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ABSTRACT. Complex symplectic spaces, and their Lagrangian subspaces, are
defined in accord with motivations from Lagrangian classical dynamics and
from linear ordinary differential operators; and then their basic algebraic prop-
erties are established. After these purely algebraic developments, an Appendix
presents a related new result on the theory of self-adjoint operators in Hilbert
spaces, and this provides an important application of the principal theorems.

1. FUNDAMENTAL DEFINITIONS FOR COMPLEX SYMPLECTIC SPACES,
AND THREE MOTIVATING ILLUSTRATIONS

Complex symplectic spaces, as defined below, are non-trivial generalizations of
the real symplectic spaces of Lagrangian classical dynamics [AM], [MA]. Further,
these complex spaces provide important algebraic structures clarifying the theory
of boundary value problems of linear ordinary differential equations, and the theory
of the associated self-adjoint linear operators on Hilbert spaces [AG], [DS], [NA].

These fundamental concepts are introduced in connection with three examples
or motivating discussions in this first introductory section, with further technical
details and applications presented in the Appendix at the end of this paper. The
new algebraic results are given in the second and main section of this paper, which
developes the principal theorems of the algebra of finite dimensional complex sym-
plectic spaces and their Lagrangian subspaces. A preliminary treatment of these
subjects, with full attention to the theory of self-adjoint operators, can be found in
the earlier monograph of these authors [EM].

Definition 1. A complex symplectic space S is a complex linear space, with a
prescribed symplectic form [:], namely a sesquilinear form

(1.1)

(i) u,v = u:v], SxS—C,s0 [cru+cov:w]=cilu:w]+cafv:w],
which is skew-Hermitian,
(ii) [u:v] =—=[v:u], so [u:civ+ cow] =& fu: v] + Cfu: w)
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(in terms of the conjugation involution ¢ — € in the complex number space C), and
which is also non-degenerate,

(iii) [w: S] = 0 implies u = 0,
for all vectors u,v,w € S and complex scalars c1,co € C.

Because of the analogy of the complex symplectic space S to a Hermitian inner
product space, we often employ the terminology “symplectic product” for [u : v]
and “symplectic orthogonality” for [u : v] = 0. Hence condition (iii) above means
that only the zero vector of S is symplectically orthogonal to every vector of S.

As is customary, we declare that complex symplectic spaces S; with form [:];
and Ss with form [:]o are isomorphic in case there exists a linear bijective map

(1.2) F: 81 — Sy with [u: v]; = [Fu: Fv)g,

for all vectors u,v € Si.
Linear subspaces of a complex symplectic space S need not be complex symplec-
tic subspaces, since the induced symplectic form can be degenerate on them.

Definition 2. A linear submanifold L in the complex symplectic space S is called
Lagrangian in case [L : L] = 0, that is,

(1.3) [u:v] =0 for all vectors u,v € L.

Further, a Lagrangian manifold L C S is complete in case
(1.4) we Sand [u: L] =0 imply u € L.

We refer to a “linear manifold” to include the case where S has infinite dimension.
For instance, we can construct an infinite dimensional complex symplectic space
S =H_® Hy, as the direct sum of two Hilbert spaces H_ and H,, so each vector
u € S has a unique representation u = u_ + u4 with uy € H, respectively. We
take the sympectic form

[w:v] =[ue +uy oo +og] =—i{u_,v_)— +i{uy,vy)4

in terms of the Hermitian inner products (-,-)+ in Hy, respectively (compare the
corresponding finite dimensional cases in Theorem 3 below).

However, in this paper we deal only with complex symplectic spaces S of finite
(complex) dimension D > 0 (the case D = 0 defines the trivial space consisting of
just a single point, and this case is often omitted in the subsequent discussions),
and then each linear submanifold is a linear subspace of S (that is, closed in the
usual topology of S, as in CP).

In the following Example 1, we note that each complex symplectic space S with
finite dimension D > 1 is isomorphic to the complex number space CP with a suit-
able complex symplectic structure—that is, with a symplectic form on the complex
vector space CP.

Example 1. Skew-Hermitian matrices and complex symplectic spaces in CP.

Let S with the symplectic form [:] be a complex symplectic space of finite di-
mension D > 1. Then there exists a linear bijective map of S onto the com-
plex number space CP, and accordingly the symplectic products in S can be ex-
pressed in terms of the complex coordinates that are induced by this map, say
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u = (u1,u2,...,up), v = (v1,va,...,vp) for (row) vectors defining u,v € S.
Namely, write the sesquilinear form on CP as
(15) [U:U]:(ula'"7uD)H(U17"'7UD)*7

where H is the corresponding D x D skew-Hermitian matrix, and hence H satisfies
the conditions:

(1.6)

H = —H* (here H* = H', where * denotes the conjugate transpose),
det H # 0, so H is nonsingular.

These conditions (1.6) are merely the axioms (1.1) (i) (ii) (iii) interpreted in
matrix notation. Hence each skew-Hermitian non-singular D x D matrix H defines
a complex symplectic product (1.5) on CP, and moreover each complex symplectic
D-space S is isomorphic to such a complex symplectic CP”. That is, the most
general complex symplectic D-space S has an isomorphism onto CP, once a basis
is chosen for S, and then the symplectic products are specified by a skew-Hermitian
nonsingular D x D matrix H, as in (1.5) or

(1.7) [u,v] = uHv*.

However, a linear change of basis in S yields new numerical coordinates, say u
has the components

@ = (l,...,70p) where uj = Q"
for a complex non-singular matrix Q = (Q;’“) Then
[u: 0] = (Q)H (8Q)* = aHT",

in terms of the congruent matrix H = QHQ*. Since (iH)* = —iH* = iH is
symmetric Hermitian, there exists some complex non-singular matrix ¢ such that
Q(H)Q* = diag{l,, —1,}, so

(1.8) H = diag{—il, il,},  (i*=-1).

Here I, is the identity matrix of size ¢ > 0 (omitted when ¢ = 0), and similarly
for I, of size p > 0. This yields an important diagonal format (1.8) for the skew-
Hermitian non-singular D x D matrix H, with p+ ¢ = D.

As an interesting special example take D = 3, and consider the complex linear
space S = C3 with the prescribed symplectic products [e! : el] = i, [e? : €?] =
i, [e? : €] = —i, and all other symplectic products are zero for the customary basis

vectors
el =(1,0,0), e = (0,1,0), e* = (0,0,1).

That is, we use the skew-Hermitian matrix H = diag{i, 7, —i} to define the sym-
plectic structure on C3.
In this complex symplectic 3-space S the 1-dimensional subspace

L = span{e? +¢*} = {(0,¢,¢)}, forallce C,
can easily be verified to be Lagrangian since [e? + e® : €2 + €3] =i —i = 0. It will

be shown later, see Theorem 1 below, that there are no Lagrangian 2-spaces in S
but L is not a complete Lagrangian subspace, since [e! : L] = 0 yet e! & L.

Example 2. Real symplectic spaces of Lagrangian classical dynamics, and canon-
ical bases.
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A real symplectic space Sg is a real linear space, together with a prescribed real
symplectic form [:]g, namely a real bilinear form

u,v — [u:v|lg, SgrXSr—R,
which is skew-symmetric,
[u:v]g = —[v:ulg,
and also non-degenerate or non-singular,
[u: Sg] = 0 implies u = 0,

for all vectors u,v € Sg.

Following the earlier Definition 2 above, we define a linear manifold L C Sy to
be Lagrangian in case [L : L]g = 0, and, in addition, L is complete just in case

u€ Sgpand [u: Llp =0 imply u € L.

We remark that in much of the literature on real symplectic spaces, only complete
Lagrangian submanifolds of Sk are referred to as “Lagrangian” (the others are
termed “isotropic”), see [AM], [MH], [MS].

Just as in Example 1 we note that a real symplectic space Sgr of finite (real)

dimension D > 1 is symplectically isomorphic with R” bearing a suitable bilinear
form

(1.9) [u:v]r = udv', with A= —A' det A # 0.

But a real skew-symmetric non-singular matrix A must be of even size D = 2n, and
is necessarily congruent (via a real non-singular matrix @) to the canonical matrix

(1.10) QAQ" = (_Oln Ié‘) .

A corresponding basis that achieves this canonical matriz (1.10) is called a canonical
basis, say

(1.11) {el e?,. .. e™ e e"™2 . e®™} in Sk (or in R®™),
with the corresponding symplectic products
(1.12) [e/ :eFlp =0, [e"T : e r =0, for 1 <j, k <n,

and the familiar canonical duality (or canonical conjugation)
(1.13) [ef : e"TF] = 7% (Kronecker §).

Then we recognize that, for dimSgr = 2n,

span{e’,...,e"} and span{e™ ™!, ... *"}

are each complete Lagrangian subspaces in Sgi, and moreover are related through
the canonical conjugation (1.13).

The existence of such canonical bases in Si shows that there is a unique (up
to symplectic isomorphism) real symplectic space of dimension 2n, and we often
denote this symplectic space as R?™. It is known that a Lagrangian subspace L of
R?" is complete if and only if dim L = n, see [AM], [MA], [MH].

These concepts originated in the Lagrangian classical dynamics of physical sys-
tems with n degrees of freedom, where the generalized coordinates consist of n
generalized positions, corresponding to {e!,...,e"}, and n generalized momenta,
corresponding to {e"*1, ... 2"},
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It is easy to complexify a real symplectic space Sr so as to construct a complex
symplectic space S by simply using complex vectors. More precisely, S consists
of all ordered pairs {X,Y} of vectors of Sg, with the obvious algebraic operations
suggested by the familiar notation

Z =X+1Y, for X,Y € Sg.

Namely, use componentwise vector addition in S; also multiplication by complex
scalars u = a+if (for a, f € R) in accord with

(1.14) uZ = (o +iB)(X +iY) = (aX — BY) +i(8X + aY),
and define the symplectic product in S by
[Z1: Z5] = [X1 4+ Y71 : Xo + iY5)
= [X1: Xo|r + [Y1: Yo]r + i{[Y1: Xo]r + [Y2 : Xu]R}.

Further, we note that there is an involutary bijection on S, called complex con-
jugation,

(1.15)

(1.16) Z=X+iY - Z =X —1iY,
so then
(1.17) 7y =7, 21 + poZe = i1 Z1 + ioZo,  [Z1: Zo| = [Z1 1 Za),

and the properties (1.14), (1.15), (1.16), (1.17) hold for all vectors Z; = Xy + iY1,
Zy = Xo 4+ 1Y5 in S, and complex scalars 1, us € C. Moreover, the “real vectors”
of S, namely X + 40O, defined as the invariant or fixed vectors under the complex
conjugation, constitute a subset S, C S which is itself a real symplectic space with
respect to the algebraic operations induced from S—using real vectors and real
scalars. Clearly S, contains all vectors

1 _ 1 _
(1.18) X=ReZ=3(Z+2), Y=ImZ=(Z2-2),

i
and it is immediate to verify that S, and Sk are isomorphic real symplectic spaces
under the map

(1.19) X +i0 = X.

A basis for S}, (over the real scalars) serves also as a basis for S (over the
complex scalars). In particular, a canonical basis for S consists of a canonical basis
for Sp,—for which the corresponding skew-Hermitian matrix is given in (1.10).

It follows that

(real) dim S% = (complex) dim S

(if either is infinite, so is the other).

In any case the complex symplectic space S, with its distinctive complex con-
jugation, is the unique such space (up to isomorphism in the category of complex
symplectic spaces with complex conjugation) for which S} is isomorphic to Sg
(as real symplectic spaces). In this sense we are entitled to refer to the unique
complexification S of the real symplectic space Sg; see [EM] for further details.

As a final remark on this topic, note that the complex symplectic space C3 of
Example 1 above is not the complexification of any real symplectic space. Further-
more, as will be obvious from Theorem 1 below, there are many non-isomorphic
symplectic structures on each complex vector space CP for D > 1, such that CP
then becomes a complex symplectic space which is not the complexification of any
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real symplectic space. In this sense, the category of complex symplectic spaces is a
non-trivial generalization of that of real symplectic spaces.

In the Appendix at the close of this paper we apply the theory of complex
symplectic spaces to the boundary value problems of general (formally self-adjoint)
linear differential operators of arbitrary orders n > 1, with complex coefficients
defined on arbitrary real intervals (open, closed, half-closed, finite, or infinite).
This is accomplished by the famous result of Glazman-Krein-Naimark, the GKN-
theorem [EM], [EM1], [GZ], which specifies a natural one-to-one correspondence
between the set of all self-adjoint boundary conditions, and the set of all complete
Lagrangian subspaces of the endpoint complex symplectic space for the differential
operator, as explained in Example 3 below. A new and self-contained proof of the
GKN-theorem is presented in the Appendix.

However, in the next Example 3 we merely sketch the motivation for these ideas,
as illustrated by the classical Sturm-Liouville differential operator on a compact
interval—that is, by the most elementary and familiar “regular boundary value
problem”.

Example 3. [llustrations for reqular boundary value problems: the GKN-theorem.

Consider the Sturm-Liouville second-order differential operator or expression
(1.20) My)(z) = = (p(z)y'(x))" + q(x)y(x), forallz € =][0,1],

where p,q : Z — R are suitably smooth real coefficients, and p(x) is nowhere zero
on T (say, p € AC(Z), absolutely continuous, and q € L'(Z), Lebesgue integrable
on the compact interval Z, in the usual notation). See [EM], [EZ] for further details
for this Example 3.

In the study of the boundary value problem for the differential expression M on
the compact real interval Z (notably, a Lagrange-symmetric or formally self-adjoint
differential expression), we investigate the eigenvalues A € C for

(1.21) Myl = —(py") + qy = My,

where y is to be restricted (by boundary conditions at the endpoints of 7) to some
specified linear submanifold D(T') of functions:

(1.22) D(T) C Dypao(M) C L*(T),
whereon M generates the unbounded operator 7', that is,
(1.23) Tly] = My] for y € D(T).

Here L2(Z) denotes the usual Hilbert space of all complex-valued square-integrable
functions (or appropriate equivalence classes of functions) on Z, with the Hermitian
inner (or scalar) product:

1
(120 (f9) = | fodo, for £, € L(2),

0
Further, we define the maximal domain for M (as an operator in L*(T)),
(1.25) Dimae(M)={f:T— C| f, ' € AC(Z) and M[f] € L*(T)},
and also the minimal domain for M,

(1.26) Diin(M) = {f € Dmac(M) | £(0) = f'(0) = f(1) = f'(1) = 0},
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on which M generates the corresponding maximal and minimal operators, respec-
tively,

(127)  Thaz o0 D(Tomaz) = Dimae(M) and T on D(Tmin) = Donin(M).

It is known [DS], [EZ], [NA] that T}, and Tpa, are closed linear operators, with
dense domains in L?(Z), and with adjoint operators:

(1.28) T = Tonae and T3

min max TLonin-

We seek domains D(T') C D40 (M) on which M generates a self-adjoint operator
T, that is,
(1.29) T* =T on D(T*) = D(T).
For such self-adjoint operators T it follows from the basic properties of adjoints
that
(1.30) Toin CT CThae o Dyin (M) C D(T) C Do (M).

In this situation, the eigenvalues of T', and all its spectral properties, are of signal

importance in both pure and applied mathematics—especially with reference to

functional analysis. As mentioned earlier, the GKN-theorem, which is proved in

the Appendix, demonstrates a natural one-to-one correspondence between the set of

all self-adjoint operators T, as generated by M on D(T'), and the set of all complete

Lagrangian subspaces L of the endpoint complex symplectic space S for M on Z.
We now define the complex vector space (endpoint space for M on 7)

(131) S:= Dmam(M)/Dmln(M)a

the quotient or identification space, so each element f is a coset f = {f + Dyin (M)}
of some function f € Dyaz(M).

Note. The bold-face notation for f, L and S will be used here (and in the Appendix)
to emphasize that these are cosets, or collections of cosets, in the identification space
of functions f € Dypeq (M), as in (1.31).

Then we define the symplectic product of f, g € S by
(1.32) [f:g]=[f+ Dmin(M) : g+ Dmin(M)] :=[f : 9],
where the skew-Hermitian form [f : g] is defined for f,g € D,a.(M) by
(1.33) [f = gl = (M[f], 9) = (f, Mg]) = [-pf'g + [P3]z—0-
We note that (see the Appendix and the monograph [EM])
(1.34) Diin(M) ={f € Dinaz(M) | [f : Dinax(M)] = 0},
$0 Tmin is a symmetric (but not necessarily self-adjoint) operator; and, accordingly,
the symplectic form [:] is well-defined on S and also is appropriately non-degenerate
in the sense of Definition 1. Hence the endpoint space S is the desired complex
symplectic space. In this case, it is easily demonstrated that dim S = 4, see (1.26).

Further, we can construct the left and right endpoint spaces for M on Z, respec-
tively, by

(1.35)  S_={feS|f(1)=f(1)=0} Si={feS]|f(0)=f(0)=0}
These establish a “symplectic orthogonal” direct sum decomposition for S,

(1.36) S=S_@S,, with [S_:S,] =0,
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providing useful methods for classifying the Lagrangian subspaces L C S, say:
(1.37)
strictly separated boundary conditions : dim L =dim LNS_ +dim L NSy,
totally coupled boundary conditions : dim LN S_ =dim LNS; =0.
From (1.26) we see that dim S = 4, so the complex symplectic space S is linearly

isomorphic to C*, and we can introduce corresponding coordinates in S by the
convenient choice

(1.38) £ = (£0), (pf")(0), f(1), (pf)(1)),

where £ = {f+Dpin (M)}, for f € Dipar(M), and we recall that p(0) # 0, p(1) # 0.
Next introduce the corresponding symplectic product in C* using the skew-
Hermitian 4 x 4 matrix

0 -1 0 0
1 0 00

(1.39) H=|o o o 1l
0 0 -1 0

so the symplectic product in S can be expressed in terms of these coordinates, see
(1.33) and (1.38), by
(1.40) f:g]=fHg".

Thus the boundary value problem for the Sturm-Liouville expression M on
Z = [0,1] is reduced, via the GKN-theorem to the purely algebraic problem of
determining all the complete Lagrangian subspaces L in this complex symplectic
space C*. By Theorem 2 below, L C S is complete if and only if dim L = 2. For
example, use the customary unit basis vectors in C?,

(1.41) €' =(1,0,0,0), e? = (0,1,0,0), e* = (0,0,1,0), and e¢* = (0,0,0, 1),

so f = f(0)e! + (pf)(0)e? + f(1)e + (pf')(1)e*, and define the Lagrangian 2-space
(1.42) L, = span{e?, '},

which is a complete Lagrangian subspace of C*, or of S by virtue of the symplectic
isomorphism of S with C*. Namely, L, is the subspace specified by the null space

of the linear functionals f(0) and f(1), which we customarily denote by the two
boundary conditions

(1.43) f(0)=0, f(1) =0 (strictly separated, see (1.37)).

Next take f1, fo € Dpar(M) satisfying these boundary conditions, and such that
{f1,f2} constitutes a basis for L;. Then the domain D(T) of the corresponding
self-adjoint operator T' in L?(Z) is given by the GKN-theorem to be

(1.44) D(T) = c1f1 + cafa + Diin(M),

for arbitrary numbers ¢y, cs € C.
Similarly, another complete Lagrangian is defined by

(1.45) L. = span{e! + €3, ¢e* + e},

given traditionally by the boundary conditions (compare notation of quasi-deriva-
tives, see [EV])

(1.46) £(0) = f(1), p(0)f'(0) = p(1)f'(1) (totally coupled (1.37)).
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For a general (formally self-adjoint i.e. Lagrange symmetric, see [DS], [ER]) lin-
ear differential expression M of arbitrary order n > 1, with complex coefficients on
an arbitrary real interval J (finite or infinite), the maximal and minimal operators

Trnaz o0 Diyar (M) and Ty o0 Dopin (M),
and the endpoint complex symmplectic space
(1.47) S = Dyaw(M)/Dimin(M)
with the symplectic form inherited from D4, (M), as in (1.32),
(1.48) £ 8] = [f 9] = (M[f],9) — (. Mlg)),

are all constructed just as in Example 3, but with obvious minor modifications; see
our Appendix. Moreover, dim S < 2n (with equality always holding in the regular
case where J is compact) and by Theorem 2 we need only consider the case where
dim S = 2d is even.

Within this general framework the Glazman-Krein-Naimark (GKN) Theorem
obtains:

There exists a natural one-to-one correspondence between the set of all self-
adjoint operators

(1.49) T on D(T) € Dyax(M) C L*(J),

as generated by M on J, and the set of all complete Lagrangian subspaces L C S.

In particular, for each complete Lagrangian L C S with dimL =d, let f1,..., fq
in Dipaz (M) be such that {f1,...,f4} constitutes a basis for L. Then the corre-
sponding domain D(T) for the self-adjoint operator T is

(1.50) D(T) = ci1fir + -+ cafa + Dmin(M),
where c1, . ..,cq are arbitrary complexr numbers.

A precise statement of the GKN-theorem, and a new proof, are presented in the
Appendix to this paper.

2. FINITE DIMENSIONAL COMPLEX SYMPLECTIC SPACES,
AND THEIR LAGRANGIAN SUBSPACES

We consider the algebra of complex symplectic spaces S of finite dimension
D > 0. While many of these results hold also for infinite dimensional complex
symplectic spaces, we defer that development to some later work.

The first theorem in this section analyses various symplectic invariants that char-
acterize S, up to symplectic isomorphism. The next theorem treats the positioning
of a Lagrangian subspace within S, and gives necessary and sufficient conditions
for the existence of complete Lagrangian subspaces. The final three theorems deal
with various “symplectic orthogonal decompositions” of S which arise in the appli-
cations to boundary value problems for linear differential operators (although the
methods are strictly algebraic).

Accordingly, take a complex symplectic space S of finite dimension D > 1 (the
case D = ( is the trivial space consisting of a single point, and will often be omitted
from the discussions). It is evident that in such a complex symplectic space S, with
symplectic form [:], each vector v € S satisfies Re[v : v] = 0, and hence v (in fact,
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each 1-dimensional subspace pv for p € C, where [uv : pv] = ppfv : v]) is of exactly
one of the following three types:

(i) positive, Im[v : v] > 0,
(2.1) (1) negative, Imfv:v] <0,
(797) neutral, Imfv:v] =0, so [v:v]=0.

A Lagrangian subspace L C S consists of neutral vectors, so that [u : v] = 0 for all
u,v € L.

We shall use these ideas to obtain invariants for complex symplectic D-spaces,
that is, we shall consider C? with an arbitrary complex symplectic form [:].

Definition 1. In a complex symplectic space S with form [:], and finite dimension
D > 1, define the following symplectic invariants of .S:

0o p = max{complex dimension of linear subspaces whereon Im[v : v] > 0},
(22) g = max{complex dimension of linear subspaces whereon Imv : v] < 0},
(p,q) is called the signature of S, consisting of the pair of integers: the positivity
index p > 0 and the negativity index g > 0.

In addition, we define the Lagrangian index A of S,

(2.3) A = max{complex dimension of Lagrangian subspaces of S},
and also the excess of S,

(2.4) Exr =p—gq, excess of positivity over negativity indices of S.
These symplectic invariants of S,

P,q,(p,q), Ex, A,

are each defined intrinsically in terms of the symplectic structure on S. But in
the next Theorem 1 we relate these invariants to the standard diagonal format
of the matrix H, which defines the corresponding symplectic form in CP, or in S
relative to some basis. The important situation, where D = 2A, occurs in the GKN-
Theorem mentioned in the introductory Section 1, and so this case is emphasized in
Theorem 1 below and in applications to the theory of linear differential operators.

Theorem 1. Consider a complex symplectic space S, with symplectic form [:], and
finite dimension D > 1. Choose any basis on S, with corresponding coordinates and
skew-Hermitian nonsingular matriz H determined by [:], and hence H is congruent
to some diagonal matriz of format diag{i,i,...,4,—i,—i,...,—i}. Then conclude
that the symplectic invariants (2.2) of S are related to H by:

p = number of (+1) terms on the diagonal,

2.5
(2:5) q = number of (—i) terms on the diagonal,

with 0 < p,q < D, so the diagonal format for H is unique. Also, see (2.3), (2.4),
D=p+aq,

Er=p-—q,

(2.6) , 1 1

with equality if and only if Ex = 0.
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Furthermore, each of the following pairs of invariants is complete and thus charac-
terizes S, up to complex symplectic isomorphism:

(p,q) or (D, Ex) or (A, Ex).

In particular, S is the complezification of the unique real symplectic space RP if
and only if any one of the following logically equivalent conditions obtains:

(i) D=2p (so D is even),

((??g P=a
(2.7) (iv) D =_2A,

(v) there exist bases in S for which the skew-Hermitian nonsingular
matriz H of the symplectic form becomes

K= (_OI Iéj) (so p = q, and the basis is thereby canonical,
P
see Section 1 (1.10) and Example 2),
or equally well
5 (i, 0 _
K= (O —i1p> (sop—q),

or equally well

0 0 0 (~1)
0 0 el 0
J = z'pdiag (Jp, —Jp) with Jp = . . (so p= q)_
0 (-1) 0 0
(1) 0 0 0

Proof. The complex symplectic space S is linearly isomorphic with C”, and we can
choose a basis and corresponding complex coordinates in S so that the symplectic
product of vectors u,v € S is computed by

*

[w:v] = (u1,...,up)K(v,...,vp)",
where
(2.8) K = diag {i,4,...,i,—i,—4,...,—i}

with 77 > 0 terms (44) and v > 0 terms (—4). Of course, some such diagonal matrix
K is congruent to H, and we seek to prove that

p=n and g¢q=v.

Consider the linear subspace P, C S spanned by the first 7 vectors of the basis
for S, so dim Py = 7. But Im[v : v] > 0 for all v € P;, so p > m. We shall show
that for each linear subspace P C S whereon Im[v : v] > 0 we have dim P < m,
which will demonstrate that p = 7.

Consider the subspace N_ C S spanned by the last v vectors of the basis for .5,
so dim N_ = v. But note that Im[v : v] < 0 for every non-zero vector v € N_,
and hence that P N N_ = {0}. This implies that dim P + v < D, and hence
dmP<D-—-v=nm.
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We have proved that p = 7, and a similar argument shows that ¢ = v, for each
such diagonal matrix K congruent to the skew-Hermitian nonsingular matrix H.
In this sense the diagonal format K for matrices expressing the symplectic form of
S is unique (except possibly for the ordering of the diagonal elements), since p and
g are symplectic invariants of S, as in (2.2).

It is now clear that the signature (p, q) determines S with [:], up to symplectic
isomorphism. Hence the pair (D, Ex), where D = p+ q and Ex = p — ¢, also
characterizes this complex symplectic space.

We next examine the symplectic invariant A (see (2.3)), and relate it to the
signature (p, q) of the complex symplectic space S. For definiteness take the case
p > ¢, so the excess Ex > 0. Choose a basis for S (merely a rearrangement of the
previous basis) so that the matrix of the symplectic form for S becomes

il, 0 0
(2.9) 0 —il, 0
0 0 ilg,

That is, S is then the direct sum of three subspaces of dimensions ¢, ¢, and Ez
(omit iIg, if Ex =0). Let this chosen basis be indicated by ¢ + g + Ex vectors

E
{617627'"76q7f17f27"'7fq7gl7"'7g r}?

where {e!,...,e? f1, ..., f9} span a symplectic subspace of S—which we denote
by C?¢—having dimension 2¢ and excess zero.
Within this symplectic subspace C2¢ define the Lagrangian subspace L,

Ly =span{e' + f1e? + f%,... el + f9}.

Since dim L; = g we conclude that A > gq.

Now note that there are p = ¢ + Ez independent vectors in S, which span P,
whereon Im[v : v] > 0 (except for v = 0). Thus each Lagrangian subspace L C S
can meet P, only at the origin. Hence dim L +p < D, sodim L < D —p = gq.
Therefore A = q.

When ¢ > p a similar argument applies to prove A = p. Therefore, in all cases

A = min{p, q}.
The remaining relation

A= (D - |Ez|)/2 < D/2

follows directly from an inspection of the diagonal matrix K of the format (2.8) or
(2.9).

Now consider the pair of invariants (A, Ex) for S. But A = min{p, ¢} and
Ex = p—q together determine the signature (p, ¢). For if Ex > 0, then p = Ex+ A,
g = A;butif Ex <0, then p = A, ¢ = |Ex|+A. Hence the pair (A, Ez) determines
the complex symplectic space S, up to symplectic isomorphism.

Finally consider the case where S is symplectically isomorphic to C?P, assumed
to be the complexification of R?P. In this situation D = 2p, so p = ¢, Ex = 0, and
hence D = 2A. This follows because there is a real canonical basis for R?P, relative
to which the real symplectic form is defined by the real skew-symmetric matrix K
of (2.7 (v)),

(2.10) K:(&)%)
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But this real canonical basis for R?? serves equally well as a canonical basis (over C)
for the complex symplectic space C?P. Further, the corresponding skew-Hermitian
nonsingular matrix of the symplectic form remains K. Moreover, in the complex
linear space C2P the matrix K is congruent to the skew-Hermitian matrix K of
(2.7(v)) with p = g. Only the equivalence of the condition (2.7(v)), involving the
matrix

J = iPdiag {J,, —Jp},

may cause any concern. However note that when p is even, J is a real skew-
symmetric non-singular matrix, and so J is congruent (over R) to the matrix K.
Also when p is odd, then (iJ) is a real symmetric matrix with signature (p, p), so
J is skew-Hermitian with p = ¢ and Fx = 0. Hence in either case J is congruent
(over C) to the matrix K of (2.7(v)). Thus we have established that the identities
(2.7) hold for C?P, assuming it is the complexification of the real symplectic space
R?".

Conversely, consider a complex symplectic space S of dimension D = p+ q = 2p,
see (2.7(1)). Then the remaining identities of (2.7) hold; namely, p = ¢, Fz =
0, D = 2A, as well as the existence of bases of S so as to yield K (2.7(v)), and
hence K or J. In all cases it is easy to show that any one of the equalities of (2.7)
implies all the remaining ones.

So, in this case, fix a canonical basis for .S, relative to which the skew-symmetric
matrix is K of (2.10), and specify these basis vectors as real. Then real linear
combinations of these real basis vectors yield the set Sp C S of real vectors, and
these determine the corresponding complex conjugation in S. Moreover Sy is a
real symplectic space isomorphic to R?”. But S is the complexification of S, and
so of R?P, as required. O

Definition 2. Let S be a complex symplectic space with symplectic form [:]. Then
linear subspaces (or submanifolds) S_ and Sy are symplectic ortho-complements in
S, written as

(2.11) S=S_®5,,

in case
(i) S = span{S_, 5},
(i) [S-:S84]=0.
In this case S_ N S; = 0, so S is the direct sum of S_ and Sy, that is, each

vector u € S has a unique decomposition v = u_ +uy with u_ € S_ and uy € 5.
Moreover, [u— : ui] =0 for all u— € S_ and uy € Sy. From this it follows that

S_={ueS|u:5]=0} and Sy={ueS|[u:S5_]=0}

Furthermore, for such a symplectic orthogonal direct sum decomposition S =
S_ @ S, (satisfying conditions (i) and (ii)—and we often also write [S_ : S;] =0
explicitly for additional emphasis) each of S_ and Sy is itself a complex symplectic
space, since the symplectic form induced from [:] is non-degenerate on S_ and on

S,

The next two corollaries of Theorem 1 relate the symplectic invariants of the two
symplectic ortho-complements, as in Definition 2, to the invariants of .S.
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Corollary 1. Consider a complex symplectic space S with symplectic form [:], and
finite dimension D > 1. Then there exists a direct sum representation

(2.12) S = 52 @ SIE=l with [$24 : §1E=1] = 0.

The complex symplectic subspace S** has dimension 2A and excess zero, and the
complex symplectic subspace S'F*! has dimension |Ex| and excess p — q (in terms
of the invariants of S). Hence S** is symplectically isomorphic to the classical
complezification of R?*®, and S'7*! contains no non-zero neutral vectors.

If for S the invariant Ex = 0, then S = S?2; but if A = 0, then S = SIP=l,

The subspaces S*2 and S'P* are not unique in S, but are determined only up
to symplectic isomorphism.

Proof. This result follows immediately from the diagonal format (2.9) of the skew-
Hermitian matrix

(2.13) diag{iIA, —Z'IA,:HI|EI|}

(use +il|gy when Ex > 0, and —il|g, when Ex < 0, and omit this term when
Ez=0). O

The conclusion of Corollary 1 asserts that each complex symplectic space CP
is the direct sum of a complexified R?* and a trivial C!®*| which has no nonzero
neutral vectors. We can then choose a relevant basis for CP = C22 @ CIE2l as
indicated by the notation

1.2 A A+l 2A 1 Ex
(2.14) {e*,e*,...;e"e e ‘}.
Here the first 2A vectors {e!,...,e® eAt1 ... €22} are a canonical basis for C22,
and the last |Ez| vectors {e!,...,elP*1} are a diagonalizing basis for CIF*!.

Now let us consider a D-dimensional complex symplectic space S with [:], and
take an arbitrary orthogonal direct sum decomposition into symplectic subspaces
S_ and Sy as in Definition 2,

(2.15) S=S5S_@®S5; with [S_:5.]=0.

In this situation, there are several relations among the basic invariants, defined in
Definition 1 above, namely:

(2.16) D,p,q, Ex and A for S,

and the corresponding invariants

(2.17) Di,pi,qe, Exy and Ay, for Sy, respectively.

In the next corollary we list some of these relations, which are immediately apparent
from an inspection of the diagonalized format of the corresponding skew-Hermitian
matrices.

Corollary 2. Let the complex symplectic space S, with symplectic form [:] and
finite dimension D > 1, have a direct sum decomposition as in Definition 2,
S=5_&S5; with [S-: S4] =0.
Then the symplectic invariants for S (2.16) and for the symplectic subspaces St
(2.17) satisfy the following conditions:
D=D_+Dy, p=p-+p+, ¢=9-+4q4

2.1
(2.18) EFrx=Fx_+ Exy
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and
A>A_+A,,

with equality holding if and only if (Ex_)(Fxz4) > 0.
Furthermore, Ex = 0 if and only if (Ex_) = —(Fz4), and in this case

(2.19) A=A_+ A, + |Ezy|,

(note that when Fx = 0, |Ex_| = |FExz4|, which we often denote by |Exy|). If
Ex =0, then dim S_ = dim Sy if and only if A_ = Ay,

Proof. Take bases for S_ and for S’+, so that the skew-Hermitian matrices of the
corresponding symplectic forms are K_and K +, respectively, of the diagonal format
(2.8). Then the union of these bases constitutes a basis for S with the skew-
Hermitian D x D matrix

K = diag{K_, K, }.

Then direct inspection of K, and elementary arithmetic, yield the required con-
clusions. For instance, assume Fx = 0 for S, and we prove the final assertion of
the corollary.

Assume dim S_ = dim S, and show that A_ = Ay. Without loss of generality
we can consider the case

P+ =g+ =Apand g >p-=A_.
Then, since dim S; =dim S_ and Exy = —Ex_,
P+ +aq+ =p-+q- and py — g4 =g —p-.
Hence
p— =gy, soA_=A,.

Conversely, assume A_ = Ay . Again take p; > ¢4+ = A and g— > p_ = A_.
But, since Fxy = —Fx_ and py — gy = q— — p—, so p1 = q—. Therefore

P+ +q+ =q- +p- sodim Sy =dim S_.
|

Examples of the various cases mentioned in Corollaries 1 and 2 are easily con-
structed in terms of the corresponding matrices Ki, as introduced in Theorem 1
(2.8),(2.9).

The next Lemma 1 displays the close inter-relations between the symplectic
products on S, a given finite dimensional complex symplectic space, and the Her-
mitian inner products on certain ortho-complementary subspaces N_ and Py. The
subsequent Lemma 2, and its corollary, use these constructs to demonstrate that
the unique symplectic invariant for Lagrangian subspaces L C S is the dimension
of L. These results make elementary the proof of the important Theorem 2 on the
existence of complete Lagrangians.

Lemma 1. Consider a complex symplectic space S, with symplectic form [:], and
finite dimension D > 1.
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Select a basis for S so that the corresponding skew-Hermitian D x D matriz
of the symplectic form becomes diag{—il,,il,}, with the corresponding direct sum
decomposition

Here N_ is spanned by the first q vectors of the chosen basis, and Py by the last p
vectors.

For each vector u = (u1,...,Uq, Ugs1,...,up) € S let u— = (u1,...,uq) and
Ut = (Ugs1, ..., up) be the projections of u on N_ and Py, respectively, (depending
on the chosen basis in S). Denote this decomposition u = (u_,uy.), or equally well,
U= u_ + us as vectors in S.

Further, introduce the Hermitian inner products,

(2.21) (u—,v_)_ =wurth + - + uqlq and (Uy,v4)4 = Ugt10g+1 + - + UDTD,
in N_ and P, respectively, as determined by the vectors
(2.22) u=(u_,uy)=u_+uy andv = (v_,v4) =v_ +vy in S.

While the subspaces N_ and Py are not unique in S, once N_ is fized then so is
P, and also the unitary or Hermitian metrics on both.
Then, for vectors u,v € S,

(2.23) s o] = —if{u_, v} — (s 04)4 )
In particular, note that

(2.24) [u:v] =0 if and only if (u—_,v_)_ = (uy,vy)4

and also

(2.25) [v:v] =0 f and only if lv_|- = [Jvil+,

in terms of the norms ||-||= and || - ||+ on the Hermitian metric spaces N_ and Py,

respectively.

Proof. The formula (2.23) is obvious, since

il = o) (T3 9 ) ()

SO
[w:v] = —i{{u_,v_)— — (us,v4)+},

as required. O

Lemma 2. Consider a complex symplectic space S with symplectic form [:], and

finite dimension D > 1. Let Lbea Lagrangian subspace of dimension § < A, where
A = £(D — |Ex]), for invariants D =p+q, Ex =p —q as in (2.6).

Then there exists a direct sum decomposition
(2.26) S =828 @ §lB=l with [§24 : §1P*l =0,

with terms having dimension 2A and |Ex| and excess of zero and p—q, respectively,
as in Corollary 1 (2.12), together with a canonical basis {é',...,e5,e2+t . 22}
for the symplectic space S**, such that

(2.27) L =span{é',é2,..., &%},

Thus L lies within the Lagrangian A-space span{é',... e} c 524,
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If we supplement the canonical basis for S*2 by a diagonalizing basis for SI17*! (as
in (2.14)), the symplectic products in S are computed via the D x D skew-Hermitian
matriz (compare (2.10), (2.13) for conventions when Ex > 0 or Ex < 0)

0 In 0
(2.28) H=|—-In 0 0
0 0 =il

Proof. Without loss of generality, we need treat only the case p > ¢ = A, so
FEx =p—q>0. We choose a basis in S so the skew-Hermitian D x D matrix of the
symplectic form is diag{—ily,il,}, just as in Lemma 1. Then the corresponding
direct sum decomposition for S is

(2.29) S=N_® P, with [N_:P.]=0,
and each vector u € S has the decomposition
u=(u_,uq)oru=1u_+us, withu_ € N_,uy € Py.

Also introduce the Hermitian inner products (-,-)_ on N_ and (-, )4 on Py, as in
(2.21).

Now take any basis {e, ..., e} for the Lagrangian d-space L C S (with 1 < § <
A), and consider the corresponding decompositions

(2.30) ej:ej_—i—ei, forj=1,...,0.
Then L_ = span{el,...,e’} € N_ and L; = span{el,...,e}} C Py each have
dimension §, because otherwise there would exist a nonzero vector w = (w_, w4 ) €
L with either w_ = 0 or wy = 0. But this is impossible since w € L is a neutral
vector, that is, [w : w] =0, so [Jw_||—- = ||wy|+ as in (2.25).

Thus both {e!,... e’} and {el,.. .,e‘j_} span ¢-subspaces in N_ and P., re-
spectively. Hence, without modifying the notation, we assume that {e',... e’}
are orthonormal in N_, that is, (¢’ ,e*)_ = §7% and so by (2.24) we also have

<eﬂ_,e’i>+ =6 for 1 < 4,k <9.
Now suppose d < A. In this case choose a vector e?+1 = (e 5™ € S, with

e+ = ||ei+1||+ =1, and further (e, el )x = 0forall j =1,...,48. Thus ’*!
is a non-zero neutral vector, that is, [e®*1 : €21 = 0, which is linearly independent

of L. But [L : e5*1] = 0, by (2.24), so we can obtain a Lagrangian space defined

by span{L,e’ 1} with a basis {e',e2,...,e’, 1}, We continue this process of
augmentation of the basis of L until we construct a Lagrangian A-space
(2.31) L =spanf{el,e?, ... e Tt .. 2}

with e/ = e/ + ¢/, satisfying

(2.32) (e, eb)y_ =o7% (ed ek), = 67F for 1 <k <A
Next consider the subspaces C; C S and Cy C S as defined by
(2.33) C1 :span{el_,e2_,...,eé,ei_,ei,...&ﬁ},

and within the Hermitian metric space Py define

(2.34) Cy = orthocomplement of span{el ,...,e3} in Py.
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Since span{e!,e?,...,e2} = N_ and [span{el,...,e}} : C3] = 0, we see that
S = Cl EBCQ with [Cl : Cg] =0.

Thus C; and Cy are symplectic subspaces of S, with dimensions specified by 2A
and p — ¢, respectively, and we denote these spaces by

Cy = S?2 and Oy = S!P=l.

Since S?2 contains the Lagrangian A-space L, and dim S?2 = 2A, it follows that
S22 must be isomorphic to the complex symplectic space C?* which has excess
zero; and hence S!E*l must have excess p — ¢, and, as asserted in the theorem,

S = 524 @ S1F=l with [$24 : SIF] = 0.

Finally, we shall define a new basis in C; = S?2 by

{el, ... eB At %R
with
2.35 5 — L J Jy — 1 J
(. ) e—ﬁ(e_—l—e_i_)—ﬁe
and
) 1 . .
AA—H:_(J_J)f =1 A
é el —e)), for j AN
V2i *

Because

) 1 . _ . 1 . )
2.36 el = — (&0 +ietT), & = —=(&0 —ietT),
(2.36) 7 )=l )
we see that the 2A vectors {é!,...,é2, 211 .. 22} are linearly independent and
span S?4.

Moreover

L= span{el,e?, ... e’} =span{é!, é?,...¢%},
and it is easy to use (2.23), (2.32), (2.35) to compute
(2.37) e =0, [eAT.eATF =0
and

(67 : e2FF] = 67F for 1 < j,k < A.

Hence {é',...,é5,62%1 .. &?2} is a canonical basis for S22, as required. O
Corollary 1. Consider a complex sympletic space S with symplectic form [:], and

with finite dimension D > 1. Let L1 and Ly be two Lagrangian §-subspaces of S
for 1 < < A. Then there exists a symplectic automorphism of S which carries L,
onto Ls.

Proof. There exists a decomposition S = S?* @ S!F#|| with a corresponding basis
(2.14), (2.27), as in Lemma 2, so there is a canonical basis {é',...,é%,e2F1 . 22}
for S22 with L; given by span{é',...,é%}. A similar result holds for Ly; and the
symplectic automorphism of S, defined by the two specified bases, will carry L
onto Lo. (|
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Theorem 2. Let S be a complex symplectic space, with symplectic form [:] and
finite dimension D > 1. Then there exists a complete Lagrangian subspace of S if
and only if S has excess Ex = 0.

In case Ex = 0 then dim S = D = 2A is even, and furthermore a Lagrangian
subspace L is then complete if and only if dim L = A.

Proof. Assume Ex = 0 so that S is the complexification of R?2. Then there
exists a canonical basis (see (2.7)) {e!,...,e2,e2TL ... €22} for S such that the
corresponding skew-Hermitian matrix of the symplectic products is

0 Ia
—In 0 )°

L =span{e!,..., e?}

In this case

is a complete Lagrangian subspace of S. For suppose u = cie! + --- + cae®+
CA+1 ATl 4 4 eone?? satisfies [w: L] = 0. Then because of the canonical duality

[e7 : eATR] = 67 for 1 < j,k < A, we conclude that cay1 =cajo = =con =0
and so u € L.

Also in case Ex = 0 we know, from Lemma 2 above, that for each Lagrangian
L of dimension § < A there exists a canonical basis {el, ... &R &AL . e?n)

such that L = span{é!,...,é%}. If § = A then, as in the previous argument, L is
complete. If § < A, then L is not complete, since [69+! : L] = 0 yet 5+ ¢ L.
(Clearly dim L cannot exceed A, according to (2.6).) Hence L is complete if and
only if dim L=A.

Finally, consider the case where S has Fx # 0, say Ex = p —q > 0. Then
A = min{p, ¢} = ¢q. Again by Lemma 2, for each Lagrangian subspace L c S there
exists a basis of S (see (2.14)), {é',..., 622, €', ..., 7} such that the corresponding
skew-Hermitian matrix is

0 In O
—In 0 0
0 0 il
Moreover, L C span{é',...,é2}. But then the vector €! satisfies [e! : L] = 0,
and yet €' ¢ L. Therefore L is not a complete Lagrangian subspace of S, and the
theorem is proved. O

The final three theorems of this section all deal with complex symplectic spaces
S having finite dimension D > 1 and excess Ex = 0. These results are directly
applicable to the study of self-adjoint boundary value problems, although the pre-
sentation here will be entirely algebraic.

The next Theorem 3 relates the investigations of von Neumann [AG], [DS], [NA]
on isometries of unitary spaces with our treatment of complete Lagrangian sub-
spaces of a complex symplectic space. The notation and special formulations follow
the developments in Lemma 1 of Theorem 2.

Theorem 3. Let S be a complex symplectic space, with symplectic form [:], having
finite dimension D > 1 and excess Ex = 0.
Fiz a symplectic orthogonal decomposition

(2.38) S=N_® Py, with[N_: P.] =0,
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such that
(2.39) (u—yv_)_ =ifu_ :v_] on N_, and (us,v4+)y+ = —ifus : v4] on Py

are Hermitian inner products on the subspaces N_ and P, respectively. Because
Ex=0D =2A, then dim N_ =dim Py = A and such decompositions of S eist,
see Lemma 1 of Theorem 2 above.

Then the following formula holds for all w,v € S:

(2.40) [u:v] =—i{u_,v_)— +i{up,vq)t.

Here u = u— + uy (also denoted by the ordered pair u = (u_,uy)) is the unique
decomposition of u € S with u_ € N_, uy € Py, and similarly for v € S.

In this situation there exists a natural bijection between the set {U} of all uni-
tary isometries of N_ onto Py as Hermitian metric spaces, and the set {L} of all
complete Lagrangian subspaces of S. Namely, for each unitary surjection

(2.41) U:N_— Py,
the corresponding complete Lagrangian subspace of S is
(2.42) L = graph U,

that is, u = u_ +uy € L if and only if uy = Uu_, which can also be written
u=(u_,uy)= (u—,Uu_) € graph U.

Proof. The formula (2.40) follows easily, since for u,v € S

[w:v]=[u+uyvo +oy]=[u o]+ [ug s vy] = —i{u_,v_) - +i{uy,vy)q,

and consequently we have the useful results (see (2.24), (2.25))

(2.43) [u:v] =0if and only if (u_,v_)_ = (ug,vy)y.

Let U : N_ — P, be a unitary map of N_ onto P, as Hermitian metric spaces
of dimension A. Now define the set L C S by

(2.44) L={u=u_+4us € S|uy =Uu_} =graph U.

Clearly L is a linear subspace of S, since U is linear. Then for vectors u,v € L we
compute

[u: o] = i{{us,v4 )+ — (u—,v-)-} =0,
since (ut,v4)y = (Uu—_,Uv_)y = (u_,v_)_. Hence L is a Lagrangian subspace

of the complex symplectic space S, and we next verify that L is complete.
Let {el,... 7eé} be an orthonormal basis of the Hermitian metric space N_,

so then {e}k, . 7eﬁ} is an orthonormal basis for Py, where we define ezr =Ueél
for j = 1,...,A. Suppose f = f_ + fy € S satisfies [f : L] = 0. Then each
el =e +e €L, so
[f el +el]=1[f-:el]+[fy:el]
= _i<f_,€‘7_>_ + i<f+7e‘z|->+ =0.
Thus
(Forel) = {frael)s forj=1,...,A
But

<f—?ej—>— = <Uf_,8£_>+ )
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so we conclude that fi = Uf_. Hence f € L, and so L is a complete Lagrangian
space.

On the other hand let L now be a given complete Lagrangian subspace of S, so
dim L = A. We seek to construct an appropriate unitary isometry U of N_ onto
P, ., as Hermitian metric spaces.

Take a basis {e!,...,e2} for L and write e/ = ¢’ +¢/, for j =1,..., A, as usual.
Then {e!,...,e2} must be independent and so a basis for N_. Because suppose
these vectors were dependent in N_ and some non-trivial linear combination were
zero, say w_ = ciel +--- 4 cae? =0 for complex constants ci, ..., ca not all zero.
Then with these same constants define w = cie' 4+ - -+cae® € L; so [w : w] = 0 and
|lw—]= = [Jws]l+ = 0 (see (2.43)). This calculation w = w_ + w4 = 0 contradicts
the independence of the basis {e!,..., e2} of L, so we conclude that {e! ..., e2}
is a basis for N_, and similarly {e},..., ej‘_} is a basis for Py.

In fact, upon re-selecting a suitable linear combination of the vectors e!, ... e
we obtain a new basis for L (without changing notation) so that we can assume
{e',...,e2} has the property that {e,...,e2} is an orthonormal basis for the
Hermitian metric space N_. However, (¢! ,e*)_ = (¢’ ,ek); = 07" for 1 <j,k <
A (see (2.43)), and hence {e},...,e2} is an orthonormal basis for the Hermitian
metric space Py.

Now define the required unitary surjection U : N_ — P4 by

A

U:ej_—>Uej_:eﬂ_ for 1,..., A.

We claim that L = graph U. Indeed, let w = u_ + uy € L, that is, [u : L] = 0, so
then (u_,e’ )_ = <u+,ezr)+. But since U is unitary (u_,e’ )_ = (Uu_,Ue’ ), =
(Uu_, eﬂ_)+. This proves that Uu_ = u4, so u € graph U, and thus L C graph U.
But L and graph U are each A-dimensional subspaces of S, and therefore L =
graph U.

Finally, the surjective map {U} — {L} defined by L = graph U is injective,
because two different unitary maps of N_ into P, must have different graphs. O

The next Theorem 4, called the Balanced intersection principle, is one of the
major results of our investigation; and it imposes restrictions on the kinds of
boundary conditions that can be relevant in the applications to self-adjoint bound-
ary value problems [EI], [EM]. However, since this result is purely algebraic, we
present it here without references to the function spaces D(Thmaz), D(Tmin), and
S = D(Thmax)/D(Tinin) as introduced in Example 3 of Section 1, see (1.27), (1.31)
above, or more elaborately in the Appendix.

Theorem 4 (Balanced intersection principle). Let S be a complex symplectic space
with symplectic form [}], having a finite dimension D > 1, and a prescribed direct
sum decomposition (as in (2.11)),

S = S— D S+ with [S_ : S+] =0.
Assume that the symplectic invariants of S satisfy
D =2A, FEx=0,

and denote the corresponding invariants of Sy by Ay and Exy, respectively (see
(2.16) and (2.17)).
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Then, for each complete Lagrangian space L in S, the balanced intersection prin-
ciple holds:

(2.45) 0<A_—dimILNS_=A; —dimLNS; <min{A_,A,}.
Proof. Without loss of generality we shall assume that Ay > A_ >0, so
min{A_ A} =A_.

Also it is clear that Ex, = —Fx_, since Ex = 0 for S.

First we present some preliminary observations and calculations, leading to the
inequalities (2.50) below, in order to simplify the main arguments of the proof of
this theorem. We also emphasize that a complete Lagrangian L in S must have
dim L = A, and, conversely, each Lagrangian A-space is a complete Lagrangian.

Since LNS_ is a Lagrangian subspace of the symplectic space S_, it follows that
0 < dim LNS_ < A_, and a similar result holds for L N Sy in the symplectic
space Sy, namely, 0 < dim L NSy < A,. Further we note that there are A =
A_+ A, + |Ex,| independent vectors in L (see (2.19)), and we shall next proceed
to select bases in S_ and in S, adapted to the Lagrangian subspaces L N S_ and
LN S, respectively.

To accomplish this construction, take a basis for S_, as in (2.14),

A_ A_+1 2A FEx_
(2.46) {el,e?,.. .2 e2 e ,el_,eQ_,...,eI_w I},

where the first 2A_ vectors constitute a canonical basis for a classical (2A_)-
subspace of S_, and the last |[Ex_| vectors span a subspace of S_ that contains no
non-zero neutral vectors (see Corollary 1 of Theorem 1, and Lemma 2 of Theorem
2 above). In fact, we require that the initial sequence, consisting of |dim L N.S_|
vectors from {el ,..., ef’ }, is a basis for LNS_. A similar basis is also constructed
for S, similarly adapted to L N S,.

In terms of these bases for S_ and S, we can expand each of the A vectors f1,
f2,..., f2 of a basis for L, namely

ff=ajel +a3e® + - 4ak €2+ a27+1e§’+1 +otads €20
(2.47) +yiel 4o+ ’nyL‘e‘_EL‘
+ similar terms from Sy, fors=1,2,...  A.

We denote by f* (mod Sy) the projection of the vector f* € S into S_ (merely
delete all the terms from S, in the expansion (2.47)), for s = 1,2,...,A. Now
observe that all f*(mod S;) span a subspace of S_ which is just the projection
of L into S_, and we denote this by L (mod S;). Clearly L (mod Sy) is a linear
subspace with dimension < dim S_ =2A_ + |Ez_|.

By elementary linear algebra, L must contain (at least) A — (2A_ + |Fz_|) =
A, — A_ independent vectors that lie within Sy. Since this type of argument will
be used several times in this proof, we present the calculations in full detail this
first time. That is, consider the matrix of complex numbers

al od Loaddy o ’y‘lEL‘
(2.48) ; ,

A A
ar  ay ... 0GA VT o+ Ve |
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with A rows, but with rank < dim L (mod S;). Thus the rank of this matrix is
<dim S_, and

(2.49) dim S_ <2A_+4 |Ez_| < A_+ AL +|Ez_| = A.

Hence elementary (nonsingular) row transformations in (2.48) lead to a matrix with
(at least) the first A — (2A_ + |Ez_|) = Ay — A_ rows consisting of zeros. The
same elementary row transformations applied to the full matrix of all coefficients
of {f*}, as in (2.47), then yield (at least) AL — A_ independent vectors in L which
lie within S, since they have zero projections in S_.

Thus we have established that

dim LﬂSJ’_ 2A+—A_ 20,
and hence the preliminary inequalities (both terms within [0, min{A_, A} }])
(2.50) 0<A_—-dimLNS_, Ay —dim LNS; <min {A_, A4}
hold.

As a final preliminary, before starting the main inductive argument of the proof,
we resolve the extreme case A_ = 0. Here dim LNS_ = A_ = 0. Also, by (2.50),
A+—d1mLﬂS+§A_:O, SOdimLﬂS_,_ZA_,_.

Therefore, in the case A_ = 0, we have shown that
OZA_ —dlm LﬂS_ :A+—d1m LﬂS.;,_ :A_,
and so the conclusion of Theorem 4 holds. Of course, the same result holds if
Ay =0, since AL > A_ > 0 by our standing hypothesis.
We now return to the main line of argument of the proof of Theorem 4, but we
re-state the desired conclusion in the format, for a Lagrangian A-space L C 5,

(2.51) dim LNS_=A_—/ifandonly if dim LN S = A4 — ¢
for each integer ¢ = 0,1,2,...,A_ = min {A_,A;}. Since we have already
demonstrated this conclusion for the case A_ = 0, we henceforth shall assume

that AL > A_ > 1. In our analysis we shall first prove the required conclusion
(2.51) for £ =0, then for £ =1, etc., up to £ = A_ — 1. The final step £ = A_ will
be analysed at the end of the proof.

Main argument for the proof of Theorem 4. In the first step consider the case ¢ =0
(which is relevant since £ =0 < A_ —1 when A_ >1). Let dim LNS_ = A_ and
show that dim L NSy = Ay, and vice versa.

As before in (2.46), take a basis for S_

1 A_ A_+1 2A_ 1 |Ex_|
{el,...,e""¢ Y U Sl

and similarly a basis for S;. Also require that the Lagrangian A-space L meets S_
in

LNS_ =span {el, ... 2}

Now select a basis for L in the format

(2.52) L=span {et,...,e2  h°},  withs=1,2,...,A, + |Ex_|.
Because [¢! : e§’+k] =% for 1 < j,k < A_, we can demand that h* (mod S, )
do not involve {e{,...,ef*} or eé*H,...,eQ_A*}, and hence depend only on

FEx_
1 el_ |

€, . In such a case {h°} constitute a set of AL + |Exz_| independent
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vectors in L, yet these project to h® (mod S5 ), whose span in S_ has a dimension
< |Ex_|. Therefore by elementary methods of linear algebra, as described earlier,
there are (at least) (A4 + |Fz_|) — |[Ex—| = A4 independent vectors in L N Sy.
Hence dim L NS4 > A4, and thus necessarily dim L NS, = A,

However, there is an entirely similar proof of the converse:

(2.53) If dim LN Sy = Ay, then dim LNS_ = A_.

(This is not prejudiced by our assumption that Ay > A_ > 1, and we omit the
details.) Therefore we can now assert that

(2.54) dim LNS_ =A_ if and only if dim LN Sy = Ay,

and the conclusion (2.51) of Theorem 4 holds for ¢ = 0, regardless of the value of
A_>1.

In the next step consider the case £ = 1 (and here we can demand that A_ > 2
since we are here assuming that £ < A_—1). Following the methods of the preceding
step (but now with A_ > 2), we shall show that

(2.55) dim LNS_ = A_ —1 implies that dim LNS; = A4 —1

(and vice versa).
Assume dim LN S_ = A_ — 1 and take a basis for L, so that

(2.56) L= span{el_,...,ef’_l,hs},
fors=1,2,...,AL +1+4|Ez_|, so
dmL=A=(A_—-1)+(Ay +1+|Ex_]|).

Ex_
1 76I_wl

Again we can require that each h® depends only on €., ... , and possibly

¢®~ and its canonical dual or conjugate 2~ Hence h* projects to h® (mod S, ),
whose span in S_ has dimension < |Exz_|+ 2. Then, as in the previous step, we
conclude that

(2.57) dim LNSt > (A +1+ |Ex_|) — (|[Ez—|+2) = A4y — 1.

Hence dim L N Sy is either (A4 — 1) or A4. But if dim LN S; = A4, then the
previous step asserts that dim L NS_ = A_, which contradicts the hypothesis that
dim LN S_ = A_ —1 in this step. Therefore we see that

(2.58) dim LN S_ = A_ — 1 implies that dim LN S, = A, — 1.

The converse is demonstrated similarly, and so the theorem is proved for the case
(=1, forall A_ > 2.

For the general case A_ > 3 we shall prove that (2.51) holds for all ¢ =
0,1,2,...,A_ — 1 by means of an induction argument on ¢. Certainly we have
already verified (2.51) for £ =0 and ¢ = 1.

Now we assume the induction hypothesis:
5 50 dim LNS_=A_—/¢ ifandonlyifdim LNSy =AL —¢
(2.59) for ¢ =0,1,...,k (any positive integer £k < A_ — 2),

and we shall prove that the above assertion is true for ¢ = k + 1.
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For this purpose assume that dim LNS_ = A_ — (k + 1), and we shall prove
that dim L NSy = Ay — (k+ 1), and also the converse. We take the bases in S_
and S, , as in (2.46), adapted to the Lagrangian A-space L, so

20 LS. = span {el, ..., ")
and
(2.61) L = span {61—762—7'--,667_(]”1),]15}

fors=1,2,...,Ay +(k+ 1)+ |Ex_]|,
S0
dmL=[A_—(k+1)]+[Ar+(k+1)+|Exz_|| = A.

The vectors h® have expansions, in the basis of S = S_ & S;, which do not

involve el e? ... 766’_(k+1) or their dual vectors eé’“, . .,62_A’(k+1) in S_.

Thus each h* (mod Sy) depends on only 2(k + 1) + |Exz_| basis vectors in S_,

namely on ef’_k, ceey ef* and their duals 62_A*_k, ...,e*2~ as well as the vectors
1 |Ex |

€ ,...,e_ 7' Therefore

dim span {h°} (mod S;) <2(k+1)+ |Ex_]|.

Just as in earlier cases we note that upon a re-selection of the vectors h® in the
basis for L, we get

dim LNSt > Ay +(k+ 1)+ |Ex_|] — 2(k+ 1) + |Ez_]],
SO

But the alternatives of dim L NSy > A4 — k are ruled out because, by the
induction hypothesis, they lead to the conclusion dim L NS_ > A_ — k, which is
a contradiction. Therefore we conclude that

as required. The converse argument is similar upon interchanging the roles of S_
and S+.

Through this induction proof we have demonstrated the validity of (2.51) for all
A_>landall£=0,1,...,A_ —1.

Finally, consider the last step £ = A_ (with A_ > 1), which we display in some
detail since the proof of this case is slightly different from the previous cases. Here
we assume that dim LN S_ = A_ —¢ = A_ — A_ = 0, and seek to prove that
d1mLﬂS+:A+—A_ ZO

Again take a basis {f*} for the Lagrangian A-space L, with s = 1,2,...,A =
Ay + A_ + |Ex_|. Here f° projects to f° (mod S.), which lies within the sym-
plectic space S_ of dimension 2A_ + |Fz_|. Hence dim L NSy > A — (2A_ +
|[Ex_|) = AL — A_. But, as proved above, if dim LN S = Ay — A_ + 1, then
dim LNS_ =A_ — (A_ —1) =1, which contradicts the assumption in this case
that dim L N .S_ = 0. Continuing to retrace the other alternatives of

dim LﬂSJ’_ :A+ — (A_ —2),A+ — (A_ —3),...,A+ — 1,A+,
we eliminate all these possibilities because they contradict the results already ob-

tained in the cases £ = A_ — 2, A_ —3,...,2,1,0. Therefore we conclude that
dim LNS; = A, — A_, as required.
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The converse assertion is particularly simple in this case £ = A_. Assume
dim LN Sy = Ay — A_. Certainly dim LN S_ > A_ — A_ > 0. But the
alternatives, consisting of

dim LNS_=1,2,...,A_,
give rise to the conclusions of the prior steps

=A_—-1,A_—-2,...,2,1,0,
and each of these possibilities contradicts the assumption that dim LNSy = A4 —
A_. Thus we conclude that dim L N.S_ = 0, as required.
Therefore we have proved the theorem:
(2.64) dim LNS_=A_—/¢ ifand only if dim L NS,y = A, — ¢,
for each integer £ =0,1,..., min{A_ A }. |

Definition 3. Consider the complex symplectic space S with finite dimension D >
1, and a prescribed direct sum decomposition

S - S_ &) S+ with [S_ : S+] = O,

and assume D = 2A and the excess Ex =0 (so Ex_ = —FExz), as in the notation
of Theorem 4.

For each complete Lagrangian subspace L C S (so dim L = A) define the
coupling grade of L,

(2.65) grade L=A_—dim LNS_ =A; —dim LN S;.
Also define the necessary coupling of L,
(2.66) Nec-coupling L =A —dim LN S_ —dim LN Sy =2grade L + |Ez4|;
note that |Fz_| = |Fxy| = |Fxy| since Ex =0; and A = A, + A_ + |Ex]|.
It is clear that in the terminology of Definition 3,
(2.67) 0 < grade L <min{A_,A;} and |Ez4| < Nec-coupling L < A.

In order to emphasize these extreme cases, and in anticipation of the terminology
later adopted for boundary conditions at the left and right endpoint spaces (S—
and S, respectively), we present the next definition.

Definition 4. Consider the complex symplectic space
S = S_ @SJ,_ Wlth [S_ . S+] = O,

with finite dimension D = 2A and excess Ex = 0 (so Ex_ = —Exz4 ), as in Theorem
4.

A non-zero vector v € S is separated at the left in case v € S_; v € S is separated
at the right in case v € Sy ; and v is coupled otherwise. If S_ = 0 (or Sy = 0), then
no such v is coupled.

For any Lagrangian A-space L C S a basis for this complete Lagrangian L
is minimally coupled in case it contains exactly (Nec-coupling L) vectors, each of
which is coupled.

A Lagrangian A-space L C S is:

strictly separated in case Nec-coupling L = 0,
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or
totally coupled in case Nec-coupling L = A.

The next two corollaries of Theorem 4 clarify the significance of these concepts
of separation and coupling, especially with regard to the usage of grade L and
Nec-coupling L.

Corollary 1. Consider the complex symplectic space
S=5_@®S5; with [S_:54]=0,

with finite dimension D = 2A and excess Ex = 0 (so Ex_ = —FEx,), as in
Theorem 4. Let L be a complete Lagrangian subspace in S, so dim L = A.
Then L is strictly separated if and only if any one of the following three (logically
equivalent) conditions holds:
(i) A=dim LNS_ +dim LNS,,
(ii) grade L =0 and Exy =0,
(iii) there exists a basis for L such that each basis vector is separated either at the
left (in S—) or at the right (in Sy ).
On the other hand, L is totally coupled if and only if any one of the following
three (logically equivalent) conditions holds:
(iv) LNS_=LNS; =0,
(v) grade L = min{A_, A} and A_ = A, (or alternatively, grade L =
LA +A4),
(vi) for every basis of L each of the basis vectors is coupled.

Proof. First assume that L is strictly separated, so
Nec-coupling L = A —dim LNS_ —dim LN S, =0,
which is necessary and sufficient for condition (i). Hence we need only show that
conditions (i), (ii), and (iii) are logically equivalent.
But A=A_+A; 4+ |Fzy| and 0 < dim LN Sy < Ay, so clearly (i) holds if
and only if dim LNSy = Ay and Fzy = 0. Hence (i) is logically equivalent to (ii).
It is trivial that (i) implies (iii). Conversely, assume (iii), so that there exists a

separated basis for L, say {vl,...,v" v},... 05} with r +s = A, and the first r
vectors lie in S_, and the last s vectors lie in S;. Suppose r < dim L N .S_. Then

A=r+s<dimLNS_+dim LNS;y <A_+ AL <A
which is impossible. Hence we conclude that
r=dim LNS_ and similarly s=dim LNS,,

so A=r+s=dim LNS_+dim LNS,, and condition (i) obtains.
Next assume that L is totally coupled, so

Nec-coupling L = 2 grade L + |Ezy| = A.
But this holds if and only if
(A_ —dim LNS_)+ (Ay —dim LNSy) + |Fzi| = A_ + Ay + |Exy|,

which is necessary and sufficient for the conditions (iv). Hence we need only show
that conditions (iv), (v), and (vi) are logically equivalent.

Next we show that (iv) implies (v). Note that if LN S_ = LN S, = 0, then
grade L = A_ = A,. Conversely, if grade L = A_ = A, then we compute that
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Nec-coupling L = 2A4 + |Fxy| = A_ 4+ Ay + |Fzy| = A, and hence (v) implies
(iv).
For the alternative version of (v), we note that

1
grade L = A_ = A, implies that grade L = §(A_ +AL).

On the other hand, if grade L = %(A_ + AL), then 2 grade L = A_ 4+ A4, and
we compute that Nec-coupling L = A_ + Ay + |Exy| = A. From this we conclude
that grade L = A_ = A,.

Finally, it is trivial that (iv) implies (vi). Conversely, assume (vi), that every
basis of L consists of coupled vectors. Then LN S_ = L NSy = 0, for otherwise
there would exist a separated vector in L which could be included in some basis of
L. Hence (vi) implies (iv). O

The next corollary introduces the concept of a minimally coupled basis for the
complete Lagrangian A-space L C S = S_ @ S, that is, a basis for L which
contains exactly (Nec-coupling L) coupled vectors. Also it is demonstrated that
every basis for L can be obtained by a perturbation of a minimally coupled basis.

Corollary 2. Consider the complex symplectic space
S:S_@SJ,_, [S_ZSJ,_]:O,

with finite dimension D = 2A and excess Ex = 0 (so Ex_ = —FEx,), as in
Theorem 4. Let L be a complete Lagrangian A-space in S.

Then there exists a minimally coupled basis for L, that is, a basis for L containing
exactly

Nec-couplinglL = A —dim LN S_ —dim LN Sy =2 grade L + |Fxy| vectors,
each of which is coupled as in Definition 4.

Each minimally coupled basis for L can be shown to contain:

exactly (A —dim LNS_ —dim LNS;) =2 grade L + |Exy|
vectors, each of which is coupled;
exactly (dim L N S_) = A_ — grade L vectors, each of which
(2.68) 1s separated at the left;
exactly (dim L N S;) = Ay — grade L vectors, each of which
is separated at the right.
Moreover, each basis of L must definitely contain
at least (Nec-coupling L) wvectors, each coupled,
(2.69) at most (dim L N S_) vectors, each separated at the left,

at most (dim L N Sy) vectors, each separated at the right.

Furthermore, for each triple of integers o, 3, and v with 0 < a < dim LN S_,
0<pB<dim LNS;y, v=A—a«a—0, there exists a basis for L containing exactly

v wvectors, each coupled,
(2.70) « vectors, each separated at the left,
0B vectors, each separated at the right.

Therefore (2.69) and (2.70) describe all possible bases for L, with regard to sep-
aration and coupling.



COMPLEX SYMPLECTIC GEOMETRY 4933

Proof. In order to construct a minimally coupled basis for L, choose a basis for
LN S_ and a basis for L N S, and then augment this set of vectors by a further
set of A —dim L NS_ —dimL N S independent vectors to construct a basis for
L. Trivially each of these vectors in the augmentation lies neither in S_ nor in Sy,
and so must be a coupled vector. In this way, we have constructed a minimally
coupled basis for L.

Indeed, consider any minimally coupled basis for L, hence containing exactly

Nec-coupling L =A —dim LNS_ —dim LNSy

coupled vectors. Such a basis of L must then contain exactly (dim L N .S_ +
dim LN S;) vectors which are each separated. Thus we conclude that the specified
basis must contain exactly (dim L N S_) vectors in S_, and exactly (dim LN Sy)
vectors in Sy, in accord with (2.68) in the corollary.

Now consider an arbitrary basis of L. Since the number of basis vectors lying in
S_ is at most (dim LN S_), and the number lying in S is at most (dim L N Sy),
then there must be at least A —dim LNS_ —dim LNS; = Nec-coupling L of the
basis vectors that are each coupled, as in (2.69).

Finally take any three integers «, 3, such that 0 < a < dim LNS_,0< 3 <
dim LN Sy, v=A—a— 3. We seek to construct a basis for L, containing exactly

« vectors separated at the left,

0 vectors separated at the right,
and consequently
~ vectors that are each coupled.

We begin with a minimally coupled basis for L, say

1 a 1 b 1 c
{vl,.. 080, v, 00
where
a=dim LNS_, b=dim LN Sy, c=A—a-—b,
and specifically, v1,..., 0% are eachin S_, v},...,v% areeachin S;, and v', ... v°

are each coupled.

Clearly a < a, 8 < b, and v > ¢, with all equalities holding just in case the
chosen basis is a minimally coupled basis for L. However, suppose a < a. In this
case we construct a new basis for L upon replacing v1 by the perturbed vector
vl +ev! for a suitably small € > 0 (if ¢ = 0 replace v1 by vl +evi, andifb=c=0
then @« = a = A, so S4 =0). Then this new basis contains (@ — 1) vectors in S_, b
vectors in S, and (¢ + 1) coupled vectors.

In this way, the left and right separated vectors can be replaced, one at a time,
by routine perturbation techniques of linear algebra, until we obtain the desired
basis for L, containing exactly « vectors in S_, (8 vectors S, and hence v vectors,
each coupled, as in (2.70). O

The existence of Lagrangian A-spaces with specified grades in the complex sym-
plectic 2A-space S = S_ @ S, is demonstrated in the next theorem. These con-
structions will be carried out in full generality, subject only to the condition that
S has excess Ex = 0, which is a necessary and sufficient condition for the existence
of any complete Lagrangian subspaces of S (that is, Lagrangian A-spaces).
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Theorem 5. Consider a complex symplectic space S with finite dimension D = 2A
and excess Ex = 0, and with a prescribed direct sum decomposition

S=S_®Sy, [S_:54]=0.

Hence Ex_ = —Fxy and A = A_ + A, + |Exy| are symplectic invariants, as
before.

Then for each integer £ = 0,1,2,...,min{A_, A}, there exists a complete La-
grangian subspace Ly with

(2.71) grade L, = (.

Thus the range of the function L — grade L consists of the integers £ =0,1,2,...,
min{A_, A, }; and the range of the function L — Nec-coupling L consists of the
corresponding integers 20+ |Ex4|, as L runs over the set of all complete Lagrangian
spaces in S.

Proof. Choose a basis for S so that the corresponding complex skew-Hermitian
matrix is the diagonal 2A x 2A matrix K (illustrated below in (2.72) for the case
Ex_ = -2):

- S5 > < S, >
i I I )
A _I I
=4 I
=il
——1" ]
— —2A — — (AR
. v
(2.72) K= (T | 2A.
i
I I |
i
[ -
L I I I —1
—
2A
In explicit detail, we label the corresponding basis vectors for S_ by
ei_,...&ﬁ’, el_,...7e§’, gl_,...,gI_EJC’I7

where ei has +1 in the j-place, and otherwise 0; ¢’ has +1 in the (A_ + j)-place,
and otherwise 0 (for 1 < j < A_); and ¢” has +1 in the (2A_ + r)-place, and
otherwise 0 (for 1 < r < |Exz_|). Further, the corresponding basis vectors for S;
are

1 E 1 A 1 A
g-l,-a"'ngI- 1+I7f+7”" J,-Iv.f—a"wf—I'
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Here g7 has 41 in the (2A_+|Ex_|+7)-place, and otherwise 0 (for 1 < r < |Ex|);
and f¥ has +1 in the (2A_ +2|Ex 1|+ k)-place, and otherwise 0; f* has +1 in the
(2A_ +2|Ex1| + A4 + k)-place, and otherwise 0 (for 1 <k < Ay).

These 2A_+2A 1 4+2|Ex| = 2A vectors constitute a basis for S, with symplectic
products computed by means of the matrix K of (2.72). In the case where A_ = 0,
or Ay =0, or Ex4 = 0, we omit the corresponding vectors from this basis for
S=5_®85,.

Then, in accord with the diagonal matrix K , the symplectic products of these
basis vectors can be tabulated:

[ el] =i, [el:el]=—i for1<j<A_,

[fiif-]ﬁ]:i, [ff:ff=—i for1<k<AL,

and
9" 19" ] =—i, g} :9%]=1, forl<r<|Exyl

(If Exz_ > 0, then these last two symplectic products are +i and —i respectively.)
All the other symplectic products between basis vectors are zero.
Now fix ¢ = 0, and we shall define a basis for the required Lagrangian A-space
Lg which has grade Ly = 0. Namely, take the A independent vectors in S,

ei +eb, 63_ +e2,.. .,ef_’ + ef’, A_vectors in S_,
Fra L P2 2 Y 2 AL vectors in Sy,
and
1 12 2 |Ex| |Ea|
gy +9-, 95 +9°,...,90 T +9-7F, |Exy| vectors coupled.

It is clear that dim Lo N S_ = A_, dim Lo N A4 = A4, so grade Lg = Ay —
dim Lo N S+ =0, as required.

Next take £ = 1 and we proceed to modify the prior basis given for Ly to obtain
a basis for the required Lagrangian A-space Ly with grade L; = 1. Namely, delete
the two vectors e} +e! and f1 + f1, and replace these by the two vectors el + f1
and el + f1. Then we obtain a new set of A vectors consituting a basis for L;:

ei +e2, ei +e2, ..., eﬁ’ —|—eé’, (A_ —1) vectors in S_,
(2.73) 2 R+e,. f* + 2%, (AL —1) vectors in S,
and
g gl gl g Bl el et L

a set of (|Exy|+ 2) vectors each of which lies neither in S_ nor in S, and hence
each of which is coupled.

It is clear that dim Ly, N S_ = A_ — 1, dim Ly NSy = Ay — 1, so that
grade Ly = Ay —dim L; NSy =1, as required.

In the next step, take £ = 2 and then modify the prior basis for L; to obtain
a new set of A vectors that will constitute a basis for the Lagrangian A-space Lo
with grade Ly = 2. Namely, delete the two vectors ei + €2 and f?r + f2, and
replace these by the two vectors e + f2 and €2 + f2. It is easy to verify that
dim Lo NS+ = AL — 2, and thus grade Ly = 2.
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Continue this process for £ = 3,4, ..., min{A_, Ay }. For simplicity of exposition
assume that Ay > A_ | and then the basis for L _ is given by the A vectors
f*H + f_A’Jrl, . f* + f_A+, (A4 — A_) vectors in Sy

(omit these vectors if Ay = A_, and replace by corresponding vectors from S_ if
Ay < A_), and then (|Ex4|+ 2A_) vectors are each coupled, namely,

E E A A A A_
gL gt g P g Pl g el e R e

Then dim La_ NS_ =0,dim Lao_ NSy =A; —A_,sograde Ln_ =A_. O

Corollary 1. For each prescribed integer £ =0,1,2,..., min{A_, A}, there exists
a complete Lagrangian subspace Ly, with grade Ly, = £, in the complex symplectic
2A-space S = S_ @ S4 having Fx =0, as in Theorem 5.

Moreover, there then exists a minimally coupled basis for Ly containing exactly

(2.74) Nec-coupling Ly = 20 + |Exy| vectors, each coupled,
and also

dim Ly, NS_ = A_ — { vectors, each separated at the left,
and

dim Ly NSy = Ay — £ vectors, each separated at the right.

APPENDIX: APPLICATIONS TO THE THEORY OF SELF-ADJOINT OPERATORS

Let H be a complex Hilbert space (finite or infinite dimensional of any car-
dinality), with Hermitian inner product (-,-), and corresponding complete norm
| - || as usual. Let Ty be a (linear) operator in H, with a (linear manifold)
domain D(Ty) € H. Then define the skew-Hermitian sesquilinear form [:] on
D(Tl) X D(Tl) — C, by
(Al) fvg - [f : g] = <T1fag> - <f7Tlg>7 for .fvg € D(Tl)

Next define the operator Ty on D(Ty) € D(T3) by

(i)  D(To) ={f e D(T) | [f: D(T1)] = 0},

(4.2 (ii) Tof =T f for f € D(Tp).
Thus
(A-3) To € Ty, D(Ty) € D(Th),

so Tp is the restriction of T; to the domain D(Tp).

Now assume the following properties of these two operators Ty and 717 in H:
AL (1) D(Tp) is dense in H, so also D(T}) is dense in H,
(A-4) (i)  adjoints Ty =T and T} = Ty,

so both T and T} are closed operators. In fact, Ty is a closed operator with dense
domain D(Tp) C H, and is symmetric, that is,

[f:g]=0 for f,g € D(Tv).

Note that the second condition in (A.4) (ii) is redundant, because T§* = Ty from
general theory [DS].
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Remarks on basic properties of adjoints. Let T be any linear operator with a
dense domain D(T) C H. Then the adjoint operator T* is defined as follows:
f € D(T*) C H if and only if there exists some f* € H such that

(f*,9)=(f,Tg), forallge D(T).

Then f*, depending on f, is unique since D(T') is dense in H. We define T* f = f*
for f € D(T*), and T* is thus a linear operator with domain D(T*) C H; in fact,
T* is a closed operator in H, see [DS]. Accordingly, we write

(A.5) (T*f,g) = (f,Tg), for all f € D(T), g € D(T).

Clearly, if V' is another linear operator on D(V) C H, and if T C V on D(T)
D(V) (so T is a restriction of V' to the domain D(T)), then V* C T* on D(V*)
D(T*), so V* is a restriction of T* to the domain D(V*).

We further define the operator T' on the dense domain D(T) C H to be self-
adjoint in case

(A.6) T=T"on D(T)

c
<

D(T™).

We are interested in operators T" on D(T") C H which are self-adjoint extensions
of the given operator Ty on D(Ty), that is, (A.6) obtains and

T()QTODD(T())Q ( )

(so Tp is the restriction of T to the domain D(Tp)). Then T = T* is a closed
operator on the dense domain D(T) = D(T*) C H, and by (A.5) T is symmetric

(A7) [f 291 =(Tf,9) = {f,Tg) =0, for f,g€D(T).

In the case when the given operators Ty and T3 satisfy the conditions (A.4)
(i) and (ii), we note that each self-adjoint operator T' on D(T) C H which is an
extension of Ty (that is, Ty is a the restriction of T' to the domain D(Ty) C D(T))
satisfies

T=T*CT; =T, so D(T) = D(T*) C D(T}),
and hence both Ty and 7" are restrictions of 77. We summarize this accordingly:
(A.8) To CT C Ty on D(Ty) € D(T) C D(T1)
for each self-adjoint extension T of Ty, see [DS], [NA].
Definition 1. Consider the quotient (or identification) complex vector space
(A.9) S = D(T1)/D(Tp), (dim S = oo allowed),

arising from the operators Tp C Ty on D(Tp) C D(Ty) C H, satisfying (A.2), (A.3),
(A.4) above. Each vector of S is a coset of some function f € D(T}), and we write

(A.10) f={f+D(Tp)} €S.

Define the skew-Hermitian sesquilinear form on S,
(A.11) f,g—[f:g], SxS—C,
by

[f:g]=[f+D(To):9+D(To)l :=[f: 9],
for any functions f, g € D(T}) representing f, g, respectively.
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Because of (A.2), this skew-Hermitian form on S is well-defined (does not depend
on the choice of the coset representatives), and we use the same notation as for
the corresponding form of (A.1) on D(T}), with no ambiguity. However, we use
the bold-face notation f,S and (later) L to emphasize that these are cosets, or
collections of cosets.

Lemma 1. The complex vector space
S = D(T1)/D(Ty),

with the skew-Hermitian form [:], as in Definition 1, is a complex symplectic space
(see Section 1, (1.1)).

Proof. The form f,g — [f : g] € C is clearly skew-Hermitian and sesquilinear on
S (properties inherited from the corresponding form (A.1) on D(Ty)). Also it is
non-degenerate because

[f : S] =0 implies [f : D(T1)] =0,
so then f € D(Tp) and f =01in S. |

The following theorem implies the GKN-theorem (see Section 1, Example 3)
concerning the boundary value problem for Lagrange symmetric (i.e. formally
self-adjoint) linear ordinary differential (or quasi-differential [EM], [EV], [EZ]) ex-
pressions on arbitrary real intervals. We shall precisely phrase the GKN-theorem,
and provide its proof, later as a corollary to our Theorem 1 below.

We recall from Section 1, Definition 2 that a linear submanifold L C S is La-
grangian in case [L : L] = 0, and furthermore L is complete in case:

feSand[f:L]=0imply f € L.

Since, at this stage there is no specified topology imposed on S, we shall often
use the terminology of linear subspaces rather than linear submanifolds in S. We
offer some additional comments on topologies in S immediately after the proof of
Theorem 1.

Theorem 1. Consider linear operators Ty C T on domains D(Ty) C D(Ty) in the
complex Hilbert space H, satisfying conditions (A.2), (A.3), (A.4) above. Then

(A.12) S = D(T1)/D(Tv),

with the symplectic form [:] of Definition 1, is a complex symplectic space.

Under these circumstances there exists a natural bi-unique correspondence be-
tween the set {T} of all self-adjoint extensions T of Ty, and the set {L} of all
complete Lagrangian subspaces L of S. Namely, for each such self-adjoint operator
T on D(T) of Ty on D(Ty), the corresponding complete Lagrangian subspace L C S
is

(A.13) L = D(T)/D(Ty).

In particular, there exists such a self-adjoint extension T of Ty if and only if
there exists a complete Lagrangian subspace L of S. The case where Ty = T1 arises
if and only if To = Ty is the unique such self-adjoint extension of Ty, and this
occurs if and only if S = 0.
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Proof. Take any self-adjoint operator 7" on D(T'), so
(A.14) ToCT=T*CT) on D(Ty) C D(T)=D(T*) C D(TY),

so Tp and T are restrictions of T} to D(Tp) and D(T), respectively, as in (A.8).
Then define the following subset of S:

(A.15) L =D(T)/D(Ty),

that is, L consists of all the cosets f = {f + D(Ty)} with f € D(T).

We must verify that L is a complete Lagrangian subspace of the complex sym-
plectic space S = D(T1)/D(Tp) of (A.12). Clearly L is a linear subspace of S, since
L is the image of the linear manifold D(T) C D(T}) under the natural projection
map

(A.16) U:D(Ty)—S, f—=f={f+D(Tv)}
We next calculate, for f = {f+ D(Tp)} and g = {g+ D(To)} where f,g € D(T),
[f:g]=[f:9]=(Taf.9) = (f,Thg)
=(Tf,9)—(f,Tg) =0,

since T is symmetric on its domain D(T'). Hence L is a Lagrangian subspace of S.
In order to show that L is a complete Lagrangian, take any h € D(T}) for which

[h:L] =0, or [h:g] =0 for all g € D(T).

(A.17)

Then
(Thh, g) = (h,T1g) = (h,Tg), for all g € D(T).

But this means that h € D(T*) = D(T), and so h € L. Therefore L is a complete
Lagrangian subspace of S.

On the other hand, we now let L be any chosen complete Lagrangian subspace
of S, and we seek to define a corresponding self-adjoint extension T of T, whose
domain D(T') projects onto L, that is, we require that $D(T) = L. Accordingly,
define the set D(T) C D(T1) by the set mapping U1, the inverse set mapping of
¥ in (A.16),

(A.18) D(T)=V 'L ={heD(Ty)| heL}.
Then D(T) is clearly a linear submanifold of H, and
D(Tp) € D(T) € D(Th),

and we define the operator T as the restriction of 77 to the domain D(T"). We must
verify that T on D(T) is self-adjoint, and furthermore that L = D(T")/D(Ty).
Recall that f € D(T*) in case there exists some f* € H for which (f* g) =
(f,Tg), for all g € D(T). Also note that (f,Tg) = (f,Thrg) for g € D(T).
Since L is a Lagrangian subspace of S,

[f:g]=(Tfg)—(f,Tg) =0, for all g € D(T),

whenever f € D(T). Thus we see that D(T") C D(T*), and so T is a symmetric
operator.
Furthermore, since

(A.19) Ty €T C T} on D(Ty) € D(T) € D(T)
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(and both Ty and T are restrictions of the operator T7), we note that
Ty CT* C Ty on D(TY) € D(T) € D(Ty)

or

(A.20) To CT* CTy on D(Tp) € D(T*) C D(TY),

so T'* is also a restriction of Tjy = T7.
Now fix any f € D(T*) and compute

(T*f,g) = (f,Tg), for all g € D(T),
so

(T1f,g9) = (f,T1g), for all g € D(T).

Hence we conclude that
f:g]=[f:9]=0, and thus [f : L] = 0.

But since L is complete, f € L, and so f € D(T). Therefore D(T*) C D(T), so
D(T*) = D(T), as required. We have verified that T = T* (both restrictions of T})
on their common domain D(T") = D(T™*). Therefore the operator T is a self-adjoint
extension of Tj.

But trivially, D(T) = L, and hence L = D(T')/D(Ty), as required.

Hence the map induced by ¥, as in (A.16), is

(A.21) @ : {T} — {L},defined by T — L = D(T)/D(Ty),

which is surjective.

Finally, we show that ¥ in (A.21) is injective. Take two different self-adjoint
operators T, # T3 (both extensions of Ty on D(Ty), and hence restrictions of
Ty = T1), with corresponding domains D(T,,) and D(T3) C D(T1). Since the
two operators T, and Tj are different, this implies that D(T,) # D(T3), and so
there exists an element v € D(T,) but u # D(T3) (or vice versa). In particular,
u ¢ D(Tp). Then u = {u+ D(Tp)} satisfies

u € Lo = D(T4)/D(Tp),but u & Ly = D(T33)/ D(To)

(for this would mean that all {u + D(Ty)} C D(T3), contradicting u & D(1p)).
We have demonstrated that T, # T3 implies that L, # Lg, and therefore the

map W of (A.21) is an injection onto {L}. Therefore ¥ defines the required bijective

correspondence of {T'} with {L}, as asserted in the theorem. |

Remarks on topologies for complex symplectic spaces. Let S be an abstract
complex symplectic space, with symplectic form [:], as in Definition 1 in Section 1
above. If S has finite dimension, dim S = D, then S is linearly isomorphic with
the complex number space CP, and we use the standard topology of C” on S. In
this case all the algebraic operations in S are continuous; in particular the map

u,v—[u:v], Sx85—C

is continuous (jointly) in both variables u,v € S.
However, if dim S = oo then various possibilities arise. For example, consider,
as in Section 1 above,

S=H_®H, with [H_: H,] =0,
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where Hy are each complex Hilbert spaces with corresponding Hermitian inner
products (-,-)x+. Furthermore assume the corresponding unique decompositions
u=1u_ +uy and v =v_ + v, for vectors u,v € 9, satisfy

[u:v] = —iu—,v_)— +i{ug, vy )y,
in terms of the given symplectic form [:] on S, as in Theorem 3 of Section 1. Then
we can topologize S as a complete metric space by the norm || - ||,
Jull? = (u—yu)— + (s, ug ),
so that S is the Hilbert space direct sum of H_ and Hy. In this case, we again find
that the map
u,v—[u:v], Sx8§—C

is (jointly) continuous.

As an important special case illustrating this construction, consider S =
D(Ty)/D(Ty), where Th on D(Ty) and Ty on D(Tp) are operators on the Hilbert
space H, as in Theorem 1 above. Then introduce the T;-graph norm ||-||; on D(T}),
as in [DS],

I£I3 = (f, f) + (TLf, Tof), for f € D(Th),

so that D(T}) becomes a complex Hilbert space with the Hilbert subspace D(Tp).
Then S is also a Hilbert space, considered as the orthocomplement of D(7p) in
D(Ty) (see [DS, XII 4.10]), and furthermore u,v — [u : v] is a continuous map of
SxS—C.

In the most general case for dim S infinite, we can define a topology on S by
requiring that

u— [u:wvg], S— C (fixed vy € 5)

is continuous, for each choice of vy € S. That is, for each vy € S and open set
O C C, define the open set in S,

{ue S| u:wv] C O},

and use these sets as a subbase for the corresponding weak topology on S.
In this case all the maps of S — C

(A.22) u—[u:v]and u — [v:u] = —[u: V]
are continuous for each fixed v € S.

Proposition. Let S be a complex symplectic space, with symplectic form [:], and
assume that there is given a topology on S for which all the maps indicated in (A.22)
are conlinuous.

Then each complete Lagrangian submanifold L C S is a closed set in S.

Proof. Let L be a complete Lagrangian submanifold in S; we show that the com-
plement of L is open in the given topology of S.

Take a point up € S in the complement of L. Then [up : L] is not zero, for
otherwise ug € L. That is, there exists some point vy € L with [ug : vg] # 0. Then
define the open subset of S

U={ueS||u:uv] > %Huo s vol[}
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(note: |z| > L|[ug : ]| defines an open subset of C). Thus U is an open neighbor-
hood of ug, yet U N L = (. O

We close this Appendix with a brief introduction to the applications of Theorem
1 to the boundary value problems for Lagrange-symmetric (formally self-adjoint)
linear ordinary differential expressions M of arbitrary order n > 1, on arbitrary real
(non-degenerate) intervals J C R (open, closed, half-closed, compact or infinite—
but containing an interior point). Thus consider the linear expression (or operator)

(A.23) Myl = poy™ + po1y™ D 4+ 1y + poy

on the non-degenerate interval 7, with endpoints —oco < a,b < +o00, where the
complex-valued coefficients p; € Ll (J) for j = 0,1,2,...,n — 1, and further

loc

P € ACjoe(T) and p,(x) # 0 for all x € J. The corresponding domain for M is
(A.24) DM)={y:J — C|y"™ € ACipe(J) for r =0,1,...,n — 1}

in terms of the ordinary derivatives y(™, so here y(™ and also M[y] € L, (7).

There is an important special case where M has smooth coefficients p; € cig),
or even p; € C%°(J) for j = 0,1,...,n (where C*(J), 0 < k < oo, consists of all
complex-valued functions with & continuous derivatives on some open neighborhood
of J, as usual). In these cases the classical condition of Lagrange provides a
direct method of verifying the Lagrange symmetry of such a differential expression
M. However, even in the general case (A.23), we can define M to be Lagrange-
symmetric (or formally self-adjoint) on J when

b J—
(A.25) / (M[flg - fHTg]}dz =0,

for all functions f,g € D(M) with compact supports interior to J.

For such a Lagrange-symmetric differential expression M on 7, following the
notations of Example 3 in Section 1, we define two operators Ty on D(Tp) and
Ty on D(Ty) in the complex Hilbert space H = L?(J). Namely, define T} as the
“maximal operator”

(A.26) Tif = M[f] on D(Tv) = {f € D(M) | f and M[f] € L*()},
and Ty as the “minimal operator”
(A.27) Tof = M[f] on D(To) = {f € D(T1) | [f : D(T1)] = 0}.
Here the skew-Hermitian form [:] on D(T}) is given by
(A.28) [f =9l = (Tuf,9) = {f, Thg), for f,g € D(T1).

It is known [AG], [EZ], [NA] that T, € Ty on D(Tp) € D(T1) C H satisfy the
fundamental hypothesis (A.4).

As before in this Appendix, we define the endpoint space S, for M on 7, as the
quotient or identification vector space

(A.29) S = D(T1)/D(Ty),
so there is then a natural projection map

(A.30) U :D(Ty) — S, f—f={f+D(Tp)}, for f € D(Ty).
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Then it is easy to verify, as in Lemma 1 of Theorem 1, that S in (A.29), with the
symplectic form [:] inherited from D(7}) in (A.28), is a complex symplectic space
where the symplectic product of £ = {f + D(Ty)} and g = {g+ D(Tp)} is given by

(A.31) [f:g]:=[f:g].

As before, we use the same notation [:] in both D(T}) and S.

Since the operators 17 and T arise from the differential expression M of order
n > 1, it follows from the theory of linear ordinary differential equations [DS] that
S has a finite dimension

(A.32) dim S < 2n.

Moreover, the symplectic invariants of S are related to the deficiency indices d* of
M on J (see [DS], [EI]), by

p=d" (positivity index S),

q=d~ (negativity index S),
(A33) | resavity nex 5).
dimS=p+qg=d" +d  (dimension S),

Ex=p—q=d" —d  (excess S).

Hence the excess Fz = 0 if and only if d* = d~ (which we then denote by the
non-negative integer d = d*), and in such a case dim S = 2d, see [EI], [EM].
In the “regular problem” where J = [a,b] is compact, it is always the case that
dT = d~ = n; but in the “singular problem” [TU], it may or may not be the case
that dT = d~ or Ex = 0. We recall that a finite dimensional complex symplectic
space has a complete Lagrangian subspace if and only if Fz = 0, according to
Theorem 2 of Section 2 above.

We can now state and prove the GKN-theorem for the symmetric differential
expression M on the interval 7, and we present this important result as a corollary
of Theorem 1 above.

Corollary 1 (GKN-Theorem). Consider the Lagrange-symmetric linear differen-
tial expression M of (A.23) of order n > 1 on the non-degenerate real inter-
val J. Let Ty on D(Tp) and Th on D(Ty) be the minimal and mazimal opera-
tors, respectively, as generated by M in the complex Hilbert space L*(J), and let
S = D(Ty)/D(Ty) be the endpoint space, which is a complex symplectic space with
the symplectic form [], see (A.26) through (A.32) above.

There exists a self-adjoint extension T on Ty (so T is necessarily a restriction of
T1) if and only if there exists a complete Lagrangian subspace L C S, and this occurs
if and only if the complex symplectic space S has excess Ex = 0, i.e. dt =d~ =d.

When Ex = 0, then dim S = 2d < 2n s even, and a Lagrangian subspace L C S
is complete if and only if dim L = d.

In this case, when Ex = 0, there exists a natural bi-unique correspondence be-
tween the set {T'} of all self-adjoint extensions T of Ty and the set {L} of all
complete Lagrangian subspaces L of the endpoint space S. Namely, for each such
self-adjoint operator T on domain D(T) C L*(J), which is an extension of Ty on
D(Ty), the corresponding complete Lagrangian subspace L is defined by

(A.34) L = D(T)/D(Tp),
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s0

(A.35) D(T) =cifi + -+ cafa+ D(To).

Here {f1,...,£4} is any basis of L, with any corresponding representative functions
fiy--s fa€ D(TY), and ¢, ..., cq are arbitrary complex numbers.

The special case S = 0, so L = 0 is the unique complete Lagrangian subspace,
occurs if and only if To = Th, so T =Ty on D(T) = D(Tp) is the unique self-adjoint
extension of the self-adjoint operator Ty.

The GKN-Theorem follows immediately, as Corollary 1 of Theorem 1, from the
developments in Section 2 above, once the preliminary facts concerning Ty, C T3
are established in the classical theory of linear ordinary differential equations [DS].
The case n = 1 is treated specially in [EM1].

Generalizations of these results for quasi-differential expressions and for other
complex Hilbert spaces L?(J;w) (defined with respect to other regular measures
wdz on the interval J, see [EV], [EZ]) are developed in a monograph [EM] by the
authors of this paper.
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