isomorphic to a subring of the
ring of integers of Q(

√
−n) for some positive integer n. Moreover, given a positive

integer d, there are infinitely many values of λ for which Rλ ⊗Z Q = Q(
√
−d).

Claim (d > 1). SU(ϕ(x, λ)) = 2 ⇐⇒ Rλ ⊗Z Q = Q(
√
−d).

Proof. Assume that Rλ ⊗Z Q = Q(
√
−d); then m

√
−d ∈ Rλ for some integer m. If

e is the corresponding endomorphism then the equation σ2(x) + [d]x = 0 implies
([m]σ−e)([m]σ+e)(x) = 0, which has SU -rank 2. Indeed, let a be a generic solution
of ϕ(x, λ). Then degσ(a/Qalg) = 2. If b = [m]a + e(a), then [m]σ(b) − e(b) = 0,
which implies that degσ(b/Qalg) = 1. Hence tp(a/Q(b)alg) forks over Qalg and is
not algebraic, i.e., SU(a/Qalg) = 2.

For the converse, assume that SU(ϕ(x, λ)) = 2, and let E′ = aclσ(E′) and a
satisfying ϕ(x, λ) be such that tp(a/E′) forks over E, but is non-algebraic. Then
degσ(a/E′) = 1. Since Mult(a/E(σ2(a))) = d2, it follows that tp2(a/E) is un-
bounded of deg 1; hence it is stable by (4.8) and (4.2), and so is tp(a/E) (by a
reasoning similar to that given in (4.10)).

Consider the group G of realisations of ϕ(x, λ) in K |= ACFA with the structure
induced from K. By (5.10), G is modular. By [18], this implies that the formula
determining qftp(a/E′) is equivalent to a Boolean combination of cosets of definable
subgroups of G. One of them, say H , will have SU -rank 1. Thus without loss of
generality we will assume that a ∈ H .

Let S ⊆ C(λ)× C(λ) be the Zariski closure of the subgroup H ′ =def {(b, σ(b)) |
b ∈ H}; then S is a subgroup of C(λ) × C(λ), which projects generically onto
each factor C(λ) and is of dimension 1 since (a, σ(a)) is a generic point of S. Let
m = |S ∩ (0) × C(λ)|. Then the set T = {(x, [m]y) | (x, y) ∈ S} is the graph of a
morphism ψ : C(λ) → C(λ), and ψ(a) = [m]σ(a). Thus ψ ◦ ψ(a) = [m2]σ2(a) =
[−dm2]a. Since (a, ψ(a)) is a generic point of T , Rλ must contain an element whose
square behaves like [−dm2], i.e., Rλ ⊗Z Q = Q(

√
−d).

Hence the set of λ for which SU(ϕ(x, λ)) = 2 is countably infinite; this set is
therefore not definable.
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(6.4) (char. 0). Examples of difference-field Galois groups.
Let A be a simple abelian variety of dimension d, defined over the field F fixed

by σ. For b in A, let A(b) = {x ∈ A | σ(x) = x + b}. Then A(0) is simply the
set of F -rational points of A, and any other A(b) is a coset of A(0) in A. Thus
SU(A(0)) = SU(A(b)) = d. By a generic b of A, we mean a tuple b ∈ A such
that F (b)σ has transformal transcendence degree d, or equivalently SU(b/F ) = ωd.
Note that there is a unique generic of A, by (2.11)(2).

For b ∈ A, let G(b) = Aut(A(b)/F (b)) be the group of bijections of A(b) which
fix F (b) and lift to automorphisms of the universal domain. Then G(b) embeds
naturally in A(0), via g 7→ (g(x)− x), where x is any element of A(b). We will now
describe G in two cases: when b is a non-torsion point of A(F ); when b is generic.

We first recall some results on definable subgroups of A(F ). By (1.11), every
definable subgroup of A(F ) is in fact definable in the pure field F . By [19], every
definable subgroup H of A(F ) has finite index in B(F ), where B is the Zariski
closure of H in A(F alg), and therefore an algebraic subgroup of A. Since A is
simple, every definable subgroup of A(F ) is therefore either infinite and of finite
index, or finite. Furthermore, if (Hi) is a family of uniformly definable subgroups
of A(F ), then there is an integer N such that for every i, either the size or the
index of Hi is at most N .

We also know that [n]A(F ) has finite index in A(F ). Thus there are only finitely
many definable subgroups of A(F ) of a given index. We define A∗ to be the inter-
section of all subgroups of A(F ) of finite index; then A∗ is divisible.

Claim 1. If b is a non-torsion point in A(F ), then G(b) contains A∗.

Proof. For ϕ(x, y) a formula, define

Gϕ = {g ∈ A(F ) | ∀x ∈ A(b), ∀y ∈ F `(y) (ϕ(x, y) ⇐⇒ ϕ(x+ g, y))}.
Then each Gϕ either is finite or contains A∗; thus, either G(b) contains A∗, or G(b)
is finite. The latter is impossible, since then we would have A(b) ⊆ F alg, and any
tuple from F alg has finite orbit, contradicting our assumption that [n]b 6= 0 for
every n.

Claim 2. If b is generic, then G(b) = A(F ).

Proof. It suffices to show that any two elements a and a′ of A(b) have the same type
over F (b). Any two such elements satisfy σ(x)−x generic, and thus are themselves
generic. Thus a and a′ are conjugated over F by some automorphism τ , which
clearly fixes b.

Note that in either case, since G(b) has SU -rank d, every element of A(b) has
SU -rank d over F (b)σ.

Claim 3. If SU(c/Fb) < d, then any two elements of A(b) which have the same
type over F (b)σ have the same type over F (b, c)σ.

Proof. As in Claim 1, Aut(A(b)/F (b, c)) is infinitely definable (over b, c), and is
therefore either finite or contains A∗. If it is finite, then A(b) ⊆ aclσ(F, b, c), which
implies SU(a/Fb) ≤ SU(c/Fb) < d for any a ∈ A(b) and contradicts our previous
observation.

Thus tp(a/Fb) is almost orthogonal to any type of SU -rank < d, even though it
is internal to q, for any type q of a non-algebraic element of A(F ).
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Moreover, we know by [5], 7.5.3, that F (b, a)σ can be written as F (b, c)σ, where c
is a singleton. Thus there is a difference equation (over F (b)σ) whose Galois group
is precisely A(F ): take b generic in A.

(6.5). An example in characteristic p > 0.
We show that in char. p > 0 there are types orthogonal to every fixed field, yet

unstable. Let us first remark that we have many definable subfields of a model of
ACFAp: for any integers m and n ≥ 1, the set of points fixed by the automorphism
x 7→ σn(x)xpm

is a definable subfield that is pseudo-finite. Automatically, the type
of an element of such a subfield is unstable. There are however examples of unstable
types of SU -rank 1 which are orthogonal to all such types. We are in characteristic
p > 0, and work over an algebraically closed substructure E.

Let S = {a | σ(a) = ap − a}. Then, if a /∈ E, Mult(a/E(σ(a))) = p. Since the
fields E(σn(a)), n ∈ N, form a decreasing chain, it follows that Mult(a/E(σn(a))) =
pn and is therefore unbounded. This implies that tp(a/E) is orthogonal to all
formulas of the form σn(x)xpm

= x (see the argument in the proof of Theorem 4.5
which shows that boundedness is preserved by equi-algebraicity).

Now consider the set T = {b | σ(b)p − σ(b) + bp = 0}; a similar argument shows
that the type over E of any element of T not in E is orthogonal to all formulas of
the form σn(x)xpm

= x.
Let a ∈ S \ E, b ∈ T \ E be independent over E. Consider the extension L of

K = aclσ(Ea)aclσ(Eb) obtained by adding a root α of the equation Xp −X = ab;
then [L : K] = p. Moreover, σ(ab) − ab = apσ(b) − (b + σ(b))a. By assumption,
σ(b) = (b + σ(b))p, and therefore β = α + a(b + σ(b)) is a root of the equation
Xp −X = σ(ab). Hence σ(L) = L; moreover, there are p choices for σ(α), namely
all the conjugates of β over K.

We define a bilinear form q : S × T → Fp by q(x, y) = σ(ξ) − ξ − x(y + σ(y)),
for ξ a (any) root of Xp − X = xy. It is easy to see that this bilinear form is
non-degenerate. Thus the two types are unstable.

It would be interesting to determine the induced structure on such definable
groups. We feel it is likely that the induced structure on the two groups consists
only of the group structure, endomorphisms, constants, and this bilinear map, and
that (up to non-orthogonality) groups of this type and fixed fields are the only
unstable SU -rank one types in characteristic p.

(6.6). A stable type of SU -rank 1 which is bounded (char. 0).
A natural question arises from (4.5): Does the result generalise to types of

degσ > 2, or, equivalently, if tp(a/E) is bounded and SU(a/E) = 1, does it follow
that degσ(a/E) = 1? We show here that this is not the case, and that there exist
stable types which are bounded.

Let A be a simple abelian variety, with endomorphism ring R, containing an
invertible element u which is not a root of unity. There are such varieties, and
they have dimension greater than 1. For instance let R be the ring of integers of
Q(
√

2,
√
−3). Then Q(

√
2,
√
−3) is of CM type, and there is an abelian variety A

with End(A) ' R (see [29], p.85). The element (3 + 2
√

2) is invertible in R and is
not a root of 1.

Let E be an algebraically closed field containing the parameters used to define
A and u, and choose a model (K,σ) of ACFA which contains E and is such that
σ is the identity on E. Consider the formula ϕ(x): x ∈ A ∧ σ(x) = u(x); since u is
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invertible, if a satisfies ϕ then E(a)σ = E(a), so that tp(a/E) is bounded, but in
(Q ⊗ R)[t] the polynomials tn − 1 and t − u are relatively prime for every n ∈ N.
By a result in [16], this implies that the formula ϕ(x) is orthogonal to the formula
σ(x) = x, and therefore every type containing ϕ(x) is stable.

(6.7). A non-strongly minimal trivial type of degree 1.
We first recall some results on elliptic curves. Let k = Qalg, let J be an elliptic

curve with transcendental j-invariant a, defined over k(a), for instance, by the
equation

y2 + xy = x3 − 36
a− 1728

x− 1
a− 1728

.

Then the following assertions are true.
(1) For n ∈ N, the subgroup J [n] of elements of J of order n is isomorphic to

Z/nZ× Z/nZ.
(2) For n ∈ N, let L be the field obtained by adjoining to k(a) all elements of

J [n]. Then Gal(L/k(a)) ' SL2(Z/nZ).
(3) For p a prime, let Lp be the extension of k(a) obtained by adjoining to k(a) all

points of Tp(J), the p-torsion subgroup of J . Then Gal(Lp/k(a)) ' SL2(Zp),
and the extensions Lp, where p varies over all primes, are linearly disjoint
over k.

(4) End(J) ' Z.
(5) Let A and B be subgroups of J of order pm, and assume that there is an

isomorphism θ : J/A→ J/B. Then A = B and θ = ±1.

Proof. (1) See [35], III.6.4.
(2) See [31], Section 5.1.
(3) Immediate from (2).
(4) See C.11.1 in [35].
(5) Let ϕ : J → J/A and ψ : J → J/B be isogenies (with kernels A and B

respectively); they have degree pm. Consider the morphism η : J → J defined by
η = ψ̂ ◦ θ ◦ ϕ (ψ̂ is the isogeny dual to ψ; see [35, III.6] for its properties). Since ψ̂
has degree pm, it follows that η has degree p2m. From End(J) ' Z, it follows that
η = ±[pm]. From ψ̂ ◦ψ = [pm], we then deduce that ψ = ±θ ◦ ϕ. This implies that
A = B, and that θ = ±1, since J/A has transcendental j-invariant, and therefore
End(J/A) ' Z.

We fix an element a transcendental over k = Qalg, and consider an elliptic curve
Ja with j-invariant a, defined over k(a). For p a prime, define Tp(a) to be the set
of elements of Ja of order a power of p, let Sp(a) be the set of (unordered) pairs
{b,−b} for b ∈ Tp(a), and define Lp = k(a, Tp(a)), Kp = k(a, Sp(a)). Then Lp is
a Galois extension of k(a), with Gal(Lp/k(a)) ' SL2(Zp), Kp is the subfield of Lp

fixed by {1,−1}, and Gal(Kp/k(a)) ' PSL2(Zp).
Fix a prime p, and a subgroup A of Tp(a) such that Am = A ∩ Ja[pm] is cyclic

of order pm for every m. For m ∈ N, define am as the j-invariant of the elliptic
curve Ja/Am. Since all cyclic subgroups of order pm of Ja are conjugate by an
automorphism of Lp over k(a), it follows that, in the pure field language, the type of
(a, a1, . . . , am) over k is completely determined by the fact that a is transcendental
over k, and for some cyclic subgroup B of order pm of Ja, ai is the j-invariant of
Ja/[pm−i]B. In particular, (a, a1, . . . , am) and (a1, . . . , am+1) have the same type
over k. Define σ by σ(a) = a1, σ(am) = am+1 for m > 0, and extend it to an
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automorphism σ, which defines the difference field k(a)σ. Denote σn(a) by an for
n ∈ Z. Fix an isogeny h : Ja → Ja/A1.

Claim 1.

[k(a, am) : k(a)] = (p+ 1)pm−1, k(a)σ ⊆ Kp,

Gal(Lp/k(a)σ) '
{(k 0

0 1/k

)
| k ∈ Z∗p

}
.

First observe that σm(a) ∈ Kp for m ≥ 0. Indeed, by (5), am is uniquely
determined by the cyclic subgroup Am of Tp(a). Hence am and the code of the
subgroup Am are equi-definable over k(a); since Gal(Lp/Kp) does not move Am,
this implies that am ∈ Kp. But Ja[pm] ' Z/pmZ×Z/pmZ has (p+1)pm−1 distinct
cyclic subgroups of order pm, and they are permuted by Gal(Lp/k(a)). Hence am

has multiplicity (p+ 1)pm−1 over k(a).
Now consider ĥ : Ja1 → Ja; it has a kernel B1 of order p, and h(A2) ∩B1 = (0),

since ĥ ◦ h = [p]. As above, we therefore have that a and the code of the subgroup
B1 are equi-definable over k(a1); hence a ∈ k(a1, Sp(a1)), and applying σ−1 we
deduce the first two assertions for all m ∈ Z.

Hence, the automorphisms of Lp which leave k(a)σ fixed are those which leave
invariant the two subgroups A and B of Tp(a), where B is defined as the union of
the kernels of the morphisms Ja → Jam for m < 0; we have Tp(a) = A ⊕ B. This
gives the third assertion.

Claim 2. The code h̄ of the set {h,−h} is defined over k(a)σ.

This also follows by (5), since up to a change of sign, h is determined by the
j-invariants a and a1.

Claim 3. The fields Kq for q 6= p and k(a)σ are linearly disjoint over k(a).

This is true because k(a)σ ⊆ Kp, and the fields Kq, q a prime, are linearly
disjoint over k(a).

Now let q be an odd prime, q 6= p. For m ∈ N, define Kq,m to be the Galois
extension of k(a)σ obtained by adjoining to k(a)σ the codes of the pairs {b,−b} for
b ∈ Ja[qm].

Claim 4. k(a)σ(Sq(a)) = k(a)σ(Sq(a1)); also, k(a)σKq and Kq,m are σ-invariant.

Indeed, h defines a group isomorphism: Tq(a) → Tq(a1), and therefore h̄ defines a
bijection between Sq(a) and Sq(a1); thus for b ∈ Tq, {b,−b} and h̄({b,−b}) generate
the same extension of k(a)σ. This proves the assertions.

Claim 5. σ has at least two non-conjugate extensions to Kq,m, provided q > 3.

To show that there is more than one way of defining σ on Kq,m (up to iso-
morphism), it suffices, by (2.6), to show that some extension of σ has non-trivial
centraliser in Gal(Kq,m/k(a)σ). Let us first produce such an extension.

Choose b1, b2 of order qm and generating Ja[qm]. Let c1, c2 ∈ Ja1 [qm] be such
that tp(a, b1, b2/k) = tp(a1, c1, c2/k) (types are here in the pure field language);
then c1, c2 generate Ja1 [qm], and so do h(b1), h(b2). Thus there is an element
τ ∈ Gal(Q(a1, c1, c2)/Q(a1)) ' GL2(Z/qmZ), such that τ(ci) = h(bi) for i = 1, 2.
Thus for some ` ∈ (Z/qmZ)∗, (c1, c2) and (h(b1), [`]h(b2)) realise the same type over
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k(a1). Since k(a)σ and k(a1, c1, c2), are linearly disjoint over k(a1), they realise the
same type over k(a)σ.

Thus we may extend σ to Kq,m by setting

σ({b1,−b1}) = {h(b1),−h(b1)}, σ({b2,−b2}) = {[`]h(b2),−[`]h(b2)}.
Let c be an invertible element of Z/qmZ, c 6= 1,−1. Then the element τ ∈

Gal(Kq,m/k(a)σ) defined by

τ({b1,−b1}) = {[c]b1,−[c]b1}, τ({b2,−b2}) = {[1/c]b2,−[1/c]b2}
commutes with σ: observe first that h̄ and τ commute, since h̄ is defined over k(a)σ.
Hence

τσ({b1,−b1}) = τh({b1,−b1}) = hτ({b1,−b1})
= h({[c]b1,−[c]b1}) = στ({b1,−b1}),

τσ({b2,−b2}) = τh({b2,−b2}) = hτ({b2,−b2})
= h({[1/c]b2,−[1/c]b2}) = στ({b2,−b2}).

There are
(
(q − 1)qm−1/2

)
− 1 such elements τ .

We have therefore shown that no extension of r = qftp(a/k) is strongly minimal.

Claim 6. Assume that a realises r and p = tp(a/k) is non-trivial. Then there is a
finite Galois extension L of k(a)σ such that qftp(Lab/K) ` tp(a/K).

By Claim 1 and (4.8), tp(a/k) is stable and therefore modular. By (5.12) there
exist a k-definable abelian group A of SU -rank 1, and a generic b of A equi-algebraic
with a over k. Replacing k if necessary by some larger algebraically closed structure
independent from a over k, we may assume that b is inside the connected component
A∗ =

⋂
n nA of A. Now define b1 = b, nbn+1 = bn. Then qftp(b1, . . . , bn, . . . /k) `

tp(b1, . . . , bn, . . . /k). Since a is algebraic over E(b), qftp(a, b1, . . . , bn, . . . /k) de-
termines tp(a, b1, . . . , bn, . . . /k) up to finitely many possibilities. Adding some
finite c from k(a)alg, we have qftp(a, c, b1, . . . , bn, . . . /k) ` tp(a/k).

Observe that k(a, c, b1, . . . , bn, . . . ) is an abelian extension of k(a, c, b1). We will
show that no such thing is true of tp(a/k).

Claim 7. All extensions of r are trivial.

Assume that tp(a/k) is non-trivial, and let c, b1, b2, . . . be as in Claim 6, and
L = k(a, c, b1)σ. As a difference field, L is finitely generated over k(a)σ; hence,
there is a finite set I0 of prime numbers q containing p and such that L and the
fields Kq(a)σ, q a prime not in I0, are linearly disjoint over k(a)σ. Since the groups
PSL2(Zq) have no abelian quotient, Lab and the fields Kq(a)σ, q a prime not in
I0, are linearly disjoint over k(a)σ. Hence the restriction of σ to Lab has infinitely
many extensions to Kq, which contradicts Claim 6.

Remarks. (1) Let q be a prime, q 6= p, and assume that b1, b2 generate Ja[qm]. Then
h(b1), h(b2) generate Ja1 [qm], which implies that (a, b1, b2) and (a1, h(b1), h(b2))
realise the same type over Q. Thus, whether they realise the same type over k will
depend on the action of σ on Q(µq) (µq the group of all roots of unity of order a
power of q).

Assume that there is an extension of σ to Kq such that σ and h̄ agree on Sq(Ja);
since h̄ ∈ k(a)σ, it commutes with all elements of Gal(Kqk(a)σ/k(a)σ), and there-
fore the isomorphism types over k(a)σ of the extensions of σ to Kq are in one-to-one
correspondence with the conjugacy classes of PSL2(Zq).
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(2) One shows easily that Kp is σ-stable. However Lp is probably not: indeed h
is defined over k(a, Ja[p], Ja1 [p]), while it is not defined over Kp(Ja[p]).

(3) Similarly, one shows that Lqk(a, h)σ is σ-invariant.
(4) One can show that any extension of σ to Kp commutes with the elements

of Gal(Kp/k(a)σ). Hence the isomorphism types of extensions of σ to Kp are in
one-to-one correspondence with the elements of Gal(Kp/k(a)σ).

(6.8). An example showing that qf -internality is stronger than internality.
We find two types p and q with p internal to q, but not qf -internal to q. Assume

that σ is the identity on E0 = Qalg, and let q(x) be the (non-algebraic) type over
E0 given by the equation σ(x) = x2 +1. By (6.1) we know that this type is strongly
minimal and trivial. Let a realise q, let α be a cubic root of a, and consider the
element β = ασ(α)2. Then β /∈ E0(a)σ, and we claim that β ∈ dcl(E0, a).

Indeed, let K = E0(a)σ and L = K(α)σ. By (6.1), K has no proper finite
σ-stable extension. Hence the fields K(σi(α)), i ∈ Z, are linearly disjoint over K,
and therefore G = Gal(L/K) is isomorphic to a product of copies of Z/3Z indexed
by the integers.

Let τ be a generator of Gal(K(α)/K); then CG(σ) is the subgroup of Gal(L/K)
generated by the element (σiτσ−i)i∈Z of G. One verifies that CG(σ) leaves β fixed,
which shows that β ∈ dcl(E0, a). Hence, p = tp(β/E0) is internal to q.

Assume now by way of contradiction that p is qf -internal to q. Then there
are a field E = aclσ(E) containing E0 and independent from a, and realisations
a1, . . . , an of q such that β ∈ E(a1, . . . , an)σ. Enlarging E, we may assume that
a1, . . . , an are equi-algebraic with a over E. By Lemma 6.1, this implies that
a1, . . . , an ∈ E(a)σ. Since β /∈ E(a)σ , we obtain the desired contradiction.

7. Groups of finite rank

In [14] and [20] the new concepts of S1-theory and of geometric structures were
introduced, in an attempt to isolate the stability theoretic properties of pseudo-
finite fields and related structures. Both these concepts require the definability
of the S1-rank for formulas (which in our case equals the SU -rank), i.e., given a
formula ϕ(x, y), the set of elements b such that S1(ϕ(x, b)) ≥ n is definable. While
this property does not hold in our case (see 6.3), a similar one for degσ holds. Let
us write degσ(ϕ(x)) ≤ n to express that if A is a set containing the parameters for
ϕ and a is any realisation of ϕ, then degσ(a/A) ≤ n. Since this property is purely
field-theoretic, it follows that if ϕ(x, y) is a formula and n a positive integer, then
the set of elements b such that degσ(ϕ(x, b)) ≥ n is definable. This allow one to
retrieve the main results of [19] and [20], with minor modifications in the proofs.

In this section we will give an overview of these results; for the proofs we refer
to the original papers, but indicate the changes that have to be made.

Throughout this section, K denotes a model of ACFA. Let us start with an
easy observation:

(7.1) Lemma. (1) Let G be a group definable in K and of finite SU -rank. Then
the elements of G of maximal SU -rank are exactly those of maximal degσ.

(2) Assume that H is an algebraic group defined over K, and that G is a definable
subgroup of H of finite SU -rank. Consider the σ-ideal J of difference equations
vanishing on all elements of G, and let G′ be the set of elements g of H such
that I(g/K) contains J . Then G′ is a quantifier-free definable subgroup of H, and
[G′ : G] is finite. We call G′ the σ-closure of G in H.
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Proof. (1) We work over E = aclσ(E), over which everything is defined. Choose
a, b ∈ G independent, such that SU(a) and degσ(b) are maximal, and consider
the element ab ∈ G. Using the fact that a and ab are equi-definable over b, we
deduce that SU(ab/b) = SU(a/b) = SU(a) and degσ(ab/b) = degσ(a); by the
maximality of SU(a), this implies that ab and b are independent, and therefore
degσ(ab/b) = degσ(ab).

Similarly, from the equi-definability of b and ab over a, and the maximality of
degσ(b), we deduce that degσ(ab/a) = degσ(b/a) = degσ(b), SU(ab/a) = SU(b),
and ab and a are independent. Putting everything together, we obtain SU(a) =
SU(ab) = SU(b) and degσ(a) = degσ(ab) = degσ(b).

(2) Since the group operation is defined without quantifiers, G′ is a subgroup
of H , which has the same degσ as G; by (1), G and G′ have therefore the same
SU -rank, which implies that G is of finite index in G′.

(7.2) Proposition (3.1 in [19]). Let G be a group of finite SU -rank, definable in
K. There are a definable subset A over which G is defined, an algebraic group H
definable over A, and points a, b, c of G, and a′, b′, c′ of H such that :

(i) ab = c (in G) and a′b′ = c′ (in H).
(ii) aclσ(A, a) = aclσ(A, a′), aclσ(A, b) = aclσ(A, b′) and aclσ(A, c) = aclσ(A, c′).
(iii) a and b are generic points of G and are independent over A; a′ and b′ are

generic points of H and are independent over A.

Proof. The proof follows exactly the one given in [19], Proposition 3.1, replacing
everywhere dim by degσ, and acl by aclσ. Expand a to a_σ(a) · · ·_ σ`(a) for large
enough ` and similarly for b, to work in the pure field language.

(7.3) Lemma (5.21 in [19]). Let ϕ(x, y), ψ(x, z) be formulas such that for all a,
b in K, degσ(ϕ(x, a)) ≤ n and degσ(ψ(x, b)) ≤ n. Let δ(y, z) be the formula such
that for all a, b in K, |= δ(a, b) if and only if degσ(ϕ(x, a) ∧ ψ(x, b)) ≥ n. Then
δ(y, z) is stable.

Proof. Same as in [19].

(7.4) Lemma (6.1 in [19]). Let G be a group of finite rank definable in K, and
let H be an ∞-definable subgroup of G. Then H is the intersection of definable
subgroups of G.

Proof. Same as in [19].

(7.5) Proposition (6.2 in [19]). Let G be a group of finite SU -rank definable in
K. Then there are an algebraic group H defined over K, a definable (in the dif-
ference field K) subgroup G0 of finite index in G, and a definable homomorphism
f : G0 → H(K) with finite central kernel.

Proof. Same as in [19]. Note that here we cannot deduce that f(G0) has finite index
in H(K). As in [19], one can then enlarge H and get a homomorphism defined on
G.

Corollary. Let G be a group of finite SU -rank definable on in K. Then G satisfies
the descending chain condition on centralisers.

Proof. By the theorem, there is a definable group homomorphism f : G → H(K),
with ker(f) finite. Since algebraic groups have the d.c.c on centralisers, so does
G/ ker(f). The result follows from the finiteness of ker(f).
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(7.6) Theorem (7.2 in [14]). Let G be a group of finite SU -rank definable in K.
Let Xi be definable subsets of G, i ∈ I. Then there exists a definable subgroup H
of 〈Xi | i ∈ I〉 such that Xi/H is finite for every i ∈ I. The definability of H in
particular implies that H ⊆ X±1

i1
· · · · ·X±1

im
for some i1, . . . , im ∈ I.

Proof. We work over an algebraically closed set over which everything is defined.
Choose a ∈ 〈Xi | i ∈ I〉 of maximal degσ, say n, and let Q be the set of realisations
of tp(a) (in some saturated model). Let S be defined by

S = {h ∈ G | there is a′ ∈ Q, independent from h and such that ha′ ∈ Q},
and let H = S ·S. Then S is an∞-definable subset of G: S is the intersection of the
sets Sϕ = {g ∈ G | degσ(ϕ(x)∧ϕ(gx)) ≥ n} over all ϕ ∈ tp(a). Clearly S ⊆ 〈Xi | i ∈
I〉. Using the maximality of degσ(a), one obtains that degσ(S) ≤ degσ(a); on the
other hand, choosing a, a′ ∈ Q independent, a′a−1 ∈ S and degσa

′a−1 = degσ(a).
Hence degσ(S) = degσ(a).

By the independence theorem, if h1, h2 are independent elements of S, then h−1
1 ,

h1h2 ∈ S.
Let h1, h2, h3 ∈ S; we want to show that their product is in H . For that, choose

h4 ∈ S independent from h1, h2, h3, and write h1h2h3 as (h1h
−1
4 )(h4h2h3). Then

h1h
−1
4 ∈ S, h4h2 ∈ S and is independent from h3; hence h4h2h3 ∈ S, which proves

our assertion.
We then have degσ(H) = degσ(S) = degσ(a). By (7.4), H is the intersection

of definable subgroups Hm of G. By compactness, there is an n such that Hm is
contained in 〈Xi | i ∈ I〉 and has the same degσ as H . Then SU(Hm) = SU(H) =
SU(a) ≥ SU(Xi). This implies that Xi/Hm is finite.

(7.7) Proposition (7.5 in [14]). Assume that moreover the collection Xi, i ∈ I,
is invariant under conjugation. Then H can be chosen normal in G.

Proof. We will first show that we can find such an H with N(H) of finite index in
G. We apply (7.6) to the group G1 = GoG, where the second copy of G acts on
the first by conjugation, and to the family {(Xi × 1) | i ∈ I} ∪ {1×G}. We obtain
a subgroup T of 〈Xi × 1, 1 × G | i ∈ I〉 such that (Xi × 1)/T and (1 × G)/T are
finite for each i ∈ I. Setting H = T ∩ (G × 1), the normaliser of H in G contains
(1×G) ∩ T , whence it has finite index in G.

Consider the family H of definable subgroups H ′ of 〈Xi | i ∈ I〉 such that N(H ′)
is of finite index in G and Xi/H

′ is finite for every i ∈ I. Let H1 ∈ H be of maximal
SU -rank, and let H2 be a conjugate of H1. We will show that H1 ∩H2 is of finite
index in H1 and H2.

The group N = N(H1) ∩ N(H2) normalises H1 and H2. Hence, the group H3

generated by (N∩H1) and (N∩H2) equals their product, and is therefore definable,
and normalised by N . Hence H3 ∈ H, and

SU(H1) ≥ SU(H3) ≥ SU(H1 ∩N) = SU(H1),

which shows that N ∩H1 has finite index in H3. Similarly, N ∩H2 has finite index
in H3, which implies that N ∩H1 ∩H2 has finite index in H3. From this we obtain
that SU(H1∩H2) = SU(H1) = SU(H2), which shows that H1∩H2 has finite index
in H1 and H2.

Thus any two conjugates of H1 are commensurable. Hence the intersection H of
the finitely many conjugates of H1 has finite index in H1 and therefore is in H.
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(7.8) Corollary (7.6 in [14]). Let G be a definable group of finite rank. Then
[G,G] is definable.

Proof. By (7.6) and (7.7) applied to the set X of commutators, there is a definable
normal subgroup H of G, contained in [G,G] and such that XH/H is finite. Hence,
G/H has finitely many commutators, which implies that the commutator subgroup
of G/H is finite (see 14.5.11 in [28]) and therefore that [G,G] is definable.

(7.9) Corollary (7.8 in [14]). Let G be a definable group of finite rank. Then G
is simple if and only if it is definably simple and non-abelian.

Proof. Assume that G is definably simple; then it has no center and no definable
subgroup of finite index. Therefore all conjugacy classes of non-identity elements
are infinite. Let N be a normal subgroup of G, and let a ∈ N , a 6= 1, and consider
the infinite set Xa consisting of all conjugates of a. By (7.6), there is a definable
normal subgroup H of N such that Xa/H is finite, and this implies that H is
infinite.

(7.10) Proposition (3.3 in [20]). Let G be a connected algebraic group, and G1

a definable subgroup of G of finite SU -rank. Assume that G1 is Zariski dense in
G, and that its σ-degree equals dim(G). Then there are an algebraic group H, a
quantifier-free definable subgroup H1 of H, and an isogeny f : H → G such that
f(H1) is a subgroup of finite index of G1.

Proof. Let G0 be the σ-closure of G1 in G (see (7.1)(2)); then SU(G0) = SU(G1)
by (7.1), and G1 has finite index in G0, since G0 is quantifier-free definable, and
therefore a ∈ G0 is equivalent to (a, σ(a), · · · , , σm(a)) ∈ Vm for some m and
algebraic subgroup Vm ofG×σ(G)×· · ·×σm(G). Going to the connected component
of Vm, we may assume that Vm is a variety for every m, and that G0 has no
quantifier-free definable subgroup of finite index. The natural projections Vm → G
are epimorphisms, with finite central kernels. Making the appropriate changes, we
will assume that (x, σ(x)) ∈ V1 determines G0. It will be enough to find an isogeny
f : H → V1 and a quantifier-free definable subgroup H1 of H such that f(H1) is a
subgroup of finite index of V1 ∩ (G1 × σ(G)).

If G0 = G1 there is nothing to prove; we will therefore assume that G1 is a proper
subgroup of G0. Let b be a generic point of G1; since G0 contains G1 properly, by
(2.8) there is a finite Galois extension E(b, b̂)σ of E(b)σ such that if (c, ĉ) realises
qftp(b, b̂/E) then c ∈ G1. Take such a c independent from b over E, let a = cb−1,
and let a1 be such that aclσ(Ea) ∩ E(b, b̂, c, ĉ)σ = E(a, a1)σ. Then E(a, a1)σ is a
finite Galois extension of E(a)σ. Define b1, c1 as follows:

E(b, b1)σ = E(b, b̂)σ ∩ E(a, a1, c, ĉ)σ, E(c, c1)σ = E(c, ĉ)σ ∩ E(a, a1, b, b1)σ.

Then E(a, a1, b, b1)σ = E(a, a1, c, c1)σ = E(b, b1, c, c1)σ. Summarising the situa-
tion, we have:

(i) (a, a1), (b, b1), (c, c1) are pairwise independent over E, and each of them is in
the difference field generated by the other two.

(ii) E(a, a1)σ is finite Galois over E(a)σ, E(b, b1)σ is finite Galois over E(b)σ, and
E(c, c1)σ is finite Galois over E(c)σ.

We now work in the pure field language. From this data, one reasons as in [20].
From (ii), deduce a generic action of the set P of realisations of qftp(a, a1) on the
set Q of realisations of qftp(b, b1). Thus the elements of P are in a natural way
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germs of functions on Q, and there is a generically associative group law on P . Find
an algebraic group H whose generic α is equi-definable with (a, a1). Then compare
the group law on H to the one on G1, and conclude that the inclusion map k(a) ⊆
k(a, a1) yields a group homomorphism from a quantifier-free definable subgroup
H1 of H to G1, with finite kernel. Observe that by construction degσ(H1) =
degσ(G1) = dim(G) = dim(H).

(7.11) Internal quotients. Assume that G is a definable group of finite SU -rank,
with generic non-orthogonal to a type q of SU -rank 1. Under certain additional as-
sumptions the techniques used in [11], Lemma 3.3.6, gereralise easily to our context,
and show that G has a definable normal subgroup N such that G/N is (qf)-internal
to q. Below, we will give two such results, and some details of the proof.

Theorem. Let G be a definable group of SU -rank m, and assume that for some
generic a ∈ G (i.e., of maximal SU -rank), tp(a) is not orthogonal to σ(x) = x.
Then there is a definable normal subgroup N of G such that G/N is internal to
the fixed field F . If G is a definable subgroup of an algebraic group, then N can be
chosen so that G/N is qf -internal to F .

Proof. By (7.5), we may assume that G is a subgroup of some algebraic group H .
Since G is of finite index in its quantifier-free closure, we may assume that G is
quantifier-free definable, and contains no quantifier-free definable subgroup of finite
index. Indeed if G0 is a normal subgroup of finite index of G, and if N0 is a normal
subgroup of G0 such that G0/N0 is qf -internal to F , then N =

⋂
g∈G0\GN

g
0 is

definable. Since G0/N embeds in
∏

g∈G0\GG/N
g
0 , it is qf -internal to F . Now

use the fact that G is the union of finitely many cosets of G0 to conclude. The
non-orthogonality of a generic of G to F is preserved.

Let a be a generic of G; then tp(a) 6⊥ (σ(x) = x). Choose c independent of
a and such that some b ∈ F is algebraic over a, c, but not over just c. By (3.7),
we may assume that b ∈ clσ(a, c). Let d = Cb(b, c/a). Since c and a are inde-
pendent, a is relatively algebraically closed in clσ(a, b, c) = clσ(a, c), and therefore
d ∈ clσ(b1, c1, . . . , br, cr) for some independent realisations of tp(b, c/a). By (5.2),
this implies that tp(d) is qf -internal to F . Let h be the rational difference function
such that h(a) = d (we know that d ∈ clσ(a)), and let P0 be the set of realisations
of qftp(d), P the set of realisations of qftp(a). From our assumptions on G, we
know that P is precisely the set of generics of G.

Define a relation ∼ on P by putting a ∼ b if for some generic (g1, g2) ∈ G2 we
have h(g1ag2) = h(g1bg2). Since we are dealing with quantifier-free types, and the
group, its group law and the function h are quantifier-free definable, we can replace
“for some generic” by “for all generic” in the definition of ∼.

Claim 1. ∼ is a quantifier-free definable equivalence relation on P .

Proof. As above, the relevant ingredients are quantifier-free definable. Hence the
definability results (2.16) apply to give the result.

Claim 2. Assume that a ∼ b, and let g ∈ G be independent from a and b. Then
ga ∼ gb and ag ∼ bg.

Proof. Let (g1, g2) ∈ G2 be generic over g, a, b. Then (g1g, g2) is generic, indepen-
dent from a, b, and therefore h(g1gag2) = h(g1gbg2). We also have that (g1, g2) is
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independent from ga, gb ∈ P . This shows that ga ∼ gb; the proof that ag ∼ bg is
similar.

Define N = {n ∈ G | for all generic g, g ∼ gn}.

Claim 3. N is a definable normal subgroup of G.

Proof. The fact that N is closed under multiplication and inverse is clear: if g
is generic independent from n1, n2, then gn1 and gn1n2 are in P , and ∼ is an
equivalence relation on P . It is definable, since n ∈ N if and only if g ∼ gn for
some generic g, which is a definable relation.

Let g ∈ G, and let g1 ∈ G be generic, independent from n, g. Then g1g
−1 is

independent from n, which implies that g1g−1 ∼ g1g
−1n. Also, g is independent

from g1g
−1 and from g1g

−1n, and therefore g1 ∼ g1g
−1ng, which shows that N is

normal.

Claim 4. G/N is qf -internal to F .

Proof. Every element of G is the product of two elements of P . Also, for every
a ∈ P , the ∼-equivalence class of a, [a]∼, is contained in the coset a+N : if a ∼ b,
choose g ∈ G generic and independent from a, b; then ga ∼ gb, and g ∼ gba−1, i.e.
ba−1 ∈ N . It therefore suffices to show that, for each a ∈ P , the equivalence class
[a]∼ is qf -internal to F . By this we mean that there is an element c, whose type is
qf -internal to F , and such that [a]∼ is quantifier-free definable over c.

Fix a ∈ P , and let B be a set of m + 1 independent realisations (gi, g
′
i) (0 ≤

i ≤ m = SU(G)) of the generic of G2. We will show that [a]∼ is quantifier-free
definable over clσ(B, d0, . . . , dm), where di = h(giag

′
i). Indeed, for b ∈ P , there is

an i such that (gi, g
′
i) is independent from (a, b), and we have

h(gibg
′
i) = di ⇐⇒ b ∈ [a]∼.

By compactness there is a quantifier-free formula ψ(x, y, y′, z) that is satisfied
by (a, gi, g

′
i, di) for all i, and such that for any b ∈ P ,

|= ψ(b, gi, g
′
i, di) → (h(gibg

′
i) = di ↔ a ∼ b).

Then x ∈ [a]∼ is equivalent to the formula
∧m

i=0(ψ(x, gi, g
′
i, di) → h(gixg

′
i) = di).

This finishes the proof.

Note. A more general result is proved in Chapter 3 of [16].

(7.12) Theorem (char. 0). Let G be a definable group of finite SU -rank m. As-
sume that G has a generic type p which is superficially stable, and let q be a type of
SU -rank 1, not orthogonal to p. Then G has a definable normal subgroup N such
that G/N is internal to q.

Proof. Observe that our hypothesis implies that all generics of G are superficially
stable, and therefore definable. Also, q must be stable and stably embedded.

The proof is basically the same as the proof of (7.11), replacing the quantifier-
free types by types, and using the fact that “for some generic” is equivalent to “for
all generic”.
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(7.13) Concluding remarks. Some of the results in this section can be obtained
in a greater generality. The proofs actually do not use SU -rank or S1-rank per
se, but rather certain properties of degσ. We will state these properties explicitly
below ((1)– (4)); they can be viewed as a proposed revised definition of “finite S1-
dimension”. We will show that certain other basic properties ((5), (6)) follow from
them axiomatically, and hence also the results (7.4), (7.6), (7.7), (7.8) and (7.9).

Suppose that we have a function d from definable sets to N∪ {∞} satisfying the
following properties:

(1) d(ϕ(x, a)) = 0 if and only if ϕ(x, a) has finitely many realisations.
(2) d is definable, i.e., given n and a formula ϕ(x, y), the set {a | d(ϕ(x, a)) ≥ n}

is definable.
(3) Additivity. Let ϕ(x, y) and ψ(y) be formulas (maybe with additional param-

eters). Assume that d(ψ(y)) = m, and for all a satisfying ψ, d(ϕ(x, a)) = n. Then
d(ϕ(x, y) ∧ ψ(y)) = m+ n.

(4) The S1-property. Assume that d(ϕ(x)) = n. For any formula ψ(x, y), there
is no infinite sequence (ai)i∈I such that for all i 6= j ∈ I

d(ϕ(x) ∧ ψ(x, ai)) = n > d(ϕ(x) ∧ ψ(x, ai) ∧ ψ(x, aj)).

Remark. The difference from the usual definition of S1-rank lies in condition (4): we
cannot compute the d-rank from (4), we only know its lower bound. Thus our rank
can “jump”. This is why we must add the additivity condition, so that d is preserved
under definable bijections. Note also that if d(ϕ) is finite then S1(ϕ) ≤ d(ϕ).

Clearly degσ satisfies all these conditions.

One can then define d for types (we call it d-rank): d(p) = inf{d(ϕ) | ϕ ∈ p}.
Note that it is additive for types of finite d-rank: d(ab/A) = d(a/Ab) + d(b/A).
Also, if p is defined on A and A ⊆ B, then p has an extension q to B such that
d(p) = d(q). We call such a type a non-forking extension of p, and if a realises q we
say that a and B are independent over A. Additivity of the rank implies symmetry
of forking. From the S1-property, we obtain, as in 5.21 of [19],

(5) Existence of stable formulas. Assume that for some integer n, for every b
and every c we have d(ϕ(x, b)) ≤ n and d(ψ(x, c)) ≤ n. Then the formula δ(y, z)
that defines the set of tuples (b, c) such that d(ϕ(x, b) ∧ ψ(x, c)) = n is stable.

From this, one deduces, exactly as in 5.22 of [19],
(6) The independence theorem for types of finite d-rank (we work in T eq). Let

A = acl(A), and let a, b, c1, c2 be such that: (i) a, b, c1 and c2 are independent over
A; (ii) c1, c2 realise the same type over A; (iii) a, b, c1 have finite d-rank over A.

Then there is c independent from (a, b) over A, and realising tp(c1/acl(A, a)) ∪
tp(c2/acl(A, b)).

Appendix. Study of stable embeddability

We present some of the results on stable embeddability and stability which we
needed in our proofs. See also [4] for a discussion of stable embeddability.

Setting. Let T = T eq be a complete theory in a countable language, and M an
uncountable saturated model of T . Let p be a (partial) m-type over the empty set
and let P be the set of realisations of p in M , together with the structure induced
from M , i.e., the 0-definable subsets of Pn are the traces on Pn of 0-definable
subsets of Mmn.
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Recall first that P is stably embedded if for every n, if D ⊆ Mmn is definable,
then D ∩ Pm is definable with parameters from P .

Lemma 1. The following conditions are equivalent:

(1) For every a, tp(a/dcl(a) ∩ dcl(P )) ` tp(a/P ).
(2) For every a, there is a small (e.g., of size ≤ 2ℵ0) P0 ⊆ P such that tp(a/P0) `

tp(a/P ).
(3) For every a, there is a small P1 ⊆ P such that tp(a/acl(P1)) ` tp(a/P ).
(4) For every a, tp(a/P ) is definable over some (countable) P0 ⊆ P .
(5) P is stably embedded.
(6) Every automorphism of P lifts to an automorphism of M .

Proof. (1) → (2) and (2) → (3) are clear.
(3) → (4). Let ϕ(x, y) be a formula, and let P1 be as given by (3). We will first

show that ϕ(x, y) has a definition over acl(P1). If not, then for every formula ψ(y)
with parameters from acl(P1), there are b1, b2 in P satisfying ψ(y) and ϕ(a, b1) ↔
¬ϕ(a, b2). Thus, by compactness, there are b1 and b2 in P realising the same type
over acl(P1), and satisfying ϕ(a, b1) ↔ ¬ϕ(a, b2), which is a contradiction.

Thus ϕ(x, y) has a definition ψ(y) with parameters in acl(P1). Let D ⊆ P be the
set of tuples of P satisfying ψ(y). Since D is definable over the algebraic closure of
P1, it has finitely many distinct conjugates over P1. For each such conjugate D′,
pick an element in D 4D′, and enlarge P1 to a set P2 by adding these elements.
Then D is definable over P2.

Since the language is countable, tp(a/P ) is defined over some countable set P0.
(4) → (5). Let D ⊆ Pn be defined by the formula ϕ(x, b), and let dϕ(y) be a

definition for ϕ(x, y) in tp(b/P ). Then, for a ∈ Pn, a ∈ D ↔|= dϕ(a).
(5) → (4). Let ϕ(x, y) be a formula. Then the set {a ∈ Pn | |= ϕ(a, b)} is of the

form {a ∈ Pn | |= ψ(a)} for some formula ψ(y) with parameters in P . This formula
ψ gives us the definition for ϕ(x, y). Since there are countably many formulas, the
set P0 can be chosen countable.

(2) → (6). Let κ = |M |, let A and B be subsets of M of size < κ, and assume
that τ : P ∪A→ P ∪B is an elementary map with τ(P ) = P . If a ∈M , then there
is a b ∈M realising τ(tp(a/P,A)).

Indeed, by (1) applied to finite subsets of Aa, there is a subset P0 of P , of size
smaller than κ, such that tp(A, a/P0) ` tp(A, a/P ). By saturation of M , there
is b ∈ M realising τ(tp(a/P0, A)); then tp(b/τ(P0), B) ` tp(b/B, P ) and therefore
tp(b/P,B) = τ(tp(a/P,A)).

Now a standard back and forth argument gives the result.
(6) → (5). Assume that P is not stably embedded, and let S ⊆ Pn be definable

in M , but not definable over P . Let G be the group of automorphisms of M sending
P to itself. Our assumption and the saturation of M imply that if P0 ⊆ P has size
less than κ = |M |, then there is g ∈ G fixing P0 and such that g(S) 6= S. Let Sα,
α < κ, be an enumeration of the orbit of S under G, and fix an enumeration of
P . We will construct an automorphism τ of P such that τ(S) 6= Sα, for every α.
Then τ does not lift to an automorphism of M . Assume that an elementary onto
map τα : Pα → P ′α has already been constructed, where Pα and P ′α are subsets of
P of size less than κ, and assume that τα(S ∩ Pα) 6⊂ Sβ for every β < α. We will
do the forth direction, the reverse direction being similar. There are two steps in
each direction.
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Step 1. If there is no element g ∈ G extending τα such that g(S) = Sα, let a =
a′ = ∅ and go to step 2. Assume therefore that there is such an element g.

Our assumption on P and S implies that there is an element a ∈ S such that
both tp(a/Pα) ∪ {x ∈ S} and tp(a/Pα) ∪ {x /∈ S} are consistent; this implies that
τα(tp(a/Pα)) ∪ {x /∈ Sα} is also consistent. Choose a′ /∈ Sα realising τα(tp(a/Pα)).

Step 2. take the first element b of the enumeration of P not in dom(τα) and choose
b′ ∈ P such that (a′, b′) realises τα(tp(a, b/Pα)).

Then define Pα+1 = Pα ∪ {a, b}, P ′α+1 = P ′α ∪{a′, b′}, and τα+1 as the extension
of τα sending (a, b) to (a′, b′).

(5) → (1). Let ϕ(x, y) be a formula. By stable embeddability, the set {b ∈
Pn | ϕ(a, b) } is definable by a formula ψ(y, c) for some c ∈ P `. By compactness,
there is a 0-definable set D containing Pn and such that {b ∈ D | ϕ(a, b) } = {b ∈
D | ψ(b, c) }. Consider the equivalence relation E(z1, z2) on P ` defined by ∀y ∈
D (ψ(y, z1) ⇐⇒ ψ(y, z2)). Then the class of c modulo E belongs to dcl(a)∩dcl(c).

Thus tp(a/P ) is definable over P0 = dcl(a) ∩ dcl(P ). Let b1, b2 ∈ Pn, with
the same type over P0. By assumption, each formula ϕ(x, y) has a definition with
parameters in P0. This implies that b1 and b2 have the same type over P0 ∪ a, and
proves (1).

Lemma 2. Let T be a complete theory in a countable language, M an uncountable
saturated model of T , and p a (partial) m-type, P its set of realisations in M . The
following conditions are equivalent:

(1) For every countable A ⊆ M , and formula ϕ(x, y), the set {tpϕ(c/A) | c ∈ P}
is countable.

(2) For every A, the set of m-types over A realised in P has size at most |A|ℵ0 .
(3) For every A, the type over A of an element of P is definable.
(4) For every formula ϕ(x, y), ϕ(x, y) ∧ p(x) is stable, i.e., there is no infinite

sequence (an, bn), n ∈ N, such that an ∈ P for every n and

M |= ϕ(an, bm) ⇐⇒ n < m.

Proof. The proof is standard. See e.g [33], (I.2.10 and II.2.2), or [27], section 15d.

Definition-Remark. Under the equivalent conditions of Lemma 2, we will say
that P (or p) is stable and stably embedded, or fully stable. When the type p is
complete, this is what Shelah calls a stable type.

By (2), if P is fully stable then so is Pn for n ∈ N, and so is also any subset of
P . One also shows that a fully stable type is stably embedded; see e.g. Lemma
15.13 in [27].

If P is a 0-definable set, it can be shown that P is fully stable if and only if P
is stably embedded and the induced structure on P is stable.

Lemma 3. If tp(b/Aa) and tp(a/A) are fully stable, then so is tp(ab/A).

Proof. Let B ⊇ A. (We may assume that A and the language are countable.) We
want to count the number of extensions of tp(ab/A) to B, and show it is at most
|B|ℵ0 . Equivalently, if we enumerate B, we must show that tp(B/A) has at most
|B|ℵ0 extensions to Aab. Now tp(B/A) has at most |B|ℵ0 extensions to Aa (by full
stability of tp(a/A)), and tp(B/Aa) has at most |B|ℵ0 extensions to Aab (by full
stability of tp(b/Aa)). The conclusion follows.
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Lemma 4. Let p be a minimal type, fully stable, and P the set of realisations of
p. Assume that if c1, c2 ∈ Pm are independent and c0 ∈ acl(c1, c2) ∩ P , then there
are elements di with acl(di) = acl(ci) for i = 0, 1, 2, and with d0 ∈ dcl(d1, d2).

Then p is modular.

Proof. Assume that p is not modular. By [12], §5, non-modularity implies:
There is a minimal subset C(b) of P 2, defined over parameters b with SU(b) = 3,

such that if U equals C(b) up to a finite set, then U cannot be defined over a set
of SU -rank < 3.

The proof of Proposition 3.1 of [13] goes through, and we obtain the following
statement:

Let b1, b2 be independent realisations of tp(b), and let I(b1, b2) =def C(b1)∩C(b2).
There are e1, e2 ∈ I(b1, b2), independent, and such that some automorphism τ leaves
b1, b2 fixed but exchanges e1 and e2.

By stable embeddability, we may assume that bi = acl(ci) for i = 1, 2, where the
ci ∈ Pm are independent. Find di ∈ dcl(acl(c1), acl(c2)) such that acl(di) = acl(ei)
for i = 1, 2; then τ(acl(ei)) = acl(ei), which is a contradiction.
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