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WARPED PRODUCTS OF METRIC SPACES OF CURVATURE
BOUNDED FROM ABOVE

CHIEN-HSIUNG CHEN

ABSTRACT. In this work we extend the idea of warped products, which was
previously defined on smooth Riemannian manifolds, to geodesic metric spaces
and prove the analogue of the theorems on spaces with curvature bounded from
above.

1. INTRODUCTION

The notion of warped product of Riemannian manifolds was first introduced
in the paper [7]. Since then they have become an important tool for constructing
examples of spaces in which the sectional curvature can be controlled but which still
possess interesting topological properties. All of the classical space-times of general
relativity can be presented in warped product form and this has proved important
in calculating their curvature and determining maximal analytic extensions, see
[18] for details. Recently, Nolker derived a decomposition theorem for an isometric
immersion h : W — N of a warped product W into the standard n-space N
of constant curvature x and classified all warped product decompositions of the
standard spaces [17].

The warped product of two Riemannian manifolds with respect to a warping
function is defined as follows: Let M and N be Riemannian manifolds and f > 0
a differentiable function on M. Consider the differentiable manifold M x N with
its projections Py; : M X N — M and Py : M x N — N. The warped product
W = M x ¢ N is the manifold M x N equipped with the Riemannian structure such
that

1X 1% = 11 Par (X)[3s + £ (P (m)) | Prvs (X) 3

for every tangent vector X € W,.
The warped product of two Riemannian manifolds of negative curvature with
convex warping function is characterized in the following two theorems.

Theorem 1.1 ([7]). Let M and N be Riemannian manifolds, and let f > 0 be
a differentiable function on M. Then the warped product M xy N has curvature
K (m) < 0 if the following conditions hold:
1.dmM =1, or K <0 on M.
2. f is strictly convez.
3. (a) dimN =1, or (b) L <0 if f has a minimum; L <0 if f does not have
a minimum (L is the sectional curvature of N).
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Theorem 1.2 ([7]). If M is complete and W = M xy N has negative curvature,
then conditions 1,2, and 3 of the preceding theorem hold.

In 1951 A. D. Alexandrov introduced spaces with curvature bounded from above,
which laid the foundation for a far-reaching generalization of Riemannian manifolds
[3, 4]. Alexandrov uses synthetic methods to express geometric structure in terms of
inequalities on lengths of geodesics and angles between them, rather than assuming
that the space has a manifold structure and computing its local geometric data.
Such spaces recently have found many important applications in combinatorial
group theory, analysis and even Riemannian manifolds with boundary. See [1, 13,
14, 15] for detail.

In this work we extend the idea of warped products to geodesic metric spaces
and prove analogues of the above theorems on spaces with curvature bounded from
above. These results formed the core of the author’s thesis [12], which also includes
more details of some elementary matters. Suppose that function f : M — R*
is continuous and (M X N,d) denotes the warped product of two metric spaces
(M,dpr) and (N, dy). We prove the following theorems in this paper.

Theorem 1. If (M,dy) and (N,dn) are geodesic metric spaces and if (M x s N, d)
has nonpositive curvature, then

1. (M,dy) has nonpositive curvature.
2. (N,dy) has nonpositive curvature if f has a minimum.
3. f is convex.

Theorem 2. Let M be R or a countable metric graph. If (N,dy) has nonpositive
curvature and f : M — R* is convex, then (M X s N,d) has nonpositive curvature.

Corollary 1. Suppose that K < 0 and G is a countable metric graph. Let f : G —
R* be convex. If (N,dn) has curvature bounded from above by K, then (G x s N,d)
has nonpositive curvature.

Proof. This follows from Theorem 2 and the fact that if M has curvature bounded
from above by K’, then M has curvature bounded from above by K", where K’ <
K" [16]. O

The following problem is proposed by Professor Reshetnyak [20].
Let I = [~57=, 57=] and f : I — R be defined by f(t) = cos VKt If (N,dy)
has curvature bounded from above by K, is (I x s N, d) a space of curvature bounded
from above?

Using a proof similar to that of Theorem 2 the above problem is answered by

the following corollary.

Corollary 2. If (N,dn) has curvature bounded from above by K, then (I x; N,d)
has curvature bounded from above by K.

The following corollary deals with spaces of negative curvature. The similar
proof in Corollary 2 can be carried out in this case.

Corollary 3. Suppose K < 0. Let f : R — R be given by f(t) = cosh/—Kt. If
(N,dn) has curvature bounded from above by K, then (R x§ N,d) has curvature
bounded from above by K.
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2. PRELIMINARIES

In this section, we review relevant concepts related to this work. For more
details concerning basic definitions and properties of spaces of curvature bounded
from above, see [5, 6, 16].

2.1. Curves and intrinsic metrics. A (parametrized) curve is a continuous map
from an interval to a metric space. The length of curves in a metric space is defined
by the usual supremum of partition sums.

A rectifiable curve is one with finite length. A rectifiable curve is said to have
constant speed if the length of the restriction to any subinterval is proportional to
the length of the subinterval.

Let (M, p) be a metric space such that any pair of points of the space can be join
by a rectifiable curve. We can use the metric p to define a new metric pi,t which is
introduced as follows:

mﬂaw=gﬂuw}

where [,(7) is the length of a curve 7 in the metric p and inf is taken over all curves
joining the given pair of points z,y. The metric p is said to be intrinsic if

P = Pint-

2.2. Geodesics and geodesic metric spaces. A curve in a metric space (M, p)
is called a geodesic (segment) of its length is equal to the distance between its ends.
We often use AB to denote p(A, B) or the geodesic itself.

A metric space is called geodesic if for any two points in metric space, there is a
geodesic between them. We do not require geodesics to have constant speed, even
though that requirement is customary in Riemannian manifolds.

2.3. Sk, triangles and comparison triangles. By Sk we denote a surface of
constant curvature K.

A triangle T = AABC in a metric space (M, p) with vertices A, B,C' is the
union of geodesic segments AB, BC, AC, called the sides of T'.

Let T = AABC be a triangle in a metric space. A triangle 7" = AA’B'C’ in
Sk is said to be a comparison triangle for T = AABC if AB = A'B’, BC = B'C'
and AC = A'C’.

2.4. Domains Ry and spaces of curvature bounded from above. An Ry
domain is a metric space with the following properties

1. Rg is a geodesic space with intrinsic metric.

2. If K > 0, then the perimeter of each triangle in R is less than 27 /v K.

3. Each triangle in Ry satisfies Theorem 2.1.

A space of curvature bounded from above by K in the sense of A. D. Alexandrov
is a space with intrinsic metric in which locally is an Rx domain.

Theorem 2.1 ([4] K-concavity). Let D, E be points on the sides AB and AC of
the triangle T = AABC in a domain Ry and D' and E' the corresponding points
on the sides of the comparison triangle T' = AA’B'C" on Sk, i.e., A’D' = AD,
A'E" = AE. Then

(1) DE < D'E'.
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We say that the metric of a metric space is K-concave if inequality (1) holds for
an arbitrary triangle T of the space.

We also need a result about gluing of spaces of curvature bounded from above
by K.

Theorem 2.2 ([19] Gluing Theorem). If the spaces (M, p’) and (M",p"), which
are spaces of curvature bounded from above by K, are glued together along compact
convex sets V! C M' and V" C M" by means of some isometry o, then the space
(M'U,M", p,) that arises as a result of gluing is also a space of curvature bounded
from above by K.

Remark 2.1. Although Reshetnyak’s theorem was originally stated, in this way, for
compact convex sets, an extension to closed locally convex sets has been proved by
Buyalo [11] and Bridson-Haefliger [8]. We use it in that form.

3. PROPERTIES OF NONPOSITIVELY CURVED WARPED PRODUCTS

3.1. Definition of warped products of metric spaces. We begin this section
with the definition of the length of any curve as the limit of partition sums as
the partition is refined. Then we define the distance between two points as the
infimum of the lengths of all curves joining these two points. The definition of
warped products of metric spaces will also be given.

Suppose (M, dy) and (N,dy) are two intrinsic metric spaces. Let v = (r,s) :
[0,1] = M x N be a curve and f : M — R' be a continuous function on M.
Suppose

T:0=tg <t <te<---<t,=11s a partition of I = [0, 1].
One defines the length of v by

(y) = liTmZ \/d?w(r(ti—l)v r(t:)) + f2(r(tiz1))dy (s(tiz1), s(ti))-

Here the limit is taken with respect to the refinement ordering of partitions. It can
be shown that the choice of evaluating f at the initial point of each interval is of
no consequence. Thus the distance between two points =,y in M x N is defined to
be

d(z,y) = inf{l(7y) : v is a curve from x to y}.

Lemma 3.1. Let Py : (M x N,d) — (M,dy) be the projection. Then Py is
nonincreasing. In particular d(x,y) > dy(Pyx, Pyy) for any points © and y in
M x N.

Proof. For any curve v : I — M x N and any partition 7, we have

> \/d?W(PMW(ti—l)a Pyy(ti)) + fA(Pury(ti-1))d (Pry(tio1), Pny(ti))
i=1

> " du(Puy(tioa), Pary(t).

i=1

Hence I(y) > la,, (Pum7y)- O

Proposition 3.1. d is a metric in M x N.
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Proof. d(z,y) > 0 and d(z,y) = d(y, ) follow immediately from the definition of
d. First, we show the triangle inequality. For any two points z and y in M x N,
by definition of d, there is a curve a with «(0) = z and «(1) = y such that
l(a) < d(z,y) + € for arbitrary € > 0. For any two points y and z in M x N,
there is a curve 8 with 8(0) = y and (1) = z such that I(8) < d(y,z) + ¢ for
arbitrary € > 0. Then there is a curve v which is the concatenation of curves
a and (3 such that I(v) < d(z,y) + d(y,z) + 2¢ for arbitrary ¢ > 0. Therefore
d(z,z) < d(z,y) + d(y, 2).

Next, we show the nondegeneracy, i.e., d(x,y) = 0 implies = y for all  and y
in M x N. Suppose d(z,y) = 0; then by Lemma 3.1 we have dp; (Pyx, Pary) = 0.
Hence Py;x = Py, as djy is nondegenerate. By definition of d, there is a sequence
of curves {v,} such that I(y,) < 1/n. Let f take its minimum at ¢, along each
curve v,. Then

% > f(en)dn(Pnz, Pyy).

When n approaches infinity, ¢, goes to Py, thus f(c,) goes to f(Pysz) as function
f is continuous. Hence dy(Pyz, Pny) = 0 and consequently Pyx = Py, as dy is
nondegenerate. Therefore x = y. O

Moreover it is not difficult to see that {(v) = l4(7y) for each 7, i.e., metric d is
intrinsic.

Definition 3.1. The warped product of (M, dys) and (N, dy) with respect to the
warping function f is the set M x N equipped with the intrinsic metric d. We
denote it by (M x ¢ N, d).

Example 3.1. Every surface of revolution (not crossing the axis of revolution) is
isometric to a warped product, with M the generating curve, N the circle of unit
radius, and f(m)/27 the distance from m € M to the axis of revolution.

3.2. Proof of Theorem 1. We say a function f is convex on a geodesic metric
space M, if for each constant speed geodesic v in M, f o~ is convex, i.e., supposing
f o~ defined on an open interval (a,b), we have f oy(tx 4+ (1 —t)y) < tfo~y(x)+
(1 —1t)f ovy(y) for each z,y € (a,b) and each t, 0 < ¢ < 1. Similarly we can define
concave functions on any geodesic metric space. We begin with some preliminary
lemmas about the warped product M x s N.

Lemma 3.2. Geodesics in M lift horizontally to geodesics in (M x ¢ N,d). Thus,
M x {n} is totally geodesic in (M x; N,d) for every n € N.

Proof. Let g be the geodesic joining points a and b in M. We want to show that
g x {n} is a geodesic in (M x; N,d). Let 0 = (r,s) : [0,1] = M x N be any curve
from (a,n) to (b,n) in (M x; N,d). For any partition 7, we have

SOV B (i), (1)) + £ (1im0) B (s(tim). 5(22)
=1

du (r(ti-1),7(t:))

-

s
Il
-

> dp(a,b).
Hence I(o) > I(g). |
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Lemma 3.3. Ifp € M is a local minimum point of f, then (p,3) is a geodesic in
(M xy N,d) for every geodesic 3 in N.

Proof. Let o = (r,8) : [0,1] = M x N be any curve joining (p, 3(0)) and (p, 3(1))
in (M xy N,d). For any partition 7, we have

S By (rltimr), (1)) + £ (tim0)) e (s(tim0). 5(22)
=1

Hence (o) > 1(0). O

Lemma 3.4. Let v : [0,1] — M be a geodesic in M and f : M — RT be a
continuous function. Let v, = v x {p} and vg = v x {¢} be two lifts of v, where p
and q are any points in N. Then

lim d(vp (t), V(1))
r—a  dn(p,q)

Proof. Let o : [0,1] — M x N be the geodesic with «(0) = (v(t),p) and a(1) =
(v(t), q). Suppose f takes its minimum at point pyi, in M along the curve Pys(a)
and its maximum at pmax. Then

f(Pmin)dn (p, @) < (@) < f(Pmax)dn (P, 9)-

By Lemma 3.1, l4,, (P () goes to zero as p approaches ¢, and since f is continuous
both pmin and pmax approach f(v,(t)). |

= f(Vq(t))v vt e [07 1]'

We also need the following basic facts about Ry domains.

Lemma 3.5. The distance function between two geodesics in an Ry domain is
conver.

Proof. The basic idea of reducing to the case of two geodesics starting at the same
point by inserting a diagonal in a quadrilateral is given in Busemann [10]. O

Lemma 3.6 ([5]). Let (M,p) be an Rx domain. Then the space (M,np) is an
Ry, domain, where K, = ;5.

Proof of Theorem 1. 1. Let x be any point in M. We shall show that there is a
ball centered at = which is an Ry domain. Since (M x; N, d) is a space with
nonpositive curvature, we can find a ball By,,(x, \) centered at = with radius
A > 0 such that Bg,, (z,A) x {p} lies in some Ry domain in (M x s N,d). Let
T be any triangle in By,,(z,\). Then T x {p} is a triangle by Lemma 3.2.
Hence T has the K-concavity property 1 and Bg,,(x, \) is convex. Therefore
By,,(x,\) is an Ry domain and (M, dys) is a space of nonpositive curvature.

2. Suppose that f has minimum at point m in M. Let x be any point in N. Since
(M xy N,d) is a space of nonpositive curvature, there is a ball By(,,)a, (2, A)
centered at  with radius A > 0 such that {m} x Bjy()qy (x, A) lies in some
Ry domain in (M xj N,d). Let T be any triangle in Bj(;,)q, (2, A). Then
{m} x T is a triangle by Lemma 3.3. Hence T has the K-concavity property
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1 and Bj(myay (2, A) is convex. Therefore By, a, (¢, A) is an Ry domain and
(N, f(m)dn) is a space of nonpositive curvature.
From Lemma 3.6 we see that (N, dy) has nonpositive curvature.

3. Because convexity is a local property, it suffices to show that f o~ is convex
for every small geodesic segment v. We parameterize v by its length. Let p
and ¢ be two points in N such that v x {p} and v x {¢} lie in an Ry domain
which belongs to (M x ¢ N,d). By Lemma 3.5, we have

EF <tAB+ (1-t)CD,

where z,y € (0,I(7)) and 0 < t < 1, A = v(z) x {¢}, B = ~(x) x {p},
C=7(z) x{q}, D =~(y) x {p}, E=~(t) x {q}, F = ~(t) x {p}. Hence

EF __ tAB |, (1-1)CD

dN(puq) - dN(puq) dN(p7 q)

)

which gives us

lim —— < lim + lim (1 _ t)CD
r—adn(p,q) ~ r—adn(p,q) p—a dy(p,q)

Applying Lemma 3.4, we have for each z,y € (0,1(7y)) and each t,0 <t <1

fOtr+ (1 =t)y) <tf(y(@)+ A =8)f(1(y)).
O

Alexandrov also defined spaces with curvature bounded from below which,
roughly speaking, are dual to those of curvature bounded from above [3]. Spaces
with curvature bounded from below have different flavor from those of curvature
bounded from above; for details see [9]. We remark that using the same method in
the proof of Theorem 1 one can show that

Theorem 3.1. If (M xf N,d) has nonnegative curvature, then

1. (M, dy) has nonnegative curvature.
2. (N,dn) has nonnegative curvature, if f has a minimum.
3. f is concave.

4. WARPED PRODUCTS OF NONPOSITIVELY CURVED SPACES

4.1. Existence of geodesics. We discuss the existence of geodesics in warped
product spaces in this section.

Theorem 4.1. Let (M,dy) be a complete, locally compact intrinsic metric space
and (N,dy) be a geodesic metric space. Let function f : M — RT be continuous.
Given two points x,y in (M Xy N,d), then there exists a geodesic joining x to y.

Proof. First we show there is a midpoint between = and y. Let h = d(x,y)/2. By
definition of metric d, there is a sequence of curves {7, } parametrized on [0,1] in
M x N such that l4(v,) < 2h+ % We now pick a geodesic segment g in N joining
Py (z) and Pn(y). Replace Py, by g and parameterize it for each n as follows:
Let t* be the first point in [0, 1] such that dn (P (74 )(t*), Pn(70)(0)) = Iy (g). Set
dn(g(t),9(0)) = dn(Pn(n)(t), Pn (72)(0)) for every ¢ in [0,¢"] and g(t) = Pn(y)
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for ¢ in [t*,1]. Then we get a new sequence of curves {~/,}. We claim that l4(v]) <
la(yn). Let a = Pp(y,) and 8 = Py (7). Since

dn(9(ti—1),9(t:)) = |dn(g(ti—1), 9(0)) — dn(g(t:), g(0))]
= |dn(B(ti=1), 8(0)) — dn(B(t:), 8(0))]
< dn(B(ti-1), B(t;)) for each i,

we have

S B (altior). alt) + 2 altio) B (g(tir). g(t)
=1

<> \/d?u(a(tz‘—l)a afti)) + f2(alti-1))dy (B(ti-1), B(t:))-
=1

The claim now follows and lg(7},) < la(vn) < 2h + % Let z, in M x N be the
midpoint of curve ~/, for every n. Then

1 1
< — < —.
d(x,zp) < h+ o and d(y, z,) < h+ o™

Lemma 3.1 implies that sequence {Pysz,} lies in Bg,, (Pyx,h + 1) which is a
compact set by Lemma 4.2. Sequence {Pyz,} lies in the geodesic segment g which
is obviously a compact set. Let @ in M and b in IV be the accumulation points of
{Przn} and {Pnzy}, respectively. Then (a,b) in M x N is a midpoint between x
and y. We now proceed by induction to define a map

~v : {dyadic rationals in [0,1]} — M x N
with properties
L y(0) =z,~v(1) =y.
2. d(v(s),~(t)) = 2h|s —t| for all s,t of dyadic rationals in [0, 1].
We extend the map ~ by continuity to a geodesic v in M x N. O

The following lemma will be used in Lemma 4.7.

Lemma 4.1. If M and N are two complete intrinsic metric spaces with M locally
compact, then (M x s N, d) is also complete for every warping function f : M — R*.

Proof. Applying Lemma 3.1 we see [(«) > I(Pys(«)) for any curve «; hence d(p, q) >
d(P(p), Pa(q) for all p, g in M x N. Therefore if {(p;,¢;)} is a Cauchy sequence
in M x N, then {p;} is a Cauchy sequence in M. Since M is complete, {p;}
converges to some point in M. Since {(p;,q;)} is a Cauchy sequence in M X N,
it is bounded. So {(p;,¢;)} lies in a ball, say By(z,A) of M x N for some A > 0.
Hence {p;} lies in Byg,, (Pyx, A) of M by Lemma 3.2. Any curve 7 with endpoints
in Bg,,(Pamx,A) and its length < 2\ will lie in the ball Bg,, (Papx,2)A). Suppose
f > ¢ > 0on By, (Pyz,2)), which is compact by Lemma 4.2. Then by Lemma
3.3 we see d(p,q) > cd(Pn(p), Pn(q)) for p,q € Bqg,,(Pyx,\) x N. So {¢;} is a
Cauchy sequence in N and thus converges. So sequence {(p;,qi)} converges and
(M x; N,d) is complete. O

Lemma 4.2. Suppog (M, p) is a complete locally compact intrinsic metric space.
Then the closed ball B,(x, X) is compact for all x in M and X > 0.

Proof. See [16] for a proof. |
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4.2. Proof of Theorem 2. Theorem 2 follows immediately from Theorem 4.3
which treats the case when M is the real line and Corollary 4.2 which treats the
case when M is a graph. The idea of proof of Theorem 4.3 is to proceed as follows:
first we compare (R x s N,d) to the “model” space (R x; R% d’). Next we show
that (R xs R?,d') is a space with curvature bounded from above under certain
assumptions. Finally we verify that (R X N,d) is a space of curvature bounded
from above. The proof of Corollary 4.2 is given by the same token.

The following lemma shows that geodesics in (M X N, d) project to geodesics
in N.

Lemma 4.3. If o = (a,9) is a geodesic in (M Xy N,d), then ¢ is a geodesic in N.
However, constant-speed is not inherited.

This follows from a more general result in which we estimate how much v = («, )
is shortened when we replace 3 by a geodesic 9.

Lemma 4.4. Let v = («, 8) be rectifiable. Suppose that § is a geodesic in N joining
the ends of 8. Let fmin be the minimum of f along a and suppose the ratio of lengths

c= % > 1. Then there is a parametrization of § such that the curve o = (a,9)
satisfies

P(y) = 13(0) = i (¢ = DI*(9)-

Proof. For given n we choose a partition of the curve - so that the defining approx-
imation to I(7) has all terms equal:

a; = partition point of «, §; = partition point of 3, f; = f(a;—1),
a; = dy(i—1,04),b; = dn(Bi—1, i),

17) ~ by =nyJa2 + f262 =\ Ja?2 + f262 forall i =1,...,n.

Jj=1

We choose partition points on ¢ so that they are spaced proportionally to b; : b; =
cnd(8i—1,0;) = cnpd;. Then since ¢ is a geodesic I(§) = > d; = %Zbi, and as

n — 00, ¢, — ll((—’g) = ¢. Moreover, for a fixed parametrization of -y, the discrete

partitions of §, matched with the corresponding parameter values of the partitions
of v, give us a limiting parametrization of ¢, which is in fact the one for which
the speed is proportional to that of 5 : [(d]|[s,t]) = d(d(s),d(t)) = I(B|[s,t]) for all
parameter subintervals [s, t]. By Cauchy’s inequality we have the following estimate
for the length squared of the curve o = (o, 9):

2
(Z Jaz+ f?d%) SRS @t 2R =n @ )
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Hence

2 (S 7)o (S 00 - St + g2
=ny fA0 —d)
>n Z Fin(n = 1)d;
12 (Z di)Z , by Cauchy’s inequality,
( — 1) frinl (8)*.
Letting n — oo we get the desired inequality:
P(y) = 3(0) = (¢ = 1) faul*(9).
|

Lemma 4.5. 1. If ¢ : N — N is an isometric map and v = (r, s) is a curve in
(M xy N,d), then I(y) = I(r, ¢(s)).
2. If ¢ : M — M is an isometric map such that f = fov and vy = (r,s) is a
curve in (M x ¢ N,d), then [(v) = l(¢(r), s).

Proof. We only prove 1. For any partition 7, we have

Z VEr (6)) + F2(r(tim)dB (s(tima), s(t))
- Z V& (r (1)) + F2(r(tim)) B ((s(timn)), Bls(8:))).
Hence I(y) = I(r, ¢(s)). O

Lemma 4.6. Let (N,dy) have nonpositive curvature and let f : R — R™ be con-
tinuous. Let AABC be a triangle in (R Xy N,d) such that Pn(AABC) lies in an
Ry domain. Then there is a comparison triangle AA'B'C" in (R x¢ R?,d') such
that AB = A'B',AC = A'C'",BC = B'C’" and DE < D'E’ for all comparison
points D', E' € AA’B’'C’ corresponding to points D, E € AABC.

Proof. Let AABC = A((a1, az), (b1,b2), (c1,c2)) be a triangle in (R x ¢ N,d). We
shall construct a comparison triangle AA’B’C’ for the triangle AABC and prove
that it has the K-concavity property 1. By Lemma 4.3 we see that A(asz,bs,c2) =
Pyn(AABCQ) is a triangle in N. Let A(ab, b, ch) be a comparison triangle in R? for
A(ag, ba, c2). We must check that the construction of AA’B’C” is independent of
choice of A(ab,bh, ch) and this is assured by Lemma 4.5(1).

We claim that A((a1,adb), (b1, 4), (c1,¢5)) is a comparison triangle for AABC.
We first show that AB = A’B’. The cases that AC = A'C',BC = B'C’ are
treated similarly. Let (r,s) : [0,1] — R x; N be a geodesic from A to B. Let
(r,s") :[0,1] — R x ¢ R? be the curve joining A’ and B’ such that s is the geodesic
from af, to b, parameterized so that dg2(s'(t), s'(0)) = dn(s(t), s(0)) for every ¢ in
[0,1]. Let (r” ") :10,1] — R x; R? be the geodesic from A’ to B’. Then, for any
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partition 7,

Z V(i) () + L2t By (s(tir), 5(12)

= Z VB () r(8) + P 1) s (7 (fm), (1)).
Therefore

(2) 1(r,s) = 1((r,s") = U((r", s")).

Similarly one can show that

(3) 1((r", ")) = 1((r, 5))-
Combining (2) and (3) gives

I((r,8)) = U(r, SI)) > l((T‘//, S”)) > 1((r,s)).
This implies AB = A’B’ and we choose geodesic (r, s') as side A’B’.

Next we show that DE < D'E’. Let D = (e, f), E = (g,h), D' = (e, f’) and E' =
(9,1') where f’ and ' in Pr2(AA’B’C") are the comparison points corresponding
to the points f and h in triangle Py (AABC). Because Py(AABC) lies in an Ry
domain, we have

fh< f'h.
Let (u,v") be the geodesic joining D’ and E’. Let t be the first point in [0, 1] such
that dge(v'(0),v'(tg)) = fh. We parameterize geodesic v from point f to point h
in N such that dy(v(0),v(t)) = dgrz(v'(0),v'(t)) for all t € [0,t0] and v(t) = h for
all ¢ € [to, 1]. Then, for any partition 7,

ZW (1)) + F2(ulti 1) (0(ti 1), v(t:)

<Z¢d2 (1)) + F2(u(tim) B (v (1im0), 0/ (1))

Therefore DE = l(u,v) < l(u,v") = D'E’ and the proof is complete. |

Generally the limit of Riemannian metrics with curvatures K bounded from
above is not a space with curvature bounded above in the sense of A. D. Alexan-
drov. But under the following assumptions it is. The theorem also allows us to
approximate a continuous warping function by a sequence of smooth functions.

Proposition 4.1 ([16]). Let pn,, m = 1,2,..., be induced Riemannian metrics
giwen on a fixed differentiable manifold M so that the metrics p., define the same
topology and the following conditions are realized:

1. The Riemannian space (M, p,,) is complete.
2. Sectional curvatures of (M, pm) are uniformly bounded from above by K:

Ko (M, pn) < K.

3. For any index m the injectivity radius of M with respect to the Riemannian
metric py, satisfies the inequality:

im (M) > iy > 0.
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4. The metrics py, converge uniformly to the limit metric po on any compact
subset of M.

Then the limit space (M, pso) s a space of curvature bounded from above by K.

The following theorem is a generalization of the famous Hadamard-Cartan the-
orem which was proved in the setting of Riemannian manifolds. This theorem
implies that a simply connected space of nonpositive curvature has infinite injec-
tivity radius.

Theorem 4.2 ([2]). A locally convex, complete geodesic space has no conjugate
points.

Lemma 4.7. (Rx ¢ R? d) has nonpositive curvature provided the function f : R —
R* is convex.

Proof. If the function f is smooth, then the result follows from Theorem 1.1. If f
is an arbitrary continuous convex function, then we approximate f by a sequence
of smooth convex functions {f,}. This statement can be proved by observing that
the standard smoothing mollifiers preserve convexity. Then

1. Applying Lemma 4.1, we see that the Riemannian space (R xy, R? d,) is
complete for all n.

2. Sectional curvatures of (R xy, R? d,) are bounded from above by 0 follows
again from Theorem 1.1.

3. The Riemannian space (R x ¢, R?,d,) is simply connected with nonpositive
curvature. Hence it has infinite injectivity radius by Theorem 4.2.

4. The metrics d,, clearly converge uniformly to the limit metric d on any com-
pact subset of R x R2.

Proposition 4.1 assures that limit space (R x s R?, d) has nonpositive curvature. We
remark that every ball in (R x5 R?,d) is an Ry domain. O

Lemma 4.8. If (N,dx) has nonpositive curvature and f : R — RY is convez, then
a geodesic ball Bq(p, \) in (Rx s N,d) is convex for sufficient small X > 0 and every
point p in (R X N,d).

Proof. Let X be sufficient small such that Py (Bg(p, A)) lies in an Ry domain. Sup-
pose any two points x and y lie in a geodesic ball By(p, ). Consider the triangle
Apzy. By Lemma 4.6 and Lemma 4.7, there is a comparison triangle Ap’z'y’ in R?
such that pz < p’2’, where z is any point in geodesic segment zy and z’ in geodesic
segment z'y’ is the comparison point for z. Since

pz < p'z" < max{p'a’,p'y'} < A,
the geodesic ball By(p, A) is convex. O

Theorem 4.3. If (N,dy) has nonpositive curvature and f : R — R™ is convex,
then (R X ¢ N, d) has nonpositive curvature.

Proof. We shall show that for any point « on (Rx s N, d) there is a ball centered at
which is an Ry domain. Let Bg(x, ) be a geodesic ball centered at x with sufficiently
small radius A > 0 such that Py (Bg(z, A)) lies in an Ry domain. By Lemma 4.6 and
Lemma 4.7, any triangle with vertexes in By(x, A) has the K-concavity property.
From Lemma 4.8, we see that By(x, \) is convex. Hence By(z, A) is an Ry domain,
therefore (R %y N, d) has nonpositive curvature. |
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Theorem 4.4 ([1]). Let M be a Riemannian manifold with boundary B. Then the
following two conditions are equivalent:

1. M has curvature bounded from above by K in Alexandrov’s sense.

2. The sectional curvatures of the interior of M and the outward sectional cur-
vatures of the boundary B do not exceed K (where an outward sectional cur-
vature of B is one that corresponds to a tangent section all of whose normal
curvature vectors point outward).

Corollary 4.1. Let I = [a,b] be a closed interval. If (N,dy) has nonpositive
curvature and f: I — R is convex, then (I X N,d) has nonpositive curvature.

Proof. The proof of this corollary takes several steps:

1. We shall show that (I x s R?,d’) has nonpositive curvature. Suppose that f is
smooth convex function, then (I x y R?,d’) is a manifold with two boundaries.
In the interior of (I x; R?,d'), it has nonpositive curvature by Theorem 1.1.
We consider the following cases for the boundaries. If @ is minimum, then
{a} x R? is convex in (I x; R?,d'), thus it has sectional curvature 0. If b is
local maximum, then {b} x R? bends toward interior. Thus there is no effect
on the bound for (I x s R?,d’). By Theorem 4.4, (I x s R? d') has nonpositive
curvature. For arbitrary f, we can use the similar argument in Lemma 4.7 to
draw the conclusion.

2. Lemma 4.6 is true in this case and the proof is the same.

3. Lemma 4.8 is also true in this case.

From (1), (2) and (3), we finally conclude that each point of (I x; N,d) has a
neighborhood which is an Ry domain. Therefore (I x; N, d) has nonpositive cur-
vature. (]

Corollary 4.2. Let G be a countable metric graph. If (N,dy) has nonpositive
curvature and f : G — RT is convex, then (G X ¢ N,d) has nonpositive curvature.

Proof. This corollary is interesting mostly only for G = tree, because convex func-
tions have to be constant on closed geodesics, and if we collapse every closed geo-
desic in a metric graph to a point, then the result is a tree. The proof is based on
Theorem 2.2 and an elementary analysis of convex functions on graphs.

If we have a convex function f : G — R™, then for each vertex v of G there is
at most one edge with end v on which the maximum of f on that edge is at v. If
there were two such edges, then together they would form a geodesic segment with
v as an interior point, but it is impossible for a convex function to have an interior
maximum. We now use induction on number of edges n of G to see that G x; N
has nonpositive curvature. When n = 1, the assertion follows from Corollary 4.1.
To prove the induction step we observe that at a vertex v of G we view the space
as the result of gluing the space together along the single edge and the sublevel set
{z : f(z) < f(v)} of f connected to it, with one piece for each edge on which f
is non-decreasing from v: The pieces {z : f(z) < f(v)} Xy N from v are isometric
convex subsets of G x s N, so Theorem 2.2 can be applied. O
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