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ON MINIMAL PARABOLIC FUNCTIONS
AND TIME-HOMOGENEOUS PARABOLIC h-TRANSFORMS

KRZYSZTOF BURDZY AND THOMAS S. SALISBURY

ABSTRACT. Does a minimal harmonic function A remain minimal when it is
viewed as a parabolic function? The question is answered for a class of long thin
semi-infinite tubes D C R? of variable width and minimal harmonic functions
h corresponding to the boundary point of D “at infinity.” Suppose f(u) is the
width of the tube u units away from its endpoint and f is a Lipschitz function.
The answer to the question is affirmative if and only if [*° F3(u)du = oco. If the
test fails, there exist parabolic h-transforms of space-time Brownian motion in
D with infinite lifetime which are not time-homogenous.

1. INTRODUCTION AND MAIN RESULTS

We want to compare the parabolic Martin boundary of a domain in R¢ with
its Martin boundary, both topologically and probabilistically. In many cases, the
two boundaries are related in a very simple way. This provides a complete de-
scription of the parabolic Martin boundary in those cases (quite many) when the
Martin boundary is known. We plan to present a detailed discussion of this general
problem in a separate publication. This paper is devoted to a narrower aspect of
the relationship between the two boundaries. We will start with a very informal
discussion of a special case which motivated our study. The concepts of the usual
and parabolic Martin boundary will be reviewed in a rigorous way later in the in-
troduction. The basic ideas of classical potential theory and Brownian motion may
be found in Doob’s book ([Db], 1984), to which we will frequently refer.

Consider a strip D = {(a!,2?) € R? : |2?| < 1}. Let X; be a Brownian motion
starting from (0,0). Then X; = (X, —t) is a space-time Brownian motion starting
from (0,0,0). First fix some s > 0, a point z € 9D and a sequence of points {z}
in D converging to z as k — co. Condition X to be at (zx, —s) at time s and to
not leave D x R before time s. Then let k£ go to infinity. The conditioned processes
converge in distribution to a process whose first coordinate is a Brownian motion
conditioned to exit D through z at time s. The lifetime of this process is finite.
This conditioned space-time Brownian motion is not time-homogeneous, i.e., its
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transition probabilities P(X, € (dy, —du) | X; € (dz,—dt)) depend not only on
u — t, but on the values of ¢t and u as well.

Next suppose that ¢ > 0 is a constant and consider X conditioned to be at
(ck,0,—k) at time k and to not leave D X R before time k. In the limit, as k — oo,
we obtain a process whose spatial component escapes to “+o0” within D at rate
c. The first coordinate of the space process is a one-dimensional Brownian motion
with drift ¢. This conditioned space-time Brownian motion is time-homogeneous
and its lifetime is infinite.

The domain in our example, a strip, seems to be typical and we would expect
that many domains have the property stated in the following problem.

(1.1) Problem. Find necessary and sufficient conditions of a geometric nature
i D such that for every minimal parabolic function h in D, the corresponding h-
transform of the space-time Brownian motion is time-homogeneous if and only if
its lifetime is a.s. infinite.

Another source of motivation may be explained in purely analytic language.
Recall the domain of our first example, D = {(x!,22?) € R? : |2%| < 1}. Consider a
minimal positive harmonic function h(z), © € D. Let g(z,t) = h(x) for all z € D
and t € R. Evidently, g is a parabolic function, and we may therefore identify
every harmonic function with a parabolic function. Since h is minimal harmonic,
it corresponds to a minimal Martin boundary point y of D. Suppose that y is also
a Euclidean boundary point, say, ¥y = (1,1). Then g is not minimal as a parabolic
function, i.e., it is a mixture of different parabolic functions. An easy probabilistic
justification can be based on the fact that Brownian motion conditioned by h has
a random lifetime. Thus the space-time Brownian motion conditioned by ¢ is a
mixture of processes conditioned to exit D through y at different times s, i.e.,
a mixture of gs-transforms for different parabolic functions gs. However, if y is
the point at “400”, then g is minimal in the space of parabolic functions. While
not completely obvious, this is simple to show directly, and also follows from our
main result, Theorem 1.3 below. Our informal discussion suggests that in many
domains, a minimal harmonic function is also minimal in the space of parabolic
functions if and only if it corresponds to a “point at infinity.” We propose the
following problem.

(1.2) Problem. Determine which minimal harmonic functions are minimal in the
space of parabolic functions.

We are not able to give a complete answer to either of the two problems but we
hope that our main result, Theorem 1.3 below, will shed light on both.

We proceed with a rigorous presentation of our results. We start with a review of
basic definitions and facts concerning Martin boundaries and conditioned Brownian
motion. Let D be a Euclidean domain, that is, an open connected subset of R¢
for some d > 2. We will consider the domain D £ D x (—00,0) C R, Let
G(z,y) = Gp(z,y) and G(u,v) = Gp(u,v) be the Green functions for (1/2)A on
D and for the heat operator (1/2)A—8/dt on D where A is the Laplace operator (see
1.VIL1 and 1.XVIL4 of [Db]). Thus G : D x D — (0,00] and G : D x D — [0, 0.
For u = (x,s) € D and v = (y,s — t) € D we have that

G, v) pi(x,y), fort >0,
u,v) =
0, for s <t <0,
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where p; = pP is the heat kernel on D (that is, the transition function for Brownian
motion killed upon leaving D). Note that this formula can also be used to define

G((,s),v) when s = 0. A function h: D — [0, 00) is harmonic if Ah =0 on D. A
function g : D — [0, 00) is parabolic if it solves the heat equation

dg 1

A,

or 279

in D. In this case, it is superparabolic as well; that is,
ow5) 2 [ otv.s = Omulz. )iy
for every (z,s) € D and t > 0. We may extend g by letting

df ..
g(x,0) = 1&3 g(y, —t)pe(x, y)dy

(the limit is easily seen to be monotone). Fix some xg € D. We say that g is
admissible if g(zg,0) < oo.

Now recall the definitions of the Martin boundary in the elliptic and parabolic
contexts (1.XI1.3 and 1.XIX.3 of [Db]). Let

ar G(z,y)
B G(zo0,y)

for z,y € D. Then, up to homeomorphism, there is a unique metrizable compacti-
fication DM of D such that

(i) the function K (-, -) may be extended continuously to D x (DM \ {x¢});
(ii) K(-,z) = K(-,y) if and only if x = y.

The set 9D £ DM\ D is called the Martin boundary of D. For z € 9™ D and
yr € D, we have yr — z if and only if K(z,yx) — K(x,z) for every x € D. A
harmonic function h > 0 is said to be minimal if, whenever A’ > 0 is harmonic,
and h’ < h, it follows that b’ = ch for some constant c. A point z € OM D is said
to be minimal if K (-, z) is minimal. For every A > 0 harmonic, there is a unique
measure p, concentrated on the set 9}/ D of minimal points of 9™ D, such that

K(z,y)

h(z) = K (2, z)pu(dz),
8D
for every z € D (see 1.XIL9 of [Db]).
Now define K on D x D by
J df G x,s), yat

K((,s), (y,1) & GU3:5): 0,0))

G((x(h 0)7 (y, t))
— ps—t(xuy)/p—t(xmy)a t<s< 07
0, s<t<O.

Then up to homeomorphism, there is a unique metrizable compactification DM of
D with the following properties:
(i) the function K has an extension to D x DM such that for each (z,s) € D,
the function K ((x,s), -) is finite valued and continuous on DM \ {(z, s)};
(i) K(-,u) = K(-,v) if and only if u = v.
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We call u the pole of K(-,u). We write 9D £ DM\ D and call it the Martin
boundary of D (or the parabolic Martin boundary of D). Again we have that,
for 2 € OMD and (yg,tx) € D, (yx,tx) — 2 if and only if K((x,t), (yr,tr)) —
K((z,t),2) for every (z,t) € D. Every K(-,z) is admissible (see 1.XIX.3.1 of
[Db). | . .

We denote by 0 the unique point of &M D for which K(-,0) = 0. It is unique by
(i) and exists as the limit of some subsequence of (x9,1/n). A point z € M D is
minimal if K(-,z) is minimal as a parabolic function, and K((z¢,0),z) = 1. The
set of minimal points is denoted by 9}% D. The integral representation of admissible
parabolic functions as

g(z,t) = K ((,1), 2)pu(dz)
81 D

is entirely analogous to that of the harmonic setting (see 1.XIX.7 of [Db]).

Let (Q,F) be a measurable space with X :  x [0,00) — R% U {4} a stochastic
process. We use the notation X; and X(t) interchangeably. P?® is a probability
measure under which X is a standard d-dimensional Brownian motion started from
x, and killed upon leaving D. We write E* for the corresponding expectation. In
particular, ¢ is a cemetery point adjoined to D, X is continuous on a random time
interval [0, (), and X; = ¢ for ¢ > (.

Let 7w = 79 —t be a process measuring absolute time, and write X, = (Xt, 7). By
enlarging () if necessary, we may suppose that for each s < 0, there are probability
measures P%® under which X has the same law as under P*, and 79 = s. That is,
{X,,t > 0} is a space-time Brownian motion starting from (z, s).

If h: D — (0,00] is a superharmonic function, then

h ar h(y)pi(z,y)
pt (ZE, y) - h(fE)
is the transition function of a Markov process X", called an h-transform, or con-
ditioned Brownian motion. We write P;’ and E} for the corresponding probability
measure, and its expectations. By convention, h is taken to vanish at §. If 2 € DM
x # w0, then we write X® for XX(-®) If h = [, K(-,z)u(dz) is harmonic, then
0

1
pPr=— K P’ .
h h(l’) 8(1)”1 (I‘,Z) z :U“(dz)

The paths of X" converge a.s. to points of the minimal Martin boundary, at their
lifetimes (see 3.II1.1 of [Db], or section 7.2 of Pinsky ([P], 1995)).
Similarly, if g : D — [0, 00] is a superparabolic function, then

90z s) (s ¢y & 98— Ope(@y)
pi((z,5), (y,s = 1)) @ 9)

is the transition function for a Markov process X9 taking values in DU{d} (actually
in {0}U{u € D; g(u) > 0}) that we call a conditioned space-time Brownian motion.
We will use P;* to denote a probability measure under which X9 has this transition
function and starts from (z, s). We write X9 for the spatial component of X9 (with
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X7 =6 for t > (), and note that

0 (X?,7)e D, fort<,
R ) for t > C.

We will also refer to X9 as a g-transform. This abuse should cause no confusion,
as it is easy to check that if A is superharmonic and we define a superparabolic
function g by g(z,t) = h(x), then X" = X9. If u € DM then we write X%, X%,
PZ% instead of XK(u) ete. Strictly speaking, the above formulae hold under
Py* only for s < 0, but by taking X§ = z under Pg””=0, we obtain extensions
valid for s = 0 as well, provided g is admissible. If g is actually parabolic, then
each g-process approaches the one-point boundary of D at its lifetime ¢ (2.X.12
of [Db]), in other words, it eventually leaves every compact subset of D. In the
Martin topology, the paths of X converge at their lifetimes, to points of the minimal
parabolic Martin boundary, and the measures P;>* can be represented in terms of
the P>, for u € O} D, just as in the harmonic setting.

For (z%,22,...,2%) € Relet 7 = (2!, 22,..., 2% 1). We will restrict our attention
to “tubes” with variable width. For a non-negative function f: R — R, let

D L {z eR?: 7] < f(ah)}.

We will always assume that f is strictly positive on (a, b) for some —co < a < b < 0o
and equal to 0 on (—oo,a] U [b,00). We will focus on domains Dy corresponding
to functions f which are Lipschitz on (a,b) (the function may have a jump at a
or b). If f is Lipschitz and b = oo, then each sequence xj of points in D such
that x{ — oo converges in the Martin topology to a point (the same for all such
sequences) which we will denote as co. The proof of this claim is easy — it may be
based on the boundary Harnack principle. The same result should be true for all
functions f (not necessarily Lipschitz) but we do not see an obvious argument. An
analogous remark applies to —oo. Any positive harmonic function h corresponding
to oo € M Dy vanishes on {z € dD; : 2% < b} and, moreover, h(x) — 0 when
¢ — —oc0.

Let Ay = {z € Dy : 2% = s}. The stopping time inf{t > 0: X; € A} will be
denoted T'(A). We write 7(A) for the absolute time 774y = 70 — T'(4).

Recall that a harmonic function h is identified with a parabolic function by
letting h(x,t) = h(x).

(1.3) Theorem. Suppose that b = oo and f is a function which is Lipschitz on
(a,b) and such that

limsup f(v) < o0

vV— 00

and
(1.4) /OO f(v)dv = oo

for all w < o0o. Let h be the minimal harmonic function corresponding to co €
o' Dy. Fix some x¢ € Dy.
(i) Suppose that either

(a) [ f(v)dv < oo or
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(b) the Lipschitz constant of f is sufficiently small (it will suffice to assume that
it is less than the X in (iv) of Theorem 1.6) and [.° f3(v)dv < oo for some

u < 00.
Each one of assumptions (a) or (b) implies (A)-(D) below.
(A) For some function g : (a,00) — (—00,0] with lim, . g(u) = —oo, we have

the following. For each s € R there is a minimal point zs € Bé‘/[Df, which s
the limit of all sequences (zy, (g(zd) — s) A 0) with ¢ — oo and sy, — s.
(B) If 81 # s2, then zs, # 2s,.
(C) Let hs denote a minimal parabolic function with pole at zs. Then h =
fR hsu(ds) for some measure p which charges all non-degenerate intervals.
In particular, h is not minimal in the space of parabolic functions on D f-
(D) Lets € R and (x,t) € D. The process X is not time-homogeneous under Pt
In fact, g(u) —7(Ay) — 5 as u — oo P¥'-a.s. Hence, limy oo (T'(Ay) + g(u))
exists Py -a.s.
(ii) If fuoo f3(v)dv = oo for all u < oo, then h is minimal in the space of parabolic
functions on Dy,

(1.5) Remarks. The lifetime of Brownian motion conditioned by h is infinite if and
only if [ f(v)dv = oo for all u < oo, according to Theorem 1.6 below. If this
condition is not satisfied, the function h is not minimal as a parabolic function (see
the discussion preceding Problem 1.2).

The proof of Theorem 1.3 hinges on estimates of the variance of h-path lifetimes.
Since the estimates may have some independent interest, we state them as Theorem
1.6 below.

Several authors have addressed the problem of when, given a domain D C R?,
there is a constant ¢ = ¢(D) < oo such that for any z € D and any positive
harmonic function h in D we have E}f( < c. The pioneering work was done by
Cranston and McConnell ([CM], 1983) and Cranston ([C], 1985). The existence of
the finite upper bound c is known for a wide class of domains; see, e.g., Banuelos
and Davis ([BD], 1992) or Bass and Burdzy ([BB2], 1992) and references therein.
Higher moments of h-path lifetimes have been studied by Davis ([Dv], 1988), Davis
and Zhang ([DZ], 1994) and Zhang ([Z], 1996).

Chris Rogers has pointed out to us that a related equivalence, between non-
minimality and the variance of hitting times, has been established in the context
of one-dimensional diffusions. There, the speed measure and coupling can be used
to give a simple proof. See Rogers ([Rg], 1988), which synthesizes earlier work of
Fristedt and Orey ([FO], 1978), Kiichler and Lunze ([KL], 1980), and Résler ([Rs],
1979).

Recall that we are concerned with functions f which are strictly positive and
Lipschitz on (a,b) and equal to 0 on (—oo, a] U [b, 00). Our next result holds for all
functions f which are Lipschitz on (a,b). However, in order to simplify the notation
we will prove it only in the case when f is Lipschitz with the constant equal to 1,
i.e., from now on we will assume that |f(u) — f(v)| < |u — v| for u,v € (a,b). Fix
some sg € (a,b) and define s, inductively by sg+1 = si + f(sg)/2 for & > 0 and
Sk—1 = Sk — f(sk)/2 for k < 0. If s > b for some k, then we redefine s; for
j >k and we let s; = b for all j > k. A similar remark applies to the case when
sk < a. Note that it may happen that sx < b for all k& > 0 and/or sx > a for
all £ < 0. However, we always have limy_,o s = b and limp_._, s = a. Let
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ky = inf{k : s, = b} and recall that A,, = {z € Ds : 2¢ = s;}. Let D; be the
component of Dy \ A, which contains points z with ¢ < s;.

(1.6) Theorem. Let h be a positive harmonic function in Dy which vanishes on
{z € OD : 2? < b}. Ifb = oo, then h corresponds to oo € 9} Dy. In the
following statements, x ranges over the elements of Dy with x® < b — f(b—) (here
00 — 00 = 00).

(i) For some c1,¢2 € (0,00),

b b
(1.7) 1 /d fw)dv < Ef¢ < e /d f(v)dv.

(i) If ffd f(v)dv = oo, then ¢ = oo PP-a.s.
(iii) If ¢ < 00 PF-a.s., then for some c3,cq € (0,00),

b b
(1.8) s /d f2(w)dv < Varf ¢ < C4/ 3 (v)dv.

(iv) There exists A > 0 such that if the Lipschitz constant of f is less than A, then

b
(1.9) Vary ¢ < 05/ 3 (v)dv.

(v) If f;d 3 (v)dv = oo, then for each cg < 0o and c; > 0 there is a ko < oo such
that for all k > ko and u € R,

Py (T(As,) € (u,u+cg)) < cr.

(1.10) Remarks. (i) The constants ¢; in Theorem 1.6 depend only on the dimension
d and the Lipschitz constant of f. However, the proof will be given only in the case
when the Lipschitz constant of f is equal to 1 so all the constants in Section 2 will
depend only on dimension d.

(ii) The bound (1.9) holds for d > 4 without any assumptions on the value of
the Lipschitz constant of f but it does not hold without such an assumption for
d < 4. We are not going to prove the latter. It essentially follows from a theorem
of Davis and Zhang ([DZ], 1994).

(iii) We can give a meaning to (1.8) and (1.9) even if ( = oo Pf-a.s. Note that
in such a case we necessarily have b = oo (see (1.7)). For all £ < oo and x € Dy
such that 2% < sy,

b
Vary, T'(As,) < 04/ 3 (v)dv

with the same constant ¢4 as in (1.8). This and the analogous modification of (1.9)

can be proved by applying the theorem to the function f(v) 4 J0)1(Zo,s) (V).

(iv) In the two-dimensional case, part (i) of Theorem 1.6 is due to Xu ([X], 1990).
This was generalized by Bafiuelos and Davis ([BD], 1992).

(v) Suppose that d = 2, the Lipschitz constant of f is small and let p be the
supremum of areas of discs contained in Dy. Then (1.7) and (1.9) imply that
Vary, ¢ < c1pEj¢. Davis ([Dv], 1988) discovered this inequality and proved that it
holds for all simply connected planar domains D provided h is a minimal positive
harmonic function or a Green function.

We would like to thank Rodrigo Banuelos, Rich Bass and Burgess Davis for some
very useful discussions of h-path lifetimes.
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2. MOMENTS OF h-TRANSFORM LIFETIMES

This section contains the proof of Theorem 1.6. We start with a short review
of some useful facts about h-processes. The proofs may be found in [Db] and in a
paper of Meyer, Smythe and Walsh ([MSW], 1972).

Let D C R? be a Greenian domain and h be a positive superharmonic function
in D. Suppose that M is a closed subset of D and let L = sup{t < (: X; € M} be
the last exit time from M. Let

Yi(t) = X(t), te(o T(M))
Ya(t) =X(T(M) +1), te(0,¢-T(M)),
Ya(t) = X(t), te(0, L)
Ya(t) = X (L + ) te(0,¢—1L),
Y5(t) = X(C 1), t€(0,0).

Under Py, each process Y, is an hi-transform in a domain Dy, where Dy = Dy =
D\M and Dy = D3 = D5 = D. Moreover, hy = hy = h. The function hs is a
potential supported by M. The function hy is harmonic and has the boundary
values 0 on OM and the same boundary values as h on 9D\OM. The function hs
is the Green function Gp(z, -) if x € D, or a harmonic function with a pole at z if
x € 0D.

If p(dy) is the P®-distribution of X (T'(M)), then the P?-distribution of this
random variable is u(dy)h(y)/h(z).

(2.1) Lemma (Brownian scaling). Suppose h is a positive superharmonic function
in a domain D C R? and x € DM. For a fived a € (0,00) let

Dad:f{yeRd:y/aeD}7

ha(y) € h(y/a) for y € Dy,

f
Tq = ax,

X o aXijq2 for t>0.
If X has the distribution Py, then X has the distribution P;*.

Proof. The lemma follows immediately from the scaling properties of Brownian
motion and superharmonic functions. O

A domain D C R?, d > 2, is called a Lipschitz domain if for every x € dD there
is a neighborhood U, of x, an orthonormal coordinate system C'S, and a Lipschitz
function f, : R4~! — R with constant A (independent of ) such that 4D N U, is a
part of the graph of f, in C'S,. Note also that the index on any constant ¢y, co, ...
is local in nature. That is, new results or sections of proofs will start numbering
their constants with ¢; as well.

(2.2) Lemma (Boundary Harnack principle). (a) Suppose f : R~1 — R is a Lip-
schitz function with constant A > 0, |f(z)| < 1 for all x € R, and let

D={zcR?: |7 <1, f7@) <az?<2},
Dy={zeD: 7] <1/2,2% < 3/2}.
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There exists ¢c; > 0 which depends on \ but otherwise does not depend on f such
that for all x,y € D1 and all positive harmonic functions g,h in D which vanish
continuously on {z € 9D : 2% = f(Z)} we have

ox) _ hlx)

= C1 .
9(y) h(y)
(b) Suppo_se D is a Lipschitz domain, @ is a compact set and A is an open set such
that QD C A. There exists co > 0 such that for all x,y € QN D and all positive
harmonic functions g, h in D which vanish continuously on 0D N A we have

o) - )

9@ = Chly)

For the first proofs of the boundary Harnack principle, see Ancona ([An], 1978),
Dahlberg ([Dg], 1977) and Wu ([W], 1978). Stronger versions of the result may
be found in Bass and Burdzy ([BB1], 1991) or Banuelos, Bass and Burdzy ([BBB],
1991).

Part (a) of Lemma 2.2 holds (with the same ¢;) in domains which may be
obtained from D by scaling.

When applying the boundary Harnack principle we will sometimes leave it to
the reader to find the right choice of D and D; or D, A and Q.

(2.3) Lemma. Suppose D is a domain, D1 is a Lipschitz subdomain of D, Q is a
compact set, A is an open set such that QN'D C A, AND C Dy, and M is a Borel
subset of D\ A. Assume that h is a positive superharmonic function in D which
vanishes on 0D N A and is harmonic in D1. Then

Py(T(M) < 00) <1 PY(T(M) < o0)
forall x;y € QN D. The constant ¢1 depends only on D1,Q and A.
Proof. The function

x— E*[T(M) < T(0D),h(X(T(M)))]

is positive and harmonic in A N D and the same is true for x — h(z). Let Do
be a Lipschitz subdomain of A N D which contains ). By the boundary Harnack
principle, Lemma 2.2(b), applied in Da,

1
h(zx)

1

< Q@E‘”[T(M) <T(9D), h(X(T(M)))]
=P/ (T(M) < o0). O

B(T(M) < 00) = -——E*[T(M) < T(9D), h(X(T (M)))]

(2.4) Lemma. Suppose D is a domain and for each k =1,2,
(i) Dy is a subdomain of D,
(ii) Ay, 4 0D, N D,
(iil) Vi is an open set and Qy is a compact set such that Qp N D C Vi and
Vk ND C Dy,
(iv) (D1 UV)N (D UVa) =10,
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(v) there is a ¢ > 0 such that for all x,y € Qr N D and all positive harmonic
functions f,g in Dy which vanish on Vi N 0D we have

flx) gz

Assume that x1,29 € Q1 N D and hy, hy are positive superharmonic functions in D
which vanish continuously on 0D\ Va and are harmonic in D\ Qq. Let T} g T(A)
and let Ty be the last exit time from As. The distributions of {X;,t € [T1,Tz]}
under P,fll and P,f; are mutually absolutely continuous and their Radon-Nikodym

derivative is bounded below by cics.

Proof. We will consider only the case when x5, € Q1 ND and hi(-) = Gp(-,yx) for
some yi € Q2 N D. Other points x; and functions hy may be treated analogously.

Under Pk, the process {X;,t € [T1,(]} is a Gp(-,yx)-process with the initial
distribution

() € PyH(X(Th) € -) = P"™(Th <T(D),X(T1) € -)Gp(-,yx)/Gp (2K, yx),
supported on A;. For a fixed z € Ay, the process Y; 4 X¢—t under P; has the
distribution P¥+. If T3 = inf{t : Y; € Ay}, then T35 = ¢ — Ts. The process
{Yi,t € [T5,¢)} under P}, is a Gp(-,z)-process with the initial distribution

vi(+) £ P(T(Ay) < T(D%), X(T(As)) € -)Gp(+,2)/Glyx, 2).

For a fixed v € Asg, the function y — PY(T(A2) < T(D®),X(T(Asz)) € dv) is
positive and harmonic in Dy and vanishes on Vo N 9D and the same is true for
z — Gp(v,z). By (2.5),

dvy, ) — Py (T(A3) < T(D°),X(T(Az)) € dv)Gp(v,2)Gp(ys—k, 2) .
dvs_y, G (yr, 2)Pvs—+(T(As) < T(D°), X (T(A3)) € dv)Gp(v,z) — °

After reversing time again, we see that the distributions of X(7%) under P and
PJ, have Radon-Nikodym derivative bounded below by ¢;. The process {X¢,t €
[T1,T]} under P; is a mixture of h-transforms converging to w with the mixing
measure P (X(73) € dw) and the same remark applies to P;,. Hence, the distri-
butions of {X;,t € [T1, T3]} under P; and Pj, have a Radon-Nikodym derivative
bounded below by cs.

We can prove in a similar way that dug(-)/dus—r(-) > ¢1. The distributions of
{Xi,t € [T1,To]} under Pt and P2 have the Radon-Nikodym derivative bounded
below by ¢;¢2 because Pk is a mixture of the measures P;, with the mixing measure
M- O

(2.6) Lemma. Suppose that f : R4™1 — R is Lipschitz with constant \ and assume
that |f(z)] <1 for all xz. Let

D={zcR:|F| <1, f7@) <az? <2}

There exists ¢ < oo (which may depend on A but does not otherwise depend on f)
such that for every x € D and every positive harmonic function h in D

(2.7) E¥¢ <c
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Proof. The result is essentially due to Cranston ([C], 1985) but we refer the reader
to the paper by Bass and Burdzy ([BB2], 1992). Our domain D is a special case
of a “twisted Holder domain” and (2.7) follows from Theorem 1.1 (i), (a), (C) of
[BB2]. A direct inspection of its proof shows that ¢ depends only on the volume
and diameter of D (under the assumption that f is Lipschitz with constant \) and
these quantities may be bounded independently of the particular form of f. O

(2.8) Remark. Tt is not necessary to assume in Lemma 2.6 that f is Lipschitz. It
is enough to suppose that f is upper semicontinuous and f(x) is bounded in the
LP-norm for a suitable p = p(d). This version of the result uses Theorem 1.1 (i),
(a), (A) of [BB2] which has a considerably more complicated proof than Theorem
1.1 (i), (a), (C). We feel it would not be fair to ask the reader to go through the
former proof in order to check that the constants may be chosen independently of

1.

(2.9) Lemma. Suppose that D C R? is a domain, z,y € D, and for each v =,y
there exist an orthonormal coordinate system CS,, a point z, € D, a Lipschitz
function f, with constant X and a constant ¢, > 0 such that |f,| < ¢y,

D, df {zeD:|Z] < cy,—cy < 2% < 92¢, in CS,}
={zeR: 7] < ¢y, fo(3) < 2% < 2¢, in CS,},

2y = (0,0,...,0,3¢,/2) in CS,,
[9] <¢p/2 and vt < 3¢y /2 in CS,,
D,nD,=09.
If EZ*¢ = c1, then
Ej¢ < cacr + cs(c + cz)
where co and cs depend only on the dimension d and the Lipschitz constant \.
Proof. For v =x,y let
Dl ={z€ D, : |z <3¢c,/4,2¢ < Tc,/4 in CS,},
A, =0D}:ND,
Q,={2€D,: |z < cv/2,zd <3¢,/2 in CS,},
V,={zeR%: |z - Q,| < ¢,/8}.

By the boundary Harnack principle, Lemma 2.2(a), applied in D,,, assumption (2.5)
of Lemma 2.4 holds. Let T7 be the first hitting time of A, and let T be the last
exit time from A,. By Lemma 2.4,

(2.10) Ej(To —Th) < caBZ (To = T) < es EZ7C

Lemma 2.6 and Brownian scaling (2.1) imply that

(2.11) EIT) < csch.

The same lemma and time-reversal show that

(2.12) EI(( —Ts) < cscs.

The lemma follows from (2.10)—(2.12). |
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We now return to the specific domains, hypotheses, and notation of Theorem
1.6.

(2.13) Lemma. Assume that a < s;—1 < s; < b. There ezists c1 > 0 such that for
every positive harmonic function h in Dj; which vanishes on 0D; \ As, and every
T € Asj,l,

E}fc Z le2(8j_1).

Moreover, there is a non-negative, non-constant and bounded random variable Y
such that for every j and x € Ay,_,, the distribution of ¢ under P} is stochastically
larger than that of f*(sj—1)Y.

Proof. Let B(y, r) denote the ball with center y and radius r. Let ca be the expected
lifetime of conditioned Brownian motion in B(0, 1) starting from 0 and converging
to z € 0B(0,1). The constant ¢, is strictly positive and does not depend on « by
symmetry. For any harmonic function g in B(0,1), the g-process starting from 0 is
a mixture of processes conditioned to go to some point of dB(0, 1) so its expected
lifetime is also equal to c3. By scaling, the expected lifetime of any Brownian

motion conditioned by a harmonic function in B(y,r) and starting from y is equal

to 027"2.

Let
By =B((0,...,0,sj-1 4 f(s5-1)/4), f(s;-1)/8),
Ty = inf{t > T(Bo) : | X; — X(T(By))| = f(s;-1)/16}.
Note that By C D;. By the strong Markov property applied at T'(Bj),
(2.14)  Eji¢ > Ef[(Ty — T(Bo))1{r(o)<oc}] = c2(f(5j-1)/16)* P (T(Bo) < o0).
Let o9 = (0,...,0,s;_1). By Lemma 2.3, for all z € A, |,
(2.15) Py (T(By) < 00) > 3P °(T(By) < 00).

It is not hard to see that the constant c3 may be chosen independently of the
particular form of f. The probability P,°(T'(By) < c0) is not less than

P (T(By) < T(0D;)) inf h(y)/h(zo).
yE€Boy
It is elementary to see that P*(T(By) < T(9D;)) is bounded below and the
usual Harnack principle shows that the same is true for inf,e g, h(y)/h(zo). Hence,

Py (T(By) < o0) is bounded below by ¢4 > 0 which together with (2.14) and (2.15)
implies

E}fg Z Cg(f(Sj_l)/16)2C3C4.

It is clear from our proof that Y can be chosen as follows. Let Z be the hit-
ting time of 9B(0,1/16) by a Brownian motion starting from 0 and let W be an
independent random variable with P(W = 1) = 1 — P(W = 0) = c3c4. Then let
Y = WY’ where Y’ = ¢y min(z, 1). O

(2.16) Lemma. Suppose that s; < s,. Let le =T(As;) and
SF=inf{t>TF: X, € A,, , UA,,,,}, k>1,
Ty =inf{t > S;~': X, € Ay}, k> 1
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There exist ¢ < oo and p < 1 such that for all k and for every positive harmonic
function h in D,, which vanishes on 0D, \ As, and every x € D,
Pi(TF < 00) < erp”.

Moreover, ifi >0, j+i<n andx € A then

Sj+i?
Pff(T;c < 00) < erp™ T

Proof. Suppose si < sg+1 < s,. We have

(2.17) hz) = /A h(y) P*(X(T(Asy.,) € dy)

Sk41
for x € A;,. The boundary Harnack principle implies that
PT(X(T(As,,,)) €dy) P™(T(As,,,) <0)

(2.18) P (L, ) cdy) PRy )=o)

< c3 <00

for z1,22 € Ag,,. Let z, = (0,...,0,s). It is easy to see that there is ¢4 > 0 such
that for all z € A, with |Z] > (1 — c4) f(sk), we have

P (T(Asyy) < 00) < (57 /2)P*(T(Asyy) < 00).

This, (2.17) and (2.18) imply that h(z) < h(zx)/2 for x € A, with || >
(1 — ¢q)f(sk). It follows that the maximum of h on A, is attained at a point
in the set

Ap S {w € Ay 1 3] < (1= ca) F(s1)}-
Let aj, be the maximum of h over Ay, . Since
P*(T(As,,,) <T(0Dy)) <cs5 <1

for x € A, we have ap < csap4+1 assuming a < si < spy1 < b. It follows that
ap < céakﬂ-. By the Harnack principle, h(z) > cgay for some ¢g > 0 and all z € Ay,.
Let m be so large that cgc; ™ > 2. Then ap < h(x)/2 for all ¢ € Ay, provided
a < sk < Sk+m < b. We obtain

219) AT <o) = [ EOPERL) € dy <172

for v € Aji,,. Here and later in the proof we assume that a < s; < sj4,m < b. This
assumption could be easily disposed of. We have

P**(T(Ag41) < T(OD,, UAs, ) >cz>0
and an application of the Harnack principle shows that
P (T(Ak+1) < T(As,_y)) > s > 0.
By Lemma 2.3,
(2.20) P (T(Agy1) < T(Asy_y)) > c9 >0
for all z € A, . By the strong Markov property applied at the hitting times of A;,
(2.21) Py (T(Ajem) < T(A)) > e~
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for all x € Ay, ,. Let
Uy =inf{t > T(As,;,,) : Xt € Ajym}s
Uy =inf{t > T'(As,,,) : X; € Ay, },
Us = inf{t > Uy : X; € Ay, }.
Then (2.19)—(2.21) imply that for z € A,;
P(T? = 00) > PE(T(As,,,) < T(As,_,), U < Uz, Us = 00) > c§'/2 >0
for z € As;. Both conclusions of the lemma now follow by the repeated application
of the strong Markov property at the stopping times Tf. O

(2.22) Lemma. For all z1 € Dy such that sp41 < x‘li < Spy2 and x2 € Ag, we
have EZ1¢ < c1f%(sk) where EZ} refers to the conditioned Brownian motion in Dy.

Proof. We will suppose that 1 € A The modifications needed for the general
case are obvious.

By Brownian scaling (2.1), we may assume that f(sz) = 1 and prove that EJ1{ <
c1. Note that then |z¢ — 24| = 1/2.

We have

Sk+41"

E%(¢=c¢ / GDf(zlaz>GDf(z,$2)dZ
" * o, Gp,(21,22) '

In view of Lemma 2.9 it will suffice to prove the lemma for z; € A, ,, |71 <
esf(sk+1), and 22 € Ag,, |T2| < ¢ for some ¢3 < 1. Under this additional assump-
tion, z; and x2 may be connected in D¢ by a Harnack chain of balls of bounded
length and this implies that Gp, (z1,22) > ¢4 > 0. Hence,

(2.23) Bl <cs Gp,(71,2)Gp, (2, 22)dz.
Dy

Let
Aj={z€Dys:|z—xj| <5, |z —x3_5| > |21 —x2]/2}, j=1,2,
As={z€ Dy:|z—x1| > 5,24 < Skt
Ay={2€Dj:|z—x1| > 5,2 > sp11}.

Assume for now that d > 3, and recall that G(z,y) & Gra (z,y) = colz —y|?>~%
For j = 1,2 we obtain

/GDf(xl,z)GDf(z,xg)dzg/ G(z1,2)G(z,22)dz
Aj Aj

(2.24) < c7/ (21 — a]/2)2 2 — 2, dz

J

5
< cr(|lzy — x2|/2)2_d/ 2=l < g < 0.
0

Let o = (0,...,0, sk),
D= {zeR: 2% < 5},
D.,=D;U{zcR?: 2% € (—o0,s1) U (skt1,00)},
M={zeD:|z—z|=4}.
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The Poisson kernel K (z) in D with the pole at ¢ has the form co|a® — si|/|z — 0|
(1.VIIL9 of [Db]). By the boundary Harnack principle,
Gp, (z1,2) < c10K ()

for x € M and, therefore, for all x € D such that |x — 21| > 4, in particular, for
x € As. Hence, for x € Az,
Gp. (x1,2) < cnnla® — spl/|o — @0l < enrlw — @l ™

and the same estimate holds for Gp, (z2, z). It follows that

Gp,(x1,2)Gp, (2, 22)dz < Gp,(x1,2)Gp, (z,22)dz
A3 AS

(2.25) S/ (cr1|z — wol'~%)?dz
Asz

o0
< 612/ p20=d)pd=1g,. « 012 < 00
2

and a similar estimate holds for A4. Since Dy C A; U Ay U A3 U Ay, the lemma
follows from (2.23)—(2.25).

If d = 2, an argument similar to the above could be given. In this case, D should
be replaced by a suitable wedge with angle a < w. The Green function in such

a wedge decays like 7™/ and this is sufficient to make the bounding integrals
finite. O

(2.26) Lemma. For x € Dy and y € A, , let
df g
gu(y)dy = P(X(T(As,)) € dy).
Then there exist ¢c1 < oo and co < 1 such that

g, (Y1) Zaigé’g(yl)
g (y2) gi, (y2)

(2.27)

and
a; >1— clcé
for all i >0, all n, where x1,x9 € Dyp—; and y1,y2 € As,, .

Proof. A standard application of the boundary Harnack principle in the spirit of
Lemma 2.3 shows that (2.27) holds for i = 1 with some a1 > 0.

Assume that (2.27) holds for all n and for some i; we will show that it holds for
i+ 1 as well. Let j =n — 4. By the strong Markov property applied at T'(As, _,),

g2 (y) = /A gL (0)g? (y)do

Sn—1
for y € Dj_1. Now apply Lemma 6.1 of Burdzy, Toby and Williams ([BTW], 1989).
Set in that lemma V =W = A, _, and U = 0, set f1 and fo equal to our g};;l
and g7 !, set g.(v) equal to our g!'(z), and take ¢ = a;, d = a1, and b = 1. The
aforementioned lemma implies that

921 (y1) S 922 (1)
n Z (it n
g (y2) g, (y2)
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for all y1,y2 € Dj_1, where
Qi1 = Q; + a%(l — ai).
Hence
l—ai1=1—a;—a?(1—a;) = (1 —a;)(1—a?)

and, by induction,

1—a;+1 < cich,

. df 9
with cg =1—a7 < 1. O
(2.28) Corollary. With the notation of Lemma 2.26,
;i > 921 (y)

77 g8, (y)

for every j <m, x1,22 € Dj andy € A, .

> a’n—j

Proof. Let M and m be the supremum and infimum of g (y)/gz,(y) over y € A, .
By Lemma 2.26, m > a,—; M, and
Mgy, (y) = g3, (y) = mgy, (y)-

Integrating with respect to y shows that M > 1 > m, from which the desired
conclusion follows. O

Proof of Theorem 1.6. (i) We will first prove the lower bound in (1.7).

Suppose that s;, < zt < Sjo+1 < Sjo+2 < b. The other cases are left to the
reader. Let T = T'(As,). For each j > jo +2 the process {X;,t € [T}_1,T})} under
Py is a conditioned Brownian motion in D; starting from a (random) point in Ay, _,
and converging to Ay, at its lifetime. By Lemma 2.13, for j € [jo + 2,k; — 1],

Ez(Tj — Tj_l) Z leZ(Sj_l)

and, therefore,

kp—1 kp—1
(2.:29) Ei¢> Y EiT—Ti) = Y af’(sj-)
J=Jjo+2 J=jo+2

Since
e2f2(85-1) < / " F(o)d < esf2(sj-0),

the sum on the right hand side of (2.29) is bounded below by ¢4 fsljf;z f(v)dv. Note
0

that
Sjo+1 Sio+2
/ f(v)dv < 05/ f(v)dv
zd Sjg+1
and
b ky—2
/ f(v)dv < 05/ f)dv.
ky—2 ky—3
Hence

/wz fw)dv < cg /kf_2 fw)dv

Sjo+1
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and, therefore,

b
Ef¢ > cr /d f(v)dv.

(i1) Next we will prove (ii) of Theorem 1.6.

First note that £y = co. Recall the definitions of jo and the 7}’s from part
(i) of the proof. By Lemma 2.13 and the strong Markov property applied at T}’s,
there exist non-negative (not necessarily independent) random variables Z; and
ii.d. non-negative random variables Y; such that

o0

(2.30) > (T —=Ty-a)
j=jo+2
has the same distribution as
(2.31) > (Zi+ P (s-0)Y)),
Jj=jo+2

For later use, note that, as in the proof of Lemma 2.13, we can write Y; = Wij’ ,
where the Yj’ are independent of the Z’s and W’s, with some common mean u
and variance o2. Each W, takes values 0 or 1, and W, = 1 with some common
probability p, even if conditioned on the preceding W’s and on {Xy,¢ € [0,T;-1]}.
Thus the W; are i.i.d., though they may not be independent of the Z;.

It is elementary to check that 3372 . ., f?(sj—1) = 0o because ffd f(v)dv = cc.
Hence,

o0

> E(f*(s;-1)Y;) = oo,

J=jo+2

Recalling that each Y; is non-negative, non-constant and bounded, the three-series
theorem now easily implies a.s. that

Y Flsi-)Y = oo

J=Jjo+2

It follows that the sums in (2.31), and therefore in (2.30), must be infinite a.s.
(iii) We are going to prove the lower bound in (1.8).
Let jo, the Yj’s, etc. be as in part (ii) of the proof. By adjusting the first and
last Z, if necessary, we can guarantee that

kp—1
C= > (Zj+(s;-1)))
Jj=jo+2
kp—1 kp—1
= > (Zi+ Plsi)uW) + Y (s WY — ).

J=jo+2 J=jo+2

(2.32)
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Therefore by independence,

Vary ¢ = Vary | Y (Zi+ P(s-0)pW5) | + Y BE((P(s- )W (Y] = w)?)
J=do+2 i=jo+2
> > B (50 Wi(Y] = w)?)
Jj=jo+2
k-1 b
> Y Pt ze [ P
J=Jjo+2 xd

(iv) We will now prove part (v) of Theorem 1.6.
We will again invoke the Y;’s and Z;’s of part (ii) of the proof. Suppose that

f:d f3(v)dv = oo. Then necessarily b = co. Let us assume that

(2.33) limsup f(v) < oo.

vV—00

In order to simplify the notation, suppose that z¢ = 5jo-

First, let wy, wa, ... be any sequence of 0’s and 1’s, such that
> F(sj-1)w; = oo
J>Jjo
Consider

k
Yi= > fsj-0)wj(Y] —p) and Vi =Yi/(Var¥i)'/2
Jj=Jjo+1
Since the Y]s are uniformly bounded, the Lindeberg-Feller condition can be easily

verified using (2.33) and it follows that the distributions of Y}, converge to the
standard normal distribution as k — oo. In fact it is simple to show, using (2.33)
and the Berry-Eseen theorem, that for every ¢; < co and ¢y > 0 there exists a
c3 < oo such that

P(Yy € (u,u+c1)) < ca/2 for every u € R, if VarYj > cs.

Since >, f4(sj—1)W; = oo almost surely, we can choose a ko < oo such that

k
P}f Z f4(5j_1)Wj >c3 | >1— 62/2
Jj=jo+1
for every k > ko. Also, as in (2.32) we have that
k k
T(Ao) = D (Zi+ Plsim)Wi) + D (FPlsm)W; (Y] = w)).
J=jo+2 J=jo+2

Therefore, conditioning on the values of Wj,j > jo yields that
P(T(Ay,) € (uu+ 1)) < cs

for every u € R.
The case when (2.33) fails is not hard and is left to the reader.
(v) Next we prove the upper bound in (1.7).
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Suppose that 5,41 < 2% < s,40. Let L be the last exit time from As, . Under
P, the process {Xy,¢ € [0, L]} is a conditioned Brownian motion in D starting
from z and converging to a (random) point of A, . Lemma 2.22 implies that
EfL < ¢ f*(s,) and this in turn implies that

Sn+43
(2.34) EjL < CQ/ f(v)dv.
2d

For every € > 0, the process {Xi4r4e,t > 0} under P? is an h-process in the
domain Dy where g(s) = f(s)1(s,,00)(5). This and (2.34) show that (1.7) will follow
once we prove that

Ej¢ <cs /b f(v)dv
Let My, = {y € Dy : sx—1 < y® < sg11} and consider an ho-process in Mj, for
some positive harmonic function hg in M. A variation of Lemma 2.6 shows that
(2.35) B} ¢ < ey
for all y € My, provided f(sk) = 1. By scaling,
(2.36) E} ¢ < caf?(sk)
for any value of f(sg).

Recall the stopping times S} and T} from Lemma 2.16 and let Ff a {T} < oo}
Let Ty be the hitting time of |J, As,. We have

(2.37) (=To+ Z )1

Given T} < oo, the process {X;,t € [Tj ,SF} is a conditioned Brownian motion in
Mj, and, therefore,

ER[(S} = TF) | Ef] < caf?(sy).
By Lemma 2.16,

(2.38) ZEh Mlps < esf?(s;).

Recall that sp+1 < 2¢ < sp40. Hence EfTy < caf?(s,). This and (2.37)—(2.38)
yield

Ei¢ < e 3 12(sy).
J

It is easy to check that the last quantity is bounded by c7 f: f)dv

(vi) We will now prove the upper bound for the variance in (1.8). Recall M}
and the use of an hg-process in My, from part (v) of the proof. The Chebyshev
inequality and (2.35) show that Py (¢ > ¢1) < ¢g for some ¢; < 00, ¢ < 1 and all
x € My, provided f(sx) = 1. By the Markov property applied repeatedly at the
multiples of ¢1, Py (¢ > je1) < c}. Hence Efm(? < ¢3 in the case f(sx) =1 and, by
scaling,

(2.39) Ef G < esf(sk)

for any value of f(si), all x € M}, and all harmonic functions hy in Mj.
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Let S% and T# be as in Lemma 2.16. Let F¥ £ {TF < co}. Given FF, the

process {X;,t € [Tf, Sj’“]} is a conditioned Brownian motion in M}, and this implies

in view of (2.36) and (2.39), that
o0 B[(8F —TH) | F¥] < eaf*(s;) and
. ER[(S] = TF)* | Ff] < esf*(s)-

Let @? 4 (Sj’C - Tf)lF]k. Define ¢ by the condition that s,_1 < 2 < s,, and
recall from Lemma 2.16 that

k+q—j ;
(241) P}f(ij) < 0562 s ] <4q,
C5Cg 5 Jjzaq,

where ¢g < 1. This and (2.40) imply that

k+q—j £2/. . :
(2.42) Eplel] < { %% Fo) g <a
’ C4C5cﬁf (Sj)u J an
and
k+q—j pd/. . .
(2.43) Ep[(©%)7) < { 0% flop) i <a
030506f (Sj)7 J qu

Now assume that j < n, and let
A={T} <T,}, B={T\<T/}, Bi={T,"'<T,<T}}
where Tj'-J is taken to be 0. Then
Covy (0, O7) = E (6] — E;65)(0 — E; )
= Ej;((0] — E;05)(O — E;O;")14)
+ B ((0f — E;ef)(e — E;0)1p)
LIt

Consider term I of (2.44). If ¢ > n, then I = 0 automatically. So suppose that
q < j. By Corollary 2.28 and the strong Markov property at T},

|ERON — BLON| < crey T ELON
for any y € D;, where cg < 1. In particular,
B (05 | For) — EROL| < erey ™ Ej(O7)
on A. Thus, by (2.42),
1= B [(0F - BrO 1B (0] - Ei(OF) | For))|

(2.44)

< By 10} - EpOY - 14 B (O} | For) - EROL]
< 2crcy U EL(O7)Ef(0%) < cocg Tk 2 (55) £ (sn)-
If, on the other hand, we have j < ¢ < n, then by a similar argument,
|ER(O5 | Fsi) — EROT| < creg™ " E} (O7)
on A, and
I< 2e7e B (O7)E(OF) < coc ™ Teg T f2(s5) [ (sn).
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Taking ¢17 = max(cs, ¢g), it follows that
(2.45) I < eocy 7™ f2(s5) % (sn),

regardless of the value of ¢.
Consider now the term IT of (2.44). By (2.43), and by Lemma 2.16 again,

k
Eji((05)*15) = ) Eji((©})’15,)

=1
k

=> B (E; (0515, | Fs1))

=1

k
<D fA(sy)eocseg T P(B))
=1

k2
k
<D fA(sy)eocseg TP (FTY
=1

< kefeacg I fA(s5) < eanclly 7T fA(sy),
where ¢13 < 1. As a result,
1< (E;((05)%1s) 2 (Ej (07)*)/?
< [2(5) S (sn) (enaeis T Feoese) 2
< et " f2 () £ (sn),
where ¢14 < 1. Combining this with (2.44) and (2.45), it follows that
(2.46) Covi(0F,07) < crgehs ™ 1" 12(s5) f2(sn),

for j < n, where ¢;7 < 1. By symmetry, the same is true for j > n, and the
inequality is even simpler to prove if j = n ((2.45) is no longer needed). Thus,
(2.46) holds for every j, k, m,n.

If fab f3(v)dv = oo, then the upper bound in (1.8) is trivial. Assume therefore

that f: f3(v)dv < oo. Then for each £ > 0 there are only finitely many j such that
f(sj) > €. Hence we may choose an ordering {j;};>1 of the set {k : a < s, < b}
which satisfies f(s;,,,) < f(s;,) for all i. By (2.46)

Var} ¢ = Var} <Z 9;“) = Z Cov,f(@?, on)

3k Jik,m,m

2539 9 PR

i n>i k m

(2.47) <233 N D eand T P s 2 (s5,)

i n>t kK om

<D D ety T Asy)

i n>i
b
S ch5f4(8j) S 016/ f3(’U)d’U.
j a

(vii) Next we will prove part (iv) of Theorem 1.6.
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Fix some z € D; and suppose for convenience that zd = sq for some q. Re-
call SJ]»“,T;“, F f and @f from part (v) of the proof. With slightly more work, the
argument for (2.46) can be seen to yield the following improved estimate:

ercy T2 (55) 2 (50), jin=a,
Coviy(OF,0) < L erdy ™™ les = 12(55) f2(s,), i<q<n,
eres I AT 2 (5) 2 (s), Gin <,

where co, c3 < 1.
Now we assume that the Lipschitz constant of f is so small that for each j,

2 -1
Si_ ca +1
f(J 1)< 3 .

f2(s5) 2
Therefore
k4+m+|n—j .
eres 2 (s 2 sa),  in =g,
(2.48) Covy (0%, 0m) < { ey ™™ 1M 91ea= 12(5.) f2(s,), 5 <q<n,

k+m+|n—j| g—j g—n ra :
C1Co Cy "Cy f (Sq)7 J,n < q,

for some cy < 1.

If f f3(v)dv = oo, then (1.9) obviously holds. Assume that f F2(v)dv < oo.
Then we may choose an ordering {j; };>1 of the set {k : 2% < s, < b} Whlch satisfies
f(8j1) < f(sy,) for all i. Let j;, = ¢. Then in view of (2.48),

Vary ¢ = Varj, (Z @f) = Z Covﬁ(@?, o)

Jik Jrk,m,m

<2) > > > Covi(6f,e5)

i n>i koom

+2 ) Y ) Covi(ef em)

j<n<g k m

+2) 33N Covi(0h, 07

ij<qi>ip k m

+ 22 Z ZZCovﬁ(ef,@;?;)

j<qi<io k m

<23 N NN el 2 ) 2G5

i n>i k om

2 30 2Dl T s)

ji<n<qg k m

23N NS e I P2 sy £ (55

j<qi>ip k m

+23 N ST ey T 2 (s,) (55

j<qi<ip k m

<Zc5f s5:) + co S (s9) + 7 f*(s4) +chf 55:)

<Cng SJ <CIO/ f3 O

Jjzaq
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Because they use similar arguments to those just given, we include the following
two subsidiary results in this section.

(2.49) Corollary. Suppose that Dy and h are as in Theorem 1.6. Assume that
f; f3(v)dv < co. Then

(2.50) m;imoo sup{Varf T'(A,) : u > z9} = 0.

Proof. Recall the notation from the proof of Theorem 1.6. As in the proof of (2.47),
for every = and for every u = s;,

Varfl T(Au) = Z COV;CL (@ﬁl{T]k<T(Au)}7 @xl{Tﬁn<T(Au)})'
Jrk,m,m
An examination of the proof of (2.47) shows that the terms of this sum are bounded
by the terms of an absolutely convergent series, uniformly in z and in v = s;. With
a little more work, it is easy to see that this domination holds for u € (a, b) as well.
For fixed j, k, m and n,
Covi (O izt cra,yy O L <r(au)y) — 0

as 2% — oo, uniformly in u, because of (2.41). This easily implies (2.50). |

(2.51) Lemma. Assume that Dy and h are as in Theorem 1.6. Set
df
fu(v) = sup f(u).

u>v

There ezists a c; < 0o such that for all u and all ©1,x2 € Dy with x‘f = xg <u we
have

Ep T (Au) = Ep?T(Ad)| < ex f2(29).

Proof. We will use an argument from part (v) of the proof of Theorem 1.6. For
simplicity, assume that u = s, for some m. Suppose that s,41 < x‘f < Sp+2 and
let L be the last exit from Ag,. It has been proved that

(2.52) EPFL < caf?(sn)
for k = 1,2 (see the paragraph preceding (2.34)). Recall the definitions of Ty, Sj’?, Tf
and F f from the same proof, and set

GE L FE{TF < T(A,))}.

We have
(253) E}kaTO < Cng(Sn_H)

by an argument analogous to that proving (2.36).
Let g4 (y)dy = P,”fi(X(le) € dy). By Corollary 2.28 it follows that for j > n,

|ER (S} = T}) 1] — B [(S) — T) 1]

[ BSE ~ TR (X)) € dy) ~ PO € dy)

L 9a.()

92 (y)
< eael B (S - T 1),

< / EY[(S* — TF) 1]
[ B(SE -

J

Py (X(T}) € dy)
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where ¢; < 1. (Strictly speaking, Corollary 2.28 applies when j > n + 2, but the
other cases follow similarly.) Now (2.38) implies that

D ER(S; — T — ZE””2 Mg
k

(254) < C4C|n Jl ZE$1 1Gk

< cacleg ().

jznk21 jznk2>1
we obtain from (2.52)—(2.54) that

Since

|ER T (Aw) — BT (Aw)]|
< 2¢of?(sp) + 23 (5p41) + Z 04c£n_J|06f2(sj)
jzn
< 2e2f2(sn) + 2¢3f%(sn) + Z C4C‘5n_j|66f3(8n) <crfi(sy). O
jzn
3. DISINTEGRATION OF HARMONIC FUNCTIONS

The purpose of this section is to prove Theorem 1.3. Unless otherwise indicated,
the notation and general hypotheses of Theorem 1.3 will be assumed throughout
this section.

Fix some z9 € Dy and let g(u ) = —E;°T(Ay). Recall that f.(v) = sup,>, f(u).
Note that in either case (a) or (b) of Theorem 1.3 (i), we have that f(v) — 0 as
v — 00.

(3.1) Lemma. Suppose that one of the assumptions (a) or (b) of Theorem 1.3 (i)
is satisfied. Then

UILH;O(T(AU) +g(u)) exists P;°-a.s.
Proof. Lemma 2.51 and Corollary 2.49 show that for k¥ > 1, we can choose uj such
that
(3.2) B T(Au) = By T(Ad)] < erf2 (we) < 1/K
for all 21,29 € D¢ and u with uj, < x‘li = ;vg < u. We may also assume that
(3.3) Vary T(Ay) < 1/kS
for z € Dy and u with ug < 24 < w.
Suppose u € [ug, uk+1). Since
T(Aupyr) = (T(Auyy) = T(Aw)) + T(Aw),

we have

9(urt1) = —ER° (T(Auyyy) = T(Au)) + g(u).
This, (3.2), and the strong Markov property applied at T'(A,) imply that
(34) |ERT (Auyyy) + (9(usgr) — gu)] < 1/K
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for all z € Dy such that 2% = u. The Chebyshev inequality and (3.3) yield that
PE(T (M) = BT (R, )| > 1/K2) < K Varh (A, ) < 1/K2,

Uk+1 Uk+1 Uk+1

if 24 = . This and (3.4) give
Pi(IT(Nupyy) + (g(ursr) — g())] > 2/k) < 1/k,
for € Dy such that 2% = u. By the strong Markov property applied at T'(A,,),
(3.5) P (IT(Nuryy) = T(A) + (9(untr) — g(w))| > 2/k%) < 1/k,
for any x € Dy with 2¢ < u. In particular,
(3:6)  Pr(IT(Aupyy) = T(Au,) + (9(urt1) — g(ur))| > 2/k%) < 1/k?,

if 2% < wy.
Fix some ¢o > 0 and find jp so large that Zj>j0 2/4% < cy. Suppose that

k > jo, 2% < u, and recall that u € [ug, ury1). Then (3.5)-(3.6) imply that with
Pj-probability larger than 1 — ¢y, the event

(B7) T Aupn) = T(A) + (9(ursr) — g(w)| < 2/k%}
n ﬂ (T (A 10) = T(Au)) + (9(ujrr) = g(uy))| < 2/5°}
occurs. Let i
Ay £ {(T (M) + 9(um)) = (T(A0) +9(0)] < &2 Vu >0},
If the event in (3.7) holds, then A4, holds, because in such a case we have
[(T(Aw,,) + g(um)) = (T(Au) + g(w))
S IT (i) + g(urr1)) = (T(Aw) + g(w)|

+ 2 [(T(Aujpr) = T(Awy)) + (9(ujg1) — 9(uy))]

j=k+1
m—1
<2/K+ Y 2[5 <co
J=k+1

Hence PP (A,) > 1 — ca.
Let

W =W £ inf{v>u: |[(T(A) + g(v) — (T(A) + g(u))] > 265}

By the strong Markov property applied at T'(Aw) we have P;°(Aw | W < o0) >
1 —cp. Since A, N{W < oo} N Aw = 0, it follows that P;°(Aw N{W < oo}) < ¢,
and hence P °(W < o0) < cz/(1 — ¢z). This proves the lemma, since we may
assume that ¢y > 0 is arbitrarily small by choosing wu sufficiently large. O

We now make some general observations about parabolic Martin boundaries.
Let D be a domain. For ¢ a parabolic function on D, and v < 0, define

bo(z,1) L (z,t +v).

Then ¢, is also parabolic. Moreover, if ¢ is minimal, then ¢, is either minimal or
¢y =0 (see 1.XV.17 in [Db]).
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(3.8) Lemma. Let D be a domain. Let ¢ be parabolic on D, and let v < 0. Then
the laws of X under P;U’t and P(Z’H” are the same.

Proof. Tt suffices to show that quu’t(A) = P; "TU(A), for A an event of the form
{X(t1) € A1,..., X(tn) € An}, where t1 < tg < --- < t,. But

x 1 -
Pl ) = g B aduXem)
1
=S al Radm, Sl
- me’tﬂ[lAﬂth,m)] = Pytti(a). O

Now, if (yx,tx) € D, (yx,tx) — z € O D, and each t; < v, then

D
: P v(zayk)
K((2,1), (gt — v)) = 52—
p—tk.H;(anyk)

_ ptD—tk—‘rv(x?yk) . pgtk (SUank)
pl—)tk (7o, Y pl_)tﬁv(%o, Yr)

_ K@ t+v),2)

K((zo,v),2) '

Thus, provided K ((z9,v),z) > 0, it follows that (yx,tx — v) converges in DM to a
point ®,z € OM D with

Ky(-,2)

K2 = (@00, 2)

Of course, it may happen that ®,z = z. Note also that

(39) K((xQ,O),(I)vZ) =1,

so that @,z is a minimal point (according to the definition given in Section 1), if
and only if K,(-,z) is a minimal function.

It would simplify several future arguments, if the map ®, could be defined for
v > 0 as well. A natural way of doing this would be to set

o(x,t af ¢z, t +v), t+v <0,
oult) {fpgrv(%y)(b(y,o)dy, t+v>0.

The obstacle to this approach is that in general, this integral need not converge.
The following result is well known. See, for example, Theorems C and E of
Aronson ([Ar], 1968).

(3.10) Lemma. Let D be a domain, and let A C D be compact.

(i) Let € >0 and M < oco. There exists a § > 0 such that if u is parabolic on D
and u < M, then |u(z) — u(z')| < € whenever z,2' € A and |z — 2'| < 6.

(ii) Let « € D. There exists an M < oo such that if u is parabolic on D, and
u(z,0) <1, then u < M on A.
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(3.11) Lemma. Let D be a domain. Suppose that (yg,tx) € D converge to some
z € OMD, and that a, — 0. Let (z,t) € D (so that, in particular, t < 0) and
suppose that K((x,t),z) > 0. Then

ptD—tk (:I:? yk)

(3.12) —_—— =1
ptD—tk—ak (‘T7 yk)

as k — oo. Moreover,

(3.13) (Y, tie + a, — t) — Py2.

Proof. If K((x,t),2z) > 0, then the K((z,t), (yx,tx)) are bounded away from 0.
Since K ((x0,0), (yr,tr)) = 1, (i) of Lemma 3.10 shows that the K(-, (yx,tx)) are
uniformly bounded on a suitable neighbourhood of (x,t). Applying (i) of Lemma
3.10 on this neighbourhood shows that

pgtk(zvyk) - _ K((%,t),(yk,tk)) 1

PP t—ay (@ye) K (2t — ar), (Y t))
as k — oo, showing (3.12).
To prove (3.13), we must show that

klingo K((a:, s), (yg, tk + ax —t)) = lim K((x, 8), (Yr,t — 1))

k—oo

for every (z,s) € D. But as before,

. Ps+t—ti—a (%, Yk)
K Z,8)\Yk, ty +ak — 1)) =
(2, 9).(y ) = o (70, 38)

_ K((z,s +t—ax), (Y&, tr))

K((fﬂO,t—ak)’(yk’tk))
LR 09) g, )
Ko d).2)  @s)®z). O

(3.14) Lemma. Assume that f(u) — 0 as u — oo. Let (zx,tx) € Dy converge to
2 € OM Dy, and suppose that K((x,t),2) > 0 for every (x,t) € Dy. Ifyx € Dy and
2 =y for each k, then for some c; < oo and ca > 0, and for every ¢ < 0 and
(1'7 t) € Df;

(3.15) 1i]1€1isup K((z,1), Yk, tr — q)) < a1 K ((z,t), Dq2),
(3.16) lim inf K (2, 1), (yx. tr — ) = 2K (1), ®g2).

Proof. Let o > 0 be so small that for each w € 9Dy, the set D ;N B(w, 7o f(w?)) is
the graph of a Lipschitz function F', with Lipschitz constant Ag in some orthonormal
coordinate system CS,,. Let the coordinates of x in CS,, be (&, '), so that

D¢ N B(w,rof(w?h) = {(z,2") : 2’ > F(2)} N B(w, 7o f(w?)).
Let
U, (w,s) ={(z,t) € Df dr—w| <y ls—t] < r?),
Ap(w) = (w,w" +7) in CS,.
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We fix a suitable § < 0 and apply Theorem 1.6 of Fabes, Garofalo and Salsa ([FGS],
1986) to some ¥, s5(w, 5), to see that if 1,20 € Dy, w € 0Dy, r < ro f (w?)/2,
s,8' < §andy € B(w,r/8), then

(317) < C1

= C1 D .
P_y_ga(w1, Ar(w))

Note that, although Theorem 1.6 of [FGS] would in principle allow the above con-

stant ¢; to depend on f(w?), in fact a scaling argument shows that it does not.
Fix (z,t) € Dy and ¢ < 0. Let M = U,,cop, Blw,rof(w?)/32). If y € M,

choose w so that yx € B(w,r/8), where r = ro f(w?)/4. With this choice of 7, set

gk = Ar(w), ap = 2r%.
If y, ¢ M, set
Uk = Yk, ap = 0.
The assumption that K((x,t),z) > 0 for every (x,t) € Dy easily implies that
tr, — —oo. By (3.17),
ptl-)}-fq—tk (7, yx) < pt[-)l-fq—tk+ak (z, Ur)

(3.18) a: <o =
Pt (%0, Yk) Pt —ar (0, Uk)

)

for k so large that t, —t — ¢ < 5.

Let b, = f2(z{). A precise version of the parabolic Harnack principle (see
Theorem 0.2 of [FGS]) implies that for k large and for every v € Dy with [v?— 2| <
f(zd) and v ¢ M, we have

Dy - Dy
Piig—titay (z, 9r) Py gt +ap+bs (z,v)
(3.19) D, — <, .
pq—tk—ak ($ank) pq—tk_ak_bk (:Z:O?U)

As above, take Zj equal to either zy (if zx ¢ M), or an A, (w) (if 2z € B(w,r/8),
where 7 = ro f(w?)/4). Take dj equal to 0 or 272 respectively. Therefore

Piyg—titap+b (:IJ, Zk) Pii{q—titantbitds (:IJ, Zk)
(320) D; — < C1 D; 5
Paty—ap—by (205 Zk) Pyt —ap—br—dy, (05 2k)

for k large, as before. Since g < 0, ap — 0, by — 0, and dy — 0, it follows from
(3.12) that

D D
pt"t‘fq_tk"l‘ak"l‘bk"l‘dk (:E’ Zk) — lim pt‘ffq_tk ((E, Zk)

D - D
pq—ftk—ak—bk—dk (.TQ,Zk) k?—’OO ]?q—ft;C (‘TO?Zk)

= ]qli—{I;oK((x7t)’ (21, tk — (])) = K((xﬂt)vq)qz)'

lim

k—o0
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Thus, taking v = Zj, it follows from this and (3.18)—(3.20) that

Dy
. o (
limsup K ((,t), (yr, tk — q)) = limsup pt"'qtk—(yk)

< C3K(($7 t)a (I)qz)
k—oo k—o0 pq—ft,c (:EOa yk)

as well, proving (3.15). The argument for (3.16) is similar. O

We may improve upon the conclusion of Lemma (3.14), by assuming that z is
minimal:

(3.21) Lemma. Assume that f(u) — 0 as u — oo. Let (zx,tx) € Dy converge to
a minimal point z € O} D¢, and suppose that K ((x,t),z) > 0 for every (z,t) € Dy.
If yi. € Dy satisfy z,‘j = y,‘f for each k, and g, — q < 0, then (Y, tx — qu) — Pgz;
that 1is,

kh_{I;OK((xvt)a (yka by — Qk)) = K(($,t), (I)qz)

for every (x,t) € Dy.

Proof. We first consider the limit of (yx,tx — ¢). If w is any limit point of this
sequence, then by (3.15) we have that

K(,’LU) < ClK('v(I)qz)'
By minimality of z (and hence ®,z), in fact
K(,’UJ) :CK('a(I)qZ)

for some ¢ < co. By (3.16) we must have ¢ > 0, so w # 0.

Let k; be a subsequence along which (yg,,tx, — ¢) — w. By passing to a further
subsequence, if necessary, we may also ensure that (yx,,tx, —q/2) converges to some
w’ # 0. Then w = ®,/ow', s0 by (3.9),

K((z0,0),w) =1 = K((z0,0), ®42).
Thus ¢ = 1, and so w = z. Since ®,z is the only limit point of (y, tx —¢q), it follows
that the sequence itself converges to ®,z.

Similarly, (yx,tr —q/2) — ®g4/22. Since @yz = @y /5(Py/22), we may set aj, = q—
qx, and apply (3.13) (with ¢ = ¢/2), to obtain, in addition, that (yx,tx —qi) — P42,
as required. O

Proof of Theorem 1.3. (i) Assume either (a) or (b) of (i) of the theorem, and recall
that this implies that f(u) — 0 as u — oc.

Let Hs denote the set of points z of the minimal Martin boundary 8! Dy, such
that g(u) — 7(Ay) — s, PFo%as. Set H = (J,cp Hs. Recall that if ¢ is a minimal
parabolic function, then the tail o-field of every ¢-transform of space-time Brownian
motion is trivial. By Lemma 3.1, the random variable lim, o g(u) — 7(A,) is well
defined P;°-a.s. It is clearly measurable with respect to the tail o-field of X,, and
S0

hz) = /H K (), 2)uld2),

for every (x,t) € D f, where p is some measure concentrated on H. In particular,
it follows that Hs is nonempty for some s € R. We will work towards proving that,
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in fact,
(3.22) every H, consists of a single point,

namely the z; of (A).

In fact, the conclusion of (B) will follow immediately from (3.22), since Hs, and
Hs, are disjoint if s; # s3.

For z € Hs, we have that g(u) — 7(A,) — s, P2>%as. A standard argument
now shows that the same is true, P**-a.s., for every (z,t) € D. Thus (D) will also
follow immediately, once (3.22) is proven.

(ii) Tt is a routine matter to prove that if
(3.23) pro© ( lim (g(u) — 7(Ay)) € (51, 32)) >0,

then for every s3 € R,
Po (Jim (o) — 7(8) € (51 + 53,52+ 53)) > 0,

U— 00

Hence, (3.23) holds for all —oo < 1 < s3 < co. Therefore

vl U He| >0,

S€(s1,82)
for every such si, s3. This will establish (C). Moreover, it shows that

(3.24) 3 {sk}r>1 such that klgr;o s = oo and for every k, Hs, # 0.

If = K(-,z), where z € Hy, and v < 0, then by Lemma 3.8,
L= Py (g(u) = m(Au) — 8) = Py (g(u) + T(A) =t —v — )
=Py (g(u) + T(Ay) =t —v — 5) = Pyl (g(u) = 7(A) — 5 + 0);

that is, the pole of ¢, belongs to Hsy,. Thus, ®, maps Hs into Hs4,. Appealing
to (3.24), we conclude that H, is nonempty, for every s € R.

(iii) Let s € R, and pick z € H. For any sequence ur — 00, we may set yp =
X (T(Ay,)), and t, = 7(A,,). Because X(T(A,,)) — z in the Martin topology,
P*%as., it follows that we have constructed a sequence (yx,tr) — 2 as in part
(A), with sg 4 g(yd) —tp — s.

Next we will show that Hg consists of a single point for each s. Suppose to
the contrary that z,z2 € H, for some s. It is easy to see that we must have
Dy_sz # Py_s2 for some s’ < s. Fix any sequence up — oco. Consider any sequence
(Y, tx) — 2, with g(y) —t — s and y = s, constructed as in the previous
paragraph. Let (J,tx) be the analogous sequence with (F,tx) — Z, 7 = uy, and
g(7d) — tr — s. Note that ¢, — t, — 0 because yl = gl = ug, glyd) —tx — s,
and g(7) — tr, — s. Lemma 3.21 implies that (yy,tx + s — s') — ®o_.z. But it
also implies that (yy,tx + 5 — 8') — ®g_4Z, because yif = g and t; — t;, — 0.
This contradicts the fact that &4 _sz # P4,z and so it proves our claim, and
establishes (3.22).

Now let 7, — s, and consider any sequence x, such that ¢ — co. Our goal is
to show that (x, g(x{) — ri) — z, where z is the only element of Hs. Set uj, = x,
and this time choose s’ > s. Let 2’ be the element of H, . Note that ®,_y 2" = z.
By the argument of the first paragraph of (iii), we may choose (yg,t)) — 2z’ with
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yd = uyp = 2 and g(y) —t}, — s'. Since t}, — [g(z) — ry] — —s' + s, we may apply
Lemma 3.21 and obtain that

(zr, g(xd) — 1) = By_y2' = 2.

This finishes the proof of (A). Thus, part (i) of Theorem 1.3 is proven.

(iv) Turning to part (i) of Theorem 1.3, suppose that [ f3(v)dv = oo for all
u < 00. We also assume, since it simplifies the proof, that f(u) — 0 as u — co. At
the end we will sketch out how to extend the argument to the general case, that
limsup,,_, o f(u) < cc.

We use a coupling argument. Fix z1,z2 € Dy, and s < 0. Let X; and X, be
independent processes, under a probability measure P, with the same distributions
as X under P, " and P, ** respectively. Thus, X;(t) = (X:1(t),7¢) and Xo(t) =
(X4(t), ;) are versions of X, where 7(t) = s — t. Define

W =inf{t > 0: X{(t) = X4(t)}.
We will show that
(3.25) P(W < o0) = 1.

Write T;(A,) for the hitting time of A, by X;. We may assume, without
loss of generality, that z¢ < z¢. Set ug = 2% + f(24), Y; = Tj(Ay,) and Z; =
Tj(Aw) —T;(Ay,), where the value of u will be chosen later. A standard application
of the boundary Harnack principle (Lemma 2.2) shows that the Radon-Nikodym
derivative of the hitting distributions of A, under P/* and P} is bounded below

by ¢1 > 0 for all y1,y2 € Azg-
Let ¢2 be so large that

(3.26) P(Y1— Y > ) < 1/16.

Use Theorem 1.6 (v) to find u so large that for every v € R we have

(3.27) P(Zs € (v,v+ ¢2)) < c1/8.

Let v1 be the median of Z1, in other words,

(3.28) P(Zy <wv1) 21/2, P(Zy >w) > 1/2.

By applying the strong Markov property at T'(A,,, ), and by our choice of ¢1, we have

P(Zy > v1) > ¢1/2. Now we use (3.27) to obtain that P(Zy > v1 + ¢2) > 3¢1/8.
This, (3.28) and the independence of Z; and Z3 show that

P(Zy—Zy > cg) > P(Zy <wy,Z3 > v1 + ¢2) > 3c¢1/16.
Inequality (3.26) now implies that
P(Tl(Au) < TQ(AU)) = P(Yi + 721 <Yy + Zg)
(329) > P(Yl - Yo < < Zy— Zl)
> P(Zy—Z1>c) —P(Y1 = Y2 > o) > c1/8.

Let VP =z, 70 =5, T' = max(T1(Ay), To(Aw)), 78 = 7(T"), V}' = X(Tj(Aw)),
U' = u. Repeat the above argument, starting from (V;',7") in place of (V},7°),
and ensuring that U? is chosen so large that each Tij(Ay2) > T'. Then continue

this procedure inductively, to obtain sequences of random variables V}-’“, Tk 7% and
U*. By the strong Markov property, (3.29) becomes

P(Tl(AUk+1) < TQ(AUk+1) | ka) > 01/8,
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where F; is the filtration of (X;(t), X2(t)). It follows that an infinite number of
these events will occur, P-a.s. The same is true when the roles of X; and X5 are
reversed. Thus (3.25) holds.

(v) According to (3.25), used repeatedly, there are points (z;x,tx) on the paths
of Xj such that xik = xg)k — 00. Using Lemma 3.21, as in the argument of section
(iii) above, we get that (x1,x,tx) and (22, tx) have the same limit in 86‘/[Df. Thus,
the limits of X;(t) and Xy(t) in 8} Dy, as t — oo, are the same. Since X; and

X, are independent, the measure p such that h(z) = faé”Df K((z,0), z)u(dz) must
actually be supported on a singleton. That is, A must be minimal as a parabolic
function.

It is the use of Lemma 3.21 that requires the assumption that f(u) — 0. If only
limsup,,_, ., f(u) < 0o, we modify the argument as follows. For any € > 0,

(3.30) P X (f((@h)?) € B0, 0,2 + f(a?)),ef (7)) = e(e) > 0,
for every (x,t) € Dy. Let
w. £ inf{t >0: X&), Xd(t) € B((0,...,0,u+ f(u)),ef(u)) for some u}.

Applying (3.30) to x = X;(W) and using another iterative argument, one can show
that P(W. < oo) = 1 for every ¢ > 0. Taking a sequence ¢ — 0, now gives
sequences (x; x,t;) on the paths of X, such that

Tjk € B((O, e, 0 ug + f(uk), 8kf(uk)),

where u, — co. An argument as in the proof of Lemmas (3.14) and 3.21 now shows
that the (z1 %, tx) and (22, tx) have the same limit in 86”Df. As before, this shows
that h is parabolically minimal.

O
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