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ON THE NORMAL SUBGROUPS OF G2(A)

DOUGLAS L. COSTA AND GORDON E. KELLER

Abstract. We give a characterization theorem for the E(A)-normalized sub-
groups of G2(A), where A is any commutative ring. This is the last of the
simple Chevalley-Demazure group-schemes for which such a theorem is lack-
ing.

Introduction

In this paper we prove a theorem (3.6) which characterizes the E(A)-normalized
subgroups of G2(A) for an arbitrary commutative ring A. The theorem brings
to completion the larger project of finding characterization theorems for E(A)-
normalized subgroups of simple Chevalley-Demazure group-schemes G(A) of rank≥
2 over arbitrary commutative rings. The bulk of the project was done by Vaserstein
in his essential paper [16]. There he proved the standard characterization theorem,
given by a “ladder” corresponding to an ideal, for all commutative rings for all G
of rank ≥ 2 except those of types B2 = C2 and G2. Vaserstein also suggested in
that paper that previous work by Abe [1] and Abe-Suzuki [3] could be improved to
yield more. This was accomplished by Abe in [2], wherein he showed that E(A)-
normalized subgroups of G(A) could be characterized by ladders determined by
“admissible pairs” of ideals, with the exception that for G of type B2 = C2 or G2

rings A having residue class fields of two elements must be excluded. Our paper [8]
subsequently succeeded in removing this restriction for G of type C2 (and so also
for G of type B2) by recognizing that the presence of residue fields of two elements
required lowering the bottom rung of the ladder. This left only the case G of type
G2 to be finished; the present paper does so by applying the “lower bottom rung”
idea of [8] (see also [7]) to this case.

We now give a more explicit description of our results. Let A be an arbitrary
commutative ring and denote by G2(A) the group of type G2 defined over A. The
main theorem (3.6) is that a subgroup N of G2(A) is E(A)-normalized if and
only if C(J, J ′) ⊆ N ⊆ G(J, J ′) for a pair of ideals J, J ′ satisfying the condition
J3 ⊆ J ′ ⊆ J . Here, J3 denotes the ideal of A generated by all elements of the form
x3 and 3x for all x in J , so that (J, J ′) is an admissible pair in the sense of Abe.
The bracketing groups C(J, J ′) and G(J, J ′) are defined in Section 1 below. In
essence, C(J, J ′) is the mixed commutator group [E(A), E(J, J ′)], where E(J, J ′)
is the E(A)-normalized subgroup generated by all elements xα(j) with α long and
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j ∈ J and all xβ(j′) with β short and j′ ∈ J ′. [In [2], Abe’s lower bracketing group
is E(J, J ′), which is too large for the two-element residue field case.] The group
G(J, J ′) is a congruence group: it consists of all elements whose level is contained
in J and whose “A2-level” is contained in J ′. This is proved in (3.7). [There is a
naturally embedded copy of SL(3, A) in G2(A) and the A2-level of N is the level
ideal of the intersection N ∩ SL(3, A); see Definition (1.8).] In (3.10) we show
that G(J, J ′) and C(J, J ′) are, in fact, normal in G2(A). Section 3 also shows that
there is a perfect correspondence between admissible pairs (J, J ′) and the groups
G(J, J ′).

There are some other salient features of the paper which deserve mention here.
First, a key to our approach is to use the well-known fact that G2(A) can be

thought of as the automorphism group of the split octonion algebra, O(A), over A.
Taking this point of view allows us to realize G2(A) as a group of 8× 8 matrices in
which we may carry out many of our computations. This representation of G2(A)
is developed in an appendix and leads to a new matrix characterization of G2(A)
in Section 2 (Theorem (2.1)).

Second, in the spirit of [9], we give a homomorphism on E(J, J ′) whose kernel
is precisely C(J, J ′). The homomorphism is explicit in the sense that it is given by
a polynomial in the entries of the matrices constituting elements of G2(A). It thus
provides an effective way to decide which elements of E(J, J ′) are in C(J, J ′). This
is done in Theorem (1.18).

Finally, Section 4 provides a computational method for determining the “A2-
level” of a matrix in G2(A). This means in principle that for a given E(A)-
normalized subgroup N , one can explicitly determine the admissible pair (J, J ′).

The problem of characterizing normal subgroups of linear and classical groups
has a history dating back over a century. Initially, of course, the primary focus
was on groups defined over fields. Later efforts produced theorems for groups
defined over special classes of rings, such as algebraic number rings satisfying certain
conditions. Much of the recent work on the characterization problem was inspired
by the work of Bass-Milnor-Serre [5] on the congruence subgroup problem and,
to some extent, by the techniques developed by Suslin and Vaserstein in their
attacks on the Serre conjecture. The surprising result of Wilson [18], characterizing
E(n, A)-normalized subgroups of GL(n, A) for all n ≥ 4 and all commutative rings
A, showed everyone that theorems for arbitrary commutative rings were possible.
This provided the impetus leading to Golubchik [10], [11], Vaserstein [15], and
Borevich-Vavilov [6], in each of which Wilson’s theorem was extended to n ≥ 3.

The extension of the latter work to groups of rank ≥ 2 is principally due to
Vaserstein, Abe, and Taddei. Taddei [14] proved the normality of E(A) in G(A).
Vaserstein [16] used Taddei’s result to prove that for any ideal J of A, (1) E(J)
is normal in G(A), and (2) [E(A), G(J)] ⊆ E(J). [See definitions below. These
theorems are crucial in our proofs.] This enabled Vaserstein [16] and Abe [2] to
prove the omnibus theorems described above, and gave us the tools to complete the
characterization theorems for groups of type C2 in [8] and groups of type G2 in the
present paper. For more detailed background and history we refer the reader to the
excellent survey [17] by Vavilov, the introduction to [16], and the comprehensive
text of Hahn and O’Meara [12].

We are indebted to John Faulkner and Bruce Allison for their gracious and
generous advice and counsel throughout this work.
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1. The group G2(A): Basic results

Let A be a commutative ring with identity. Let G2 be the almost simple
Chevalley-Demazure group scheme with root system Φ, where Φ is as in Figure
1. The group G2(A) is the group of A-valued points of G2. As discussed in the
appendix, we may simultaneously view G2(A) as the group of A-automorphisms of
the split Cayley algebra over A, O(A).

We now set up some notational conventions. Let E(A) be the subgroup of G2(A)
generated by all elementary unipotent elements xφ(t) with φ ∈ Φ and t ∈ A. For any
ideal J of A, let G(A; J) = G(J) be the group of all elements of G2(A) congruent
to the identity modulo J , i.e., the principal congruence subgroup defined by J . By
(A.12), G(J) is also the inverse image of the (trivial) center of G2(A/J) under the
canonical homomorphism G2(A) → G2(A/J).

If X ∈ G2(A), the level ideal of X , `(X), is defined to be the smallest ideal J
such that X is a scalar modulo J . By (A.12), `(X) is the ideal generated by the
entries of X − I; moreover, `(X) is the smallest ideal J such that X ∈ G(J). For
a subgroup H of G2(A), we set `(H) =

∑
X∈H `(X). Clearly, `(H) is the smallest

ideal J such that H ⊆ G(J).
For a subset S of A we denote by E(A; S) or E(S) the normal subgroup of E(A)

generated by the elements xφ(t) for all φ ∈ Φ and all t ∈ S.
Let Φs be the set of short roots in Φ, and let Φ` be the set of long roots in

Φ. If S, S′ are two subsets of A, we denote by E(A; S, S′) or E(S, S′) the normal
subgroup of E(A) generated by

{xφ(s)|φ ∈ Φs, s ∈ S} ∪ {xφ(s′)|φ ∈ Φ`, s′ ∈ S′}.

Note that E(S) = E(S, S). With these conventions we may also define certain
“generic” subgroups we will need: For ideals J, J ′, set G(J, J ′) = E(J, J ′) ·G(J ′).
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For φ ∈ Φ and t ∈ A, set zφ(t) = x−φ(t)xφ(t). Then for any subset S of A, we
set C(S) equal to the normal subgroup of E(A) generated by {zφ(t)|φ ∈ Φ, t ∈ S};
and for two subsets S, S′ of A we let C(S, S′) be the normal subgroup of E(A)
generated by

{zφ(t)|φ ∈ Φs, t ∈ S} ∪ {zφ(t)|φ ∈ Φ`, t ∈ S′}.
For an ideal J of A and a positive integer n, we define Jn to be the ideal of A

generated by {tn| t ∈ J} ∪ {nt| t ∈ J}. We shall be particularly concerned with
J3 = (t3, 3t| t ∈ J). Another ideal we will need is

vn2(J) = ({a2 − a| a ∈ J}) = vn2(A) ∩ J.

(See [7, 9].)

Embeddings of SL(2, A) and SL(3, A) in G2(A). In this section we view G2(A)
as Aut(O(A)). Observing, as in the appendix, that the subalgebra E of O(A)
spanned by u1 = e11, −u2 = e12, u6 = e21, and u5 = e22 is a 2× 2 matrix algebra
over A, we note that f = f12 + f21 is a unit in O(A) and that O(A) = E + fE
is a direct sum decomposition of O(A). For an element Y of SL(2, A), this allows
us to define an automorphism σ(Y ) ∈ G2(A) by the rule: σ(Y ) : e + fe′ 7→
Y −1eY + Y (fe′), for any e, e′ ∈ E , where e, e′ are viewed as 2× 2 matrices. Then
σ : SL(2, A) → G2(A) is an embedding of SL(2, A) in G2(A). There are three such
embeddings. We shall sometimes write “SL(2, A)” to denote one of these subgroups
of G2(A).

Note that with respect to the representation chosen for G2(A) in the appendix,
if Y =

[
α
γ

β
δ

]
∈ SL(2, A), then

σ(Y ) =



δα −δβ 0 0 −γβ −γα 0 0
−γδ δ2 0 0 γδ γ2 0 0
0 0 α 0 0 0 0 −β
0 0 0 α 0 0 β 0

−βγ βδ 0 0 αδ αγ 0 0
−βα β2 0 0 αβ α2 0 0

0 0 0 γ 0 0 δ 0
0 0 −γ 0 0 0 0 δ


.

Next, suppose that Y ∈ SL(3, A). Using the notation
(

ρ
w

v
σ

)
for an element of

O(A) (see appendix), we define τ(Y ) ∈ G2(A) by τ(Y ) :
(

ρ
w

v
σ

) 7→ (
ρ

Y −1w
Y T v

σ

)
.

Then τ is an isomorphism of SL(3, A) into G2(A). We denote the image of τ by
SL(3, A). Using the matrix representation of G2(A) in the appendix,

τ(Y ) =
[

a b
c d

]
,

where

a =


1 0 0 0
0
0 Y T

0

 , d =


1 0 0 0
0
0 Y −1

0

 , b = c = 0.
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Conversely, any X in G2(A) with b(X) = c(X) = 0 and

a(X) = a =


1 0 0 0
0
0 M
0


is in SL(3, A). (See the appendix.)

Under these embeddings any Y in SL(2, A) or SL(3, A) which is elementary
is mapped to a matrix X in G2(A) having upper left 4 × 4 block a(X) elemen-
tary. By (A.8), the elementary matrix a(X) determines X completely, so we may
specify these elements by specifying this block. It can be shown that the images
of the elementary matrices in SL(2, A) under the (three) maps σ are the elemen-
tary unipotent elements xφ(t), φ ∈ Φs. The images of the elementary matrices in
SL(3, A) under the map τ are the xφ(t), φ ∈ Φ`.

In this paper, we choose the root k so that when xk(t) is written as an 8 × 8
matrix, its upper left block is

a(xk(t)) =


1 0 0 0
0 1 t 0
0 0 1 0
0 0 0 1

 = I + te23.

At this point there is some freedom of choice as to the representation of x3c+k(t).
One of the possible choices, which we now make, is to pick x3c+k(t) so that

a(x3c+k(t)) = I + te34.

These two elections actually force the remaining root groups to correspond to par-
ticular one-parameter elementary subgroups (cf. (1.1)). One possible choice of
these representations is as follows:

a(x3c+2k(t)) = I + te24,

a(xc(t)) = I − te31,

a(xc+k(t)) = I − te21,

a(x2c+k(t)) = I + te14,

a(x−k(t)) = I + te32 = a(xk(t))T ,

a(x−3c−k(t)) = I + te43 = a(x3c+k(t))T ,

a(x−3c−2k(t)) = I + te42 = a(x3c+2k(t))T ,

a(x−c(t)) = I + te13,

a(x−c−k(t)) = I + te12,

a(x−2c−k(t)) = I − te41.

We now fix these representations of the root groups and identify xφ(t) with the
corresponding matrix for the rest of the paper.
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Note that, for each root φ, {xφ(t)| t ∈ A} is a one-parameter subgroup of G2(A).
So, for instance, for each short root φ ∈ Φs, {xφ(t)| t ∈ A} ∪ {x−φ(t)| t ∈ A}
generates a copy of E(2, A), while {xφ(t)|φ ∈ Φ`, t ∈ A} generates E(3, A).

Commutators. Throughout this paper commutators will be defined by [x, y] =
x−1y−1xy. Commutator calculations in G2(A) will be facilitated by the following
well-known theorem of Chevalley:

(1.1) Theorem (Chevalley). Let Φ be the root system of G2. Suppose that φ, φ′ ∈
Φ and that φ 6= −φ′. Then for all r, s ∈ A,

[xφ(r), xφ′ (s)] =
∏

xiφ+jφ′ (±Cijr
isj),

where the product is taken over all i, j ≥ 1 such that iφ + jφ′ ∈ Φ and the Cij are
integers from the Cartan matrix. (As usual, the empty product is 1.)

In order to simplify later arguments, we isolate a special subgroup of G2(A). Let
T be the diagonal subgroup, the split maximal torus of G2(A). By (A.13), T is the
diagonal subgroup of SL(3, A). We set N = NG2(A)(T ); the quotient N/T is the
Weyl group of G2(A), which has order 12. The group N includes the monomial
matrices in SL(3, A) whose non-zero entries are units in A. It is then generated by
these and the permutation (1 5)(2 6)(3 7)(4 8).

The following are representative formulas obtained from (1.1) using the root
system of Figure 1. All others can be deduced from the action of the group N .

(I) [xk(s), xc(t)] = xc+k(±st)x2c+k(±s2t)x3c+k(±st3)x3c+2k(±s2t3);

(II) [x3c+k(s), xk(t)] = x3c+2k(±st);

(III) [x2c+k(s), xc(t)] = x3c+k(±3st);

(IV) [xc+k(s), xc(t)] = x2c+k(±2st)x3c+k(±3st2)x3c+2k(±3s2t).

Note that the choice of representation of the xφ(t)’s made above actually deter-
mines the signs in these commutator fomulae. Without making the signs explicit,
we will later use the fact that they are determined.

We now proceed to derive some basic results about commutators of E(A)-
normalized subgroups of G2(A). Let H be an E(A)-normalized subgroup of G2(A)
and let N = [E(A), H ]. In what follows we shall call two short roots φ, φ′ adjacent
if the angle between them is π/3. Also, we denote by Xφ the group generated by
{xφ(t)| t ∈ A}.
(1.2) Lemma. Suppose that H is an E(A)-normalized subgroup with xφ(s)xφ′ (t)
∈ H for some s, t ∈ A and some φ, φ′ ∈ Φs with φ and φ′ adjacent. Then zc(s) and
zc(t) are in H.

Proof. (We actually prove more. We use the fact that H is normalized by N and
by xσ(t) for σ ∈ Φs.)

The group N is transitive on the 12 ordered pairs of adjacent short roots. So
xσ(±s)xτ (±t) ∈ H for all σ, τ ∈ Φs which are adjacent. Conjugation by torus
elements with ±1 on the diagonal allows us to make the signs whatever we wish.
In particular, x−c(s)xc+k(t), x2c+k(s)xc+k(t), and x2c+k(s)xc(t) ∈ H.

Now we have

x−c(s)xc+k(t)[x2c+k(s)xc+k(t)]−1x2c+k(s)xc(t) ∈ H.
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So X = x−c(s)xc(t) ∈ H . The group 〈X−c, Xc〉 = E(2, A) and X corresponds to[
1
t

s
1+st

]
. Now H ∩〈X−c, Xc〉 is normal there, and so the image in E(2, A) contains[

1
s

s
1+s2

]
and

[
1
t

t
1+t2

]
(see [7]). The result follows.

(1.3) Lemma. Let H be an E(A)-normalized subgroup of G2(A) such that zk(h) ∈
H for some h in A. Then C(Ah) ⊆ H.

Proof. We have zk(h) ∈ H ∩ SL(3, A). It follows that E(A; 0, hA) ⊆ H . With
t = ht and s = 1 (I) gives

xc+k(±ht)x2c+k(±ht) ∈ H.

By Lemma (1.2), zc(±ht) ∈ H . By [7], both zc(ht) and zc(−ht) belong to H .
(Actually the sign is determined, just not explicit. We can get both elements by
changing the sign of t.)

(1.4) Lemma. Let H be an E(A)-normalized subgroup of G2(A) and let N =
[E(A), H ]. Suppose that for some h ∈ A, zc(h) ∈ H. Then

(i) E(vn2(hA), (hA)3) ⊆ N .
(ii) C(hA, (hA)3) ⊆ N.
(iii) xφ(ht)xφ′(ht) ∈ N for any φ, φ′ ∈ Φs and t ∈ A.

Proof. Consider y = [xk(t), zc(h)]. Apply (I) to get

y = xc+k(±ht)x2c+k(±h2t)x3c+k(±h3t)x3c+2k(±h3t2),

an element of N . Computing [y, x2c+k(1)] shows that x3c+2k(3ht) is in N for every
t ∈ A. Since this result can be replicated for all long roots, we have shown that
E(A; 0, 3hA) ⊆ N .

Next compute [xc+k(s), zc(h)] using (IV) to see that x2c+k(2sh) ∈ N for all
s ∈ A. It follows that E(A; 2hA, 0) ⊆ N .

Now observe that [y, xk(1)] = x3c+2k(±h3t), using (II), and hence conclude
that E(A; 0, h3A) ⊆ N . We have now established that E(A; 0, (hA)3) ⊆ N . In
particular, the last two terms in the product giving y are in N , so that y′ =
xc+k(±ht)x2c+k(±h2t) is in N . From this and Lemma (1.2), it follows that C(hA, 0)
⊆ N , and hence that C(hA, (hA)3) ⊆ N . This proves (ii).

The next calculations place more elementary elements in N . We know that

xc+k(ht)x2c+k(h2t) ∈ N.(*)

Let t = t2u to get

xc+k(ht2u)x2c+k(h2t2u) ∈ N.

Since zc(ht) ∈ N , we may replace h by ht and t by u in (*) to get

xc+k(htu)x2c+k(h2t2u) ∈ N,

and therefore that xc+k(h(t2 − t)u) ∈ N . This proves that E(A; vn2(A)h, 0) ⊆ N .
Now replace t by ht in (*) and useN to get xc+k(h3t)x2c+k(h2t) ∈ N . Combining

this with (*), we get xc+k((h3−h)t) ∈ N . But (h3−h)t = (h3−h2)t+(h2−h)t, and
h3−h2 ∈ vn2(A)h, so that xc+k((h2−h)t) ∈ N . It follows that E(A; vn2(hA), 0) ⊆
N . This proves (i). It is easy to see (iii); this completes the proof.

Lemmas (1.3) and (1.4) immediately yield the following corollary:
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(1.5) Theorem. Let S, S′ be two subsets of the ring A and consider the subgroup
N = C(S, S′) of G2(A). Then

(i) N = C((S) + (S′), (S′) + (S)3).
(ii) E(A; vn2((S) + (S′)), (S′) + (S)3) ⊆ N.
(iii) If h ∈ (S) + (S′), then xφ(h)xφ′ (h) ∈ N for any φ, φ′ ∈ Φs.

(Here (S) denotes the ideal of A generated by the set S.)

Note that the result implies that any subgroup of the form C(S, S′) can be
written as C(J, J ′), where J and J ′ are ideals of A such that J3 ⊆ J ′ ⊆ J .

We are now ready for two results concerning C(S, S′) which demonstrate that it
plays a fundamental role in describing the normal subgroups of G2(A).

(1.6) Theorem. For subsets S, S′ of A we have [E(A), C(S, S′)] = C(S, S′).

Proof. This is clear because (1.3) and (1.4) show that [E(A), C(S, S′)] contains
C(S, S′).

(1.7) Theorem. For subsets S, S′ of A we have [E(A), E(S, S′)] = C(S, S′).

Proof. By the previous theorem,

[E(A), E(A; S, S′)] ⊇ C(S, S′).

To obtain the reverse inclusion is to see that the elements of E(A) commute with
the elements of E(A; S, S′) modulo C(S, S′). For this it is sufficient to check whether
xφ(t) commutes with xσ(s) and xτ (s′) modulo C(S, S′) for all φ ∈ Φ, σ ∈ Φs, τ ∈
Φ`, t ∈ A, s ∈ S, and s′ ∈ S′. So we want to see that [xφ(t), xφ′ (r)] ∈ C(S, S′)
with φ′ ∈ Φs and r ∈ S or φ′ ∈ Φ` and r ∈ S′.

If [xφ(t), xφ′(r)] = 1, we are done. If not, there exists w ∈ N so that

[xφ(t), xφ′ (r)]w = [xw(φ)(t), xw(φ′)(r)]

is one of the commutators, (I)–(IV).
Simple inspection and application of Theorem (1.5) gives the result.

The A2-level of a subgroup. As we have seen in Theorem (1.5), elements of a
subgroup H of G2(A) which are products of short-root elementaries make a different
contribution to the level ideal than elements which are products of long-root ele-
mentaries. Since the long-root elementaries are embedded in the copy of SL(3, A)
in G2(A), we may isolate this difference by studying the level ideal of H ∩SL(3, A).
We formalize this in the following definition:

(1.8) Definition. Let Γ be a subset of the group G = G2(A). We define the A2-
level of Γ to be `z(Γ) = `(N(Γ) ∩ SL(3, A)), where N(Γ) is the E(A)-normalized
subgroup of G generated by Γ. For a single element X in G, we write `z(X) for
`z({X}).

The aim of this subsection is to prove that the A2-level of E(A; J, 0) is J3. To
that end, we begin with some simple lemmas we will need.

(1.9) Lemma. Let T be the torus of G2(A). Let g ∈ T, φ ∈ Φ, s ∈ A. Then for
some unit λ of A we have [g, xφ(s)] = xφ((1 − λ)s).

Proof. We only need observe that xφ(A) is a one-parameter subgroup and that
xφ(s)g = xφ(λs), for some unit λ. (This is easy to see in the matrix representation
of G2(A).)
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(1.10) Lemma. Let J be an ideal in a ring A such that J3 = 0. Let
[

a
c

b
d

]
be an

element of SL(2, A) congruent to the identity modulo J , and let t ∈ J . Then
(i) [

a b

c d

]
=

[
a 0

0 a−1

][
1 0

ac 1

] [
1 a−1b

0 1

]

=

[
d−1 0

0 d

][
1 db

0 1

][
1 0

d−1c 1

]
.

(ii)[
1 + t 0

0 1− t + t2

]

=

[
1 −t2

0 1

][
1 0

−t + t2 1

] [[
1 0

−1 1

]
,

[
1 t

0 1

]]
.

(1.11) Lemma. Let J be an ideal in a ring A such that J3 = 0. Then any element
of G(J) which is in the center of SL(3, A) is in E(A; J, 0).

Proof. Let X ∈ G(J) and suppose that X is in the center of SL(3, A). Then
X = diag(1, λ, λ, λ, 1, λ−1, λ−1, λ−1) for some λ ∈ A with λ3 = 1, by (A.13). Since
X ∈ G(J), we have that λ = 1 + t, for some t ∈ J . But X = σ

([
λ
0

0
λ2

])
, so part

(ii) of (1.10) shows that X ∈ E(A; J, 0). This proves the lemma.

The next step toward our goal is to develop a “Gauss”-like decomposition of
E(A; J, 0) under the hypothesis that J3 = 0. For this purpose we set

Λ = {X ∈ G2(A)|X ∈ G(J) ∩ center(SL(3, A))},

U+ = 〈xφ(s)|φ ∈ Φs, φ is positive, and s ∈ J〉, and

U− = 〈xφ(s)|φ ∈ Φs, φ is negative, and s ∈ J〉,
where 〈 〉 indicates the subgroup generated by the listed elements. We first show
that E(A; J, 0) = 〈Λ, U+, U−〉.
(1.12) Lemma. Let J be an ideal in a ring A such that J3 = 0. With the notation
above,

E(A; J, 0) = 〈Λ, U−, U+〉.
Proof. From (1.11) we know that Λ ⊆ E(A; J, 0), and this proves that 〈Λ, U−, U+〉
⊆ E(A; J, 0). To establish the reverse inclusion, it suffices to see that [xρ(s), xφ(t)] ∈
〈Λ, U−, U+〉 for all ρ ∈ Φ, φ ∈ Φs, s ∈ A, and t ∈ J . If ρ 6= −φ, this is clear from
the commutator formulae (I)–(IV). If ρ = −φ, the result follows from part (i) of
(1.10) via one of the embeddings σ1, σ2, σ3.

Now for the promised decomposition. (We note that this is a special case of
Proposition 2.1 of [3].)
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(1.13) Lemma. Let J be an ideal in a ring A such that J3 = 0. With the notation
above,

E(A; J, 0) = ΛU−U+.

Proof. By (1.12), E(A; J, 0) = 〈Λ, U+, U−〉 so we need only show that E(A; J, 0) ⊆
ΛU−U+ = S. We claim

(1.14) Lemma. If φ ∈ Φs, t ∈ J, u ∈ U+, then uXφ(t) ∈ S.

Suppose that (1.14) is false. Relative to the lexicographic ordering on the short
roots, let ρ be the largest root for which (1.14) is false. Among the elements of U+

for which (1.14) is false for ρ, choose one that is the product of the smallest number
of positive root elementaries for short roots, and let t ∈ J be chosen with uxρ(t)
not in S.

Since xρ(t) ∈ S, u 6= 1 so that u = u′xσ(s) for some u′ ∈ U+ (a product of
shorter length), σ ∈ Φs, s ∈ J , σ positive.

Suppose ρ = −σ. Then

uxρ(t) = u′xσ(s)x−σ(t)

= u′Rx−σ(t′)xσ(s′)

= R(u′)Rx−σ(t′)xσ(s′)

= Ru′′x−σ(t′)xσ(s′),

where R ∈ Λ, s′, t′ ∈ J , and where we have used (1.9) and (1.10). Our assumptions
give u′′x−σ(t′) ∈ S and thus uxρ(t) ∈ S.

If ρ 6= −σ, then

uxρ(t) = u′xσ(s)xρ(t)

= u′xρ(t)xσ(s)[xσ(s), xρ(t)].

By our assumptions, u′xρ(t) = R′v−v+ with R′ ∈ Λ, v− ∈ U− and v+ ∈ U+ and
v+xσ(s)[xσ(s), xρ(t)] ∈ S, completing the proof of (1.14).

It now follows easily from (1.14) that SU− ⊆ S. Suppose that g ∈ S and R ∈ Λ.
By (1.9) we know that gR ∈ S; but gR = R · gR, and we see that S · Λ ⊆ S.
Thus, S · 〈Λ, U−, U+〉 ⊆ S. Now 〈Λ, U−, U+〉 = E(A; J, 0) by (1.12), so that
S = E(A; J, 0) and the proof of (1.13) is complete.

(1.15) Theorem. The A2-level of E(A; J, 0) is J3.

Proof. Since the A2-level of E(A; J, 0) contains J3 by (1.5), it suffices to show that
`z(E(A; J, 0)) = 0 when J3 = 0.

Let s ∈ `z(E(A; J, 0)). Then classical results about SL(3, A) show that xk(s) ∈
E(A; J, 0). By (1.13), we have xk(s) = gh, where g = Ru−xc(u1) and h =
xc+k(u2)x2c+k(u3) for some R ∈ Λ, u− ∈ U−, and u1, u2, u3 ∈ J . This allows
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us to compute x−3c−k(s) as follows:

x−3c−k(s) = [x−3c−2k(1), xk(s)]

= [x−3c−2k(1), gh]

= [x−3c−2k(1), h][x−3c−2k(1), g]h

= [x−3c−2k(1), h].

In the matrix representation of x−3c−k(s), the (4, 3)-entry is s, while the (4, 3)-entry
of [x−3c−2k(1), h] is 0. This completes the proof.

[Alternatively, one could compute that

[x−3c−k(1), [x−k(1), [x−3c−2k(1), xk(s)]]] = x−k(−s),

while [x−3c−k(1), [x−k(1), [x−3c−2k(1), h]]] = 1.]

A useful homomorphism. In this subsection, we construct an E(A)-invariant
homomorphism F from a congruence subgroup G(J) to the additive group J/vn2(J)
with the property that (1) for X ∈ G(J), F (X) is a polynomial in the entries of
X , and (2) for any ideal J ′ such that J3 ⊆ J ′ ⊆ J , ker(F |E(J,J′)) = C(J, J ′). The
strategy for doing this is based on the observation that for each maximal ideal M
of A, (J/vn2(J))M is either 0 or isomorphic to Z2, the field of two elements. Thus,
we first construct the desired homomorphism for the case A = Z2, J = A, and then
use local arguments.

The case A = Z2, J = A: Let G = G2(Z2). Let V be an 8-dimensional vector
space over Z2 with elements written as row vectors, v = [v1, . . . , v8]. Set

U = {v ∈ V | v1 + v5 = 1 and [v2, v3, v4] · [v6, v7, v8] = 0},
a subset of V . Let u1 = [1, 0, 0, 0, 0, 0, 0, 0]. Note that for any X ∈ G2(Z2), u1X ∈ U
by (A.4).

(1.16) Lemma. U = {u1X |X ∈ G} and hence UX = U for any X ∈ G.

Proof. Simple counting gives |U | = 72. Now |SL(3,Z2)| = 168 and |G| = 12, 096,
so that there are 72 cosets of SL(3,Z2) in G. If X1, X2 ∈ G with u1X1 = u1X2,
then X1X

−1
2 ∈ SL(3,Z2), by (A.14). The result follows.

(1.17) Lemma. Let χ be the characteristic function of the set of non-zero vectors
in a 3-dimensional vector space over Z2. Define a function θ : U → Z2 by

θ(v) = v5 + χ(v2, v3, v4) + χ(v6, v7, v8).

Then the map Θ : G → Z2 given by Θ(X) = θ(u1X) is a homomorphism onto Z2.

Proof. First we show that for any P in G the function σP : U → Z2 given by
σP (u) = θ(u) + θ(uP ) is constant. To this end, set K = {P ∈ G|σP is constant}.
Note that P ∈ K if and only if σP (u) + σP (v) = 0 for every u, v ∈ U .

(1) We show that K is a subgroup of G. Let u, v ∈ U and P ∈ K. We have
0 = σP (uP−1) + σP (vP−1) = σP−1 (u) + σP−1(v), so that P−1 ∈ K.

If P1, P2 ∈ K,

σP1P2(u) + σP1P2(v) = σP2(uP1) + σP1(u) + σP2(vP1) + σP1(v)

= 0,
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and K is a subgroup.
(2) Suppose that P ∈ G and a(P ) =

[
1
0

0
y

]
, where y is a 3× 3 block. Then

σP (u) = θ(u) + u5 + χ((u2, u3, u4)y) + χ((u6, u7, u8)y−T )

= θ(u) + θ(u) = 0.

This shows that P ∈ K.
(3) Suppose that ω =

[
0
I

I
0

]
. Then

σω(u) = θ(u) + (1− u5) + χ((u6, u7, u8)) + χ((u2, u3, u4)) = 1.

Hence ω ∈ K.
(4) If P = xc(1), then

σP (u) = 1 + (u2u6 + u4u8)(1 + u3) = 1 + (u3u7)(1 + u3) = 1.

So xc(1) ∈ K. From (1), (2), and (3), we see that the “Weyl” group N is contained
in K and so xφ(1) ∈ K for all roots φ. Thus, K = G and our claim that σP is
constant for all P in G is established.

We are now ready to check that Θ is a homomorphism. Let P1, P2 ∈ G. Then

Θ(P1P2) = θ(u1P1P2) = σP2(u1P1) + θ(u1P1)

= σP2(u1) + θ(u1P1)

= Θ(P2) + Θ(P1).

This completes the proof of Lemma (1.17).

We are now ready to tackle the general case.

(1.18) Theorem. Let A be a commutative ring and J an ideal in A. Let f ∈
Z[x1, x2, . . . , x8] be any polynomial such that for u ∈ U , θ(u) ≡ f(u) mod(2).
Then the map F : G(J) → J/vn2(J) defined by F (X) = f(u1X) mod(vn2(J))
is an E(A)-invariant homomorphism. If J ′ is an ideal with J3 ⊆ J ′ ⊆ J , then
ker(F |E(J,J′)) = C(J, J ′).

Proof. Since the map F is defined by a polynomial in the entries of the first row of
X ∈ G(J), the fact that it is an E(A)-invariant homomorphism is just a claim that
some polynomial equations hold in A. This can be checked locally, i.e., by localizing
at a maximal ideal of A. Thus, we may assume that A is a local ring with maximal
ideal M. If A/M 6∼= Z2, then vn2(A) = A, so that vn2(J) = J ∩ vn2(A) = J
and the claim holds trivially. If A/M ∼= Z2, then vn2(A) = M. If J ⊆ M,
then vn2(J) = J and the claim is trivial again. Finally, if J = A, we have that
J/vn2(J) = A/M∼= Z2, and the claim follows from (1.17).

To verify the second part of the theorem, observe that by (1.7), C(J, J ′) =
[E(A), E(J, J ′)]. Since F is an E(A)-invariant map into an abelian group, it is
immediate that C(J, J ′) ⊆ ker(F |E(J,J′)).

By (1.5), (1.7), and the fact that all short-root elementary elements xφ(t) are
conjugate under W , we have E(J, J ′) = xc(J)C(J, J ′) and xc(vn2(J)) ⊆ C(J, J ′).
Thus, to check that ker(F |E(J,J′)) ⊆ C(J, J ′), we only need to see that if t ∈ J
and F (xc(t)) = 0, then t ∈ vn2(J). But this can be checked locally and modulo
vn2(J), so once again the only non-trivial case is when A = Z2 and J = A. Now
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u1xc(t) = [1, 0, 0, 0, 0, 0,−t, 0], as is easily computed from the matrix representation
of xc(t). Thus,

0 = F (xc(t)) = θ(1, 0, 0, 0, 0, 0,−t, 0) = χ(0,−t, 0) = t.

The proof of Theorem (1.18) is complete.

We may now derive some consequences of the existence of the homomorphism
F of (1.18).

(1.19) Corollary. If J and J ′ are ideals of A such that J3 ⊆ J ′ ⊆ J , then

E(J, J ′) ∩G(vn2(J)) ⊆ C(J, J ′).

Proof. Let X ∈ E(J, J ′) ∩ G(vn2(J)). Then X ≡ I mod(vn2(J)) implies that
F (X) = 0, and Theorem (1.18) shows that X ∈ C(J, J ′), which completes the
proof.

(1.20) Lemma. If J and J ′ are ideals of A such that J3 ⊆ J ′ ⊆ J , then

[E(A), G(J, J ′)] ⊆ E(J, J ′).

Proof. By a result of Vaserstein [16], [E(A), G(J ′)] ⊆ E(J ′). By definition, G(J, J ′)
= E(J, J ′)G(J ′), and since J3 ⊆ J ′ we have

G(J, J ′) = E(J, J3)G(J ′) = E(J, 0)G(J ′).

Putting these together, we have

[E(A), G(J, J ′)] = [E(A), G(J ′)][E(A), E(J, J3)]

⊆ E(J ′)E(J, J3)

= E(J, J ′).

(1.21) Theorem. Let J and J ′ be ideals of A such that J3 ⊆ J ′ ⊆ J . If R ∈
G(A), X ∈ G(J, J ′), and Y = [R, X ] ∈ E(J, J ′), then Y ∈ C(J, J ′). Consequently,

[E(A), G(J, J ′)] = C(J, J ′).

Proof. To show that Y ∈ C(J, J ′), it suffices to check that F (Y ) = 0, where F
is the homomorphism of (1.18). Since F is defined by a polynomial, this may
be checked locally. As before, we may also assume that vn2(J) = 0, so that the
only possible non-trivial case is A = Z2, J = A. Then J ′ = A as well, and
G(J, J ′) = G(A) = E(A). Thus, Y ∈ [E(A), E(A)] = C(A) [by (1.7)], and (1.18)
shows that F (Y ) = 0, as required.

The second assertion of the theorem follows from the first upon using (1.20).
This completes the proof of (1.21).

2. A new characterization of G2(A)

In this section we begin with a matrix characterization of G2(A). We adopt the
point of view of the appendix, in which G2(A) = AutA(O(A)), where O(A) is the
split Cayley algebra (split octonions) over A. Since O(A) is a rank 8 free module
over A, we fix a basis u1 = e11, . . . , u8 = g21, as in the appendix, and represent
elements X of G2(A) as invertible 8 × 8 matrices relative to this fixed basis. We
shall freely use the results in the appendix.
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Recall that for X ∈ GL(8, A) we write X = [aij ] =
[

a
c

b
d

]
where a, b, c, d

are 4 × 4 blocks which we also denote by a(X), b(X), c(X), d(X). As noted in
the appendix, X leaves the bilinear form N(x, y) on O(A) invariant if and only if
X−1 =

[
dT

cT
bT

aT

]
. Also recall that for α ∈ O(A), Lα is the 8× 8 matrix representing

left multiplication by α relative to our fixed basis.

(2.1) Theorem. Let A be a commutative ring, and let X =
[

a
c

b
d

]
∈ GL(8, A).

Then X ∈ G2(A) if and only if the following conditions hold:

(i) X−1 =
[

dT

cT
bT

aT

]
,

(ii) X fixes the identity element 1 of O(A),
(iii) X−1Le11X = Le11X , and
(iv) det(a) = a2

11 and det(b) = a2
15.

Proof of the necessity of (i)–(iv). From the appendix, (A.2) proves the necessity of
(iii), and (A.3) proves the necessity of (i), while the necessity of (ii) is clear. So
it only remains to show that if X ∈ G2(A), then (iv) holds. This can be checked
locally, so we may proceed under the assumption that A is a local ring.

From (A.4) we know that a11 + a15 = 1, and since A is local, either a11 or a15 is
a unit. But P =

[
0
I

I
0

]
is in G2(A) and XP =

[
b
d

a
c

]
, so we may now proceed under

the assumption that a11 = ρ is a unit.
Now adT = ρI, so a is invertible, and hence b = (baT )a−T . We now note that

it suffices to prove that det(a) = ρ2, for then det(b) = det(baT ) · ρ−2. But, from
(A.6) we have

det(baT ) = det(abT ) = (a21a61 + a31a71 + a41a81)2.

On the other hand, computing the first entry of aT c, we get 0 = ρ(1−ρ)+a21a61 +
a31a71 + a41a81. Thus, det(baT ) = ρ2(1 − ρ)2, and hence det(b) = (1 − ρ)2, as
required.

It remains to verify that det(a) = ρ2. Set λ = det(a). By (A.7),

λ = det


a22 a23 a24

a32 a33 a34

a42 a43 a44

 .

Denote this 3× 3 matrix by M . Then

M−1


1 0 0

0 1 0

0 0 λ

 = L

is in SL(3, A) and so there is a unique matrix Y in G2(A) such that

a(Y ) =


1 0 0 0

0

0 L

0

 .
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We may now replace X by XY , for this doesn’t change det(a). Therefore, we
may now proceed under the assumption that

a(X) =


ρ a12 a13 a14

a21 1 0 0

a31 0 1 0

a41 0 0 λ

 .

From (A.9) we have that a88 = −m2318 + m2323. Given the form of a(X) above,
this reduces to

a88 = a31a28 − a21a38 + 1.

We next compute

a−T = λ−1adj(a)T =


1 ∗ ∗ −λ−1a41

−a12 ∗ ∗ λ−1a12a41

−a13 ∗ ∗ λ−1a13a41

−λ−1a14 ∗ ∗ λ−1(ρ− a12a21 − a13a31)

 .

Since b = (baT )a−T = −(abT )a−T , we may compute a28 = b24 and a38 = b34 using
the matrix for abT in (A.6) and the last column of a−T . Carrying this out and
using the relation

0 = ρ(1− ρ) + a21a61 + a31a71 + a41a81,

we get

a31a28 − a21a38 = −λ−1[ρ(1− ρ)(a12a21 + a13a31) + ρ(a21a61 + a31a71)].

Next, since d = ρa−T , a88 = ρλ−1(ρ − a12a21 − a13a31), a65 = −ρa12, and
a75 = −ρa13. By (A.4) we get that a61 = ρa12 and a71 = ρa13. Substituting into
the equation for a88 above and multiplying by λ, we get

λ = ρ2,

which was to be proved. This completes the proof of the necessity in (2.1).
We next show how to prove the sufficiency of (i)–(iv) given that necessity holds.

To do this, we must first establish some consequences of (i)–(iv) and use them to
prove a factorization theorem.

(2.2) Lemma. Let X ∈ GL(8, A) and assume that (i)–(iv) hold for X. Then
(A.4) holds for X, dT a = a11I, the entries of dT b and cT a are as in (A.6), and (A.7)
and (A.8) hold for X. Consequently, if X, X ′ both satisfy (i)–(iv), a(X) = a(X ′),
and a11 is a unit, then X = X ′.

Proof. That (A.4) holds follows from (ii), which implies that X−1 fixes 1 also. Note
that the matrix of Le11 relative to the basis u1, . . . , u8 we are using for O(A) is
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I
0

0
0

]
. Now

X−1Le11X =

[
dT bT

cT aT

] [
I 0

0 0

][
a b

c d

]
=

[
dT a dT b

cT a cT b

]
.

On the other hand, Le11X =
8∑

j=1

a1j Luj . Writing out the matrices for the Luj ’s,

summing and using (iii) shows that dT a, dT b, cT a are as claimed. If a11 is a unit,
then (A.7) and (A.8) are proved exactly as in the appendix.

Next we establish that certain matrices always belong to the elementary group
E(A) in G2(A).

(2.3) Lemma. Let r, s, t ∈ A. Then E(A) contains the matrix

X(r, s, t) =



1 0 0 0 0 −r −s −t

−r 1 0 0 r r2 rs rt

−s 0 1 0 s rs s2 st

−t 0 0 1 t rt st t2

0 0 0 0 1 r s t

0 0 t −s 0 1 0 0

0 −t 0 r 0 0 1 0

0 s −r 0 0 0 0 1


.

Proof. Set

R = x3c+2k(2r2s)x3c+k(rs2),

S1 = xc(s)xc+k(r)x2c+k(rs),

S2 = x−2c−k(t + rst2)x−c−k(−st)x−c(rt),

and let T be the unique element of SL(3, A) such that

a(T ) =



1 0 0 0

0 1− rst r2t 0

0 −s2t 1 + rst 0

0 r2s3t4 − 2st2 − 2rs2t3 −r3s2t4 + 2rt2 + r2st3 1

 .

Then direct multiplication gives RS1S2T = X(r, s, t).
Note that R, S1, S2 are clearly in E(A) and that T is in SL(2, A)E(3, A). But

the Mennicke symbol of T is trivial, so T ∈ E(3, A). [In fact, it is easy to see
directly that T ∈ E(3, A).] This proves that X(r, s, t) ∈ E(A).

In order to state the next few results we adopt the following notation: If X1, X2

are the unique matrices in GL(8, A) which satisfy (i)–(iv) and have upper left blocks
a(X1), a(X2), respectively, then we write a(X1) ◦ a(X2) for a(X1X2).
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Further, we write 4 × 4 blocks in block form
[

ρ
g

f
y

]
, where ρ is a scalar, y is a

3× 3 block, and f, g are appropriate vectors.

(2.4) Lemma. For a row v and a column u with entries in A,(
1 v
0 1

)
◦
(

1 0
u 1

)
=
(

σ v
u H

)
,

where σ = 1 + vu and H = σI − uv.

Proof. By (2.2), (2.3), and the “transpose” of (2.3), there are unique matrices in
G2(A) with upper left blocks

(
1
0

v
1

)
and

(
1
u

0
1

)
. By the necessity in (2.1), they satisfy

(i)–(iv). Now multiply to get the result.

We note that detH = σ2.

(2.5) Lemma. Let X be a matrix in GL(8, A) for which (i)–(iv) hold and for
which a(X) =

[
ρ
g

f
y

]
. If ρ is a unit, then[

ρ f

g y

]
=

[
1 fy−1

0 1

]
◦
[

1 0

g 1

]
◦
[

1 0

0 (ρI − gfy−1)−1y

]
.

Proof. Suppose that σ is a unit in (2.4), and let L be an element of GL(3, A) with
det(L) = σ2. Then M = (σ · I − uv)−1L is in SL(3, A). From (2.4), we get(

1 v

0 1

)
◦
(

1 0

u 1

)
◦
(

1 0

0 M

)
=

(
σ vL

u L

)
,

because v(σI − uv) = σv − vuv = v.
Now take u = g, v = fy−1, and L = y. Then σ = 1 + vu = 1 + fy−1g. We will

show that ρ = 1 + fy−1g so that σ = ρ is a unit, and this will finish the proof.
By (iv), ρ2 = det a(X) and by (2.2), ρ2 = det y. Thus,

ρ2 = det(a(X)) = ρ det(y − ρ−1gf) = ρ(det(y)− ρ−1tr(adj(y)gf))

= ρ(det(y))− tr(adj(y)gf).

Therefore,

f adj(y)g = tr(f adj(y)g) = tr(adj(y)gf) = ρ3 − ρ2,

giving fy−1g = ρ− 1 and ρ = 1 + fy−1g.

We are now ready to prove the sufficiency in (2.1).

(2.6) Corollary. Sufficiency holds in (2.1).

Proof. Let X ∈ GL(8, A) satisfy (i)–(iv). We must verify that the polynomial
relations in P hold. This can be checked locally, so we may assume that A is a
local ring. By (A.4), a11 + a15 = 1, so either a11 or a15 is a unit. If a11 is not a
unit, then we replace X by X ′ = X

[
0
I

I
0

]
. Since

[
0
I

I
0

]
∈ G2(A), it suffices to show

that X ′ ∈ G2(A). On the other hand, it is easy to check that (i)–(iv) still hold for
X ′. So, we may now proceed under the assumption that a11 is a unit.

By (2.5),

a(X) =

[
1 fy−1

0 1

]
◦
[

1 0

g 1

]
◦
[

1 0

0 M

]
, with M ∈ SL(3, A).
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By (2.3), X ∈ E(A)SL(3, A) ⊆ G2(A).
This completes the proof of Theorem (2.1).

We close this section with a factorization to be used in the sequel, under the
hypothesis that J3 = 0. The factorization appears in the proof of the next lemma.

(2.7) Lemma. Let J be an ideal in a ring A such that J3 = 0. Then G(J) =
E(J).

Proof. Let t1, t2, t3 ∈ J . Set

r1 = −t2 + t1t
2
2t3,

r2 = −t1 − t21t2t3,

r3 = t1t2,

r4 = t1t3 + t21t2t
2
3,

r5 = −t2t3 + t1t
2
2t

2
3, and

r6 = −t3 − t1t2t
2
3.

We define a matrix S(t1, t2, t3) in E(J) by

S(t1, t2, t3) = xc(r1)xc+k(r2)x2c+k(r3)x−c(r4)x−c−k(r5)x−2c−k(r6).

Then

a(S(t1, t2, t3)) =


1 0 0 0

t1

t2 B

t3

 ,

where

B =


1− t1t2t3 − t21t

2
2t

2
3 t21t3 −t21t2

−t22t3 1 + t1t2t3 − t21t
2
2t

2
3 t1t

2
2

t2t
2
3 −t1t

2
3 1

 .

Next, we set L(t1, t2, t3) equal to the unique matrix in G2(A) such that

a(L(t1, t2, t3)) =


1 0 0 0

0

0 B−1

0

 .

Then L(t1, t2, t3) ∈ SL(3, A; J), and
1 0 0 0

t1 1 0 0

t2 0 1 0

t3 0 0 1

 = a(S(t1, t2, t3)) ◦ a(L(t1, t2, t3)).
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This proves that X(−t1,−t2,−t3) = S(t1, t2, t3)L(t1, t2, t3), a factorization in which
the first factor is a product of short root elementaries and the second is in
SL(3, A; J).

It is clear that X(−t1,−t2,−t3)T = L(t1, t2, t3)T S(t1, t2, t3)T provides a similar
factorization for the matrix with upper left block

[
1
0

t
I

]
, t = [t1, t2, t3]. Since xφ(r) =

x−φ(−r)T for any short root φ, S(t1, t2, t3)T is still a product involving only short
roots.

Now let X ∈ G(J). Let a(X) =
[

ρ
g

f
y

]
. Since J3 = 0, ρ is a unit. Using (2.5)

and the factorizations in the previous paragraphs, we have

X = L(fy−1)T S(fy−1)T S(g)L(g)Y,(2.8)

where

a(Y ) =

[
1 0

0 (ρI − gfy−1)−1y

]
.

This completes the proof and provides a useful formula.

The proof of (2.7) actually yields a slightly sharper result.

(2.9) Corollary. Let J be an ideal in a commutative ring A. Then G(J) =
E(3, A; J)G(J, J3). [Note that here E(3, A; J) is merely the subgroup of SL(3, A)
and is not the E(A)-normalized subgroup E(0, J) of G2(A) which it generates.]

Proof. Since G(J, J3) = E(J, 0)G(J3) by definition, it suffices to prove the result
modulo J3. Thus, we may assume that J3 = 0. Then J satisfies the relative stable
range condition SR2(A, J), so that SL(3, A; J) = E(3, A; J) [4]. This means that in
(2.8) the matrices L(fy−1)T , L(g), and Y all belong to E(3, A; J), while S(fy−1)T

and S(g) are in E(J, 0). Then rewriting (2.8) in the form

X = (LS(fy−1)T S(g)L−1)L(fy−1)T L(g)Y,

where L = L(fy−1)T , shows that X ∈ E(J, 0)E(3, A; J). This completes the proof
of (2.9).

3. The main theorem

In this section we prove the main theorem, Theorem (3.6), characterizing the
E(A)-normalized subgroups of G2(A). It says that a subgroup H is E(A)-normal-
ized if and only if there are ideals J, J ′ of A satisfying J3 ⊆ J ′ ⊆ J such that
C(J, J ′) ⊆ H ⊆ G(J, J ′). We also show that C(J, J ′) and G(J, J ′) are normal
subgroups of G2(A) and that for any such sandwiched subgroup H , [E(A), H ] =
C(J, J ′).

This will be accomplished by the method of reduction. The first lemma sets this
up.

(3.1) Lemma (Reduction Lemma). Let A be a commutative ring, and let H be an
E(A)-normalized subgroup of G2(A). Let J0 be an ideal of A such that C(J0) ⊆ H.
If J1, J2 are ideals such that C(J1, J2) ⊆ HG(J0), then C(J1, J2) ⊆ H. (This says
that to show C(J1, J2) ⊆ H, it suffices to do so modulo J0.)
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Proof. We have that

C(J1, J2) = [E(A), C(J1, J2)] ⊆ [E(A), HG(J0)]

= [E(A), H ][E(A), G(J0)] ⊆ HC(J0) ⊆ H,

where we have used (1.6) and (1.21).

Now for a crucial observation about the A2-level of an E(A)-normalized subgroup
H : if J ′ = `z(H), then C(J ′) ⊆ H , so that we can use reduction (3.1) with J0 = J ′.
To see this, note that J ′ = `(H ∩ SL(3, A)). Classical results about E(3, A)-
normalized subgroups of SL(3, A) tell us that E(0, J ′) ⊆ H . Then C(0, J ′) ⊆ H ;
but C(0, J ′) = C(J ′, J ′) = C(J ′) by (1.5).

The remaining lemmas will set us up for a proof of the main theorem by reduction
modulo J ′ = `z(H).

(3.2) Lemma. Let A be a commutative ring, and let H be an E(A)-normalized
subgroup of G2(A) such that `z(H) = 0. If h is an element of A such that xc(h) ∈
H, then h3 = 3h = 0 and E(hA, 0) ⊆ [E(A), H ].

Proof. By (1.4), we have that E(vn2(hA), (hA)3) ⊆ [E(A), H ] ⊆ H . Since `z(H) =
0, we immediately have (hA)3 = 0, proving that h3 = 3h = 0. But then hA =
2hA ⊆ vn2(hA), so that E(hA, 0) ⊆ [E(A), h] follows.

(3.3) Lemma. Let A be a commutative ring, and let H be an E(A)-normalized
subgroup of G2(A) such that `z(H) = 0. Suppose that H contains an element X of
the form

X = xc(u1)xc+k(u2)x2c+k(u3)xk(u4)x3c+k(u5)x3c+2k(u6).

Then u4 = u5 = u6 = 0 and xc(u1), xc(u2), xc(u3) ∈ [E(A), H ].

Proof. First observe that [x3c+k(1), X ] = x3c+2k(−u4), so that u4 ∈ `z(H) and
hence u4 = 0. Next, let

y = [x−k(1), X ] = xc+k(u2)x2c+k(−u2
2)x3c+k(u6 − 3u2u3 − u3

2)x3c+2k(−u3
2).

Then [x2c+k(1), y] = x3c+k(3u2), so that 3u2 = 0. Likewise, we have [xc+k(1), y] =
x2c+k(2u2), so that x2c+k(u2) ∈ [E(A), H ].

Applying the action of N shows that xc(u2), xc+k(u2) ∈ [E(A), H ], as well.
Lemma (3.2) shows that u3

2 = 0 and that x2c+k(−u2
2) ∈ [E(A), H ], and since

y ∈ [E(A), H ], we conclude that x3c+k(u6) is in [E(A), H ]. It follows that u6 = 0.
Next, let z = xc(u1)x2c+k(u3)x3c+k(u5). Since u4 = u6 = 0 and X, xc+k(u2) ∈

H , we have that z ∈ H . Form the commutator

R = [xk(1), z] = xc+k(u1)x2c+k(u2
1)x3c+k(u3

1)x3c+2k(u3
1 + u5 − 3u1u3).

Applying the first part of the proof to R we see that xc+k(u1) ∈ [E(A), H ], and by
(3.2) that u3

1 = 3u1 = 0 and x2c+k(u2
1) ∈ [E(A), H ]. It follows that x3c+2k(u5) ∈ H ,

so that u5 = 0.
We now have X = xc(u1)xc+k(u2)x2c+k(u3), and hence that x2c+k(u3) ∈ H .

Applying (3.2) once more completes the proof.

(3.4) Lemma. Let A be a commutative ring and let H be an E(A)-normalized
subgroup of G2(A) such that `z(H) = 0. Suppose that X ∈ H and that the upper
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left block of X has the form

a(X) =


1 0 a13 a14

a21 1 a23 a24

0 0 a33 a34

0 0 a43 a44

 .

Then

a34 = a43 = a23 + a2
13a14 + a21a13 = a24 − a13a

2
14 − 2a21a14 = 0,

and a33 = a44 = 1. Furthermore, xc(a13), xc(a14), xc(a21), xc(a23), and xc(a24) are
all in [E(A), H ].

Proof. A computation shows that [x3c+2k(1), X ] = xk(a43)x3c+2k(a44 − 1). It now
follows from (3.3) that a43 = 0 and a44 = 1. Since det(a(X)) = 1, we also get
that a33 = 1. With this information in hand we compute [xk(1), X ] = x3c+2k(a34),
which shows that a34 = 0.

To finish the rest of the proof we use the following construction: Let

Y = x−c(t1)xc+k(t2)x2c+k(t3)xk(t4)x3c+2k(t5),

so that

a(Y ) =


1 0 t1 t3

−t1t3 − t2 1 t4 + t1t2 t5 − 2t2t3 − t1t
2
3

0 0 1 0

0 0 0 1

 .

We can make Y = X by taking t1 = a13, t3 = a14, t2 = −a13a14 − a21, t4 = a23 +
a2
13a14+a21a13, and t5 = a24+a13a

2
14+2a14(−a13a14−a21) = a24−a13a

2
14−2a21a14.

Because −c, c+ k, 2c+ k, k, and 3c+2k are in a system of positive roots, we may
apply Lemma (3.3) to conclude that t4 = t5 = 0 and that xc(t1), xc(t2), xc(t3) are
in H . The rest of the proof follows from these relations and (3.2).

(3.5) Lemma. Let A be a commutative ring, and let H be an E(A)-normalized
subgroup of G2(A) such that `z(H) = 0. Let J = `(H) and M = [E(A), H ]. Then
H = M = E(J, 0) and J3 = 0. Furthermore, if X is any element of H and τij

denotes the 4, 6, i, j minor of X, then τ27 = τ28 = τ38 = τ47 = τ36 = 0, τ46 = 1,
and τ26 = τ37 = τ48.

Proof. Let J0 be the largest ideal of A such that E(J0, 0) ⊆ M , and let X be an
arbitrary element of H .

Step 1. We show that τ2
27 = τ2

28 = τ27τ28 = τ26τ28 + τ23τ78 = 0.
Proof of Step 1. Let Q = [x3c+2k(1), X ] = [qij ], and set

Y = [xk(−q42)x3c+2k(q32), Q] = [yij ].
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Then

a(Y ) =


1 0 τ12τ28 −τ12τ27

τ18τ27 − τ17τ28 1 τ26τ28 + τ23τ78 ∗
0 0 1 + τ27τ28 −τ2

27

0 0 τ2
28 ∗

 .

Applying (3.4) we get immediately that τ2
28 = τ2

27 = τ27τ28 = 0. Lemma (3.4) also
gives the relation y23 = −y2

13y14−y21y13. Since τ28|y13, τ27|y14, and y21 ∈ (τ27, τ28),
it follows that y23 = 0, i.e., that τ26τ28 + τ23τ78 = 0.

Step 2. We show that τ27 = τ28 = τ38 = 0.
Proof of Step 2. With the notation given above, set R = [x3c+2k(1), Q], S =

[x3c+k(1), R], and T = [xk(1), R]. Then

a(S) =


1 0 τ13τ28 0

−τ18τ28 1 ∗ 0

0 0 1 0

0 0 τ28τ36 − τ38 1

 .

Applying (3.4) to S we get that τ28τ36 − τ38 = 0. But we know that τ27τ28 = 0
from Step 1, and τ27τ38 = 0 now follows.

Next, observe that

a(T ) =


1 0 τ12τ28 0

−τ17τ28 1 u v

0 0 1 0

0 0 0 1

 ,

where u = −τ28 + τ28τ26 + τ78τ23 − τ27τ38 and v = −τ27 − τ28τ47. But we have
just seen that τ27τ38 = 0 and Step 1 showed that τ28τ26 + τ23τ78 = 0, so that
u = −τ28. Applying (3.4) now shows that u = v = 0, so we have τ28 = 0. Since
τ28τ36 − τ38 = 0, and v = 0, we now have τ38 = 0 and τ27 = 0.

Step 3. We show that τ47 = τ36 = 0, τ26 = τ37 = τ48, and that τ18 ∈ J0.
Proof of Step 3. With the conclusions of Step 2 in place, we now have that

a(R) =


1 0 0 −τ12

τ18 1 0 τ48 − τ26

0 0 1 0

0 0 0 1

 .

From (A.11) and (A.10) we have −τ18τ12 = τ23τ78 = τ27τ38 − τ28τ37 = 0. Applying
(3.4) again shows that τ48 = τ26 and, with (3.2), that τ18 ∈ J0.
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Let U = [xk(1), Q] so that

a(Q) =


1 0 −τ12 0

τ17 1 τ37 − τ26 τ47

0 0 1 0

0 0 0 1

 ,

From (A.11) and (A.10) we get that τ17τ12 = τ24τ78 = τ27τ48 − τ28τ47 = 0. Then
(3.4) shows that τ26 = τ37 and τ47 = 0.

Now choose an element ω ∈ N which switches 4 and 6 and 3 and 7. Everything
we have done so far applies equally to the conjugate Xω. Since the 4647 minor of
Xω is ±τ36, we conclude that τ36 = 0.

Step 4. We show that τ13, τ16 ∈ J0 and that τ46 = 1.
Proof of Step 4. Let V = [x−k(1), Q]π, where π ∈ N effects the permutation

(234)(678). With the results of Steps 2 and 3 we have that

a(V ) =


1 0 τ13 −τ13

τ16 − τ18 1 τ46 − 1 0

0 0 1 0

0 0 0 1

 .

By (3.4) and (3.2), τ16 − τ18 ∈ J0, τ13 ∈ J0, and τ3
13 = 3τ13 = 0. With this

and the fact that the (2, 4)-entry of V is zero, (3.4) allows us to conclude that
(τ16 − τ18)τ13 = 0 and hence also that τ46 = 1. Since τ18 ∈ J0 has already been
established, we get that τ16 ∈ J0 as well.

Proof of (3.5). Let γ ∈ N be an element which switches 4 with 6 and 1 with 5.
Applying Step 4 to Xγ we get that τ14, the 4616 minor of Xγ , is in J0.

We now have that for the matrix X , τ46 − 1 = τ36 = τ47 = 0 and τ13, τ14, τ16 ∈
J0. Combining these facts with (A.11) we obtain

a41 = a44τ16 − a46τ14,

a43 = a44τ36 − a46τ34 = −a46τ16,

a47 = −a44τ67 + a46τ47 = a44τ14, and

a48 = −a44τ68 + a46τ14 = −a44τ13 + a46τ14.

This shows that a41, a43, a47, a48 are in J0.
Applying this last result to conjugates of X and X−1 by elements of N and using

(A.4), we see that aij ∈ J0 for all i 6= j except when {i, j} = {1, 5}. Using (A.6)
and computing the (2, 2)-entry of b(X)c(X)T , we get

1− a11 = −a21a61 + a26a62 + a27a63 + a28a64.

It follows that a15 = a51 = 1− a11 all belong to J0.
Now the (3, 1)-entry of Xxc(1) is in J0. This entry is 2a11−1+a31+a71−2a13−

a33 − a73. Thus, a33 − 1 ∈ J0. Applying this result to conjugates of X by elements
of N , we finally have that `(X) ⊆ J0. Since X was an arbitrary element of H , we
conclude that J0 = J . Because we now have shown that E(J, 0) ⊆ M , (3.2) proves
that J3 = 0. It follows from (2.7) that G(J) = E(J).
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From our definition, E(J) = E(J, 0)E(0, J). So an arbitrary element X in H can
be written X = X1X2, where X1 ∈ E(J, 0) and X2 ∈ E(0, J). But E(J, 0) ⊆ M ⊆
H , so that X1 ∈ H and hence X2 ∈ H ∩ E(0, J) ⊆ H ∩ SL(3, A). Our hypothesis
that `z(H) = 0 says that X2 is a scalar in SL(3, A), i.e., that a(X2) has the form[
1
0

0
λI

]
, where λ − 1 ∈ J . Then X2 = σ

([
λ
0

0
λ2

])
, and it is easily seen that this

matrix is in E(J, 0). Thus, X ∈ E(J, 0), and we have shown that H = E(J, 0).
This completes the proof of the lemma.

(3.6) Main Theorem. Let A be a commutative ring and let H be an E(A)-
normalized subgroup of G2(A). Let J = `(H) and J ′ = `z(H). Then J3 ⊆ J ′

and

C(J, J ′) ⊆ H ⊆ G(J, J ′).

Moreover, [E(A), H ] = C(J, J ′).

Proof. Using overbars to simultaneously denote passage from A to A/J ′ or from
G2(A) to G2(A/J ′), the first thing we need to establish is that the A2-level of H̄
is 0. Suppose that, in fact, `z(H̄) = J̄∗, where J∗ is an ideal of A containing J ′.
Then in G2(Ā) we have that H̄ ∩ SL(3, Ā) is an E(3, Ā)-normalized subgroup of
SL(3, Ā) of level J̄∗, so it contains E(0, J̄∗). Thus, C(0, J∗) ⊆ HG(J ′). Since, as
previously remarked, C(J ′) ⊆ H , the reduction lemma, Lemma (3.1), now shows
that C(0, J∗) ⊆ H . But this means that C(0, J∗) ⊆ H ∩ SL(3, A), from which we
get J∗ ⊆ `z(H) = J ′. Thus, `z(H̄) = J̄∗ = 0.

Now we may apply (3.5) to H̄ . This tells us that J̄3 = 0 and H̄ = E(J̄ , 0). We
immediately conclude that J3 ⊆ J ′. Moreover, C(J, J ′) = C(J̄ , 0) ⊆ E(J̄ , 0) = H̄,
which says that C(J, J ′) ⊆ HG(J ′). Again, from (3.1) it follows that C(J, J ′) ⊆ H .
The fact that H̄ = E(J̄ , 0) = E(J, 0) also says that H ⊆ E(J, 0)G(J ′) = G(J, J ′).
This proves that C(J, J ′) ⊆ H ⊆ G(J, J ′). Finally, we have

C(J, J ′) = [E(A), C(J, J ′)] ⊆ [E(A), H ] ⊆ [E(A), G(J, J ′)]

= C(J, J ′),

completing the proof of the theorem.

Notice that the main theorem characterizes the E(A)-normalized subgroups of
G2(A) as those falling in a strip between C(J, J ′) and G(J, J ′), where J, J ′ are
ideals such that J3 ⊆ J ′ ⊆ J . Are all such pairs of ideal possible? The answer
is yes. In fact, the groups C(J, J ′) and G(J, J ′) are uniquely determined by these
pairs. These facts are part of the next lemma.

(3.7) Lemma. Let J and J ′ be ideals of A such that J3 ⊆ J ′ ⊆ J . Then
(i) `(C(J, J ′)) = `(G(J, J ′)) = J ;
(ii) `z(C(J, J ′)) = `z(G(J, J ′)) = J ′.

Consequently, there are bijections between the set of such pairs of ideals and the sets
of subgroups of G2(A) of the form C(J, J ′) and G(J, J ′), respectively. Moreover,
G(J, J ′) is the largest E(A)-normalized subgroup H of G2(A) such that `(H) ⊆ J
and `z(H) ⊆ J ′.

Proof. Item (i) is clear. To prove (ii), note that J ′ ⊆ `z(C(J, J ′)) ⊆ `z(G(J, J ′)), so
we only need to argue that `z(G(J, J ′)) ⊆ J ′. It suffices to do this modulo J ′, so we
may assume that J ′ = 0, and hence that J3 = 0. Now G(J, J ′) = G(J, 0) = E(J, 0),
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so that `z(G(J, J ′)) = `z(E(J, 0)) = 0, by (1.15). This proves (ii). The assertion
about bijections is clear and the characterization of G(J, J ′) now follows from the
main theorem.

We now have the following corollary:

(3.8) Corollary. Let A be a commutative ring, and let K be an E(A)-normalized
subgroup of G2(A) such that [E(A), K] = C(J, J ′), where J, J ′ are ideals of A such
that J3 ⊆ J ′ ⊆ J . Then K ⊆ G(J, J ′).

Proof. From the main theorem and (3.7) it is clear that `(K) = J and `z(K) = J ′,
from which it follows that K ⊆ G(J, J ′).

We close this section by proving the normality of the subgroups C(J, J ′) and
G(J, J ′). A key tool is Vaserstein’s theorem [16] that E(J) is normal in G2(A) for
each ideal J of A. Since C(J) = [E(A), E(J)] by (1.7), it follows from Vaserstein’s
theorem that C(J) is also normal in G2(A).

(3.9) Lemma. Let A be a commutative ring, and let N1, N2 be G2(A)-conjugate,
E(A)-normalized subgroups of G2(A). Then `z(N1) = `z(N2).

Proof. Let Ji = `z(Ni), i = 1, 2. Then C(Ji) ⊆ Ni, i = 1, 2. But we have just seen
that C(Ji) is normal in G2(A), so the fact that N1, N2 are conjugates implies that
C(J1) ⊆ N2 and C(J2) ⊆ N1 also hold. It follows that J1 = J2.

(3.10) Theorem. Let A be a commutative ring and let J, J ′ be ideals of A such
that J3 ⊆ J ′ ⊆ J . Then G(J, J ′) and C(J, J ′) are normal subgroups of G2(A).

Proof. Let γ ∈ G2(A), and let N = G(J, J ′)γ . Then N is E(A)-normalized and
`(N) = J and `z(N) = J ′ by (3.7) and (3.9). The main theorem now shows that
N ⊆ G(J, J ′). This proves that G(J, J ′) is normal in G2(A). Since C(J, J ′) =
[E(A), G(J, J ′)] by (1.21), it, too, is normal.

4. Determination of the A2-level

The purpose of this section is to show that, for a given matrix X in G2(A),
the A2-level of X can be computed from its entries in a very explicit way. Recall
that the A2-level of X , `z(X), is defined to be the A2-level of the E(A)-normalized
subgroup N(X) generated by X , i.e., `z(X) = `(N(X)∩SL(3, A)). For this reason
we will be concerned with level ideals of elements of SL(3, A). It will turn out
that we can best examine these elements by passing to PSL(3, A). We note that
if Y ∈ SL(3, A) and Ȳ is its image in PSL(3, A), then Ȳ is the coset Y L(3, A; 0).
Since elements of this coset are unit multiples of Y , they all have the same level
ideal in A, `(Y ), and so we may unambiguously denote this ideal by `(Ȳ ). In
other words, to compute `(Y ) it suffices to identify the L(3, A; 0)-coset to which
Y belongs and compute the level ideal of any representative of that coset. In this
way, we may compute level ideals by doing computations in PSL(3, A).

Now let J be an ideal of A. We are going to construct a surjective group homo-
morphism ζJ : G(J) → PSL(3, A/J3; J/J3), which we will use in the sequel. To
do this, we begin by recalling that (2.9) showed that E(3, A; J)G(J, J3) = G(J);
hence G(J) = SL(3, A; J)G(J, J3). From (3.7) it is clear that

SL(3, A; J) ∩G(J, J3) = SL(3, A; J) ∩ L(3, A; J3).
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There is therefore a natural isomorphism

G(J)
G(J, J3)

−→ SL(3, A; J)
SL(3, A; J) ∩ L(3, A; J3)

.

The latter group is the image of SL(3, A; J) in PSL(3, A/J3), namely
PSL(3, A/J3; J/J3). Composing this map with the canonical surjection of G(J)
onto the first group, we obtain the desired homomorphism ζJ . Note that G(J, J3) =
ker(ζJ ).

[For reference, recall that PSL(3, A) = SL(3, A)/L(3, A; 0). For an ideal J of A,
we write PSL(3, A; J) to denote the image of SL(3, A; J) in PSL(3, A).]

The first lemma is a refinement of (2.9).

(4.1) Lemma. Let J be an ideal of a commutative ring A.
(i) If J ′ is an ideal such that J3 ⊆ J ′ ⊆ J , then

G(J, J ′) = G(J, J3)E(3, A; J ′).

(ii) If N is an E(A)-normalized subgroup of G2(A) such that G(J, J3) ⊆ N ⊆
G(J) and `z(N) = J ′, then N = G(J, J ′).

Proof. First we observe that (i) implies (ii), for the hypotheses in (ii) imply that
J3 ⊆ J ′ ⊆ J and the Main Theorem shows that N ⊆ G(J, J ′). On the other hand,
`z(N) = J ′ implies that N∩SL(3, A) ⊇ E(3, A; J ′); hence G(J, J ′)E(3, A; J ′) ⊆ N .
Thus, it suffices to prove (i).

Now G(J, J3) = G(J3)E(J, 0), so (i) is the assertion that

G(J, J ′) = G(J3)E(J, 0)E(3, A; J ′).

Since the right-hand side of this equation consists of products of elementaries mod-
ulo G(J3), it suffices to prove (i) under the hypothesis that J3 = 0.

Since J3 = 0, we have that SR2(A, J) and SR2(A, J ′) hold, so SL(3, A; J ′) =
E(3, A; J ′) and SL(3, A; J) = E(3, A; J). Also, G(J, J3) = E(J, 0)G(J3) = E(J, 0).
Now

G(J, J3) ⊆ G(J, J ′) ⊆ G(J) = G(J, J3)E(3, A; J),

by (2.9). Thus,

G(J, J ′) = G(J, J3)[G(J, J ′) ∩ SL(3, A; J)].

But G(J, J ′) ∩ SL(3, A; J) = SL(3, A; J) ∩ L(3, A; J ′). Consider a matrix X in
this last intersection, so a(X) =

[
1
0

0
Y

]
, where

Y =


y11 ∗

y22

∗ y33

 ,

and y11 = 1 + j, y22 = y11 + k, y33 = y11 + `, where j ∈ J and k, ` ∈ J ′. Then
y3
11 = 1 because J3 = 0. This means that Y = Y1Y2, where

Y1 =


y11 0 0

0 y11 0

0 0 y11

 ,
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and Y2 ≡ I mod J ′. Let X1, X2 ∈ G2(A) be the elements such that a(X1) =
[

1
0

0
Y1

]
and a(X2) =

[
1
0

0
Y2

]
. Then X2 ∈ SL(3, A; J ′) and, as noted in the proof of (3.5),

X1 ∈ E(J, 0) = G(J, J3). It follows that

G(J, J ′) ⊆ G(J, J3)SL(3, A; J ′) = G(J, J3)E(3, A; J ′),

and this completes the proof.

Note that it follows from (4.1) that if J3 ⊆ J ′ ⊆ J , then

ζJ (G(J, J ′)) = PSL(3, A/J3; J ′/J3).

(4.2) Lemma. Let J be an ideal of a commutative ring A such that J3 = 0. If S
is a subset of G2(A) and `(S) = J , then `z(S) = `(ζJ (S)).

Proof. Let N be the E(A)-normalized subgroup of G2(A) generated by S. Then
`(N) = J and hence C(J, 0) ⊆ N by (3.6). Since 3J = 0, it follows that E(J, 0) ⊆ N
by (1.5). But E(J, 0) = G(J, J3) = ker(ζJ ), so we have that G(J, J3) ⊆ N . Setting
J ′ = `z(N), (4.1) tells us that N = G(J, J ′) and hence that ζJ (N) = PSL(3, A; J ′).
Thus, `z(N) = `(ζJ(N)).

Let J ′′ = `(ζJ(S)). Then J ′′ ⊆ J ′. By definition, `z(S) = `z(N) = J ′, so it
only remains to show that J ′ ⊆ J ′′. This is equivalent to showing that G(J, J ′) ⊆
G(J, J ′′) and therefore, in our case, to showing that S ⊆ G(J, J ′′). So let X ∈ S. We
know that ζJ(X) ∈ PSL(3, A; J) and `(ζJ(X)) ⊆ J ′′. Thus, ζJ(X) = Y L(3, A; 0),
where Y ∈ SL(3, A; J) ∩ L(3, A; J ′′). As in the proof of (4.1), such an element
Y can be written as Y = Y1Y2, where Y1 ∈ L(3, A; 0) and Y2 ∈ SL(3, A; J ′′). It
follows that

ζJ(X) = Y2L(3, A; 0) ∈ PSL(3, A; J ′′) = ζJ (G(J, J ′′)).

Since ker(ζJ ) = E(J, 0) ⊆ G(J, J ′′), this proves that X ∈ G(J, J ′′) and completes
the proof of the lemma.

The next lemma shows, in essence, that `z(S) can be computed modulo `(S)3.
Put together with (4.2) this effectively allows us to calculate A2-levels as level ideals
in PSL(3, A/`(S)3). In order to state the next result, let ν : A → A/J3 be the
canonical ring homomorphism and use overbars to denote images under ν. For
example, Ā denotes A/J3 and if N ⊆ G2(A), then N̄ is its image in G2(Ā), or,
equivalently, its image modulo G(J3).

(4.3) Lemma. Let A be a commutative ring, and let S be a subset of G2(A). Set
J = `(S), and let ν : A → A/J3 be the canonical map. Then `z(S) = ν−1(`z(S̄)) =
ν−1(`(ζJ (S))).

Proof. The second equality follows from (4.2), so we only need to verify the first
one. Let N be the E(A)-normalized subgroup of G2(A) generated by S. Then N̄ is
the E(Ā)-normalized subgroup of G2(Ā) generated by S̄. Since J3 ⊆ `(S) = `(N)
by (3.6), it suffices to show that `z(N) = `z(N̄).

It is clear that N ∩ SL(3, A) ⊆ N̄ ∩ SL(3, Ā) and hence that `z(N) ⊆ `z(N̄).
On the other hand, from (3.6) we have that N ⊆ G(J, J ′), where J ′ = `z(N), so
that `z(N̄) ⊆ `z(G(J, J ′)). Thus, it suffices to prove that `z(N̄) ⊆ `z(N) in the
case that N = G(J, J ′). This means that we may proceed under the assumption
that N ⊇ G(J3) = ker(G2(A) → G2(Ā)). Since `(N̄) = J̄ ,

N̄ ∩ SL(3, Ā) = N̄ ∩ SL(3, Ā; J̄) = N̄ ∩E(3, Ā; J̄) = N̄ ∩E(3, A; J).
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Because N ⊇ G(J3), however, we get that N̄ ∩ E(3, A; J) = N ∩ E(3, A; J) from
which it follows that `z(N̄) ⊆ `z(N). This completes the proof of the lemma.

From Lemma (4.3) it should now be clear that for an X ∈ G2(A), `z(X) may
be computed as follows: write X = X1X2 with X1 ∈ G(`(X), `(X)3) and X2 ∈
SL(3, A), and then `z(X) = `(X2) + `(X)3.

We adopt the following notation: For matrices X ∈ G2(A), we let Y (X) be the
3× 3 block such that a(X) =

[
∗
∗

∗
Y (X)

]
. If X ∈ SL(3, A), we use braces {Y (X)} to

denote the image of this matrix in PSL(3, A) (or PSL(3, Ā), if appropriate).

(4.4) Lemma. Let J be an ideal in a commutative ring A such that J3 = 0. Let
X = [aij ] ∈ G(J), and let a(X) =

[
ρ
g

f
y

]
, where ρ = a11, f = [a12, a13, a14], g =[

a21a31a41

]
, y = Y (X). Set u = [a61, a71, a81]. Then

ζJ (X) =
{
Y (L(u)T )Y (L(g))(y + gf)

}
.(4.5)

Proof. We apply (2.8). Since S(fy−1) and S(g) are in E(J, 0) = ker ζJ ,

ζJ(X) =
{
Y (L(fy−1)T )Y (L(g))(ρI − gfy−1)−1y

}
.

Now fy−1g = ρ − 1 and fy−1 = ρ−1u, by (A.6). But ρ3 = 1 and the matrix
L(t1, t2, t3) is defined by polynomials in t1, t2, t3 in which every monomial has
degree divisible by 3, so that L(fy−1) = L(u). One checks that (ρI − gfy−1)−1 =
ρ−1(I +gfy−1) by multiplying. Then {ρ−1(I +gfy−1)y} = {y+gf}, and the proof
is complete.

We note that if J is an ideal of A which is locally principal, then J3 ⊆ J3 which
makes L(u) = L(g) = I above. This holds, for example, if J is principal or if J
is any ideal in a Dedekind ring. In these special cases, Lemma (4.4) becomes the
following theorem.

(4.6) Theorem. Let J be an ideal of a commutative ring A such that J3 ⊆ J3,
and let X ∈ G(J), with a(X) =

[
ρ
g

f
y

]
. Then

ζJ(X) = {y + gf}.
Putting everything together gives a nice way to compute `z in these cases:

(4.7) Corollary. Let A be a commutative ring, and let X ∈ G2(A), with a(X) =[
ρ
g

f
y

]
. If `(X)3 ⊆ `(X)3, then `z(X) = `(y + gf) + `(X)3.

The computation of `z(X) in the general case requires more work. It is clear
that by using (4.5) with J = `(X) we could obtain 8 polynomials in the entries of
X which generate `z(X) modulo `(X)3. These polynomials seem to us to be too
cumbersome to present here. Instead, we proceed with an alternate computation
of `z(X) in terms of 2× 2 minors of X .

For X an arbitrary element of G2(A), let m0(X) be the ideal

m0(X) = (τ27, τ28, τ36, τ38, τ46 − 1, τ47, τ26 − τ37) + `(X)3,

where τij is the 4, 6, i, j minor of X . Let π = (234)(678) and set m(X) = m0(X) +
m0(Xπ) + m0(Xπ2

).
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For any permutation σ in SL(8,Z) the i, j, k, ` minor of Xσ is the

σ−1(i), σ−1(j), σ−1(k), σ−1(`)

minor of X , so m(X) can be expressed in terms of 24 minors of X .

(4.8) Theorem. Let A be a commutative ring, and let X be an element of G2(A).
Then m(X) is the A2-level of X.

Proof. In (3.5) we have shown that m0(X) is contained in `z(X). This makes it
clear that m(X) ⊆ `z(X). It remains to prove the opposite inclusion. In what
follows, we make free use of (A.10) and (A.11). We set J = `(X).

Claim 1. The A2-level of Q = [x3c+2k(1), X ] is contained in m0(X).
To prove this we go modulo m0(X), so that m0(X) = 0, and show that ζJ (Q) =

1.
Since J3 = 0 and τ26 = τ37, we have

τ26 = τ48 = τ37 = τ37τ46 = τ34τ76 − τ36τ74

= −τ34τ67 = τ14τ16.

Now τ13 = τ13τ46 = τ14τ36 − τ16τ34 = −τ2
16. Also, τ17 = τ17τ46 = τ14τ76 − τ16τ74 =

−τ14τ67 = τ2
14, so

τ12 = τ12τ46 = τ14τ26 − τ16τ24 = τ14τ26 + τ16τ17 = −τ2
14τ16.

Finally,

τ18 = τ18τ46 = τ14τ86 − τ16τ84 = −τ14τ13 + τ16τ48 = −τ14τ
2
16.

Computing ζJ(Q) using m0(X) = 0 and the relations just derived we get

ζJ (Q) =

E13(τ2
16τ

2
14)E13(τ2

16τ
2
14)


η 0 τ2

16τ
2
14

0 η 0

0 0 η


 ,

where η = 1 + τ16τ14 + τ2
16τ

2
14. It follows that ζJ (Q) = 1 and hence that `z(Q) ⊆

m0(X), by (4.2). This proves Claim 1.
Claim 2. The A2-levels of [x−k(1), X ] and [x−3c−k(1), X ] are contained in

m(X).
We have [x−3c−k(1), X ]π = [x3c+2k(1), Xπ] and [x−k(1), X ]π

2
= [x3c+2k(1), Xπ2

].
Applying Claim 1 to Xπ and Xπ2

proves Claim 2.
To finish the proof of the theorem, we may assume that m(X) = 0 and show

that ζJ (X) = 1. We have seen in Claims 1 and 2 that if

φ ∈ {−k,−3c− k, 3c + 2k},
then ζJ([xφ(1), X ]) = 1. Thus,

1 = ζJ ((X−1)xφ(1))ζJ (X) = [{Y (xφ(1))}, ζJ(X)],

i.e., that {Y (xφ(1))} centralizes ζJ (X) in PSL(3, A). But

{Y (xφ(1))|φ ∈ {−k,−3c− k, 3c + 2k}}
generates E(3, B), where B is the prime subring of A. Now Lemma (A.16) shows
that ζJ (X) = 1, and the proof of the theorem is complete.
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Appendix

Here we develop our particular representation of G2(A) as a subgroup of GL(8, A)
by using the fact that G2(A) can be viewed as the automorphism group of the split
Cayley algebra over A.

Let A be a commutative ring with identity. We shall denote by O(A) the split
Cayley algebra over A (also called the split octonions over A). Our development is
taken from Jacobson [13], with extra detail provided by J. Faulkner. The algebra
O(A) is the set of all “2× 2 matrices”

(
α
b

a
β

)
such that α, β ∈ A, and

a =


a1

a2

a3

 , b =


b1

b2

b3


are elements (vectors) in the rank 3 free A-module A3. Addition and scalar multi-
plication in O(A) are defined component-wise, so that O(A) is a free A-module of
rank 8. The multiplication in O(A) is defined by the Zorn product(

α a

b β

)(
γ c

d δ

)
=

(
αγ − a · d αc + δa + b× d

γb + βd + a× c βδ − b · c

)
,

where · and × denote the usual vector “dot product” and “cross product,” re-
spectively, in A3. The ring A is naturally identified with a subalgebra of O(A)
via the embedding α 7→ (

α
0

0
α

)
, for all α ∈ A. This makes O(A) a non-associative

A-algebra. (A weak form of associativity does hold in O(A): for all x, y ∈ O(A),
x2y = x(xy) and xy2 = (xy)y, i.e, O(A) is an alternative algebra.)

Involution, trace, norm. There is a natural involution, x 7→ x̄, on O(A) defined
by
(

α
b

a
β

)
7→
(

β
−b

−a
α

)
. Using this involution one defines the trace and norm of an

element x ∈ O(A) by Tr(x) = x + x̄ and N(x) = xx̄, respectively. It is easily
checked that these are elements of A. In fact, if x =

(
α
b

a
β

)
, then Tr(x) = α + β

and N(x) = αβ + a · b. Note that Tr is an A-linear map and N(xy) = N(x)N(y).
The trace and norm are, in turn, used to define the bilinear form N(x, y) =

N(x + y) −N(x) − N(y) = Tr(xȳ) and the trilinear form T (x, y, z) = N(xy, z) =
Tr((xy)z̄).

Letting Aut(O(A)) be the group of involution-preserving A-algebra automor-
phisms of O(A), we have G2(A) = Aut(O(A)). Since the trace, the norm, the
bilinear form, and the trilinear form on O(A) are all defined using the involution,
the elements of G2(A) preserve all of these. Conversely, it can be shown that any A-
module automorphism of O(A) which preserves N(x, y) and T (x, y, z) is an element
of G2(A).

Ordered bases. Let A3 have ordered basis e2, e3, e4. We fix an ordered basis

B = {u1, u2, u3, u4, u5, u6, u7, u8}
for O(A) as follows: set u1 =

(
1
0

0
0

)
, u5 =

(
0
0

0
1

)
, ui =

(
0
0

ei

0

)
for i = 2, 3, 4, and

uj =
(

0
ej−4

0
0

)
for j = 6, 7, 8.
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Using this basis, an element

x =


x1

 x2

x3

x4

 x6

x7

x8

 x5


of O(A) can be written x =

∑8
i=1 xiui. It is also sometimes useful to refer to the

following basis: e11 = u1, e12 = −u2, f12 = −u3, g12 = −u4, e22 = u5, e21 = u6,
f21 = u7, g21 = u8. The point is that because {e11, e12, e21, e22}, {e11, f12, f21, e22},
and {e11, g12, g21, e22} each form a set of matrix units for M2(A), we obtain from
them three embeddings of M2(A) in O(A).

An element X of G2(A) is an A-linear isomorphism of O(A) and can therefore
be represented by a matrix relative to the basis B. Setting uiX =

∑8
j=1 aijuj,

we identify X with its 8 × 8 matrix [aij ]. In this way we identify G2(A) with a
subgroup of GL(8, A). For reasons which will soon become apparent, it will also be
convenient to view X as a 2× 2 matrix

[
a(X)
c(X)

b(X)
d(X)

]
, where a(X), b(X), c(X), and

d(X) are the 4× 4 blocks of the matrix X . Thus,

a(X) =


a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44

 ,

etc.

Membership in G2(A). We next focus on the question of which invertible ma-
trices X ∈ GL(8, A) belong to G2(A) = Aut(O(A)). The first thing to ob-
serve is that an invertible X is in Aut(O(A)) if and only if for all u, v ∈ O(A),
(uv̄)X = (uX)(vX). Since X is linear and every element of O(A) can be expressed
in terms of the basis B, we get that X is in Aut(O(A)) if and only if

(uiūj)X = (uiX)(ujX) for all 1 ≤ i, j ≤ 8.

Writing (uiX)(ujX) in terms of the basis B, the coefficients are polynomials in
the entries of X . Equating these with the coefficients in the expression for (uiūj)X
gives 512 polynomial relations on the entries of X . Let P be this set of polynomials.

(A.1) An element X ∈ GL(8, A) is in G2(A) if and only if the entries in X satisfy
the polynomials in P .

Membership in G2(A) can also be expressed in terms of multiplication operators.
For each v ∈ O(A), let Lv : O(A) → O(A) be the A-linear map x 7→ vx. One
easily checks that the following statement holds:

(A.2) An element X ∈ GL(8, A) is in G2(A) if and only if for all v ∈ O(A),
v̄X = (vX) and X−1LvX = LvX .

Let P =
[

0
I

I
0

]
where P ∈ GL(8, A). With respect to the basis B, we have

N(x, y) = xPyT , for all x, y ∈ O(A). If X ∈ G2(A), we have N(xX, yX) = N(x, y)
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for all x, y ∈ O(A), and hence XPXT = P . It follows that X−1 = PXT P . Writing
X =

[
a
c

b
d

]
in block form, we get

(A.3) If X ∈ G2(A), then X−1 =
[

dT

cT
bT

aT

]
. Therefore, adT +bcT = 1, dT a+bT c =

1, and abT , dcT , dT b, aT c are skew-symmetric.

[We note that with the present notation, T (x, y, z) = (xy)PzT . It follows that
an invertible matrix X which leaves N(x, y) and T (x, y, z) invariant must preserve
products in O(A) and is easily seen to be in G2(A).] Note also that P ∈ G2(A),
which can be shown using (A.2).

Since 1 = u1 + u5 and any X in G2(A) must leave the identity of O(A) fixed,
we have [1, 0, 0, 0, 1, 0, 0, 0]X = [1, 0, 0, 0, 1, 0, 0, 0]. The same must be true of X−1.
This yields the next fact:

(A.4) If X ∈ G2(A), then the sum of the first and fifth row is [1, 0, 0, 0, 1, 0, 0, 0],
and likewise for the first and fifth column.

Defining Q ∈ GL(8, A) by

a(Q) = d(Q) =


1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

 ,

and

b(Q) = c(Q) =


0 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 ,

one can check that for all v ∈ O(A), (Lv)T = L(vQ). Using (A.3) and (A.4) one
sees that QXQ = X−T for X in G2(A). Combining this with (A.2) we get

(A.5) If X ∈ G2(A), then XT ∈ G2(A).

We now show how these facts can be applied to find simple expressions for
adT , bcT , abT , dcT , in terms of the entries of an X = [aij ] in G2(A). To this end,
observe that the coefficient of u1 in (uiX)(ujX) is

ai1aj5 + ai2aj6 + ai3aj7 + ai4aj8.

Choosing 1 ≤ i ≤ 4 and 5 ≤ j ≤ 8 produces the entries in adT . But (uiX)(ujX) =
(uiūj)X , so that we may compute these values by computing uiūj and taking the
dot product with the first column of X . Doing so reveals that adT = a11I. It
now also follows that bcT = (1− a11)I. Applying this to XT and using (A.4) gives
dT a = a11I, bT c = (1− a11)I.

Computing similarly with 1 ≤ i ≤ 4 and 1 ≤ j ≤ 4 gives the entries in abT .
Applying this to X−1, XT , and X−T , we get the following results:

(A.6) Let X =
[

a
c

b
d

]
= [aij ] belong to G2(A). Then

(i) adT = dT a = a11I and bcT = cT b = (1− a11)I.
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(ii)

abT =


0 −a21 −a31 −a41

a21 0 −a81 a71

a31 a81 0 −a61

a41 −a71 a61 0

 ;

dcT =


0 a61 a71 a81

−a61 0 a41 −a31

−a71 −a41 0 a21

−a81 a31 −a21 0

 ;

dT b =


0 a16 a17 a18

−a16 0 a14 −a13

−a17 −a14 0 a12

−a18 a13 −a12 0

 ;

aT c =


0 −a12 −a13 −a14

a12 0 −a18 a17

a13 a18 0 −a16

a14 −a17 a16 0

 .

The case of a11 a unit. Let X =
[

a
c

b
d

]
= [aij ] be an element of G2(A) and

suppose that a11 is a unit in A. Since adT = a11I, a is an invertible 4 × 4 matrix
with a−1 = a−1

11 dT . From (A.4) we know that a11 = a55 = d11, the (1, 1)-entry of
d, so that the (1, 1)-entry of a−1 is 1. On the other hand, a−1 = det(a)−1adj(a). It
follows that

(A.7) If X ∈ G2(A) and a11 is invertible, then

det(a) = det


a22 a23 a24

a32 a33 a34

a42 a43 a44

 .

Next observe that d = a11a
−T . This says that d is uniquely determined by the

entries of a. Since the entries of a and d determine those in the first column and
row of X by (A.4), it follows from (A.6) that the entries of a uniquely determine
baT and aT c. Then b = (baT )a−T and c = a−T (aT c) are also determined by the
entries of a. We therefore have the following result:

(A.8) If X ∈ G2(A) and a11 is invertible, then X is uniquely determined by the
entries of a(X).
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For future reference and use it will be advantageous to note some particular
relations from the set P of (A.1). In these we use the notation mijk` to denote the
2 × 2 minor of X formed using rows i and j and columns k and `, i.e., mijk` =
aikaj` − ai`ajk.

(A.9) If X ∈ G2(A), then the following relations hold:

a66 = −m3416 + m3434,

a76 = m2416 −m2434,

a86 = −m2316 + m2334,

a67 = −m3417 −m3424,

a77 = m2417 + m2424,

a87 = −m2317 −m2324,

a68 = −m3418 + m3423,

a78 = m2418 −m2423,

a88 = −m2318 + m2323.

Proof. To obtain the expressions for a66, a67, a68, let i = 3, j = 4 in the funda-
mental relation (uiX)(ujX) = (uiūj)X , and compare the coefficients of u6, u7, u8.
Then apply (A.4). For a76, a77, a78, use i = 4, j = 2; for a86, a87, a88 use
i = 2, j = 3.

If for i = 6, 7, 8 we define

[i] =


34, i = 6,
42, i = 7,
23, i = 8,

then we may summarize these relations in the form

aij = −m[i]1j + m[i][j], 6 ≤ i, j ≤ 8.

While we are at it, we record here some more facts about minors which we will
be using:

(A.10) Plücker relations. For any matrix X with entries in A and any fixed
positive integers s, t, set τij = mstij for all i, j. Then for any positive integers
i, j, k, h,

τijτkh + τjkτih + τkiτjh = 0.

Proof. This is easily verified.

(A.11) Let X ∈ G2(A) and fix integers s ∈ {2, 3, 4} and t ∈ {6, 7, 8} so that
s 6= t − 4. For integers i, j let τij = mstij as above. Then the following identities
hold:

τ78 = −τ12, τ68 = τ13, τ67 = −τ14, τ34 = τ16, τ24 = −τ17,
τ23 = τ18, and τ26 + τ37 + τ48 = 0.

Proof. The integers s, t are chosen so that usūt = 0. Applying the fundamental
identity (A.1) we have

(usX)(utX) = 0 in O(A).
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Letting X = [aij ] and computing the product of

usX =


as1

 as2

as3

as4


 as6

as7

as8

 as5


and (utX) in terms of the aij ’s immediately gives τ78 = −τ12, τ68 = τ13, τ67 =
−τ14, τ34 = −τ56, τ24 = τ57, and τ23 = −τ58. Subtracting the coefficient of e5 from
the coefficient of e1 in (usX)(utX) gives τ15 + τ26 + τ37 + τ48 = 0. Using (A.4) one
sees that τ15 = 0 and that τ5j = −τ1j for all j. This completes the proof.

Scalars, diagonal elements, and the stabilizer of e11. We now give some
important facts about special elements of G2(A).

(A.12) If αI ∈ G2(A) for some α ∈ A, then α = 1.

Proof. From (A.4), a11 + a15 = 1. But a11 = α and a15 = 0.

From this (or otherwise), it is easy to see that G2(A) has trivial center. Next we
have a result on diagonal matrices in G2(A).

(A.13) Let X ∈ G2(A) be a diagonal matrix, say with

a(X) =


α 0

β
γ

0 δ

 .

Then α = 1 and βγδ = 1.

Proof. That α = 1 follows from (A.4) as in the previous proof. Now the second
and third rows of X show that e12X = βe12 and f12X = γf12. Multiplying these
equations, we get g21X = βγg21. But a(X)d(X) = I, so the last row of X indicates
that g21X = δ−1g21, proving that βγδ = 1.

(A.14) Corollary. The stabilizer of e11 in G2(A) is the subgroup SL(3, A).

Proof. As in Section 1, we regard SL(3, A) as embedded in G2(A) via

Y 7→


1 0

Y T

1
0 Y −T

 .

If X ∈ Stab(e11), then since X fixes the identity 1 = e11 +e22 of O(A), X also fixes
e22. The same is true of X−1 and hence the first and fifth rows and columns of X
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are determined:

X =



1 0 0 0 0 0 0 0
0 0
0 ∗ 0 ∗
0 0
0 0 0 0 1 0 0 0
0 0
0 ∗ 0 ∗
0 0


.

Then a(X) and d(X)T are inverses and by (A.6), b(X) = c(X) = 0. So X =
[

a
0

0
a−T

]
with

a =


1 0 0 0
0
0 M
0

 ,

where M ∈ GL(3, A). Let δ = det(M). Then

Y =

 δ−1 0 0
0 1 0
0 0 1

M ∈ SL(3, A),

and hence X ′ =
[

a′
0

0
a′−T

]
is in G2(A), where

a′ =


1 0 0 0
0
0 Y
0

 .

Then X(X ′)−1 is a diagonal matrix in G2(A) with

a(X(X ′)−1) =


1

δ
1

1

 .

By (A.13), δ = 1. This proves that X ∈ SL(3, A).

The embedding σ : SL(2, A) → G2(A) of Section 1 also gives some information
we need. If λ ∈ A is a unit, then

[
λ
0

0
λ−1

]
∈ E(2, A). In Section 1 we point out that

σ1 = σ maps E(2, A) into E(A; A, 0). Now σ
([

λ
0

0
λ−1

])
is a diagonal matrix with

a-block 
1 0 0 0
0 λ−2 0 0
0 0 λ 0
0 0 0 λ

 .
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Note that this matrix is in the center of SL(3, A) if and only if λ3 = 1, and,
furthermore, that this element is also in the other embeddings σ2, σ3 of SL(2, A)
in G2(A). From this and (A.13) we have

(A.15) Let λ be a unit in A. Let Λ = diag(1, λ, λ, λ, 1, λ−1, λ−1, λ−1). Then
λ3 = 1 if and only if

Λ ∈ Center(SL(3, A)) ∩ σ1(E(2, A)) ∩ σ2(E(2, A)) ∩ σ3(E(2, A)).

We close the appendix with a general fact to be used in Section 4.

(A.16) Lemma. Let A be a commutative ring, B its prime subring, n ≥ 3 an
integer, and y ∈ SL(n, A). Suppose that E(n, B) centralizes y in PSL(n, A). Then
y = λI for some λ in A.

Proof. Consider a, b in E(n, B). We have [ab, y] = [a, y]b[b, y] = [a, y][b, y], since all
commutators in these equations are scalar matrices by hypothesis.

Thus, a → [a, y] is a homomorphism on E(n, B) into an abelian group. But
[E(n, B), E(n, B)] = E(n, B) since n ≥ 3, so the homomorphism must be trivial
and [a, y] = 1 for every a in E(n, B). For i 6= j let eij be the matrix unit in n× n
matrices. Now (I + eij)y = y(I + eij) for all i 6= j. It follows that y is a scalar, as
promised.
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