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ON THE COEFFICIENTS OF JACOBI SUMS
IN PRIME CYCLOTOMIC FIELDS

F. THAINE

ABSTRACT. Let p > 5 and ¢ = pf + 1 be prime numbers, and let s be a
primitive root mod ¢q. For 1 < n < p — 2, denote by Jp the Jacobi sum
—ZZ;; ;ndS(k)_‘_mndS(l_k). We study the integers d,, j, such that J, =
Ei;(l) dn’kC;; and Zz;é dy = 1. We give a list of properties that characterize
these coefficients. Then we show some of their applications to the study of the
arithmetic of Z[(p + Cp_l]7 in particular to the study of Vandiver’s conjecture.
For m € Z — qZ, let pn(m) be the number of distinct roots of Xntl_xn4om
in Z/qZ. We show that d, , = f — Zﬁ;é pn (s71P2). We give closed formulas
for the numbers d; ; and ds ; in terms of quadratic and cubic power residue
symbols mod gq.

INTRODUCTION

Let p and ¢ be prime numbers such that p > 5 and ¢ = 1 mod p. Call f =
(g—1)/p. Let ¢, be a primitive p-th root of 1 and s a primitive root modulo ¢. For
1 < n < p— 2 we define the Jacobi sums J,, by

J, = é—zimds(}’c)-l-nimds(l—k)7

where ind,(k) is the least nonnegative integer such that s 9:(*) = k£ mod ¢q. Write
p—1 p—1
Jn=Y dnikCl, with dny€Z suchthat » dng=1.
k=0 k=0

This determines uniquely the integers dp 1, 1 <n<p—-2,0<k<p-—1. If n and
k are as above, and 4, j € Z, define dy4ip k+jp = dn k- In this article we study the
coefficients d,, 1, and some of their applications to the study of the arithmetic of
ZG + G .

In Section 1 we show some basic properties of the Jacobi sums J,, and their
coeflicients, and their well-known relation with cyclotomic numbers of order p. Then
we show a list of simple properties (Proposition 1) that turn out to characterize
the Jp, or equivalently, the coefficients d,, ,, (Proposition 2). The proof of this
fact depends on a characterization of the cyclotomic numbers given in [9]. It is
interesting to see how properties of Jacobi sums are related with properties of
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cyclotomic numbers, though the proof of one of these relations involves a long
calculation.

Let @ be a prime ideal of Z[(,] above ¢q. Choose the primitive root s modulo
q such that s/ = ¢, mod Q. We write d,,; = dn;(Q) when it is convenient to
emphasize the dependency of the d,, ;, on Q. If p t a, we denote by @ the smallest
positive integer such that a@ =1 mod p. For 1 <n<p—2and 1 <l <p-—1,let
An,l = An1(Q) be the indices of the cyclotomic units

1-¢)a—gh"

(1 _ ;l()n_-i-l)l)n-i-l

En,l =

with respect to () and s, i.e. the integers 0 < \,,; < g — 2 such that

sl = En,l mod Q.

In Section 2 we show (formula (24)) that
p—1
(i) /\n,l = Z kdn,kdmk.g.l mod p.
k=1
This is just a reformulation of some of Kummer’s complementary reciprocity laws
stated in [3].

Let A be the p-Sylow subgroup of the ideal class group of Q({,), A the Galois
group of Q((,)/Q, Z, the ring of p-adic integers, w : A ~ (Z/pZ)* — ZX the
Teichmiiller character, defined by w(k) = k mod p, and e, 0 < k < p — 2, the
idempotents ﬁ > penw®(0)o™t € Z,y[A]. We use (i), and a result in [10], to give
a criterion (Proposition 3) to recognize, in terms of the numbers d,, i, whether or
not the component e,.(A) is trivial, for r even, 2 < r < p—3. As is well-known, these
e.(A) can be identified with the components of the p-part of the ideal class group
of Q(¢ + Cp D). Vandiver’s conjecture is the statement that all such components
are trivial. It is important to notice that, according to our criterion, for studying a
given component e,(A) (r even, 2 < r < p—3), we only need the numbers d,, 1 (Q),
0 <k <p-—1, for any fixed n such that 1 + nP~" — (n + 1)»~" # 0 mod p. For
example, if 2 is a primitive root modulo p, we only need the numbers d; 1 (Q),
0 <k <p-—1, to study all even components of A.

In Section 3 we give formulas for the numbers d,, ;, 1 <n <p—-2,0<k <p-1.
If pta,let o, €A be the automorphism such that o4(¢,) = (5. If k € Z and
m > 0, we denote by |k|,, the least positive integer such that |k|,, = k mod m.
It follows from a well-known result on Gauss sums ([4], Chapter 1, Theorem 2.1)
that, for I<n<p—-2and 1 <k<p-1,

on(Tn) = (f ot Dl

where the bar denotes complex conjugation (formula (28)). Equivalently, we have
that, for 1 <n<p—-2and 0 <k <p-—1,

15~ 1)l
(ii) dpk = — Z (f|(n+ ) |p) sk mod ¢
P = fl
(formula (29)). On the other hand, the fact that |J,| = /g implies that

(iii) |dn x| < V4.

) mod @,
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Formulas (ii) and (iii) completely determine the coefficients d,, 1, since /g < q%l.
This fact can be used to efficiently construct tables of the d,, i as the following.

Example. For p =7, ¢ =71, and s = 7, the matrix [d,, k]i<n<p—2 is

0<k<p—1

-2 4 -1 -2 -4 2 4

7T 0 0 -2 0 -2 -2

-2 2 -2 4 4 —4 -1

7T 0 0 -2 0 -2 -2

-2 4 -1 -2 -4 2 4

Congruence (ii) can be written as
S (|f<n+ Dl _1)

iv dpr = — 1 sfH mod gq
) p= IS (e

1=0
(formula (31)). We will get our formulas for the numbers d,, j from (iii) and (iv).
For 0 < n < g — 2, define the functions p,, : Z — qZ — Z by
pn(m) = number of distinct roots of X"t — X™ 4 m in Z/qZ.

By using an interesting property (Lemma 1) of the binomial coefficients (ZZ) modulo

q, where a is a divisor of ¢ — 1, we prove that

q—2
|-
> (|(n+ l) o 1)ml =pn(m)—1 mod g
1=0
(Proposition 4).

We give explicit formulas for the numbers p,(m), m € Z — gqZ, when n = 1
and n = 2 (Proposition 5). It follows from the formula for solving the quadratic

congruence modulo g that
1—4m
P1 (m) =1+ < q ) 5

where (-) is the Legendre symbol.

q
Define
1 if g= 1 mod 3,
e(q) = o
-1 if g=—-1 mod 3.

We show that

pa(m) =14 ((ﬂ) +elg) (—‘(2724””)))

a—e(q)
3

X ((\/1 —(27/4)m + \/—(27/4)m)
+ (V1= C7/4m - V=(27/4)m) qum)) mod ¢.

This congruence has an interpretation, in terms of quadratic and cubic power
residue symbols modulo ¢, that, together with the fact that 0 < pa(m) < 3, gives a
closed formula for pa(m).

From the results mentioned above, we obtain formulas for the coeflicients d,,
(Theorem 1):
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Fori1<n<p—-2and0<k<p-1,

f—1
doe =f =Y pu(s™17%)
a=0

=f—#{u:2<u<qg—1and (" —u")! —s/F =0 mod ¢}.

For0 <k <p-1,
f-1 k+pa
1 —4s%TP
de:—Ej(—).

a=0 q

(v)

That is, dy,; = number of quadratic nonresidues mod ¢ — number of quadratic
residues mod ¢, in the set {1 —4s¥TP¢ : 0 < @ < f — 1} (do not count 0 as a
quadratic residue mod g).

An explicit formula for dy, 0 < k < p —1, is given, which is similar to the one
above, but a bit more complicated.

We want to point out that equalities (v) can also be obtained directly from the
definitions of J,, and d, ;. In any case, Proposition 4 is valuable in our study.
In fact, we found the formulas for p,(m) and d, ,, n = 1, 2, by observing first

that Y207 (e yml = 2 (ymt = (1 —4m)*T = (™) mod g, which gives
the case n = 1, and then applying the theory of hypergeometric functions to the

polynomials 3¢ ( ‘3”51*1)X "to try and find a similar result for n = 2. We believe

that other formulas for p,,(m) and d,, x, n > 3, can be obtained by using generalized
hypergeometric functions (see, for example, [1] Chapter 15, and [6]).

Most of the results of this article can be generalized to propositions on Jacobi
sums in arbitrary cyclotomic fields. By concentrating here on Jacobi sums in Q((p)
we expect to show some properties of these sums in their simplest, but perhaps not
least interesting, forms.

1. JacoBI suMS IN Q(¢p)

Let p > 5 be a prime number, (, a primitive p-th root of 1, ¢ = 1 mod p a prime
number, f = (¢—1)/p, {; a primitive ¢-th root of 1, and s a primitive root modulo
q. Let A = Gal(Q(¢p)/Q), and if p{ a, let o, € A be the automorphism such that
0a(Cp) = (- If k € Z — qZ, we call inds (k) the least nonnegative integer such that
sinds(k) = & mod q.

For 1 < n < p— 2, we define the Jacobi sums

(1) J = — qu Cpinds(k)—&-ninds(l—k)'
k=2
For n as above and j € Z we define Jy,4jp, = Jn.
Call G(X) = ZZ;?) ng“gk, where X is an indeterminate. If p { a, G((j) =
ZZ;?) Q}’;“C;k is a Gauss sum, and we have

(2) G(G)G(C) = g,
where the bar denotes complex conjugation (see, for example, [11], Lemma 6.1).
We have also, for 1 <n <p—2,

GGG

(see, for example, [11], Lemma 6.2).
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For 1 <n <p— 2, write

p—1 p—1
(4) Jn=Y dnxCl, with dny€Z suchthat » dng=1.
k=0 k=0

This determines uniquely the integers dn 1, 1 <n<p—-2,0<k <p—1. If n and
k are as above, and 4, j € Z, we define dyyip k+jp = dn k-

Call J,(X) = S0 b dnp X (1 <n<p—2). SoJ, = Ju(¢) and J, (1) = 1.
From (4) we get

1=
(5) Ao ==Y G Tn(Ch).
p 1=0

We will show later how to calculate the coefficients d,, , but first we want to
show some properties that characterize these numbers, and their relation with the
cyclotomic numbers of order p. Recall that, for 0 < 4,7 < p — 1, the cyclotomic
number (4, 7) is, by definition, the number of ordered pairs of integers (k,1), 0 <
k.1 < f —1, such that 1 + sP*+* = sP!*J mod ¢. For i, j as above and a,b € Z we
define (i + ap,j + bp) = (i,7). (See, for example, [2] and [7].)

In what follows, if a € Z — pZ, @ will denote the least positive integer such that
aa = 1 mod p; also, we use the following version of Kronecker’s delta: for k,l € 7Z,

_J1 ifk=1mod p,
U700 if k21 mod p.

We can express the cyclotomic numbers of order p in terms of Jacobi sums in
Q(¢p) and its coefficients, and vice versa, as follows:

R 1 & —i—jn
6) (i,j)= oz (p507i +pboj +pdi; —q— 1+ Toeyo(d G Jn))v
n=1
where Tg(¢,)/q is the trace from Q(¢&) to Q,
1 =
(7) (4,7) = —]—3(50,1‘ +3d0, +0i;—f—1+ Z it jn)
n=1

(see also [3], page 98), and

p—1
(8) dni=f— Z(k — ni,1).
i=0

To prove (6) we can start from [2], formula (26), that in our particular case, and
after using [2], formula (14), can be written as

p—1p—1

9) T == (h, k).

k=0 h=0
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So
—1p—1

ZCZ]TLJ _ZZC (k—j)+(h— z)(hk)

k=0 h=0

—1p—1p—1
_ZZZan J)+h—i h k’)
k=0 h=0n=1
p—1p—1 p—1p—1
_ZZC (k—j)+(h— z)hk, pZCh zhj+ZZCh zhk.

k=0 h=0 k=0 h=0

Therefore, using [2], formula (14), and formula (17) (with e = p and n, = do i),
p—2 —1p—1 —1p—1
Tot/e(D_ G 7" ) pZZ (o k)Okri—j,n —ZZ (h. k)
n=1 k=0 h=0 k=0 h=0
p—1 p—1p—1
—p > (M) Poni = 1)+ D> (b k)(poni — 1)
h=0 k=0 h=0
p—1 —1p—1 p—1 p—1 p—1p—1
=pY (ki—j) ZZ (B, k) = p*(65) +p Y () +p Y (6, k) = D> (b, k)
k=0 k=0 h=0 h=0 k=0 k=0 h=0

= p(f = 6i) = P*(i,4) + p(f = b0,5) + p(f — 0o,3)

p—1
— 2% (f = dox) = =p°(i, j) — pdo,s — PSo,; — Pdij +q+ 1.

That is equivalent to (6).
Formula (7) follows easily from (4) and (6), and formula (8) from (5), (9), and
the fact that Zf;é(h, 1) =f—dos ([2], formula (17)). Furthermore we have:

Proposition 1. The Jacobi sums J, and its coefficients dy, j, have the following
properties:
For1<n<p—-2and0<k<p-1,
a) on(Jm) = Jn.
That iS, dn,k = dﬁ)ﬁk.
b) Jn = Jp—1-n-
That is, dp.;; = dp—1—n k-
) JnJn =q.
That is, 3.7~ dn,jdn.j1x = So.xq — f.
d) For1<n<p—2and1<m<p—2suchthatn+m #p—1: 0¢(JJm) =
Jntdmt, where t = —(n+m + 1).
That s, 3.7~ dn jdm 4k = Y 0—0 dnt.jdme j4kt-
e) The numbers c;,j = — 5 (qpdo,i+pdo,;+pdi j—q—1+Tg(c,) /0l PG
= —1—1,(1150,1' + 00,40 — =14+ 2 dy i) are integers. (In fact, by (6),
the numbers c; ; + fdo,i are the cyclotomic numbers (i,j) defined above.)
f) The characteristic polynomial of the matriz [c; jlo<i j<p—1 is irreducible over
Q. (In fact, that polynomial is the irreducible polynomial of the Gaussian
periods of degree p corresponding to q.)

Proof.  a) Follows from (1).
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b) Follows from (3) and from the fact that G(¢5)G(¢,*) = q if p f a (see [11],
Lemma 6.1 (b)).

c) Follows from (2) and (3).

d) We have that

o7 (Jntdmt) = o7

<G(Cp)G(C,?t) G(Cp‘l)G(C;mt)) _GGaEE™)
GG™) GGT™) :

O GEEG™)
GGG

L G(G)G(E) GGNGG™)
G@TH  GG™Y

(note that G(¢,; ") = G((?) by [11], Lemma 6.1 (a)).

e) By (6) we have that ¢; j = (4,5) — fdo; € Z.

f) By (6), and [9], formula (4), the ¢; ; are the coefficients in the multiplication
table of the Gaussian periods of degree p corresponding to ¢, defined by
N = Z?;g C;»ﬂn; that is, non; = Z?;é ¢ijn; (see [9], formula (1)). Now
the result follows, for example, from [9], Theorem 1 (property (iv)), or [2],
formula (9).

|

Properties (a)-(f) of Proposition 1 actually characterize the Jacobi sums J,, or,
equivalently, the coefficients d,, i, as is shown below.

Proposition 2. Let J,, 1 < n < p—2, be elements of Z[(] satisfying conditions
(a)-(f) of Proposition 1. Then, for some primitive root s modulo q, the J, are the
Jacobi sums defined in (1).

Observations. For primes g such that pgg_l # 1 mod ¢ (as the primes in P,,, in
Proposition 3 below), the irreducible polynomials of the Gaussian periods of degree
p corresponding to ¢ are irreducible modulo p. So, for those primes, condition (f)
can be replaced by the condition: (f') The characteristic polynomial of the matrix
[¢ijlo<i,j<p—1 is irreducible modulo p. Notice also that (e) is just a condition
modulo p on the numbers d,, k.

Proof. Let Jp, 1 < n < p— 2, be elements of Z[(,] satisfying conditions (a)-(f)
of Proposition 1. Write J, = Y.0_( dnxCE, with d, € Z such that S0_0 dn i =
1. The numbers ¢; ;, i,j € Z, defined in Proposition 1 (e), are, by hypothesis,
rational integers, and clearly c;4p; = ¢ j1p = ¢ ; for all 4,5 € Z. By (6), (9),
and [9], formula (4), it is enough to prove that the ¢; ; are the coefficients in the
multiplication table of the Gaussian periods of degree p (see [9], formula (1), or the
proof of Proposition 1 (f)). In fact, if the ¢; ; are such coefficients, then ¢; j + fdo ;
are the cyclotomic numbers (i, j), and, by (6) and (9), the J,, are the corresponding
Jacobi sums. Now, Theorem 1 in [9] gives us a list of properties that characterize
these coefficients, namely: For all integers 4, j and [,

i) S ocik=f—ado

i) 37 g cry = 00

i) YR oGk = 3opg CikChi i

iv) The characteristic polynomial of the matrix [¢; j]o<i j<p—1 is irreducible over

Q.
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Since condition (iv) is identical to condition (f) of Proposition 1, and since con-
ditions (i) and (ii) follow immediately from the definition of the ¢; ; (condition (e)),
the proposition will be proved if we show that the ¢; ; satisfy condition (iii). We
affirm that

(10) ¢ij + fooi = cji+ foo,;
and
(11) Ci)j = C—i,j—i-

In fact, by property (a), we can write

1 = —i—Jn
cij+ o = —P(pfso,i +pdo,j +pdij; —qg—1+ Z Ta,)/0(G ™"on ()
n=1
1 = _y
= —P(pcso,i +pbo;+00i; —a—1+ Y Toe,)0(G ™ )
n=1
1 =2
= (P00 +poy 90 — 0= 1+ Taie,y/e(d L ")
n=1
=Cji+ f(SQ,j.
This proves (10). By property (b), we have
p—2
1 —i—jn
Ci,j + f50,i = —E(p(S())i +p50,j —|—p5i,j —q— 1+ TQ(CP)/Q(Z Cp Jp—l—n))
n=1
1 =2
= —E(p&'—j,—j + B0, + poo,i—j — ¢ — 1+ Toceya(D G "))
n=1

= Cij—j,—j t+ f(si)j.
Therefore, by (10), we have
Cij = Cji + [0, — fooi = ¢j—i,—i + [dij — fo,; + [do,; — fdo,i
= c—ij—i + [0, — [dij + foij — [0 = c—ij—i.

This proves (11). Using (11) we can replace condition (iii) by the more symmetric
condition iii’) Zz;é CikChjl—j = Zz;é ¢j kCh—i—i- Now, by (e),

p—1 p—1 p—2
P’ Z Ci,kCh—jl—f = Z((qlso,i +ook+ 0k —f—1+ Z A it kem)
(12) k=0 k=0 m=1
p—2
X (40 + 015+ 0kp = f =1+ dn,(k—j)+<l—j)n))'
n=1

To prove (iii’), and so end the proof of the proposition, it is enough to show that the
expression at the right-hand side of (12) preserves its value if we interchange i and j.
This requires a long calculation. To simplify things let us introduce some notation.
We will say that two functions f(4, j,1) and ¢(4, j,1) are equivalent, and write f ~ g,
if h = f — g is such that h(3, j, 1) = h(j,4,1). Also, call [i,j] = ¢;j + fdo,;- By (10)
and (11) we have that [i, 5] = [, 4] and [¢, j] = [—4,5 — 7]
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By (12), and the fact that >-2_} d,, » = 1, we have

p—1

4777

P* Y Cigchji-g = 400, + S04 + (1 = @)d1; + adij + 850 + pady 60, — (f + 1)p

k=0

p—2 p—2 p—2 p—2
+q Z dn,i+jn + Z dmi-{-ln + Z dn,—j+(l—j)n + Z dn,(i—j)+(l—j)n
n=1 n=1 n=1 n=1
p—2 p—2p—1

+ 302D dmitkmdn, ()4 (-)n

m=1n=1k=0
= qdo,j + 00,0 + (1 — q)d1,5 + qdij + diy + pgdi o,
= (f+p+q(-=pli,j] — 00 — doj — bij + (f +1))
+ (=pli, 1] = 60, = do4 — dix + (f + 1))
pl=jl =34l = b0 =015 —boa+ (f +1))

+ (=
+ (=pli = J, 0 = j] = bij — 01 — g+ (f + 1))
p—2 p—2p—1

DD dmithmn (k)i

m=1n=1 k=0
=—(¢+1)do,; — (g +1)d1,; — do,; — 65,5 — 0i1 — 60,1 + Py 00,i
+ (f+1)(q —p+3) —pqli, j] — pli, 1] — plj,1]

p—2 p—2p—1

[Z—l]—l +Zzzdmz+km (E=j)+(1=5)n

m=1n=1 k=0
p—2 p—2p—1

>~ —qbo,i — q01,j + pqdo,id1j + Z Z de i+kmn, (k—j)+(1—j)n

m=1n=1k=0

+

Using conditions (a) and (b), we see that the last expression is equal to —qbo,i —
-2 ~2 -1
q61,5+1q00,:01, 5 +Zp —1 > > o dm itk p—1—n,— (14n)j+nitk = —q00,i —qO1;+
-1
Pq0o, 151 g+ Z Z Zizo A mit kA nj—(14n)i+k = —400,i — q01,j + pqdo,id1j +

o Z Ek:o ki mi—nj+(14n)i+k- Therefore

p—1
P> CikCrjij = —qb0i — 015 + pqdo.ibi;
0

k=
(13) p—2p—1
+ Z Z dn kdn ,ni+(14n)j—nl+k + Z Z dn kdm ,mi—nj+(14+n)l+k-
n=1k=0 m,n=1
m+n7ép 1

Now, by condition (c), we have

p—2p—1
Z Z dn7kdn,ni+(l+n)j—nl+k
n=1 k=0
p—2
= > (00nit+(14n)j—nt — ) =1+2f —qd1i — qdo,j — qditj.1 + Pgdo, ;0ui
n=1
—qd0,5 — q01,; + Pqdo, 01,
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Hence, by (13),

p—1

2 E ~ E E

p Ci kCk—j,l—j = dn kdm ,mi—nj+(14+n)l+k-
k=0 m,n=1

m+n7ép 1

So, to finish the proof of the proposition, it is enough to show that

Z Z dn kdm mi—nj+(1+n)l+k = Z Z dn kdm ;mj—ni+(14+n)l+k-

m,n=1 m,n=1
m+n7€p 1 m+n7€p 1

Now, by condition (d), calling t,, , = —(m +n + 1), we have

Z Z dn km ymi—nj+(14+n)l+k

m,n=1

meAnp— 1
- Z Zdntm "1kdmtm nstm, n(ml ’I’LJ+(1+TL)[)
m,n=1
m+n¢p 1
:Z Z Zdu” ka(—u—n—1) 8~ (utnt1)i-ng+(1+n))+k
n‘f u7—u 1
_Z Z Zdv k@1 —p—7, — (1+v+am)i—vj+(@+v)i+k
=1
v‘f E, —u—
p—2 p=2 p-—
- E Ay kQw wi—vj—(14w)i+k
v=1 w=1 k=0
wEZ—1—v

[\S]

p—2 —
§ § § dw kdm —witvj+(1+w)l+k
v=1 w: k=0

wZE

bS]

= Z Z dn kdm ,mj—ni+(14+n)l+k

m,n=1
m+n7€p 1
(the congruences on the summation indices are modulo p). This ends the proof of
Proposition 2. O

2. INDICES OF CYCLOTOMIC UNITS, VANDIVER'S CONJECTURE
AND THE COEFFICIENTS OF JACOBI SUMS IN Q((p,)

We preserve the notations of Section 1; p > 5 and ¢ = pf + 1 are prime numbers.
Let @ be a prime ideal of Z[(,] above ¢. In this section, the primitive root s modulo
g will be chosen so that s/ = ¢, mod @ (note that g splits completely in Q({p)).
Recall that if p 1 a, we denote by @ the smallest positive integer such that ag = 1
mod p. Since the coefficients d,, ;, of the Jacobi sums defined in Section 1 depend
on @, we will write d,, = dp,k(Q) when it is convenient.
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For 1 <n <p-2and1l <! < p-—1, define the integers \,; = A, 1(Q),
0< i <qg—2,by

a6 —¢h"

(1 _ Ign_-i-l)l)n-i-l

(14) s

mod Q.

We call A,y the index of the cyclotomic unit e, ; = (1—¢})(1—¢)" /(1 —(,(,”_J“l)l)”“

with respect to @ and s. It follows from formula (14) that $SIoT At = pp /p"tt =
1 mod ¢q. Therefore

p—1
(15) Z Mg =0 mod g — 1.
=1

In this section we show that the indices A,; modulo p have simple expressions
in terms of the coefficients d,, 1 (see formula (24)). This is just a restatement of a
result of Kummer on complementary reciprocity laws ([3], pages 97 and 98). Then
we use those expressions, and a result in [10], to give a criterion (Proposition 3) to
recognize, in terms of the numbers d,, ;,, whether or not a given even component of
the p-part of the ideal class group of Q((,) is trivial. Vandiver’s conjecture is the
statement that all those even components are trivial.

By our choice of s, we can write

(16) s = (LT — T
(1 — sf@FDH"H

mod gq.

For k # 0 mod ¢ — 1, let ®(k) be the least positive integer such that 1 — s* = s®(*)
mod ¢. By (16) we have

Pt = PUDFREFE)—(+DOGEFDD  ypod
So,forl1<n<p—2and1<I<p-1,

(17) At = O(f1) +n®(fnl) — (n+ 1)@(f(n+ 1)I) mod g — 1.

For 1 <n <p—2, define ¥,,(X) = G(X)G(X")/G(X"!). By (3) we have that
(18) Un(Cp) = —Jn.

As a particular case of formula (1) of [8] we have

q—2 f—1 p—1 _
(19)  GG(G)/G(G) = =D ke + > ®(p)+ > @(—if)¢, mod %
k=1 =1 i=1
Therefore
G (G)/Pn(G)
= GG (G)/GIG) +nGG (GGG = (n + GG (G /GG

(D(—1f) + n®(—Iaf) — (n+ 1)@(~l(n+1)f))¢, mod(q—1)/2.

i~
|

l

So, by (17), for 1 <n <p-—2,
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p—1 B
(200 D MGt = GVL(G)/Va(G) = GV () Ta(G) mod%
=1

(see also [8], page 133).

Since, by (4) and (18), the polynomials J,,(X) = Z _1 dnp X, 1<n<p-2
are such that J,(¢p) = Jp, = =¥, ((p) and J,(1) = ¥, (1), we have that

21)  Ju(X) = T, (X) = ~G(X)G(X™)/G(X™)  mod (X? —1).

This implies that XJ/ (X)/J,(X) = XG'(X)/G(X) + nX"G'(X")/G(X"™) —
(n+ D)X IG/(X ) /G(X™ ) mo d(p,Xp —1). On the other hand, by (4) and
Proposition 1 (c), we have J,,(X)J,(X?™!) = ¢— f(1+ X+ - -+ XP~!) mod(XP—-1).
So

P

|
—

1p
O kdn ol ki) XP = XT(X)In(XP) = (¢ — fFL+ X+ + XP7Y)

>
Il
—

(XG'(X)/G(X) +nX"G'(X™)/G(X™) — (n + D)X "TIG/ (X" /G (X))
= XG'(X)/G(X)+nX"G'(X™)/G(X™)
— (n+DX"E(X™/G(X™ ) mod(p, XP — 1),

since G'(1)/G(1) + nG'(1)/G(1) — (n + 1)G'(1)/G(1) = 0. If we write

Il
x ©

XG'(X Z ;X" mod(X? — 1),

with g; € Z, then, by the congruence above, we have

p—1 p—l
kdp kdn k1) X
1=0 k:l
p—1 p—1 p—1
= gX' +n) gX" —(n+1)) " X!V mod p,
i=0 i=0 i=0

where we denote by |m| the least nonnegative integer such that |m| = m mod p.
This implies that

(22) Z kdn = mod p.

Taking logarithmic derivatives in (21), and using (20), we obtain the following
version of a result of Kummer (see [3], pages 97 and 98): For 1 <n <p — 2,

p—1
(23) Z /\nJCp_l = Cer/L(<p)Jn(C;:1) mod p.
=1
Equivalently, we have that, for ] <n<p—-2and 1<l <p-—1,
p—1
(24) Ani =D kdpgdn iy mod p.

k=1



ON THE COEFFICIENTS OF JACOBI SUMS 4781

To prove that (23) and (24) are, in fact, equivalent, compare coefficients in (23),
using (22). Note also that (4), (15), (22) and (24) imply that
p—1
kd,r =0 mod p.
k=1
Now, consider the numbers 3, = [[?Z} (1 — C;f)kpflfr, reven, 2 <r <p—3. Let
i»(Q) be the least nonnegative integer such that s7(?) = 3, mod Q. Using (14)
and (24) we easily get that, for 1 <n <p—2,and r even, 2 <r <p—3,
p—1
(L4nP " = (n+ P 7)in(@Q) = > 1P Ay
=1
p—1p—1

=3 kP dy gdp gy mod p

k=1 1=1
(see also [3], pages 103 and 125, and [8], Theorem 1).

Let A be the p-Sylow subgroup of the ideal class group of Q((,), Z,, the ring of p-
adic integers, w : A ~ (Z/pZ)” — Z) the Teichmiiller character, defined by w(k) =
k mod p, and e, 0 < k < p — 2, the idempotents p%lzaeAwk(cr)a_l € ZylAl.
From (25), and [10], Theorem 1, we obtain the following criterion to recognize
whether or not the components e,.(A) of A, with r even and 2 < r < p — 3, are
trivial.

(25)

Proposition 3. Let r be even, 2 <r < p—3, and let n be such that 1 <n <p—2
and 1+nP™" — (n+1)P"" #0 mod p. If for some prime ideal Q of Z[(,], above
a rational prime ¢ =1 mod p,

p—1lp—1

SO KPP T d 1 (Q)dn k1 (Q) # 0 mod p,

k=11=1
then e.(A) is trivial. Conversely, let m > 1, and let Py, be the set of all prime
ideals Q of Z[Cp] that are above rational primes q such that ¢ = 1modp™ and

g=1

p 7 =(modQ. If
p—1p—1
SN RPN dy 1 (Q)dn k41 (Q) =0 mod p,  for all Q € P,
k=1 1=1
then e,(A) is nontrivial. (Recall that for prime ideals @, above rational primes
g =1 mod p, in the definition of the numbers dn; = dn;i(Q), we choose the
-1
primitive root s = sg modulo q so that S;P_ =(, modQ.)
Example. For p = 37 all components e,.(A) with r even, 2 < r < 34, and r # 32
are trivial since 37 does not divide the Bernoulli numbers B,. We can prove that
e3a(A) is also trivial as follows: We have 237732 = 32 # 2 mod 37, and for ¢ = 149
and s = 2 the numbers d; 1, 0 < k < 36, are [-2,—2,0,—-2,0,—4,2,—-2,2,0,2,0, —4,
0,2,-2,0,0,2,-2,-4,0,0,2,4,-2,-2,2,0,0,2,0,2,2,2,1,2]. So
36 36
S kltdn kdn g =340 mod 37.
k=1 1=1
Therefore, by Proposition 3, esz(A) is trivial.
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3. FORMULAS FOR THE COEFFICIENTS d,, j

We preserve the notations of Section 1. Let @ be a prime ideal of Z[(,] above
g =pf+1, and let B be the prime ideal of Z[(p, (4] above Q. The primitive root
s modulo g will be chosen so that s/ = (p mod Q. If k € Z and m > 0, we denote
by |kl the least positive integer such that |kl =k mod m. As before, if p { k,
k denotes the least positive integer such that kk = 1 mod p. We denote by [z] the
integral part of a real number x, and by Z,) the localization of Z at ¢q. By [4],
Chapter 1, Theorem 2.1, we have, for 1 <[ <p—1,

G _ -1
(G =1 (f)!
On one hand, this, and (2), give the prime ideal factorizations of the Gauss sum

G((p) and of the Jacobi sums J,, (see [4], Chapter 1, Theorem 2.2, and FAC 3, page
13). Namely, for 1 < n < p — 2, we have, in Z[(,],

(27) (Tn) = Q== (5= 5o

where the bar denotes complex conjugation. On the other hand, for 1 <n <p—2
and 1 <k <p—1, we get from (26) that

GG MaG ™)
G(<p‘|("+1)k\p)

- —[nk[p n
- _ (G(<p k)/(<q l? _1‘_)17%)( (Cp )/(<q - )fl k‘p) (Cq _ 1)f(k+\nk|p—\(n+1)k|p)
(GG ") /(¢ = DI DEL)
(f[(n + D)k[p)! Fk+Inkl,—|(n+1)k|,)
S ((, — 1 el I »/ mod B.
(PR Y
Therefore, for 1 <n<p—-2and 1 <k <p-1,
- fl(n+ 1)kl
28
(28) =17
Note that (fl(";{kl)k‘P) = 0mod g, if k+|nk|, —|(n+1)k|, # 0; in fact, in that case
we have that |(n + 1)k|, = k + |nk|, —p < k.
From (5) and (28) we get, for 1<n<p-2and0 < k<p-1,dyr =
S+ S (7)) = %Z ki (f‘ ”H)” ”) mod Q. Therefore,

mod B.

(26)

or(Jn) = —

mod Q.

15 1)l
(29) dpy = — Z (f|(n +1) |p) s mod q.
P fi
On the other hand, from (5) and Proposition 1 (c), we get
|dn k] < = 1+Z|al (1+( —1)yq).
Therefore, for 1 <n <p-—2 and OS E<p-1,
(30) |dn7k| < \/6

Formulas (29) and (30) completely determine the coefficients d, j, since /g < 45+
(Proceeding in a similar way, we can obtain, from (6) and (28), V.A. Lebesgue’s
formulas for the cyclotomic numbers (7, j) modulo ¢, given in [5], Section III.)
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Now observe that, for n,l € Z, f|(n+ 1)I|, = |f(n + 1)l|4—1. So, we can write
(29) as

—/1£( n+1 )|
(31) Z < - 1)5-’”” mod q.
=0
For1<n<p-—2,call
q—2
(32) ha(X) = (K” * ?”q—l)xl
1=0

If ¢ is a primitive f-th root of 1, then

5 hn(XC;):“Z‘f(Km;mq_l) S fZ( n+1 le- 1>Xf,

a=0 =0 a=0

Hence 1y S ha(XCH) = 2 305 ! (|("+1 flla=1) X f. Since s” is a primitive f-th
root of 1 modulo ¢, we have s1m11ar1y that

f-1 p—1
1 1 -
_Zhn(sk+pa) — _Z <|(”+ )fllq 1)kaz mod q.
a=0 P 1l

Therefore, by (31),for 1 <n<p—-2and 0<k<p-—1,

(33) nk = — Z hn(s¥7P%) mod gq.

It turns out that the numbers h,(m), modulo ¢, with m € Z — pZ, have an
interesting interpretation, as we show below. We will use the following fact about
binomial coefficients modulo q.

Lemma 1. Let q be an odd prime number, and let a and b be positive integers such
that ¢ — 1 = ab. Then, for all 0 < k,n <b,

()= () s (2 8)

a(b—n)
Proof. We have

(a(b—n+k)) _ (g—1—an—kK)g—2—-a(n—k))...(¢ —ak —a(n—k))
ak (ak)!

= (—1)o (an)(an —1)...(a(n — k) +1) " <ZZ> mod g.

Therefore

(@)= )
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an)] modulo q is
ak 0<n,k<b

Example. For ¢ =71, a = 10 and b = 7, the matrix [

R

10 0 0 O 0 0O
11 0 0 O O 0O
114 1. 0 0 0 0O
1 16 16 1 0 0 0 O
1 48 65 48 1 0 0 O
1 16 65 65 16 1 0 O
1 14 16 48 16 14 1 O
11 1 1 1 1 11

It can be shown that the symmetries we observe here correspond to properties of
cyclotomic numbers.

Proposition 4. For 0 <n < q — 2, define the functions p, : Z — qZ — 7 by
pn(m)=#{u:2<u<qg—1 and v"™ —u"+m=0 mod q}.
Then Z?:_OQ (‘(nﬂl)”q’l)ml = p,(m) —1 mod q.
Proof. (Compare with [4], page 9.) For 0 <n<g¢g—2and 1 <1< q—2,
-1

q—1

Z(l — )"y

u=2

»Q

(_1)l(1 _ u—l)q—l—lu—(n+l)l

Q2
Il
— =

(—1)ly = (D! qf(—ni (q B 21 - l)u—i

=0

—1-0\ =
(_1)[4-1' (q . ) Z’Ul_i_‘(n—H)”(ﬁI
1

u=1

N =

R 2

=0

'*‘”m<q—1zﬂi;im¢4>E‘<W%+?m_v mod ¢

The last congruence holds by Lemma 1. Therefore, for m € Z — ¢Z,

q—2 q—1q-—
[(n+ 1)1 _ —n
FO( Yt = g;}; (1= tumm)’

=-1-(q—D#{u:2<u<g—Tland m=(1—w)u" mod g}

=—-1+pp(m) modgq. O

<.

M

We have explicit formulas for p1(m) and pa(m). We will use the following lemma
to prove the latter.

Lemma 2. Define

1 i = 1 mod 3,
(34) ela) = sa=
-1 if ¢=—1 mod 3.

For0<Il<q-—2,

(B%*)=cQde<Ci;¢H>+<H:+f5> mod ¢
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Proof. Call e = e(q). Suppose first that 5+ < < ¢ — 2. Then (see [1], page 822)

2ate 1] at2e 4 20te 4] —
(_27)le<( 241 )+< 21 )) = (=27) (( 23l+1—qq) +0>
(=27)'e
2L+ 1)20)...(¢+1)
< [((e/3) +1)((e/3) +1—1)...((e/3) — (¢ +1)/2)]
< [((e/3) = D)((e/3) = (1= 1)) ... ((e/3) — (¢ +1)/2)]
((1/3)* =) ((1/3)* — (1 —=1)*)...((1/3)* — (¢ + 1)/2)*)
I+ 1)2).. (g+1)
5316(_1)%1((31)2 D(BI-1)*-1)...((8(¢+1)/2)?— 1)
20+ 1)20)... (¢ +1)
(3) e
C @+ D). (@)1 (g + 1)/2)]
x [((31)7 = 1)((3(1 ~ 1))? ((3(g +1)/2)* = 1)]
(31

x| j( (l—l)) -(3(g + )1; 2)]

— — )1 —
(Q)-Eepets- C7) /(108
O /(-0 G

q ) @+ 1)' l' ((3q —1)/
(note that if [2((17_1)} <1< gq—2, then (31 ;— 1) = <|3l|lq_l> = 0modq).

= (=27

Suppose now that 0 <[ < %. Then

2q+e q+2e
SN
_ l 3 3
( 27)6(( 20+ 1 >+( 2041 ))

(—27)le (((6/3)2 —P)((e/3)? = (1= 1)?) ... ((¢/3)* = 1)(e/3)

(20 + 1)!
N ((2¢/3)? —1%)((2¢/3)> — (1 = 1)*) ... ((2¢/3)* — 1)(26/3)>
(20 +1)!
_ g1 (((31)2 -D(EE-1)*-1)...(32 1)
(20 + 1)!
n ((30)2 —22)((3(1 —1))2 —2%)...(32 - 22)2>
(204 1)!
1 (30)! 30\ (13lg=1
(note that if [251] <1 < %2, then (¥) = (‘3”‘1 ) =0 mod q). O
Proposition 5. Let p, be as in Proposition 4. For m € Z — qZ, we have
1—4m
(35) prlm) =1+ (=),

where (?) 1s the Legendre symbol.
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Let e(q) be as in (34). For m € Z — qZ, we have

i 132 a0 (52

g—e(q)

(36) X (<\/1 —(27/Dm + \/—(27/4)m)
+ (\/1 ~(27/4)m — \/—(27/4)m) ) mod q.

That 1is:
If g =1mod 3, and we call M = —(27/4)m,

)
. <<M2+M\/m> . <M2—M\/m> )

q q

if M =—-1 mod gq,
z’f(WTJrM):—l,
ifM?>+M=a>#0 mod q (a €7Z), and (M2ZM“)37$1,
ifM?>+M=a>#0 mod q (a €7Z), and (M2+Ma)3:1.

)

37 =

w O = N

Here (%)3 = (k= b5 mod q, for b € Zqy — qZq)-

If ¢ = —1mod3, then (_TB) = —1 and q is inert in Q(+/=3). Call M =
—(27/4)m. We have four possibilities: If M = —1modgq, then pa(m) = 2. If
(%) = (%), then pa(m) = 1. If M = —3a’modq (a € Z —qZ), and 1 + M =
b*modq (b € Z — qZ), then

(38) pa(m) = 14 (b—i—a\/—B) . (b—a\/—?;) 0 if (—”“ﬁ% £1,
2 = B ———1 B — =
q 3 q s |3 if (b“q—m% — 1.
Here (%)3 =(¢k = ag% mod q, for a € Zy, [s/—3 —qZg) [s/—3 . IfM = a®’modg
(a €7 —qZ), and 1 + M = —3b% mod q (b € Z — qZ), then

. at+br/—
(39)  pa(m) 1+(a—|—b\/—3) +<a—b\/—3> 0 f (7+ ;/_3>37é17
2 = B — B — =
q 5 q s |3 if (%\/—_3) ~ 1.
3

Proof. Formula (35) follows from the definition of p;(m) and from the formula for
solving the quadratic congruence modulo q.

To prove congruence (36), call e = e(q), M = —(27/4)m and v = /1 + M+ M.
Sou ™l =1+ M —+/M. Call

q—e
3

S=£(<1+M>+e<%>)((\/H—M—F\/M)%—F(\/H—M—\/M) )

2 q




ON THE COEFFICIENTS OF JACOBI SUMS 4787

We have that

1 . T q—e q—e
S== u—|—u —I—e(u Y )q ! (u's +u""3)
2 2
1 4= 1 q—1 .
55 Z Uq 1=k _k—|—eZuq 1=k _k)( S b 53_)
k=0 k=0
q—1 k
= (I)T—Feuq 12k (55 4y~ %)
k=0
gte _ ,,—(g+e) e e
:e%(ug?’_ +U_g3_) mod q.
That is,
5= 1 (VT AT+ VIS5 = (V0T = VB 5
+ (VI+ M + VM) —(\/1+M—\/M)2"ﬁ‘“) mod ¢.

But for any positive integer n, we have

1 2n 2n
2\/:2((\/1+M+\/M) ~(V1+ M —VM)™)

— Mn 1-1
SSws () (0
2n—1-1 s n+1
— 22n—2l—1 Mn—l—l _ 22l+1 Ml
; l Z 20+1

1=0
(for the second identity see, if necessary, [12], Section 4.3 and formula (2.5.7)).
Hence

2q+ﬁ_1 q+ e_1
3 2q+e q+2e
+1 =+
S = 2% M 22 2 M
e( — <21+1> * Z o1 )M
q—2 2q+e q+2e
+1 =+
—27)! 3 3 " mod q.
l:O( )e(< 2z+1>+<2z+1>)m mod 4
Therefore, by Lemma 2 and Proposition 4, S = /77 (l?’”q Hm! = pa(m) — 1 mod
g. This proves congruence (36).

In order to prove the next equalities, suppose first that ¢ = 1 mod 3. Then, by
(36),

-1 3(52) - (2)

(V) (v -V
=1 (14 (P (o +M¢7)

g=1

(M2 M2+M) ’ ) mod q.
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This congruence must be interpreted as follows: If M2 4+ M = a? mod ¢ for some

a € Z, then vVM? + M = a (or —a); otherwise (1 + (@)) =0, and so pa(m) =

1 mod ¢. Formula (37) follows from this and from the fact that 0 < pa(m) < 3.
Suppose now that ¢ = —1 mod 3. We work in Q(v/—3). Note that (_73) =—1,

that ¢ is inert, and that the Frobenius map for ¢ is complex conjugation. By (36)
we have

q q

pz(m)51+%<<1+M> _(%» (<\/1+—M+\/M)%

+ (VI - VAT) ) mod

Also 0 < pa(m) < 3. If M = —1 mod g, this gives pa(m) = 2. If (1) = (&1), this
gives pa(m) = 1. If M = —3a® mod ¢, and 14+ M = b? mod q for some a,b € Z—qZ,
then (b+ av/—3)(b — av/—3) = 1 mod ¢, and we can write

i) =15 (/7% + -0/

?-1
3

=14 ((b+av D) T+ -av D) T ) mod g

Formula (38) follows from this congruence. The proof of formula (39) is similar. O

We can now show our formulas for the coefficients d, 1.

Theorem 1. Let p,, be as in Proposition 4. For 1 <n<p—-2and0<k<p-—1,

f-1
dn,k :f _ Z pn(sk-‘rpa)
a=0

=f—#{u:2<u<q-1and W —u")) — s =0modq}

(40)

For0<k<p-1,

f-1 k+pa
1 —4s"TP
m$:—§j0————).

a=0 q

That is, di, = number of quadratic nonresidues modq — number of quadratic
residues mod q, in the set {1 —4s**P2 . 0 < a < f — 1} (do not count 0 as a
quadratic residue mod q).
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Let e(q) be as in (34). Define the function A : Z — qZ — Z by A\(m) =

1 if M = —1modg,

0 if (M) = —e(g)(%),

—1 ifg=1mod3, M?>+ M =a®# 0modq (a € Z), and (%)3 #1, or
ifg=—1mod3, M = —3a’modq, 1 + M = b*modq (a,b € Z — qZ),
and(%)g#l, or if
q=—1mod3, M =a’modq, 1 + M = —3b>modq (a,b € Z — qZ), and
(%;/__3)37&1,

2 ifg=1mod3, M?>+ M =a®># 0modq (a €7Z), and(@)gzl, or
ifg=—1mod3, M = —3a’modq, 1 + M = b’>modq (a,b € Z — q7Z),
and(%)gzl, or if
q=—1mod3, M =a’modq, 1 + M = —3b>modq (a,b € Z — qZ), and
(%)321;

where M = —(27/4)m. Then, for 0 <k <p-—1,

f-1
dyi=— Y A(s"P).
a=0

Proof. Formula (40) can be obtained directly from (1) and (4). Alternatively: Let
1<n<p—2and 0 <k <p-1. It follows from (32), (33), and Proposition 4, that
f—dnr = 25;3 pn(s¥P?)mod g. On the other hand, since 0 < p,(m) < n + 1,
we have 0 < 22;3 pn(sFTP4) < (n+1)f < ¢. By (8) and (30), we have that 0 <
f—=dn < f+/q < q. Therefore f—dy = Zg;é pn(s5TP%) = number of roots, in

Z/qZ, of TTLZg (X! = X" 4sFsP%) = number of roots, in Z/qZ, of (X" —X")f -
s*f. The other equalities follow from this and from Proposition 5. O

Observation. By (3), we have that, for 2 < k <p—1,

k—1
[[7:i= 01 /e,
i=1

Also, for 1 <k <p-—1,

k_l i k k
[T o) = (-1)*G(G)* /6.
1=0

In particular

[Tow()* ™ =@GGn 7
1=0

If 2 is a primitive root modulo p, using these relations, we can express all Jacobi
sums J,, 1 <n <p—2,in terms of J; and G((,)P. If 2 is a primitive root modulo
p?, we can express all Jacobi sums J,,, up to p-th powers of elements in Z[(,]*,
in terms of Ji; so, by Theorem 1, in terms of the numbers of quadratic residues
modulo ¢ in the sets {1 — 4572 : 0 <a< f—1},0<k<p-—1.
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11.

12.
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