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ON THE NORMAL SUBGROUPS OF Gs(A)

DOUGLAS L. COSTA AND GORDON E. KELLER

ABSTRACT. We give a characterization theorem for the E(A)-normalized sub-
groups of G2(A), where A is any commutative ring. This is the last of the
simple Chevalley-Demazure group-schemes for which such a theorem is lack-
ing.

INTRODUCTION

In this paper we prove a theorem (3.6) which characterizes the E(A)-normalized
subgroups of Ga2(A) for an arbitrary commutative ring A. The theorem brings
to completion the larger project of finding characterization theorems for E(A)-
normalized subgroups of simple Chevalley-Demazure group-schemes G(A) of rank >
2 over arbitrary commutative rings. The bulk of the project was done by Vaserstein
in his essential paper [16]. There he proved the standard characterization theorem,
given by a “ladder” corresponding to an ideal, for all commutative rings for all G
of rank > 2 except those of types Bo = C5 and G2. Vaserstein also suggested in
that paper that previous work by Abe [1] and Abe-Suzuki [3] could be improved to
yield more. This was accomplished by Abe in [2], wherein he showed that E(A)-
normalized subgroups of G(A) could be characterized by ladders determined by
“admissible pairs” of ideals, with the exception that for G of type By = Cs or G4
rings A having residue class fields of two elements must be excluded. Our paper [8]
subsequently succeeded in removing this restriction for G of type Cy (and so also
for G of type Bs) by recognizing that the presence of residue fields of two elements
required lowering the bottom rung of the ladder. This left only the case G of type
G to be finished; the present paper does so by applying the “lower bottom rung”
idea of [8] (see also [7]) to this case.

We now give a more explicit description of our results. Let A be an arbitrary
commutative ring and denote by G2(A) the group of type G2 defined over A. The
main theorem (3.6) is that a subgroup N of G3(A) is E(A)-normalized if and
only if C(J,J) C N C G(J,J’) for a pair of ideals J, J’ satisfying the condition
J3 C J' C J. Here, J3 denotes the ideal of A generated by all elements of the form
23 and 3z for all z in J, so that (J,J') is an admissible pair in the sense of Abe.
The bracketing groups C(J,J') and G(J,J') are defined in Section 1 below. In
essence, C(J,J') is the mixed commutator group [E(A), E(J,J")], where E(J,J')
is the E(A)-normalized subgroup generated by all elements x,(j) with « long and
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j € J and all (') with g short and 5/ € J'. [In [2], Abe’s lower bracketing group
is E(J,J"), which is too large for the two-element residue field case.] The group
G(J,J') is a congruence group: it consists of all elements whose level is contained
in J and whose “As-level” is contained in J’. This is proved in (3.7). [There is a
naturally embedded copy of SL(3, A) in G2(A) and the As-level of N is the level
ideal of the intersection N N SL(3,A); see Definition (1.8).] In (3.10) we show
that G(J,J') and C(J,J') are, in fact, normal in G3(A). Section 3 also shows that
there is a perfect correspondence between admissible pairs (J, J') and the groups
G(J,J).

There are some other salient features of the paper which deserve mention here.

First, a key to our approach is to use the well-known fact that G2(A) can be
thought of as the automorphism group of the split octonion algebra, O(A), over A.
Taking this point of view allows us to realize G2(A) as a group of 8 x 8 matrices in
which we may carry out many of our computations. This representation of Go(A)
is developed in an appendix and leads to a new matrix characterization of Go(A)
in Section 2 (Theorem (2.1)).

Second, in the spirit of [9], we give a homomorphism on E(J, J') whose kernel
is precisely C(J, J’). The homomorphism is explicit in the sense that it is given by
a polynomial in the entries of the matrices constituting elements of Go(A). It thus
provides an effective way to decide which elements of E(J, J') are in C(J, J’). This
is done in Theorem (1.18).

Finally, Section 4 provides a computational method for determining the “As-
level” of a matrix in G2(A). This means in principle that for a given E(A)-
normalized subgroup N, one can explicitly determine the admissible pair (J, J').

The problem of characterizing normal subgroups of linear and classical groups
has a history dating back over a century. Initially, of course, the primary focus
was on groups defined over fields. Later efforts produced theorems for groups
defined over special classes of rings, such as algebraic number rings satisfying certain
conditions. Much of the recent work on the characterization problem was inspired
by the work of Bass-Milnor-Serre [5] on the congruence subgroup problem and,
to some extent, by the techniques developed by Suslin and Vaserstein in their
attacks on the Serre conjecture. The surprising result of Wilson [18], characterizing
E(n, A)-normalized subgroups of GL(n, A) for all n > 4 and all commutative rings
A, showed everyone that theorems for arbitrary commutative rings were possible.
This provided the impetus leading to Golubchik [10], [11], Vaserstein [15], and
Borevich-Vavilov [6], in each of which Wilson’s theorem was extended to n > 3.

The extension of the latter work to groups of rank > 2 is principally due to
Vaserstein, Abe, and Taddei. Taddei [14] proved the normality of E(A) in G(A).
Vaserstein [16] used Taddei’s result to prove that for any ideal J of A, (1) E(J)
is normal in G(A), and (2) [E(A),G(J)] C E(J). [See definitions below. These
theorems are crucial in our proofs.] This enabled Vaserstein [16] and Abe [2] to
prove the omnibus theorems described above, and gave us the tools to complete the
characterization theorems for groups of type Cs in [8] and groups of type G2 in the
present paper. For more detailed background and history we refer the reader to the
excellent survey [17] by Vavilov, the introduction to [16], and the comprehensive
text of Hahn and O’Meara [12].

We are indebted to John Faulkner and Bruce Allison for their gracious and
generous advice and counsel throughout this work.
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1. THE GROUP G2(A): BASIC RESULTS

Let A be a commutative ring with identity. Let G5 be the almost simple
Chevalley-Demazure group scheme with root system ®, where ¢ is as in Figure
1. The group G2(A) is the group of A-valued points of Gao. As discussed in the
appendix, we may simultaneously view G2(A) as the group of A-automorphisms of
the split Cayley algebra over A, O(A).

We now set up some notational conventions. Let F(A) be the subgroup of G2 (A)
generated by all elementary unipotent elements x4 (t) with ¢ € ® andt € A. For any
ideal J of A, let G(A;J) = G(J) be the group of all elements of G2(A) congruent
to the identity modulo J, i.e., the principal congruence subgroup defined by J. By
(A.12), G(J) is also the inverse image of the (trivial) center of G2(A/J) under the
canonical homomorphism Go(A) — Go(A/J).

If X € G3(A), the level ideal of X, £(X), is defined to be the smallest ideal J
such that X is a scalar modulo J. By (A.12), ¢(X) is the ideal generated by the
entries of X — I; moreover, ¢(X) is the smallest ideal J such that X € G(J). For
a subgroup H of G2(A), we set £(H) =" .y ¢(X). Clearly, £(H) is the smallest
ideal J such that H C G(J).

For a subset S of A we denote by E(A;S) or E(S) the normal subgroup of E(A)
generated by the elements z4(t) for all ¢ € ® and all ¢t € S.

Let @4 be the set of short roots in ®, and let ®;, be the set of long roots in
®. If S, S’ are two subsets of A, we denote by E(A4;5,S") or E(S,S’) the normal
subgroup of F(A) generated by

{zg(s)| ¢ € Bs, s € STU{wp(s")|p € By, s" €5}

Note that E(S) = E(S,S). With these conventions we may also define certain
“generic” subgroups we will need: For ideals J, J', set G(J,J") = E(J,J") - G(J').

3c+ 2k

i c+k 2c+ k etk

—3c—k —k
—2c—k —c—k

—3c— 2k

FIGURE 1
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For ¢ € ® and t € A, set z4(t) = x_4(t)z¢(t). Then for any subset S of A, we
set C(S) equal to the normal subgroup of E(A) generated by {z4(t)| ¢ € @, t € S};
and for two subsets S,5" of A we let C(S5,S") be the normal subgroup of E(A)
generated by

{26(t)| ¢ € ®s, t € STU{24(t)| ¢ € Dy, t € S}

For an ideal J of A and a positive integer n, we define J, to be the ideal of A
generated by {t"|t € J} U {nt|t € J}. We shall be particularly concerned with
Js = (t3,3t|t € J). Another ideal we will need is

vng(J) = ({a® —ala € J}) = vna(A) N J.
(See [7, 9].)

Embeddings of SL(2, A) and SL(3, A) in G2(A). In this section we view G2(A)
as Aut(O(A)). Observing, as in the appendix, that the subalgebra & of O(A)
spanned by u; = e11, —uz = €12, ug = €21, and us = eg9 is a 2 X 2 matrix algebra
over A, we note that f = fi2 + f21 is a unit in O(A4) and that O(A) = &€ + f€
is a direct sum decomposition of O(A). For an element Y of SL(2, A), this allows
us to define an automorphism o(Y) € Ga(A) by the rule: o(Y) : e + fe' —
Y~leY +Y(fe), for any e,e’ € £, where e, e’ are viewed as 2 x 2 matrices. Then
o: SL(2,A) — G2(A) is an embedding of SL(2, A) in G2(A). There are three such
embeddings. We shall sometimes write “SL(2, A)” to denote one of these subgroups
of G3(A).

Note that with respect to the representation chosen for G2(A) in the appendix,

iy = [:g] € SL(2, A), then

b =08 0 0 —B8 —va 0 O
—v5 62 0 0 ~d 2.0 0
0 0 a 0 0 0 0 -8
0 0 0 a O 0 B 0
oY) = -8y B6 0 0 ad ay 0O O
—Ba B 0 0 ap a®> 0 0
0 0 0O ~ O 0 o6 O
| 0 0O —v 0 O 0 0 ¢ |

Next, suppose that Y € SL(3, A). Using the notation () for an element of
O(A) (see appendix), we define 7(Y) € Ga(A) by 7(Y) : (2°) (Yflw Y:v).
Then 7 is an isomorphism of SL(3, A) into G2(A). We denote the image of 7 by
SL(3,A). Using the matrix representation of G3(A) in the appendix,

=100,

where

oo o
)-.<:
~
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Conversely, any X in Go(A) with b(X) = ¢(X) =0 and

is in SL(3, A). (See the appendix.)

Under these embeddings any Y in SL(2,A) or SL(3,A) which is elementary
is mapped to a matrix X in G3(A) having upper left 4 x 4 block a(X) elemen-
tary. By (A.8), the elementary matrix a(X) determines X completely, so we may
specify these elements by specifying this block. It can be shown that the images
of the elementary matrices in SL(2, A) under the (three) maps o are the elemen-
tary unipotent elements x4(t), ¢ € ®,. The images of the elementary matrices in
SL(3,A) under the map 7 are the z4(t), ¢ € Dy.

In this paper, we choose the root k so that when xj(t) is written as an 8 x 8
matrix, its upper left block is

10 0 0
01 ¢t O

&(Ik(t)) = 00 1 0 =1+ t€23.
0 0 01

At this point there is some freedom of choice as to the representation of xs.y(t).
One of the possible choices, which we now make, is to pick zs.4+x(t) so that

a(ﬂf36+k(t)) =1+ t834.

These two elections actually force the remaining root groups to correspond to par-
ticular one-parameter elementary subgroups (cf. (1.1)). One possible choice of
these representations is as follows:

a(@3er2k(t)) = 1+ tea,
a(z.(t)) = I-—tes,
a(@esr(t) = I—tea,
a(Taeqk(t)) = I+ ters,

a(w(t) = T+tes = a(z(t))",
a(t-se-k(t)) = I+ tess = a(zscsn(t)”,
a(x_se—ok(t)) = I+ tess = a(wseran(t))”,

a(z—c(t)) = I+ tes,
a(@—c—k(t)) = I+ter,
a(x_oec—i(t)) = I —teq.

We now fix these representations of the root groups and identify x4 () with the
corresponding matrix for the rest of the paper.
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Note that, for each root ¢, {z4(t)|t € A} is a one-parameter subgroup of Go(A).
So, for instance, for each short root ¢ € @y, {xy(t)|t € A} U {z_y(t)|t € A}
generates a copy of E(2, A), while {z4(t)| ¢ € ®;, t € A} generates E(3, A).

Commutators. Throughout this paper commutators will be defined by [z,y] =
r~ly~lzy. Commutator calculations in Go(A) will be facilitated by the following
well-known theorem of Chevalley:

(1.1) Theorem (Chevalley). Let ® be the root system of Ga. Suppose that ¢, ¢’ €
® and that ¢ # —¢'. Then for all r,s € A,

[26(r), 2 ()] = | [ wigrtsor (ECijr's?),

where the product is taken over all i,j > 1 such that i¢p + j¢' € ® and the C;; are
integers from the Cartan matriz. (As usual, the empty product is 1.)

In order to simplify later arguments, we isolate a special subgroup of Go(A). Let
T be the diagonal subgroup, the split maximal torus of Go(A). By (A.13), T is the
diagonal subgroup of SL(3, A). We set N' = Ng,(4)(T); the quotient N'/T is the
Weyl group of Ga(A), which has order 12. The group N includes the monomial
matrices in SL(3, A) whose non-zero entries are units in A. It is then generated by
these and the permutation (1 5)(2 6)(3 7)(4 8).

The following are representative formulas obtained from (1.1) using the root
system of Figure 1. All others can be deduced from the action of the group N.

(1) [21(s)s2c(t)] = ern(Est)wactn (£ )Tae4n(£5t%)T3ct2n(£5°t%);
(D) [zseri(s),zu(t)] = @3eqon(Est);
() [z2c4k(s),zc(t)] = @3cqr(E3st);
(V) [rern(shael®)] = ool E250)ase k(35250 on (£3520).

Note that the choice of representation of the z4(t)’s made above actually deter-
mines the signs in these commutator fomulae. Without making the signs explicit,
we will later use the fact that they are determined.

We now proceed to derive some basic results about commutators of E(A)-
normalized subgroups of G2(A). Let H be an E(A)-normalized subgroup of G2 (A)
and let N = [E(A), H]. In what follows we shall call two short roots ¢, ¢’ adjacent
if the angle between them is m/3. Also, we denote by X4 the group generated by

{zs(t)|t € A}.

(1.2) Lemma. Suppose that H is an E(A)-normalized subgroup with x4(s)zq (t)
€ H for some s,t € A and some ¢, ¢’ € O, with ¢ and ¢' adjacent. Then z.(s) and
ze(t) are in H.

Proof. (We actually prove more. We use the fact that H is normalized by A/ and
by z,(t) for o € s.)

The group N is transitive on the 12 ordered pairs of adjacent short roots. So
Zo(Es)x-(£t) € H for all o, 7 € &, which are adjacent. Conjugation by torus
elements with £1 on the diagonal allows us to make the signs whatever we wish.
In particular, z_.(8)Zetx(t), Toctk(8)Terr(t), and xaoctk(s)ze(t) € H.

Now we have

T e(8)T etk (O)[T2041 (8) T etk ()] T w2e s (5)2c(t) € H.
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So X = x_.(s)z.(t) € H. The group (X_.,X.) = E(2,A) and X corresponds to

[i Hfst} . Now HN(X_., X.) is normal there, and so the image in E(2, A) contains

[1 s ] and [1 ! ] (see [7]). The result follows. O

s 1452 t 1412

(1.3) Lemma. Let H be an E(A)-normalized subgroup of G2(A) such that zi(h) €
H for some h in A. Then C(Ah) C H.

Proof. We have z,(h) € H N SL(3,A). It follows that F(A;0,hA) C H. With
t =ht and s =1 (I) gives

.T,C+k(:|:ht)$26+k(:|:ht) c H.

By Lemma (1.2), z.(+ht) € H. By [7], both z.(ht) and z.(—ht) belong to H.
(Actually the sign is determined, just not explicit. We can get both elements by
changing the sign of ¢.) |

(1.4) Lemma. Let H be an E(A)-normalized subgroup of Go(A) and let N =
[E(A), H]. Suppose that for some h € A, z.(h) € H. Then

(ii) C(hA, (hA)3) C N.

(iii) wg(ht)zy (ht) € N for any ¢, ¢ € D5 and t € A.

Proof. Consider y = [zx(t), z.(h)]. Apply (I) to get
Y = Terk(Eht)Toern (EL*1) 2301 1 (£R3) 23010k (EL3?),

an element of N. Computing [y, Zac+%(1)] shows that 3,425 (3ht) is in N for every
t € A. Since this result can be replicated for all long roots, we have shown that
E(A;0,3hA) C N.

Next compute [zc1k($), 2.(h)] using (IV) to see that xa.+x(2sh) € N for all
s € A. Tt follows that F(A;2hA,0) C N.

Now observe that [y, zx(1)] = x3.40k(h3t), using (II), and hence conclude
that E(A;0,h3A) C N. We have now established that E(A;0,(hA)3) C N. In
particular, the last two terms in the product giving y are in N, so that y' =
Teyk (£ht)T2erk(£h?t) isin N. From this and Lemma (1.2), it follows that C'(hA,0)
C N, and hence that C(hA, (hA)s) C N. This proves (ii).

The next calculations place more elementary elements in N. We know that

(*) Teyr(ht)woerr(h?t) € N.

Let t = t?u to get
xc+k(ht2u)a:20+k(h2t2u) € N.

Since z.(ht) € N, we may replace h by ht and ¢t by u in (*) to get
Teqp(htu)zoerr(h?t?u) € N,

and therefore that z..(h(t?> —t)u) € N. This proves that E(A;vny(A)h,0) C N.

Now replace t by ht in (*) and use N to get xoi(h3t)z2c41(h*t) € N. Combining
this with (*), we get z.+x((h*—h)t) € N. But (h®—h)t = (h®—h?)t+(h?—h)t, and
h3 —h? € vna(A)h, so that z.,1((h? —h)t) € N. It follows that E(A;vny(hA),0) C
N. This proves (i). It is easy to see (iii); this completes the proof. (]

Lemmas (1.3) and (1.4) immediately yield the following corollary:
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(1.5) Theorem. Let S, S’ be two subsets of the ring A and consider the subgroup
N =C(S,5") of Go(A). Then
(i) N =C((9)+ (5, (5) + (5)s3).
(i) E(A;vnz((S) + (57)), (8) + (5)3) S N.
(iii) If h € (S) + (S7), then xy(h)xy (h) € N for any ¢, ¢' € Ds.
(Here (S) denotes the ideal of A generated by the set S.)

Note that the result implies that any subgroup of the form C(S,S’) can be
written as C(J, J'), where J and J' are ideals of A such that J3 C J' C J.

We are now ready for two results concerning C(S, S’) which demonstrate that it
plays a fundamental role in describing the normal subgroups of G3(A).

(1.6) Theorem. For subsets S, S’ of A we have [E(A),C(S,S5")] =C(S,5’).

Proof. This is clear because (1.3) and (1.4) show that [E(A),C(S,S’)] contains
C(S,9). O

(1.7) Theorem. For subsets S, S" of A we have [E(A), E(S,S")] = C(S,5").
Proof. By the previous theorem,
[E(A), E(A; S,8")] 2 C(8, 5").

To obtain the reverse inclusion is to see that the elements of E(A) commute with
the elements of E(A; S, S") modulo C(S,S"). For this it is sufficient to check whether
x4 (t) commutes with x,(s) and x,(s") modulo C(S,S5") forallp € @, 0 € O, 7 €
Oy, t € A se€ S, and s € §'. So we want to see that [z4(t),ze (r)] € C(S,S’)
with ¢/ € &, andr € Sor ¢/ € &y and r € 5.

If [x4(t), x4 (r)] = 1, we are done. If not, there exists w € N so that

[26 (), 2er (N)]* = [Ta(g) (£), Taw () (7)]
is one of the commutators, (I)—(IV).
Simple inspection and application of Theorem (1.5) gives the result. O

The As-level of a subgroup. As we have seen in Theorem (1.5), elements of a
subgroup H of G2(A) which are products of short-root elementaries make a different
contribution to the level ideal than elements which are products of long-root ele-
mentaries. Since the long-root elementaries are embedded in the copy of SL(3, A)
in G2(A), we may isolate this difference by studying the level ideal of HNSL(3, A).
We formalize this in the following definition:

(1.8) Definition. Let I" be a subset of the group G = G3(A). We define the A,-
level of T' to be £z(T') = ¢(N(I') N SL(3, A)), where N(I') is the E(A)-normalized
subgroup of G generated by I". For a single element X in G, we write £z(X) for
Cz({X}).

The aim of this subsection is to prove that the As-level of E(A;J,0) is J3. To
that end, we begin with some simple lemmas we will need.

(1.9) Lemma. Let T be the torus of Go(A). Let g€ T, ¢ € D, s € A. Then for
some unit A of A we have [g,z4(s)] = x4 ((1 — N)s).

Proof. We only need observe that x4(A) is a one-parameter subgroup and that
2(s)? = x4(As), for some unit A. (This is easy to see in the matrix representation

of Go(A).) O
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(1.10) Lemma. Let J be an ideal in a ring A such that J3 = 0. Let [’2 Z} be an
element of SL(2, A) congruent to the identity modulo J, and let t € J. Then

(i)

a b [a 0 171 011 atb]
lc d] B | 0 a‘l__ac 1110 1|
db o[ 1 d ][ 1 0]
T Lo dflo 1]t 1]
(ii)
14+t 0
0 1—t+¢t2

—

[ ST

(1.11) Lemma. Let J be an ideal in a ring A such that J3 = 0. Then any element
of G(J) which is in the center of SL(3,A) is in E(A;J,0).

Proof. Let X € G(J) and suppose that X is in the center of SL(3,A). Then
X = diag(1, \, \, A, L,ATL AT A7) for some A € A with A3 = 1, by (A.13). Since
X € G(J), we have that A\ =1+ ¢, for some ¢t € J. But X = ¢ ({’O\;D, so part
(ii) of (1.10) shows that X € E(A;J,0). This proves the lemma. O

The next step toward our goal is to develop a “Gauss’-like decomposition of
E(A; J,0) under the hypothesis that J3 = 0. For this purpose we set

A = {X eGy(A)|X € G(J) Ncenter(SL(3, A))},
Ut = (x4(s)| ¢ € ®s, ¢ is positive, and s € J), and

U™ = (z4(s)| ¢ € Ds, ¢ is negative, and s € J),

where ( ) indicates the subgroup generated by the listed elements. We first show
that E(A4;J,0) = (A, U, U™).

(1.12) Lemma. Let J be an ideal in a ring A such that J3 = 0. With the notation
above,

E(A;J,0) = (A,U,U™).

Proof. From (1.11) we know that A C FE(A; J,0), and this proves that (A, U~,U™)
C E(A; J,0). To establish the reverse inclusion, it suffices to see that [x,(s), z4(t)] €
(MU, U ) forall pe ®, p € s, s € A, and t € J. If p # —¢, this is clear from
the commutator formulae (I)-(IV). If p = —¢, the result follows from part (i) of
(1.10) via one of the embeddings o1, o2, 03.

Now for the promised decomposition. (We note that this is a special case of
Proposition 2.1 of [3].) O
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(1.13) Lemma. Let J be an ideal in a ring A such that J3 = 0. With the notation
above,

E(A;J,0) =AU U,

Proof. By (1.12), E(A; J,0) = (A,U*,U~) so we need only show that E(A;J,0) C
AU~UT = 5. We claim O

(1.14) Lemma. Ifp € @, t € J, uc U, then uXy(t) € S.

Suppose that (1.14) is false. Relative to the lexicographic ordering on the short
roots, let p be the largest root for which (1.14) is false. Among the elements of U™
for which (1.14) is false for p, choose one that is the product of the smallest number
of positive root elementaries for short roots, and let ¢t € J be chosen with uz,(t)
not in S.

Since z,(t) € S, u # 1 so that u = vz, (s) for some v’ € Ut (a product of
shorter length), o € ®;, s € J, o positive.

Suppose p = —o. Then

uzy(t) = e (s)z_g(t)
= W Ro_,(t)a,(s)
= RW)Ra_o(t)2,(s)
= Ru"z_o(t")z.(s"),

where R € A, ', ¢ € J, and where we have used (1.9) and (1.10). Our assumptions
give u"x_,(t') € S and thus uz,(t) € S.
If p # —0o, then

uz,(t) = dzs(s)x,(t)
= Uz, (t)2s(s)[rs(s), 2o ()]

By our assumptions, u'z,(t) = R'v"v" with R € A, v~ € U~ and vt € U and
v . (s)[zs(s), 2,(t)] € S, completing the proof of (1.14).

It now follows easily from (1.14) that SU~ C S. Suppose that g € S and R € A.
By (1.9) we know that g € S; but gR = R - g%, and we see that S-A C S.
Thus, S - (A, U-,U") C 8. Now (A,U~,UT) = E(4;J,0) by (1.12), so that
S = E(A; J,0) and the proof of (1.13) is complete.

(1.15) Theorem. The As-level of E(A; J,0) is Js.

Proof. Since the As-level of E(A;J,0) contains J3 by (1.5), it suffices to show that
0z(E(A; J,0)) = 0 when Js = 0.

Let s € £2(E(A; J,0)). Then classical results about SL(3, A) show that z(s) €
E(A;J,0). By (1.13), we have xi(s) = gh, where ¢ = Ru x.(u1) and h =
etk (U2)Toerk(us) for some R € A, v~ € U™, and uy,us,us € J. This allows
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us to compute z_s._(s) as follows:

$_3c_k(8) = [x—Sc—Zk(l);zk(S)]

[$—30—2k(1)7 gh]

= [;C_gc_gk(l),h][x—Bc—2k(1)7g]h

= [z—sc—2x(1),h].
In the matrix representation of x_s._x(s), the (4, 3)-entry is s, while the (4, 3)-entry
of [x_3c—2r(1), k] is 0. This completes the proof. |

[Alternatively, one could compute that
[2—3c—k(1), [k (1), [—3c—2(1), Tk ($)]]] = 2k (=5),
while [$_3c_k(1), [x—k(1)7 [$—30—2k(1)7 h]]] = 1]

A useful homomorphism. In this subsection, we construct an F(A)-invariant
homomorphism F' from a congruence subgroup G(J) to the additive group J/vna(J)
with the property that (1) for X € G(J), F(X) is a polynomial in the entries of
X, and (2) for any ideal J" such that J3; C J' C J, ker(F|g(s,y,y) = C(J,J'). The
strategy for doing this is based on the observation that for each maximal ideal M
of A, (J/vna(J))am is either 0 or isomorphic to Zs, the field of two elements. Thus,
we first construct the desired homomorphism for the case A = Zs, J = A, and then
use local arguments.

The case A = Zo, J = A: Let G = G3(Z2). Let V be an 8-dimensional vector
space over Zy with elements written as row vectors, v = [v1, ... ,vs]. Set

U={veV|v +vs=1and [va,v3,v4] - [vg,v7,v8] =0},
asubset of V. Let u; = [1,0,0,0,0,0,0,0]. Note that for any X € G3(Z2), w1 X € U
by (A.4).
(1.16) Lemma. U ={u1 X| X € G} and hence UX =U for any X € G.
Proof. Simple counting gives |U| = 72. Now |SL(3,Z2)| = 168 and |G| = 12,096,

so that there are 72 cosets of SL(3,Zs) in G. If X1, X5 € G with u1 X7 = u3 Xo,
then X, X, ' € SL(3,Zs), by (A.14). The result follows. O

(1.17) Lemma. Let x be the characteristic function of the set of non-zero vectors
in a 3-dimensional vector space over Zs. Define a function 60 : U — Zy by

0(v) = vs + x(v2,v3,v4) + X (v6, V7, Vs).

Then the map © : G — Zy given by O(X) = 6(u1X) is a homomorphism onto Zs.
Proof. First we show that for any P in G the function op : U — Zy given by
op(u) = 0(u) + 0(uP) is constant. To this end, set K = {P € G|op is constant}.
Note that P € K if and only if op(u) + op(v) = 0 for every u, v € U.

(1) We show that K is a subgroup of G. Let u,v € U and P € K. We have
0=o0p(uP™)+op(vP™t) =0p-1(u)+0op-1(v), so that P71 € K.

It P, P € K,

OP P, (u) +opp, (U) = 0P (’u,Pl) +op (u) +op, (Upl) +op (U)

= O’
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and K is a subgroup.
(2) Suppose that P € G and a(P) = {(1) 2}, where y is a 3 x 3 block. Then

op(u) = 0(u)+us+ x((u2,us,ua)y) + x((us, uz,ug)y™")

= 0(u) + 0(u) =0.

This shows that P € K.
(3) Suppose that w = [? (1)} Then

ow(u) =0(u) + (1 —us) + x((ug, ur, us)) + x((u2, us, uqg)) = 1.

Hence w € K.
(4) If P = z.(1), then

op(u) =14 (ugue +uaus)(1 +us) = 1+ (uzur)(l +uz) = 1.

So z.(1) € K. From (1), (2), and (3), we see that the “Weyl” group N is contained
in K and so z4(1) € K for all roots ¢. Thus, K = G and our claim that op is
constant for all P in G is established.

We are now ready to check that © is a homomorphism. Let Py, P, € G. Then

@(P1P2) = 9(’(},1P1P2) = 0Op, (u1P1) + G(ulPl)
= op(u1) +6(u1 1)

= O(P)+0O(F).
This completes the proof of Lemma (1.17). O
We are now ready to tackle the general case.

(1.18) Theorem. Let A be a commutative ring and J an ideal in A. Let f €
Zx1,xa,. .. ,x8) be any polynomial such that for v € U, O(u) = f(u) mod(2).
Then the map F : G(J) — J/vng(J) defined by F(X) = f(u1X) mod(vna(J))
is an E(A)-invariant homomorphism. If J' is an ideal with J3 C J' C J, then
ker(F|p(s.0m) = C(J,J').

Proof. Since the map F' is defined by a polynomial in the entries of the first row of
X € G(J), the fact that it is an E(A)-invariant homomorphism is just a claim that
some polynomial equations hold in A. This can be checked locally, i.e., by localizing
at a maximal ideal of A. Thus, we may assume that A is a local ring with maximal
ideal M. If A/M % Zs, then vna(A) = A, so that vna(J) = JNwna(A) = J
and the claim holds trivially. If A/M = Zj, then vng(4) = M. If J C M,
then vnga(J) = J and the claim is trivial again. Finally, if J = A, we have that
J/vna(J) = A/ M = Zsy, and the claim follows from (1.17).

To verify the second part of the theorem, observe that by (1.7), C(J,J') =
[E(A),E(J,J")]. Since F is an E(A)-invariant map into an abelian group, it is
immediate that C(J,J') C ker(F|g(j,j/))-

By (1.5), (1.7), and the fact that all short-root elementary elements x,(t) are
conjugate under W, we have E(J,J) = z.(J)C(J,J") and z.(vna(J)) C C(J,J').
Thus, to check that ker(F|g(s ) € C(J,J'), we only need to see that if t € J
and F(z.(t)) = 0, then ¢ € vna(J). But this can be checked locally and modulo
vna(J), so once again the only non-trivial case is when A = Zs and J = A. Now
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uz.(t) = [1,0,0,0,0,0,—t,0], as is easily computed from the matrix representation
of z.(t). Thus,

0= F(I‘c(t)) = 9(17 Oa 07 Oa 07 07 _t7 O) = X(07 _t7 O) =t
The proof of Theorem (1.18) is complete. |

We may now derive some consequences of the existence of the homomorphism
F of (1.18).

(1.19) Corollary. If J and J' are ideals of A such that J3 C J' C J, then
E(J,J)NG(vna(J)) C C(J,J").
Proof. Let X € E(J,J') N G(vna(J)). Then X = I mod(vng(J)) implies that

F(X) = 0, and Theorem (1.18) shows that X € C(J,J’), which completes the
proof. O

(1.20) Lemma. If J and J' are ideals of A such that J3 C J' C J, then
[E(A),G(J,J")] C E(J,J).
Proof. By aresult of Vaserstein [16], [E(A), G(J")] C E(J’). By definition, G(J, J')
= E(J,J")G(J"), and since J3 C J' we have
G(J,J) = E(J,J3)G(J") = E(J,0)G(J").
Putting these together, we have
(B(A),G(, Y] = [B(A),GUE(A), B(J, Js)]

N

E(J)E(J, J5)
E(J,.J").

|

(1.21) Theorem. Let J and J' be ideals of A such that J3 C J C J. IfR €
G(A), X € G(J,J), andY = [R,X] € E(J,J'), then Y € C(J,J"). Consequently,

[E(A),G(J,J")] =C(J,J").

Proof. To show that Y € C(J,J'), it suffices to check that F(Y) = 0, where F
is the homomorphism of (1.18). Since F is defined by a polynomial, this may
be checked locally. As before, we may also assume that vns(J) = 0, so that the
only possible non-trivial case is A = Zs, J = A. Then J' = A as well, and
G(J,J") = G(A) = E(A). Thus, Y € [E(A), E(A)] = C(A) [by (1.7)], and (1.18)
shows that F(Y') = 0, as required.

The second assertion of the theorem follows from the first upon using (1.20).
This completes the proof of (1.21). |

2. A NEW CHARACTERIZATION OF G3(A)

In this section we begin with a matrix characterization of Go(A). We adopt the
point of view of the appendix, in which G2(A) = Aut4(O(A)), where O(A) is the
split Cayley algebra (split octonions) over A. Since O(A) is a rank 8 free module
over A, we fix a basis u; = e11,...,ug = go1, as in the appendix, and represent
elements X of G2(A) as invertible 8 x 8 matrices relative to this fixed basis. We
shall freely use the results in the appendix.
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Recall that for X € GL(8,A) we write X = [a;;] = [gg} where a, b, ¢, d

are 4 x 4 blocks which we also denote by a(X), b(X), ¢(X), d(X). As noted in
the appendix, X leaves the bilinear form N(z,y) on O(A) invariant if and only if

X 1= {i: Z;] Also recall that for « € O(A), L, is the 8 x 8 matrix representing

left multiplication by « relative to our fixed basis.

(2.1) Theorem. Let A be a commutative ring, and let X = [‘;Z} € GL(8,4).
Then X € G2(A) if and only if the following conditions hold:
() x-t=[4 0],
(il) X fizes the identity element 1 of O(A),
(iii) X 'Ly, X = Ley, x, and
(iv) det(a) = a?; and det(b) = a?;.

Proof of the necessity of (i)—(iv). From the appendix, (A.2) proves the necessity of
(iii), and (A.3) proves the necessity of (i), while the necessity of (ii) is clear. So
it only remains to show that if X € G3(A), then (iv) holds. This can be checked
locally, so we may proceed under the assumption that A is a local ring. O

From (A.4) we know that a11 + a15 = 1, and since A is local, either ai; or a5 is

a unit. But P = {? (ﬂ isin G2(A) and XP = [Z ‘CI}, so we may now proceed under

the assumption that aj; = p is a unit.

Now ad” = pI, so a is invertible, and hence b = (ba”)a~7. We now note that
it suffices to prove that det(a) = p?, for then det(b) = det(ba”) - p~2. But, from
(A.6) we have

det(baT) = det(abT) = (aglaﬁl + asia71 + a41a81)2.

On the other hand, computing the first entry of a”c, we get 0 = p(1 — p) +az1a61 +
aziary + agragr. Thus, det(ba”) = p?(1 — p)?, and hence det(b) = (1 — p)?, as
required.

It remains to verify that det(a) = p2. Set A = det(a). By (A.7),

a22 A23 (24
A =det azz a33 a34
L G42 Q43  G44

Denote this 3 x 3 matrix by M. Then

1.0 0
M~'l0 1 0|=L
|0 0 A
is in SL(3, A) and so there is a unique matrix ¥ in G2(A4) such that
10 00
0
a(Y) = 0 .
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We may now replace X by XY, for this doesn’t change det(a). Therefore, we
may now proceed under the assumption that

p a2 a3 a4

a(X) =
( ) aszl 0 1 0
Q41 0 0 A
From (A.9) we have that agg = —ma318 + Mmagas. Given the form of a(X) above,

this reduces to
agg = agi1asg — az1ass + 1.

We next compute

1 * ok A lagy

-1
—Qa12 k0 ok /\ a12a41

a~ T = "tadj(a)” = )
—a13 * ok AT a1zaq41

A laws * x A Yp— aipas — aizaz)
Since b = (baT)a=T = —(abT)a~T, we may compute ass = boy and azg = by using
the matrix for ab? in (A.6) and the last column of a=7. Carrying this out and

using the relation

0= p(1 = p) + az21a61 + az1az1 + as1as1,

we get
31028 — 421038 = —)\_1[0(1 — p)(ai2a21 + a1zas1) + plaziae1 + asian)].
Next, since d = pa™", ags = pA~'(p — a12a21 — a13as1), ags = —pai2, and

ars = —pais. By (A.4) we get that agi = pai2 and ay1 = pass. Substituting into
the equation for agg above and multiplying by A, we get

A= p?,

which was to be proved. This completes the proof of the necessity in (2.1).

We next show how to prove the sufficiency of (i)—(iv) given that necessity holds.
To do this, we must first establish some consequences of (i)—(iv) and use them to
prove a factorization theorem.

(2.2) Lemma. Let X € GL(8,A) and assume that (i)—(iv) hold for X. Then
(A.4) holds for X, d"a = a111, the entries of d*b and c"a are as in (A.6), and (A.7)
and (A.8) hold for X. Consequently, if X, X' both satisfy (i)-(iv), a(X) = a(X’),
and a1y is a unit, then X = X'.

Proof. That (A.4) holds follows from (ii), which implies that X ~! fixes 1 also. Note
that the matrix of L., relative to the basis u1,...,us we are using for O(A) is
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10
[0 0}' Now
dar »T I 0 a b dTa dTh
XL, X = = .
¢t T 0 0 c d ca T
8
On the other hand, L.,,x = Z ai;Ly;. Writing out the matrices for the L,,’s,
j=1

summing and using (iii) shows that d”a, d'b, c’a are as claimed. If a1; is a unit,
then (A.7) and (A.8) are proved exactly as in the appendix.

Next we establish that certain matrices always belong to the elementary group
E(A) in Ga(A). O

(2.3) Lemma. Letr, s, t € A. Then E(A) contains the matriz

~—

M1 0 0 0 0 —r —s —t1
—r 1 0 0 r % rs rt
-s 0 1 0 s rs &% st
X(r5.1) = -t 0 0 1 t rt st ¢
0 0 O 0o 1 r S t
0 0 ¢t -s 0 1 0 O
0 -t 0 r» 0 O 1 0
L 0 s —r 0 0 0 0 1 |
Proof. Set
R = Z3049k(2r°s)x504k(rs%),
St = e(8)Teqk(r)Tactk(rs),
Sy = x_ge p(t+rstHr_. p(—st)z_.(rt),
and let T be the unique element of SL(3, A) such that
1 0 0 0
0 1 —rst r2t 0
a(T) =
0 —s%t 1+ rst 0

0 r2s3t* — 2st2 — 2rs2t3  —r3s2tt 4 212 + r25t% 1

Then direct multiplication gives RS152T = X (r, s,t).

Note that R, S, Sy are clearly in F(A) and that T is in SL(2, A)E(3, A). But
the Mennicke symbol of T is trivial, so T € F(3,A). [In fact, it is easy to see
directly that T € E(3, A).] This proves that X (r,s,t) € E(A). O

In order to state the next few results we adopt the following notation: If X7, X5
are the unique matrices in GL(8, A) which satisfy (i)—(iv) and have upper left blocks
a(X1), a(Xz), respectively, then we write a(X1) o a(Xz) for a(X1X5).
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Further, we write 4 x 4 blocks in block form [g 7’; }, where p is a scalar, y is a
3 x 3 block, and f, g are appropriate vectors.

(2.4) Lemma. For a row v and a column u with entries in A,

1 v o 10 [0 w
0 1 ul) \uw H )’
where 0 =1+ vu and H = ol — uv.
Proof. By (2.2), (2.3), and the “transpose” of (2.3), there are unique matrices in
G2(A) with upper left blocks (?) and (). By the necessity in (2.1), they satisfy
(i)—(iv). Now multiply to get the result. O
We note that det H = o2.

(2.5) Lemma. Let X be a matriz in GL(8, A) for which (i)—(iv) hold and for
which a(X) = [gﬂ If p is a unit, then

ol L L e
g y| |0 1 g 1 0 (pI—gfy 'y |

Proof. Suppose that o is a unit in (2.4), and let L be an element of GL(3, A) with
det(L) = 0. Then M = (0 - I —uv)~'L is in SL(3, A). From (2.4), we get

o))l )= (00

because v(ol — uv) = ov — vuv = v.

Now take u =¢, v= fy !,and L=vy. Theno =1+vu =1+ fy—'g. We will
show that p = 1+ fy~'g so that ¢ = p is a unit, and this will finish the proof.

By (iv), p? = deta(X) and by (2.2), p*> = dety. Thus,

P det(a(X)) = pdet(y — p~'gf) = p(det(y) — p~tr(adj(y)gf))

= p(det(y)) — tr(adj(y)gf).

Therefore,
f adj(y)g = tr(f adj(y)g) = tr(adj(y)gf) = p° - p*,
giving fy lg=p—1and p=1+ fy~lg. |
We are now ready to prove the sufficiency in (2.1).
(2.6) Corollary. Sufficiency holds in (2.1).

Proof. Let X € GL(8,A) satisfy (i)—(iv). We must verify that the polynomial
relations in P hold. This can be checked locally, so we may assume that A is a
local ring. By (A.4), a11 + a5 = 1, so either aq; or ajs is a unit. If a1; is not a

unit, then we replace X by X' = X [? é} Since [? é} € G3(A), it suffices to show

that X’ € G2(A). On the other hand, it is easy to check that (i)—(iv) still hold for
X'. So, we may now proceed under the assumption that a;; is a unit.
By (2.5),

1
a(X):[l Ty ]o[l 0‘|o[1 Ol,withMESL(?),A).
0 1 g 1 0 M
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By (2.3), X € E(A)SL(3,A) C G2(A).
This completes the proof of Theorem (2.1). O

We close this section with a factorization to be used in the sequel, under the
hypothesis that J3 = 0. The factorization appears in the proof of the next lemma.

(2.7) Lemma. Let J be an ideal in a ring A such that J3 = 0. Then G(J) =
E(J).

Proof. Let ty, to, ts € J. Set

r = —tg+titats,

ry = —ty —titats,

rs = litg,

ry = titz +tials,

rs = —laotz +t1t5t5, and
re = —t3—titat3.

We define a matrix S(t1,t2,t3) in E(J) by

S(tr,t2,t3) = Te(r1)Teqr (12)T2ctk (r3)T—c(14) T —c—k(r5)T 20—k (76).

Then
1 000
ty
a(S(t1,te,t3)) = h B ,
t3
where
1 — tytots — t3t343 t3t3 —t3ty
B= —t3ts L+ titots — 131363 113
tot? —t1t3 1

Next, we set L(t1,t2,t3) equal to the unique matrix in Ga(A) such that

10 0 O
0
a(L(ty,ta,t3)) = 0 Bt
0
Then L(t1,te,t3) € SL(3,4;J), and
1 0 0 0
t7 1 0 0
b0l 0 =a(S(t1,ta,t3)) o a(L(t1,t2,t3)).
ts 0 0 1
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This proves that X (—t1, —t2, —t3) = S(t1, t2, t3) L(t1, t2, t3), a factorization in which
the first factor is a product of short root elementaries and the second is in
SL(3,A;).

It is clear that X (—ty, —to, —t3)T = L(t1,t2,t3)T S(t1,t2,t3)T provides a similar
factorization for the matrix with upper left block [(1) U], t = [t1,ta, t3]. Since zy(r) =
CL'_¢(—T‘)T for any short root ¢, S(t1,ts,t3)7 is still a product involving only short
roots.

Now let X € G(J). Let a(X) = [gﬂ Since J3 = 0, p is a unit. Using (2.5)
and the factorizations in the previous paragraphs, we have

(2.8) X =L(fy H"S(fy " S(g)L(9)Y,

where

a(Y) =

1 0 ]
0 (ol —gfy ™)'y |

This completes the proof and provides a useful formula.

O

The proof of (2.7) actually yields a slightly sharper result.

(2.9) Corollary. Let J be an ideal in a commutative ring A. Then G(J) =
E(3,4;J)G(J, J3). [Note that here E(3,A;J) is merely the subgroup of SL(3,A)
and is not the E(A)-normalized subgroup E(0,J) of G2(A) which it generates.]

Proof. Since G(J, J3) = E(J,0)G(J3) by definition, it suffices to prove the result
modulo J3. Thus, we may assume that J3 = 0. Then J satisfies the relative stable
range condition SRa(A, J), so that SL(3, A; J) = E(3, A; J) [4]. This means that in
(2.8) the matrices L(fy~')T, L(g), and Y all belong to E(3, A; J), while S(fy~H)T
and S(g) are in E(J,0). Then rewriting (2.8) in the form

X = (LS(fy™)"S(9L™"L(fy ") L(g)Y.

where L = L(fy~")T, shows that X € E(J,0)E(3, A; J). This completes the proof
of (2.9). |

3. THE MAIN THEOREM

In this section we prove the main theorem, Theorem (3.6), characterizing the
E(A)-normalized subgroups of G2(A). It says that a subgroup H is F(A)-normal-
ized if and only if there are ideals J, J' of A satisfying J3 C J' C J such that
C(J,J'") € H C G(J,J"). We also show that C(J,J') and G(J,J') are normal
subgroups of G2(A) and that for any such sandwiched subgroup H, [E(A), H] =
c(J, 7).

This will be accomplished by the method of reduction. The first lemma sets this
up.

(3.1) Lemma (Reduction Lemma). Let A be a commutative ring, and let H be an
E(A)-normalized subgroup of Go(A). Let Jo be an ideal of A such that C(Jy) C H.
If J1, Jo are ideals such that C(J1, J2) C HG(Jy), then C(J1,J2) C H. (This says
that to show C(J1,J2) C H, it suffices to do so modulo Jy.)



5070 DOUGLAS L. COSTA AND GORDON E. KELLER

Proof. We have that
C(J1,J2) = [E(A),C(J1,J2)] € [E(A), HG(Jo)]
= [E(A), H][E(A),G(Jo)] € HC(Jo) € H,
where we have used (1.6) and (1.21). O

Now for a crucial observation about the As-level of an E(A)-normalized subgroup
H: if J) = {z(H), then C(J") C H, so that we can use reduction (3.1) with Jy = J'.
To see this, note that J' = ¢(H N SL(3,A)). Classical results about E(3, A)-
normalized subgroups of SL(3, A) tell us that E(0,J) C H. Then C(0,J') C H;
but C(0, J") = C(J, J') = C(J') by (1.5).

The remaining lemmas will set us up for a proof of the main theorem by reduction
modulo J' = (z(H).

(3.2) Lemma. Let A be a commutative ring, and let H be an E(A)-normalized
subgroup of G2(A) such that £z(H) = 0. If h is an element of A such that x.(h) €
H, then h® = 3h =0 and E(hA,0) C [E(A), H].

Proof. By (1.4), we have that E(vng(hA), (hA)s) C [E(A),H] C H. Since (z(H) =
0, we immediately have (hA); = 0, proving that h® = 3h = 0. But then hA =
2hA C vng(hA), so that E(hA,0) C [E(A), h] follows. |

(3.3) Lemma. Let A be a commutative ring, and let H be an E(A)-normalized
subgroup of Go(A) such that £z(H) = 0. Suppose that H contains an element X of
the form

X = @e(u1) ek (U2) T2k (U3) Tk (Ua) T3tk (Us) T3e+2k (Ue)-
Then uy = us = ug = 0 and xc(u1), zc(u2), x.(usg) € [E(A), H|.

Proof. First observe that [z3.4+k(1), X] = T3ct2k(—u4), so that uy € £z(H) and
hence uqy = 0. Next, let

y =[x (1), X] = Terk(u2)Toctk (—u3)T3etk(Us — Bugus — ud)Tacron(—ud).

Then [Z2c+x(1), Y] = ®3c4k(3uz), so that 3us = 0. Likewise, we have [zq15(1),y] =
Toct+k (2u2), so that zocrk(u2) € [E(A), HJ.

Applying the action of N shows that z.(u2),zc+x(u2) € [E(A), H], as well.
Lemma (3.2) shows that uj = 0 and that zo.ix(—u3) € [E(A), H], and since
y € [E(A), H], we conclude that xs.ir(ug) is in [E(A), H]. Tt follows that ug = 0.

Next, let z = x.(u1)Taetk (u3)T3ek(us). Since ugy = ug = 0 and X, xeyr(ug) €
H, we have that z € H. Form the commutator

R = [2(1), 2] = Tepr (1) ootk (UT)T3erk (UF)Taeron (uf + us — Buqus).

Applying the first part of the proof to R we see that z.1x(u1) € [E(A), H], and by
(3.2) that u? = 3u; = 0 and zac4x(u?) € [E(A), H]. It follows that z3.42x(us) € H,
so that us = 0.

We now have X = x.(u1)Zeqr(u2)2ocrr(us), and hence that xocir(us) € H.
Applying (3.2) once more completes the proof. |

(3.4) Lemma. Let A be a commutative ring and let H be an E(A)-normalized
subgroup of Gao(A) such that Lz(H) = 0. Suppose that X € H and that the upper
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left block of X has the form

1 0 a3 aus
a(X) = a1 1 ags ag
0 0 azz as
0 0 as3 au

Then
2 2
a34 = 43 = a3 + a73a14 + A21013 = G24 — a13074 — 2az1a14 = 0,

and agz = aqq = 1. Furthermore, x.(a13), xc(a14), Tc(a21), x(ass), and x.(az4) are
all in [E(A), H].

Proof. A computation shows that [zgct2x(1), X] = zk(a43)T3c42k (@44 — 1). It now
follows from (3.3) that as3 = 0 and aqq = 1. Since det(a(X)) = 1, we also get
that az3 = 1. With this information in hand we compute [zx(1), X] = Z3ct21(as4),
which shows that azs = 0.

To finish the rest of the proof we use the following construction: Let

Y =a_c(t1)@etr(te)Toctn (t3) 2k (ta)T3eq2k (ts),

so that
1 0 t1 t3
—titz —ty 1 tg+tity ts — 2otz — t1t3
a(Y) =
0 0 1 0
0 0 0 1
We can make Y = X by taking tl = a13, t3 = 14, tg = —a13a14 — a21, t4 = ag93 +

afsa1ataziars, and t5 = aga+aizat, +2a14(—a13a14—a21) = ass—a13a3,—2as a14.
Because —c¢, c+k, 2c+k, k, and 3c+ 2k are in a system of positive roots, we may
apply Lemma (3.3) to conclude that t4 = t5 = 0 and that z.(t1), zc(t2), z.(t3) are
in H. The rest of the proof follows from these relations and (3.2). |

(3.5) Lemma. Let A be a commutative ring, and let H be an E(A)-normalized
subgroup of Ga(A) such that £z(H) = 0. Let J =¥¢(H) and M = [E(A), H]. Then
H =M = E(J,0) and J3 = 0. Furthermore, if X is any element of H and 7;;
denotes the 4,6,1,7 minor of X, then mo7 = Tog = T3 = Tur = T36 = 0, Tug = 1,
and T26 — T37 = T48-

Proof. Let Jy be the largest ideal of A such that F(Jp,0) C M, and let X be an
arbitrary element of H.

Step 1. We show that 73; = 7% = To7Tos = TogTos + T2377s = 0.
Proof of Step 1. Let Q = [3c121(1), X] = [¢s5], and set

Y = [2k(—qa2) 2342k (g32), Q) = [ys]-
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Then
1 0 T12728 —T12T27
T18To7 — Ti7Tes 1 TogTog + T23778 *
() = 2
0 0 1 + T27T28 —7'27
2
0 0 Tag *

Applying (3.4) we get immediately that 75 = 74, = Tor7eg = 0. Lemma (3.4) also
gives the relation yo3 = —yfsy14 —y21y13. Since Tos|y13, Tor|y14, and yo1 € (727, T2s),
it follows that yo3 = 0, i.e., that Tog7eg + T3778 = 0.

Step 2. We show that To7 = T28 = T38 — 0.

Proof of Step 2. With the notation given above, set R = [z3.42x(1),Q], S =
[Z3c+%(1), R], and T = [z (1), R]. Then

1 0 T13728 0
—T18728 1 * 0
a(S) =
0 0 1 0
0 0 T28736 — 738 1

Applying (3.4) to S we get that To5736 — 735 = 0. But we know that 77708 = 0
from Step 1, and mo7738 = 0 now follows.
Next, observe that

1 0 T12T28 0
—T17728 1 u v
G(T) = )

0 0 1 0

0 0 0 1
where u = —7o8 + TogTog + T78T23 — TorT3g and v = —To7y — TogTy7. But we have
just seen that 797738 = 0 and Step 1 showed that Tog7o + 723778 = 0, so that
u = —Tog. Applying (3.4) now shows that u = v = 0, so we have g = 0. Since

TogT36 — 738 = 0, and v = 0, we now have 735 = 0 and 757 = 0.
Step 3. We show that 747 = 136 = 0, T = T37 = Tus, and that 75 € Jy.
Proof of Step 8. With the conclusions of Step 2 in place, we now have that

1 0 0 —T12

718 1 0 748 — o6
a(R) =

0 0 1 0

0 0 O 1

From (A.ll) and (A.IO) we have —TigTi2 = TogTrs = TorT3s — TagT37 = 0. Applying
(3.4) again shows that 748 = 796 and, with (3.2), that 715 € Jp.
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Let U = [z(1), Q] so that
1 0 —Ti2 0
Ti7 1 T3r —Tae  Tar
0 O 1 0
0 O 0 1

From (A.11) and (A.10) we get that 717712 = ToaT7s = TorTag — T2gTa7 = 0. Then
(34) shows that T26 — T37 and T4a7 = 0.

Now choose an element w € N which switches 4 and 6 and 3 and 7. Everything
we have done so far applies equally to the conjugate X“. Since the 4647 minor of
XY is +7136, we conclude that 736 = 0.

Step 4. We show that 73, 716 € Jo and that 746 = 1.

Proof of Step 4. Let V = [z_x(1),Q]", where m € N effects the permutation
(234)(678). With the results of Steps 2 and 3 we have that

1 0 T13 —T13
T16 — T18 1 Ta6 — 1 0
a(V) =
0 0 1 0
0 0 0 1

By (34) and (32)7 16 — T18 € Jo, 113 € Jp, and 7'%3 = 313 = 0. With this
and the fact that the (2,4)-entry of V is zero, (3.4) allows us to conclude that
(116 — 118)713 = 0 and hence also that 746 = 1. Since 715 € Jy has already been
established, we get that 716 € Jy as well.

Proof of (3.5). Let v € N be an element which switches 4 with 6 and 1 with 5.
Applying Step 4 to X7 we get that 714, the 4616 minor of X7, is in Jy.

We now have that for the matrix X, 746 — 1 = 736 = 747 = 0 and 713, T4, Ti6 €
Jo. Combining these facts with (A.11) we obtain

a1 = (44716 — A46T14,

@43 = (44736 — Q46734 = —A46716,

(47 = —G44Te7 + QaeTa7 = Q44T14, and

48 = —Q44T68 T @46T14 = —Q44T13 + A46T14.

This shows that a41, a43, a47, asg are in Jy.

Applying this last result to conjugates of X and X ~! by elements of A" and using
(A.4), we see that a;; € Jy for all i # j except when {4,j} = {1,5}. Using (A.6)
and computing the (2, 2)-entry of b(X)e(X)T, we get

1 — a1 = —as1a61 + azea62 + a27aes + azgass.

It follows that a15 = as; = 1 — aq1 all belong to Jy.

Now the (3, 1)-entry of X*() is in Jy. This entry is 2a11 — 1 +ag, +a71 — 2a13 —
ags — ars. Thus, ags —1 € Jy. Applying this result to conjugates of X by elements
of NV, we finally have that £(X) C Jy. Since X was an arbitrary element of H, we
conclude that Jy = J. Because we now have shown that E(J,0) C M, (3.2) proves
that J3 = 0. It follows from (2.7) that G(J) = E(J).
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From our definition, E(J) = E(J,0)E(0,J). So an arbitrary element X in H can
be written X = X; X5, where X; € F(J,0) and X, € E(0,J). But E(J,0) C M C
H, so that X; € H and hence X5 € HN E(0,J) € HNSL(3,A). Our hypothesis
that £z(H) = 0 says that X5 is a scalar in SL(3, A), i.e., that a(X2) has the form

[(1) /\OI], where A — 1 € J. Then Xy =0 ([é)?z}), and it is easily seen that this

matrix is in E(J,0). Thus, X € E(J,0), and we have shown that H = E(J,0).
This completes the proof of the lemma. O

(3.6) Main Theorem. Let A be a commutative ring and let H be an E(A)-
normalized subgroup of Go(A). Let J = L(H) and J' = €z(H). Then J3 C J'
and

C(J,J')C HCGJ,J).
Moreover, [E(A),H] = C(J,J').

Proof. Using overbars to simultaneously denote passage from A to A/J’ or from
G2(A) to Go(A/J"), the first thing we need to establish is that the As-level of H
is 0. Suppose that, in fact, £z(H) = J*, where J* is an ideal of A containing .J'.
Then in G2(A) we have that H N SL(3, A) is an E(3, A)-normalized subgroup of
SL(3,A) of level J*, so it contains F(0,.J*). Thus, C(0,.J*) C HG(J'). Since, as
previously remarked, C(J') C H, the reduction lemma, Lemma (3.1), now shows
that C'(0, J*) C H. But this means that C(0,J*) C H N SL(3, A), from which we

get J* C lz(H) = J'. Thus, lz(H) = J* =0.

Now we may apply (3.5) to H. This tells us that J3 = 0 and H = E(J,0). We
immediately conclude that Js5 C J’. Moreover, C(J,.J') = C(J,0) C E(J,0) = H,
which says that C(J,J') € HG(J'). Again, from (3.1) it follows that C(J,J") C H.
The fact that H = E(J,0) = E(J,0) also says that H C E(J,0)G(J") = G(J, J').
This proves that C(J,J') C H C G(J,J’). Finally, we have

C(J1.J) = [E(A),C(JJ)] C[EA),H]C[EA),G,J)
— LT,
completing the proof of the theorem. O

Notice that the main theorem characterizes the F(A)-normalized subgroups of
G2(A) as those falling in a strip between C(J,J’) and G(J,J'), where J, J' are
ideals such that J3 C J' C J. Are all such pairs of ideal possible? The answer
is yes. In fact, the groups C(J,J’) and G(J,J’) are uniquely determined by these
pairs. These facts are part of the next lemma.

(3.7) Lemma. Let J and J' be ideals of A such that J3 C J C J. Then

(i) K(C(J, J/)) = Z(G(Jv JI)) =J;

(i) £z(C(J,J")) =Lz(G(J,J)) = J.
Consequently, there are bijections between the set of such pairs of ideals and the sets
of subgroups of Go(A) of the form C(J,J') and G(J,J'), respectively. Moreover,
G(J,J') is the largest E(A)-normalized subgroup H of G2(A) such that ((H) C J
and Lz(H) C J'.

Proof. Ttem (i) is clear. To prove (ii), note that J' C £z(C(J, J")) C £z(G(J,J")), so
we only need to argue that £z(G(J,J")) € J'. It suffices to do this modulo J’, so we
may assume that J' = 0, and hence that J3 = 0. Now G(J, J') = G(J,0) = E(J,0),
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so that £z(G(J,J')) = £z(E(J,0)) = 0, by (1.15). This proves (ii). The assertion
about bijections is clear and the characterization of G(J, J') now follows from the
main theorem. O

We now have the following corollary:

(3.8) Corollary. Let A be a commutative ring, and let K be an E(A)-normalized
subgroup of G2(A) such that [E(A), K| = C(J,J"), where J, J' are ideals of A such
that J3 CJ' CJ. Then K C G(J,J').

Proof. From the main theorem and (3.7) it is clear that £(K) = J and ¢2(K) = J',
from which it follows that K C G(J, J'). |

We close this section by proving the normality of the subgroups C(J,J’) and
G(J,J"). A key tool is Vaserstein’s theorem [16] that F(.J) is normal in G2(A) for
each ideal J of A. Since C(J) = [E(A), E(J)] by (1.7), it follows from Vaserstein’s
theorem that C(J) is also normal in G3(A).

(3.9) Lemma. Let A be a commutative ring, and let N1, No be Go(A)-conjugate,
E(A)-normalized subgroups of Go(A). Then £z(N1) = £2(Ns).

Proof. Let J; = £z(N;), i = 1,2. Then C(J;) € N;, ¢ = 1,2. But we have just seen
that C'(J;) is normal in Gi2(A), so the fact that N;, Ny are conjugates implies that
C(J1) € Ny and C(J2) € Ny also hold. It follows that Jy = Jo. O

(3.10) Theorem. Let A be a commutative ring and let J, J' be ideals of A such
that J3 C J' C J. Then G(J,J') and C(J,J') are normal subgroups of G2(A).

Proof. Let v € G2(A), and let N = G(J,J')?. Then N is E(A)-normalized and
¢(N) = J and £2(N) = J' by (3.7) and (3.9). The main theorem now shows that
N C G(J,J’). This proves that G(J,J') is normal in G2(A). Since C(J,J') =
[E(A),G(J,J")] by (1.21), it, too, is normal. O

4. DETERMINATION OF THE Aj-LEVEL

The purpose of this section is to show that, for a given matrix X in Ga(A4),
the As-level of X can be computed from its entries in a very explicit way. Recall
that the Ag-level of X, £2(X), is defined to be the Ag-level of the F(A)-normalized
subgroup N (X) generated by X, i.e., £2(X) = £(N(X)NSL(3,A)). For this reason
we will be concerned with level ideals of elements of SL(3,A). It will turn out
that we can best examine these elements by passing to PSL(3, A). We note that
if Y € SL(3,A) and Y is its image in PSL(3, A), then Y is the coset Y L(3, A;0).
Since elements of this coset are unit multiples of Y, they all have the same level
ideal in A, ¢(Y), and so we may unambiguously denote this ideal by ¢(Y). In
other words, to compute £(Y) it suffices to identify the L(3, A;0)-coset to which
Y belongs and compute the level ideal of any representative of that coset. In this
way, we may compute level ideals by doing computations in PSL(3, A).

Now let J be an ideal of A. We are going to construct a surjective group homo-
morphism (y : G(J) — PSL(3,A/Js; J/J3), which we will use in the sequel. To
do this, we begin by recalling that (2.9) showed that E(3, A4; J)G(J, J3) = G(J);
hence G(J) = SL(3, A; J)G(J, J3). From (3.7) it is clear that

SL(3,A; J)NG(J, J3) = SL(3, A; J) N L(3, A; J3).
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There is therefore a natural isomorphism
G(J) R SL(3,A;J)
G(J,J3) SL(3,A; )N L(3, 4; J3)
The latter group is the image of SL(3,A4;J) in PSL(3,A/Js3), namely
PSL(3,A/Js; J/J3). Composing this map with the canonical surjection of G(J)

onto the first group, we obtain the desired homomorphism ;. Note that G(J, J3) =

ker((y).

[For reference, recall that PSL(3, A) = SL(3,A)/L(3, A;0). For an ideal J of A,
we write PSL(3, A; J) to denote the image of SL(3,4;J) in PSL(3,A).]

The first lemma is a refinement of (2.9).

(4.1) Lemma. Let J be an ideal of a commutative ring A.
(i) If J' is an ideal such that J3 C J' C J, then
G(J, ) = G(J, J3)E(3, A; J').
(ii) If N is an E(A)-normalized subgroup of G2(A) such that G(J,J3) C N C
G(J) and Lz(N) = J’, then N = G(J,J").

Proof. First we observe that (i) implies (ii), for the hypotheses in (ii) imply that
J3 C J' C J and the Main Theorem shows that N C G(J,J'). On the other hand,
0z(N) = J' implies that NNSL(3,A) D E(3,A;J"); hence G(J, J')E(3,A4;J) C N.
Thus, it suffices to prove (i).
Now G(J,J3) = G(J3)E(J,0), so (i) is the assertion that
G(J,J") = G(J3)E(J,0)E(3, A; J').

Since the right-hand side of this equation consists of products of elementaries mod-
ulo G(J3), it suffices to prove (i) under the hypothesis that J; = 0.

Since J3 = 0, we have that SRa(A,J) and SRy(A,J’) hold, so SL(3,A4;J") =
E(3,4;J') and SL(3, A; J) = E(3, A; J). Also, G(J, J3) = E(J,0)G(Js) = E(J,0).
Now

G(J,J3) CG(J,J') CG(J) = G(J, J3)E(3, A; J),
by (2.9). Thus,
G(J,J') = G(J, J3)[G(J,J') N SL(3, A; J)].
But G(J,J') N SL(3, A; J) SL(3,A; J) N L(3, A; J'). Consider a matrix X in

this last intersection, so a(X [é }O,} where
Y11 *
Y = Y22 )
* Y33

and y11 = 1+ 7, y22 = vy11 + k, y33 = y11 + ¢, where j € J and k, £ € J'. Then
y$; = 1 because J3 = 0. This means that Y = Y;Ys, where

y11z 0 0
Y| = 0 yuu 0 |,
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and Yo = T mod J'. Let X7, X5 € G2(A) be the elements such that a(X;) = [é }91}

and a(Xs) = {(1) )92}. Then Xy € SL(3,A;J’) and, as noted in the proof of (3.5),
X1 € E(J,0) = G(J, J3). Tt follows that

G(J,J") C G(J, J3)SL(3, A; J') = G(J, J5) E(3, A; J'),
and this completes the proof. O

Note that it follows from (4.1) that if J3 C J' C J, then
CH(G(J,J)) = PSL(3, A/ Js; J' | J3).

(4.2) Lemma. Let J be an ideal of a commutative ring A such that J3 =0. If S
is a subset of Go(A) and £(S) = J, then £z(S) = £((s(9)).

Proof. Let N be the E(A)-normalized subgroup of G2(A) generated by S. Then
¢(N) = J and hence C(J,0) C N by (3.6). Since 3J = 0, it follows that E(J,0) C N
by (1.5). But E(J,0) = G(J, J3) = ker({;), so we have that G(J, J3) C N. Setting
J'=1(z(N), (4.1) tells us that N = G(J, J') and hence that (;(N) = PSL(3, A; J').
Thus, ¢z(N) = £((s(N)).

Let J” = £((;(S)). Then J” C J'. By definition, £,(S) = ¢z(N) = J', so it
only remains to show that J' C J”. This is equivalent to showing that G(J,J') C
G(J,J") and therefore, in our case, to showing that S C G(J, J”). Solet X € S. We
know that (;(X) € PSL(3,4;J) and £(¢;(X)) C J”. Thus, (;(X) =YL(3, 4;0),
where Y € SL(3,A;J) N L(3,A;J"). As in the proof of (4.1), such an element
Y can be written as Y = Y1Ys, where Y7 € L(3,4;0) and Yo € SL(3,4;J"). Tt
follows that

((X) =Y2L(3,4;0) € PSL(3, A; J") = ¢, (G(J,J")).

Since ker({;) = E(J,0) C G(J,J"), this proves that X € G(J,J"”) and completes
the proof of the lemma. O

The next lemma shows, in essence, that £z(S) can be computed modulo £(S)s.
Put together with (4.2) this effectively allows us to calculate As-levels as level ideals
in PSL(3,A/¢(S)3). In order to state the next result, let v : A — A/Js be the
canonical ring homomorphism and use overbars to denote images under v. For
example, A denotes A/Jsz and if N C Go(A), then N is its image in Go(A), or,
equivalently, its image modulo G(J3).

(4.3) Lemma. Let A be a commutative ring, and let S be a subset of Ga(A). Set
J=10(9), and letv: A — A/ J3 be the canonical map. Then £z(S) = v=1(£2(S)) =
v (G (9)))-

Proof. The second equality follows from (4.2), so we only need to verify the first
one. Let N be the E(A)-normalized subgroup of Ga(A) generated by S. Then N is
the F(A)-normalized subgroup of G2(A) generated by S. Since J3 C £(S) = £(N)
by (3.6), it suffices to show that £z(N) = £z(N).

It is clear that N N SL(3,A) C NN SL(3,A) and hence that £z(N) C £z(N).
On the other hand, from (3.6) we have that N C G(J,J’), where J' = £z(N), so
that (2(N) C £z(G(J,J’)). Thus, it suffices to prove that £z(N) C ¢z(N) in the
case that N = G(J,J’). This means that we may proceed under the assumption
that N D G(J3) = ker(Go(A) — G2(A)). Since £(N) = J,

NNSL(3,A) =NNSL(3,A;J) = NNE(3,A;J) = NN E(3,A; J).
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Because N D G(J3), however, we get that N N E(3,4;J) = NN E(3,4;J) from

which it follows that £z(N) C £z(N). This completes the proof of the lemma. O

From Lemma (4.3) it should now be clear that for an X € G2(A), (z(X) may
be computed as follows: write X = X;X, with X7 € G({(X),4(X)3) and Xo €
SL(3,A), and then £z(X) = £(X2) + £(X)s3.

We adopt the following notation: For matrices X € G2(A), we let Y (X) be the
3 % 3 block such that a(X) = {: Y(*X)] If X € SL(3,A), we use braces {Y(X)} to
denote the image of this matrix in PSL(3, A) (or PSL(3, A), if appropriate).

(4.4) Lemma. Let J be an ideal in a commutative ring A such that J3 = 0. Let
X = [ai;] € G(J), and let a(X) = [Zﬂ, where p = a11, [ = [a12,a13,014], g =

[ g% }: y=Y(X). Set u = [ae1,ar,as1]. Then

(4.5) Cr(X) = {Y(L) MY (L(9)(y +9f)} -
Proof. We apply (2.8). Since S(fy~!) and S(g) are in E(J,0) = ker (;,
Cr(X) = {Y(L(fy )Y (L(9)(pI — gfy™) 'y}

Now fy~lg = p—1and fy=' = p~tu, by (A.6). But p*> = 1 and the matrix
L(t1,ta,t3) is defined by polynomials in t1, t2, t3 in which every monomial has
degree divisible by 3, so that L(fy~!) = L(u). One checks that (pI —gfy=!)~! =

p (I +gfy~!) by multiplying. Then {p~'(I+gfy~ ')y} = {y+9gf}, and the proof
is complete. O

We note that if J is an ideal of A which is locally principal, then J? C J3 which
makes L(u) = L(g) = I above. This holds, for example, if J is principal or if J
is any ideal in a Dedekind ring. In these special cases, Lemma (4.4) becomes the
following theorem.

(4.6) Theorem. Let J be an ideal of a commutative ring A such that J3 C J3,
and let X € G(J), with a(X) = [gﬂ Then

(X)) ={y+gf}
Putting everything together gives a nice way to compute £z in these cases:

(4.7) Corollary. Let A be a commutative ring, and let X € Ga(A), with a(X) =
[Z ! } CIFOX)3 CU(X)s, then 02(X) = Ly + gf) + £(X)s.

The computation of £z(X) in the general case requires more work. It is clear
that by using (4.5) with J = ¢(X) we could obtain 8 polynomials in the entries of
X which generate £z(X) modulo ¢(X)s. These polynomials seem to us to be too
cumbersome to present here. Instead, we proceed with an alternate computation
of £2(X) in terms of 2 x 2 minors of X.

For X an arbitrary element of G2(A), let mo(X) be the ideal

mo(X) = (To7, Tos, T36, T38, Tae — 1, Tuz, Tog — T37) + £(X)3,

where 7;; is the 4,6, ¢, j minor of X. Let 7 = (234)(678) and set m(X) = mo(X) +
2
m()(XF) + mo(XF )
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For any permutation o in SL(8,Z) the 4, j, k, £ minor of X7 is the
o1 (i), 0 () o (), 0 (0)
minor of X, so m(X) can be expressed in terms of 24 minors of X.

(4.8) Theorem. Let A be a commutative ring, and let X be an element of Go(A).
Then m(X) is the As-level of X.

Proof. In (3.5) we have shown that my(X) is contained in £z(X). This makes it
clear that m(X) C £z(X). It remains to prove the opposite inclusion. In what
follows, we make free use of (A.10) and (A.11). We set J = {(X). O

Claim 1. The As-level of Q = [z3c42k(1), X] is contained in mg(X).
To prove this we go modulo mg(X), so that mo(X) = 0, and show that {;(Q) =

1.
Since J3 = 0 and 719 = 737, we have
To6 = T48 = T37 = T37T46 = T34T76 — T367T74
= —T34Te7 = T14T16-
N = = - = —7i5. Al = = -~ =
OW T13 = T137T46 = T14736 — T16734 = —Tig- SO, T17 = T177T46 = T147T76 — T16T74 =
_ 2
—T14T67 = Ti4, SO
2

T12 = T127T46 = T14T26 — T16724 = T14726 + T16T17 = —T14716-

Finally,
2
T18 = T18T46 = T14T86 — T16784 = —T147T13 + T16748 = —T14T1¢-

Computing (;(Q) using mo(X) = 0 and the relations just derived we get
n 0 TieTis
((Q) = § Eus(rismia) Era(rigria) | 0 n 0 ;
0 0 n

where 1 = 1 + 716714 + 7575 It follows that (;(Q) = 1 and hence that £z(Q) C
mo(X), by (4.2). This proves Claim 1.

Claim 2. The As-levels of [z_x(1),X] and [z_3.—x(1), X] are contained in
m(X).

2

We have [I_gc_k(l),X]ﬂ = [$33+2k(1); X’T] and [$_k(1),X]7T = [$36+2k(1),Xﬂ-
Applying Claim 1 to X™ and X™ proves Claim 2.

To finish the proof of the theorem, we may assume that m(X) = 0 and show
that (;(X) = 1. We have seen in Claims 1 and 2 that if

¢ € {—k,—3c—k,3c+ 2k},

then ¢y([z4(1),X]) = 1. Thus,

L= (X" W) (X) = [{Y (26(1)}, G (X)),
i.e., that {Y(x4(1))} centralizes ;(X) in PSL(3,A). But
{Y(zg(1))| ¢ € {—Fk, —3c— k,3c+ 2k}}

generates E(3, B), where B is the prime subring of A. Now Lemma (A.16) shows
that (;(X) = 1, and the proof of the theorem is complete.

2

!
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APPENDIX

Here we develop our particular representation of G (A) as a subgroup of GL(8, A)
by using the fact that G2(A) can be viewed as the automorphism group of the split
Cayley algebra over A.

Let A be a commutative ring with identity. We shall denote by O(A) the split
Cayley algebra over A (also called the split octonions over A). Our development is
taken from Jacobson [13], with extra detail provided by J. Faulkner. The algebra

O(A) is the set of all “2 x 2 matrices” (o‘ a) such that o, § € A, and

b3
al bl
a=|ax |, b= by
as b3

are elements (vectors) in the rank 3 free A-module A3. Addition and scalar multi-
plication in O(A) are defined component-wise, so that O(A) is a free A-module of
rank 8. The multiplication in O(A) is defined by the Zorn product

a a vy ¢ ay—a-d ac+da+bxd

b B d §) \yp+Bd+axc  B5—b-c ’
where - and x denote the usual vector “dot product” and “cross product,” re-
spectively, in A%. The ring A is naturally identified with a subalgebra of O(A)
via the embedding o — (§ 2), for all & € A. This makes O(A) a non-associative

A-algebra. (A weak form of associativity does hold in O(A): for all z,y € O(A4),
2%y = z(zy) and xy? = (xy)y, i.e, O(A) is an alternative algebra.)

Involution, trace, norm. There is a natural involution, x — Z, on O(A) defined
by (2‘ g) — (_ﬂb _aa) Using this involution one defines the trace and norm of an
element x € O(A) by Tr(z) = z + & and N(z) = xZ, respectively. It is easily
checked that these are elements of A. In fact, if z = (Z‘ g), then Tr(z) = a+ 0
and N(z) = af + a - b. Note that Tr is an A-linear map and N(zy) = N(z)N(y).

The trace and norm are, in turn, used to define the bilinear form N(z,y) =
N(xz +y) — N(z) — N(y) = Tr(zg) and the trilinear form T'(z,y,z) = N(zy, z) =
Tr((2y)2).

Letting Aut(O(A)) be the group of involution-preserving A-algebra automor-
phisms of O(A), we have G2(A4) = Aut(O(A)). Since the trace, the norm, the
bilinear form, and the trilinear form on O(A) are all defined using the involution,
the elements of G2(A) preserve all of these. Conversely, it can be shown that any A-
module automorphism of O(A) which preserves N(z,y) and T'(x, y, z) is an element
of G3(A).

Ordered bases. Let A% have ordered basis es, es, es. We fix an ordered basis
B = {ul,UQ,Ug,U4,U5,U6,U7,U8}

for O(A) as follows: set ug = (§0), us = (09), wi = (3%) for i = 2,3,4, and

u; = ( 0 0) for j =6,7,8.

€j—4 0
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Using this basis, an element

T2
X1 I3
Ty
xTr =
Te
T Ts
s

of O(A) can be written « = Zle x;u;. 1t is also sometimes useful to refer to the
fOHOWng basis: €11 = U1, €12 = —U2, f12 = —Uusz, gi2 = —U4, €22 = U5, €21 = Ug,
f21 = ur, g21 = ug. The point is that because {e11, €12, €21, €22}, {€11, f12, f21, €22},
and {e11, 912, g21, €22} each form a set of matrix units for Ms(A), we obtain from
them three embeddings of M3(A4) in O(A).

An element X of G3(A) is an A-linear isomorphism of O(A) and can therefore
be represented by a matrix relative to the basis B. Setting u; X = Z?:l aijuj,
we identify X with its 8 x 8 matrix [a;;]. In this way we identify G2(A) with a
subgroup of GL(8, A). For reasons which will soon become apparent, it will also be

convenient to view X as a 2 X 2 matrix [‘288 288}, where a(X), b(X), ¢(X), and

d(X) are the 4 x 4 blocks of the matrix X. Thus,

ail a1z a3z a4

a1 G2 (23 Q24

azl az2 (33 34

a41 Q42 043 Qa4
etc.
Membership in G2(A). We next focus on the question of which invertible ma-
trices X € GL(8,A) belong to G2(A) = Aut(O(A4)). The first thing to ob-
serve is that an invertible X is in Aut(O(A)) if and only if for all u,v € O(A),

(uD)X = (uX)(vX). Since X is linear and every element of O(A) can be expressed
in terms of the basis B, we get that X is in Aut(O(A4)) if and only if

(u;) X = (u; X)(u; X) for all 1 <i,5 <8.

Writing (u;X)(u;X) in terms of the basis B, the coefficients are polynomials in
the entries of X. Equating these with the coefficients in the expression for (u;@;)X
gives 512 polynomial relations on the entries of X. Let P be this set of polynomials.

(A.1) Anelement X € GL(8, A) is in G(A) if and only if the entries in X satisty
the polynomials in P.

Membership in G2(A) can also be expressed in terms of multiplication operators.
For each v € O(A), let L, : O(A) — O(A) be the A-linear map z — vz. One
easily checks that the following statement holds:

(A.2) An element X € GL(8,4) is in G2(A) if and only if for all v € O(A),
X = (vX) and X 'L, X = L,x.

10
N(z,y) = xPy”, for all z,y € O(A). If X € Ga(A), we have N(zX,yX) = N(z,y)

Let P = {O I} where P € GL(8,A). With respect to the basis B, we have
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for all z,y € O(A), and hence X PXT = P. Tt follows that X ! = PXT P. Writing
X = [‘2 Z} in block form, we get

(A.3) If X € Go(A), then X! = [gi gi]. Therefore, ad” +be” =1, dTa+bTc =

1, and ab®, dcT, d'b, aTc are skew-symmetric.

[We note that with the present notation, T'(x,y,z) = (zy)PzT. It follows that
an invertible matrix X which leaves N(z,y) and T'(z,y, z) invariant must preserve
products in O(A) and is easily seen to be in G2(A).] Note also that P € G3(A4),
which can be shown using (A.2).

Since 1 = uy + us and any X in G3(A) must leave the identity of O(A) fixed,
we have [1,0,0,0,1,0,0,0].X = [1,0,0,0,1,0,0,0]. The same must be true of X .
This yields the next fact:

(A4) If X € Go(A), then the sum of the first and fifth row is [1,0,0,0,1,0,0, 0],
and likewise for the first and fifth column.

Defining @ € GL(8, A) by

S

—~

O

~

|

U

—~

O

~

|
S O O
S O OO
o O O O
o O O O

and

o O oo
o= O o
= o O O

0
-1
0 —
0
one can check that for all v € O(A), (Ly)" = L(,q). Using (A.3) and (A.4) one
sees that QX Q = X T for X in G3(A). Combining this with (A.2) we get
(A.5) If X € Ga(A), then XT € Go(A).

We now show how these facts can be applied to find simple expressions for
ad®, beT', ab”, dcT, in terms of the entries of an X = [a;;] in G2(A). To this end,
observe that the coefficient of u; in (u; X)(u;X) is

1055 + A;2046 + G307 + Aj4058.

Choosing 1 < i < 4 and 5 < j < 8 produces the entries in ad”. But (w; X)(u; X) =
(u;4j)X, so that we may compute these values by computing u;4; and taking the
dot product with the first column of X. Doing so reveals that ad’ = ajI. It
now also follows that bc” = (1 — a11)I. Applying this to X7 and using (A.4) gives
dTa = alll, bTC = (1 — all)I.

Computing similarly with 1 < 4 < 4 and 1 < j < 4 gives the entries in ab?.
Applying this to X1, X7, and X7, we get the following results:

(A.6) Let X = [Z Z} = [a;;] belong to G2(A). Then

(i) ad” =d¥a = ay I and be? = cTb = (1 —ayy)1.
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0 —az1 —az1 —axu
T as1 0 —agy  ar
ab® = ;
azr  asy 0 —ag1
| a1 —an ael 0
0 asgy  ar1 081
T —ag1 0 ag1  —as
dct = ;
—ar1  —a41 0 as1
| —as1 az; —azr 0 |
0 a6 ai7  ais
- —a1g 0 a4 —ais
d'b = ;
—ay7 —aiy 0 a2
| —a1s a3 —aiz 0|
0 —ai2 —ai3 —aus
T a2 0 —aig  aiy
ate =
a3 a1s 0 —a
| a4 —a1r aig 0
The case of a;; a unit. Let X = [‘zg} = [a;;] be an element of G2(A) and

suppose that a1; is a unit in A. Since ad” = a111, a is an invertible 4 x 4 matrix
with a=! = a;'d”. From (A.4) we know that aj; = ass = dy1, the (1,1)-entry of
d, so that the (1,1)-entry of a=! is 1. On the other hand, a~! = det(a) 'adj(a). It
follows that

(A7) TIf X € G2(A) and aq; is invertible, then
a2 Qa23 a24
det(a) =det | az2 ass ass

a42 Q43 Q44

Next observe that d = aj;;a~7. This says that d is uniquely determined by the
entries of a. Since the entries of a and d determine those in the first column and
row of X by (A.4), it follows from (A.6) that the entries of a uniquely determine
ba® and a’c. Then b = (ba’)a~T and ¢ = a~T(a’c) are also determined by the
entries of a. We therefore have the following result:

(A.8) If X € Go(A) and aq; is invertible, then X is uniquely determined by the
entries of a(X).
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For future reference and use it will be advantageous to note some particular
relations from the set P of (A.1). In these we use the notation m;;i; to denote the
2 x 2 minor of X formed using rows ¢ and j and columns k and /, i.e., mjre =
Qi Qj0 — Qi Ajk-

(A.9) If X € G2(A), then the following relations hold:

ass = —M3416 + M3434,
are = M2416 — 2434,
age = —M2316 + M2334,
ag7 = —M3417 — M3424,
ary = Maa17 + M2424,
agy = —Ma2317 — M2324,
ags = —M3418 + M3423,
arg = Ma2418 — M2423,
agg = —Ma31g + M2323.

Proof. To obtain the expressions for agg, ag7, ags, let © = 3, j = 4 in the funda-
mental relation (u; X )(u;X) = (u;4;)X, and compare the coefficients of ug, urz, us.
Then apply (A.4). For azg, a7, ars, use i = 4, j = 2; for asgs, asy, agg use
i=2, j=3.

If for ¢ = 6,7,8 we define

34, i=6,
i]={ 42, i=71,
23, i=38,

then we may summarize these relations in the form
aij = —mpp; +myyp), 6<i,j<8.
While we are at it, we record here some more facts about minors which we will

be using: O

(A.10) Pliicker relations. For any matrix X with entries in A and any fixed
positive integers s,t, set 7;; = Mgy, for all 4,5. Then for any positive integers
i? j) k? h?

TijTkh + TjkTin + ThiTjn = 0.
Proof. This is easily verified. O
(A.11) Let X € G2(A) and fix integers s € {2,3,4} and t € {6,7,8} so that

s #t — 4. For integers 4, j let 7;; = mg; as above. Then the following identities
hold:

T78 = —Ti2, T68 = T13, Te7 = —Tl4, T34 = Ti6, T24 = —TIi7,
Tog = Tig, and Tge + 737 + 748 = 0.

Proof. The integers s,t are chosen so that usi; = 0. Applying the fundamental
identity (A.1) we have

(usX)(u: X) =0 1in O(A).
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Letting X = [a;;] and computing the product of

As2
as1 as3
’U,SX _ As4
As6
Qg7 As5
As8
and (u¢X) in terms of the a;;’s immediately gives 778 = —Ti2, Tgs = Ti3, Tor =
—Ti4, T34 = —Ts6, T24 = T57, and 7oz = —758. Subtracting the coefficient of e5 from
the coefficient of ey in (usX)(utX) gives 115 + 726 + 737 + 745 = 0. Using (A.4) one
sees that 715 = 0 and that 75; = —71; for all j. This completes the proof. O

Scalars, diagonal elements, and the stabilizer of e;;. We now give some
important facts about special elements of Ga(A).

(A.12) If ol € G2(A) for some a € A, then o = 1.

Proof. From (A.4), a11 + a15 = 1. But a;; = a and a15 = 0. O

From this (or otherwise), it is easy to see that G2(A) has trivial center. Next we
have a result on diagonal matrices in G2(A).

(A.13) Let X € G2(A) be a diagonal matrix, say with

Then aa =1 and v = 1.

Proof. That o = 1 follows from (A.4) as in the previous proof. Now the second
and third rows of X show that e;o X = fejz and f12X = 7 f12. Multiplying these
equations, we get go1 X = Ovg21. But a(X)d(X) = I, so the last row of X indicates
that go1 X = 7 1go1, proving that 8yd = 1. |

(A.14) Corollary. The stabilizer of e11 in G2(A) is the subgroup SL(3, A).
Proof. As in Section 1, we regard SL(3, A) as embedded in G2(A) via

0

If X € Stab(e11), then since X fixes the identity 1 = e11 + ez of O(A), X also fixes
€99. The same is true of X1 and hence the first and fifth rows and columns of X
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are determined:

o
e}
o
s}
e}
o

SO O OO OO
o
o
o

(=l eloleNoloNal S
o
o
o

Then a(X) and d(X)T are inverses and by (A.6), b(X) = ¢(X) =0. So X = [ °/]
with

oS o o
=

where M € GL(3,A). Let § = det(M). Then
5710 0
Y=| 0 1 0|MeSL@3,A),
0 0 1

and hence X’ = {ao, a/QT} is in G(A), where

OO O
~

By (A.13), § = 1. This proves that X € SL(3, A). O

The embedding o : SL(2,A) — G2(A) of Section 1 also gives some information

we need. If A € A is a unit, then [é /\91} € E(2,A). In Section 1 we point out that

o1 = o maps F(2, A) into E(A4; A,0). Now o ({3 )‘QID is a diagonal matrix with
a-block

1 0 0 0
0 X2 0 0
0 0 X O
0 0 0 A
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Note that this matrix is in the center of SL(3, A) if and only if A> = 1, and,
furthermore, that this element is also in the other embeddings 02,03 of SL(2, A)
in G2(A). From this and (A.13) we have

(A.15) Let A be a unit in A. Let A = diag(1,\,\,\,1, A", A71, A7), Then
A% =1 if and only if

A € Center(SL(3,4)) No1(E(2,A4)) No2(E(2,A)) Nos(E(2,A)).
We close the appendix with a general fact to be used in Section 4.

(A.16) Lemma. Let A be a commutative ring, B its prime subring, n > 3 an
integer, and y € SL(n, A). Suppose that E(n, B) centralizes y in PSL(n,A). Then
y = Al for some X in A.

Proof. Consider a,b in E(n, B). We have [ab,y] = [a, y]?[b, y] = [a, y][b, y], since all
commutators in these equations are scalar matrices by hypothesis.

Thus, a — [a,y] is a homomorphism on E(n, B) into an abelian group. But
[E(n, B), E(n,B)] = E(n,B) since n > 3, so the homomorphism must be trivial
and [a,y] =1 for every a in E(n, B). For i # j let e;; be the matrix unit in n X n
matrices. Now (I + e;;)y = y(I + e;5) for all i # j. It follows that y is a scalar, as
promised. O
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