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LOWER BOUNDS FOR THE ABSOLUTE VALUE
OF RANDOM POLYNOMIALS ON A NEIGHBORHOOD
OF THE UNIT CIRCLE

S. V. KONYAGIN AND W. SCHLAG

ABSTRACT. Let T'(z) = Z;L;Ol +e% where + stands for a random choice of
sign with equal probability. The first author recently showed that for any
€ > 0 and most choices of sign, mingepg 2 |T(z)| < n~1/2%¢ provided n is
large. In this paper we show that the power n~!/2 is optimal. More pre-
cisely, for sufficiently small ¢ > 0 and large n most choices of sign satisfy
mingeo,2m) [7(2)| > en=1/2. Furthermore, we study the case of more gen-
eral random coefficients and applications of our methods to complex zeros of

random polynomials.

1. INTRODUCTION

Let rg,71,... be Rademacher variables, i.e., they are i.i.d. with P({ro = 1}) =
P({ro = —1}) = 3. We define

n—1

Po(u) =P({min| 3 rje""| > u})
=0

for w > 0. As usual, T = R/27Z. Note that P,(u) is non-increasing and that
P,(y/n) = 0. Littlewood [7] conjectured that P, (ey/n) — 0 asn — oo for any € > 0.
This was proved by Kashin [5], who showed that lim,_.. P,(nz(logn)~3) = 0.
In [6] the first author proved a conjecture of Odlyzko, namely limy,_.oo Pp(n=2+¢) =
0 for any € > 0. It is easy to see that the method from [6] applies not only
to T = Z;:Ol r;e¥® but also to T",T” etc. More precisely, with some obvious
modifications the arguments from [6] yield the following:
Theorem 1.1. For any € > 0 and any nonnegative integer v
n—1
li P . s v _ijx —1ie —0.
lim ({glelTnlzgm(J/n) ¢ > nmateY)
=
Other extensions of the methods in [6] are in [4], where the case of i.id. r;
satisfying suitable moment conditions is considered. In this paper we show that

the power n 5 is optimal. More precisely, we prove
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Theorem 1.2. Letry,r1,... be standard normal or Rademacher variables and sup-
pose that ¢ € C([0,1]) \ {0} for some o € (1/2,1]. Then for any € > 0

n—1

limsup P({ , | er¢(j/n)zj| < 6”_%}) < Ce
=0

min
n—00 z€C :||z|—1|<en—
Here C is a constant depending only on ¢.

(7 is the space of all real-valued Holder continuous functions of order ¢ on [0, 1].
It is possible that Theorem 1.2 holds for less regular functions ¢, but our method
seems to have o = 1/2 as a natural threshold.

In [8] Shepp and Vanderbei study random polynomials p(z) = Z}:Ol ;27 with
standard normal coefficients. They show that for large n the zeros of p will lie
close to the unit circle or the real axis. Moreover, they conjecture that with high
probability the polynomial p vanishes at some point in a O(n~2)-neighborhood of
the unit circle. Theorem 1.2 shows that this conjecture is best possible. Real and
complex zeros of random polynomials have been studied by various authors and we
do not intend this paper as an introduction to the subject. The reader will find
several references to the literature on random polynomials in [8].

2. THE MAIN REDUCTION

To motivate our proof of Theorem 1.2, we indicate how to obtain a weaker
estimate for standard normal coefficients. For simplicity, we set ¢ = 1 and consider
only minima over |z| = 1. Let n > 2, v > % and choose non-overlapping intervals
1, such that

N
{zeT:n T <|z|<m—n"T}C UIO‘

a=1

with (| - | denotes the length of an interval)
1| <n %(logn)~2~7, N < 2an>(logn)z 7.

For each « fix an zo € I, and let T'(z) = Z;:_Ol r;€¥®. Then, with some suitable
absolute constant Cy and for all large n,

P({min [T'(z)| < n~%(logn)™"})

IN

N
>~ P({min [T(x)] < n~¥(logn) ™, [|T"]|wc < Con? (logm)¥})
a=1 Tela

(2.1) +2P({ min_ |T(x)] <n %(logn) ™", |T']|e < Con?(logn)?})
|z|<n™ 10

3

HP({[[T"]|sc > Con (logn)#})
N

> P({|T(xa)| < 2Con~% (logn)™"})

+2P{|T(0)] <n2"#}) + P({||T"| o > Con* (logn)?}).

The factor 2 in (2.1) arises since T'(z) and T'(z 4 7) are identically distributed. To
pass from (2.1) to (2.2), Taylor expand T around z, and zero to first order. Note

(2.2)

IN
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that the last two terms are o(1) by the DeMoivre-Laplace theorem and the Salem—
Zygmund inequality, respectively (for the latter see [3], chapter 6, Theorem 2).
Using characteristic functions, one checks that ﬁT(xa) is again a Gaussian vector
in R? with mean zero and covariance matrix

n—1 n—1

1 . o 1 cos?(jza)  3sin(2jza)
Va - E 2; COV(TJ (COS(]LEQ), Sln(]ZEQ))) - E ZO |: %sin(2jxa) sinZ(jxa)
= =

A simple calculation (see Lemma 3.2) shows that V, is uniformly nonsingular in «
and sufficiently large n provided 1 < |z4| < 7 — 2, whereas the eigenvalues A, A
of V,, satisfy

Co P <AL <Co , Ao >Cop /5
in the range
B {n B <laal <0} Ufm—nt < Jral <7 —n B},

Thus the sum over « in (2.2) is bounded by a constant times

n—l

n*(logn) >+ n > (log n) > + ntin~2(logn) 2" = O((logn)% 7).

n—2(logn)~ 2"
The factor n1o arises because after a principal axis transformation the vector T'(x,),
for all 2, € B, will have standard deviation approximately one and n~'/10 in the
respective coordinate directions. We conclude that

(2.3) Jim P({min |T(x)| <n~(logn)7}) =0

for standard normal r; and v > 1.

A proof of Theorem 1.2 along these lines has to overcome two main obstacles.
First, in the case of Rademacher coefficients one cannot simply invoke the central
limit theorem to estimate the sum over « in (2.2), since the error introduced by
normal approximation can be as large as n-%. Second, since the Salem—Zygmund
inequality is sharp, we shall need to be more careful if we wish to avoid the loss of a
logarithm — the main idea will be to consider the joint distribution of (7,7"). On
the other hand, passing to general ¢ and extending the estimates to a neighborhood
of the unit circle will turn out to be of a more technical nature. Returning to the
first obstacle, note that the probabilities in the sum over « in (2.2) can be much
larger than n 2. For example, it is easy to see that P({T'(3) = 0}) ~ =& if n — oo
through multiples of 4. One cannot expect to obtain an n~2-estimate in this case,
since all values of T'(%) are in Z2. The same remark applies to other fractions 27r%
with small denominators, e.g., %, %’r On the other hand, it will turn out that the
desired estimate on the probabilities in (2.2) does hold for all z,, which do not come
close to such fractions.

We begin with the proof of Theorem 1.2. Let r; and ¢ be as in the hypothesis
of Theorem 1.2. We assume throughout that o € (1/2,1/2+ 1/20) and that

[¢(t) — ¢(s)|
1éllce = max [¢(t)] + I SR T L
Define
n—1 n—1
T(x) =) ré(j/m)e’” and p(z) =) ré(j/n)2.
j=0

Jj=0
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Let
{y5}§:1:{2w%:1§k§A,Oﬁhgk—l, (h,k) =1}

where A, and thus B, are constants depending only on ¢. A will be specified below.

Fix some € > 0 (the same € as in Theorem 1.2) and split T into non-overlapping

intervals I, of length between %en_z and en~2.

Definition 2.1. The intervals Jz = [yg — 2rn~1F9/20 y5 + 27 n=149/20] 3 =
1,2,...,B, will be called bad. We define I, to be good provided I, ¢ Ungl Js.

For any such I, fix an z, € I, \ ngl Jg. Furthermore, set

N = {z€C:|lz| -1 <en?},
G = {ITloe < Con(logn)?, sup |p"(2)| < n'*/"}
zeEN

where (Y is a sufficiently large absolute constant.

For any interval I C T we denote £(I) = {e** : x € I}. By I, we shall henceforth
mean a good interval. Let D(zp,p) = {z € C: |z — 29| < p}. In analogy to (2.1) we
now have

P({min |p(2)| <en T} < ZP({ZGD( min Ip(z)] < en 2} NG)

eira 2en—2)

B
(2.4) + ;P({ze/\f,zrﬁlzh\lesug) Ip(2)| < en”2}NG) +P(G°).

To avoid the loss of a logarithmic factor, we shall use Taylor polynomials of T" of
order two around e**~ to estimate the sum over a. If the event G occurs, then

p(2) = T(x4) — (2 — €@ )ie™ T (z,) + O(2n~3/*)  for all z € D(e®, 2en™2).
Hence, if [p(z)| < en™2 for some z € D(e*®>, 2en~2), then

1T (2a) — (2 — €7 )ie™ ™ T" (,)| < 2en~?
for large n. Consequently, if |T'(z4)| > 4en=2|T"(z4)| also, then |T'(z4)| < 4en~z.
We conclude that for each I,

P min |p(z)| <en”2}NG) < P({|T(xa)| < den”2})
z€D (et 2en—2)

(2:5) + P{|T ()| < 4en™|T"(@a)] , | T"oc < Con?(logn)?}).

In sections 4 and 5 we shall prove that the right-hand side of (2.5) is O(e?>n~?)
as n — oo. Since the number of good intervals does not exceed 4rn?e~!, this will
imply that the sum over « in (2.4) is O(e) as n — oo. In the following section we
shall establish that the sum over the bad intervals in (2.4) is o(1) as n — oo. Thus
the proof of Theorem 1.2 will be complete provided lim,,—, o, P(G¢) = 0. Clearly,

P(G%) < PIITlow > Con (logm)*}) + P({sup [p"(2)] > n'*/"}).

The first term is O(n~!) by the Salem-Zygmund inequality provided Cy is a suf-
ficiently large absolute constant (see [3], chapter 6, Theorem 2). We estimate the
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second term using Markov’s inequality.

P({i i /m)li (G — 1)(1+1/n?)7=2 > nt?/1})

P({sup [p”(2)] > n'¥/*}) <
2eN —
7=0
n—1
< n—13/4 ZE|Tj| j26 < Cn—1/4
§=0

3. BAD INTERVALS

We shall estimate the sum over the bad intervals in (2.4) using the two—dimen-
sional version of the Berry—Esseen theorem for non—identically distributed random
variables with bounded third moments (cf. Corollary 17.2 in [1]). To do so, we
first need to bound the eigenvalues of the mean covariance matrix of T'(z,). We
begin with a technical lemma that will be used repeatedly. In what follows, C, ¢
will denote large and small constants, respectively, depending only on ¢.

Lemma 3.1. For any x € (4/n,m — 4/n) and nonnegative integer v

Z (5/n)*(j/n)" €| < C(v + 1) min[(nsinz) ™% + sinz, (n” sinz) ']
j=0

S|

In particular, with x, as in Definition 2.1,

|
—

n

o(j/n)?(j/n) e = o(1),

S|
Il
)

— 1
%Z_:o (G/n)*(j/n)" cos®(jza) = %/0 B(t)*t" dt + o(1)

uniformly in o as n — oo.

Proof. We first assume that v = 0. That the left-hand side of (3.1) is bounded by
(n? sinx) ™1, follows by partial summation using that

Z 2ijz _ SIH k + 1)$) eikr.

sinz

For the other part of the estimate let I = [Z—]. Note that I < n by our choice of
x. Then
(-t sin(lx)
Z e2iim — - ez((2k:+1)l—1)w _ O(l)
Jj=kl
and thus
(k+1)l—1 (k+1)i—1
SRt = 3 okl
j=kl =kl
(k+1)l—1
+ Y [6i/n)? = é(kl/n)*e* "
=kl

o) +10((1/n)?%).
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Therefore one finally has

1n—1 N 1[/] 1 (k+1)l-1 N
_So/mpe = o /m)ee
=0 k=0  j=ki
n—1
> oG /n)er "
Jj= [n/l]
1n
= O(ET + —— l(l/n) )+ O(l/n)

= O((n smx) + sinz),
as claimed. To obtain the estimate for positive v simply note that
||tl/¢||0cr S v+ 1.

The second statement follows easily from cos(2z) = 2 cos?(z) — 1 and (3.1) since

—140/20 —1+<7/20]

|zal| € 271 ,T—2Tn

by Definition 2.1. O
As noted in section 2, the mean covariance matrix of T'(x) becomes “increasingly

singular” as x — 0 or x — 7. This is to be expected since T'(0) and T'(7) are real.
Lemma 3.2 is a quantitative formulation of this fact.

Lemma 3.2. Let 0 < A(z) < A(z) denote the eigenvalues of the mean covari-
ance matriz of T(z), i.e., V(z) = * 20 cov(rj o(j/n)(cos(jx),sin(jzx))). For n
sufficiently large there exist constants C,c so that

1. in the range n™! < |z| <7 —n~1,

c< Az) < Alz) <C;
2. if On~ 1772 < |z| <n~' or Cn™'79/2 < |z — 7| <n~!, then
(3.2) c(nz))? < MNz) <C , c<Az) <C.
Proof. By definition

n—1 2/ - 1 - .
1 ) cos’(jx) 3 sin(2jz)
V(,’E) = - ¢(]/n)2[ 1 .- . ? 2.
ni 5sin(2jx)  sin®(jx
Let I = fo 2dt. On the one hand, by the previous lemma,
1[5 0 1
3.3 \%4 = - O(—————
(3:3) (@) 2 [ 0 L ] * (n‘7|sin:z:|)
provided 4/n < |z| < m —4/n. On the other hand,
2 cos?(tnx) dt 2 sin(2tnx) dt
(34) V() = Jo o 2 fo
fo 2sin(2tnz) dt fo 2 sin? (tnx) dt

O(ja] + ;»
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Simply note that the variation of each integrand over intervals of length % is
O(|z] + -%). It follows from (3.4) that

- ( /0 | 5(0) cos(2tnz) dt)

- ( /O 1 o(t)? sin(2tnx) dt)2

1 2
/ ¢(t)262itnm dt
0

2

1
4det V(z) + O(|z| + n_“)

= I} -

- 2o /O /O 6(1)20(5)2 cos(2(t — s)nz) dids
= 26(s)? sin® — s)nx s.
- 2/0/0¢<t> o(s)? sin?((t — s)na) dtd

Consequently, if [nz| < 7/2, we have |sin((t — s)nx)| > 2|t — s||nz| and thus

8 [t ! 1
35) adeaVie) = = [ [ oo - o didsinal? = O(1s] + )

c|nx)?,

V

provided |z| > Cn='=7/2. If |nx| > 7/2 consider the positive continuous function
ona>0

11
D(a) = / / o(t)2p(s)? sin®((t — s)a) dtds.
o Jo
Since
1 1
/ o(t) sin(bt)dt — 0, / o(t) cos(bt)dt — 0 (b — o0),
0 0

one has D(a) — 31 as a — oo and D(a) > con 1 < a < oo. Thus
(3.6) detV(z) > ¢ for % <lz| <e

Since always trace V = I; + O(=5), the lemma follows from (3.3), (3.5), and (3.6)
(note that it suffices to consider small z since T'(z) and T'(z + 7) are identically
distributed). O

In the following lemma we show that the sum over g in (2.4) is negligible as n — co.
For the terminology see Definition 2.1.

Lemma 3.3. Asn — oo

(3.7) sup P({ p(2)| < en”2}NG) = o(1).

min
1<p<B €N ,2/|2|€€(Jp)
Proof. We may assume that J; = {|z| < 2rn"1%9/20} and J, = {|z — 7| <
2mrn~119/20} Note that all other bad intervals are inside {n~! < |z| < 7 —n~1}.
For 3 < 8 < B cover Jg by non-overlapping intervals J,Ef3 ) of length n~3 (logn)~2,
1<k <ky=5rnit?/2ogn)z. Let x,(f) denote the center of J,gﬁ). Suppose
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Ip(2)| < en~2 for some z € N, z/|z| = €i* € Jéﬂ) and that the event G occurs.
Expanding p to second order around e** one obtains

IT(z)| = |p(e™)| < en™ % +en 2T ()| + €n *n'3/* < 2Cy en™ 2 (logn)=.
Thus
7)) < T (@)| +n~ % (logn) > | T"| e < Ot

It follows from the Berry—Essen theorem (see Corollary 17.2 in [1], and Lemma 3.2
above) that

P{  min |p(z)| <en"#}NG) <P{|T(x”)| < Cni}) < O3
zeN,z/|z|€€(TP)
and thus
ko
1 1 1 1
P min ) <en 2}lN@G) < Cn 2 < Cn~3t9/20(logn)z.
N O] }ng) <> (logn)

k=1

It remains to consider J;. Jo then follows by symmetry. Since the constant in the
Berry—Essen theorem is proportional to the (—3/2)—power of the smallest eigenvalue
of the covariance matrix, Lemma 3.2 shows that we need to consider very small x
separately. Cover {n=177/16 < |z| < 27n~1T7/20) by intervals J,gl) of length

n~%(logn)~ % with center x,(cl). In view of (3.2), Corollary 17.2 in [1] implies

]P)({|T(a:,(€1))| <Cni}) < C’)\(x,(cl))_% n~z < Cn/%p"3

whereas by the one-dimensional version of the Berry—Esseen theorem, see Theo-
rem 12.4 in [1],

P({|T(0)| < Cn'/2=7/1%(logn)3}) < Cn="/'%(logn)*.

Using Taylor expansions of second order as before we can therefore estimate

P( p()| <en2}ng) < D P{|T(z}")| < Cni})

min
2€N,z/|z|€E(J1)

+P({|T(0)] < Cn'/>=7/1%(log n)?})
(On30/16+0/20—1/4 (log n)%

+Cn~/%(log n)% =o(1)

IN

as n — oo. |

4. GOOD INTERVALS I

In the following two sections we estimate the right—hand side of (2.5). We shall
assume that rg,7r1,... are Rademacher variables. As indicated in section 2 it is
much easier to deal with standard normal variables since the vectors in (2.5) will
again be Gaussian. The details are implicit in what follows. Moreover, in that case
one does not need to introduce bad intervals because the issue of small denominators
does not arise. The main result of this section is the following lemma.

Lemma 4.1. For any € > 0 and sufficiently large n
sup P({|T(z4)| < en™7}) < Ce*n~2.
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Proof. The proof will use a method from [6] which allows us to handle very small
probabilities. The idea is to approximate the characteristic functions of T'(z,) by
Gaussians rather than the distribution functions. Generally speaking, this approx-
imation will be possible only on a certain neighborhood of the origin. Outside of
this neighborhood we shall show that the characteristic function is exponentially
small. This property will depend crucially on the arithmetic properties of good
intervals, which we shall exploit in the proof of Lemma 4.3 below.
Choose p € C*°(R?) such that p > 0, p > 1 on D(0, 1), and supp(p) C D(0,2).

Here and in what follows p denotes the Fourier transform

pE) = /R T (a) .

To see that p exists, it suffices to take any n € C°°(R?) \ {0} with f > 0 and
supp(7) € D(0,1) and to set p(-) = a|n|?(b~!:). Here a,b > 1 are chosen so that
p > 1 on D(0,1). Note that supp(p) = supp(ab®(f x 7)(b-)) € D(0,2). Now let
P, and f, denote the distribution and the characteristic function of \/LHT(:Z:Q),
respectively. By Plancherel’s theorem

P({IT(xa)| < en}}) / o 0 X) dPo(X)
{/ /H} —enlE) fa(€) de

I={¢eR?: [¢|<ns} , IT={cR?: ns <|¢| <2 'n}.

Note that the integrand in (4.1) vanishes for |[¢| > 2¢7'n. According to Defini-
tion 2.1, all good intervals I, lie inside {27 n~1+9/20 < |z| < 7 — 27 n~1+9/20} By
Lemma 3.2 the covariance matrices V,, of T'(z,,) are therefore uniformly nonsingular
in o and n. Moreover, T(x,) is the sum of independent random vectors of mean
zero and uniformly bounded third moments. By Theorem 8.4 in [1],

| fa(€) — exp(—(Va&, €)/2)] < ClE[Pn~ 7 exp(—clé[?)
for all |¢] < ns. Here C, ¢ are absolute constants. Thus
/1 P—en1€) ful€) dE = /I Plen1€) exp(—(Vat, €)/2) de + O(n~})

is uniformly bounded in o and n. The boundedness of the integral over region I7
follows from Lemma 4.2 below. O

IN

(4.1)

where

In what follows 7 will denote a fixed small constant, say 7 = (¢ — 1/2)/10.

Lemma 4.2. For sufficiently large n and all o

(4.2) sup [fa(§)] < exp(—nT).
n6 <Jgl<nttT
Proof. Let & = (£1,£2) be as in (4.2). Then f, (&) = H?:_Ol cos(mip;) where
U= ml/m)(E cos(ing) + € sin(jng)
v¢(j/n)cos(jra +0)

(4.3)
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for suitable # and v satisfying %n_% < v <n2tT. Since |fo(£)] = 1 if all v € Z,
we need to take into account how many 1); are close to integers. Let ||| - ||| denote
the distance to the closest integer.

Case 1. card({j € [0,n) NZ: ||| > n~7}) > n".

Then
n—1

(4.4) o) = exp(d_ log(cos(mi;)))
=0

IN

exp(n? log(cos(mn™7))) < exp(—Cn?7).
Case 2. card({j € [0,n) NZ: ||| > n~7}) < ni™.
By Lemma 4.3 below there exists an interval J C [0,n) so that

(4.5) Z d(j/n)? cos?(jro +6) > cn' ™" and sup [¢;| < 3n77
jeT JjeT

provided n is large. In particular, 0 < cos(my;) < 1—1#]2» for all j € J. We therefore
obtain from (4.3) and (4.5), uniformly in « and large n,

b ful®) < swp exp(—c 3 U < sup exp(—co?nl )
n%<\f\<n1+7 7r’u>n7% JjET 7rv>n7%
< exp(—en’ T < exp(—n7).
For the last inequality note that 7 < 1/20. O
The following lemma is the main technical statement of our paper. Roughly
speaking, we show that if most of the v; given by (4.3) lie very close to integers,
then many have to be close to zero (cf. (4.8)). This conclusion is false if v, = 5, 5, §
and € = 0 and it is here that we therefore need to use that z, /7 is separated from

fractions with small denominators. On the other hand, (4.7) is a simple consequence
of Lemma 3.1.

Lemma 4.3. For any j € [0,n) NZ let
¥; =v¢(j/n)cos(jra + 0)

where x,, s given by Definition 2.1, v € [0, n%‘”), and 0 is arbitrary. Suppose that

(4.6) card({j € [0,n) NZ : [||l;]]| > n~T}) < n'.
Then for large n there exists an interval J C [0,n) so that
(4.7) Z #(j/n)? cos?(jro +0) > cn' ™7,
JET
(4.8) sup ;] < 3n7".
JET

Proof. In the first part of the proof we select an interval J C [0,n) so that (4.7)
holds and, moreover, |||1;]]] < n~7 for all j € J. For simplicity we shall write
instead of .

Let J, = [ju, ju+1) with j, € Z be disjoint intervals of length %nl_f” <|J| <
n'=57 such that

[0,n) = U J, and 1y <2n’7.

v=1
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Let
1 N2 2.
S, = - E d(j/n)” cos®(jx + 0).

JE€ETY

By Lemma 3.1 there exists a constant ¢y so that

Vo n—1
(4.9) Zs,, = %Z¢(j/n)2 cos®(jz + 0) > ¢
v=1 7=0

provided n is sufficiently large. We claim that

Lo 5
Sv > TN i
for at least 2n*” many choices of v. Suppose this fails. Since clearly s, < |7,|/n <

n°7 for all v, we would then have
< 1 2, —5T 4T —57 1 2 —T
Zs,, < Zcon vo+2n~" -n §§CO+2n
v=1

which contradicts (4.9) for large n. In view of hypothesis (4.6) we can therefore
choose 7 € {1,2,... ,11} so that

(4.10) sup [[[¢5l < n77,
VISNE

(4.11) Z #(j/n)? cos®*(jz +6) > icg n' 7T = cintoT.
JjE€ETs

We need to show that (4.8) holds for J = J5. The main idea of the proof will be
that 1, varies slowly as j runs through certain arithmetic progressions. This can be
seen by taking suitable differences of {¢;}. To do so, we first need to approximate
¢ by smooth functions. Extend ¢ to a C7—function on T with the same norm
as follows. First extend ¢ to [—1,1] as an even function and then set it constant
equal to ¢(1) on the remaining parts of [—m,n]. By Jackson’s inequality (see [9],
chapter III, Theorem 13.6) there exists a real trigonometric polynomial @ of degree
not exceeding n A~2 such that

(4.12) l¢ = Qlloe < Co (A%n71)7

with some absolute constant Cy. For all j € [0,n) NZ let

v = vQ(j/n) cos(jz +0).
Since v < n/2*7 and 7 = (0 — 1/2)/10, (4.10) implies that there exist integers m;
for j € J so that

(4.13) supl|; — my| + [ — my[] < 3n77.
jeTJ

We shall now show that m; is periodic with period pg satisfying 1 < po < A. The
constant A is the same as in Definition 2.1 and will be specified below.
By Dirichlet’s principle (see [2], section 11.3), there exist an integer pg and a real

number zg so that
T
(4.14) po——

—20€Z, 1<py<A, |z<A"
27
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For any nonnegative integer k define the k" difference with respect to [ as usual,
ie.,
k

- k ~
(4.15) Ay =Y (S) (=1)* Pt (s+1)po

s=0
To estimate this difference note first that for v € Z

¢g+upo =vQ < po> cos(jx + 0 + 2mwuzo)

and second that Bernstein’s inequality (see [9], chapter X, Theorem 3.13) implies
S n s
1Q“ e < QU (55)

for any nonnegative integer s. Furthermore, ||Q|oc < 2 for large n in view of (4.12).
Consequently, we can estimate (4.15) for any integers [,k with 0 < j < py and
(k4 1)po < n — j as follows:

7 d* | +u :
|Ak¢j+lpo| < H W[v Q (ijo) cos(jx + 0 + 2muzg)]

oelis
2U§ <Is€) (%) (%) (2r|20])" 7" < 2277 <2”; 1)k

In view of (4.13) and the definition of A* (cf. (4.15)) we therefore have
A M ipg | < 1AMy | 4 1A (it — M)

k
2 1
onztT < 7:; ) +92F.3n77

provided [j +Ipo, j + (I+ k)po] C J. Clearly, the expression on the right—hand side
is < 1 provided k = [T logn] and A is chosen sufficiently large. Thus

Loo(u)

IN

dk—s
e <] + upo) H H = cos(jz + 6 + 2muzg)

o0

IN

IN

AFmyigp, =0 forall j,l€Z with [j+Ipo,j+ (I+k)po] CJ.

In other words, m;yi,, = Pj(I) for those j and I, where P; is a real polynomial
of degree < k — 1. We claim that P; = const. Suppose not. Then as a nonzero
polynomial of degree < k — 1, PJ( has at most k& — 2 roots. In particular, P; has
to be strictly increasing on an interval J' of length > |7|/(kpo). However, since
P; attains one of the values mg,mq,... ,mp—1 € [—Qn%*‘T, 2n%+7] at each integer
in 7', and since |.7’| > n'=57/(2kpo) > 5n=*7, we obtain a contradiction to strict
monotonicity. Thus

(416) Mjtip, = M for all 75,1 €Z with [] + Ipo, j + (l + k)po] cJ.

Our next goal is to show that m; = 0 on J. This will complete the proof (see (4.13)).
We first consider the case

|ZO| < n—1+o/20'
Then by (4.14)

2= 1q € 2nL —2mp1+0/20 op L | op —140/20]
Po Po
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for some integer g. This contradicts our choice of z, (see Definition 2.1). Hence
we may assume that

(4.17) |zo] > n~1+o/20,

It is easy to see that for such zg the angles 1; have to change sign on J. This
implies that m; = 0 by (4.13). We first show that ¢(j/n) does not change sign
on J. Since |J| < n'=?7, (4.11) implies

1
sup ¢(j/n)?> > — > _ 6(j/n)? cos® (jz + ) > ¢f.
JET |T| jed
Thus there exists jo € J so that w.l.o.g.
d(jo/m) = c1.

Hence, for any j € 7,

$(3/n) = e1 = [6(3/n) = (o /n)| = 1 = n77"
and so ¢(j/n) > 0on J. By (4.14)

Vjtipo = v A((J + Ipo)/n) cos(jz + 0 + 2mlz).
Recalling that o € (1/2,1/2+1/20) and 7 = (0 —1/2)/10 we see that (4.17) implies
for large n

1
|1 20| = 5! 5T/ 5 24,

We can therefore find integers [,1” with j + Ipg, 7 + I'po € J satisfying
(4.18) Yjtipo <0 and iy, > 0.
On the other hand, by (4.13) and (4.16),

[Vjtipo — M|+ [Wjtrp, —myl < 6077

In view of (4.18) this implies that m; = 0, and we are done. O

5. GOOD INTERVALS II
In Lemma 5.2 below we estimate the second term on the right—hand side of (2.5).
By the discussion in section 2 this will complete the proof of Theorem 1.2. Let
X = Z=(T(ra).T @)/ in).
Q = {(zw) €C : |w| < Co\logn, |z <n”"elul}.
Clearly,
PH{|T(xa)| < en™?|T"(za)| , | T"[oc < Con?(logn)?}) < P({Xa € Q}).
As in the previous section, we shall use an idea from [6] to bound this probability
by €2n~2. First we need to consider the covariance matrix W, of X,.
Lemma 5.1. Let
n—1 . .
W, = %Jz_:ocov(rjqﬁ(j/n)(cos(jxa),sin(jxa), 2 cos(jia), & sin(jza))

be the covariance matriz of Xo. Then Wy is uniformly nonsingular in « and large n.
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Proof. Clearly, each entry in the matrix W, is equal to one of the expressions

1 n—1

$(j/n)*(G/n)" cos*(jza), Y 6(j/n)*(j/n)" sin®(jza),

Jj=0

n

<.
Il
o

S
|
—

¢(j/n)?(j/n)" sin(2jze)

Jj=0

DN | =

for some v = 0, 1, 2. Therefore, Lemma 3.1 implies that as n — oo

I, 0 L O
1|10 L 0 L
0 I 0 I3

where I = [} ¢(t)2dt, I, = [ to(t)>dt, Is = [ 1>6(t)2 dt. Note that the deter-
minant of the matrix in (5.1) is & ([113 — I3)? > 0 since I1J3 — I3 is the Gram
determinant composed of the linearly independent functions ¢ and t¢ considered
as elements of L2[0, 1]. O

The following lemma is the main result of this section. As in the previous section,
estimate (5.2) will be obtained by approximating the characteristic function of X,
on a certain neighborhood of the origin. Outside of this neighborhood we shall show
that the characteristic function of X, is exponentially small. This will again depend
crucially on the arithmetic properties of good intervals, more precisely Lemma 4.3
above.

Lemma 5.2. For any € > 0 and large n

(5.2) supP({X, € Q}) < Cn~2%
Proof. Let
Ry = {(z,w)eC? : |w/ <1, |z|]<n"'e} and
Rj = {(zw)eC?: 27 <|w <27, 2] <2in"te} if 5> 1.
Clearly,
Jo
(5.3) Qc|JR,
j=0

where jo is minimal with 200=1 > Cy(logn)2. Choose a nonnegative function
X € C§°(R?) such that x = 0 on a neighborhood of zero and x > 1 on {1 < |w| < 2}.
Let p be defined as in Lemma 4.1. Set

Fo(zyw) = plw)p(ne2), Fy(z,w) = x(2 T w)p(2 Ine1z) if j> 1.
By (5.3) and the choice of x and p ,

Jo
> F > xao.
=0
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Let Px_ and g, denote the distribution and characteristic function of X, respec-
tively. Then by Plancherel’s theorem

P{X,€Q}) < Z/R Fj(z,w) dPx, (2, w)
j=0
w2 [ penpn ™ e€)gneon) ded

jo
(5.4) +Y n2e b / X(=27')p(—2'n" e €)ga (€, m) dédn.
=1 R

It will suffice to estimate the sum over j. The reader will easily verify that the first
integral (corresponding to j = 0) in (5.4) can be dealt with in the same manner.
Split R* into the regions (with 7 = (¢ — 1/2)/10 as in section 4)

I o= (gl <ns , <7}, I ={nb <|g]<n™, |l <u7},
IIT = {jn|>n"}.
Note that the integrands in (5.4) vanish if |¢| > n!*™ and en™ > 2. We shall assume
this last condition. Since X is a Schwartz function, the integral over region I11 will

decay rapidly with increasing j. Indeed, denoting the integrand in the summands
of (5.4) by G; and using [|ga||cc < 1, we obtain

n—2e2 94i—2

/ G;(&m) dédn‘
111

IN

n=2e 24j_2/ IX(=27"'n)| [p(=27n" e €)| dédn
In|>n JR?
< ON/ (L+|n))Ndn < Cy2~Nin=N7
Inl>25=1n7
for any N > 1. In particular, we can take N > 377! so that

(5.5) Zn‘QeQ 247=2
j=1

/ G;(&m) dfdﬁ‘ <Cn™%.
11

Next we turn to region I. Since (T (z,), T’ (74)/in) is the sum of independent ran-
dom vectors with mean zero and uniformly bounded third moments Lemma 5.1
above and Theorem 8.4 in [1] imply

19a(€,m) — exp(—|Wa (&,m)[2/2)] < Cn=3 (€] + |nl)® exp(—c(l€]? + [n[2))

provided |¢| + || < ns. Hence

/ 2 p(—2n e €)ga(€.m) ded

I
(5.6) = /R X(=2I)p(=2n T eg) exp(— W (€ m)[?/2) dédn + O(n™ %),

Note that all moments of x vanish since

(5.7) [, 2w an = rigrx() <o

z
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In order to exploit this fact, we will approximate the Gaussian in (5.6) by a Taylor
polynomial in n for fixed £. This type of argument is standard in Littlewood—Paley
theory from harmonic analysis. Let

w2 2

(5:8) Pralem) = Y 2 6, 45 exp(—[We (&, 0P/2)| _,

1B <m
Since P, (&, 1) is a polynomial in 7 for fixed &, (5.7) implies that
(5.9 KOsty =0
for every ¢ € R2. Furthermore, it is easy to verify that
(5.10) [P (& < Cra (14 1€] + [n])™ exp(—cl€[?),
(5.11) | Prna(€,m) — exp(=|Wa (& m)[*/2)]

< Con(L [€]+ [nl)™ - ™+ exp(—clé]).

Indeed, (5.10) follows from the definition (5.8) and the chain rule, whereas (5.11)
is a consequence of the standard error estimates for the Taylor expansion. In view
of (5.9)—(5.11) the integral in (5.6) can now be estimated as follows.

[ A a2 e espl - €2 ded

/R4 (=27 ) p(=2Tn e &) [exp(= W2 (6,m)2/2) = Pra(&,1)] dédn‘

< C (=27 0) [ Prv.a (€, )| + exp(—| W2 (&, m)[2/2)] dédn
In|>1 JR2
+C (=277 | Pon. (€. 17) — exp(—|W (€,1)|2/2)| dédn
In|<1 JR2
J _
< O [ [ @ i ) (el

+exp(—c(€* + [n[*]))] dédn
+CN’m/ / (L+27n)) =V H L+ (€)™ | ™+ exp(—cl¢]?) dédn
Inl<1 /R
(512) < Oy (277N 4 273(m+3))

provided N > m 4+ 2. With m = 2, N = 5 we therefore conclude from (5.6)
and (5.12) that

Jo
Z =22 942
Jj=1

/IGj(S,n) dfdn‘

00 Jo
(5.13) < 0N n2R2V207 4 0N a2 2V < O

j=0 j=0
for large n. Finally, Lemma 5.3 below implies that the contributions from region IT
are negligible. In view of (5.5) and (5.13) the proof is complete. O
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Lemma 5.3. For all o and large n

sup [ga(&,m)| < exp(—nT).
(&mell

Proof. The proof is very similar to that of Lemma 4.2. Let (£,7) € I1. Then

n—1
ga (&) = [ cos(xB;)
=0

with
(5.14)  B; = ve(j/n)cos(jza + 00) + w%qﬁ(j/n) cos(jza + 1),
for suitable 6y, 61 and v, w satisfying

nTE <p<nItT , nggn_%J”.

By an argument analogous to (4.4) it suffices to assume that
(5.15) card({j € [0,m) N7 : (Il > gn7)) < n*"
Define
;= v¢(j/n)cos(jza + bo).
Since 0 < w < n~ 277 it follows from (5.15) that for large n
card({j € [0,n) NZ = [[45]] > n™7}) <.
By Lemma 4.3 there exists an interval J C [0,7) so that for some constant ¢
(5.16) > 6(j/n)? cos(jza + 0o) > en' 7
€T
and sup;¢ 7 [¢j| < 3n~". This clearly implies that sup;c 7 [8;] < 1/4. Hence
0 < cos(mf;) <1— 5J2_
and thus

sup |ga (&, )| < sup exp(—c > ).
II To>n—1/3 w<n—1/2+7 jeT

It follows easily from (5.14) that
2

B = S 0(i/n)? cos’(jza +6) — w?(j/n)’.

We therefore obtain in view of (5.16) and because of v > %n‘é, 0<w<n zt7
that

1_ _ 1_
E ﬁ?zcns 5T_n 1—0—27”26”3 5T
JjeT

for large n, and the lemma follows (recall T < 1/200). O
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